arXiv:1211.5040v1 [hep-th] 21 Nov 2012

Charge Renormalization due to Graviton Loops

Gaurav Narain^{1, ∗} and Ramesh Anishetty^{1, †} 1The Institute of Mathematical Sciences, Taramani, Chennai 600113, India.

The leading term in perturbation theory to the beta function of the gauge couplings comes due to interaction with gravitons. It is seen to be a universal quantity for all gauge theories to all loops. Using self duality property of abelian gauge theories in four dimensions, we show that this contribution is identically zero to all loops.

PACS numbers: 14.70.Kv, 04.60.-m, 11.10.Hi, 11.15.Tk

Introduction. Asymptotic freedom at high energies is a property enjoyed by non-abelian gauge theories due to their unique charged self interaction. Sufficiently small number of interactions due to charged boson or fermions do not alter this property. Gauge fields interact with the metric fluctuation due to their energy, which is weak at energies below Planck scale. However at arbitrarily high energies quantum effects due to gravity cannot be ignored, which might affect asymptotic freedom or the Landau singularity of abelian theories. Keeping this in mind it is important to know how the high energy behavior of gauge couplings is affected when quantum gravity effects are taken in to account?

Quantum gravity effects on charge renormalization were first discussed in [1] within perturbation theory using dimensional regularization and concluded that at one-loop there are no modifications to running gauge coupling due to gravitons. This result was often suspected to be a consequence of massless nature of gluons/photons and gravitons, and the way dimensional regularization regulates quadratic divergences. The problem was re-examined by using momentum cutoff with R_ξ type of gauge condition in [2], and came to the conclusion that renormalized charge of gauge theories gets a nonzero correction from graviton loops and vanishes as power law (as opposed to logarithmic) well before Planck energies. Subsequently many authors have reanalyzed the issue using various ways in different gauge fixing choices and refuted the result of [2]. The investigations which find that there is no charge renormalization due to graviton loops: using harmonic type gauge condition and momentum cutoff [3], dimensional regularization using gauge independent formulation of effective action [4], using standard Feynman technique with both momentum cutoff and dimensional regularization [5], using Functional renormalization group [10]. The literature which finds a nonzero graviton contribution to the running of gauge couplings: loop regularization [6], in presence of cosmological constant using Vilkowisky- DeWitt technique [7], studying quadratic divergences using Vilkowisky-DeWitt technique [8], using Functional renormalization group equation [9]. In all these studies quantum field theory of Einstein-Hilbert (EH) gravity was used to obtain charge renormalization due to graviton loops. In [13] the authors studied the coupling of fourth order higher derivative gravity with gauge field suggesting no charge renormalization due to graviton loops. In [2–8, 13] the computation was performed in the framework of Effective field theory, where it is believed that any sensible theory of quantum gravity must have EH gravity as its low energy limit. Therefore the authors naturally asked what is the one-loop graviton correction to the running of gauge coupling in this framework? In [9, 10] however Functional RG has been used to study the problem in the spirit of asymptotic safety scenario.

Recently it is shown that higher derivative gravity theory in four dimensions is perturbatively renormalizable and unitary [11, 12]. The action considered is, S = ∫ d^4x √ −g 16πG [ −R + ωR^2 6M^2 − R_{μν} R^{μν} −^1_3 R^2 M^2 ] , (1)

where G is the gravitation Newton’s constant, M is a mass parameter and ω is a positive real dimensionless constant. It is also shown that G remains small for all energies and hence in the perturbative regime. Furthermore it vanishes at some finite energy albeit larger than the Planck energy. These results are unaltered by the presence of matter fields as well. Therefore in this context the question of charge renormalization of gauge theories is raised within the perturbation theory to all orders in the Feynman loop expansion. It is found that the beta function for the gauge theories in perturbation theory is governed by a term called “a” to all loops, which has the dominant contribution for small gauge coupling constant and is universally the same for all gauge groups including the abelian gauge theories. However ‘a’ can depend on the parameters of the pure gravity sector. Potentially ‘a’ term can change the asymptotic freedom result as alleged in [2, 8]. In the following we define ‘a’ terms precisely and formally show that it vanishes identically to all orders in the loop expansion.

The non-abelian gauge field action is given by,

S_{gauge} = − 1 4e^2 ∫ d^4x √ −gg^{μα}g^{νβ}F^a_{μν} F^a_{αβ} , (2) where e is the SU(N)-gauge coupling, F^a_{μν} = ∂_μA^a_ν − ∂_ν A^a_μ + f^{abc}A^b_μA^c_ν , and A^a_μ is the gauge vector potential. We define the quantum theory of gravity and gauge fields by Feynman path-integral corresponding to the action given in eq. (1 and 2). We use background field method and do the appropriate gauge fixing for gravity and gauge sector. In our case in particular, the background gauge and gravity fixings guarantee gauge invariant effective action by using 4 − ϵ dimensional regularization scheme [14–16]. The running of gauge coupling constant satisfies the following generic equation, d dt ( 1 e^2 ) = a(M^2G, ω) e^2

+ b(e^2, M^2G, ω) , (3)

where t = ln(μ/μ_0), the function ‘a’ is independent of e^2 and the gauge group but can depend upon couplings in gravity sector, while b depends on gauge group and all couplings present in the theory. The above definition is particularly useful when e^2 is small, because by construction b is a regular function of e^2 at e^2 = 0. Feynman perturbation theory naturally gives the above.

At one-loop the two diagrams that are giving the gravitational contribution to the running of gauge coupling are shown in Fig. 1. Concentrating on e^2 dependence, we notice that any vertex which involves gluon line gives 1/e^2 while every gauge propagator in the loop gives e^2, hence the one-loop diagrams are proportional to 1/e^2. Consequently the entire one-loop terms contribute to ‘a’ term alone in eq. (3).

Now we would like to address ‘a’ term to all loop orders in the expansion. First we note that any diagram with triple or quadrupole gauge vertices, by simple power counting automatically contributes only to ‘b’ term. So effectively we can ignore them to evaluate ‘a’ term. By doing so it is evident that all such diagrams are also common to U(1) gauge theory. Ghosts and presence of matter fields in the theory again contributes only to ‘b’ term. Therefore ‘a’ term is universal to all gauge theories and is the most dominant term for small gauge coupling constant. The universality suggests that it is a manifestation of the fact that the metric fluctuations interact universally to all gauge fields via its energy.

The formal solution of eq. (3) can be written as, 1 e^2 = e^{∫ t0 a dt′} ( 1 e^2_0 + ∫_t 0 dt^′ b e^{− ∫ t′0 a dt′′} ) (4) It is evident that for small e^2 the running of e^2 depends more dramatically on the sign of a. If a is negative then e^2 diverges as e^{|a|t} for large t. If a is positive, then for large t, e^2 vanishes faster than e^{−|a|t} as considered in [2, 8]. If a = 0, then the standard behavior of the running of gauge coupling qualitatively holds. The above equation is valid to any order in the loop expansion. So the qualitative behavior of e^2 namely asymptotic freedom can remain unaltered if a = 0 to all loops. We examine this in the following.

One-loop Computation. We evaluate explicitly the diagrams of Fig. 1. Following [11, 12] we choose flat background and a physical gauge choice for graviton namely

FIG. 1: One loop gravitational correction to gauge coupling. Black dots represent the bare vertices, while wavy lines attached to circle with a cross represent external legs.

the Landau gauge (∂_μh^{μν} = 0) wherein the graviton propagator is given by,

D_{μνρσ} = i 16π (2π)^4

(M^2G) [ 1 ω (P_s)_{μναβ} q^2(q^2 −^{M 2}_ω ) − 2 (P_2)_{μναβ} q^2(q^2 − M^2) ]

(5) where q is the momentum of fluctuating metric field. The various spin projectors are defined in terms of the following two projectors in arbitrary dimensions: L_{μν} = q_μq_ν /q^2 and T_{μν} = η_{μν} − L_{μν} ; (P_2)_{μναβ} =^1_2 [T_{μα}T_{νβ} + T_{μβ}T_{να}] −^1_{d−1} T_{μν} T_{αβ}, (P_s)_{μναβ} =^1_{d−1} T_{μν} T_{αβ} . By simple partial fractionation it can be shown that this corresponds to massless spin-2 gravitons, a massive (mass M/ √ ω) spin-0 scalar and a massive (mass M) spin-2 mode identified to be a ghost [11, 12]. The gauge propagator with momentum p_μ is taken to be,

Δ^{ab}_{μν} = −ie^2δ^{ab} (2π)^4p^2 [ η_{μν} − (α − 1) p_μp_ν p^2 ] , (6)

where α is an arbitrary gauge fixing parameter. The contribution of each diagram in Fig. 1 in arbitrary dimensions is,

Γ_{Tad} = −

2πM^2G e^2 (4π)^d2 Γ ( 2 − d 2 ) [ (d + 1)(d^2 − 9d + 12) d(d − 1) M^{d−4} +

(d − 5)(d^2 − 7d + 8) 2d(d − 1)(d − 2) ( M^2 ω ) d_{2 −2}] ∫ d^dx trF^2 ,

Γ_{Bub} =

2πM^2G e^2 (4π)^d2 Γ ( 2 − d 2 ) [ − 8(d + 1) d(d − 1) M^{d−4} +

2(d − 3)^2 d(d − 1)(d − 2) ( M^2 ω ) d_{2 −2}] ∫ d^dx trF^2 . (7)

The 1/ϵ pole of these diagrams in the 4 − ϵ dimensional regularization scheme is,

Γ^{Div}_{Tad} = −Γ^{Div}_{Bub} = 1 ϵ M^2G 48π g^2 ( 40 − 1 ω ) ∫ d^4x trF^2 . (8)

The divergent contribution of the two diagrams given in eq. (8) therefore exactly cancel each other in four spacetime dimensions. Due to this the ‘a’ term vanishes in the minimal subtraction scheme at one-loop. This vanishing of ‘a’ in the context of higher derivative gravity was also observed in [13], where the authors commented about it in the footnote calling it a ‘mysterious cancellation’.

There are many instances in the literature where they used EH action and found a = 0. Naturally the question arises whether this is an accidental cancellation or there is a deeper principle which is at work. This issue is all the more firmly raised in a renormalizable, unitary quantum gravity theory such as the one given by eq. (1) [11, 12]. Indeed we already found that this universal ‘a’-term is exactly quantitatively present even in simple U(1) gauge theory coupled to gravity without any other matter fields. In abelian gauge theories without matter the ‘b’ term is identically zero. Therefore in the next section we will study the ‘a’ term in abelian gauge theory to all loops.

Duality symmetry. We give a formal proof to show that a = 0 because of self duality property of the U(1) gauge theory in four dimensions [17]. In this proof gravity action plays no significant role. Consider the Feynman path integral Z = ∫ Dg_{μν} DA_ρe^{i(SGR+SEM)}, (9) where S_{EM} = ( −1/4e^2 ) ∫ d^4x √ −g g^{μα}g^{νβ} F_{μν} F_{αβ} , and F_{μν} = ∂_μA_ν − ∂_ν A_μ and S_{GR} is some arbitrary renormalizable and unitary gravity action. For this theory in minimal subtraction scheme the running of gauge coupling is given by, d dt ( 1 e^2 ) = a(· · · ) e^2

, (10)

where the dots indicate that the function ‘a’ can depend upon parameters of S_{GR}.

Formally we rewrite the path-integral for U(1) gauge field by making use of auxiliary tensor field B_{μν} . ∫ DA_μe^{iSEM} = ∫ DB_{μν} DA_μe^{iSB} [ det(e^2G^{μν,αβ} )

]^1_2 ,(11)

where S_B = e^2 ∫ d^4x √ −gg^{μα}g^{νβ}B_{μν} B_{αβ} + ∫ d^4x ϵ^{μναβ} B_{μν} ∂_αA_β , G^{μν,αβ} = √ −g(g^{μα}g^{νβ} − g^{μβ} g^{να}) is anti-symmetric in (μν) and (αβ), and ϵ^{μναβ} is a four dimensional tensor density of weight −1. On integrating the A field on the rhs we get a delta function δ ( ϵ^{μναβ} ∂_αB_{μν} ) , which constraints the B field. The solution B_{μν} = ∂_μb_ν − ∂_ν b_μ satisfies the constraint. Then eq. (11) becomes, Z = C ∫ Dg_{μν} Db_μe^{i(SGR+S̄EM )} [ det(e^2G^{μν,αβ}) ] 1_2 , (12)

where C is a constant S̄_{EM} = e^2 ∫ d^4x √ −gg^{μα}g^{νβ} (∂_μb_ν − ∂_ν b_μ)(∂_αb_β − ∂_β b_α), and b_μ is the dual of A_μ. Here we have implemented the duality transformation in the presence of metric [17]. This dual action also has U(1) gauge invariance. Next we note that the matrix e^2G^{μν,αβ} in four dimensions is an ultra-local 6 × 6 matrix which is general co-ordinate covariant. Hence the determinant can only be proportional to some power of √ −g. However G^{μν,αβ} is also invariant under scale transformation of metric in four dimensions. Therefore the determinant is a pure number independent of metric. In particular this determinant term in eq. (12) is equal to ( e^2

)_3 in d = 4. Hence the dual theory functional looks exactly like the original functional times a constant. On doing perturbative renormalization of the dual theory one gets, d dt e^2 = a(· · · ) e^2 , (13)

where a has exactly the same parameter dependence as in Eq. (10).

Compatibility of the two equation (10 and 13) implies that a = 0. We have not explicitly introduced any gaugefixing and the corresponding Faddev-Popov ghost functional. If one uses the same kind of gauge fixing conditions in the original and in the dual theory, then it is easy to show that the above proof goes through without any modification. In both the U(1) and its dual theory 4 − ϵ dimensional regularization scheme is used to compute the divergent term, however the actual duality transformation is done in four dimensions. It is crucial to note here that the arguments presented above to prove that a = 0 rely on scale invariance property of the gauge field action.

Our formal proof suggest that this property a = 0 is independent of the S_{GR} action and its gauge fixing choices.

Arbitrary Gravity Action. By making use of the all spin projectors of a symmetric rank-2 tensor field, the most general graviton propagator in a metric theory of gravity in an arbitrary harmonic type gauge fixing action about a flat background can be written as, D^{μνρσ} = i (2π)^d ∑ i Y_i(p^2)P^{μνρσ}_i (14)

where i = {2, 1, s, w, sw, ws} and Y_i(p^2) are propagators corresponding to various spin components. P_2 and P_s have been given previously while the other spin projectors are: (P_1)_{μναβ} = (T_{μα}L_{νβ} + T_{μβ}L_{να} + T_{να}L_{μβ} + T_{νβ}L_{μα})/8, (P_w)_{μναβ} = L_{μν} L_{αβ}, (P_{sw} )_{μναβ} =

(1/ √ d − 1)T_{μν} L_{αβ} and (P_{ws})_{μναβ} = (1/ √ d − 1)L_{μν} T_{αβ}. Using this propagator of graviton we compute the oneloop diagram given in Fig. 1. The combined contribution of both the diagrams in arbitrary dimensions is given by,

Γ_{Grav} = − i(d − 4)A(d) 8e^2 ∫ d^dx trF^2 ,

where A(d) = ∑ i A_i ∫ d^dp (2π)^d

Y_i(p^2) , (15)

and A_2 = −(d − 5)(d − 2)(d + 1)/4d(d − 1), A_1 = −(d−1)/8d, A_s = (d^2 −12d+19)/4d(d−1), A_{sw} = A_{ws} = √ d − 1/4d, and A_w = −1/4d. Clearly we see explicitly that there is no gravitational contribution to the running of gauge coupling in four dimensions as the total contribution vanishes in d = 4. It should be noted that this doesn’t depend on the gravity action, gauge parameters present in the theory and the regularization scheme, as we haven’t performed the momentum integration. This also proves a further point that self-duality argument presented in the previous section also hold directly in four dimensions in momentum cutoff regularization. Lorentz covariance property of the background gravity metric η_{μν} was only used to arrive at eq. (15). In eq. (15) we have just quoted the result, details of which will be presented elsewhere [18].

An outcome of this is that in a class of higher loop diagrams which are of tadpole and bubble type but with dressed graviton propagator, they will also cancel each other in four dimensions.

Discussion and Conclusion. Photons interacting only with metric quantum fluctuations propagate essentially as free particle at short distances namely no running of the charge coupling parameters. This is a consequence of self duality property of U(1) gauge action. It should be mentioned that there is indeed finite charge renormalization, however it is of no significance once we include other matter fields. For non-abelian gauge theories the same phenomenon manifests as no singular beta function.

In the absence of ‘a’ term the only contribution to the beta function is from ‘b’ term. The leading one-loop contribution to the ‘b’ term in perturbation theory is completely independent of gravity parameters i.e. it is solely a consequence of charge interactions alone. At two-loops matter contributions alone do not alter asymptotic freedom of non-abelian gauge theories or Landau singularity for abelian gauge theories [19, 20]. Contributions which include gauge and gravity couplings exist at two loops and these can influence the beta functions for example in generating fixed points or lines in the multi-dimensional gauge and gravity parameters space. This can open new avenues to our understanding of gravity and gauge field theories.

Acknowledgements. GN would like to thank Romesh Kaul for useful discussions.

∗ Electronic address: gaunarain@imsc.res.in † Electronic address: ramesha@imsc.res.in [1] S. Deser and P. van Nieuwenhuizen, Phys. Rev. Lett. 32, 245 (1974), Phys. Rev. D 10, 401 (1974);

S. Deser, H. -S. Tsao and P. van Nieuwenhuizen, Phys. Rev. D 10, 3337 (1974), Phys. Lett. B 50, 491 (1974).

[2] S. P. Robinson and F. Wilczek, Phys. Rev. Lett. 96, 231601 (2006) [hep-th/0509050].

[3] A. R. Pietrykowski, Phys. Rev. Lett. 98, 061801 (2007) [hep-th/0606208].

[4] D. J. Toms, Phys. Rev. D 76, 045015 (2007) [arXiv:0708.2990 [hep-th]].

[5] D. Ebert, J. Plefka and A. Rodigast, Phys. Lett. B 660, 579 (2008) [arXiv:0710.1002 [hep-th]].

[6] Y. Tang and Y. -L. Wu, Commun. Theor. Phys. 54, 1040 (2010) [arXiv:0807.0331 [hep-ph]].

[7] D. J. Toms, Phys. Rev. Lett. 101 (2008) 131301 [arXiv:0809.3897 [hep-th]]; Phys. Rev. D 80, 064040 (2009) [arXiv:0908.3100 [hep-th]].

[8] D. J. Toms, Nature 468, 56 (2010) [arXiv:1010.0793 [hepth]]; Phys. Rev. D 84, 084016 (2011).

[9] J. -E. Daum, U. Harst and M. Reuter, JHEP 1001, 084 (2010) [arXiv:0910.4938 [hep-th]].

[10] S. Folkerts, D. F. Litim and J. M. Pawlowski, Phys. Lett.

B 709, 234 (2012) [arXiv:1101.5552 [hep-th]].

[11] G. Narain and R. Anishetty, Phys. Lett. B 711, 128 (2012) [arXiv:1109.3981 [hep-th]].

[12] G. Narain and R. Anishetty, arXiv:1210.0513 [hep-th]. [13] E. S. Fradkin and A. A. Tseytlin, Phys. Lett. B 104 (1981) 377.

[14] B. S. DeWitt, Phys. Rev. 162, 1195 (1967); Phys. Rev.

162, 1239 (1967).

[15] G. ’t Hooft, Nucl. Phys. B 61, 455 (1973). [16] L. F. Abbott, Nucl. Phys. B 185, 189 (1981). [17] R. Savit, Phys. Rev. Lett. 39 (1977) 55; M. E. Peskin, Annals Phys. 113, 122 (1978).

[18] G. Narain and R. Anishetty, in preparation. [19] H. Arason, D. J. Castano, B. Keszthelyi, S. Mikaelian, E. J. Piard, P. Ramond and B. D. Wright, Phys. Rev. D 46, 3945 (1992).

[20] C. Ford, I. Jack and D. R. T. Jones, Nucl. Phys. B 387, 373 (1992) [Erratum-ibid. B 504, 551 (1997)] [hepph/0111190].