arXiv:1211.3985v1 [hep-lat] 16 Nov 2012

On ambiguities of sign determination of the S-matrix from energy levels in a finite box.

E. Oset Departamento de Física Teórica and IFIC, Centro Mixto Universidad de Valencia-CSIC, Institutos de Investigación de Paterna, Aptdo. 22085, 46071 Valencia, Spain. (Dated: November 19, 2012)

In a recent paper the authors make a study on the determination of the S-matrix elements for scattering of particles in the infinite volume from the energy levels in the finite box for the case of multiple channels. The study is done with a toy model in 1+1 dimension and the authors find that there is some ambiguity in the sign of nondiagonal matrix elements, casting doubts on whether the needed observables in the infinite volume can be obtained from the energy levels of the box. In this paper I present an easy derivation, confirming the ambiguity of the sign and argue that this, however, does not put restrictions in the determination of observables.

PACS numbers:

I. INTRODUCTION

The determination of scattering amplitudes and hadron spectra is one of the challenging tasks of Lattice QCD and many efforts are being devoted to this problem [1–26]. For the case of one channel scattering, and resonances decaying in just one channels, Lüscher’s approach is often used [27, 28]. The method allows to reproduce the phase shifts from the discrete energy levels in the box. This method has been recently simplified and improved in Ref. [29] by keeping the full relativistic two body propagator (Lüscher’s approach keeps the imaginary part of this propagator exactly but makes approximations on the real part) and extending the method to two or more coupled channels. The method has also been applied in Ref. [30] to obtain finite volume results from the Jülich model for meson baryon interaction and in Ref. [31] to determine the strategy to find the two poles of the Λ(1405) from lattice QCD simulations. Further applications and references to works done along these lines can be seen in [32].

The extension of Lüscher’s approach to coupled channels has been addressed in several works [29, 33, 34, 36, 55]. In the work of Ref. [29], the inverse problem of getting phase shifts and resonances from lattice results using two channels was addressed, paying special attention to the evaluation of errors and the precision needed on the lattice results to obtain phase shifts and resonance properties with a desired accuracy.

In a recent paper [37] a coupled channel study of this inverse problem is done with two channels, using a toy model in 1+1 dimension and it is concluded that the determination of the S-matrix in the case of T-invariance (we only consider this case) has an ambiguity in the sign of the nondiagonal matrix element. Due to this, doubts are cast that in a realistic case this does not pose problems in the determination of needed observables.

In the present paper we present a derivation of this inverse problem in the realistic case and conclude that indeed this ambiguity arises. However, we also argue that this ambiguity, tied to an arbitrary phase in the wave function of one channel with respect to the other, has no repercussion in the determination of observables.

II. FORMALISM

In the chiral unitary approach the scattering matrix in coupled channels is given by the Bethe-Salpeter equation in its factorized form [38]. We assume just s-waves for simplicity (see generalization to other waves in [39]) and we have

T = [1 − V G]^{−1}V = [V^{−1} − G]^{−1}, (1)

where V is the matrix for the transition potentials between the channels and G is a diagonal matrix with the i^{th} element, G_i, given by the loop function of two propagators (we shall use two mesons), which is defined as

G_i = i ∫ d^4p (2π)^4 1 (P − p)^2 − M^2_i + iϵ 1 p^2 − m^2_i + iϵ

, (2)

where m_i and M_i are the masses of the pair of mesons and P the four-momentum of the global meson-baryon system.

The loop function in Eq. (2) needs to be regularized and this can be accomplished either with dimensional regularization or with a three-momentum cutoff. The equivalence of both methods was shown in Refs. [40, 41].

In the cut off method a cutoff in three momentum is used once the p^0 integration is analytically performed [38], and one gets

G_i = ∫ |⃗p|<p_{max}

d^3⃗p (2π)^3 1 2ω_1(⃗p) ω_2(⃗p) ω_1(⃗p) + ω_2(⃗p) E^2 − (ω_1(⃗p) + ω_2(⃗p))^2 + iϵ ,

ω_{1,2}(⃗p) = √ m^2_{1,2} + ⃗p^2 , (3)

with m_1, m_2 corresponding to m_i and M_i of Eq. (2).

When one wants to obtain the energy levels in the finite box, instead of integrating over the energy states of the continuum, with p being a continuous variable as in Eq. (3), one must sum over the discrete momenta allowed in a finite box of side L with periodic boundary conditions. We then have to replace G by ~G = diag ( ~G_1, ~G_2) (in two channels), where

~G_j = 1

L^3

|⃗p|<p_{max} ∑ ⃗p 1 2ω_1(⃗p) ω_2(⃗p) ω_1(⃗p) + ω_2(⃗p) E^2 − (ω_1(⃗p) + ω_2(⃗p))^2 ,

⃗p = 2π L ⃗n, ⃗n ∈ Z^3 (4)

This is the procedure followed in Ref. [29]. The eigenenergies of the box correspond to energies that produce poles in the T matrix, Eq. (1), which in the finite box correspond to zeros of the determinant of 1 − V ~G,

det(1 − V G̃) = 0 . (5)

For the case of two coupled channels Eq. (5) can be written as

det(1 − V G̃) = 1 − V_{11}G̃_1 − V_{22}G̃_2

+ (V_{11}V_{22} − V^2_{12})G̃_1G̃_2 = 0 . (6)

One can already see there that V_{12} appears squared, hence, a change of sign in it will not change the spectra of levels in the box. We shall see that this is also the case in the inverse problem and we can only determine T^2_{12}. However, this will not prevent us from determining the three scattering magnitudes in this case, the two phase shifts and the inelasticity.

III. THE INVERSE PROBLEM

The inverse problem of obtaining T_{ij} from the energy levels in the box is most efficiently written in terms of δG defined as

δG ≡ G̃ − G, (7)

the magnitude used in [42], which is finite in the limit of p_{max} → ∞, the limit taken in [31, 42], and proportional to the Lüscher function [29, 43].

Let us start from Eq. (1) that gives the T matrix in the infinite volume and write the correspondent scattering matrix in the finite volume, T̃ :

T̃ = [V^{−1} − G̃]^{−1}. (8)

Note that for the case of one channel the poles of G̃ provide V^{−1} −G̃ = 0 and, thus, V^{−1} = G̃ for the eigenenergies of the box. Then we can recast Eq. (1) as

T (E) = [G̃(E) − G(E)]^{−1}. (9)

and this is the formulation of Lüscher’s formula in [29].

Coming back to the multichannel problem and using Eqs. (1) and (8), as done in [31], we get

T̃^{−1} = T^{−1} − δG = T^{−1}[1 − T δG], (10)

Hence,

T̃ = [1 − T δG]^{−1}T. (11)

which allows us to get T̃ directly in term of T , without going through an intermediate potential. One can note that this formula is like the one of Eq. (1), or Eq. (8) for T̃ , substituting V → T and G̃ → δG. Hence, the condition to obtain the energy levels in the box, det(T̃ ) = 0, leads to the analogous secular equation of Eq. (6) in terms of T and δG substituting V and G̃, respectively,

(1 − T_{11} δG_{11})(1 − T_{22}δG_2) − T^2_{12}δG_1δG_2 = 0, (12)

or equivalently,

T_{11} δG_{11} + T_{22}δG_2 − (T_{11}T_{22} − T^2_{12})δG_1δG_2 = 1. (13)

It is clear that with just one energy eigenvalue for a given L, Eq. (13) cannot provide the full T_{ij} matrix. In [29] different methods were used to get T from the eigenenergies of the box. The simplest conceptually is to take a certain energy from three levels, which correspond to three different values of L, and then determine the three values of T_{ij} . Actually, what one determines is T_{11}, T_{22} and T^2_{12}. So, we can see in a realistic case that we only obtain T^2_{12}. However, this is not a problem to determine the observables. This indetermination should be there because a change of relative sign of the wave function for the states 1 and 2 leaves T_{11}, T_{22} unchanged but it changes the sign of T_{12}, and the physics cannot depend on this sign. To make this more explicit we write explicitly the S-matrix in terms of the observables in the next subsection.

A. Phase shifts and Inelasticities:

In order to obtain the phase shifts and inelasticities we use the two-channel S matrix [44]

S = [ ηe^{2iδ1} i(1 − η^2)^{1/2} e^{i(δ1+δ2 )} i(1 − η^2)^{1/2}e^{i(δ1+δ2 )} ηe^{2iδ2} ] (14)

where δ_1, δ_2 are the phase shifts for the 1 and 2 channels and η is the inelasticity. The elements in the S matrix are related to our amplitudes via:

T_{11} = −^{8π√s}_{2ip1} (S_{11} − 1)

T_{22} = −^{8π√s}_{2ip2} (S_{22} − 1)

T_{12} = T_{21} = −^{8π√s}_{2i}√_{p1 p2} S_{12}

(15)

It is interesting to recall that the first two equations allow us to determine δ_1, δ_2 and η while the third equation allows us to determine δ_1 + δ_2 and η. The S-matrix should be unitary and one can see that this is the case even if we change the sign of S_{12}. In fact the choice of the positive sign in the square root of (1 − η^2) is a matter of convention. One may argue that if we change the sign of S_{12} and use Eq. (14), one would obtain e^{i(δ1 +δ2)} with opposite sign to what one would get from using the same matrix element before changing the sign. This reflects the arbitrariness of π in the phase shifts. In view of this arbitrariness in the sign, the quantities that should be used are |T_{12}|^2, which determines (1 − η^2) and then T^2_{12} which determines (1 − η^2)e^{2i(δ1 +δ2)} and allows one to get δ_1 + δ_2, independently of the sign of T_{12}.

IV. CONCLUSIONS

In this paper we have done a derivation of the inverse method to get the scattering matrix from the energy levels of the system in a finite box. We observe, in agreement with the findings with the toy model of [37], that for the case of two channels studied in [37], the sign of the off diagonal matrix element T_{12} is not defined. Yet, we could see that this had not repercussion in the determination of the observables δ_1, δ_2 and η, although given the ambiguity on this sign, tied to an arbitrary relative phase in the wave functions of the states, a particular algorithm must be taken to determine the phase shifts from T_{12}.

The two channel system that we had in mind was the one of two physical states that couple, say ππ and KK̄, studied for instance in [29]. One may think of other coupled channels systems, like one physical state with two coupled partial waves, where signs and interference are important in angular distributions (the authors of [37] might have such and idea going beyond the toy model used). An example of this is the deuteron or dineutron system in the presence of a tensor force [45]. The issue of partial wave mixing is an interesting one in finite volume because a square box breaks rotational invariance and this leads invariably to partial wave mixing. So, the problem is well documented [28]. Closer to the case of explicit L mixing caused by particular external forces is the case of the L mixing in the moving frame. Here one still has a central potential but the imposition of the boundary conditions in a frame where the total momentum of the system is not zero leads to partial wave mixing. This problem has also received much attention [39, 46–57]. The exposition and solution of the problem is made in a relatively simple and pedagogical way in [39], where L mixing and physical coupled channels are considered simultaneously. There one can see that the equations and strategies that allow one to obtain the different partial ways and their relative signs are far more involved than the simple equations used in the present work or in [37]. The result of these works is that the inverse problem has solution without ambiguities and realistic cases are even solved explicitly in [39].

Whether in some finite volume topic ambiguities appear in the inverse problem is an open issue. What is clear is that the ambiguity found in the present work dealing with just one partial wave, or in [37] in the 1+1 toy model, where partial waves cannot be defined, poses no problem for any of the works done with finite volume so far.

Acknowledgments

The author would like to thank T. Cohen and A. Parreño for discussions and Michael Döring for a careful reading of the manuscript. This work is partly supported by DGICYT contract FIS2011-28853-C02-01, FEDER funds of the EU, the Generalitat Valenciana in the program Prometeo, 2009/090, and the EU Integrated Infrastructure Initiative Hadron Physics 3 Project under Grant Agreement no. 283286.

[1] Y. Nakahara, M. Asakawa, T. Hatsuda, Phys. Rev. D60 (1999) 091503.

K. Sasaki, S. Sasaki and T. Hatsuda, Phys. Lett. B 623 (2005) 208.

[2] N. Mathur, A. Alexandru, Y. Chen et al., Phys. Rev.

D76 (2007) 114505.

[3] S. Basak, R. G. Edwards, G. T. Fleming et al., Phys.

Rev. D76 (2007) 074504.

[4] J. Bulava, R. G. Edwards, E. Engelson et al., Phys. Rev.

D82 (2010) 014507.

[5] C. Morningstar, A. Bell, J. Bulava et al., AIP Conf. Proc.

1257 (2010) 779.

[6] J. Foley, J. Bulava, K. J. Juge et al., AIP Conf. Proc.

1257 (2010) 789.

[7] M. G. Alford and R. L. Jaffe, Nucl. Phys. B 578 (2000) 367.

[8] T. Kunihiro, S. Muroya, A. Nakamura, C. Nonaka, M. Sekiguchi and H. Wada [SCALAR Collaboration], Phys. Rev. D 70 (2004) 034504.

[9] F. Okiharu et al., arXiv:hep-ph/0507187.

H. Suganuma, K. Tsumura, N. Ishii and F. Okiharu, PoS LAT2005 (2006) 070; Prog. Theor. Phys. Suppl. 168 (2007) 168.

[10] C. McNeile and C. Michael [UKQCD Collaboration],

Phys. Rev. D 74 (2006) 014508.

A. Hart, C. McNeile, C. Michael and J. Pickavance [UKQCD Collaboration], Phys. Rev. D 74 (2006) 114504.

[11] H. Wada, T. Kunihiro, S. Muroya, A. Nakamura, C. Nonaka and M. Sekiguchi, Phys. Lett. B 652 (2007) 250.

[12] S. Prelovsek, C. Dawson, T. Izubuchi, K. Orginos and A. Soni, Phys. Rev. D 70 (2004) 094503. S. Prelovsek, T. Draper, C. B. Lang, M. Limmer, K. F. Liu, N. Mathur and D. Mohler, Conf. Proc. C 0908171 (2009) 508; Phys. Rev. D 82 (2010) 094507 [13] H. -W. Lin et al. [ Hadron Spectrum Collaboration ], Phys. Rev. D79, 034502 (2009).

[14] C. Gattringer, C. Hagen, C. B. Lang, M. Limmer, D. Mohler, A. Schafer, Phys. Rev. D79, 054501 (2009).

[15] G. P. Engel et al. [ BGR [Bern-Graz-Regensburg] Collaboration ], Phys. Rev. D82, 034505 (2010).

[16] M. S. Mahbub, W. Kamleh, D. B. Leinweber, A. O Cais, A. G. Williams, Phys. Lett. B693, 351-357 (2010).

[17] R. G. Edwards, J. J. Dudek, D. G. Richards, S. J. Wallace, Phys. Rev. D84, 074508 (2011).

[18] C. B. Lang, D. Mohler, S. Prelovsek and M. Vidmar, Phys. Rev. D 84, 054503 (2011).

[19] S. Prelovsek, C. B. Lang, D. Mohler and M. Vidmar, [arXiv:1111.0409 [hep-lat]].

[20] W. Melnitchouk, S. O. Bilson-Thompson, F. D. R. Bonnet, J. N. Hedditch, F. X. Lee, D. B. Leinweber, A. G. Williams and J. M. Zanotti et al., Phys. Rev. D 67, 114506 (2003).

[21] Y. Nemoto, N. Nakajima, H. Matsufuru and H. Suganuma, Phys. Rev. D 68, 094505 (2003).

[22] F. X. Lee and C. Bennhold, Nucl. Phys. A 754, 248 (2005).

[23] T. Burch, C. Gattringer, L. Y. .Glozman, C. Hagen, D. Hierl, C. B. Lang and A. Schafer, Phys. Rev. D 74, 014504 (2006).

[24] N. Ishii, T. Doi, M. Oka and H. Suganuma, Prog. Theor.

Phys. Suppl. 168, 598 (2007).

[25] T. T. Takahashi and M. Oka, Phys. Rev. D 81, 034505 (2010) [26] B. J. Menadue, W. Kamleh, D. B. Leinweber and M. S. Mahbub, arXiv:1109.6716 [hep-lat].

[27] M. Lüscher, Commun. Math. Phys. 105 (1986) 153 (1986).

[28] M. Lüscher, Nucl. Phys. B 354 (1991) 531. [29] M. Doring, U. -G. Meissner, E. Oset and A. Rusetsky, Eur. Phys. J. A 47, 139 (2011).

[30] M. Doring, J. Haidenbauer, U. -G. Meissner, A. Rusetsky, Eur. Phys. J. A 47, 163 (2011).

[31] A. Martinez Torres, M. Bayar, D. Jido and E. Oset, Phys.

Rev. C86 (2012) 055201. arXiv:1202.4297 [hep-lat]. [32] M. Albaladejo, J. A. Oller, E. Oset, G. Rios and L. Roca, JHEP 1208, 071 (2012) [arXiv:1205.3582 [hep-lat]].

[33] M. Lage, U. -G. Meissner and A. Rusetsky, Phys. Lett.

B 681, 439 (2009) [arXiv:0905.0069 [hep-lat]]. [34] K. Polejaeva and A. Rusetsky, Eur. Phys. J. A 48, 67 (2012) [arXiv:1203.1241 [hep-lat]].

[35] M. T. Hansen and S. R. Sharpe, Phys. Rev. D 86, 016007 (2012) [arXiv:1204.0826 [hep-lat]].

[36] V. Bernard, D. Hoja, U. G. Meissner and A. Rusetsky, JHEP 1209, 023 (2012) [arXiv:1205.4642 [hep-lat]].

[37] E. Berkowitz, T. D. Cohen and P. Jefferson, arXiv:1211.2261 [hep-lat].

[38] J. A. Oller and E. Oset, Nucl. Phys. A 620, 438 (1997) [Erratum-ibid. A 652, 407 (1999)].

[39] M. Doring, U. G. Meissner, E. Oset and A. Rusetsky, Eur.

Phys. J. A 48, 114 (2012) [arXiv:1205.4838 [hep-lat]]. [40] J. A. Oller and U. G. Meissner, Phys. Lett. B 500, 263 (2001) [hep-ph/0011146].

[41] J. A. Oller, E. Oset and J. R. Pelaez, Phys. Rev. D 59, 074001 (1999) [Erratum-ibid. D 60, 099906 (1999)] [Erratum-ibid. D 75, 099903 (2007)] [hep-ph/9804209].

[42] Z. Davoudi and M. J. Savage, Phys. Rev. D 84, 114502 (2011).

[43] S. R. Beane, P. F. Bedaque, A. Parreno and M. J. Savage, Nucl. Phys. A 747, 55 (2005) [nucl-th/0311027].

[44] J. D. Weinstein and N. Isgur, Phys. Rev. D 41, 2236 (1990).

[45] S. R. Beane et al. [NPLQCD Collaboration], Phys. Rev.

D 85, 054511 (2012) [arXiv:1109.2889 [hep-lat]]. [46] S. Kreuzer and H. W. Griesshammer, Eur. Phys. J. A 48, 93 (2012) [arXiv:1205.0277 [nucl-th]].

[47] K. Rummukainen and S. A. Gottlieb, Nucl. Phys. B 450 (1995) 397.

[48] C. h. Kim, C. T. Sachrajda and S. R. Sharpe, Nucl. Phys.

B 727 (2005) 218.

[49] S. Bour, S. König, D. Lee, H.-W. Hammer and U.- G. Meißner, Phys. Rev. D 84 (2011) 091503.

[50] S. R. Beane et al. [NPLQCD Collaboration], Phys. Rev.

D 85 (2012) 034505.

[51] Z. Davoudi and M. J. Savage, Phys. Rev. D 84 (2011) 114502.

[52] Z. Fu, Phys. Rev. D 85 (2012) 014506.

[53] L. Leskovec and S. Prelovsek, Phys. Rev. D 85, 114507 (2012) [arXiv:1202.2145 [hep-lat]].

[54] J. J. Dudek, R. G. Edwards and C. E. Thomas, Phys.

Rev. D 86, 034031 (2012) [arXiv:1203.6041 [hep-ph]]. [55] M. T. Hansen and S. R. Sharpe, Phys. Rev. D 86, 016007 (2012) [arXiv:1204.0826 [hep-lat]].

[56] R. A. Briceño and Z. Davoudi, arXiv:1204.1110 [hep-lat]. [57] M. Gockeler, R. Horsley, M. Lage, U. -G. Meissner, P. E. L. Rakow, A. Rusetsky, G. Schierholz and J. M. Zanotti, arXiv:1206.4141 [hep-lat].