arXiv:1211.5198v2 [math-ph] 11 Jul 2013

Quantum Field Theories and Prime Numbers Spectrum G. Menezes^{1, a)} and N. F. Svaiter^{2, b)} 1)Instituto de Física Teórica, Universidade Estadual Paulista, São Paulo, SP 01140-070, Brazil 2)Centro Brasileiro de Pesquisas Físicas, Rio de Janeiro, RJ 22290-180, Brazil

The Riemann hypothesis states that all nontrivial zeros of the zeta function lie on the critical line Re(s) = 1/2. Hilbert and Pólya suggested a possible approach to prove it, based on spectral theory. Within this context, some authors formulated the question: is there a quantum mechanical system related to the sequence of prime numbers? In this Letter we show that such a sequence is not zeta regularizable. Therefore, there are no physical systems described by self-adjoint operators with countably infinite number of degrees of freedom with spectra given by the sequence of primes numbers.

PACS numbers: 02.10.De, 11.10.-z

a)Electronic mail: gsm@ift.unesp.br b)Electronic mail: nfuxsvai@cbpf.br

I. INTRODUCTION

Prime numbers occur in a very irregular way within the sequences of natural numbers. In particular, the distribution of prime numbers exhibits a local irregularity but a global regularity. The best result that we have concerning their global distribution is the prime number theorem: the number of primes π(x) not exceeding x is asymptotic to x/ ln x^{1–6}.

The Riemann hypothesis states that all nontrivial zeros of the Riemann zeta function ζ(s) lie on the critical line Re(s) = 1/2^7. Since in the region of the complex plane where it converges absolutely and uniformly there is a representation for ζ(s) in terms of the product of all prime numbers, there is a connection between these nontrivial zeros of the ζ(s) function and the distribution of prime numbers in the sequence of integers. One way to connect the distribution of primes and the non-trivial zeros of the Riemann zeta function is given by the integral logarithm function Li(x). The assertion that π(x) = Li(x) + O( √ x ln x) for x → ∞ is equivalent to the Riemann hypothesis^8.

Hilbert and Pólya suggested that there might be a spectral interpretation for the nontrivial zeros of the Riemann zeta function. The nontrivial zeros could be the eigenvalues of a self-adjoint linear operator in an appropriate Hilbert space. The existence of such operator leads us to the proof of the Riemann hypothesis. The spectral nature of the nontrivial zeros emerges studying the local statistical fluctuations of high zeros. These fluctuations are universal and follow the law of fluctuation of the eigenvalue distribution for matrices in the Gaussian unitary ensemble^9, a result that prompted many authors to consider the Riemann hypothesis in the light of random matrix theory.

Since the main point of Riemann’s original paper is that the two sequences, of prime numbers on one hand, and of Riemann zeros on the other hand, are in duality, any statement about one of these two sequences can have a translation in terms of the other. Therefore some authors formulated the following question: is there a quantum mechanical system related to the prime numbers^{10–13}? The idea is to assume that there is a trace formula for the prime numbers and therefore a Hamiltonian with a prime numbers spectrum. For a nice discussion concerning physics of the Riemann hypothesis, see Ref.^{14}.

Quantum field theory is the formalism where the probabilistic interpretation of quantum mechanics and the special theory of relativity were gathered to account for a plethora of phenomena that cannot be described by quantum mechanics of systems with finitely many degrees of freedom. Euclidean methods lead to mathematically well-defined functional integral representation of the solutions of field theory models. Spectral properties of a Hamiltonian and momentum operators of a field theory can be deduced from cluster properties of moment of the measure that determines the functional integral. Furthermore, boson field theory in one dimension (time) reduces to quantum mechanics formulated in the Heisenberg picture. That is, any quantum mechanical system with n degrees of freedom derives from some n-component scalar field model in one dimension. A stochastic process canonically associated with a Hamiltonian H_0 + V corresponds to Euclidean field self-interaction via the potential V^{15}.

Based on above discussions, one might be tempted to inquire whether quantum field theory techniques can be used to exploit questions related to number theory. In such a direction, connections between field theory and prime numbers have already been investigated by many authors^{16–19}. The aim of this Letter is to investigate the possibility of existence of a quantum field possessing a spectrum given by the sequence of prime numbers. For simplicity, we consider a free scalar field in Euclidean space, but the results derived here can be extended to higher spin fields. We assume that there is a hypothetical class of physical systems described by self-adjoint operators associated with bosonic fields with a spectrum given by the sequence of primes numbers. We show that the functional integrals associated with such theories are ill-defined objects. Here we use ℏ = c = 1.

II. FIELD THEORY WITH PRIME NUMBERS SPECTRUM

The Riemann zeta function ζ(s) is a complex variable function of s, i.e., s = σ + iτ with σ, τ ∈ R, which is defined as the analytic continuation of a Dirichlet series to the whole complex plane. Its unique singularity is the point s = 1 at which it has a simple pole with unit residue. In the half-plane Re(s) > 1 it is defined by the absolutely convergent series ζ(s) = ∞∑ n=1 1 n^s . (1)

In the complex plane for Re(s) > 1 the product of all prime numbers appears as a representation of the Riemann zeta function: ζ(s) = ∏ p ( 1 1 − p^{−s} ) . (2)

The product given by Eq. (2) is called the Euler product. This is an analytic form of the fundamental theorem of arithmetic. Since a convergent infinite product never vanishes, from Eq. (2) we obtain that ζ(s) has no zeros for Re(s) > 1. The proof that the zero-free region includes Re(s) = 1, i.e., ζ(1+iτ) ≠ 0 is another way to formulate the prime number theorem. From the functional equation

π^{− s2} Γ ( s 2 ) ζ(s) = π^{− (1−s)2} Γ ( 1 − s 2 ) ζ(1 − s), (3)

valid for s ∈ C \ {0, 1} it is possible to show that the region Re(s) < 0 is also zero-free with respect to the non-trivial zeros. It is often more convenient to write it as ζ(s) = π^s2 Γ(^s_2 + 1) 1 (s − 1) ξ(s). (4) The function ξ(s) is analytic everywhere on the complex plane and the poles of the Gamma function reproduce all the zeros of ζ(s) on the real axis at σ = −2k, k = 1, 2, .... Thus ξ(s) contains only the complex zeroes of ζ(s). There is no available proof that there are no other nontrivial complex zeros away from σ = 1/2.

Now let us construct a field theory satisfying the condition of a prime numbers spectrum. Consider a free neutral scalar field defined in a d-dimensional Minkowski spacetime. The Euclidean field theory can be obtained by analytic continuation of the n-point Wightman functions to imaginary time. Let us assume a compact Euclidean space with or without boundary. If the compact Euclidean space has a smooth boundary, one imposes suitable boundary conditions on the fields. Let us suppose that there exists an elliptic, self-adjoint differential operator D acting on scalar functions on the Euclidean space. The usual example is D = (−Δ + m^2_0 ), where Δ is the d-dimensional Laplacian. The kernel K(m_0; x − y) is defined by K(m_0; x − y) = ( −Δ + m^2_0 ) δ^d(x − y). (5) The Euclidean generating functional Z[h] is formally defined by the following functional integral: Z[h] = ∫ [dφ] exp ( −S_0 + ∫ d^dx h(x)φ(x) ) , (6)

where the action that usually describes a free scalar field is

S_0(φ) = ∫ d^dx d^dy φ(x)K(m_0; x − y)φ(y). (7)

In Eq. (6), [dφ] is a translational invariant measure, formally given by [dφ] = ∏ x dφ(x). The term m^2_0 is the (bare) mass squared of the model. Finally, h(x) is a smooth function introduced to generate the Schwinger functions of the theory. One can define the functional W [h] = ln Z[h] which generates the connected Schwinger functions. To obtain a welldefined object, we need to regularize a determinant associated with the operator D, since W [0] = −1/2 ln det D. A similar situation arises for the case of self-interacting scalar fields when one calculates the one-loop effective action. For both cases, a finite result can be achieved by defining the spectral zeta function associated with the corresponding elliptic operator^{20–22}.

The standard technique of the spectral theory of elliptic operators implies that there is a complete orthonormal set {f_k}^∞_{k=1} such that the sequence of eigenvalues obey: 0 ≤ λ_1 ≤ λ_2 ≤ ... ≤ λ_k → ∞, when k → ∞, where the zero eigenvalue must be omitted (eigenvalues being counted with their multiplicities). In the basis {f_k} the operator D is represented by an infinite diagonal matrix D = diag (λ_1, λ_2, ...). Therefore the generic operator D satisfies Df_n(x) = λ_nf_n(x). The spectral zeta function associated with the operator D is defined as

ζ_D(s) = ∑ n 1 λ^s_n , Re(s) > s_0, (8)

for some s_0. Formally we have − d ds ζ_D(s)|_{s=0} = ln det D. (9)

From equation (9), one notes that the spectral zeta function has to be analytically continued beyond the domain of convergence of the series. In other words, it is necessary to perform an analytic continuation of ζ_D(s) from an open connected set of points for sufficient large positive Re(s) into the whole complex plane. In particular, the spectral zeta function must be analytic in a complex neighborhood of s = 0. This method can also be employed in the case of interacting fields in curved space, at least in a ultrastatic space-time. In this case the one-loop effective action is computed by evaluating a determinant, as mentioned above. Since the argument of the logarithm must be strictly dimensionless, one may have scaling properties: 1 2 d ds ζ_μ−2_D(s)|_{s=0} = 1 2 ln μ^2ζ_D|_{s=0} + 1 2 d ds ζ_D|_{s=0}, (10)

where μ is an arbitrary parameter with dimensions of mass.

Let us assume that there is a hypothetical operator D acting on scalar functions in the Euclidean manifold with prime numbers as its spectrum. We are using the idea of relating a numerical sequence with the spectrum of a differential operator. In this case, the spectral zeta function associated with the hypothetical operator D is the so-called prime zeta function P (s), s = σ + iτ, σ, τ ∈ R, defined as

P (s) = ∑ {p} p^{−s}, Re(s) > 1. (11)

The above summation is performed over the sequence of all primes^{23,24}. Since ln(1−1/p) is of order −1/p and ∏ p (1 − p^{−1}) = 0, the sum of the reciprocals of the prime numbers diverges, but the series converges absolutely when σ > 1. From the above discussions, in order to regularize the generating functional of connected Schwinger functions, we must analytically extend P (s) to s = 0. Using the generalization for the Euler result given by Eq. (2) and the definition of the prime zeta function we have

ln ζ(s) = ∞∑ r=1 1 r P (rs), Re(s) > 1. (12)

Employing the Möbius inversion formula, one has

P (s) = ∞∑ k=1 μ(k) k ln ζ(ks), Re(s) > 1, (13)

where the Möbius function μ(n) is defined as^{25}

μ(n) =

1 if n is a square-free positive integer with an even number of prime factors, −1 if n is a square-free positive integer with an odd number of prime factors, 0 if n is not square-free,

where μ(1) = 1. From Eq. (13) one notices that the analytic continuation of the prime zeta function can be obtained from the analytic continuation of the Riemann zeta function. Introducing the Jacobi theta function ϑ(x) = ∞∑ n=−∞ e^{−n2 π x}, x > 0 (14) and using the usual definition of the Gamma function, we have Γ ( s 2 ) π^{− s2} ζ(s) = 1 s(s − 1) + ∫_∞ 1 dx ϑ_1(x) ( x^{s2 −1} + x^{− s2 − 12} ) , (15)

where ϑ_1(x) =^1_2 (ϑ(x) − 1). The integral that appears in the above equation is convergent for all values of s and therefore this equation gives the analytic continuation of the Dirichlet series defined by Eq. (1) to the whole complex s-plane. The only singularity is the pole at s = 1, since the pole at s = 0 is canceled by the pole of the Gamma function Γ(^s_2 ). Therefore the analyic extension is valid for s ∈ C \ {1}.

The analytic structure of P (s) for Re(s) ≤ 1 is given by the pole and nontrivial zeros of the Riemann zeta function. First, due to the polar structure of the Riemann zeta function, in equation (13) we have the following. For all square free positive integers k on the real axis we get that s =^1_k is a singular point. Moreover, one has a clustering of singular points along the imaginary axis from the non-trivial zeros of the Riemann zeta function^{23}. Hence the prime zeta function has an analytic continuation only in the strip 0 < σ ≤ 1. Therefore, with the exception of those points, Eq. (13), together with Eq. (15), gives a representation for P (s) valid for Re(s) > 0.

Let us use that ζ(ks) = z, where z is a complex variable. The function ln z is analytic at every point of its Riemann surface. We have that dP (s)/ds = P^′(s) can be computed for Re(s) > 0. From Eq. (13), one has

P^′(s) = ∞∑ k=1 μ(k) ζ^′(ks) ζ(ks) . (16)

As mentioned above, the requisite for defining a regularized determinant is to compute the corresponding spectral zeta function and its derivative at s = 0, in order to obtain a welldefined functional integral associated with the scalar field. In the case of prime numbers spectrum, the functional W [0] is given by

W [0] = 1 2 ln μ^2P (s)|_{s=0} + 1 2 d ds P (s)|_{s=0}. (17)

Collecting our results we get the following pure non-existence theorem: The impossibility of extending the definition of the analytic function P (s) to the half-plane σ ≤ 0, implies that free scalar quantum fields with the sequence of prime numbers spectrum cannot exist.

It follows from the above theorem that, in the weak-coupling regime, the generating functional of the Schwinger functions cannot be defined either, since the generating functional for the free theory is meaningless. As remarked before, such a result can be extended to higher spin fields, in particular spinor fields, with weak interactions. On the other hand, an intriguing issue is whether this situation persists in non-perturbative regimes.

III. DISCUSSION AND CONCLUSIONS

In this Letter we showed that free scalar quantum fields with the sequence of prime numbers spectrum cannot exist. Using the functional integral approach we proved that the sequence of primes numbers is not zeta regularizable. On the other hand, suppose that there is a hypothetical quantum system realized in nature which has an energy spectrum given by the sequence of prime numbers. Hence from the above theorem one is forced to accept that there cannot be a free energy associated with such a system.

Since the one-loop effective energy and the Casimir energy are closely related^{26}, it is natural to discuss the vacuum energy associated with a theory in which prime numbers appear in the zero point-energy. Suppose a two-dimensional space-time and a box of size L. Assuming that there are suitable boundary conditions such that the vacuum energy is defined by ⟨0|H|0⟩ ∝ ∑ p where the sum runs over all prime numbers. For the usual cases of regularization of ill-defined quantities, it is possible to prove the following statement: if the introduction of a exponential cut-off yields a analytical function with a pole in the origin, the analytic extension of the generalized zeta-function is equivalent to the application of a cut-off with the subtraction of the singular part at the origin^{27–29}. Once we accept the advantage of the zeta-function method over the cut-off method, we face a serious problem. Since the prime zeta function has an analytic continuation only in the strip 0 < σ ≤ 1, one cannot obtain a finite renormalized vacuum energy for this particular situation. Similar conclusions were obtained in Ref.^{30}. One can show that the same situation occurs in an interacting field theory. It is not possible to interpret the generating functional of Schwinger functions nor the one-loop effective action of the model in terms of well-defined mathematical objects.

There is a point that deserves further discussions. We mention that has been suggested in the literature a way to establish the existence of a quantum system possessing the nontrivial zeros of the ζ(s) function as energy eigenvalues by constructing one-dimensional potentials with a multifractal character. Whether or not this can be extended to fields depends crucially on one’s ability to set up such fractal potentials in the quantum field theory framework^{31–33}.

ACKNOWLEGEMENTS

We would like to thank J. Stephany, S. Alves Dias and G. Krein for useful discussions. This paper was supported by Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq).

REFERENCES

1J. Hadamard, Bull. Soc. Math. France 24, 119 (1986). 2C. de la Vallée-Poussin, Ann. Soc. Sci. Bruxelles 202, 183 (1896). 3C. de la Vallée-Poussin, Ann. Soc. Sci. Bruxelles 202, 281 (1896). 4D. J. Newman, Am. Math. Month. 87, 693 (1980). 5J. Korevaar, Math. Intell. 4, 108 (1982).

6A. E. Ingham, The Distribution of Prime Numbers (Cambridge University Press, 1990). 7B. Riemann, “Über die Anzahlde Primzahler unter einer gegebenen Grösse”, Monatsberichte der Berliner Akademie, 671 (1859).

8S. J. Patterson, An introduction to the theory of the Riemann Zeta-Function (Cambridge University Press, 1988).

9M. L. Mehta, Random Matrices (Elsevier, 2004).

10G. Mussardo, The Quantum Mechanical Potential for the Prime Numbers (1997) [arXiv:

9712010[cond-math]].

11H. Rosu, Mod. Phys. Lett. 18, 1205 (2003).

12J. Sakhr, R. K. Bhaduri and B. P. van Zyl, Phys. Rev. E 68, 026206 (2003). 13D. Schumayer, B. P. van Zyl and D. A. W. Hutchinson, Phys. Rev. E 78, 056215 (2008). 14D. Schumayer and D. Hutchinson, Rev. Mod. Phys. 83, 307 (2011). 15G. Roepstorff, Path Integral Approach to Quantum Physics (Springer-Verlag, 1994). 16D. Spector, Comm. Math. Phys. 127, 239 (1990). 17I. Bakas, J. Math. Phys. 32, 1881 (1991). 18B. L. Julia, Physica A 203, 425 (1994).

19D. Spector, J. Math. Phys. 39, 1919 (1998).

20R. T. Seeley, Amer. Math. Soc. Proc. Symp. Pure Math. 10, 288 (1967). 21S. W. Hawking, Comm. Math. Phys. 55, 133 (1977). 22A. Voros, Comm. Math. Phys. 110, 439 (1987).

23Von E. Landau and A. Walfisz, “Über die Nichtfortsetzbarkeit einiger durch Dirichletsche reihen definierter Funktionen”, Rendiconti del Circolo Matematico di Palermo 44, 82 (1919).

24C. E. Fröberg, BIT 8, 187 (1968).

25G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers (Oxford Clarenton Press, 1956).

26S. K. Blau, M. Visser and A. Wipf, Nucl. Phys. B 310, 163 (1988). 27N. F. Svaiter and B. F. Svaiter, Jour. Phys. A 25, 979 (1992). 28B. F. Svaiter and N. F. Svaiter, Phys. Rev. D 47, 4581 (1993). 29B. F. Svaiter and N. F. Svaiter, J. Math. Phys. 35, 1840 (1994).

30M. A. Sanchis-Lozano, J. G. Fernando Barbero, J. Navarro-Salas, Int. Jour. Mod. Phys.

A 27, 1250136 (2012).

31R. S. Strichartz, Differential Equations on Fractals (Princeton University Press, 2006). 32E. Akkermans, G. V. Dunne and A. Teplyaev, Phys. Rev. Lett. 105, 230407 (2010). 33G. V. Dunne, J. Phys. A 45, 374016 (2012).