arXiv:1211.5174v1 [hep-th] 6 Nov 2012

Finite temperature current densities and Bose-Einstein

condensation in topologically nontrivial spaces

E. R. Bezerra de Mello^{1∗}, A. A. Saharian^{1,2†}

1Departamento de Física, Universidade Federal da Paraíba 58.059-970, Caixa Postal 5.008, João Pessoa, PB, Brazil

2Department of Physics, Yerevan State University, 1 Alex Manoogian Street, 0025 Yerevan, Armenia

Abstract

We investigate the finite temperature expectation values of the charge and current densities for a complex scalar field with nonzero chemical potential in background of a flat spacetime with spatial topology R^p × (S^1)^q . Along compact dimensions quasiperiodicity conditions with general phases are imposed on the field. In addition, we assume the presence of a constant gauge field which, due to the nontrivial topology of background space, leads to Aharonov-Bohm-like effects on the expectation values. By using the Abel-Plana-type summation formula and zeta function techniques, two different representations are provided for both the current and charge densities. The current density has nonzero components along the compact dimensions only and, in the absence of a gauge field, it vanishes for special cases of twisted and untwisted scalar fields. In the hightemperature limit, the current density and the topological part in the charge density are linear functions of the temperature. The Bose-Einstein condensation for a fixed value of the charge is discussed. The expression for the chemical potential is given in terms of the lengths of compact dimensions, temperature and gauge field. It is shown that the parameters of the phase transition can be controlled by tuning the gauge field. The separate contributions to the charge and current densities coming from the Bose-Einstein condensate and from excited states are also investigated.

PACS numbers: 03.70.+k, 11.10.Kk, 03.75.Hh

1 Introduction

In recent years, there has been a large interest to the physical problems with compact spatial dimensions. Several models of this sort appear in high energy physics, in cosmology and in condensed matter physics. In particular, many of high energy theories of fundamental physics, including supergravity and superstring theories, are formulated in spacetimes having extra compact dimensions which are characterized by extremely small length scales. These theories provide an attractive framework for the unification of gravitational and gauge interactions. The models of a compact universe with nontrivial topology may also play an important role by providing proper initial conditions for inflation [1].

In the models with compact dimensions, the nontrivial topology of background space can have important physical implications in classical and quantum field theories, which include instabilities in interacting field theories [2], topological mass generation [3, 4] and symmetry breaking [4, 5]. The

∗E-mail: emello@fisica.ufpb.br †E-mail: saharian@ysu.am

periodicity conditions imposed on fields along compact dimensions allow only the normal modes with suitable wavelengths. As a result of this, the expectation values of various physical observables are modified. In particular, many authors have investigated the effects of vacuum or Casimir energies and stresses associated with the presence of compact dimensions (for reviews see Refs. [6], [7]). The topological Casimir effect is a physical example of the connection between quantum phenomena and global properties of spacetime. The Casimir energy of bulk fields induces a non-trivial potential for the compactification radius of higher-dimensional field theories providing a stabilization mechanism for the corresponding moduli fields and thereby fixing the effective gauge couplings. The Casimir effect has also been considered as a possible origin for the dark energy in both Kaluza-Klein type models and in braneworld scenario [8].

The main part of the papers, devoted to the influence of the nontrivial topology on the properties of the quantum vacuum, considers the vacuum energy and stresses. These quantities are chosen because of their close connection with the structure of spacetime through the theory of gravitation. For charged fields another important characteristic, bilinear in the field, is the expectation value of the current density in a given state. In Ref. [9], we have investigated the vacuum expectation value of the current density for a fermionic field in spaces with an arbitrary number of toroidally compactified dimensions. Application of the general results are given to the electrons of a graphene sheet rolled into cylindrical and toroidal shapes. For the description of the relevant low-energy degrees of freedom we have used the effective field theory treatment of graphene in terms of a pair of Dirac fermions. For this model one has the topologies R^1 × S^1 and (S^1)^2 for cylindrical and toroidal nanotubes respectively. Combined effects of compact spatial dimensions and boundaries on the vacuum expectation values of the fermionic current have been discussed recently in Ref. [10]. In the latter, the geometry of boundaries is given by two parallel plates on which the fermion field obeys bag boundary conditions. The effects of nontrivial topology around a conical defect on the current induced by a magnetic flux were investigated in Ref. [11] for scalar and fermion fields.

In the present paper we consider the finite temperature charge and current densities for a scalar field in background spacetime with spatial topology R^p ×(S^1)^q. In both types of models with compact dimensions used in the cosmology of the early Universe and in condensed matter physics, the effects induced by the finite temperature play an important role. The thermal corrections arise from thermal excitations of fluctuation spectrum and they depend strongly on the geometry. As a consequence of this, thermal modifications of quantum topological effects can differ qualitatively for different geometries. The thermal Casimir effect in cosmological models with nontrivial topology has been considered in Refs. [12]. A general discussion of the finite temperature effects for a scalar field in higher dimensional product manifolds with compact subspaces is given in Ref. [13]. Specific calculations are presented for the cases when the internal space is a torus or a sphere. In Ref. [14], the corresponding results are extended to the case in which a chemical potential is present. In the previous discussions of the effects from nontrivial topology and finite temperature, the authors mainly consider periodicity and antiperiodicity conditions imposed on the field along compact dimensions. The latter correspond to untwisted and twisted configurations of fields respectively. In this case the current density corresponding to a conserved charge associated with an internal symmetry vanishes. As it will be seen below, the presence of a constant gauge field, interacting with a charged quantum field, will induce a nontrivial phase in the periodicity conditions along compact dimensions. As a consequence of this, nonzero components of the current density appear along compact dimensions. This is a sort of Aharonov-Bohm-like effect related to the nontrivial topology of the background space.

The organization of the paper is as follows. In the next section the geometry of the problem is described and the thermal Hadamard function is evaluated for a complex scalar field in thermal equilibrium. In Section 3, by using the expression for the Hadamard function, the expectation values of the charge and current densities are investigated. Various limiting cases are discussed. Alternative expressions for the charge and current densities are provided in Section 5 by making use of the zeta function renormalization approach. The Section 6 is devoted to the investigation of the Bose-Einstein condensation in the background under consideration. The properties of the vacuum expectation value of the charge density are discussed in Appendix A. Throughout the paper we use the units ℏ = c = k_B = 1, with k_B been Boltzmann constant.

2 Geometry of the problem and the Hadamard function

We consider the quantum scalar field φ(x) on background of (D + 1) dimensional flat spacetime with spatial topology R^p × (S^1)^q, p + q = D. For the Cartesian coordinates along uncompactified and compactified dimensions we use the notations x_p = (x^1, ..., x^p) and x_q = (x^{p+1}, ..., x^D), respectively. The length of the l−th compact dimension we denote as L_l. Hence, for coordinates one has −∞ < x^l < ∞ for l = 1, .., p, and 0 ⩽ x^l ⩽ L_l for l = p + 1, ..., D. In the presence of a gauge field A_μ the field equation has the form ( g^{μν} D_μD_ν + m^2 ) φ = 0, (2.1)

where D_μ = ∂_μ + ieA_μ and e is the charge associated with the field. One of the characteristic features of field theory on backgrounds with nontrivial topology is the appearance of topologically inequivalent field configurations [15]. The boundary conditions should be specified along the compact dimensions for the theory to be defined. We assume that the field obeys generic quasiperiodic boundary conditions,

φ(t, x_p, x_q + L_le_l) = e^{iαl} φ(t, x_p, x_q), (2.2)

with constant phases |α_l| ⩽ π and with e_l being the unit vector along the direction of the coordinate x^l, l = p + 1, ..., D. The condition (2.2) includes the periodicity conditions for both untwisted and twisted scalar fields as special cases with α_l = 0 and α_l = π, respectively.

In the discussion below we will assume a constant gauge field A_μ. Though the corresponding field strength vanishes, the nontrivial topology of the background spacetime leads to the Aharonov- Bohm-like effects on physical observables. In the case of constant A_μ, by making use of the gauge transformation φ(x) = e^{−ieχ}φ^′(x), A_μ = A^′_μ + ∂_μχ, (2.3)

with χ = A_μx^μ we see that in the new gauge one has A^′_μ = 0 and the vector potential disappears from the equation for φ^′(x). For the new field we have the periodicity condition

φ^′(t, x_p, x_q + L_le_l) = e^{iα̃l} φ^′(t, x_p, x_q), (2.4)

where α̃_l = α_l + eA_lL_l. (2.5)

In what follows we will work with the field φ^′(x) omitting the prime. Note that for this field D_μ = ∂_μ. As it is seen from Eq. (2.5), the presence of a constant gauge field shifts the phases in the periodicity conditions along compact dimensions. In particular, a nontrivial phase is induced for special cases of twisted and untwisted fields. As it will be shown below, this is crucial for the appearance of the nonzero current density along compact dimensions. Note that the term in Eq. (2.5) due to the gauge field may be written as eA_lL_l = 2πΦ_l/Φ_0, (2.6)

where Φ_l is a formal flux enclosed by the circle corresponding to the l-th compact dimension and Φ_0 = 2π/e is the flux quantum.

The complete set of positive- and negative-energy solutions for the problem under consideration can be written in the form of plane waves:

φ^{(±)}_k (x) = C_ke^{ik·r∓iωt}, ω_k = √ k^2 + m^2, (2.7) where k = (k_p, k_q), k_p = (k_1, . . . , k_p), k_q = (k_{p+1}, . . . , k_D), with −∞ < k_i < +∞ for i = 1, . . . , p. For the momentum components along the compact dimensions the eigenvalues are determined from the conditions (2.4):

k_l = (2πn_l + α̃_l) /L_l, n_l = 0, ±1, ±2, . . . ., (2.8) with l = p + 1, ..., D. From Eq. (2.8) it follows that the physical results will depend on the fractional part of α̃_l/(2π) only. The integer part can be absorbed by the redefinition of n_l. Hence, without loss of generality, we can assume that |α̃_l| ⩽ π. The normalization coefficient in (2.7) is found from the orthonormalization condition ∫ d^Dxφ^{(λ)}_k (x)φ^{(λ′ )∗}_{k′} (x) = 1 2ω_k δ_{λλ}′ δ_{kk}′ , (2.9)

where δ_{kk}′ = δ(k_p − k^′_p)δ_{np+1,n}′_{p+1} ....δ_{nD ,n}′_D . Substituting the functions (2.7), for the normalization coefficient we find |C_k|^2 = 1 2(2π)^pV_qω_k

, (2.10)

with V_q = L_{p+1}....L_D being the volume of the compact subspace and

ω_k = √ k^2_p + k^2_q + m^2, k^2_q = D∑ l=p+1 ( 2πn_l + α̃_l L_l )_2 . (2.11)

The smallest value for the energy we will denote by ω_0. Assuming that |α̃_l| ⩽ π, we have

ω_0 = √∑_D l=p+1 α̃ 2 l /L^2_l + m^2. (2.12)

We are interested in the expectation values of the charge and current densities for the field φ(x) in thermal equilibrium at finite temperature T . These quantities can be evaluated by using the thermal Hadamard function

G^{(1)}(x, x^′) = ⟨ φ(x)φ^+(x^′) + φ^+(x^′)φ(x) ⟩ = tr[ρ̂(φ(x)φ^+(x^′) + φ^+(x^′)φ(x))], (2.13)

where ⟨· · · ⟩ means the ensemble average and ρ̂ is the density matrix. For the thermodynamical equilibrium distribution at temperature T , the latter is given by ρ̂ = Z^{−1}e^{−β(Ĥ−μ′Q̂)}, (2.14) where β = 1/T . In Eq. (2.14), ^Q denotes a conserved charge, μ^′ is the related chemical potential and Z is the grand-canonical partition function

Z = tr[e^{−β(Ĥ−μ′Q̂)}]. (2.15)

In order to evaluate the expectation value in Eq. (2.13) we expand the field operator over a complete set of solutions: φ(x) = ∑ k [â_kφ^{(+)}_k (x) + b̂^+_k φ^{(−)}_k (x)], (2.16)

with ∑ k = ∫ dk_p ∑ n_q and nq = (np+1, . . . , nD). Here and in what follows we use the notation ∑ n = +∞∑ n_1=−∞ · · · +∞∑ n_l=−∞ , (2.17) for n = (n_1, . . . , n_l). Substituting the expansion (2.16) into Eq. (2.13), we use the relations

tr[^ρâ^+_k â_k′ ] = δ_{kk}′ e^{β(ωk−μ)} − 1 , tr[^ρb̂^+_k b̂_k′ ] = δ_{kk}′ e^{β(ωk+μ)} − 1

, (2.18)

where μ = eμ^′. Note that the chemical potentials have opposite signs for particles (μ) and antiparticles (−μ). The expectation values for â_kâ^+_{k′} and b̂_kb̂^+_{k′} are obtained from (2.18) by using the commutation relations and the expectation values for the other products are zero. For the Hadamard function we get G^{(1)}(x, x^′) = G^{(1)}_0 (x, x^′) + 2 ∑ k ∑ s=± φ^{(s)}_k (x)φ^{(s)∗}_k (x^′) e^{β(ωk −sμ)} − 1 , (2.19)

where the first term in the right-hand side corresponds to the zero temperature Hadamard function:

G^{(1)}_0 (x, x^′) = ⟨0| φ(x)φ^+(x^′) + φ^+(x^′)φ(x) |0⟩ = ∑ k ∑ s=± φ^{(s)}_k (x)φ^{(s)∗}_k (x^′), (2.20)

with |0⟩ being the vacuum state. In order to ensure a positive-definite value for the number of particles we assume that |μ| ⩽ ω_0, where ω_0 is the smallest value of the energy (see Eq. (2.12)).

By using the expressions (2.7) for the mode functions and the expansion (e^y − 1)^{−1} = ∑_∞ n=1 e^{−ny}, the mode sum for the Hadamard function is written in the form

G^{(1)}(x, x^′) = 1 V_q ∫ dk_p (2π)^p e^{ikp·Δxp} ∑ n_q e^{ikq ·Δxq} ω_k × [ cos(ω_kΔt) + ∞∑ n=1 ∑ s=± e^{ωk(siΔt−nβ)−snμβ} ] , (2.21)

where Δx_p= x_p − x^′_p, Δx_q= x_q − x^′_q, Δt = t − t^′. For the evaluation of the Hadamard function we apply to the series over n_r the Abel-Plana-type summation formula [16, 17] (for applications of the Abel-Plana formula and its generalizations in quantum field theory see Refs. [6, 18, 19]) 2π L_r ∞∑ n_r =−∞ g(k_r)f(|k_r|) = ∫_∞ 0 dz[g(z) + g(−z)]f(z) +i ∫_∞ 0 dz [f(iz) − f(−iz)] ∑ λ=±1 g(iλz) e^{zLr +iλα̃r} − 1 , (2.22)

where k_r is given by Eq. (2.8). For the Hadamard function we find the expression

G^{(1)}(x, x^′) = G^{(1)}_{p+1,q−1}(x, x^′) + L_r πV_q ∫ dk_p (2π)^p ∑ n^r_{q−1} e^{ikp·Δxp+ikq−1·Δxq−1}

× ∞∑ n=−∞ e^{μnβ} ∫_∞ ω_{p,q−1} dz cosh[(Δt − inβ) √ z^2 − ω^2_{p,q−1}] √ z^2 − ω^2_{p,q−1} ∑ λ=±1 e^{−λzΔxr} e^{zLr +λiα̃r} − 1 , (2.23)

where n^r_{q−1} = (n_{p+1}, . . . , n_{r−1}, n_{r+1}, . . . , n_D), k_{q−1} = (k_{p+1}, . . . , k_{r−1}, k_{r+1}, . . . , k_D), and ω_{p,q−1} = √ k^2_p + k^2_{q−1} + m^2. (2.24)

The first term in the right-hand side of Eq. (2.23), G^{(1)}_{p+1,q−1}(x, x^′), comes from the first term on the right of Eq. (2.22) and it is the Hadamard function for the topology R^{p+1} × (S^1)^{q−1} with the lengths of the compact dimensions (L_{p+1}, . . . , L_{r−1}, L_{r+1}, . . . , L_D).

For the further transformation of the expression (2.23) we use the expansion e^{−λzΔxr} e^{zLr +λiα̃r} − 1 = ∞∑ l=1 e^{−z(lLr +λΔxr)−λilα̃r} . (2.25) With this expansion the z-integral is expressed in terms of the Macdonald function of the zeroth order. Then the integral over k_p is evaluated by using the formula from Ref. [20]. For the Hadamard function we arrive to the final expression

G^{(1)}(x, x^′) =

2L_rV^{−1}_q (2π)^{p/2+1} ∞∑ n=−∞ ∑ n_q e^{inrα̃r +nμβ} e^{ikq−1·Δxq−1}

×ω^p_nr_{q−1} f_{p/2} ( ω_nr_{q−1} √ |Δx_p|^2 + (Δx^r − n_rL_r)^2 − (Δt − inβ)^2 ) , (2.26)

where f_ν (x) = x^{−ν} K_ν (x), ω_nr_{q−1} = √ k^2_{q−1} + m^2. (2.27)

Note that the n_r = 0 term in Eq. (2.26) corresponds to the function G^{(1)}_{p+1,q−1}(x, x^′). Hence, the part of the Hadamard function in Eq. (2.26) with n_r ≠ 0 is induced by the compactification of the r-th direction to a circle with the length L_r.

An alternative expression for the Hadamard function is obtained directly from Eq. (2.21). We first integrate over the angular part of k_p and then the integral over |k_p| is expressed in terms of the Macdonald function. The corresponding expression is written in terms of the function (2.27) as

G^{(1)}(x, x^′) =

2V^{−1}_q

(2π)^{p+1}2 ∑ n_q e^{ikq ·Δxq} ω^{p−1}_{nq} +∞∑ n=−∞ e^{nμβ} ×f p−1_2 (ω_{nq} √ |Δx_p|^2 − (Δt − inβ)^2), (2.28)

with the notation ω_{nq} = √ k^2_q + m^2, (2.29)

and k^2_q is given by Eq. (2.11). Note that the explicit information contained in Eq. (2.26) is more detailed. Both representations (2.26) and (2.28) present the thermal Hadamard function as an infinite imaginary-time image sum of the zero temperature Hadamard function. This is the well-known result in finite temperature field theory (see, for instance, Ref. [21]).

3 Charge density

Having the thermal Hadamard function we can evaluate the expectation value for the current density

j_l(x) = ie[φ^+(x)∂_lφ(x) − (∂_lφ^+(x))φ(x)], (3.1)

l = 0, 1, . . . , D, by using the formula ⟨j_l(x)⟩ = i 2 e lim_{x′→x}(∂_l − ∂^′_l )G^{(1)}(x, x^′). (3.2)

By making use of the relation ∂_zf_ν (z) = −zf_{ν+1}(z), from Eq. (2.26) for the charge density (l = 0) one finds

⟨j_0⟩ = 8eβL_r (2π)^p2^{+1}V_q ∞∑_′ n_r =0

cos(n_rα̃_r) ∞∑ n=1 n sinh(nμβ) × ∑ n^r_{q−1} ω^{p+2}_nr_{q−1} f p_{2 +1}(ω_nr_{q−1} √ n^2_rL^2_r + n^2β^2), (3.3)

where the prime on the sign of sum means that the term n_r = 0 should be taken with the coefficient 1/2.

As it is seen from Eq. (3.3), the charge density is an even function of the phases α̃_l and, for a fixed value of the chemical potential, it vanishes in the zero temperature limit. It is a periodic function of α̃_l with the period equal to 2π. In the case of zero chemical potential the charge density is zero. In Eq. (3.3), the term with n_r = 0 corresponds to the charge density for the topology R^{p+1} × (S^1)^{q−1} with the lengths of the compact dimensions (L_{p+1}, . . . , L_{r−1}, L_{r+1}, . . . , L_D) and the contribution of the terms with n_r ≠ 0 is the change in the charge density due to the compactification of the r-th dimension to S^1 with the length L_r. By taking into account Eq. (2.6), we see that the charge density is a periodic function of fluxes Φ_l with the period equal to the flux quantum. Note that the sign of the ratio ⟨j_0⟩ /e coincides with the sign of the chemical potential.

An alternative expression for the charge density, more symmetric with respect to the compact dimensions, is obtained by applying the formula +∞∑ n=−∞ cos(nα)f_ν (c √ b^2 + a^2n^2) = √ 2π ac^{2ν} +∞∑ n=−∞ w^{2ν−1}_n f_{ν−1/2}(bw_n), (3.4)

with a, b, c > 0, w_n = √ (2πn + α)^2/a^2 + c^2, to the series over n_r in Eq. (3.3). This leads to the expression

⟨j_0⟩ = 4eβV^{−1}_q (2π)^{p+1}2 ∞∑ n=1 n sinh(nμβ) ∑ n_q

ω^{p+1}_{nq} f p+1_2 (nβω_{nq} ), (3.5)

with the notation (2.29). This formula could also be directly obtained from Eq. (3.2) using the expression (2.28) for the Hadamard function. The form (3.5) for the charge density in the case of topology R^{p+1} × (S^1)^{q−1} is also obtained from Eq. (3.3) taking the limit L_r → ∞.

In the case of Minkowski spacetime one has p = D, q = 0, and from Eq. (3.5) we get

⟨j_0⟩_{(M)} = 4eβm^{D+1} (2π)^{D+1}2 ∞∑ n=1 n sinh(nμβ)f D+1_2 (nβm), (3.6)

with |μ| ⩽ m. The thermodynamic properties of the relativistic Bose gas in this case have been considered in Refs. [22, 23]. If all spatial dimensions are compactified, the corresponding formulas are obtained from Eqs. (3.3) and (3.5) taking p = 0. In particular, from Eq. (3.5) one has

⟨j_0⟩ = 2e V_q ∞∑ n=1 sinh(nμβ) ∑ n_q e^{−nβωnq} , (3.7) where we have used f_{1/2}(x) = √ π/2x^{−1}e^{−x}. Let us consider some limiting cases of Eq. (3.5). If the length of the l-th compact dimensions is large compared to other length scales, in the sum over n_l in Eq. (3.5) the contribution from large values of n_l dominates and, to the leading order, we replace the summation by the integration. The corresponding integral is evaluated with the help of the formula ∫_∞ 0 dy(y^2 + b^2)^{p+12} f p+1_2 (c √ y^2 + b^2) = √ π 2 b^{p+2}f p_{2 +1}(cb), (3.8) and from Eq. (3.5) we obtain the expression of the charge density for the topology R^{p+1} × (S^1)^{q−1}.

If the length of the l-th compact dimension is small compared with the other length scales and L_l ≪ β, under the assumption |α̃_l| < π, the main contribution to the corresponding series in Eq. (3.5) comes from the term with n_l = 0. The behavior of the charge density is essentially different with dependence whether the phase α̃_l is zero or not. When α̃_l = 0, we can see that, to the leading order, L_l ⟨j_0⟩ coincides with the charge density in (D − 1)-dimensional space of topology R^p × (S^1)^{q−1} and with the lengths of the compact dimensions L_{p+1},. . . ,L_{l−1},L_{l+1},. . . ,L_D. In particular, this is the case for an untwisted scalar field in the absence of a gauge field. For α̃_l ≠ 0 and for small values of L_l, the argument of the Macdonald function in Eq. (3.5) is large and the charge density is suppressed by the factor e^{−|α̃l|β/Ll} . In the low-temperature limit the parameter β is large and the dominant contribution to the charge density comes from the term n = 1 in the series over n and from the term in the series over n_q with the smallest value of ω_{nq} which corresponds to n_l = 0, l = p + 1, . . . , D. To the leading order we find ⟨j_0⟩ ≈ 4eV^{−1}_q sgn(μ) (2π)^{p/2+1}β^{p/2} ω^{p/2}_0 e^{−βω0+|μ|β}, (3.9) with ω_0 given by Eq. (2.12).

From Eq. (3.5) it follows that the expectation value of the charge density is finite in the limit |μ| → ω_0 for p > 2 and it diverges for p ⩽ 2. In order to find the asymptotic behavior near the point |μ| = ω_0, we note that for p ⩽ 2, under the condition β(ω_0 − |μ|) ≪ 1, the main contribution to Eq. (3.5) comes from the term with n_l = 0 (ω_{nq} = ω_0) and in the corresponding series over n the contribution of large n dominates. In this case we can use the asymptotic expression for the Macdonald function for large values of the argument and to the leading order this gives:

⟨j_0⟩ ≈ sgn(μ) e V_q ( ω_0 2πβ )_{p/2} Li_{p/2}(e^{−β(ω0−|μ|)}), (3.10)

where Li_s(x) is the polylogarithm function. For the latter one has Li_0(x) = x/(1 − x), Li_1(x) = − ln(1 − x). By taking into account that Li_s(e^{−y}) ≈ Γ(1 − s)y^{s−1} for |y| ≪ 1 and s < 1, one finds the following asymptotic expressions: ⟨j_0⟩ ≈ eT sgn(μ)Γ(1 − p/2) V_q(ω_0 − |μ|)^{1−p/2} ( ω_0 2π )_{p/2} , p = 0, 1, ⟨j_0⟩ ≈ −eT ω_0sgn(μ) 2πV_q ln[(ω_0 − |μ|)/T ], p = 2. (3.11)

In the left plot of figure 1 we present the charge density as a function of the parameter α̃_D/(2π) in the D = 4 model with a single compact dimension of the length L_D. Note that for an untwisted scalar field this parameter is the flux measured in units of the flux quantum. For the chemical potential and for the length of the compact dimensions we have taken the values corresponding to μ = 0.5m and mL_D = 0.5. The numbers near the curves correspond to the values of T/m.

4 Current density

Now we turn to the expectation value of the current density. As it can be easily seen, the components of the current density along the uncompactified dimensions vanish: ⟨j_r⟩ = 0 for r = 1, . . . , p. By making use of Eq. (3.2) and the expression (2.26) of the Hadamard function, for the current density

Figure 1: The expectation values of the charge (left plot) and current (right plot) densities as functions of the parameter α̃_D/2π for the D = 4 model with a single compact dimension and for μ = 0.5m, mL_D = 0.5. The numbers near the curves correspond to the values of T/m.

along the r-th compact dimension we get: ⟨j^r⟩ = 8eL^2_r V^{−1}_q (2π)^{p/2+1} ∞∑_′ n=0 cosh(μnβ) ∞∑ n_r =1

n_r sin(n_rα̃_r) × ∑ n^r_{q−1} ω^{p+2}_nr_{q−1} f p_{2 +1}(ω_nr_{q−1} √ n^2_rL^2_r + n^2β^2), (4.1)

with r = p + 1, . . . , D and, as before, the prime means that the term with n = 0 should be taken with the weight 1/2. Note that, unlike to the case of the charge density, the current density does not vanish at zero temperature for a fixed value of the chemical potential. The zero temperature current density is given by the n = 0 term in Eq. (4.1):

⟨j^r⟩_0 =

4eL^2_r V^{−1}_q (2π)^{p/2+1} ∞∑ n_r=1

n_r sin(n_rα̃_r) ∑ n^r_{q−1} ω^{p+2}_nr_{q−1} f_{p/2+1}(n_rL_rω_nr_{q−1} ). (4.2)

The features of this current are discussed in detail in Appendix A. For the model with a single compact dimension the general formula reduces to: ⟨j^r⟩ = 8eL_rm^{D+1} (2π)^{D+1}2 ∞∑_′ n=0 cosh(nμβ) ∞∑ n_r =1 n_r × sin(n_rα̃_r)f D+1_2 (m √ n^2_rL^2_r + n^2β^2). (4.3)

An alternative expression of the current density is obtained by making use of the formula (2.28) for the Hadamard function in Eq. (3.2):

⟨j^r⟩ = ⟨j^r⟩_0 + 4eV^{−1}_q (2π)^{p+1}2 L_r ∞∑ n=1 cosh(nμβ) × ∑ n_q

(2πn_r + α̃_r) ω^{p−1}_{nq} f p−1_2 (nβω_{nq} ). (4.4)

From Eqs. (4.1) and (4.4) it follows that, the current density along the r-th compact dimension is an odd periodic function of α̃_r and an even periodic function of α̃_l, l ≠ r, with the period equal to 2π. The current density is an even function of the chemical potential and it does not vanish in the limit of zero chemical potential. In the absence of uncompactified dimensions one has p = 0 and from Eq. (4.4) we get

⟨j^r⟩ = ⟨j^r⟩_0 + 2e V_qL_r ∞∑ n=1 cosh(nμβ) ∑ n_q

(2πn_r + α̃_r) e^{−nβωnq} ω_{nq} , (4.5)

where we have used f_{−1/2}(x) = √ π/2e^{−x}. Here we assume that ω_0 > 0. In the case ω_0 = 0 there is a zero mode and the contribution of this mode should be considered separately.

In a way similar to that for the case of the charge density, we can see that in the limit when the length of the l-th compact dimension is large (l ≠ r), the leading term obtained from Eq. (4.4) coincides with the current density in the space with topology R^{p+1} × (S^1)^{q−1} with the lengths of the compact dimensions L_{p+1},. . . ,L_{l−1},L_{l+1},. . . ,L_D. For small values of L_l, l ≠ r, the behavior of the current density crucially depends whether α̃_l is zero or not. For α̃_l = 0 the dominant contribution comes from the term with n_l = 0 and from the expression given above we can see that, to the leading order, L_l ⟨j^r⟩ coincides with the corresponding quantity in (D − 1)-dimensional space with topology R^p × (S^1)^{q−1} and with the lengths of the compact dimensions L_{p+1},. . . ,L_{l−1},L_{l+1},. . . ,L_D. For α̃_l ≠ 0 and for small values of L_l, the current density ⟨j^r⟩ is exponentially suppressed.

If L_r ≫ β, the dominant contribution to the series over n in Eq. (4.3) comes from large values of n ∼ L_r/β. In this case we can replace the summation by the integration and the corresponding integral is evaluated by using the formula from Ref. [20] (assuming that |μ| < ω_nr_{q−1} ). To the leading order we get ⟨j^r⟩ ≈ 4eL^2_r V^{−1}_q T (2π)^{(p+1)/2} ∞∑ l=1 n_r sin(n_rα̃_r) ∑ n^r_{q−1} (ω^2_nr_{q−1} − μ^2)^{p+12} ×f_{(p+1)/2}(n_rL_r √ ω^2_nr_{q−1} − μ^2). (4.6)

For a fixed value of L_r this formula gives the leading term in the high-temperature asymptotic for the current density. If in addition L_r ≫ L_l, l ≠ r, the dominant contribution comes from the term with n_r = 1, n_l = 0, and the current density ⟨j^r⟩ is suppressed by the factor e^{−Lr} √_{ω20r −μ2} , where

ω_{0r} = √∑_D l=p+1,≠r α̃ 2 l /L^2_l + m^2. (4.7)

In order to see the asymptotic behavior of the current density at low temperatures it is more convenient to use Eq. (4.4). Assuming that β (ω_0 − |μ|) ≫ 1, the dominant contribution to the temperature dependent part comes from the mode with the smallest energy corresponding to n_l = 0 and one has ⟨j^r⟩ ≈ ⟨j^r⟩_0 + eα̃_r ω^{p/2−1} 0 e^{−βω0+|μ|β} (2π)^{p/2}V_qL_rβ^{p/2} . (4.8)

In this case the temperature corrections are exponentially small.

For p ⩽ 2 the current density, defined by Eq. (4.4), is divergent in the limit |μ| → ω_0. The corresponding asymptotic is found in a way similar to that for the case of the charge density. To the leading order we have ⟨j^r⟩ ≈ α̃_rsgn(μ)

L_rω_0

⟨j_0⟩ , (4.9)

where the asymptotic expressions for ⟨j_0⟩ for separate values of p are given in Eq. (3.11).

In the right plot of figure 1 we displayed the current density along the compact dimension x^D as a function of α̃_D/(2π) for the D = 4 model with a single compact dimension of the length corresponding to mL_D = 0.5. The numbers near the curves are the values of T/m and for the chemical potential we have taken the value μ = 0.5m.

5 Zeta function approach

The expectation values of the charge and current densities can be evaluated directly from Eq. (3.1) by using zeta function techniques (see, for instance, Ref. [24]). First we consider the current density.

5.1 Current density Substituting the expansion (2.16) for the field operator and by making use the expression (2.7) for the mode functions, for the current density along compact dimensions one finds the following expression ⟨j^r⟩ = e (2π)^pV_q ∑ k k_r ω_k [ 1 + ∑ s=± 1 e^{β(ωk−sμ)} − 1 ] , (5.1)

with k_r = (2πn_r + α̃_r) /L_r and r = p + 1, . . . , D. The first term in the square brackets corresponds to the current density at zero temperature. The s = +/− terms are contribution coming from the particles/antiparticles. For the further transformations it is convenient to write Eq. (5.1) in the form ⟨j^r⟩ = 2e (2π)^pV_q ∑ k k_r ω_k ∞∑_′ n=0 e^{−nβωk} cosh(nβμ). (5.2) In the special case p = 0 this formula is reduced to Eq. (4.5). In the representation (5.2), the zero temperature part corresponds to the n = 0 term. The divergences are contained in this part only. The components of the current density along uncompact dimensions vanish.

As the next step, in Eq. (5.2) we use the integral representation e^{−nβω} ω = 2 √ π ∫_∞ 0 ds e^{−ω2s2−n2β2/4s2} . (5.3) This allows us to write the expectation value of the current density in the form ⟨j^r⟩ = 2π^{−1/2}e (2π)^pV_q ∑ k k_r ∫_∞ 0 ds e^{−ω2ks2} ∞∑ n=−∞ e^{nβμ−n2β2/4s2} . (5.4) Now we apply to the series over n the Poisson summation formula +∞∑ n=−∞ g(nα) = 1 α +∞∑ n=−∞ g̃(2πn/α), (5.5)

where g̃(y) = ∫_{+∞} −∞ dx e^{−iyx}g(x). For the function corresponding to the series in Eq. (5.4) one has g̃(y) = √ πe^{y2 /4−iysμ}. After the integration over s we get the expression ⟨j^r⟩ = 2eβ^{−1} (2π)^pV_q ∑ k +∞∑ n=−∞ k_r ω^2_k + (2πn/β + iμ)^2

. (5.6)

The current density defined by Eq. (5.6) can be written as ⟨j^r⟩ = 2e L^2_r ∞∑ n_r =−∞ (2πn_r + α̃_r) ζ_r(s)|_{s=1}, (5.7) with the partial zeta function

ζ_r(s) = L_r βV_q ∫ dk_p (2π)^p ∑ n^r_q [ k^2_p + k^2_q + ( 2πn_{D+1} β + iμ )_2 + m^2 ]_{−s} . (5.8)

where n^r_q = (n_{p+1}, . . . , n_{r−1}, n_{r+1}, . . . , n_{D+1}) and k^2_q is given by Eq. (2.11). Hence, in order to find the renormalized value for the current density we need to have the analytic continuation of the zeta function (5.8) at the point s = 1.

The analytic continuation can be done in a way similar to that we have used in Ref. [9] for the zero temperature fermionic current. We first integrate over the momentum along the uncompactified dimensions:

ζ_r(s) = Γ(s − p/2)L_r (4π)^{p/2}Γ(s)V_qβ ∑ n^r_q [ k^2_q + ( 2πn_{D+1} β + iμ )_2 + m^2 ] p_{2 −s} . (5.9)

Next, the direct application of the generalized Chowla-Selberg formula [25] to the series in Eq. (5.9) leads to the following expression

ζ_r(s) = m^{D−2s}_r (4π)^{D/2} Γ(s − D/2) Γ(s) + 2^{1−s}m^{D−2s}_r (2π)^{D/2}Γ(s) × ∑_′ n^r_q

cos(n^r_q · α̃_q)f D_{2 −s}(m_rg_nr_q (L^r_q)), (5.10)

where L^r_q = (L_{p+1}, . . . , L_{r−1}, L_{r+1}, . . . L_{D+1}), α̃_q = (α̃_{p+1}, . . . , α̃_{r−1}, α̃_{r+1}, . . . α̃_{D+1}), with

L_{D+1} = β, α̃_{D+1} = iμβ, (5.11) and m^2_r = (2πn_r + α̃_r)^2 /L^2_r + m^2. (5.12) The prime on the summation sign in Eq. (5.10) means that the term n^r_q = 0 should be excluded from the sum and we use the notation

g_c(b) = (∑_l i=1 c^2_i b^2_i )_{1/2} , (5.13)

for the vectors c = (c_1, . . . , c_l) and b = (b_1, . . . , b_l). Note that in Eq. (5.10), cos(n^r_q · α_q) can also be written as cosh(n_{D+1}μβ) ∏_D l=p+1,≠r cos(nlα̃l). The contribution of the second term on the right-hand side of Eq. (5.10) to the current density is finite at the physical point. The analytic continuation is required for the part with the first term only. That is done, by applying the summation formula (2.22) to the series over n_r. The further transformations are similar to that we have used in deriving Eq. (2.26) and we get Γ(s − D/2) (4π)^{D/2}Γ(s) +∞∑ n_r =−∞ 2πn_r + α̃_r L_rm^{2s−D}_r = 2^{2−s}m^{D+3−2s}L^2_r (2π)^{(D+1)/2}Γ(s) ∞∑ n=1 n sin(nα̃_r)f D+3_{2 −s}(nL_rm). (5.14)

The right-hand side of Eq. (5.14) is finite at the point s = 1. Now, substituting Eq. (5.10) into Eq.

(5.7) and using Eq. (5.14), we find the following expression for the current density ⟨j^r⟩ = 4em^{D+1}L_r (2π)^{D+1}2 ∞∑ n=1 n sin(nα̃_r)f D+1_2 (nL_rm)

+ 2m^{D−2}_r (2π)^D2 L^2_r ∞∑ n_r=−∞ (α̃_r + 2πn_r) × ∑_′ n^r_q

cos(n^r_q · α̃_q)f D_{2 −1}(m_rg_nr_q (L^r_q)). (5.15)

Note that in the limit T → 0 and L_l → ∞, l ≠ r, the second term in the right-hand side of this formula vanishes. The first term presents the current density at zero temperature in the model with a single compact dimension (see Eq. (4.2) for a special case p = D − 1).

An alternative representation for the expectation value of the current density is obtained if we apply the formula (3.4) to the series over n_r in Eq. (5.15). Under the condition |μ| ⩽ m, this leads to the following expression ⟨j^r⟩ = 4eL_rm^{D+1} (2π)^{(D+1)/2} ∞∑ n_r=1

n_r sin(n_rα̃_r) ∑ n^r_q

cosh(n_{D+1}μβ)

× cos(n^r_{q−1} · α̃^r_{q−1})f D+1_2 (m √ g^2_{nq} (L_q) + n^2_{D+1}β^2), (5.16)

where α̃^r_{q−1} = (α̃_{p+1}, . . . , α̃_{r−1}, α̃_{r+1}, . . . α̃_D), L_q = (L_{p+1}, . . . , L_D), and g^2_{nq} (L_q) is defined by Eq. (5.13). In particular, for a massless field and for zero chemical potential, μ = 0, from (5.16) we get ⟨j^r⟩ = 2eL_r Γ((D + 1)/2)

π^{(D+1)/2} ∞∑ n_r =1

n_r sin(n_rα̃_r)

× ∑ n^r_q

cos(n^r_{q−1} · α̃^r_{q−1}) [g^2_{nq} (L_q) + n^2β^2]^{(D+1)/2}

. (5.17)

The equivalence of two representations for the current density, Eqs. (4.1) and (5.16), can be seen by using the relation ∑ n cos(n · α)f_ν (c √ b^2 + ∑_l i=1 a^2_i n^2_i ) = (2π)^{l/2} a_1 · · · a_lc^{2ν} ∑ n w^{2ν−l}_n f_{ν−l/2}(bw_n), (5.18)

where n = (n_1, . . . , n_l), α = (α_1, . . . , α_l), and w^2_n = ∑_l i=1(2πn_i + α_i)^2/a^2_i + c^2. This relation has been proved in Ref. [17] by using the Poisson’s resummation formula. Note that the formula (3.4) is a special case of Eq. (5.18).

An expression for the current density, convenient for the discussion of the high-temperature limit, is obtained from Eq. (5.16), by applying to the series over n_{D+1} the formula (3.4) under the assumption |μ| ⩽ m. This leads to the following expression ⟨j^r⟩ = 4eL_r (2π)^{D/2}β ∞∑ n_r=1

n_r sin(n_rα̃_r) ∑ n^r_q

cos(n^r_{q−1} · α̃_{q−1})

×[(2πn_{D+1}/β + iμ)^2 + m^2]^{D/2}f_{D/2}(g_{nq} (L_q) √ (2πn_{D+1}/β + iμ)^2 + m^2). (5.19)

At high temperatures the dominant contribution comes from n_{D+1} = 0 term and to the leading order we have ⟨j^r⟩ ≈ 4eL_rT (2π)^{D/2} ∞∑ n_r =1

n_r sin(n_rα̃_r) ∑ n^r_{q−1} cos(n^r_{q−1} · α̃_{q−1}) × ( m^2 − μ^2 )_{D/2} f_{D/2}(g_{nq} (L_q) √ m^2 − μ^2). (5.20)

The corrections to this leading term are exponentially small. The equivalence of two representations, Eqs. (4.6) and (5.20), for the leading order term can be seen by using the relation (5.18).

5.2 Charge density Now we turn to the evaluation of the charge density by using the zeta function approach. Similar to the case of Eq. (5.1), we have the following mode sum

⟨j_0⟩ = e (2π)^pV_q ∑ k ∑ s=± s e^{β(ωk−sμ)} − 1 . (5.21)

The zero temperature part in the charge density vanishes due to the cancellation between the contributions from the virtual particles and antiparticles. The corresponding contributions to the finite temperature part have opposite signs due to the opposite signs of the charge for particles and antiparticles. Introducing the expectation values for the numbers of the particles and antiparticles (per unit volume of the uncompactified subspace), ⟨N_±⟩ = 1 (2π)^p ∑ k 1 e^{β(ωk∓μ)} − 1 , (5.22)

the charge density is written as ⟨j_0⟩ = e ⟨N_+ − N_−⟩ /V_q. In Eq. (5.22), the upper/lower sign corresponds to particles/antiparticles. Note that in the current density the contributions from particles and antiparticles have the same sign (see Eq. (5.1)). This is due to the fact that, though the charges have opposite signs, the opposite signs have the velocities as well, v^{(+)}_r = k_r/ω for particles and v^{(−)}_r = −k_r/ω for antiparticles (see the phases in the expression (2.7) for the mode functions). The expression for ⟨N_±⟩ is obtained from Eq. (3.5) by the replacement 2e sinh(nμβ)/V_q → e^{±nμβ} .

The expression (5.21) for the charge density may be written in the form

⟨j_0⟩ = 2e (2π)^pV_q ∑ k ∞∑ n=1 e^{−nβωk} sinh(nβμ). (5.23)

For the further transformation of this expression we use the relation sin(nβμ) e^{nβω} = ( μ − ∫_μ 0 dμ ∂_β β ) e^{−nβω} ω cosh(nβμ). (5.24)

As a result, the expectation value of the charge density is presented in the form

⟨j_0⟩ = 2e (2π)^pV_q ( μ − ∫_μ 0 dμ ∂_β β ) ∑ k ∞∑ n=1 e^{−nβωk} ω_k cosh(nβμ). (5.25)

Substituting Eq. (5.3), by the transformations similar to that we have used in the case of the current density, one finds ⟨j_0⟩ = 2e ( μ − ∫_μ 0 dμ ∂_β β ) ζ(s) | | s=1 , (5.26) where the corresponding zeta function is defined as ζ(s) = 1 V_qβ ∫ dk_p (2π)^p ∑ n_q +∞∑ n=−∞ [ ω^2_k + ( 2πn β + iμ )_2]−s . (5.27)

with ω_k defined by Eq. (2.11). After the integration over over the momentum along uncompact dimensions, the function (5.27) is written in the form

ζ(s) = Γ(s − p/2) (4π)^p2 Γ(s)V_qβ ∑ n_{q+1} D+1∑ l=p+1 ( 2πn_l + α̃_l L_l )_2

+ m^2 p 2 −s , (5.28)

where n_{q+1} = (n_{p+1}, . . . , n_{D+1}) and L_{D+1}, α̃_{D+1} are defined by Eq. (5.11). The application of the generalized Chowla-Selberg formula [25] to Eq. (5.28) gives ζ(s) = m^{D+1−2s} Γ(s − (D + 1)/2) (4π)^{(D+1)/2}Γ(s) + 2^{1−s}m^{D+1−2s} (2π)^{(D+1)/2}Γ(s) × ∑_′ n_{q+1}

cos(n_{q+1} · α̃_{q+1})f D+1_{2 −s} ( m √ g^2_{nq} (L_q) + n^2_{D+1}β^2 ) , (5.29)

with L_{q+1} = (L_{p+1}, . . . , L_{D+1}) and α̃_{q+1} = (α̃_{p+1}, . . . , α̃_{D+1}). The prime on the summation sign in Eq. (5.29) means that the term with n_l = 0, l = p + 1, . . . , D + 1, should be excluded from the sum.

Substituting Eq. (5.29) into Eq. (5.26), for the charge density one finds the expression

⟨j_0⟩ = 4em^{D+1}β (2π)^{(D+1)/2} ∞∑ n=1 n sinh(μβn) × ∑ n_q

cos(n_q · α̃_q)f D+1_2 ( m √ g^2_{nq} (L_q) + n^2β^2 ) . (5.30)

Note that the first term in the right-hand side of Eq. (5.29) does not depend on temperature and the corresponding contribution in Eq. (5.25) vanishes. This expression for the charge density is valid for the region |μ| ⩽ m. The equivalence of the representations (3.5) and (5.30) in this region is proved by using the formula (5.18). In Eq. (5.30), the term with n_l = 0, l = p + 1, . . . , D, coincides with the corresponding charge density in Minkowski spacetime (p = D, q = 0) given by Eq. (3.6). Note that by the replacement 2e sinh(nμβ)/V_q → e^{±nμβ} in Eq. (5.30), we can obtain the corresponding formula for ⟨N_±⟩.

An alternative expression for the charge density, convenient for the investigation of the hightemperature limit, is obtained from Eq. (5.30) if we first separate the part corresponding to ⟨j_0⟩_{(M)} and then apply to the series over n in the remained part the formula (3.4). This leads to the following expression:

⟨j_0⟩ = ⟨j_0⟩_{(M)} − 2ieT (2π)^{D/2} ∑ n_q ≠0

cos(n_q · α̃_q) +∞∑ n=−∞ (2πnT + iμ) ×[(2πnT + iμ)^2 + m^2]^{D2 −1}f D_{2 −1}(g_{nq} (L_q) √ (2πnT + iμ)^2 + m^2). (5.31)

As before, the prime means that the term with n_l = 0, l = p + 1, . . . , D, should be excluded from the sum. At high temperatures the dominant contribution to the second term in the right-hand side comes from the term with n = 0:

⟨j_0⟩ ≈ ⟨j_0⟩_M + 2eμT (2π)^{D/2} ∑_′ n_q

cos(n_q · α̃_q) × ( m^2 − μ^2 ) D_{2 −1} f D_{2 −1}(g_{nq} (L_q) √ m^2 − μ^2). (5.32)

The higher order corrections to this asymptotic expression are exponentially small. Hence, similar to the case of the current density, the topological part of the charge density is a linear function of the temperature in the high-temperature limit.

In order to find the asymptotic expression for the part ⟨j_0⟩_{(M)} at high temperatures, we use the integral representation

f_ν (z) = 2^{−ν} √ π Γ(ν + 1/2) ∫_∞ 1 dt (t^2 − 1)^{ν−1/2}e^{−zt}. (5.33)

Substituting this into Eq. (3.6) and changing the orders of integration and summation, the summation is done explicitly and to the leading order we get

⟨j_0⟩_{(M)} ≈ 2eμT^{D−1}

Γ((D + 1)/2) π^{(D+1)/2} ζ_R(D − 1), (5.34)

where ζ_R(x) is the Riemann zeta function. This result has been obtained in Ref. [23]. As it is seen from Eq. (5.32), for D > 2 the Minkowskian part dominates in the high temperature limit and one has ⟨j_0⟩ ≈ ⟨j_0⟩_{(M)}.

6 Bose-Einstein condensation

In this section we consider the application of the formulas given before for the investigation of the Bose-Einstein condensation (BEC). This phenomena for a relativistic Bose gas of scalar particles in topologically trivial flat spacetime has been discussed in Refs. [22, 23, 26]. The investigation of the critical behavior of an ideal Bose gas confined to the background geometry of a static Einstein universe is given in Refs. [27] for scalar and vector fields. BEC in higher dimensional spacetime with S^N as a compact subspace has been considered in Ref. [28]. The case of an ultrastatic (3+1)-dimensional manifold with a hyperbolic spatial part is analyzed in Ref. [29]. The background geometry of closed Robertson-Walker spacetime is discussed in Ref. [30]. Thermodynamics of ideal boson and fermion gases in anti-de Sitter spacetime and in the static Taub universe have been considered in Refs. [31, 32]. In the high-temperature limit, BEC in a general background has been discussed in Refs. [33, 34, 35]. Recently, BEC on product manifolds, when the gas of bosons is confined by anisotropic harmonic oscillator potential, has been investigated in Ref. [36].

Note that in the literature two criteria have been considered for BEC (see, for instance, the discussion in Refs. [37]). In the first one the existence of critical temperature T_c > 0 is assumed for which the chemical potential becomes equal to the single particle ground state energy. The derivative ∂_T μ for a fixed value of a conserved charge is discontinuous at the critical temperature and the condensation corresponds to a phase transition. By the second criterion, one assumes the existence of a finite fraction of particle density in the ground state and in states in its neighborhood at T > 0. In this case the presence of a phase transition is not required and thermodynamical functions can be continuous. In particular, in Ref. [23] it has been shown that for massive particles there is no BEC in dimensions D ⩽ 2 if one follows the first criterion.

In the discussion of previous sections we have considered the charge and current densities as functions of the temperature, chemical potential and the lengths of compact dimensions. From the physical point of view it is more important to consider the behavior of the system for a fixed value of the charge. We will denote by Q the charge per unit volume of the uncompactified subspace, Q = V_q ⟨j_0⟩. From Eq. (3.5) for this quantity one has Q = 4eβ (2π)^{p+1}2 ∞∑ n=1 n sinh(nμβ) ∑ n_q

ω^{p+1}_{nq} f p+1_2 (nβω_{nq} ). (6.1)

For a fixed value of the charge, this relation implicitly determines the chemical potential as a function of the temperature, lengths of the compact dimensions and the charge.

For high temperatures the chemical potential determined from Eq. (6.1) tends to zero. Hence, at high temperatures we always have solution with |μ| < ω_0. The further behavior of the function μ(T ) with decreasing temperature is essentially different in the cases p > 2 and p ⩽ 2. For p > 2 the expression (6.1) is finite in the limit |μ| → ω_0. We denote by T_c the temperature at which one has |μ(T_c)| = ω_0 for a fixed value of the charge. It is the critical temperature for BEC. The formula |Q| = 4|e|β_c (2π)^{p+1}2 ∞∑ n=1 n sinh(nω_0β_c) ∑ n_q

ω^{p+1}_{nq} f p+1_2 (nβ_cω_{nq} ), (6.2)

with β_c = 1/T_c, determines the critical temperature as a function of the charge, of the lengths of the compact dimensions, and of the parameters α̃_l.

Simple asymptotic formulas for the critical temperature are obtained for low and high temperatures. At low temperatures, ω_0β_c ≫ 1, the dominant contribution in Eq. (6.2) comes from the mode with the smallest energy corresponding to n_l = 0. By using the asymptotic expression for the Macdonald function for large values of the argument, from Eq. (6.2) to the leading order one finds T_c ≈ 2π ω_0 [ |Q/e| ζ_R(p/2) ]_{2/p} . (6.3)

This regime is realized for values of the charge corresponding to |Q/e| ≪ ω^p_0 . At high temperatures, by taking into account that to the leading order ⟨j_0⟩ ≈ ⟨j_0⟩_{(M)} and by using the asymptotic expression (5.34), one finds T_c ≈ [ π^{(D+1)/2}|Q/e|V^{−1}_q 2ω_0Γ((D + 1)/2)ζ_R(D − 1) ]_{1/(D−1)} . (6.4)

This asymptotic corresponds to |Q/e| ≫ V_qω^D_0 . In figure 2 we display the critical temperature as a function of the charge density in the D = 4 model with a single compact dimension (p = 3, q = 1). The graphs are plotted for mL_D = 0.5 and for different values of α̃_D/(2π) (numbers near the curves). As it is seen, for fixed lengths of the compact dimensions, the critical temperature for the phase transition can be controlled by tuning the value for the gauge potential.

Figure 2: The critical temperature as a function of the charge density in the D = 4 model with a single compact dimension. The graphs are plotted for L_Dm = 0.5 and for different values of α̃_D and the numbers near the curves correspond to the values of the parameter α̃_D/(2π).

At temperatures T < T_c, the equation (6.1) has no solutions with |μ| < ω_0. The consideration in this region of temperature is similar to the standard one for the BEC in topologically trivial spaces.

We note that the expression (6.1) does not include the charge corresponding to the states with k_p = 0. At temperatures T < T_c the expression (6.1) with |μ| = ω_0 determines the charge corresponding to the states with k_p ≠ 0. We denote this charge by Q_1:

Q_1 = 4eβsgn(μ) (2π)^{p+1}2 ∞∑ n=1 n sinh(nω_0β) ∑ n_q

ω^{p+1}_{nq} f p+1_2 (nβω_{nq} ). (6.5)

For the charge corresponding to the Bose-Einstein condensate at the state k_p = 0 one has Q_c = Q−Q_1. This charge vanishes at T = T_c. At low temperatures, by making use of Eq. (6.3), for the corresponding charges below the critical temperature one finds

Q_1 = Q(T/T_c)^{p/2}, Q_c = Q [ 1 − (T/T_c)^{p/2} ] . (6.6)

For high temperatures we use the asymptotic formula (6.4) with the results:

Q_1 = Q(T/T_c)^{D−1}, Q_c = Q [ 1 − (T/T_c)^{D−1} ] . (6.7)

In particular, Eq. (6.7) coincides with the corresponding result in Minkowski spacetime [23]. In figure 3, we plot the chemical potential as a function of the temperature in the D = 4 model with a single compact dimension (p = 3, q = 1). The left and right plots correspond to α̃_D = 0 and α̃_D = π/2 respectively. For the length of the compact dimension we have taken the value corresponding to mL_D = 0.5 and the numbers near the curves correspond to the values of the parameter m^{1−D}Q/e.

Figure 3: The chemical potential as a function of the temperature in the D = 4 model with a single compact dimension for mL_D = 0.5. The left and right plots correspond to α̃_D = 0 and α̃_D = π/2 respectively. The numbers near the curves correspond to the values of the parameter m^{1−D}Q/e.

Note that for T < T_c the scalar field acquires a nonzero ground-state expectation value φ_c. The latter can be found in a way similar to that used in Ref. [33] (see also Refs. [22, 23] ):

|φ_c|^2 = |(Q − Q_1)/e| 2ω_0V_q

, (6.8)

with Q and Q_1 given by Eqs. (6.1) and (6.5).

Having the chemical potential from Eq. (6.1) for T > T_c and taking |μ| = ω_0 for T < T_c, we can evaluate the current density for a fixed value of the charge by using Eq. (4.4). Note that at high temperatures the chemical potential tends to zero and the leading term in the corresponding asymptotic expansion for the current density is obtained from Eq. (5.20) with μ = 0. For T < T_c, the formula (4.4) gives a part of the current density due to the excited states only. In addition to this, there is a contribution due to the condensate, given by the expression

j^r_c = α̃_rQ_c L_rω_0V_q

, (6.9)

with r = p + 1, . . . , D and |α̃_r| ⩽ π. For the expectation value of the total current density one has ⟨j^r⟩_t = j^r_c + ⟨j^r⟩.

In figure 4 we plot the expectation values of the total current density (left plot, full curve) and of the particle and antiparticle numbers in the states with k_p ≠ 0, ⟨N_±⟩ (right plot), versus the temperature for mL_D = 0.5, α̃_D = π/2 and Q/e = 0.5m^{D−1} in the D = 4 model with a single compact dimension. For the corresponding critical temperature from Eq. (6.2) one finds T_c ≈ 0.63m. In the left plot we have separately presented the contributions to the current density coming from particles (dot-dashed line) and antiparticles (large dashed line). The linear dependence at high temperatures is clearly seen. On the left panel we have also plotted the separate contributions to the current density from the excited states, ⟨ j^D ⟩ /(em^D) (dashed line), and from the condensate, j^D_c /(em^D) (dotted line). Note that for the current density given by Eq. (4.2) we have ⟨ j^D ⟩ 0 = 2.32em^D . The total current and its first derivative with respect of the temperature are continuous functions at the point of the phase transition. The latter is not the case for the separate parts coming from the condensate and from the excited states.

Figure 4: The expectation values of the current density along the compact dimension (left plot) and of the particle/antiparticle numbers (right plot) as functions of the temperature in the D = 4 model for mL_D = 0.5, α̃_D = π/2 and Q/e = 0.5m^{D−1}.

For p ⩽ 2 the charge defined by Eq. (6.1) diverges in the limit |μ| → ω_0 and for finite value of charge density the point |μ| = m cannot be reached. The corresponding asymptotic expressions for the charge and current densities are given by Eqs. (3.11) and (4.9). Thus, for p ⩽ 2 there is no BEC by the first criterion given above. In particular, this is the case in the model with compact space corresponding to p = 0. This result for spaces of finite volume in general has been obtained in Ref. [35]. As before, for p ⩽ 2 and for a fixed value of the charge Q, the dependence of the chemical potential on the temperature is determined by Eq. (6.1). In the limit β → ∞ (low temperatures) and for a fixed value of |μ| ≠ ω_0, the expression on the right-hand side of Eq. (6.1) tends to zero. From here we conclude that for a fixed value of Q we should have |μ| → ω_0 for β → ∞. The corresponding asymptotic behavior is found in a way similar to that we have used for Eq. (3.10) and is given by the same expression. Solving with respect to the chemical potential, we find the following asymptotic expressions |μ| ≈ ω_0 − ( ω_0 2π ) p_{2−p} [ |e| |Q| Γ ( 1 − p 2 ) T ] 2_{2−p} , p = 0, 1, |μ| ≈ ω_0 − T exp [ − |Q| |e| ( 2π ω_0T )_{p/2}] , p = 2, (6.10)

in the limit T → 0. In figure 5 we have plotted the chemical potential versus temperature in the D = 3 model with a single compact dimension (p = 2, q = 1) for α̃_D = 0 and for a fixed value of the charge density corresponding to m^{1−D} ⟨j_0⟩ /e = 0.5. The numbers near the curves correspond to the values of the parameter L_Dm. As it is seen, though for a finite value of L_D the derivative ∂_T μ(T ) is a continuous function, in the limit L_D → ∞ it tends to the corresponding function in the D = 3 model with trivial topology (p = 3, q = 0) for which the function ∂_T μ(T ) is discontinuous at the point T = T_c.

Figure 5: The chemical potential as a function of the temperature in the D = 3 model with a single compact dimension for α̃_D = 0 and m^{1−D} ⟨j_0⟩ /e = 0.5. The numbers near the curves correspond to the values of the parameter L_Dm.

7 Conclusion

In the present paper we have investigated the finite temperature expectation values of the charge and current densities for a complex scalar field, induced by nontrivial spatial topology. As an example for the latter we have considered a flat spacetime with an arbitrary number of toroidally compactified dimensions. This allowed us to escape the problems related to the curvature and to extract pure topological effects. The periodicity conditions along compact dimensions are taken in the form (2.2) with general constant phases. As special cases the latter includes the periodicity conditions for untwisted and twisted fields. In addition, we have assumed the presence of a constant gauge field. By performing a gauge transformation, the gauge field is excluded from the field equation. However, this leads to the shift in the phases appearing in the periodicity conditions given by Eq. (2.5).

In the evaluation of the expectation values for the charge and current densities we have used two different approaches which allowed us to obtain alternative representations for the corresponding expectation values. In the first approach we evaluated the thermal Hadamard function by using the Abel-Plana-type summation formula for the series over the momentum along a compact dimension. The corresponding expression is given by Eq. (2.26). The n_r = 0 term in that formula corresponds to the Hadamard function for the topology R^{p+1} × (S^1)^{q−1} and, hence, the n_r ≠ 0 part is the change in the Hadamard function due to the compactification of the r-th direction. An alternative representation for the Hadamard function is given by Eq. (2.28).

Given the Hadamard function, the expectation values of the charge and current densities are evaluated by making use of Eq. (3.2). The charge density is given by two equivalent representations, Eqs. (3.3) and (3.5). The explicit information contained in Eq. (3.3) is more detailed. The term with n_r = 0 in this representation corresponds to the charge density for the topology R^{p+1} × (S^1)^{q−1} with the lengths of the compact dimensions (L_{p+1}, . . . , L_{r−1}, L_{r+1}, . . . , L_D) and the contribution of the terms with n_r ≠ 0 is the change in the current density induced by the compactification of the r-th dimension. The charge density is an even periodic function of the phases α̃_l with the period equal to 2π. The sign of the ratio ⟨j_0⟩ /e coincides with the sign of the chemical potential. If the length of the l-th compact dimension is small compared with the other length scales and L_l ≪ β, the behavior of the charge density is essentially different with dependence whether the parameter α̃_l is zero or not. For α̃_l = 0, to the leading order, L_l ⟨j_0⟩ coincides with the charge density in (D−1)-dimensional space with topology R^p ×(S^1)^{q−1} and with the lengths of the compact dimensions L_{p+1},. . . ,L_{l−1},L_{l+1},. . . ,L_D. For α̃_l ≠ 0 the charge density is suppressed by the factor e^{−|α̃l|β/Ll} . At low temperatures and for a fixed value of |μ| < ω_0, the charge density is suppressed by the factor e^{−(ω0 −|μ|)/T} . For a fixed temperature and in the limit |μ| → ω_0 the charge density is finite for p > 2 and it diverges for p ⩽ 2. The corresponding asymptotic behavior in the latter case is given by Eq. (3.11). In the high-temperature limit and for D > 2 the Minkowskian part dominates in the charge density with the leading term given by Eq. (5.34). In the same limit, the topological part of the charge density is a linear function of the temperature.

For the expectation value of the current density along the r-th compact dimension we have derived representations given by Eqs. (4.1) and (4.4). The components along uncompactified dimensions vanish. The current density along the r-th compact dimension is an odd periodic function of α̃_r and an even periodic function of α̃_l, l ≠ r, with the period equal to 2π. The current density is an even function of the chemical potential. Unlike to the case of the charge density, the current density does not vanish at zero temperature for a fixed value of the chemical potential. The corresponding expression is given by Eq. (4.2) and the properties are discussed in Appendix A. For small values of L_l, l ≠ r, and for α̃_l = 0, to the leading order, the quantity L_l ⟨j^r⟩ coincides with the r-th component of the current density in (D − 1)-dimensional space with topology R^p × (S^1)^{q−1} and with the lengths of the compact dimensions L_{p+1},. . . ,L_{l−1},L_{l+1},. . . ,L_D. For α̃_l ≠ 0 and for small values of L_l, l ≠ r, the current density ⟨j^r⟩ is exponentially suppressed. At a fixed temperature and for p ⩽ 2 the current density is divergent in the limit |μ| → ω_0. The leading term in the corresponding asymptotic expansion is related to the charge density by Eq. (4.9). For a fixed value of the chemical potential |μ| < ω_0 and at low temperatures the finite temperature corrections are given by Eq. (4.8) and they are exponentially small. In the limit of high temperatures, the current density is a linear function of the temperature.

In Section 5, we have derived alternative representations for the expectation values of the charge and current densities by using the zeta function approach. In both cases, by applying to the corresponding zeta functions the generalized Chowla-Selberg formula, Eqs. (5.16), (5.19) and Eqs. (5.30), (5.31) are obtained for the current and charge densities respectively. At high temperatures, the leading term in the asymptotic expansion of the current density is given by Eq. (5.20) with the linear dependence on the temperature and the next corrections are exponentially small. For the charge density, for D > 2 the leading term in the high-temperature expansion coincides with the corresponding charge density in (D + 1)-dimensional Minkowskian spacetime. The leading term in the correction induced by nontrivial topology linearly depends on the temperature and the following corrections are exponentially suppressed.

The Bose-Einstein condensation is discussed in section 6. For a fixed value of the charge, the relation (6.1) determines the chemical potential as a function of the temperature, of the lengths of compact directions and of the phases in the periodicity conditions. For high temperatures the chemical potential tends to zero. With decreasing temperature the chemical potential increases and for p > 2 one has |μ(T )| = ω_0 at some finite temperature T = T_c. The critical temperature for BEC, T_c, is determined by Eq. (6.2). Simple expressions are obtained for low and high temperatures, Eqs. (6.3) and (6.4), respectively. At temperatures T < T_c one has |μ| = ω_0 and Eq. (6.1) determines the charge corresponding to the states with k_p ≠ 0 and the remained charge corresponds to the charge of the condensate. At low and high temperatures the charges are given by simple expressions (6.6) and (6.7). Similar to the charge density, for T < T_c the current density is the sum of two parts. The first one is the contribution of excited states and is given by Eq. (4.4) with |μ| = ω_0. The second part is due to the condensate and it is presented by Eq. (6.9). The total current and its first derivative with respect to the temperature are continuous functions at the critical temperature. For p ⩽ 2, the point |μ| = ω_0 cannot be reached for finite value of charge density. For a fixed value of the charge, we have |μ| → ω_0 in the limit T → 0. The corresponding asymptotic behavior is given by Eq. (6.10). In this case the thermodynamical functions are continuous and there is no phase transition at finite temperature.

8 Acknowledgments

E.R.B.M. thanks Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq) for partial financial support. A.A.S. was supported by CNPq.

A Vacuum expectation value of the current density

In this Appendix we give some properties of the zero temperature current density given by Eq. (4.2). An alternative expression is obtained from Eq. (5.16) taking the limit β → ∞. In this limit the term with n = 0 survives only and we get:

⟨j^r⟩_0 = 4eL_rm^{D+1} (2π)^{(D+1)/2} ∞∑ n_r =1

n_r sin(n_rα̃_r) × ∑ n^r_{q−1} cos(n^r_{q−1} · α_{q−1})f D+1_2 (mg_{nq} (L_q)). (A.1)

Let us consider the behavior of the zero temperature current density in some limiting cases. First we consider the limit when the length of the r-th compact dimension, L_r, is much larger than the other length scales. The behavior of the current density in this limit crucially depends whether ω_{0r}, defined by (4.7), is zero or not. In the first case, which is realized for α̃_l = 0, l ≠ r, and m = 0, the dominant contribution in Eq. (4.2) for large values of L_r comes from the modes with n_l = 0, l ≠ r, for which ω_nr_{q−1} = ω_{0r} = 0. The corresponding expression is obtained from Eq. (4.2) taking the limit ω_nr_{q−1} → 0 and to the leading order we have ⟨j^r⟩_0 ≈ 2eΓ(p/2 + 1) π^{p/2+1}L^p_r V_q ∞∑ n_r=1

sin(n_rα̃_r) n^{p+1}_r . (A.2)

For ω_{0r} ≠ 0 and for large values of L_r, the main contribution to the zero temperature current density comes from the mode n_r = 1, n_l = 0, l ≠ r, and from Eq. (4.2) one finds ⟨j^r⟩_0 ≈ 2eV^{−1}_q sin(α̃_r)ω^{(p+1)/2}_{0r}

(2π)^{(p+1)/2}L^{(p−1)/2}_r e^{−Lrω0r} . (A.3) In this case we have an exponential suppression.

Now we discuss the asymptotic of the current density for small values of L_r. In this limit it is more convenient to use Eq. (A.1). First we separate the term n_l = 0, l ≠ r, in Eq. (A.1) and use the asymptotic expression of the Macdonald function for small values of the argument. For the remained part in Eq. (A.1), the dominant contribution comes from large values of n_r and, to the leading order, we replace the summation over n_r by the integration. The corresponding integral involving the Macdonald function is evaluated by using the formula from Ref. [20]. In this way it can be seen that the contribution of the mode with a given n^r_{q−1} is suppressed by the factor exp(−g_r √ α̃^2_r /L^2_r + m^2), where g_r = ∑_D l=p+1,≠r n 2 l L^2_l . As a result, we see that the dominant contribution to the current density is due to the modes with n_l = 0, l ≠ r, and to the leading order we get ⟨j^r⟩_0 ≈ 2eΓ((D + 1)/2) π^{(D+1)/2}L^D_r ∞∑ n_r =1

sin(n_rα̃_r) n^D_r . (A.4)

This leading term does not depend on the mass and on the lengths of the other compact dimensions. As it is seen from Eq. (A.1), the expression in the right-hand side of Eq. (A.4) coincides with the current density for a massless scalar field in the space with topology R^{D−1} × S^1.

References

[1] A. Linde, JCAP 0410, 004 (2004).

[2] L.H. Ford, Phys. Rev. D 22, 3003 (1980).

[3] L.H. Ford and T. Yoshimura, Phys. Lett. A 70, 89 (1979); D.J. Toms, Phys. Rev. D 21, 928 (1980).

[4] D.J. Toms, Phys. Rev. D 21, 2805 (1980).

[5] S.D. Odintsov, Sov. J. Nucl. Phys. 48, 1148 (1988); I.L. Buchbinder and S.D. Odintsov, Int. J.

Mod. Phys. A4, 4337 (1989); Fortschr. Phys. 37, 225 (1989).

[6] V.M. Mostepanenko and N.N. Trunov, The Casimir Effect and Its Applications (Clarendon, Oxford, 1997); K.A. Milton, The Casimir Effect: Physical Manifestation of Zero-Point Energy (World Scientific, Singapore, 2002); M. Bordag, G.L. Klimchitskaya, U. Mohideen, and V.M. Mostepanenko, Advances in the Casimir Effect (Oxford University Press, Oxford, 2009); Lecture Notes in Physics: Casimir Physics, Vol. 834, edited by D. Dalvit, P. Milonni, D. Roberts, and F. da Rosa (Springer, Berlin, 2011).

[7] M.J. Duff, B.E.W. Nilsson, and C.N. Pope, Phys. Rep. 130, 1 (1986); R. Camporesi, Phys. Rep.

196, 1 (1990); A.A. Bytsenko, G. Cognola, L. Vanzo, and S. Zerbini, Phys. Rep. 266, 1 (1996); A.A. Bytsenko, G. Cognola, E. Elizalde, V. Moretti, and S. Zerbini, Analytic Aspects of Quantum Fields (World Scientific, Singapore, 2003); E. Elizalde, Ten Physical Applications of Spectral Zeta Functions (Springer Verlag, 2012).

[8] E. Elizalde, Phys. Lett. B 516, 143 (2001); C.L. Gardner, Phys. Lett. B 524, 21 (2002); K.A.

Milton, Grav. Cosmol. 9, 66 (2003); A.A. Saharian, Phys. Rev. D 70, 064026 (2004); E. Elizalde, J. Phys. A 39, 6299 (2006); A.A. Saharian, Phys. Rev. D 74, 124009 (2006); B. Green and J. Levin, JHEP 0711, 096 (2007); P. Burikham, A. Chatrabhuti, P. Patcharamaneepakorn, and K. Pimsamarn, JHEP 0807, 013 (2008); P. Chen, Nucl. Phys. B (Proc. Suppl.) 173, s8 (2009).

[9] S. Bellucci and A.A. Saharian, Phys. Rev. D 82, 065011 (2010).

[10] S. Bellucci and A.A. Saharian, arXiv:1207.5046.

[11] L. Sriramkumar, Class. Quantum Grav. 18, 1015 (2001); Yu.A. Sitenko and N.D. Vlasii, Class.

Quantum Grav. 26, 195009 (2009); E.R. Bezerra de Mello, V.B. Bezerra, A.A. Saharian, and V.M. Bardeghyan, Phys. Rev. D 82, 085033 (2010).

[12] M.B. Altaie and J.S. Dowker, Phys. Rev. D 18, 3557 (1978); M.A. Rubin and B.D. Roth, Nucl.

Phys. B 226, 444 (1983); F.S. Accetta, Phys. Rev. D 34, 1798 (1986); K. Shiraishi, Prog. Theor. Phys. 77, 1253 (1987); A.A. Bytsenko, L. Vanzo, and S. Zerbini, Mod. Phys. Lett. A 7, 2669 (1992); H. Kleinert and A. Zhuk, Theor. Math. Phys. 108, 1236 (1996); A. Zhuk and H. Kleinert, Theor. Math. Phys. 109, 1483 (1996); I. Brevik, A.A. Bytsenko, A.E. Goncalves, and F.L. Williams, J. Phys. A: Math. Gen. 31, 4437 (1998); I. Brevik, K.A. Milton, and S.D. Odintsov, Ann. Phys. 302, 120 (2002); A.P.C. Malbouisson, J.M.C. Malbouisson, and A.E. Santana, Nucl. Phys. B 631, 83 (2002); H. Queiroz, J.C. da Silva, F.C. Khanna, J.M.C. Malbouisson, M. Revzen, and A.E. Santana, Ann. Phys. 317, 220 (2005); V.B. Bezerra, G.L. Klimchitskaya, V.M. Mostepanenko, and C. Romero, Phys. Rev. D 83, 104042 (2011); V.B. Bezerra, V.M. Mostepanenko, H. F. Mota, and C. Romero, Phys. Rev. D 84, 104025 (2011); F.C. Khanna, A.P.C. Malbouisson, J.M.C. Malbouisson, and A.E. Santana, Ann. Phys. 326, 2634 (2011).

[13] J.S. Dowker, Class. Quantum Grav. 1, 359 (1984).

[14] R. Camporesi, Clas. Quantum Grav. 8, 529 (1991).

[15] C.J. Isham, Proc. R. Soc. A 362, 383 (1978); C. J. Isham, Proc. R. Soc. A 364, 591 (1978).

[16] E.R. Bezerra de Mello and A.A. Saharian, Phys. Rev. D 78, 045021 (2008).

[17] S. Bellucci and A.A. Saharian, Phys. Rev. D 79, 085019 (2009).

[18] S.G. Mamayev, V.M. Mostepanenko, and A.A. Starobinsky, Zh. Eksp. Teor. Fiz. 70, 1577 (1976) [Sov. Phys. JETP 43, 823 (1976)].

[19] A.A. Saharian, The Generalized Abel-Plana Formula with Applications to Bessel Functions and Casimir Effect (Yerevan State University Publishing House, Yerevan, 2008); Report No. ICTP/2007/082; arXiv:0708.1187.

[20] A.P. Prudnikov, Yu.A. Brychkov, and O.I. Marichev, Integrals and Series (Gordon and Breach, New York, 1986), Vol. 2.

[21] N.D. Birrell and P.C.W. Davis, Quantum Fields in Curved Space (Cambridge University Press, Cambridge, England, 1982).

[22] J.I. Kapusta, Phys. Rev. D 24, 426 ( 1981).

[23] H.E. Haber and H.A. Weldon, Phys. Rev. Lett. 46, 1497 (1981); H.E. Haber and H.A. Weldon, Phys. Rev. D 25, 502 (1982).

[24] E. Elizalde, S.D. Odintsov, A. Romeo, A.A. Bytsenko, and S. Zerbini, Zeta Regularization Techniques with Applications (World Scientific, Singapore, 1994); K. Kirsten, Spectral Functions in Mathematics and Physics (CRC Press, Boca Raton, FL, 2001).

[25] E. Elizalde, Commun. Math. Phys. 198, 83 (1998); E. Elizalde, J. Phys. A 34, 3025 (2001).

[26] J. Bernstein and S. Dodelson, Phys. Rev. Lett. 66, 683 (1991); K. Benson, J. Bernstein, and S.

Dodelson, Phys. Rev. D 44, 2480 (1991); M. Grether, M. de Llano, and G.A. Baker Jr, Phys. Rev. Lett. 99, 200406 (2007).

[27] S. Singh and R.K. Pathria, J. Phys. A 17, 2983 (1984); L. Parker and Y. Zhang, Phys. Rev. D 44, 2421 (1991); M.B. Altaie and E. Malkawi, J. Phys. A: Math. Gen. 33, 7093 (2000).

[28] K. Shiraishi, Prog. Theor. Phys. 77, 975 (1987). [29] G. Cognola and L. Vanzo, Phys. Rev. D 47, 4575 (1993). [30] M. Trucks, Phys. Lett. B 445, 117 (1998). [31] L. Vanzo and G. Turco, Phys. Rev. D 50, 5148 (1994). [32] W. Huang, J. Math. Phys. 35, 3594 (1994).

[33] D.J. Toms, Phys. Rev. Lett. 69, 1152 (1992); D.J. Toms, Phys. Rev. D 47, 2483 (1993). [34] K. Kirsten and D.J. Toms, Phys. Rev. D 51, 6886 (1995). [35] J.D. Smith and D.J. Toms, Phys. Rev. D 53, 5771 (1996). [36] G. Fucci and K. Kirsten, J. Phys. A: Math. Theor. 44, 332002 (2011).

[37] K. Kirsten and D.J. Toms, Phys. Lett. B 368, 119 (1996); H. Perez Rojas, Phys. Lett. A 234, 13 (1997).