arXiv:1211.4916v2 [hep-th] 28 Mar 2013

Matryoshka Skyrmions

Muneto Nitta^1 1 Department of Physics, and Research and Education Center for Natural Sciences, Keio University, Hiyoshi 4-1-1, Yokohama, Kanagawa 223-8521, Japan (Dated: March 29, 2013)

Abstract

We construct a stable Skyrmion in 3+1 dimensions as a sine-Gordon kink inside a domain wall within a domain wall in an O(4) sigma model with hierarchical mass terms without the Skyrme term. We also find that higher dimensional Skyrmions can stably exist with a help of non-Abelian domain walls in an O(N) model with hierarchical mass terms without a Skyrme term, which leads to a matryoshka structure of Skyrmions.

a picture from Wikipedia

I. INTRODUCTION

A half century has been passing after Skyrme proposed that Skyrmions characterized by the topological charge π_3(S^3) ≃ Z describe nucleons in the pion effective field theory or the chiral Lagrangian [1], where the Skyrme term quartic with respect to derivatives is needed to stabilize Skyrmions against shrinkage. After Skyrmions were proposed, lower dimensional analogs of Skyrmions have also been studied in both field theory and condensed matter physics. In two spatial dimensions, a lump solution characterized by π_2(S^2) ≃ Z in an O(3) sigma model [2] can be regarded as a two spatial dimensional (2D) Skyrmion, whose size is arbitrary. The size of lumps is fixed in the presence of a quartic derivative term analogous to the Skyrme term and a potential term. Such 2D Skyrmions were proposed as a toy model of Skyrmions [3] and are called baby Skyrmions. A sine-Gordon kink characterized by π_1(S^1) ≃ Z is considered as the lowest dimensional Skyrmion, as was first studied by Skyrme [4].

In condensed matter physics, sine-Gordon kinks (1D Skyrmions) exist for instance in Josephson junctions of superconductors [5]. 2D Skyrmions appear in various condensed matter systems such as magnetism [6], quatum Hall liquids [7], superfluid helium 3 [8], and spinor or multi-component Bose-Einstein condensates [9]. More recently, there have been considerable efforts to realize 3D Skyrmions stably in two-component Bose-Einstein condensates [10], which are elusive because of the lack of the Skyrme term. Finally, it has been theoretically proposed that a stable 3D Skyrmion can exist as a ground state by introducing an “artificial” non-Abelian gauge fields [11].

As described above, Skyrmions exist in diverse dimensions [12] in both field theory and condensed matter physics: an O(N + 1) nonlinear sigma model admits N dimensional Skyrmions characterized by π_N (S^N ) ≃ Z, at least for N = 1, 2, 3. However, it has been unclear thus far whether higher dimensional Skyrmions with higher N can exist stably. One of the purposes of this paper is to construct stable higher dimensional Skyrmions without a Skyrme term as composite states.

Relations between Skyrmions in diverse dimensions have been also studied. A lump (2D Skyrmion) becomes a sine-Gordon kink (1D Skyrmion) [13–15], once it is absorbed into a CP^1 domain wall [16]. This explains [15] a construction of a sine-Gordon kink from a holonomy of a CP^1 lump [17]. A 3D Skyrmion becomes a 2D Skyrmion [18, 19] once it is absorbed into a non-Abelian domain wall with S^2 moduli [20, 21]. The other purpose of this paper is to extend these relations between Skyrmions in diverse dimensions to arbitrary dimensions.

In this paper, we propose relations between Skyrmions in diverse dimensions through domain walls; when a D dimensional Skyrmion is absorbed into a non-Abelian domain wall, it becomes a D − 1 dimensional Skyrmion. By using this relation, we construct higher dimensional Skyrmions with a help of domain walls. These Skyrmions stably exist without the Skyrme term. More precisely, we consider an O(N + 1) nonlinear sigma model with the target space S^N and a potential term with hierarchical masses. With the largest masses, there exists a non-Abelian domain wall having normalizable moduli R × S^{N−1}, which connects two discrete vacua. The domain wall effective action is thus an O(N) model with the target space S^{N−1} with a potential term with hierarchical masses. This effective Lagrangian admits again a non-Abelian domain wall with internal moduli R × S^{N−2}. With repeating this procedure, we finally construct an N dimensional Skyrmion as a sine-Gordon kink inside N − 1 non-Abelian domain walls. In Sec. II, we consider an O(4) model in d = 3 + 1 dimensions and construct a 3D Skyrmion as a sine-Gordon kink inside a domain wall within a domain wall. In Sec. III, we generalize this to higher dimensions and find a matryoshka structure of Skyrmions. Section IV is devoted to a brief summary and discussion.

II. O(4) MODEL AND 3D SKYRMIONS

A. A domain wall inside a domain wall

Let n^{(0)} = (n^{(0)}_1 (x), n^{(0)}_2 (x), n^{(0)}_3 (x), n^{(0)}_4 (x)) be an O(4) vector of scalar fields satisfying the constraint (n^{(0)})^2 = 1. By using these fields, the Lagrangian of an O(4) nonlinear sigma model in d = 3 + 1 dimensions can be given as (μ = 0, 1, 2, 3)

L^{(0)} = 1 2 (∂_μn^{(0)})^2 − V (n^{(0)}). (1)

Without the potential term, the Lagrangian is invariant under the O(4) symmetry, which is spontaneously broken down to an O(3) subgroup. Then, the target space is O(4)/O(3) ≃ S^3 ≃ SU(2) [Fig. 1(a)], and this model is equivalent to the SU(2) principle chiral model (or the chiral Lagrangian at the leading order). We do not consider the Skyrme term or other higher derivative terms. Here, we consider the following potential term

V (n^{(0)}) = m^2_4 ( 1 − (n^{(0)}_4 )^2 ) + m^2_3 ( 1 − (n^{(0)}_3 )^2 ) , m_3 ≪ m_4, (2)

which hierarchically breaks the O(4) symmetry explicitly to an O(3) subgroup by m_4 and further to an O(2) subgroup by m_3:

O(4)^{m4}→ O(3)^{m3}→ O(2). (3)

(a) (b)

FIG. 1: (a) The S^3 target space with a potential admitting two discrete vacua. (b) A wall within a wall. The widths of the outer and inner domain walls are Δx^3 = m^{−1}_4 and Δx^2 = m^{−1}_3 , respectively.

When m_3 is negligible, the symmetry of vacua n^{(0)}_4 = ±1 is O(3), and there exists a non- Abelian domain wall which interpolates these vacua by the field n^{(0)}_4 [19–21]. We place the domain wall perpendicular to the x^3-axis. There exists a continuous family of the domain wall solutions, given by [19]

θ^{(0)}(x^3) = arctan exp(± √ 2m_4(x^3 − X^3)), 0 ≤ θ^{(0)} ≤ π, (4) n^{(0)}_i = n^{(1)}_i sin θ^{(0)}(x^3), (i = 1, 2, 3), (n^{(1)})^2 = 3∑ i=1 (n^{(1)}_i )^2 = 1, (5)

n^{(0)}_4 = cos θ^{(0)}(x^3). (6)

The width of the domain wall is Δx^3 = m^{−1}_4 . This domain wall solution has moduli R × S^2 parametrized by the position X^3 in the x^3-coordinate and the internal orientation n^{(1)}, respectively. This wall is called non-Abelian since it carries non-Abelian moduli S^2. The O(3) symmetry of the vacua is spontaneously broken down to its subgroup O(2) in the presence of the domain wall. Consequently, there appear Nambu-Goldstone modes S^2 ≃ O(3)/O(2) which are localized in the vicinity of the wall.

Let us construct the low-energy effective theory on the domain wall [19] using the moduli approximation [22, 23]:

L^{(1)} = √ 2 2m_4

(∂_μn^{(1)})^2 +

T_{wall} 2 (∂_μX^3)^2 − T_{wall}, (n^{(1)})^2 = 1, (7)

with the domain wall tension T_{wall} = 2 √ 2m_4. Here μ runs 0, 1, 2. Hereafter, we use the same letter μ for labeling indices of various dimensions unless a confusion exists. We have seen that the above S^2 zero modes are in fact normalizable modes.

By turning on the small mass m_3(≪ m_4) perturbatively, we can calculate the effect on the domain wall theory as the following effective potential:

V^{(1)} = − √ 2 m_4 m^2_3(n^{(1)}_3 )^2 + const. (8)

With ignoring the position modulus X^3, the effective Lagrangian is summarized as

L^{(1)} = √ 2 m_4 [ 1 2 (∂_μn^{(1)})^2 − m^2_3 ( 1 − (n^{(1)}_3 )^2 )] + const. (9)

We thus have obtained an O(3) sigma model with the potential term admitting two discrete vacua, given by n^{(1)}_3 = ±1. This model is equivalent to the massive CP^1 model [16].

There exists a domain wall solution interpolating between the two discrete vacua n^{(1)}_3 = ±1 [16, 24] in the wall effective theory obtained in Eq. (9). The domain wall solution perpendicular to the x^2-coordinate is obtained as

θ^{(1)}(x^2) = arctan exp(± √ 2m_3(x^2 − X^2)), 0 ≤ θ^{(1)} ≤ π, (10)

n^{(1)}_i = n^{(2)}_i sin θ^{(1)}(x^2), (i = 1, 2), (n^{(2)})^2 = 2∑ i=1 (n^{(2)}_i )^2 = 1, (11)

n^{(1)}_3 = cos θ^{(1)}(x^2). (12)

The width of the domain wall is Δx^2 = m^{−1}_3 . Here, the index i runs 1, 2; we also use the same letter i for labeling different dimensional vectors unless a confusion exists. This domain wall solution has moduli R × S^1 parametrized by the position X^2 in the x^2-coordinate and the internal orientation n^{(2)}, respectively. Then, the total configuration is a domain wall inside a domain wall as schematically shown in Fig. 1(b). This configuration was studied before in Ref. [21]. The second domain wall does not have topological meaning in the bulk outside the first domain wall. A wall within a wall has been also studied in different models [14, 15, 25].

Before going to the next subsection, let us make a comment. If one makes a loop of the second domain wall (inside the first domain wall), it is of course unstable to decay. One can twist the U(1) modulus of the domain wall when making a domain wall loop. This twisted domain wall loop carries a lump charge in d = 2 + 1, which implies 3D Skyrme charge as discussed in [19]. Such the twisted domain wall loop may be still unstable against shrinking. In order to make it stable, one can give a linear time dependence on the U(1) modulus of the domain wall. Then, such a time-dependent, twisted domain wall loop is nothing but a Q-lump in d = 2 + 1 dimensions [26] inside a domain wall, which was studied in [19]. This corresponds to a spinning 3D Skyrmion in the bulk.

B. 3D Skyrmion from domain walls

Here, we construct a 3D Skyrmion in d = 3+1 dimensions as a composite state of domain walls. To this end, let us consider the following potential term instead of the potential given in Eq. (2):

V (n) = m^2_4 ( 1 − (n^{(0)}_4 )^2 ) + m^2_3 ( 1 − (n^{(0)}_3 )^2 ) + m^2 ( 1 − n^{(0)}_2 ) , m_2 ≪ m_3 ≪ m_4, (13)

with a hierarchical breaking

O(4)^{m4}→ O(3)^{m3}→ O(2)^{m2}→ {0}. (14)

The difference with the previous potential in Eq. (2) is the last term with m_2. Note that we take this term linear with respect to the field n^{(0)}_2 unlike the other two terms, which are quadratic with respect to the fields. The reason to consider this term is clarified below.

First, we place a domain wall perpendicular to the x^3-axis, which interpolates the vacua n^{(0)}_4 = ±1 as before. Except for the position modulus, a potential term due to m_2 is induced on the domain wall world-volume effective theory given in Eq. (9):

L^{(1)} = √ 2 m_4 [ 1 2 (∂_μn^{(1)})^2 + ( 1 − m^2_3(n^{(1)}_3 )^2 )] − √ 2π 2m_4 ( 1 − m^2n^{(1)}_2 ) + const., (15) with μ = 0, 1, 2.

Second, we consider the second domain wall perpendicular to the x^2-axis inside the first domain wall, interpolating between the vacua n^{(1)}_3 = ±1 in the regime of m_2 ≪ m_3. We can repeat the same procedure to obtain the effective theory on the wall inside the wall:

L^{(2)} = √ 2 m_3 √ 2 m_4 1 2 (∂_μn^{(2)})^2 − √ 2π 2m_3 √ 2π 2m_4 ( 1 − m^2n^{(2)}_2 ) + const., (16)

with μ = 0, 1 and n^{(2)} = (n^{(2)}_1 , n^{(2)}_2 ) with the constraint (n^{(2)}_1 )^2 +(n^{(2)}_2 )^2 = 1. This is precisely the sine-Gordon model:

L^{(2)} = 2 m_3m_4 [ 1 2 (∂_μθ^{(2)})^2 + m̂^2 sin^2 θ^{(2)} ] + const., (17)

with (n^{(2)}_1 , n^{(2)}_2 ) = (sin θ^{(2)}, cos θ^{(2)}) (0 ≤ θ^{(2)} < 2π) and m̂_2 ≡^π_2 m_2.

Finally, we construct a sine-Gordon kink in the x^1-coordinate as the third domain wall:

θ^{(2)}(x^1) = arctan exp(± √ 2m̂_2(x^1 − X^1)), (18)

with the position modulus X^1 in the x^1-coordinate. The total configuration is the sine- Gordon kink inside the domain wall within the domain wall, as drawn in Fig. 2.

FIG. 2: A 3D Skyrmion as a sine-Gordon kink inside a wall within a wall.

In d = 2 + 1 dimensional world-volume of the first domain wall, this sine-Gordon kink is a lump (2D Skyrmion) with the unit charge of the lump charge π_2(S^2) ≃ Z [15]. Once it is identified with a lump in d = 2 + 1, one can conclude from the result in [19] that the sine-Gordon kink precisely corresponds to the 3D Skyrmion with the unit charge of the 3D Skyrmion charge π_3(S^3) ≃ Z in d = 3 + 1 dimensional bulk. We thus have constructed a 3D Skyrmion as a sine-Gordon kink inside a CP^1 domain wall with a modulus U(1) inside a non-Abelian domain wall with moduli S^2.

If we consider the quadratic mass term m^2 ( 1 − (n^{(0)}_2 )^2 ) instead of the linear term in Eq. (13), we have a Skyrmion with a half charge in π_3(S^3) as the minimum soliton instead of a Skyrmion with the unit charge. The unit charge Skyrmion is split into two half charge Skyrmions. Therefore, we have considered the linear mass term for n^{(0)}_2 although the quadratic mass term for the rest fields.

Note that we did not need a Skyrme term. Therefore this type of a 3D Skyrmion can exist in principle in condensed matter physics.

If we introduce the Skyrme term on the other hand, a 3D Skyrmion can stably exist in the bulk. However it will be absorbed into the first domain wall, subsequently it will be absorbed into the second domain wall, and becomes a sine-Gordon kink as discussed in this section.

III. HIGHER DIMENSIONAL SKYRMIONS

We consider an O(N + 1) model in N dimensional space (d = N + 1 dimensional spacetime) with the target space S^N ≃ O(N + 1)/O(N). Here, we show that an N-dimensional Skyrmion can be constructed as a composite state of one sine-Gordon kink and N − 1 non-Abelian domain walls.

In terms of an O(N + 1) vector of scalar fields n^{(0)} = (n^{(0)}_1 (x), · · · , n^{(0)}_{N+1}(x)) with the constraint (n^{(0)})^2 = 1, we consider an O(N + 1) model with Lagrangian (μ = 0, 1, · · · , N)

L^{(0)} = 1 2 (∂_μn^{(0)})^2 − V (n^{(0)}),

V^{(0)}(n^{(0)}) = N+1∑ i=3 m^2_i ( 1 − (n^{(0)}_i )^2 ) + m^2(1 − n^{(0)}_2 ), (19)

in d = N + 1 space-time dimensions, with the hierarchical masses m_2 ≪ m_3 ≪ · · · ≪ m_{N+1} and the hierarchical breaking O(N + 1)^{mN+1}−→ O(N)^{mN}−→ · · ·^{mN−k+1}−→ O(N − k)^{mN−k}−→ · · ·^{m3}−→ O(2)^{m2}−→ {0}. (20)

The target space is O(N + 1)/O(N) ≃ S^N , see Fig. 3.

FIG. 3: The S^N target space of an O(N + 1) model with a potential admitting two discrete vacua.

First, we consider only the largest mass m_{N+1} ignoring the rests. A domain wall solution perpendicular to the x^N -coordinate can be obtained as before:

θ^{(0)}(x^N ) = arctan exp(± √ 2m_{N+1}(x^N − X^N )), 0 ≤ θ^{(0)} ≤ π, (21)

n^{(0)}_i = n^{(1)}_i sin θ^{(0)}(x^N ), (i = 1, · · · , N), (n^{(1)})^2 = N∑ i=1 (n^{(1)}_i )^2 = 1, (22)

n^{(0)}_4 = cos θ^{(0)}(x^N ). (23)

This domain wall has the moduli space R × S^{N−1} parametrized by the position modulus X^N and the internal orientational moduli n^{(1)}, respectively. We obtain an O(N) model with the target space S^{N−1} as the effective theory on the domain wall.

We then turn on the second largest mass m_N perturbatively, which induces a potential term on the wall effective action. We obtain the second domain wall as before. We repeat the same procedures. The effective Lagrangian on the k-th domain wall is an O(N − k + 1) model in (N − k) space dimensions [d = N − k + 1 space-time dimensions] with the target space S^{N−k} ≃ O(N − k + 1)/O(N − k), described by fields n^{(k)} = (n^{(k)}_1 (x), · · · , n^{(k)}_{N−k+1}(x)) with the constraint (n^{(k)})^2 = 1:

L^{(k)} = ( √ 2)^k ∏_{N+1} a=N−k+1 ma [ 1 2 (∂_μn^{(k)})^2 − N−k∑ i=3 m^2_i ( 1 − (n^{(k)}_i )^2 )]

− (√ 2π/2 )_k ∏_{N+1} a=N−k+1 ma (1 − m^2n^{(k)}_2 ) + const. (24)

The (k +1)-th domain wall solution perpendicular to the x^{N−k+1}-coordinate can be obtained as θ^{(k)}(x^{N−k+1}) = arctan exp(± √ 2m_{N−k+2}(x^{N−k+1} − X^{N−k+1})), 0 ≤ θ^{(k)} ≤ π, (25) n^{(k)}_i = n^{(k+1)}_i sin θ^{(k)}(x^{N−k+1}), (i = 1, · · · , N − k + 1),

(n^{(k+1)})^2 = N−k∑ i=1 (n^{(k+1)})^2 = 1, (26)

n^{(k)}_4 = cos θ^{(k)}(x^{N−k+1}). (27)

The transverse size of the (k + 1)-th domain wall is Δx^{N−k+1} = m^{−1}_{N−k+2}. The (k + 1)-th domain wall has moduli R × S^{N−k−1} ≃ R × O(N − k)/O(N − k − 1).

After repeating the same procedures N − 1 times in total, we construct a sine-Gordon kink given in Eq. (18) with m̂_2 ≡ (π/4)^{N−1}m_2 by using the lightest mass m_2. We thus have realized an N-dimensional Skyrmion characterized by the topological charge π_N (S^N ) ≃ Z as a sine-Gordon kink (inside a non-Abelian domain wall)^{N−1}. The moduli space of this Skyrmion is R^N × S^{N−1}. We did not need the Skyrme term for stability while it is unstable against shrinkage outside the walls.

IV. SUMMARY AND DISCUSSION

We have constructed an N dimensional Skyrmion characterized by the topological charge π_N (S^N ) ≃ Z as a composite state of one sine-Gordon kink and N − 1 non-Abelian domain walls in the O(N + 1) nonlinear sigma model with the N hierarchical masses in d = N + 1 space-time dimensions, where the k-th domain wall is placed orthogonal to the x^{N−k+1}- coordinate and has the width Δx^{N−k+1} = m^{−1}_{N−k+2} and the moduli R × S^{N−k−1}. We have found a matryoshka structure of Skyrmions in diverse dimension, as summarized in Table I.

In addition to the sequence of N dimensional Skyrmions in O(N + 1) models found in this paper, there exist two exceptional sequences from solitons in gauge theories known thus far, that is, a Yang-Mills instanton to a 3D Skyrmion [27] and a vortex to a sine-Gordon kink [15]. In the former, Yang-Mills instanton becomes a 3D Skyrmion [27] once it is placed inside a non-Abelian domain wall with U(2) moduli [28], which explains a construction of 3D Skyrmion from instanton holonomy [29]. In the latter, a vortex becomes a sine-Gordon kink [15] once it is absorbed into a CP^1 domain wall with a U(1) modulus [16, 24], which

TABLE I: Hierarchical or matryoshka structure of Skyrmions in diverse dimensions. An N +1 dimensional Skyrmion becomes an N dimensional Skyrmion inside a non-Abelian domain wall, as indicated by arrows. In addition to the sequence of Skyrmions in the O(N) models in different dimensions, two exceptional sequences from solitons in gauge theories are known, indicated by dotted arrows: a Yang-Mills instanton to a 3D Skyrmion [27] and a vortex to a sine-Gordon kink [15].

explains a construction of a sine-Gordon kink from a vortex holonomy [17]. In d = 2 + 1, lumps can be obtained in the strong gauge coupling limit of semi-local vortices. In d = 4+1, we do not know whether there exists a certain relation between Yang-Mills instantons and 4D Skyrmions.

Acknowledgements

This work is supported in part by Grant-in-Aid for Scientific Research (No. 23740198) and by the “Topological Quantum Phenomena” Grant-in-Aid for Scientific Research on Innovative Areas (No. 23103515) from the Ministry of Education, Culture, Sports, Science and Technology (MEXT) of Japan.

[1] T. H. R. Skyrme, “A Unified Field Theory of Mesons and Baryons,” Nucl. Phys. 31, 556 (1962); T. H. R. Skyrme, “A Nonlinear field theory,” Proc. Roy. Soc. Lond. A 260, 127 (1961).

[2] A. M. Polyakov and A. A. Belavin, “Metastable States of Two-Dimensional Isotropic Ferromagnets,” JETP Lett. 22, 245 (1975) [Pisma Zh. Eksp. Teor. Fiz. 22, 503 (1975)].

[3] B. M. A. Piette, B. J. Schroers and W. J. Zakrzewski, “Multi - Solitons In A Two-Dimensional Skyrme Model,” Z. Phys. C 65, 165 (1995) [arXiv:hep-th/9406160]; B. M. A. Piette,

B. J. Schroers and W. J. Zakrzewski, “Dynamics of baby skyrmions,” Nucl. Phys. B 439, 205 (1995) [arXiv:hep-ph/9410256]; T. Weidig, “The baby Skyrme models and their multiskyrmions,” Nonlinearity 12, 1489-1503 (1999), [arXiv:hep-th/9811238].

[4] T. H. R. Skyrme, “Particle states of a quantized meson field,” Proc. Roy. Soc. Lond. A 262, 237 (1961).

[5] A. V. Ustinov, “Solitons in Josephson junctions,” Physica D 123, 315329 (1998). [6] see, e.g., A. N. Bogdanov, “New localized solutions of the nonlinear field equations,” JETP Lett. 62 (1995) 249; X. Z. Yu, Y. Onose, N. Kanazawa, J. H. Park, J. H. Han, Y. Matsui, N. Nagaosa, and Y. Tokura, “Real-space observation of a two-dimensional skyrmion crystal,” Nature 465, 901904 (2010).

[7] S. L. Sondhi, A. Karlhede, S. A. Kivelson, and E. H. Rezayi, “Skyrmions and the crossover from the integer to fractional quantum Hall effect at small Zeeman energies,” Phys. Rev. B 47, 1641916426 (1993); Z. F. Ezawa, “Quantum Hall Effects: Field Theoretical Approach and Related Topics,” 2nd ed., World Scientific Pub Co Inc (2008).

[8] G. E. Volovik, The Universe in a Helium Droplet, Clarendon Press, Oxford (2003). [9] L. S. Leslie, A. Hansen, K. C. Wright, B. M. Deutsch, and N. P. Bigelow, Phys. Rev. Lett.

103, 250401 (2009); J. Choi, W. J. Kwon, and Y. Shin Phys. Rev. Lett. 108, 035301 (2012). [10] J. Ruostekoski and J. R. Anglin, “Creating vortex rings and three-dimensional skyrmions in Bose-Einstein condensates,” Phys. Rev. Lett. 86, 3934 (2001); R. A. Battye, N. R. Cooper and P. M. Sutcliffe, “Stable skyrmions in two-component Bose-Einstein condensates,” Phys. Rev. Lett. 88, 080401 (2002); U. A. Khawaja and H. T. C. Stoof, “Skyrmions in a ferromagnetic Bose-Einstein condensate,” Nature (London) 411, 918 (2001); “Skyrmion physics in Bose-Einstein ferromagnets,” Phys. Rev. A 64, 043612 (2001); C. M. Savage and J. Ruostekoski, “Energetically stable particle-like skyrmions in a trapped Bose-Einstein condensate,” Phys. Rev. Lett. 91, 010403 (2003); J. Ruostekoski, “Stable particlelike solitons with multiply-quantized vortex lines in Bose-Einstein condensates,” Phys. Rev. A 70, 041601 (2004); S. Wuster, T. E. Argue, and C. M. Savage, “Numerical study of the stability of skyrmions in Bose-Einstein condensates,” Phys. Rev. A 72, 043616 (2005); I. F. Herbut and M. Oshikawa, “Stable Skyrmions in spinor condensates,” Phys. Rev. Lett. 97, 080403 (2006) [arXiv:cond-mat/0604557]; A. Tokuno, Y. Mitamura, M. Oshikawa, I. F. Herbut, “Skyrmion in spinor condensates and its stability in trap potentials,” Phys. Rev. A 79, 053626 (2009).

M. A. Metlitski and A. R. Zhitnitsky, “Vortex rings in two-component Bose-Einstein condensates,” JHEP 0406, 017 (2004) [arXiv:cond-mat/0307559]; M. Nitta, K. Kasamatsu, M. Tsubota and H. Takeuchi, “Creating vortons and three-dimensional skyrmions from domain wall annihilation with stretched vortices in Bose-Einstein condensates,” Phys. Rev. A 85, 053639 (2012) [arXiv:1203.4896 [cond-mat.quant-gas]].

[11] T. Kawakami, T. Mizushima, M. Nitta and K. Machida, “Stable Skyrmions in SU(2) Gauged Bose-Einstein Condensates,” Phys. Rev. Lett. 109, 015301 (2012) [arXiv:1204.3177 [condmat.quant-gas]].

[12] A. Jackson, “String Like Solutions In The Skyrme Model,” Nucl. Phys. A 493, 365 (1989). [13] A. E. Kudryavtsev, B. M. A. Piette and W. J. Zakrzewski, “Skyrmions and domain walls in (2+1) dimensions,” Nonlinearity 11, 783 (1998) [arXiv:hep-th/9709187].

[14] R. Auzzi, M. Shifman and A. Yung, “Domain Lines as Fractional Strings,” Phys. Rev. D 74, 045007 (2006) [hep-th/0606060].

[15] M. Nitta, “Josephson vortices and the Atiyah-Manton construction,” Phys. Rev. D 86, 125004 (2012) [arXiv:1207.6958 [hep-th]]; M. Nitta, “Instantons confined by monopole strings,” Phys. Rev. D 87, 066008 (2013) [arXiv:1301.3268 [hep-th]].

[16] E. R. C. Abraham and P. K. Townsend, “Q kinks,” Phys. Lett. B 291, 85 (1992); “More on Q kinks: A (1+1)-dimensional analog of dyons,” Phys. Lett. B 295, 225 (1992).

[17] P. M. Sutcliffe, “Sine-Gordon Solitons From Cp(1) Instantons,” Phys. Lett. B 283, 85 (1992);

G. N. Stratopoulos and W. J. Zakrzewski, “Approximate Sine-Gordon solitons,” Z. Phys. C 59, 307 (1993).

[18] A. E. Kudryavtsev, B. M. A. G. Piette and W. J. Zakrzewski, “On the interactions of skyrmions with domain walls,” Phys. Rev. D 61, 025016 (2000) [hep-th/9907197].

[19] M. Nitta, “Correspondence between Skyrmions in 2+1 and 3+1 Dimensions,” Phys. Rev. D 87, 025013 (2013) [arXiv:1210.2233 [hep-th]].

[20] A. Losev, M. A. Shifman and A. I. Vainshtein, “Single state supermultiplet in (1+1)- dimensions,” New J. Phys. 4, 21 (2002) [hep-th/0011027];

[21] A. Ritz, M. Shifman and A. Vainshtein, “Enhanced worldvolume supersymmetry and intersecting domain walls in N=1 SQCD,” Phys. Rev. D 70, 095003 (2004) [hep-th/0405175].

[22] N. S. Manton, “A Remark on the Scattering of BPS Monopoles,” Phys. Lett. B 110, 54 (1982). [23] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, “Manifestly supersymmetric effective

Lagrangians on BPS solitons,” Phys. Rev. D 73, 125008 (2006) [hep-th/0602289]. [24] M. Arai, M. Naganuma, M. Nitta and N. Sakai, “Manifest supersymmetry for BPS walls in N=2 nonlinear sigma models,” Nucl. Phys. B 652, 35 (2003) [hep-th/0211103]; “BPS wall in N=2 SUSY nonlinear sigma model with Eguchi-Hanson manifold,” In *Arai, A. (ed.) et al.: A garden of quanta* 299-325 [hep-th/0302028].

[25] M. Eto, Y. Isozumi, M. Nitta and K. Ohashi, “1/2, 1/4 and 1/8 BPS equations in SUSY Yang- Mills-Higgs systems: Field theoretical brane configurations,” Nucl. Phys. B 752, 140 (2006) [hep-th/0506257]; S. Bolognesi, “Strings inside walls in N=1 super Yang-Mills,” J. Phys. A 42, 195404 (2009) [arXiv:0710.5198 [hep-th]]; F. A. Brito and D. Bazeia, “Domain ribbons inside domain walls at finite temperature,” Phys. Rev. D 56, 7869 (1997) [hep-th/9706139]; J. D. Edelstein, M. L. Trobo, F. A. Brito and D. Bazeia, “Kinks inside supersymmetric domain ribbons,” Phys. Rev. D 57, 7561 (1998) [hep-th/9707016]; D. Bazeia, H. Boschi-Filho and F. A. Brito, “Domain defects in systems of two real scalar fields,” JHEP 9904, 028 (1999) [hep-th/9811084].

[26] R. A. Leese, “Q lumps and their interactions,” Nucl. Phys. B 366, 283 (1991); E. Abraham, “Nonlinear sigma models and their Q lump solutions,” Phys. Lett. B 278, 291 (1992).

[27] M. Eto, M. Nitta, K. Ohashi and D. Tong, “Skyrmions from instantons inside domain walls,” Phys. Rev. Lett. 95, 252003 (2005) [hep-th/0508130].

[28] M. Shifman and A. Yung, “Localization of nonAbelian gauge fields on domain walls at weak coupling (D-brane prototypes II),” Phys. Rev. D 70, 025013 (2004) [hep-th/0312257]; M. Eto, T. Fujimori, M. Nitta, K. Ohashi and N. Sakai, “Domain walls with non-Abelian clouds,” Phys. Rev. D 77, 125008 (2008) [arXiv:0802.3135 [hep-th]].

[29] M. F. Atiyah and N. S. Manton, “Skyrmions From Instantons,” Phys. Lett. B 222, 438 (1989);

“Geometry and kinematics of two skyrmions,” Commun. Math. Phys. 153, 391 (1993).