arXiv:1211.6029v2 [hep-ph] 18 Dec 2012

KANAZAWA-12-09, UT-HET 076

Radiative corrections to the Higgs boson couplings in the triplet model

Mayumi Aoki,^{1, 2, ∗} Shinya Kanemura,^{3, †} Mariko Kikuchi,^{3, ‡} and Kei Yagyu^{4, §} 1Institute for Theoretical Physics, Kanazawa University, Kanazawa 920-1192, Japan 2Max-Planck-Institut für Kernphysik, Saupfercheckweg 1, 69117 Heidelberg, Germany 3Department of Physics, University of Toyama, 3190 Gofuku, Toyama 930-8555, Japan 4Department of Physics, National Central University, Chungli 32001, Taiwan (Dated: December 19, 2012)

We calculate a full set of one-loop corrections to the Higgs boson coupling constants as well as the electroweak parameters. We compute the decay rate of the standard model (SM)-like Higgs boson (h) into diphoton. Renormalized Higgs couplings with the weak gauge bosons hV V (V = W and Z) and the trilinear coupling hhh are also calculated at the one-loop level in the on-shell scheme. Magnitudes of the deviations in these quantities are evaluated in the parameter regions where the unitarity and vacuum stability bounds are satisfied and the predicted W boson mass at the one-loop level is consistent with the data. We find that there are strong correlations among deviations in the Higgs boson couplings hγγ, hV V and hhh. For example, if the event number of the pp → h → γγ channel deviates by +30% (−40%) from the SM prediction, deviations in the one-loop corrected hV V and hhh vertices are predicted about −0.1% (−2%) and −10% (+150%), respectively. The model can be discriminated from the other models by measuring these coupling constants accurately at future collider experiments.

PACS numbers: 12.60.Fr, 12.60.-i, 14.80.Cp

∗Electronic address: mayumi@hep.s.kanazawa-u.ac.jp †Electronic address: kanemu@sci.u-toyama.ac.jp ‡Electronic address: kikuchi@jodo.sci.u-toyama.ac.jp §Electronic address: keiyagyu@ncu.edu.tw

I. INTRODUCTION

The new boson with the mass of around 126 GeV has been discovered in the h → γγ, h → ZZ^∗ → 4ℓ and h → W W^∗ → ℓνℓν channels with 5.9σ at the ATLAS [1] and with 5.0σ at the CMS [2]. The observed mass of 126 GeV is consistent with the precision data at the LEP/SLC experiments [3] at the quantum level assuming that it is the Higgs boson in the Standard Model (SM). At the LHC, the Higgs boson production and decay are consistent with the SM predictions at the 2σ level by both ATLAS and CMS experiments. The particle is most likely the Higgs boson.

However, it is not necessary that the particle is the Higgs boson of the SM. The SM-like Higgs boson can also be predicted in various extended Higgs sectors; e.g., the Higgs sector with additional SU(2) singlets, doublets and/or triplets. Such a non-minimal Higgs sector is introduced in various new physics models beyond the SM which are considered to solve the problems such as tiny neutrino masses, dark matter and/or the baryon asymmetry of the Universe. The deviations in coupling constants of the SM-like Higgs boson from the SM predictions may be detected at the LHC or at the future precision collider experiments such as the LHC at the integrated luminosity of 3000 fb^{−1} and the International Linear Collider (ILC). Therefore, we can discriminate models of new physics by comparing the accurate predictions on the coupling constants associated with the SM-like Higgs boson with the future precision measurements, even if additional new particles will be unfound.

In this paper, we focus on the Higgs boson properties in the minimal Higgs triplet model (HTM), where tiny neutrino masses can be explained via the so-called type-II seesaw mechanism [4]. The Higgs sector of this model is composed from an SU(2) doublet Higgs field with the hypercharge Y = 1/2 and a triplet field with Y = 1. One of the striking features of this model is the prediction that the electroweak rho parameter ρ deviates from unity at the tree level due to the non-zero vacuum expectation value (VEV) of the triplet field v_Δ. As the experimental value of ρ is nearly one, v_Δ should be much suppressed as compared to the VEV of the doublet. Approximately, v_Δ is constrained to be less than 8 GeV from the rho parameter data [5]. Under the requirement of v_Δ ≪ v_ϕ, where v_ϕ is the VEV of the doublet, the SM-like Higgs boson h can be separated from the triplet-like Higgs boson; namely, a pair of the doubly-charged (singly-charged) Higgs boson H^{±±} (H^±), the CP-odd Higgs boson A and the CP-even Higgs boson H.

In order to identify the HTM at collider experiments, detection of the triplet-like Higgs bosons, especially of the doubly-charged Higgs boson, is important. The decay property of the triplet-like Higgs bosons strongly depends on the mass spectrum among them and v_Δ. When the triplet-like Higgs bosons are degenerate in mass or H^{±±} is the lightest of all of them, the main decay mode of

H^{±±} is the same-sign dilepton (diboson) in the case where v_Δ is less (larger) than about 1 MeV. The scenario based on the same-sign dilepton decay of H^{±±} has been studied in Refs. [6–9]. This scenario has already been strongly constrained by the LHC data. The current lower mass limit on H^{±±} is about 400 GeV [10]. The scenario for the same sign diboson decay of H^{±±} has been discussed in Refs. [8, 11], and the discovery potential of H^{±±} at the LHC has also been investigated in Ref. [11].

Phenomenology of the HTM can be drastically changed when there is mass splitting among the triplet-like Higgs bosons and H^{±±} is the heaviest of all of them [9, 12, 13]. In such a case, the cascade decay of H^{±±} can be dominant instead of the same-sign dilepton or diboson decay; namely, H^{±±} decays into H^±W^±. At the same time, H^± can decay into a neutral Higgs boson (H or A) associated with a W^±. H and A can mainly decay into bb̄ for v_Δ ≳ 1 MeV and into neutrinos for v_Δ ≲ 1 MeV. In the former case, the triplet-like Higgs bosons may be reconstructed by using the invariant mass as well as the transverse mass distributions at the LHC [13].

If the triplet-like Higgs bosons are light enough to be produced at the LHC, the direct detection can be an important probe of the HTM as already discussed. Even if they are too heavy to be directly detected, they can be indirectly tested by measuring the deviations from the SM in the Higgs boson couplings associated with h such as the coupling constants with the weak gauge bosons hV V , the Yukawa couplings hff̄ and the triple Higgs boson coupling hhh. In Ref. [14, 15], accuracy of the Higgs boson coupling measurements has been discussed at the LHC. Assuming the 14 TeV collision energy and with the integrated luminosity to be 300 fb^{−1}, the deviations in hZZ, hW W and hγγ can be measured with about 10% accuracy, and that of the Yukawa couplings can be measured with about 20% for htt̄ and hbb̄ and about 10% for hτ^+τ^−. At the ILC with the 1 TeV collision energy and with the integrated luminosity to be 500 fb^{−1}, accuracy of the measured deviations in the Higgs couplings is expected to be less than about 1% for hW W and hZZ, about 5% for hγγ, 2-3% for hbb̄ and hτ^+τ^− and 5-10% for htt̄ [15]. The triple Higgs boson coupling hhh is expected to be measured with about 20% accuracy [16], assuming the collision energy and the integrated luminosity being 1 TeV and 2 ab^{−1}, respectively at the ILC.

In this paper, we calculate the deviations in these Higgs boson couplings in the HTM at the one-loop level. In particular, we focus on the deviations in the h → γγ decay rate, hZZ and hW W couplings and also the triple Higgs boson coupling hhh. The couplings of the triplet field with the quarks are induced by a small mixing angle which is proportional to v_Δ, so that we do not discuss about the one-loop corrections to the Yukawa couplings. In order to calculate finite predictions of various observables, we need the renormalization of the model. The renormalization of the electroweak sector in the HTM is different from that in models with ρ = 1 at the tree level. Four parameters are necessary to describe the electroweak parameters instead of three parameters such as α_{em}, G_F and m_Z . This means that one extra renormalization condition is required to determine the counter-term which corresponds to the one extra input parameter. The renormalization scheme in models with ρ ≠ 1 has been discussed by Blank and Hollik in Ref. [17], where the effective weak mixing angle is chosen as the extra input parameter in the model with the Y = 0 triplet Higgs field. In Ref. [18], this renormalization scheme has been applied to the HTM. The two different renormalization schemes in the model with the Y = 0 triplet Higgs field have been discussed in Refs. [19], where the triplet VEV is chosen to be the fourth input parameter as the other renormalization scheme from that proposed in Ref. [17].

We impose in this paper the new renormalization scheme for the electroweak parameters, in which we require the no-mixing condition between the physical CP-odd Higgs boson A and the Z boson as an additional renormalization condition. We then compare the previous renormalization scheme, which is used four inputs from the electroweak precision data, and the new scheme. In the former renormalization scheme, the decoupling limit cannot be taken even when the triplet-like Higgs bosons are taken to be quite heavy. On the other hand, in the latter scheme, we can take the decoupling limit when a coupling constant among the doublet-doublet-triplet term is taken to be a fixed value. We then discuss the renormalization of the Higgs potential in the HTM. The onshell renormalization scheme for the parameters in the potential has been constructed in Ref. [20] in the limit of v_Δ/v_ϕ → 0. We prepare the counter-terms which are necessary to calculate the renormalized hZZ, hW W and hhh vertices.

Finally, we evaluate possible deviations from the SM in these Higgs couplings under the allowed parameter regions by the electroweak precision data and the unitarity and vacuum stability bounds. We also examine the event number of the pp → h → γγ channel. We find that there are strong correlations among the deviations in hγγ, hV V and hhh. For example, if the event number of the pp → h → γγ channel is predicted as +30% (−40%) compared to the SM prediction, deviations in the one-loop corrected hV V and hhh vertices are predicted about −0.1% (−2%) and −10% (+150%), respectively. Such large deviations in hγγ and hhh are consequence of the non-decoupling loop effect of extra Higgs bosons, similarly to the case of the two Higgs doublet model. In the two Higgs doublet model, the Higgs boson couplings hZZ [21] and hhh [21, 22] and the electroweak precision observables [23] have been calculated at the one-loop level. By measuring these coupling constants accurately at future colliders such as the LHC with 3000 fb^{−1} and at the ILC, the HTM can be discriminated from the other models.

This paper is organized as follows. In Sec. II, we define the Lagrangian in the HTM. We calculate the mass spectrum among the triplet-like Higgs bosons, and we briefly review the tree level relations among parameters. The unitarity and vacuum stability bounds are also discussed in the end of this section. In Sec. III, the renormalization of the HTM is discussed based on the on-shell scheme, where we study the renormalization of the electroweak precision parameters and that of the parameters in the Higgs potential. In Sec. IV, we first calculate the decay rate of h → γγ process and the renormalized Higgs boson couplings hZZ, hW W and hhh at the one-loop level. Numerical results for the deviations in these coupling constants from the SM are shown in the allowed parameter regions by the theoretical bounds and the electroweak precision data. Conclusions are given in Sec. VI.

II. TREE LEVEL FORMULAE

The scalar sector of the HTM is composed of the isospin doublet field Φ with hypercharge Y = 1/2 and the triplet field Δ with Y = 1. The relevant terms in the Lagrangian are given by

L_{HTM} = L_{kin} + L_Y − V (Φ, Δ), (1)

where L_{kin}, L_Y and V (Φ, Δ) are the kinetic term, the Yukawa interaction and the Higgs potential, respectively.

The kinetic term of the Higgs fields is given by

L_{kin} = (D_μΦ)^†(D^μΦ) + Tr[(D_μΔ)^†(D^μΔ)], (2)

where the covariant derivatives are defined as

D_μΦ = ( ∂_μ + i g 2 τ^aW^a_μ + i g^′ 2 B_μ ) Φ, D_μΔ = ∂_μΔ + i g 2 [τ^aW^a_μ , Δ] + ig^′B_μΔ. (3)

The Higgs fields can be parameterized by

Φ = ϕ^+ 1√ 2 (ϕ + v_ϕ + iχ) , Δ = Δ^+√

2 Δ^{++} Δ^0 −^{Δ+√}_2 with Δ^0 = 1√ 2 (δ + v_Δ + iη), (4)

where v_ϕ and v_Δ are the VEVs of the doublet Higgs field and the triplet Higgs field, respectively which satisfy v^2 ≡ v^2_ϕ + 2v^2_Δ ≃ (246 GeV)^2. The masses of the W boson and the Z boson are obtained at the tree level as

m^2_W = g^2 4 (v^2_ϕ + 2v^2_Δ), m^2_Z = g^2 4 cos^2 θ_W

(v^2_ϕ + 4v^2_Δ). (5)

The electroweak rho parameter can deviate from unity at the tree level;

ρ ≡ m^2_W m^2_Z cos^2 θ_W = 1 +^{2v2Δ}_{v2ϕ} 1 +^{4v2Δ}_{v2ϕ}

. (6)

The experimental value of the rho parameter is quite close to unity; i.e., ρ^{exp} = 1.0008^{+0.0017}_{−0.0007} [5], so that v_Δ has to be less than about 8 GeV from the tree level formula given in Eq. (6).

The Yukawa interaction for neutrinos [4] is given by

L_Y = h_{ij} L^{ic}_L iτ_2ΔL^j_L + h.c., (7)

where h_{ij} is the 3 × 3 complex symmetric Yukawa matrix. Notice that the triplet field Δ carries the lepton number of −2. The mass matrix for the left-handed neutrinos is obtained as

(M_ν )_{ij} = √ 2h_{ij} v_Δ. (8)

Current neutrino oscillation data are given by the following central values [24]

sin^2 θ_{12} = 0.31, sin^2 θ_{23} = 0.39, sin^2 θ_{13} = 0.024, (9) Δm^2_1 = 7.5 × 10^{−5} eV^2, Δm^2_{32} = 2.4 × 10^{−3} eV^2, (10)

can be explained in the HTM [7–9]. It is seen from Eq. (8) that the neutrino mixing pattern is purely determined by the h_{ij} matrix. Since the decay rate of H^{±±} into the same-sign dilepton is proportional to |h_{ij} |^2, we can test the type-II seesaw mechanism by looking at the same-sign dilepton decay mode of H^{±±} [7–9].

The most general form of the Higgs potential under the gauge symmetry is given by

V (Φ, Δ) = m^2Φ^†Φ + M^2Tr(Δ^†Δ) + [ μΦ^T iτ_2Δ^†Φ + h.c. ]

+ λ_1(Φ^†Φ)^2 + λ_2 [ Tr(Δ^†Δ)

]_2

+ λ_3Tr[(Δ^†Δ)^2] + λ_4(Φ^†Φ)Tr(Δ^†Δ) + λ_5Φ^†ΔΔ^†Φ, (11)

where m and M are the dimension full real parameters, μ is the dimension full complex parameter which violates the lepton number, and λ_1-λ_5 are the coupling constants which are real. We here take μ to be real.

The potential respects additional global symmetries in some limits. First, when the μ term is absent, there is the global U(1) symmetry in the potential, which conserves the lepton number. As long as we assume that the lepton number is not spontaneously broken, the triplet field does not carry the VEV; i.e., v_Δ = 0. Next, when both the μ term and the λ_5 term are zero, an additional global SU(2) symmetry appears. Under this SU(2) symmetry, Φ and Δ can be transformed with the different SU(2) phases. In this case, all the physical triplet-like Higgs bosons are degenerate in mass.

The tadpoles for the ϕ and δ fields are obtained as

T_Φ = −v_ϕ [ m^2 + v^2_ϕλ_1 + v^2_Δ 2 (λ_4 + λ_5) − √ 2μv_Δ ] , (12)

T_Δ = −v_Δ [ M^2 + v^2_Δ(λ_2 + λ_3) + v^2_ϕ 2 (λ_4 + λ_5) − M^2_Δ ] , with M^2_Δ ≡ v^2_ϕμ √ 2v_Δ

. (13)

Because the tadpoles must be vanished at the tree level (T_Φ = T_Δ = 0), we can eliminate m^2 and M^2 in the potential. The mass matrices for the scalar bosons can be diagonalized by rotating the scalar fields as ϕ^± Δ^± = cos β − sin β sin β cos β G^± H^± , χ η = cos β^′ − sin β^′

sin β^′ cos β^′ G^0 A ,

ϕ δ = cos α − sin α sin α cos α h H , (14)

with the mixing angles

tan β = √ 2v_Δ v_ϕ , tan β^′ =

2v_Δ v_ϕ , tan 2α = v_Δ v_ϕ 2v^2_ϕ(λ_4 + λ_5) − 4M^2_Δ 2v^2_ϕλ_1 − M^2_Δ − 2v^2_Δ(λ_2 + λ_3)

. (15)

We note that the mixing angle of the charged scalar states (β) and that of the CP-odd scalar states (β^′) are different in the triplet model. In the two Higgs doublet model, corresponding two mixing angles are the same at the tree level. This is because the kinetic term of the two doublet fields can be rewritten in terms of so-called the Georgi basis, where only one of the doublets has a non-zero VEV in which the NG bosons are included. Original basis and the Georgi basis are related to a single angle. In the HTM, because Φ and Δ are the different representation of SU(2), the kinetic term given in Eq. (2) cannot be rewritten in terms of the Georgi basis. Thus, the diagonalization of the mass matrices has to be done by each component scalar field, and mixing angles for the charged scalar states and the CP-odd scalar states are different in general.

In addition to the three NG bosons G^± and G^0 which are absorbed by the longitudinal components of the W boson and the Z boson, there are seven physical mass eigenstates H^{±±}, H^±, A, H and h. The masses of these physical states are expressed as

m^2_H++ = M^2_Δ − v^2_Δλ_3 − λ_5 2 v^2_ϕ, (16)

m^2_H+ = ( M^2_Δ − λ_5 4 v^2_ϕ ) ( 1 + 2v^2_Δ v^2_ϕ ) , (17)

m^2_A = M^2_Δ ( 1 + 4v^2_Δ v^2_ϕ ) , (18)

m^2_H = M^2_{11} sin^2 α + M^2_2 cos^2 α − M^2_{12} sin 2α, (19)

m^2_h = M^2_{11} cos^2 α + M^2_2 sin^2 α + M^2_{12} sin 2α, (20)

where M^2_{11}, M^2_2 and M^2_{12} are the elements of the mass matrix M^2_{ij} for the CP-even scalar states in the (ϕ, δ) basis which are given by

M^2_{11} = 2v^2_ϕλ_1, (21)

M^2_2 = M^2_Δ + 2v^2_Δ(λ_2 + λ_3), (22)

M^2_{12} = −

2v_Δ v_ϕ M^2_Δ + v_ϕv_Δ(λ_4 + λ_5). (23)

The six parameters μ and λ_1-λ_5 in the Higgs potential in Eq. (11) can be written in terms of the physical scalar masses, the mixing angle α and VEVs v_ϕ and v_Δ as μ = √ 2v_Δ v^2_ϕ

M^2_Δ = √ 2v_Δ v^2_ϕ + 4v^2_Δ m^2_A, (24)

λ_1 = 1 2v^2_ϕ

(m^2_h cos^2 α + m^2_H sin^2 α), (25)

λ_2 = 1 2v^2_Δ [ 2m^2_H++ + v^2_ϕ ( m^2_A v^2_ϕ + 4v^2_Δ − 4m^2_{H+} v^2_ϕ + 2v^2_Δ ) + m^2_H cos^2 α + m^2_h sin^2 α ] , (26)

λ_3 = v^2_ϕ v^2_Δ ( 2m^2_{H+} v^2_ϕ + 2v^2_Δ − m^2_{H++} v^2_ϕ − m^2_A v^2_ϕ + 4v^2_Δ ) , (27)

λ_4 =

4m^2_{H+} v^2_ϕ + 2v^2_Δ − 2m^2_A v^2_ϕ + 4v^2_Δ + m^2_h − m^2_H 2v_ϕv_Δ sin 2α, (28)

λ_5 = 4 ( m^2_A v^2_ϕ + 4v^2_Δ − m^2_{H+} v^2_ϕ + 2v^2_Δ ) . (29)

When the triplet VEV v_Δ is much less than the doublet VEV v_ϕ, which is required by the rho parameter data, there appear relationships among the masses of the triplet-like Higgs bosons by neglecting O(v^2_Δ/v^2_ϕ) terms as

m^2_H++ − m^2_H+ = m^2_H+ − m^2_A ( = − λ_5 4 v^2 ) , (30)

m^2_A = m^2_H (= M^2_Δ). (31)

FIG. 1: Constraints from the unitarity and vacuum stability bounds for λ_1 = m^2_h/(2v^2) ≃ 0.13 and λ_5 = 0 in the λ_4-λ_Δ plane.

FIG. 2: Constraints from the unitarity and vacuum stability bounds for λ_1 = m^2_h/(2v^2) ≃ 0.13 in the λ_4-λ_5 plane. We take λ_Δ = 1.5 for the left panel and λ_Δ = 3 for the right panel with λ_Δ = λ_2 = λ_3.

In the limit of v_Δ/v_ϕ → 0, the four mass parameters of the triplet-like Higgs bosons are determined by two parameters. Eqs. (30) and (31) can be regarded as the consequence of the global symmetries which are mentioned in just below Eq. (11).

From now on, we discuss the constraints from the unitarity and the vacuum stability. The condition for the vacuum stability bound has been derived in Ref. [25], where we require that the Higgs potential is bounded from below in any direction of the large scalar fields region. The unitarity bound has been discussed in Ref. [26] in the Gerogi-Machacek model [27] which contains the HTM. The unitarity bound in the HTM has also been discussed in Ref. [25].

The necessary and sufficient condition for the requirement of the vacuum stability is given by [25]

λ_1 > 0, λ_2 + MIN [ λ_3, 1 2 λ_3 ] > 0, λ_4 + MIN[0, λ_5] + 2MIN[ √ λ_1(λ_2 + λ_3), √ λ_1(λ_2 + λ_3/2)] > 0. (32)

The definition of the dimension less scalar coupling constants used in Ref. [25] are different from that of ours. Conditions listed in Eq. (32) are correct in our notation. When we take λ_Δ ≡ λ_2 = λ_3 > 0, these inequalities can be written as the simple form;

λ_1 > 0, λ_Δ > 0, 2 √ 2λ_1λ_Δ + λ_4 + MIN[0, λ_5] > 0. (33)

In the unitarity bound, we require that the matrix of the S-wave amplitude for the elastic scatterings of two scalar boson states ⟨φ_3φ_4|a_0|φ_1φ_2⟩ are satisfied the following condition;

|⟨φ_3φ_4|a_0|φ_1φ_2⟩| < 1 or |Re⟨φ_3φ_4|a_0|φ_1φ_2⟩| < 1 2 , (34)

where φ_i denote the NG bosons and the physical Higgs bosons. In the HTM, there are 35 possible scattering processes, i.e., 15 neutral channels, 10 singly-charged channels, 7 doubly-charged channels, 2 triply-charged channels and one quadruply-charged channel. Thus, there are 35 corresponding eigenvalues, but some of them have the same expressions. In fact, 12 eigenvalues can be regarded as independent eigenvalues, these are

y_1 = 2λ_1, y_2 = 2(λ_2 + λ_3), y_3 = 2λ_2, y^±_4 = λ_1 + λ_2 + 2λ_3 ± √ λ^2_1 − 2λ_1(λ_2 + 2λ_3) + λ^2 + 4λ_2λ_3 + 4λ^2_3 + λ^2_5, y^±_5 = 3λ_1 + 4λ_2 + 3λ_3 ± √ 9λ^2_1 − 6λ_1(4λ_2 + 3λ_3) + 16λ^2 + 24λ_2λ_3 + 9λ^2_3 + 6λ^2_4 + 2λ^2_5, y_6 = λ_4, y_7 = λ_4 + λ_5, y_8 = 1 2 (2λ_4 + 3λ_5), y_9 = 1 2 (2λ_4 − λ_5), y_{10} = 2λ_2 − λ_3. (35)

The unitarity constrains by the following condition: |y_i| < ζ, i = 1, . . . , 10, (36) where ζ is the upper limit for these eigenvalues. In Eq. (34), when we impose the former (latter) condition to the S-wave amplitude, this corresponds to ζ = 16π (8π). In our numerical analysis for the constraint from the unitarity bound, we take both the cases with ζ = 8π and ζ = 16π. These eigenvalues can be rewritten as a simple form by using λ_Δ(> 0) by

x_1 = 3λ_1 + 7λ_Δ + √ (3λ_1 − 7λ_Δ)^2 + 3 2 (2λ_4 + λ_5)^2, (37) x_2 = 1 2 (2λ_4 + 3λ_5), (38) x_3 = 1 2 (2λ_4 − λ_5). (39)

In Fig. 1, the excluded regions by the unitarity bound and the vacuum stability condition are shown for λ_5 = 0 and λ_1 = m^2_h/(2v^2) ≃ 0.13 in the λ_4-λ_Δ plane. In this figure, the solid black (red) curve and the black (red) arrow indicate the excluded regions by the unitarity bound with ζ = 8π (16π). The left-side regions from the blue dashed curve are excluded by the vacuum stability bound. It can be seen that in the case with larger λ_Δ values, the vacuum stability bound (unitarity bound) is relaxed (more severe) compared with the case with smaller λ_Δ values. When we take ζ = 8π (16π), we obtain the constraint of λ_4 ≳ −1.4 for λ_Δ ≃ 1.8 (λ_4 ≳ −2 for λ_Δ ≃ 3.5).

In Fig. 2, the excluded regions by the unitarity bound and the vacuum stability condition are shown for λ_1 = m^2_h/(2v^2) ≃ 0.13 in the λ_4-λ_5 plane. We take λ_Δ = 1.5 (3) in the left (right) panel. Excluded regions by the unitarity and vacuum stability bounds are shown by the same way as in the Fig. 1. In the case with λ_Δ = 1.5 (left), the allowed minimum value for λ_4 is about −1.3, in which λ_5 is constrained to be 0 < λ_5 < 10 (33) for ζ = 8π (16π). In the case with λ_Δ = 3 (right), the allowed minimum value for λ_4 is about −1.7, in which λ_5 is constrained to be 0 < λ_5 < 20 for ζ = 16π. For λ_Δ = 3, there is no allowed regions by the unitarity bound with ζ = 8π, so that the black curve does not appear in the right plot. In both cases with λ_Δ = 1.5 and λ_Δ = 3, when λ_4 is taken to be a negative value, negative values for λ_5 are strongly constrained by the vacuum stability bound; i.e., the mass hierarchy of m_H++ > m_H+ > m_A is disfavored in that case.

III. RENORMALIZATION

In this section, we define the on-shell renormalization scheme in order to calculate the one-loop corrected electroweak precision parameters and also the SM-like Higgs boson couplings: hZZ, hW W and hhh. First, we discuss the renormalization of the electroweak sector to calculate the renormalized W boson mass, which can be used to constrain parameters such as the triplet-like Higgs boson masses in the HTM. Second, we consider the renormalization of parameters in the Higgs potential.

A. Renormalization of the electroweak parameters

The renormalization prescription in models where the tree level rho parameter: ρ_{tree} is predicted to be unity such as the SM is different from that in models without ρ_{tree} = 1 such as the HTM. Therefore, we separately discuss the renormalization prescriptions in models with ρ_{tree} = 1 and those with ρ_{tree} ≠ 1 in order to clarify the difference between two prescriptions.

1. Models with ρ_{tree} = 1

We first discuss the renormalization of the electroweak precision parameters in models with ρ_{tree} = 1 based on the on-shell renormalization prescription discussed in Ref. [28] in detail. In this class of models, the electroweak parameters are described by three independent input parameters. For instance, when we choose m_W , m_Z and α_{em} as input parameters, all the other parameters are written in these parameters;

s^2_W = 1 − m^2_W m^2_Z

, (40)

G_F = πα_{em} √ 2m^2_W s^2_W

. (41)

In the renormalization calculation, we shift all the input parameters into the renormalized parameters and the counter-terms. Once we specify the input parameters, all the counter-terms are also described by the three counter-terms which are associated with the three input parameters. We shift all the parameters in the kinetic Lagrangian as follows

m^2_W → m^2_W + δm^2_W , m^2_Z → m^2_Z + δm^2_Z , α_{em} → α_{em} + δα_{em}, B_μ → B_μ + 1 2 δZ_B , W^a_μ → W^a_μ + 1 2 δZ_W . (42)

The wave function renormalization for the photon and the Z boson can be obtained by the shift Z_μ A_μ → 1 + 1 2 δZ_Z δZ_{Zγ} δZ_{Zγ} δZ_γ + 1 2s_W c_W 0 −δs^2_W δs^2_W 0 Z_μ A_μ , (43)

where the counter-terms δZ_Z , δZ_γ , δZ_{Zγ} and δs^2_W are expressed in terms of the counter-terms defined in Eq. (42) as

δZ^Z δZ_γ = c^{2W} s^{2W} s^2_W c^2_W δZ^W δZ_B , (44)

δZ_{Zγ} = c_W s_W (δZ_W − δZ_B ) = c_W s_W c^2_W − s^2_W

(δZ_Z − δZ_γ ), (45) δs^2_W s^2_W = c^2_W s^2_W ( δm^2_Z m^2_Z − δm^2_W m^2_W ) . (46)

The renormalized two point functions for the gauge bosons can be expressed as

Π̂_{W W} [p^2] = Π^{1PI}_{W W} (p^2) − δm^2_W + δZ_W (p^2 − m^2_W ), (47)

Π̂_{ZZ} [p^2] = Π^{1PI}_{ZZ} (p^2) − δm^2_Z + δZ_Z (p^2 − m^2_Z ), (48)

Π̂_{γγ} [p^2] = Π^{1PI}_{γγ} (p^2) + p^2δZ_γ , (49)

Π̂_{Zγ} [p^2] = Π^{1PI}_{Zγ} (p^2) − δZ_{Zγ} (p^2 − 1 2 m^2_Z ) − m^2_Z δs^2_W 2s_W c_W , (50)

where Π^{1PI}_{XY} (XY = W W, ZZ, γγ or Zγ) are the 1PI diagram contributions to the gauge boson two point functions. We here define derivatives of the renormalized two point functions and 1PI diagram contributions as Π̂^′_{XY} [m^2] ≡^d_{dp2} Π̂_{XY} [p^2] | |_{p2=m2} and Π^{1PI′}_{XY} (m^2) ≡^d_{dp2} Π^{1PI}_{XY} (p^2) | |_{p2=m2} .

In order to determine the counter-terms, we impose the following five renormalization conditions:

ReΠ̂_{W W} [m^2_W ] = 0, ReΠ̂_{ZZ} [m^2_Z ] = 0, (51) Π̂^′_{γγ} [0] = 0, Π̂_{Zγ} [0] = 0, Γ̂^{γee}_μ [q^2 = 0, p_1/ = p_2/ = m_e] = ieγ_μ, (52)

where Γ̂^{γee}_μ is the renormalized γee vertex. By using these conditions, all the counter-terms in the electroweak sector can be determined as

δm^2_W = ReΠ^{1PI}_{W W} (m^2_W ), δm^2_Z = ReΠ^{1PI}_{ZZ} (m^2_Z ), δα_{em} α_{em}

= Π^{1PI′}_{γγ} (0) − 2s_W c_W Π^{1PI}_{Zγ} (0) m^2_Z

, (53)

δZ_γ = −Π^{1PI′}_{γγ} (0), δZ_{Zγ} = −2

Π^{1PI}_{Zγ} (0)

m^2_Z + δs^2_W s_W c_W , (54)

δZ_Z = −Π^{1PI′}_{γγ} (0) −

2(c^2_W − s^2_W ) c_W s_W Π^{1PI}_{Zγ} (0)

m^2_Z + c^2_W − s^2_W

c^2_W δs^2_W s^2_W

, (55)

δZ_W = −Π^{1PI′}_{γγ} (0) − 2c_W s_W Π^{1PI}_{Zγ} (0)

m^2_Z + δs^2_W s^2_W

, (56)

The counter-term of δs^2_W is also determined by using the relation given in Eq. (46) as δs^2_W s^2_W = c^2_W s^2_W [ ReΠ^{1PI}_{ZZ} (m^2_Z ) m^2_Z − ReΠ^{1PI}_{W W} (m^2_W )

m^2_W ] . (57)

Now we can calculate the one-loop level predictions for electroweak observables. The renormalized mass of the W boson m^{ren}_W as well as the weak mixing angle which is defined in Eq. (40) s^{ren}_W can be calculated thorough the Δr parameter which summarizes the radiative corrections as

m^2_W = πα_{em} √ 2G_F s^2_W 1 1 − Δr . (58)

Δr can be determined from the muon decay process at the one-loop level under the on-shell renormalization conditions by

Δr =

Π̂_{W W} (0)

m^2_W + δ_{V B} = Π^{1PI′}_{γγ} (0) − c^2_W s^2_W [ ReΠ^{1PI}_{ZZ} (m^2_Z ) m^2_Z − ReΠ^{1PI}_{W W} (m^2_W )

m^2_W − 2s_W c_W Π^{1PI}_{Zγ} (0)

m^2_Z ]

+ Π^{1PI}_{W W} (0) − ReΠ^{1PI}_{W W} (m^2_W ) m^2_W

+ δ_{V B} , (59)

where δ_{V B} is the vertex and box diagram corrections to the muon decay process, which is given by

δ_{V B} = α_{em} 4πs^2_W 6 + 10 − 10s^{2W} − 3m^{2W} /(c^{2W} m^{2Z} )(1 − 2s^{2W} ) 2 ( 1 −^{m2W}_{m2Z} ) ln m^2_W m^2_Z . (60)

Eq. (59) can be rewritten in terms of the shift of the fine structure constant Δα_{em} from the electron mass scale to the Z boson mass scale, the radiative correction to the electroweak rho parameter Δρ and the reminding contribution Δr_{rem} as

Δr = Δα_{em} − c^2_W s^2_W

Δρ + Δr_{rem}, (61)

where Δα_{em}, Δρ and Δr_{rem} can be expressed in terms of the gauge boson two point 1PI functions

Δα_{em} = −Π̂^′_{γγ} (m^2_Z ) = Π^′_{γγ} (0) − Π^′_{γγ} (m^2_Z ), (62)

Δρ =

Π^{1PI}_{ZZ} (0)

m^2_Z − Π^{1PI}_{W W} (0) m^2_W − 2s_W c_W Π^{1PI}_{Zγ} (0)

m^2_Z

, (63)

Δr_{rem} = c^2_W s^2_W [ Π^{1PI}_{ZZ} (0) m^2_Z − ReΠ^{1PI}_{ZZ} (m^2_Z ) m^2_Z ] + ( 1 − c^2_W s^2_W ) [ Π^{1PI}_{W W} (0)

m^2_W − ReΠ^{1PI}_{W W} (m^2_W ) m^2_W ]

+ Π^′_{γγ} (m^2_Z ) + δ_{V B} . (64)

We note that light fermions can contribute to Δα by the logarithmic power of their masses, but heavy particles such as the top quark are suppressed by their inverse quadratic power, so that we can neglect these effects to Δα_{em}. Mass splitting among the particles belonging to the same isospin multiplet can contribute to Δρ by the quadratic power; e.g., the m^2_t dependence appears in Δρ. This quadratic mass dependence can be regarded as the effect of the violation of the custodial symmetry. The renormalized W boson mass m^{ren}_W and the weak mixing angle s^{ren}_W can be calculated through Δr as

(m^{ren}_W )^2 = m^2_Z 2 [ 1 + √ 1 − 4πα_{em} √ 2G_F m^2_Z (1 − Δr) ] , (s^{ren}_W )^2 = 1 2 [ 1 − √ 1 − 4πα_{em} √ 2G_F m^2_Z (1 − Δr) ] . (65)

Notice that m_W written in the right-hand side of Eq. (59) is calculated by using the three experimental input values α_{em}, G_F and m_Z via the tree level relation expressed in Eqs. (40) and (41).

We here discuss the other definition of the weak mixing angle which is so-called the effective mixing angle denoted by sin θ^f_{eff}. This is defined by the ratio of the effective coupling constants g^f_V and g^f_A in the neutral current vertex at the Z boson resonance as follows [29]:

sin^2 θ^f_{eff} = 1 4|Q_f | [ 1 − Re(g^f_V ) Re(g^f_A) ] , (66)

where

g^f_V = ( ρ 1 − Δr 1 + Π̂^′_{ZZ} (m^2_Z )

)_{1/2} [

v_f + 2Q_f s_W c_W

Π̂_{Zγ} (m2_Z ) m^2_Z + Π̂_{γγ} (m^2_Z )

+ Λ̂^{Zff}_V (m^2_Z ) ] , (67)

g^f_A = ( ρ 1 − Δr 1 + Π̂^′_{ZZ} (m^2_Z ) )_{1/2} [a_f + Λ̂^{Zff}_A (m^2_Z )]. (68)

In Eqs. (67) and (68), Λ̂^{Zff}_V (Λ̂^{Zff}_A ) is the one-loop contribution to the coefficient of the vector (axial vector) part of the renormalized Zff vertex: Γ̂^{Zff}_μ = i e 2s_W c_W [ γ_μ(v_f − γ_5a_f ) + γ_μΛ̂^{Zff}_V − γ_μγ_5Λ̂^{Zff}_A ] , (69) and Λ̂^{Zff}_V = Λ^{Zff}_V − v_f Π^{1PI}_{V,f} (m^2_f ) − a_f Π^{1PI}_{A,f} (m^2_f ) − a_f c^W s_W Π^{1PI}_{Zγ} (0)

m^2_Z

, (70)

Λ̂^{Zff}_A = Λ^{Zff}_A − a_f Π^{1PI}_{V,f} (m^2_f ) − v_f Π^{1PI}_{A,f} (m^2_f ) − a_f c^W s_W Π^{1PI}_{Zγ} (0)

m^2_Z

, (71)

with v_f = I_f − 2Q_f s^2_W , a_f = I_f , (72)

where Λ^{Zff}_V (Λ^{Zff}_A ) and Π^{1PI}_{V,f} (Π^{1PI}_{A,f} ) are the vector (axial vector) part of the 1PI diagram contributions to the Zff vertex and the fermion two point functions, respectively. By using Eqs. (66)-(71), sin^2 θ^f_{eff} can be expressed as

sin^2 θ^f_{eff} = 1 4|Q_f | { 1 − v_f a_f [ 1 + 2Q_f s_W c_W v_f ( Π^{1PI}_{Zγ} (m^2_Z ) m^2_Z − δs^2_W s_W c_W )

+ Λ^{Zff}_V (m^2_Z ) v_f − Λ^{Zff}_A (m^2_Z ) a_f + v^2_f − a^2_f v_f a_f Π^{1PI}_{A,f} (m^2_f ) ] } . (73)

2. Models without ρ_{tree} = 1

In this class of models, electroweak parameters are not described by the three input parameters such as m_W , m_Z and α_{em} in the SM, but they are described by four input parameters, because the relation of m_W /m_Z = cos θ_W does not hold. Therefore, we need one extra input parameter in addition to above three parameters. We here discuss two different renormalization schemes, where we call them as Scheme I and Scheme II. In Scheme I, four input parameters are chosen from electroweak precision observables, i.e., m_W , m_Z , α_{em} and the effective mixing angle sin^2 θ^e_ff defined in Eq. (73) for f = e. We denote the weak mixing angle defined by the effective angle as ŝ^2_W ≡ sin^2 θ^e_ff (ĉ^2_W = 1 − ŝ^2_W ) to distinguish from the other definitions. This scheme has been first proposed in Ref. [17]. In this scheme, the additional renormalization condition can be set by requiring the effective mixing angle is not changed from the tree level prediction. Namely, we impose

Re(g^e_V ) Re(g^e_A) = v_e a_e . (74)

This reads δŝ^2_W ŝ^2_W = ĉ_W ŝ_W Π^{1PI}_{Zγ} (m^2_Z ) m^2_Z

+ δ^′_V , with δ^′_V = − v_e 2s^2_W [ Λ^{Zee}_V v_e − Λ^{Zee}_A a_e + v^2_e − a^2_e v_ea_e Π^{1PI}_{A,e}(m^2_e) ] . (75)

Using the δŝ^2_W determined by Eq. (75) instead of Eq. (57), we obtain the formulae of Δr as

Δr^{Scheme I} = Δα + Δr^{Scheme I}_{rem} , (76)

where Δα_{em} is defined in Eq. (62). There is no Δρ term in the expression of Δr^{Scheme I}, because of the renormalization condition of ŝ^2_W . Thus, the m^2_t dependence in Δr^{Scheme I} vanishes in Scheme I. In Eq. (76), Δr^{Scheme I} rem is

Δr^{Scheme I} rem =

Π^{1PI}_{W W} (0) − ReΠ^{1PI}_{W W} (m^2_W )

m^2_W

+ Π^{1PI′}_{γγ} (m^2_Z ) + ĉ_W ŝ_W [ 2Π^{1PI}_{Zγ} (0) − ReΠ^{1PI}_{Zγ} (m^2_Z ) m^2_Z ] + δ_{V B} − δ^′_V . (77)

The one loop corrected W boson mass is calculated as

(m^{ren}_W )^2_{Scheme I} = πα_{em} √ 2G_F ŝ^2_W (1 − Δr^{Scheme I})

. (78)

The numerical evaluation of the renormalized W boson mass given by Eq. (78) has been done in Ref. [18]. It has been found that the mass of H^{±±} is of O(100 − 200) GeV, with Δm to be a few hundred GeV and v_Δ of several GeV are preferred by the electroweak precision data.

Next, we discuss the renormalization in Scheme II in the HTM. In this scheme, three of four input parameters are chosen from the electroweak precision observables, i.e., m_W , m_Z and α_{em} such as the SM. The other one is chosen from the mixing angle β^′ between the CP-odd Higgs boson A and the NG boson G^0 defined in Eqs. (14) and (15). The counter-term of the mixing angle δβ^′ can be determined by the conditions:

Π̂_{AG}[0] = Π̂_{AG}[m^2_A] = 0, (79)

where Π̂_{AG} is the renormalized two point function of the G^0-A mixing given in Eq. (107). The other counter-terms are determined by the same renormalization conditions given in Eqs. (51) and (52) as in the SM. In this scheme, the weak mixing angle is not the independent parameter, but it is determined by

cos^2 θ̄_W ≡ c̄^2_W =

2m^2_W m^2_Z (1 + c^2_{β′} )

. (80)

In order to distinguish the definition of the weak mixing angle in this scheme from the other definition, we introduced c̄^2_W (s̄^2_W = 1 − c̄^2_W ). The counter-term for the weak mixing angle is obtained by imposing Eq. (53):

δs̄^2_W = −δc̄^2_W =

2m^2_W m^2_Z (1 + c^2_{β′} ) [ ReΠ^{1PI}_{ZZ} (m^2_Z ) m^2_Z − ReΠ^{1PI}_{W W} (m^2_W ) m^2_W − 2c_β′ s_β′ 1 + c^2_{β′} δβ^′ ] . (81)

We note that Eqs. (40) and (46) can be reproduced by taking s_β′ → 0 (or v_Δ → 0) from Eqs. (80) and (81). The expression for Δr can be obtained in the same way as in models with ρ_{tree} = 1:

Δr^{Scheme II} = Δα − c̄^2_W s̄^2_W

Δρ + Δr^{Scheme II} rem , (82)

where Δα and Δr^{Scheme II} rem are given by the same formulae in Eqs. (62) and (64), but s_W and c_W should be replaced by s̄_W and c̄_W . Δρ can be expressed as

Δρ =

Π^{1PI}_{ZZ} (0)

m^2_Z − Π^{1PI}_{W W} (0) m^2_W − 2s̄_W c̄_W Π^{1PI}_{Zγ} (0) m^2_Z − 2c_β′ s_β′ 1 + c^2_{β′} δβ^′. (83)

The quadratic mass dependences due to the custodial symmetry breaking such as m^2_t appear in Δr^{Scheme II} through Δρ. The one loop corrected W boson mass can be calculated as

(m^{ren}_W )^2_{Scheme II} = m^2_Z (1 + c^2_β′ ) 4 [ 1 + √ 1 − 8 1 + c^2_{β′} πα_{em} √ 2G_F m^2_Z (1 − Δr^{Scheme II}) ] . (84)

In the following, we show numerical results for the renormalized Δr and m_W in both Scheme I and Scheme II in the HTM. The measured mass of the W boson is given by [5]

m^{exp}_W = 80.385 ± 0.015 GeV. (85)

We use following input values from the experiments:

α^{−1}_{em} = 137.035989, Δα_{ferm} = 0.06635, G_F = 1.16637 × 10^{−5} GeV^{−2}, m_Z = 91.1876 GeV, α_s = 0.118, m_t = 173.5 GeV, m_b = 4.7 GeV, m_h = 126 GeV (86)

where Δα_{ferm} is the light fermion contributions to Δα [5]. The QCD corrections to the fermion-loop contributions to the gauge boson two point functions are taken into account according to Ref. [30]. In Scheme I, we use ŝ^2_W = 0.23146 as the forth low energy input. In Scheme II, we fix μ expressed in Eq. (24) or v_Δ as an additional input parameter. Fermionic two-loop corrections to Δr^{Scheme II} is added as Δr^{(α2)}_{ferm} = 0.002856 [31]. We assume the mass relations among the triplet-like Higgs bosons expressed in Eqs. (30) and (31), so that the four triplet mass parameters can be determined by fixing two input parameters. We choose the mass of the lightest triplet-like Higgs boson m_{lightest} and the parameter ξ or Δm defined by

ξ ≡ m^2_H++ − m^2_H+ = m^2_H+ − m^2_A, Δm ≡ m_H+ − m_{lightest}, with m_H = m_A, (87)

instead of specifying two masses of the triplet-like Higgs bosons. By the definition given in Eq. (87), Δm is positive, but the sign of ξ depends on the mass hierarchy among the triplet-like Higgs bosons. When H^{±±} (A and H) is the lightest of all the triplet-like Higgs bosons, i.e., m_A > m_H+ > m_H++ (m_A < m_H+ < m_H++ ), then ξ is negative (positive). We call the former case (latter case) as Case I (Case II). These two parameters ξ and Δm are related to each other by the equation: ξ = ∓(2m_{lightest} + Δm)Δm (a negative sign for Case I and a positive sign for Case II). In addition to these input parameters written in the above, we input the mixing angle α. But, we select λ_4 as an input parameter instead of α. In that case, α is determined by α = 1 2 arcsin [ 2v_Δv m^2_h − m^2_A ( λ_4 +

2m^2_A − 4m^2_{H+} v^2 ) + O(v^2_Δ/v^2) ] . (88)

FIG. 3: Left (Right) plot shows Δr (the renormalized W boson mass m^{ren}_W ) calculated in Scheme I as a function of m_{lightest} for each fixed value of ξ. In both the plots, we take ŝ^2_W = 0.23146 and λ_4 = 0. In the right plot, the SM prediction is shown as the green dashed line, and the orange shaded regions are indicated the region within the 2σ error bar of the measured W boson mass.

In Fig. 3, Δr (left panel) and the renormalized W bosons mass m^{ren}_W (right panel) are shown as a function of the lightest triplet like Higgs boson mass m_{lightest} in Scheme I for each fixed value of ξ in the case of λ_4 = 0 and ŝ^2_W = 0.23146. In some regions of m_{lightest}, some curves are not displayed where the absolute value of the argument of arcsin in Eq. (88) is larger than 1. It is seen that the predictions for Δr as well as m^{ren}_W are asymptotically close to those in the case of ξ = 0 in the large m_{lightest} region. The asymptotic value of m^{ren}_W is not coincident with the SM prediction, which is displayed as the green dashed curve. This is because the central value of ŝ^2_W is different from that value predicted in the SM. In other words, the triplet VEV is predicted by the four electroweak precision data, and it is order 1 GeV by using the central value of ŝ^2_W . Thus, the discrepancy between the prediction of m^{ren}_W in the HTM calculated in Scheme I and that in the SM is caused by such a non-zero value of the triplet VEV.

In Fig. 4, numerical values of Δr (left panel) and the renormalized W bosons mass m^{ren}_W (right panel) are shown as a function of the lightest triplet like Higgs boson mass m_{lightest} in Scheme II for each fixed value of ξ. We take λ_4 = 0 and μ = 5 GeV. In some regions of m_{lightest}, some curves are not displayed where the absolute value of the argument of arcsin in Eq. (88) is larger than 1. It is seen that the predictions for Δr as well as m^{ren}_W are asymptotically close to those in the case of ξ = 0 in the large m_{lightest} limit which is coincident with the SM prediction.

In Fig. 5, the renormalized W boson mass calculated in Scheme II is shown as a function of

FIG. 4: Left (Right) plot shows Δr (the renormalized W boson mass m^{ren}_W ) calculated in Scheme II are shown as a function of m_{lightest} for each fixed value of ξ. In both the plots, we take μ = 5 GeV and λ_4 = 0. The SM prediction is shown as the green dashed line The orange shaded regions are indicated the region within the 2σ error bar of the measured W boson mass.

FIG. 5: Left (Right) figure shows the renormalized m_W calculated in Scheme II a function of m_{lightest} in the case of λ_4 = 0 and v_Δ = 1 MeV (5 GeV) for each fixed value of ξ. The SM prediction is shown as the green dashed line. The orange shaded regions are indicated the region within the 2σ error bar of the measured W boson mass.

m_{lightest} in the case with λ_4 = 0 for each fixed value of ξ. In the left (right) plot, the triplet VEV v_Δ is taken to be 1 MeV and 5 GeV, respectively. The orange shaded regions are indicated the region within the 2σ error bar of the measured W boson mass. In the case with v_Δ = 1 MeV (left), the prediction of m_W in the large m_{lightest} is close to the SM prediction. However, in the case with

FIG. 6: The renormalized m_W calculated in Scheme II as a function of Δm for both Case I (m_H++ < m_H+ < m_A) and Case II (m_H++ > m_H+ > m_A) in the case of m_{lightest} = 300 GeV. In the left, center and right panels, λ_4 are taken to be −1.6, 0 and 5, respectively. The SM prediction is shown as the green dashed line. The orange shaded regions are indicated the region within the 2σ error bar of the measured W boson mass. The solid, dashed and dotted curves respectively show the cases with v_Δ = 1 MeV, 5 GeV and 10 GeV. The cross marked points are indicated the upper limit of Δm from the theoretical bounds which is obtained by taking λ_Δ = 3.

v_Δ = 5 GeV (right), the asymptotic value of m_W is not agree with the SM prediction.

In Fig. 6, the renormalized m_W calculated in Scheme II is shown as a function of Δm in the case of m_{lightest} = 300 GeV. In the left, center and right panels, we take λ_4 = −1.6, 0 and 5, respectively. In all the figures, the solid, dashed and dotted curves respectively show the case with v_Δ = 1 MeV, 5 GeV and 10 GeV. In fact, the predictions in the cases with v_Δ = 1 MeV and v_Δ = 1 GeV are almost the same, so that the result in v_Δ = 1 MeV can be regarded as that in v_Δ ≲ 1 GeV. It can be seen that the dependence of λ_4 to m_W is quite small. We find that in Case I (Case II) the mass difference Δm is constrained by the electroweak precision data to be 0 < Δm ≲ 50 GeV (0 < Δm ≲ 30 GeV) for v_Δ ≲ 1 GeV, 40 GeV ≲ Δm ≲ 60 GeV (30 GeV ≲ Δm ≲ 50 GeV) for v_Δ = 5 GeV and 85 GeV ≲ Δm ≲ 100 GeV (70 GeV ≲ Δm ≲ 85 GeV) for v_Δ = 10 GeV.

B. Renormalization of the Higgs potential

Next we discuss the renormalization of the parameters in the Higgs potential. We here choose the set of input parameters in the Higgs potential as [20]

v, α, β, β^′, m^2_h, m^2_H , m^2_A, m^2_H+ , m^2_H++ . (89)

We work on the mass eigenbasis for the Higgs fields. Now we define the shift of the parameters as

T_Φ → 0 + δT_Φ, T_Δ → 0 + δT_Δ, (90) v → v + δv, α → α + δα, β → β + δβ, β^′ → β^′ + δβ^′ (91) m^2_φ → m^2_φ + δm^2_φ, (92)

where φ = h, H, A, H^+ and H^{++}. In fact, β and β^′ are not independent from each other, so that the counter-terms δβ and δβ^′ are also not independent^1. We start from the mass eigenstates for the Higgs fields at the tree level. The wave function renormalization factors are defined as H^{±±} → ( 1 + 1 2 δZ_H++ ) H^{±±},

G^± H^± → 1 +^{12} δZ^{G+} δβ + δC^{GH}

−δβ + δC_{HG} 1 +^1_2 δZ_H+ G^± H^± ,

G^0 A → 1 +^{12} δZ^{G0} δβ^′ + δC^{GA}

−δβ^′ + δC_{AG} 1 +^1_2 δZ_A G^0 A ,

h H → 1 +^{12} δZ^h δα + δC^{hH} −δα + δC_{Hh} 1 +^1_2 δZ_H h H . (93)

Hereafter, we set δC_{hH} = δC_{Hh}, δC_{GH} = δC_{HG} and δC_{GA} = δC_{AG} without loss of generality. The counter-term of δv can be determined by the renormalization of the electroweak parameters as δv v = 1 2 ( δm^2_W m^2_W − δα_{em} α_{em} + δs̄^2_W s̄^2_W ) , (94)

where counter-terms of δm^2_W and δα_{em} are given in Eq. (53) and that of δs̄^2_W is given in Eq. (81). At the one-loop level, one point functions of h and H are given by

T̂_h = δT_Φ cos α + δT_Δ sin α + T^{1PI}_h , (95)

T̂_H = −δT_Φ sin α + δT_Δ cos α + T^{1PI}_H , (96)

where T^{1PI}_h and T^{1PI}_H are contributions of one-particle-irreducible diagrams. The condition of vanishing the tadpoles at the one-loop level provides

δT_Φ = −T^{1PI}_h cos α + T^{1PI}_H sin α, (97)

δT_Δ = −T^{1PI}_h sin α − T^{1PI}_H cos α. (98)

1 The counter-terms δβ and δβ^′ can be written in terms of δv and δvΔ as δβ =^{vΔ}_v

√_2 1−2v2Δ /v2 (_{δvΔ} vΔ −^{δv}_v ) and δβ^′ =^{vΔ}_v^2

(1+2v2Δ /v2) √_{1−2v2Δ/v2} (_{δvΔ} vΔ −^{δv}_v ) .

Similar to the gauge boson two point functions, renormalized two point functions for scalar

bosons can be expressed as Π̂_{ϕϕ}[p^2] and 1PI diagram contributions can also be denoted by Π^{1PI}_{ϕϕ} (p^2).

Derivatives for those functions can be defined as Π̂^′_{ϕϕ}[m^2] =^d_{dp2} Π̂_{ϕϕ}(p^2) | |_{p2=m2} and Π1PI^′_{ϕϕ} [m2] = d dp^2 Π 1PI ϕϕ (p^2) | p^2=m^2 .

The renormalized scalar boson two point functions are given at the one-loop level by

Π̂_{H++H−−} [p^2] = (p^2 − m^2_{H++} )δZ_{H++} − δm^2_{H++} + √ 2 s_β δT_Δ v + Π^{1PI}_H++_H−− (p^2), (99)

Π̂_{H+H−} [p^2] = (p^2 − m^2_{H+} )δZ_{H+} − δm^2_{H+} + s^{2β} c_β δT_Φ v + √ 2c^2_β s_β δT_Δ v + Π^{1PI}_H+_H− (p^2), (100)

Π̂_{G+G−} [p^2] = p^2δZ_{G+} + c^β δT^Φ + √ 2s_βδT_Δ v + Π^{1PI}_G+_G− (p^2), (101)

Π̂_{AA}[p^2] = (p^2 − m^2_A)δZ_A − δm^2_A + s^{2β′} c_β δT_Φ v + √ 2c^2_β′ s_β δT_Δ v + Π^{1PI}_{AA}(p^2), (102)

Π̂_{GG}[p^2] = p^2δZ_{G0} + c^{2β′} c_β δT_Φ v + s^2_β′ s_β δT_Δ v + Π^{1PI}_{GG}(p^2), (103)

Π̂_{HH} [p^2] = (p^2 − m^2_H )δZ_H − δm^2_H + s^{2α} c_β δT_Φ v + √ 2c^2_α s_β δT_Δ v + Π^{1PI}_{HH} (p^2), (104)

Π̂_{hh}[p^2] = (p^2 − m^2_h)δZ_h − δm^2_h + c^{2α} c_β δT_Φ v + √ 2s^2_α s_β δT_Δ v + Π^{1PI}_{hh} (p^2). (105)

The renormalized two point functions for the scalar boson mixing are given by

Π̂_{H+G−} [p^2] = δC_{HG}(2p^2 − m^2_{H+} ) − s^βδT^Φ − √ 2c_β δT_Δ v + m^2_H+ δβ + Π^{1PI}_G+_H− (p^2), (106)

Π̂_{AG}[p^2] = δC_{AG}(2p^2 − m^2_A) − s^{2β′}√ 2s_β δT_Φ v + 2c^2_β′ c_β δT_Δ v + m^2_Aδβ^′ + Π^{1PI}_{AG}(p^2), (107)

Π̂_{Hh}[p^2] = c^αs^α c_βs_β √ 2c_βδT_Δ − s_βδT_Φ v − δα(m^2_h − m^2_H )

+ δC_{Hh}(2p^2 − m^2_h − m^2_H ) + Π^{1PI}_{Hh} (p^2), (108)

The counter-terms of the doubly-charged Higgs boson mass δm^2_{H++} and its wave function renor-

malization factor δZ_H++ are determined by the following renormalization conditions:

Π̂_{H++H−−} [m^2_{H++} ] = 0, Π̂^′_{H++H−−} [m^2_{H++} ] = 0, (109)

which yield

δm^2_H++ = √ 2δT_Δ vs_β + Π^{1PI}_H++_H−− (m^2_H++ ), δZ_H++ = −Π^{1PI′}_H++_H−− (m^2_H++ ). (110)

The five parameters related to the CP-odd scalar states (δm^2_A, δZ_G0 , δZ_A, δC_{GA} and δβ^′) are determined by imposing the following five renormalization conditions

Π̂_{AA}[m^2_A] = 0, Π̂^′_{AA}[m^2_A] = 0, (111)

Π̂^′_{GG}[0] = 0, Π̂_{AG}[0] = 0, Π̂_{AG}[m^2_A] = 0. (112)

by which we obtain

δm^2_A = s^2_β′ c_β δT_Φ v + √ 2c^2_β′ s_β δT_Δ v + Π^{1PI}_{AA}(m^2_A), (113)

δZ_G0 = −Π^{1PI′}_{GG} (0), δZ_A = −Π^{1PI′}_{AA} (m^2_A), (114) δC_{AG} = 1 2m^2_A [ Π^{1PI}_{AG}(0) − Π^{1PI}_{AG}(m^2_A) ] , (115) δβ^′ = − 1 2m^2_A [ Π^{1PI}_{AG}(0) + Π^{1PI}_{AG}(m^2_A) − √ 2s^2_β′ s_β δT_Φ v − 4c^2_β′ c_β δT_Δ v ] . (116)

The four counter-terms related to the singly-charged Higgs boson (δm^2_{H+} , δZ_G+ , δZ_H+ and δC_{GH} ) are determined by imposing the following four renormalization conditions

Π̂_{H+H−} [m^2_{H+} ] = 0, Π̂^′_{G+G−} [0] = 0, (117)

Π̂^′_{H+H−} [m^2_{H+} ] = 0, Π̂_{HG}[0] = 0, (118)

by which we obtain

δm^2_H+ = s^2_β c_β δT_Φ v + √ 2c^2_β s_β δT_Δ v + Π^{1PI}_H+_H− (m^2_H+ ), (119)

δZ_G+ = −Π^{1PI′}_G+_G− (0), δZ_H+ = −Π^{1PI′}_H+_H− (m^2_H+ ), (120) δC_{HG} = δβ + 1 m^2_{H+} [ Π^{1PI}_H+_G− (0) +

−s_βδT_Φ + √ 2c_β δT_Δ v ] , (121)

where δβ is determined through δβ^′ as δβ = 1 + s^2_β √ 2 δβ^′. (122)

Finally, the six parameters related to the CP-even Higgs states (δα, δm^2_h, δm^2_H , δZ_h, δZ_H and δC_{Hh}) are determined by imposing the following six renormalization conditions

Π̂_{hh}[m^2_h] = 0, Π̂^′_{hh}[m^2_h] = 0, (123)

Π̂_{HH} [m^2_H ] = 0, Π̂^′_{HH} [m^2_H ] = 0, (124)

Π̂_{Hh}[m^2_h] = 0, Π̂_{Hh}[m^2_H ] = 0, (125) by which we obtain

δm^2_h = δT_Φ v c^2_α c_β + √ 2δT_Δ v s^2_α s_β + Π^{1PI}_{hh} (m^2_h), δm^2_H = δT_Φ v s^2_α c_β + √ 2δT_Δ v c^2_α s_β + Π^{1PI}_{HH} (m^2_H ), (126)

δZ_h = −Π^{1PI′}_{hh} (m^2_h), δZ_H = −Π^{1PI′}_{HH} (m^2_H ), (127) δα = 1 2(m^2_h − m^2_H ) [ Π^{1PI}_{Hh} (m^2_h) + Π^{1PI}_{Hh} (m^2_H ) − 2s_αc_α s_βc_β ( δT_Φ v s_β − √ 2δT_Δ v c_β )] , (128) δC_{Hh} = 1 2(m^2_h − m^2_H ) [ Π^{1PI}_{Hh} (m^2_H ) − Π^{1PI}_{Hh} (m^2_h) ] . (129)

In the limit of v_Δ/v → 0, the mass of A is no more independent parameter, which is determined by the masses of H^{±±} and H^±. In this limit, the CP-odd Higgs boson mass is expressed at the tree level as

(m^2_A)_{tree} ≡ lim_{vΔ/v→0} m^2_A = 2m^2_H+ − m^2_H++ . (130)

The renormalized pole mass of A, which has been discussed in Ref. [20], can be defined by the following equations lim v_Δ/v→0 Π̂_{AA}[p^2 = (m^2_A)_{pole}] = 0. (131)

From Eq. (131), we obtain

(m^2_A)_{pole} ≃ (m^2_A)_{tree} + 1 1 + δZ_A [ δm^2_A − δT_Δ v_Δ

− Π^{1PI}_{AA}[(m^2_A)_{tree}] ] , (132)

where we use Π_{AA}[(m^2_A)_{pole}] ≃ Π_{AA}[(m^2_A)_{tree}]. The counter-term δm^2_A is not independent parameter in the limit of v_Δ/v → 0, but they can be given by δm^2_A = 2δm^2_{H+} − δm^2_{H++} . By using Eqs. (110) and (119), we obtain

(m^2_A)_{pole} ≃ (m^2_A)_{tree} + [ 2Π^{1PI}_H+_H− (m^2_H+ ) − Π^{1PI}_H++_H−− (m^2_H++ ) − Π^{1PI}_{AA}[(m^2_A)_{tree}] ] . (133)

Above the equation indicates that the tree level mass relations among the triplet-like Higgs bosons which are written in Eqs. (30) and (31) can be deviated by the effects of the radiative correction. The magnitude of this deviation can be parameterized as

ΔR = m^2_{H++} − m^2_{H+} m^2_{H+} − (m^2_A)_{pole}

− 1. (134)

In Ref. [20], ΔR has been evaluated numerically in the case of α = 0 and v_Δ/v → 0 as shown in Fig. 7.

FIG. 7: ΔR is shown as a function of the lightest triplet-like Higgs boson mass in the case of α = 0 and m_h = 125 GeV for each fixed value of m_H++ − m_H+ [20]. The left (right) panel shows the results in Case I (Case II).

IV. HIGGS COUPLINGS AT THE ONE-LOOP LEVEL

In this section, we discuss the SM-like Higgs boson h couplings with the gauge bosons (γγ, W^+W^− and ZZ) and the Higgs selfcoupling hhh at the one-loop level in the favored parameter regions by the unitarity bound, the vacuum stability bound and by the measured W boson mass discussed in previous sections.

A. Higgs to the diphoton decay

First, we discuss the decay of the Higgs to diphoton channel: h → γγ, which is important in the Higgs boson search at the LHC. The current experimental value of the signal strength for the diphoton mode is 1.8 ± 0.5 at the ATLAS [1] and 1.6 ± 0.4 at the CMS [2]. This process is induced at the one-loop level, because the Higgs boson does not couple to the photon at the tree level. Thus, the decay of h → γγ is sensitive to effects of new charged particle which can couple to the Higgs boson. In the HTM, the doubly-charged Higgs boson H^{±±} and the singly-charged Higgs boson H^± can contribute to the Higgs to diphoton decay. In particular, the contribution from the H^{±±} loop to the h → γγ is quite important compared to that from H^±, because H^{±±} contribution is roughly 4 times larger than that from H^± contribution at the amplitude level.

The decay rate of h → γγ is calculated at the one-loop level by Γ(h → γγ) = G_F α^2_{em}m^3_h 128 √ 2π^3 | | | − 2 c_α c_β ∑ f N^c_f Q^2_f τ_f [1 + (1 − τ_f )f(τ_f )]

+ (c_β c_α + √ 2s_αs_β)[2 + 3τ_W + 3τ_W (2 − τ_W )f(τ_W )]

− Q^2_H++ 2vλ_H++_H−−_h m^2_h

[1 − τ_H++ f(τ_H++ )] − Q^2_H+ 2vλ_H+_H−_h m^2_h

[1 − τ_H+ f(τ_H+ )] | | | 2 , (135)

where the function f(x) is given by

f(x) = [arcsin(1/ √ x)]^2, if x ≥ 1, −^1_4 [ln^{1+} √ 1−x 1− √ 1−x − iπ]^2, if x < 1 . (136)

In Eq. (135), Q_F is the electric charge of the field F , N^c_f is the color factor and τ_F = 4m^2_F /m^2_h. In the HTM, the coupling constants λ_H++_H−−_h and λ_H+_H−_h are given without any approximation in Eqs. (A3) and (A5), respectively. These couplings can be expressed quite a simple form by neglecting the terms proportional to v_Δ:

λ_H++_H−−_h ≃ −vλ_4, λ_H+_H−_h ≃ − v 2 (2λ_4 + λ_5). (137)

It is well known that the W boson loop contribution to the h → γγ decay rate is dominant compared to the top quark loop contribution in the SM, so that when a new physics effect to the amplitude of the h → γγ process has the same sign of the W-loop contribution, then the decay rate is enhanced compared with the SM prediction. In the HTM, when the sign of the coupling λ_H++_H−−_h is positive (negative), then the H^{±±} loop contribution has the same (opposite) sign of the W loop contribution, which can be achieved by taking λ_4 to be a negative (positive) value [32]. From Eq. (137), it can be seen that the λ_5 coupling only affects to the singly-charged Higgs boson coupling with h: λ_H+_H−_h, so that the h → γγ decay rate is not sensitive to the magnitude of λ_5. In other words, the mass difference among the triplet-like Higgs boson is not so important in the h → γγ decay process as long as we keep a fixed value of m_H++ .

In this subsection, we study the deviation of the h → γγ event rate in the HTM from that in the SM taking into account the constraint from the perturbative unitarity, the vacuum stability and the electroweak precision data. We also investigate the correlation between the h → γγ decay rate and the hhh, hW W and hZZ couplings at the one-loop level. To compare the Higgs to diphoton event rate from the SM prediction, we define R_{γγ} ≡ σ(gg → h)_{HTM} × BR(h → γγ)_{HTM} σ(gg → h)_{SM} × BR(h → γγ)_{SM}

, (138)

FIG. 8: Contour plots of R_{γγ} for v_Δ = 1 MeV and m_{lightest} = 300 GeV in the λ_4-Δm plane. The left panel (right panel) shows the result in Case I (Case II). The blue and orange shaded regions are excluded by the vacuum stability bound and the measured m_W data, respectively.

where σ(gg → h)_{model} is the cross section of the gluon fusion process, and BR(h → γγ)_{model} is the branching fraction of the h → γγ mode in a model. In fact, the ratio of the cross section σ(gg → h)_{HTM}/σ(gg → h)_{SM} can be replaced by the factor c^2_α/c^2_β .

In Fig. 8, we show the contour plots of R_{γγ} for v_Δ = 1 MeV and m_{lightest} = 300 GeV in the λ_4- Δm plane. The left panel (right panel) shows the result in Case I (Case II). The blue and orange shaded regions are those excluded by the vacuum stability bound (assuming λ_Δ = 3) and the measured m_W data, respectively. In both cases, R_{γγ} can be greater (smaller) than 1 for negative (positive) values of λ_4. In Case I, no large Δm dependence appears, while in Case II R_{γγ} slightly depends on Δm due to the larger values of m_H++ which affect R_{γγ} via Δm. Under the constraint of the vacuum stability and the electroweak precision observable m_W , larger Δm can be allowed in Case I than in Case II. We find that predicted values of R_{γγ} are about 1.3 (about 0.6) in this case when λ_4 is about −1.7 (about 3) in both Case I and Case II.

B. Renormalized hV V coupling

The most general form factors of the hV V coupling (V = W^± or Z) can be written as

M^{μν}_{hV V} = M^{hV V}_1 g^{μν} + M^{hV V}_2 p^μ_1 p^ν_2 m^2_V + iM^{hV V}_3 ϵ^{μνρσ} p_{1ρ}p_{2σ} m^2_V

, (139) where m_V is the mass of the gauge boson V , p_1 and p_2 are the incoming momenta of V . The renormalized form factors are given by

M^{hV V}_i = M^{hV V}_{i,tree} + δM^{hV V}_i + M^{hV V}_{i,1PI} , (i = 1 − 3). (140)

The tree-level contributions for these form factors are

M^{hZZ}_{1,tree} =

2m^2_Z v^2 + 2v^2_Δ

(v_ϕc_α + 4v_Δs_α), M^{hW W}_{1,tree} =

2m^2_W v^2

(v_ϕc_α + 2v_Δs_α),

M^{hV V (tree)}

2,tree = M hV V 3,tree = 0. (141)

The counter-term contributions are δM^{hZZ}_1 = 2m^2_Z c_α v^2 + 2v^2_Δ { v_ϕδm^2_Z m^2_Z + v_ϕ 2 (δZ_h + 2δZ_Z ) + 4v_ΔδC_{Hh}

+ 1 v_ϕ(v^2 + 2v^2_Δ)

[2v_Δ(2v^2_Δ − 3v^2)δv_Δ − v(v^2 − 6v^2_Δ)δv] }

+ 2m^2_Z s_α v^2 + 2v^2_Δ [ 4v_Δδm^2_Z

m^2_Z

+ 2v_Δ(δZ_h + 2δZ_Z ) − v_ϕδC_{Hh} +

4(v^2_ϕδv_Δ − 2vv_Δδv) v^2 + 2v^2_Δ ]

δM^{hW W} 1 = v_ϕm^2_W c_α v^2 { 2δm^2_W m^2_W

+ 2δZ_W + δZ_h +

4v_Δ v_ϕ δC_{Hh} − 2(v^2 − 4v^2_Δ) v^2_ϕ δv v − 4v^2_Δ v^2_ϕ δv_Δ v_Δ }

+ 2m^2_W v_Δs_α v^2 ( 2δm^2_W m^2_W

+ 2δZ_W + δZ_h − v_ϕ v_Δ δC_{Hh} − 4δv v + 2δv_Δ v_Δ ) , δM^{hV V}_2 = δM^{hV V}_3 = 0. (142)

We define the following quantity to study the deviation of the hV V coupling from the SM prediction: Δg_{hV V} ≡ ReM^{hV V}_1 − ReM^{hV V}_1 (SM)

ReM^{hV V}_1 (SM)

, (143)

where M^{hV V}_1 = M^{hV V}_1 (m^2_V , (m_h − m_V )^2, m^2_h) and M^{hV V}_1 (SM) is the corresponding SM prediction.

In Fig. 9, we show the contour plots for Δg_{hZZ} for m_{lightest} = 300 GeV and v_Δ = 1 MeV in the λ_4-Δm plane. The left (right) plot shows the result in Case I (Case II). The blue and orange shaded regions are excluded by the vacuum stability bound and the measured m_W data, respectively. The magnitude of the negative corrections is larger for positive larger values of λ_4 for smaller values of Δm. For the cases with large Δm such as about 30 GeV, the region with positive corrections appears. This is the striking feature of the HTM. On the contrary, in multi Higgs doublet models the correction is always negative [21]. Under the constraint of the vacuum stability bound and the electroweak precision observable m_W , larger Δm can be allowed in Case I than in Case II. We

FIG. 9: Contour plots of Δg_{hZZ} in Eq. (143) for m_{lightest} = 300 GeV and v_Δ=1 MeV in the λ_4-Δm plane. The left panel (right panel) shows the result in Case I (Case II). The blue and orange shaded regions are excluded by the vacuum stability bound and the measured m_W data, respectively.

FIG. 10: Contour plots of Δg_{hW W} defined in Eq. (143) for m_{lightest} = 300 GeV and v_Δ=1 MeV in the λ_4-Δm plane. The left panel (right panel) shows the result in Case I (Case II). The blue and orange shaded regions are excluded by the vacuum stability bound and the measured m_W data, respectively.

find that Δg_{hZZ} is predicted to be at most a few %. We can expect that such a deviation will be testable at the ILC [15].

In Fig. 10, the similar contour plots are shown for Δg_{hW W} with the same parameter sets in the same plane. The behavior of Δg_{hW W} in this plane is similar to that of Δg_{hZZ} . However, the correction can be positive for smaller values of Δm. We also show the same constraints from the vacuum stability bound and from the electroweak precision observable m_W . Magnitudes of

FIG. 11: Contour plots of ΔΓ_{hhh} defined in Eq. (150) for m_{lightest} = 300 GeV and v_Δ = 1 MeV. The left panel (right panel) shows the result in Case I (Case II). The blue and orange shaded regions are excluded by the vacuum stability bound and the measured m_W data, respectively.

maximum value of the correction are almost the same those of Δg_{hZZ} , especially for λ_4 > 0.

C. Renormalized hhh counpling

Finally, we show the numerical results for the deviation of the Higgs trilinear coupling hhh from the SM prediction. The renormalized hhh coupling can be expressed as a function of the external incoming momenta p_1 and p_2 and the outgoing momentum q = p_1 + p_2 as

Γ_{hhh}(p^2_1, p^2, q^2) = Γ^{tree}_{hhh} + δΓ_{hhh} + Γ^{1PI}_{hhh}(p^2_1, p^2, q^2), (144)

where the first, second and last terms are corresponding to the tree level, the counter-term, and the 1PI diagram contributions, respectively. The tree level contribution Γ^{tree}_{hhh} is calculated as

Γ^{tree}_{hhh} = −6 [( c^3_α v_ϕ + s^3_α v_Δ ) m^2_h 2 + s^2_α v^2 + 2v^2_Δ ( v_ϕc_α − v^2_ϕ 2v_Δ s_α ) m^2_A ] . (145)

The counter-term contribution δΓ_{hhh} is evaluated by δΓ_{hhh} = −3 ( c^3_α v_ϕ + s^3_α v_Δ ) δm^2_h − 6s^2_α v^2 + 2v^2_Δ ( v_ϕc_α − v^2_ϕs_α 2v_Δ ) δm^2_A − 3(m^2_h − m^2_H ) ( s^2_αc_α v_Δ − c^2_αs_α v_ϕ ) δα − 9 2 [ m^2_h ( c^3_α v_ϕ + s^3_α v_Δ ) + m^2_Av_ϕs^2_α v_Δ(v^2 + 2v^2_Δ)

(2v_Δc_α − v_ϕs_α) ] δZ_h − 3s_α { (2m^2_h + m^2_H ) ( s_αc_α v_Δ − c^2_α v_ϕ ) + m^2_Av_ϕ v_Δ(v^2 + 2v^2_Δ) [ 2v_Δ(2c^2_α − s^2_α) − 3s_αc_αv_ϕ ] } δC_{Hh}

− 3 v_ϕ { m^2_h v^2_ϕ [ v_Δ 2 (3c_α + c_{3α}) − v^3_ϕs^3_α v^2_Δ ] + 4m^2_As^2_α (v^2 + 2v^2_Δ)^2 [ c_αv_Δ(2v^2_Δ − 3v^2) + v_ϕs_α ( v^4 4v^2_Δ

+ 2v^2 − v^2_Δ )] } δv_Δ

+ 3 v_ϕ { m^2_hv v^2_ϕ c^3_α +

2m^2_Avs^2_α (v^2 + 2v^2_Δ)^2 [ (v^2 − 6v^2_Δ)c_α + 4v_Δv_ϕs_α ] } δv. (146) Contributions of the 1PI diagram to the hhh coupling is listed in Appendix B.

In the limit of v_Δ/v → 0, these expressions are reduced to the same expressions in the SM as^2

Γ^{tree}_{hhh} → −3m^2_h v , (147) δΓ_{hhh} → − 3δm^2_h v − 9 2 m^2_h v δZ_h + 3m^2_h v^2 δv. (148) In this limit, the top quark loop and the gauge boson loop contributions to the 1PI diagram is the same as the SM. However, the scalar boson loop contributions can be different from the SM case, because the triplet-like Higgs boson loop contributions can be remained even in this limit. Approximately, the triplet-like Higgs boson loop contributions can be expressed as Γ_{hhh} ≃ − 3m^2_h v [ 1 − v 48π^2m^2_h ( λ^3_{H++H−−h} m^2_{H++} + λ^3_{H+H−h} m^2_{H+} + 4λ^3_{AAh} m^2_A + 4λ^3_{HHh} m^2_H ) + · · · ]

≃ − 3m^2_h v { 1 + v^4 48π^2m^2_h [ λ^3_4 m^2_{H++} + (λ_4 +^{λ5}_2 )^3 m^2_{H+} + (λ_4 + λ_5)^3

2m^2_A + (λ_4 + λ_5)^3 2m^2_H ] + · · · } , (149)

where dotted terms mean the same correction given in the SM. Therefore, we find that the tripletlike Higgs boson loop contribution to the hhh vertex gives a positive (negative) correction compared to the SM prediction when λ_4 is taken to be a positive (negative) value and λ_5 ≃ 0.

To illustrate the deviation of the hhh coupling from the SM prediction, we define the following quantity: ΔΓ_{hhh} ≡ ReΓ_{hhh} − ReΓ^{SM}_{hhh}

ReΓ^{SM}_{hhh}

, (150)

2 As long as we take λ4 to be O(1) or less and the triplet-like Higgs boson masses to be O(100) GeV or more, the magnitude of the mixing angle α is as large as that of vΔ (see Eq. (88)).

where Γ_{hhh} = Γ_{hhh}(m^2_h, m^2_h, 4m^2_h) and Γ^{SM}_{hhh} is the corresponding prediction in the SM.

In Fig. 11, contour plot for the deviation of the one-loop corrected hhh coupling from the SM prediction ΔΓ_{hhh} defined in Eq. (150) is shown for m_{lightest} = 300 GeV and v_Δ = 1 MeV in the λ_4-Δm plane. The left (right) plot shows the result in Case I (Case II). The blue and orange shaded regions are excluded by the vacuum stability bound and the measured m_W data, respectively. In both cases, positive (negative) values of ΔΓ_{hhh} are predicted in the case with a positive (negative) λ_4 whose magnitudes can be greater than about +150% (−10%). Such a deviation in ΔΓ_{hhh} is expected to be measured at the ILC with a center of mass energy to be 1 TeV and integrated luminosity being 2 ab^{−1} [16]. We note that there is a relations among the one-loop corrected Higgs boson couplings hγγ, hV V and hhh. In particular, a strong correlation can be found in deviations in R_{γγ} and Γ_{hhh}. If R_{γγ} < 1 (R_{γγ} > 1) which is predicted for λ_4 > 0 (λ_4 < 0), ΔΓ_{hhh} takes sufficiently large positive (negative) values. In conclusion, by measuring these coupling constants accurately, we can discriminate the HTM of the other models, even when additional particles are not directly discovered.

V. CONCLUSIONS

We have calculated a full set of one-loop corrections to the Higgs boson coupling constants as well as the electroweak parameters. Renormalization calculations are performed in the on-shell scheme, where two different schemes has been discussed in the renormalization of the one-loop calculation of electroweak parameters. We have computed the decay rate of the SM-like Higgs boson h into diphoton. Renormalized Higgs couplings with the weak gauge bosons hZZ, hW W and the trilinear coupling hhh has also been calculated at the one-loop level. Magnitudes of the deviations in these quantities from the SM predictions have been evaluated in the parameter regions where the unitarity and vacuum stability bounds are satisfied and the predicted W boson mass is consistent with the data. There are strong correlations among deviations in the Higgs boson couplings R_{γγ} , Δg_{hV V} and ΔΓ_{hhh}. For example, when R_{γγ} is predicted by about 1.3 (0.6), Δg_{hV V} and ΔΓ_{hhh} are respectively predicted as about −0.1% and −10% (−2% and +150%). By measuring these deviations in Higgs boson couplings accurately, the HTM can be distinguished from the other models. These deviations in the Higgs boson couplings may be detected at future colliders such as the LHC with 3000 fb^{−1} and at the ILC.

Acknowledgments

Vertices Coefficient Vertices Coefficient

hW^+_μ W^−_ν gm_W (c_β c_α + √ 2s_β s_α)g_{μν} hZ_μZ_ν^{gZ mZ}_2 (c_β′ c_α + 2s_β′ s_α)g_{μν} HW^+_μ W^−_ν gm_W (−c_β s_α + √ 2s_β c_α)g_{μν} HZ_μZ_ν^{gZ mZ}_2 (−c_β′ s_α + 2s_β′ c_α)g_{μν} H^±W^∓_μ Z_ν −g_Z m_W s_β c_β g_{μν} G^±W^∓_μ Z_ν −g_Z m_W ( s^2_W + s^2_β ) g_{μν} H^{±±}W^∓_μ W^∓_ν gm_W s_β g_{μν} G^±W^∓_μ A_ν em_W g_{μν} TABLE I: The Higgs-gauge-gauge type vertices and those corresponding coefficients.

Vertices Coefficient Vertices Coefficient

hc̄^±c^∓ −^{gmW}_2 (c_β c_α + √ 2s_βs_α) hc̄_Z c_Z −^{gZ mZ}_2 (c_β′ c_α + 2s_β′ s_α)

Hc̄^±c^∓ −^{gmW}_2 (−c_β s_α + √ 2s_β c_α) Hc̄_Z c_Z −^{gZ mZ}_2 (−c_β′ s_α + 2s_β′ c_α)

G^±c̄_Z c^∓ i^{gZ mW}_2 (1 + s^2_β ) G^±c̄^∓c_Z i^{gZ mW}_2 (−c_{2W} c^2_β + 2s^2_W s^2_β )

H^±c̄_Z c^∓ i^{gZ mW}_2 c_βs_β H^±c̄^∓c_Z i^{gZ mW}_2 c_β s_β (c_{2W} + 2s^2_W )

TABLE II: The Higgs-ghost-anti ghost type vertices and those corresponding coefficients.

The paper was supported in part by Grant-in-Aid for Scientific Research, Nos. 22244031 [S.K.], 22740137 [M.A.], 23104006 [S.K.] and 24340046 [M.A. and S.K.]. K.Y. was supported in part by the National Science Council of R.O.C. under Grant No. NSC-101-2811-M-008-014.

Appendix A: Tree level scalar boson couplings

In this Appendix, we list the tree level scalar boson couplings. The Higgs-gauge-gauge type, the Higgs-ghost-anti ghost type and the Higgs-Higgs-gauge-gauge type vertices and those corresponding coefficients are respectively listed in Table I, Table II and Table III. In Table IV, the Higgs-Higgs-gauge type vertices and those corresponding coefficients are listed, where p_1 and p_2 are the incoming momenta of the first and second particles in the vertices column.

Coefficients for the scalar three-point vertices defined as

L = λ_{ϕ1ϕ2ϕ3} ϕ_1ϕ_2ϕ_3 + · · · , (A1)

Vertices Coefficient Vertices Coefficient H^{++}H^{−−}W^+_μ W^−_ν g^2g_{μν} H^{++}H^{−−}Z_μZ_ν g^2_Z (c^2_W − s^2_W )^2g_{μν} H^+H^−W^+_μ W^−_ν^{g2}_4 (5 + 3c_{2β})g_{μν} H^+H^−Z_μZ_ν^{g2Z}_8 ( 2 + c_{4W} − 4c_{2W} c^2_β + c_{2β} ) g_{μν} G^+G^−W^+_μ W^−_ν^{g2}_4 (5 − 3c_{2β})g_{μν} G^+G^−Z_μZ_ν^{g2Z}_8 ( 2 + c_{4W} − 4c_{2W} s^2_β − c_{2β} ) g_{μν} HHW^+_μ W^−_ν^{g2}_8 (3 + c_{2α})g_{μν} H^±G^∓Z_μZ_ν^{g2Z}_8 s_{2β} (1 − 2c_{2W} )g_{μν} hhW^+_μ W^−_ν^{g2}_8 (3 − c_{2α})g_{μν} AAZ_μZ_ν^{g2Z}_{16} (5 + 3c_{2β}′ ) g_{μν} AAW^+_μ W^−_ν^{g2}_8 (3 + c_{2β}′ )g_{μν} G^0G^0Z_μZ_ν^{g2Z}_{16} (5 − 3c_{2β}′ ) g_{μν} G^0G^0W^+_μ W^−_ν^{g2}_8 (3 − c_{2β}′ )g_{μν} AG^0Z_μZ_ν^{3g2Z}_8 s_{2β}′ g_{μν} H^±G^∓W^+_μ W^−_ν^3_4 g^2s_{2β}g_{μν} HHZ_μZ_ν^{g2Z}_{16} (5 + 3c_{2α}) g_{μν} AG^0W^+_μ W^−_ν^1_4 g^2s_{2β}′ g_{μν} hhZ_μZ_ν^{g2Z}_{16} (5 − 3c_{2α}) g_{μν} HhW^+_μ W^−_ν^1_4 g^2s_{2α}g_{μν} HhZ_μZ_ν^{3g2Z}_8 s_{2α}g_{μν} H^{++}H^{−−}A_μZ_ν 4eg_Z (ĉ^2_W − ŝ^2_W )g_{μν} H^{++}H^{−−}A_μA_ν 4e^2g_{μν} H^+H^−A_μZ_ν eg_Z (ĉ^2_W − ŝ^2_W − c^2_β )g_{μν} H^+H^−A_μA_ν e^2g_{μν} G^+G^−A_μZ_ν eg_Z (ĉ^2_W − ŝ^2_W − s^2_β )g_{μν} G^+G^−A_μA_ν e^2g_{μν} G^±hW^∓_μ Z_ν^{ggZ}_2 [−c_αc_β s^2_W + √ 2(c^2_W − 2)s_αs_β ]g_{μν} G^±hW^∓_μ A_ν^{ge}_2 (c_αc_β + √ 2s_αs_β )g_{μν} H^±hW^∓_μ Z_ν^{ggZ}_2 [c_αs_βs^2_W + √ 2(c^2_W − 2)s_αc_β ]g_{μν} H^±hW^∓_μ A_ν^{ge}_2 (−c_αs_β + √ 2s_αc_β )g_{μν} H^{±±}hW^∓_μ W^∓_ν^{g2√}_2 s_αg_{μν} TABLE III: The Higgs-Higgs-gauge-gauge type vertices and those corresponding coefficients.

Vertices Coefficient Vertices Coefficient

H^{±±}H^∓W^∓_μ ±gc_β(p_1 − p_2)_μ H^{++}H^{−−}A_μ 2e(p_1 − p_2)_μ

H^{±±}G^∓W^∓_μ ±gs_β(p_1 − p_2)_μ H^+H^−A_μ e(p_1 − p_2)_μ

H^±AW^∓_μ −i^g_2 (s_β′ s_β + √ 2c_β′ c_β )(p_1 − p_2)_μ G^+G^−A_μ e(p_1 − p_2)_μ

H^±HW^∓_μ ±^g_2 (s_αs_β + √ 2c_αc_β )(p_1 − p_2)_μ H^{++}H^{−−}Z_μ g_Z (ĉ^2_W − ŝ^2_W )(p_1 − p_2)_μ

H^±hW^∓_μ ±^g_2 (−c_αs_β + √ 2s_αc_β )(p_1 − p_2)_μ H^+H^−Z_μ^{gZ}_2 (ĉ^2_W − ŝ^2_W − c^2_β )(p_1 − p_2)_μ

H^±G^0W^∓_μ −i^g_2 (−c_β′ s_β + √ 2s_β′ c_β)(p_1 − p_2)_μ G^+G^−Z_μ^{gZ}_2 (ĉ^2_W − ŝ^2_W − s^2_β)(p_1 − p_2)_μ

G^±AW^∓_μ −i^g_2 (−s_β′ c_β + √ 2c_β′ s_β )(p_1 − p_2)_μ = 0 H^±G^∓Z_μ ∓^{gZ}_4 s_{2β} (p_1 − p_2)_μ

G^±HW^∓_μ ±^g_2 (−s_αc_β + √ 2c_αs_β )(p_1 − p_2)_μ AHZ_μ −i^{gZ}_2 (2c_αc_β′ + s_αs_β′ )(p_1 − p_2)_μ

G^±hW^∓_μ ±^g_2 (c_αc_β + √ 2s_αs_β )(p_1 − p_2)_μ AhZ_μ −i^{gZ}_2 (−c_αs_β′ + 2s_αc_β′ )(p_1 − p_2)_μ

G^±G^0W^∓_μ −i^g_2 (c_β′ c_β + √ 2s_β′ s_β )(p_1 − p_2)_μ G^0HZ_μ −i^{gZ}_2 (−c_β′ s_α + 2c_αs_β′ )(p_1 − p_2)_μ

G^0hZ_μ −i^{gZ}_2 (c_αc_β′ + 2s_αs_β′ )(p_1 − p_2)_μ

TABLE IV: The Higgs-Higgs-gauge type vertices and those corresponding coefficients.

can be written in terms of the physical parameters as follows;

λ_H++_H−−_H = 2v_ϕ v^2 + 2v^2_Δ [ 2m^2_H+ ( 1 + 2v^2_Δ v^2 ) − m^2_A ] s_α − 1 v_Δ [ 2m^2_H++ − 4m^2_H+ v^2_ϕ v^2

+ m^2_A ( 1 − 4v^2_Δ v^2 + 2v^2_Δ ) + m^2_H ] c_α, (A2)

λ_H++_H−−_h = − 2v_ϕ v^2 + 2v^2_Δ [ 2m^2_H+ ( 1 + 2v^2_Δ v^2 ) − m^2_A ] c_α − 1 v_Δ [ 2m^2_H++ − 4m^2_H+ v^2_ϕ v^2

+ m^2_A ( 1 − 4v^2_Δ v^2 + 2v^2_Δ ) + m^2_h ] s_α, (A3)

λ_H+_H−_H = 1 v_ϕ [ 2m^2_H+ v^2_ϕ v^2

+ m^2_H

2v^2_Δ v^2 ] s_α − 1 v_Δ [ 4m^2_H+ v^2_Δ v^2 − m^2_A v^2 v^2 + 2v^2_Δ

+ m^2_H v^2_ϕ v^2 ] c_α, (A4)

λ_H+_H−_h = − 1 v_ϕ ( 2m^2_H+ v^2_ϕ v^2

+ m^2_h

2v^2_Δ v^2 ) c_α − 1 v_Δ ( 4m^2_H+ v^2_Δ v^2 − m^2_A v^2 v^2 + 2v^2_Δ

+ m^2_h v^2_ϕ v^2 ) s_α, (A5) λ_H+_G−_A = i √ 2(m^2_A − m^2_{H+} ) √ v^2 + 2v^2_Δ

, (A6)

λ_H+_G−_G0 = −i √ 2 v^2 + 2v^2_Δ v_Δv_ϕ v^2 m^2_H+ , (A7)

λ_H+_G−_H = √ 2(m^2_{H+} − m^2_H ) v^2

(v_ϕc_α + v_Δs_α), (A8)

λ_H+_G−_h = − √ 2(m^2_{H+} − m^2_h)

v^2

(v_Δc_α − v_ϕs_α), (A9)

λ_G+_G−_H = m^2_H v^2

(−2v_Δc_α + v_ϕs_α), (A10)

λ_G+_G−_h = − m^2_h v^2

(v_ϕc_α + 2v_Δs_α), (A11) λ_{AAH} = v^2 v_ϕ 1 v^2 + 2v^2_Δ [ m^2_A ( 1 − 2v^2_Δ v^2 ) + m^2_H

2v^2_Δ v^2 ] s_α + 1 2v_Δ [ m^2_A ( 1 − 8v^2_Δ v^2 + 2v^2_Δ ) − m^2_H ( 1 − 4v^2_Δ v^2 + 2v^2_Δ )] c_α, (A12) λ_{AAh} = − v^2 v_ϕ 1 v^2 + 2v^2_Δ [ m^2_A v^2_ϕ v^2

+ m^2_h

2v^2_Δ v^2 ] c_α + 1 2v_Δ [ m^2_A ( 1 − 8v^2_Δ v^2 + 2v^2_Δ ) − m^2_h ( 1 − 4v^2_Δ v^2 + 2v^2_Δ )] s_α, (A13)

λ_{AG}0_H =

2(m^2_A − m^2_H ) v^2 + 2v^2_Δ

(v_ϕc_α + v_Δs_α), (A14)

λ_{AG}0_h = −

2(m^2_A − m^2_h) v^2 + 2v^2_Δ

(v_Δc_α − v_ϕs_α), (A15)

λ_G0_G0_H = m^2_H 2(v^2 + 2v^2_Δ)

(−4v_Δc_α + v_ϕs_α), (A16)

λ_G0_G0_h = − m^2_h 2(v^2 + 2v^2_Δ)

(v_ϕc_α + 4v_Δs_α), (A17) λ_{HHH} = − 1 8v_Δ ( 3c_α + c_{3α} −

4v_Δ v_ϕ s^3_α ) m^2_H + v_ϕc^2_α 2v_Δ(v^2 + 2v^2_Δ)

(v_ϕc_α + 2v_Δs_α)m^2_A, (A18) λ_{HHh} = − 1 2v_Δ ( c_α + v_Δ v_ϕ s_α ) ( m^2_H + m^2_h 2 ) s_{2α} + v_ϕc_α 4(v^2 + 2v^2_Δ) ( 2 − 6c_{2α} + 3v_ϕ v_Δ s_{2α} ) m^2_A,

(A19) λ_{Hhh} = − s_{2α} 2v_Δ ( s_α − v_Δ v_ϕ c_α ) ( m^2_h + m^2_H 2 ) − v_ϕs_α 4(v^2 + 2v^2_Δ) ( 2 + 6c_{2α} − 3v_ϕ v_Δ s_{2α} ) m^2_A, (A20) λ_{hhh} = − ( c^3_α v_ϕ + s^3_α v_Δ ) m^2_h 2 − s^2_α v^2 + 2v^2_Δ ( v_ϕc_α − v^2_ϕ 2v_Δ s_α ) m^2_A. (A21)

Coefficients for the scalar four-point vertices defined as

L = λ_{ϕ1ϕ2ϕ3ϕ4} ϕ_1ϕ_2ϕ_3ϕ_4 + · · · , (A22)

can be written in terms of the physical parameters as follows;

λ_H++_H−−_{AA} = 1 v^2_Δ(v^2 + 2v^2_Δ) [ − v^2_ϕm^2_H++ + 2(v^2 − 4v^2_Δ)m^2_H+ +

−v^4 + 4v^2v^2_Δ + 4v^4_Δ

2(v^2 + 2v^2_Δ) m^2_A

+ 1 2 (2v^2_Δ − v^2)(c^2_αm^2_H + s^2_αm^2_h) + v^3_Δ v_ϕ s_{2α}(m^2_H − m^2_h) ] , (A23)

λ_H++_H−−_{AG}0 = 1 v_Δ(v^2 + 2v^2_Δ) [ − 4v_ϕm^2_H++ + 8v_ϕ v^2

(v^2 − v^2_Δ)m^2_H+

− 2v^2v_ϕ v^2 + 2v^2_Δ m^2_A − 2c_α(v_ϕc_α + v_Δs_α)m^2_H + (−2v_ϕs^2_α + v_Δs_{2α})m^2_h ] , (A24)

λ_H++_H−−_{HH} = − 1 v^2_Δ { c^2_αm^2_H++ + [ v^2_Δ v^2

(3 + c_{2α}) − (1 + c_{2α}) ] m^2_H+ + 1 4 v^2(1 + c_{2α}) − 4v^2_Δ v^2 + 2v^2_Δ m^2_A

+ c_α 2 ( c^3_α − v_Δ v_ϕ s^3_α ) m^2_H + c_αs^2_α 2 ( c_α + v_Δ v_ϕ s_α ) m^2_h } , (A25)

λ_H++_H−−_{Hh} = − s_{2α} v^2_Δ [ m^2_H++ + 2 ( v^2_Δ v^2 − 1 ) m^2_H+ + v^2 2(v^2 + 2v^2_Δ) m^2_A

+ 1 2 ( c^2_α + v_Δ 2v_ϕ s_{2α} ) m^2_H − 1 2 ( v_Δ 2v_ϕ s_{2α} − s^2_α ) m^2_h ] , (A26)

λ_H++_H−−_{hh} = 1 v^2_Δ { − s^2_αm^2_H++ + 2 [( 1 − v^2_Δ v^2 ) s^2_α − v^2_Δ v^2 ] m^2_H+

− v^2 2(v^2 + 2v^2_Δ) ( s^2_α −

2v^2_Δ v^2 ) m^2_A + c^2_αs_α 2 ( v_Δ v_ϕ c_α − s_α ) m^2_H − s_α 2 ( s^3_α + v_Δ v_ϕ c^3_α ) m^2_h } , (A27)

λ_H+_H−_{AA} = v^6 − 6v^4v^2_Δ + 16v^6_Δ 2v^2v^2_Δ(v^2 + 2v^2_Δ)^2 m^2_A − v^6 − 6v^4v^2_Δ + 12v^2v^4_Δ 4v^2v^2_Δ(v^4 − 4v^4_Δ)

(m^2_H + m^2_h) − 1 4v^2v^2_Δ(v^4 − 4v^4_Δ)

[(v^6 − 6v^4v^2_Δ + 12v^2v^4_Δ − 16v^6_Δ)c_{2α} − 6v^3_Δv^3_ϕs_{2α}](m^2_H − m^2_h), (A28)

λ_H+_H−_{AG}0 = 1 v^2v_Δv_ϕ(v^2 + 2v^2_Δ) { 2(v^6 − 4v^4v^2_Δ + 8v^6_Δ) v^2 + 2v^2_Δ m^2_A + ( −v^4 + 4v^2v^2_Δ − 2v^4_Δ ) (m^2_H + m^2_h) + [ −(v^4 − 4v^2v^2_Δ + 6v^4_Δ)c_{2α} − v_Δv_ϕ(v^2 − 4v^2_Δ)s_{2α} ] (m^2_H − m^2_h) } , (A29) λ_H+_H−_{HH} = 1 2v^4 [ −v^2 − 2v^2_Δ + (v^2 − 6v^2_Δ)c_{2α} + 4v_Δv_ϕs_{2α} ] m^2_H+ + c_α 2v^2v^2_Δ(v^2 + 2v^2_Δ) [ (v^4 − 4v^2v^2_Δ + 8v^4_Δ)c_α − 8v^3_Δv_ϕs_α ] m^2_A + 1 16 ( − 8c^4_α v^2_Δ + 9 + 4c_{2α} + 3c_{4α} v^2 + 8c_αs^3_α v_Δv_ϕ − 8s^4_α v^2_ϕ + 4v_Δs_{4α} v^2v_ϕ ) m^2_H + s_{2α} 8v^2v_Δv^3_ϕ [ −v^4 + 2v^2v^2_Δ + (v^4 − 6v^2v^2_Δ + 8v^4_Δ)c_{2α} − v_ϕ v_Δ

(v^4 − 4v^2v^2_Δ + 6v^4_Δ)s_{2α} ] m^2_h,

(A30)

λ_H+_H−_{Hh} = 1 v^4 [ −4v_Δv_ϕc_{2α} + (v^2 − 6v^2_Δ)s_{2α} ] m^2_H+ + 1 2v^2v^2_Δ(v^2 + 2v^2_Δ) [ 8v^3_Δv_ϕc_{2α} + (v^4 − 4v^2v^2_Δ + 8v^4_Δ)s_{2α} ] m^2_A − s_{2α} 4v^2v^2_Δv^2_ϕ ( v^4 − 4v^2v^2_Δ + 2v^4_Δ ) (m^2_H + m^2_h) − s_{2α} 4v^2v^2_Δv^2_ϕ [ (v^4 − 4v^2v^2_Δ + 6v^4_Δ)c_{2α} + v_Δ v_ϕ (v^4 − 6v^2v^2_Δ + 8v^4_Δ)s_{2α} ] (m^2_H − m^2_h), (A31)

λ_H+_H−_{hh} = − 1 2v^2 [ 1 + 2v^2_Δ v^2 + ( 1 − 6v^2_Δ v^2 ) c_{2α} +

4v_Δv_ϕ v^2 s_{2α} ] m^2_H+ + v^2s_α 2v^2_Δ(v^2 + 2v^2_Δ) [ 8v^3_Δv_ϕ

v^4 c_α + ( 1 − 4v^2_Δ v^2 + 8v^4_Δ v^4 ) s_α ] m^2_A + v^2s_{2α} 8v_Δv^3_ϕ [ v^2_ϕ v^2 + ( 1 − 6v^2_Δ v^2 + 8v^4_Δ v^4 ) c_{2α} − v_ϕ v_Δ ( 1 − 4v^2_Δ v^2 + 6v^4_Δ v^4 ) s_{2α} ] m^2_H

+ 1 16 [ − 8c^4_α v^2_ϕ − 8s_α v^2_Δ ( v_Δ v_ϕ c^3_α + s^3_α ) + 1 v^2 ( 9 − 4c_{2α} + 3c_{4α} +

4v_Δ v_ϕ s_{4α} )] m^2_h, (A32)

λ_H+_G−_{hh} = 1 √ 2v^2 { 1 v^2 [ v_Δv_ϕ(1 − 3c_{2α}) + (v^2 − 4v^2_Δ)s_{2α} ] m^2_H+ + (v^2 − 4v^2_Δ)s_α v_Δv_ϕ(v^2 + 2v^2_Δ) [ v^2s_α − 2v_Δ(v_ϕc_α + v_Δs_α) ] m^2_A + s_{2α} 4v_Δv_ϕ [ 2v_Δv_ϕc_{2α} − (v^2 − 3v^2_Δ)s_{2α} ] m^2_H + 1 8v_Δv_ϕ [ −3v^2 + 9v^2_Δ + 4(v^2 − v^2_Δ)c_{2α} − (v^2 − 3v^2_Δ)c_{4α} − 2v_Δv_ϕs_{4α} ] m^2_h } , (A33)

λ_G+_G−_{AA} = 1 v^2 + 2v^2_Δ { − 2m^2_H+ +

2v^2_ϕ v^2 m^2_A − 1 2 (m^2_H + m^2_h)

+ 1 4v^2 [ −2(v^2 − 4v^2_Δ)c_{2α} + 1 v_ϕv_Δ

(v^4 − 4v^2v^2_Δ + 12v^4_Δ)s_{2α} ] (m^2_H − m^2_h) } , (A34) λ_G+_G−_{AG}0 = 1 v^2(v^2 + 2v^2_Δ) { − 4v_Δv_ϕ(m^2_H+ − m^2_A) − v_Δv_ϕ(m^2_H + m^2_h)

+ [−3v_Δv_ϕc_{2α} + (v^2 − 4v^2_Δ)s_{2α}](m^2_H − m^2_h) } , (A35)

λ_G+_G−_{Hh} = 1 v^2 { 1 v^2 [ 4v_Δv_ϕc_{2α} − 2(v^2 − 3v^2_Δ)s_{2α} ] m^2_H+ + 1 v^2 + 2v^2_Δ [ −4v_Δv_ϕc_{2α} + 2v^2_ϕs_{2α} ] m^2_A − s_{2α} 4 (m^2_H + m^2_h) − s_{2α} 4 [ 3c_{2α} − v^2 − 4v^2_Δ

v_Δv_ϕ s_{2α} ] (m^2_H − m^2_h) } , (A36)

λ_G+_G−_{hh} = 1 v^2 { 1 v^2 [ −v^2 + v^2_Δ + (v^2 − 3v^2_Δ)c_{2α} + 2v_Δv_ϕs_{2α} ] m^2_H+ + 2s_α v^2 + 2v^2_Δ [ v^2s_α − 2v_Δ(v_ϕc_α + v_Δs_α) ] m^2_A + s_{2α} 8v_Δv_ϕ [ v^2 − (v^2 − 4v^2_Δ)c_{2α} − 3v_Δv_ϕs_{2α} ] m^2_H − 1 16 [ 9 + 8v^2c_αs^3_α v_ϕv_Δ + ( −4c_{2α} + 3c_{4α} +

4v_Δ v_ϕ s_{4α} )] m^2_h } , (A37) λ_{AAAA} = v^4 − 8v^2v^2_Δ + 12v^4_Δ

8v^2_Δ(v^2 + 2v^2_Δ)^2 m^2_A − v^6 − 6v^4v^2_Δ + 12v^2v^4_Δ + 8v^6_Δ 16v^2_Δv^2_ϕ(v^2 + 2v^2_Δ)^2

(m^2_H + m^2_h) − 1 16v^2_Δv^2_ϕ(v^2 + 2v^2_Δ)^2

[(v^6 − 6v^4v^2_Δ + 12v^2v^4_Δ − 24v^6_Δ)c_{2α} − 8v^3_Δv^3_ϕs_{2α}](m^2_H − m^2_h), (A38)

λ_{AAAG}0 = 1 v_Δ(v^2 + 2v^2_Δ)^2 { (v^2 − 4v^2_Δ)v_ϕm^2_A +

−v^4 + 4v^2v^2_Δ 2v_ϕ (m^2_H + m^2_h)

+ 1 2v_ϕ [ −(v^4 − 4v^2v^2_Δ + 8v^4_Δ)c_{2α} − v_Δv_ϕ(v^2 − 6v^2_Δ)s_{2α} ] (m^2_H − m^2_h) } , (A39)

λ_{AAG}0_G0 = 1 2(v^2 + 2v^2_Δ)^2 { (5v^2 − 14v^2_Δ)m^2_A − 3(v^2 − v^2_Δ)(m^2_H + m^2_h)

+ 1 4 [ −12(v^2 − 3v^2_Δ)c_{2α} + 1 v_ϕv_Δ

(v^4 − 20v^2v^2_Δ + 52v^4_Δ)s_{2α} ] (m^2_H − m^2_h) } , (A40)

λ_{AG}0_G0_G0 = 1 2(v^2 + 2v^2_Δ)^2 { 4v_Δv_ϕm^2_A − 3v_Δv_ϕ(m^2_H + m^2_h) + [ −5v_Δv_ϕc_{2α} + (v^2 − 6v^2_Δ)s_{2α} ] (m^2_H − m^2_h) } , (A41) λ_{AAHH} = m^2_A 8v^2_Δ(v^2 + 2v^2_Δ)^2

[v^4 − 6v^2v^2_Δ + (v^4 − 2v^2v^2_Δ − 8v^4_Δ)c_{2α}] − m^2_H 32v^2_Δ(v^4 − 4v^4_Δ)

[2(v^4 − 4v^2v^2_Δ + 8v^4_Δ)(1 + c^2_α) + 4v^2c_{2α}(v^2 − 4v^2_Δ) − 2v_Δ v_ϕ (v^4 − 4v^4_Δ)s_{2α} + v_Δ v_ϕ (v^4 − 8v^2v^2_Δ + 12v^4_Δ)s_{4α}] − s_{2α}m^2_h 16v_Δv^3_ϕ(v^2 + 2v^2_Δ)

[v^4 − 4v^4_Δ − (v^4 − 8v^2v^2_Δ + 12v^4_Δ)c_{2α} + v_ϕ v_Δ

(v^4 − 4v^2v^2_Δ + 8v^4_Δ)s_{2α}],

(A42) λ_{AAHh} = s_{2α} 4v^2_Δ { v^2 − 4v^2_Δ v^2 + 2v^2_Δ m^2_A − v^2(v^2 − 4v^2_Δ) 2v^2_ϕ(v^2 + 2v^2_Δ)

(m^2_H + m^2_h)

− m^2_H − m^2_h 2v^2_ϕ(v^2 + 2v^2_Δ) [ (v^4 − 4v^2v^2_Δ + 8v^4_Δ)c_{2α} + v_Δ v_ϕ (v^4 − 8v^2v^2_Δ + 12v^4_Δ)s_{2α} ] } , (A43) λ_{AAhh} = v^4 8v^2_Δ(v^2 + 2v^2_Δ)^2 [ 1 − 6v^2_Δ v^2 − ( 1 − 2v^2_Δ v^2 − 8v^4_Δ v^4 ) c_{2α} ] m^2_A + s_{2α}v^4 16v_Δv^3_ϕ(v^2 + 2v^2_Δ) [ 1 − 4v^4_Δ v^4 + ( 1 − 8v^2_Δ v^2 + 12v^4_Δ v^4 ) c_{2α} − v_ϕ v_Δ ( 1 − 4v^2_Δ v^2 + 8v^4_Δ v^4 ) s_{2α} ] m^2_H − v^4 16v^2_Δ(v^4 − 4v^4_Δ) [ ( 1 − 4v^2_Δ v^2 + 8v^4_Δ v^4 ) (1 + c^2_α) − 2c_{2α} ( 1 − 4v^2_Δ v^2 )

+ v_Δ v_ϕ s_{2α} ( 1 − 4v^4_Δ v^4 ) + v_Δ v_ϕ ( 1 − 8v^2_Δ v^2 + 12v^4_Δ v^4 ) s_{2α}c_{2α} ] m^2_h, (A44)

λ_{AG}0_{HH} = 1 2v_Δv_ϕ(v^2 + 2v^2_Δ) { v^4_ϕ + (v^4 − 4v^4_Δ)c_{2α}

v^2 + 2v^2_Δ m^2_A + 1 4 [ −3v^2 + 9v^2_Δ + 4(−v^2 + v^2_Δ)c_{2α} − (v^2 − 3v^2_Δ)c_{4α} − 2v_Δv_ϕs_{4α} ] m^2_H + s_{2α} 2 [ 2v_Δv_ϕc_{2α} − (v^2 − 3v^2_Δ)s_{2α} ] m^2_h } , (A45)

λ_{AG}0_{hh} = 1 2v_Δv_ϕ(v^2 + 2v^2_Δ) { v^4_ϕ − (v^4 − 4v^4_Δ)c_{2α}

v^2 + 2v^2_Δ m^2_A + s_{2α} 2 [ 2v_Δv_ϕc_{2α} − (v^2 − 3v^2_Δ)s_{2α} ] m^2_H

+ 1 4 [ −3v^2 + 9v^2_Δ + 4(v^2 − v^2_Δ)c_{2α} − (v^2 − 3v^2_Δ)c_{4α} − 2v_Δv_ϕs_{4α} ] m^2_h } , (A46)

λ_G0_G0_{Hh} = s_{2α} 2(v^2 + 2v^2_Δ) [ m^2_A − 3 4 (m^2_H + m^2_h) − 1 4 ( 5c_{2α} − v^2 − 6v^2_Δ v_ϕv_Δ s_{2α} ) (m^2_H − m^2_h) ] , (A47)

λ_G0_G0_{hh} = 1 4(v^2 + 2v^2_Δ) { 1 v^2 + 2v^2_Δ [ v^2 − 6v^2_Δ − (v^2 + 2v^2_Δ)c_{2α} ] m^2_A + s_{2α} 4v_Δv_ϕ [ v^2 + 2v^2_Δ − (v^2 − 6v^2_Δ)c_{2α} − 5v_Δv_ϕs_{2α} ] m^2_H − 1 8v_Δv_ϕ [ 8v^2c_αs^3_α + v_Δv_ϕ(15 − 12c_{2α} + 5c_{4α}) + v^2_Δ(4s_{2α} + 6s_{4α}) ] m^2_h } , (A48) λ_{HHHH} = 1 8v^2_Δ(v^2 + 2v^2_Δ)

(v^2_ϕc^4_α − v^2_Δs^2_α)m^2_A − 1 8v^2_Δv^2_ϕ [ v^2_ϕc^6_α −

2v^4v_Δ v_ϕ(v^2 + 2v^2_Δ) c^3_αs^3_α + v^2_Δs^6_α + v^5_Δ v_ϕ(v^2 + 2v^2_Δ) s^3_{2α} ] m^2_H − s^2_α 64v^2_Δv^2_ϕ [ v^2 − v^2_Δ + (v^2 − 3v^2_Δ)c_{2α} + 2v_Δv_ϕs_{2α} ] m^2_h, (A49)

λ_{HHHh} = s_{2α} 8v^2_Δ { v^2_ϕ + (v^2 + 2v^2_Δ)c_{2α} v^2 + 2v^2_Δ m^2_A − 1 4v^2_ϕ [ 3v^2 − 9v^2_Δ + 4(v^2 − v^2_Δ)c_{2α} + (v^2 − 3v^2_Δ)c_{4α} + 2v_Δv_ϕs_{4α} ] m^2_H

− s_{2α} 2v^2_ϕ

[−2v_Δv_ϕc_{2α} + (v^2 − 3v^2_Δ)s_{2α}]m^2_h } , (A50) λ_{HHhh} = v^2 32v^2_Δ(v^2 + 2v^2_Δ) [ 3 − 10v^2_Δ v^2 − 3 ( 1 + 2v^2_Δ v^2 ) c_{4α} ] m^2_A + v^2s_{2α} 32v_Δv^3_ϕ { [ 1 − 2v^2_Δ v^2 + 3v^2_ϕ v^2 c_{4α} + ( − 3v_ϕ 2v_Δ + 9v_Δv_ϕ 2v^2 ) s_{4α} ] (m^2_H − m^2_h)

− 3v_ϕ v_Δ s_{2α} ( 1 − v^2_Δ v^2 ) (m^2_H + m^2_h) } , (A51) λ_{Hhhh} = s_{2α}v^2 4v^2_Δ(v^2 + 2v^2_Δ) ( s^2_α −

2v^2_Δ v^2 c^2_α ) m^2_A − s^2_αv^2 16v^2_Δv^2_ϕ [( 1 − 3v^2_Δ v^2 ) s_{2α} − 2v_Δv_ϕ v^2 c_{2α} ] m^2_H − s_{2α}v^2 16v^2_Δv^2_ϕ [ (1 + c^2_α) ( 1 − 3v^2_Δ v^2 ) − 2 ( 1 − v^2_Δ v^2 ) c_{2α} + v_Δv_ϕ v^2 s_{4α} ] m^2_h, (A52)

λ_{hhhh} = v^2 8v^2_Δ(v^2 + 2v^2_Δ) ( v^2_ϕ v^2 s^4_α − v^2_Δ v^2 s^2_α ) m^2_A − s^2_αv^2 32v^2_Δv^2_ϕ [ s^2_α ( 1 − v^2_Δ v^2 ) + v^2_Δ v^2 c_{2α} − v_Δv_ϕ v^2 s_{2α} ] m^2_H

+ 1 16 [ − 2 v^2_ϕ c^6_α − 1 v^3_ϕv_Δ ( v^2 2 − v^2_Δ ) s^3_{2α} − 2 v^2_Δ s^6_α ] m^2_h. (A53)

Appendix B: 1PI diagram contributions

In this Appendix, we summarize the formulae for the 1PI diagram contributions to the one-, twoand three-point functions in terms of the Passarino-Veltman functions [33]. The formulae for these 1PI diagram contributions are separately presented into the fermion-loop, scalar boson-loop and gauge-boson loop contributions. Each contribution is denoted by the subscript of F for the fermionloop, that of S for the scalar boson-loop and that of V for the gauge boson-loop. The gauge boson loop contributions are calculated in the ’t Hooft-Feynman gauge. In the calculation of some physical observables such as Δr, divergent parts in each contribution are cancelled within a corresponding contribution. For instance, the divergent part from the scalar boson loop contribution is cancelled by the scalar boson loop contribution.

We use the following definitions of the A, B and C functions according to the Passarino and Veltman [33] as A(m) = ∫ d^Dk iπ^2 1 k^2 − m^2

, (B1)

B_0; B^μ; B^{μν} (p^2, m_1, m_2) = ∫ d^Dk iπ^2 1; k^μ; k^μk^ν (k^2 − m^2_1)[(k + p)^2 − m^2]

, (B2)

C_0; C^μ; C^{μν} (p^2_1, p^2, q^2, m_1, m_2, m_3) = ∫ d^Dk iπ^2 1; k^μ; k^μk^ν (k^2 − m^2_1)[(k + p_1)^2 − m^2][(k + p_1 + p_2)^2 − m^2_3] , with q^2 = (p_1 + p_2)^2, (B3)

where D = 4 − 2ϵ. The vector and tensor functions of B and C functions are rewitten in terms of the following form factors by

B^μ = p^μB_1, (B4) B^{μν} = p^μp^ν B_{21} + g^{μν} B_{22}, (B5) C^μ = p^μ_1 C_{11} + p^μ_2 C_{12}, (B6) C^{μν} = p^μ_1 p^ν_1 C_{21} + p^μ_2 p^ν_2 C_{22} + (p^μ_1 p^ν_2 + p^ν_1p^μ_2 )C_{23} + g^{μν} C_{24}. (B7)

1. One-point functions

The 1PI diagram contributions to the one-point function are calculated by

T^{1PI}_{h,F} = −

4m^2_f N^f_c 16π^2 c_α v_ϕ A(m_f ), (B8)

T^{1PI}_{H,F} = +

4m^2_f N^f_c 16π^2 s_α v_ϕ A(m_f ), (B9)

T^{1PI}_{h,S} = − 1 16π^2

[λ_H++_H−−_hA(m_H++ ) + λ_H+_H−_hA(m_H+ ) + λ_{AAh}A(m_A) + λ_{HHh}A(m_H ) + 3λ_{hhh}A(m_h)], (B10) T^{1PI}_{H,S} = − 1 16π^2

[λ_H++_H−−_H A(m_H++ ) + λ_H+_H−_H A(m_H+ ) + λ_{AAH} A(m_A) + 3λ_{HHH} A(m_H ) + λ_{Hhh}A(m_h)], (B11)

T^{1PI}_{h,V} = 1 16π^2 [ − λ_G+_G−_hA(m_G+ ) − λ_G0_G0_hA(m_G0 )

+ gm_W (c_β c_α + √ 2s_βs_α)DA(m_W ) + g_Z m_Z 2 (c_β′ c_α + 2s_β′ s_α)DA(m_Z )

− gm_W (c_β c_α + √ 2s_βs_α)A(m_c+ ) − g_Z m_Z 2 (c_β′ c_α + 2s_β′ s_α)A(m_{cZ} ) ] , (B12)

T^{1PI}_{H,V} = 1 16π^2 [ − λ_G+_G−_H A(m_G+ ) − λ_G0_G0_H A(m_G0 )

+ gm_W (−c_βs_α + √ 2s_βc_α)DA(m_W ) + g_Z m_Z 2 (−c_β′ s_α + 2s_β′ c_α)DA(m_Z ) − gm_W (−c_βs_α + √ 2s_βc_α)A(m_c+ ) − g_Z m_Z 2 (−c_β′ s_α + 2s_β′ c_α)A(m_{cZ} ) ] , (B13)

where m_G+ (m_c+ ) and m_G0 (m_{cZ} ) are the masses of the NG bosons G^± and G^0 (ghost fields c^± and c_Z ), respectively. In the ’t Hooft-Feynman gauge, these masses are the same as the corresponding gauge boson masses, i.e., m_G+ = m_c+ = m_W and m_G0 = m_{cZ} = m_Z .

2. Two-point functions

The 1PI diagram contributions to the scalar boson two point functions are calculated as

Π^{1PI}_{hh} (p^2)_F = −

4m^2_f N^f_c 16π^2 c^2_α v^2_ϕ [ A(m_f ) + ( 2m^2_f − p^2 2 ) B_0(p^2, m_f , m_f ) ] , (B14)

Π^{1PI}_{HH} (p^2)_F = −

4m^2_f N^f_c 16π^2 s^2_α v^2_ϕ [ A(m_f ) + ( 2m^2_f − p^2 2 ) B_0(p^2, m_f , m_f ) ] , (B15)

Π^{1PI}_{Hh} (p^2)_F =

4m^2_f N^f_c 16π^2 c_αs_α v^2_ϕ [ A(m_f ) + ( 2m^2_f − p^2 2 ) B_0(p^2, m_f , m_f ) ] , (B16)

Π^{1PI}_{AA}(p^2)_F = −

4m^2_f N^f_c 16π^2 s^2_β′ v^2_ϕ [ A(m_f ) − p^2 2 B_0(p^2, m_f , m_f ) ] , (B17)

Π^{1PI}_{AG}(p^2)_F = +

2m^2_f N^f_c 16π^2 s_{2β}′ v^2_ϕ [ A(m_f ) − p^2 2 B_0(p^2, m_f , m_f ) ] , (B18)

Π^{1PI}_{hh} (p^2)_S = 1 16π^2

[−2λ_H++_H−−_{hh}A(m_H++ ) − 2λ_H+_H−_{hh}A(m_H+ ) − 2λ_{AAhh}A(m_A) − 2λ_{HHhh}A(m_H ) + 12λ_{hhhh}A(m_h) + λ^2_H++_H−−_hB_0(p^2, m_H++ , m_H++ ) + λ^2_H+_H−_hB_0(p^2, m_H+ , m_H+ ) + λ^2_G+_G−_hB_0(p^2, m_G+ , m_G+ ) + 2λ^2_H+_G−_hB_0(p^2, m_H+ , m_G+ ) + 2λ^2_{AAh}B_0(p^2, m_A, m_A) + 2λ^2_G0_G0_hB_0(p^2, m_G0 , m_G0 ) + λ^2_{AG}0_hB_0(p^2, m_A, m_G0 ) + 2λ^2_{HHh}B_0(p^2, m_H , m_H ) + 18λ^2_{hhh}B_0(p^2, m_h, m_h) + 4λ^2_{Hhh}B_0(p^2, m_h, m_H )], (B19) Π^{1PI}_{HH} (p^2)_S = 1 16π^2

[−2λ_H++_H−−_{HH} A(m_H++ ) − 2λ_H+_H−_{HH} A(m_H+ ) − 2λ_{HHAA}A(m_A) + 12λ_{HHHH} A(m_H ) − 2λ_{HHhh}A(m_h)] + λ^2_H++_H−−_H B_0(p^2, m_H++ , m_H++ ) + λ^2_H+_H−_H B_0(p^2, m_H+ , m_H+ ) + λ^2_G+_G−_H B_0(p^2, m_G+ , m_G+ ) + 2λ^2_H+_G−_H B_0(p^2, m_H+ , m_G+ ) + 2λ^2_{AAH} B_0(p^2, m_A, m_A) + 2λ^2_G0_G0_H B_0(p^2, m_G0 , m_G0 ) + λ^2_{AG}0_H B_0(p^2, m_A, m_G0 ) + 18λ^2_{HHH} B_0(p^2, m_H , m_H ) + 2λ^2_{Hhh}B_0(p^2, m_h, m_h) + 4λ^2_{HHh}B_0(p^2, m_h, m_H )], (B20) Π^{1PI}_{Hh} (p^2)_S = 1 16π^2

[−λ_H++_H−−_{Hh}A(m_H++ ) − λ_H+_H−_{Hh}A(m_H+ ) − λ_{AAHh}A(m_A) − 3λ_{HHHh}A(m_H ) − 3λ_{Hhhh}A(m_h) + λ_H++_H−−_hλ_H++_H−−_H B_0(p^2, m_H++ , m_H++ ) + λ_H+_H−_hλ_H+_H−_H B_0(p^2, m_H+ , m_H+ ) + λ_G+_G−_hλ_G+_G−_H B_0(p^2, m_G+ , m_G+ ) + 2λ_H+_G−_hλ_H+_G−_H B_0(p^2, m_H+ , m_G+ ) + 2λ_{AAh}λ_{AAH} B_0(p^2, m_A, m_A) + 2λ_{hG}0_G0 λ_G0_G0_H B_0(p^2, m_G0 , m_G0 ) + λ_{AG}0_hλ_{AG}0_H B_0(p^2, m_A, m_G0 ) + 6λ_{HHh}λ_{HHH} B_0(p^2, m_H , m_H ) + 6λ_{hhh}λ_{Hhh}B_0(p^2, m_h, m_h) + 4λ_{Hhh}λ_{HHh}B_0(p^2, m_H , m_h)], (B21) Π^{1PI}_{AA}(p^2)_S = − 1 16π^2

[2λ_H++_H−−_{AA}A(m_H++ ) + 2λ_H+_H−_{AA}A(m_H+ ) + 12λ_{AAAA}A(m_A) + 2λ_{AAHH} A(m_H ) + 2λ_{AAhh}A(m_h)] + 1 16π^2

[2λ_H+_G−_Aλ^∗_H+_G−_AB_0(p^2, m_H+ , m_G+ ) + 4λ^2_{AAh}B_0(p^2, m_A, m_h) + 4λ^2_{AAH} B_0(p^2, m_A, m_H ) + λ^2_{AG}0_hB_0(p^2, m_h, m_G0 ) + λ^2_{AG}0_H B_0(p^2, m_H , m_G0 )], (B22)

Π^{1PI}_{AG}(p^2)_S = − 1 16π^2

[λ_H++_H−−_{AG}0 A(m_H++ ) + λ_H+_H−_{AG}0 A(m_H+ ) + 3λ_{AAAG}0 A(m_A) + λ_{AG}0_{HH} A(m_H ) + λ_{AG}0_{hh}A(m_h)] + 2 16π^2

[λ_H+_G−_Aλ^∗_H+_G−_G0 B_0(p^2, m_H+ , m_G+ ) + λ_{AAh}λ_{AG}0_hB_0(p^2, m_A, m_h) + λ_{AAH} λ_{AG}0_H B_0(p^2, m_A, m_H ) + λ_{AG}0_hλ_G0_G0_hB_0(p^2, m_G0 , m_h) + λ_{AG}0_H λ_G0_G0_H B_0(p^2, m_G0 , m_H ), (B23) Π^{1PI}_H+_H− (p^2)_S = − 1 16π^2

[λ_H++_H−−_H+_H− A(m_H++ ) + 4λ_H+_H−_H+_H− A(m_H+ ) + λ_H+_H−_{AA}A(m_A) + λ_H+_H−_{HH} A(m_H ) + λ_H+_H−_{hh}A(m_h)] + 1 16π^2

[4λ^2_H++_H−_H− B_0(p^2, m_H++ , m_H+ ) + λ^2_H++_H−_G− B_0(p^2, m_H++ , m_G+ ) + λ^2_H+_H−_H B_0(p^2, m_H+ , m_H ) + λ^2_H+_H−_hB_0(p^2, m_H+ , m_h) + λ^2_H+_G−_H B_0(p^2, m_H , m_G+ ) + λ_H+_G−_Aλ^∗_H+_G−_AB_0(p^2, m_A, m_G+ ) + λ^2_H+_G−_hB_0(p^2, m_h, m_G+ ) + λ_H+_G−_G0 λ^∗_H+_G−_G0 B_0(p^2, m_G0 , m_G+ )], (B24) Π^{1PI}_H++_H−− (p^2)_S = − 1 16π^2

[4λ_H++_H−−_H++_H−− A(m_H++ ) + λ_H++_H−−_H+_H− A(m_H+ ) + λ_H++_H−−_{AA}A(m_A) + λ_H++_H−−_{HH} A(m_H ) + λ_H++_H−−_{hh}A(m_h)] + 1 16π^2

[2λ^2_H++_H−_H− B_0(p^2, m_H+ , m_H+ ) + 2λ^2_H++_G−_G− B_0(p^2, m_G+ , m_G+ ) + λ^2_H++_H−_G− B_0(p^2, m_H+ , m_G+ ) + λ^2_H++_H−−_H B_0(p^2, m_H++ , m_H ) + λ^2_H++_H−−_hB_0(p^2, m_H++ , m_h)], (B25) Π^{1PI}_{hh} (p^2)_V = 1 16π^2 { g^2m^2_W (c_β c_α + √ 2s_βs_α)^2DB_0(p^2, m_W , m_W ) + g^2 4 (3 − c_{2α})DA(m_W ) − g^2 2 (c_αc_β + √ 2s_αs_β)^2[2A(m_W ) − A(m_G+ ) + (2m^2_G+ − m^2_W + 2p^2)B_0(p^2, m_W , m_G+ )] − g^2 2 (−c_αs_β + √ 2s_αc_β)^2[2A(m_W ) − A(m_H+ ) + (2m^2_H+ − m^2_W + 2p^2)B_0(p^2, m_W , m_H+ )] − 2λ_G+_G−_{hh}A(m_G+ ) − g^2m^2_W 2 (c_β c_α + √ 2s_βs_α)^2B_0(p^2, m_c+ , m_c+ ) + g^2_Z m^2_Z 2 (c_β′ c_α + 2s_β′ s_α)^2DB_0(p^2, m_Z , m_Z ) + g^2_Z 8 (5 − 3c_{2α})DA(m_Z ) − g^2_Z 4 (c_αc_β′ + 2s_αs_β′ )^2[2A(m_Z ) − A(m_G0 ) + (2m^2_G0 − m^2_Z + 2p^2)B_0(p^2, m_Z , m_G0 )] − g^2_Z 4 (−c_αs_β′ + 2s_αc_β′ )^2[2A(m_Z ) − A(m_A) + (2m^2_A − m^2_Z + 2p^2)B_0(p^2, m_Z , m_A)] − 2λ_G0_G0_{hh}A(m_G0 ) − g^2_Z m^2_Z 4 (c_β′ c_α + 2s_β′ s_α)^2B_0(p^2, m_{cZ} , m_{cZ} ) } , (B26)

Π^{1PI}_{HH} (p^2)_V = 1 16π^2 { g^2m^2_W (−c_βs_α + √ 2s_βc_α)^2DB_0(p^2, m_W , m_W ) + g^2 4 (3 + c_{2α})DA(m_W ) − g^2 2 (−s_αc_β + √ 2c_αs_β)^2[2A(m_W ) − A(m_G+ ) + (2m^2_G+ − m^2_W + 2p^2)B_0(p^2, m_W , m_G+ )] − g^2 2 (s_αs_β + √ 2c_αc_β )^2[2A(m_W ) − A(m_H+ ) + (2m^2_H+ − m^2_W + 2p^2)B_0(p^2, m_W , m_H+ )]

− 2λ_G+_G−_{HH} A(m_G+ ) − g^2m^2_W 2 (−c_βs_α + √ 2s_βc_α)^2B_0(p^2, m_c+ , m_c+ ) + g^2_Z m^2_Z 2 (−c_β′ s_α + 2s_β′ c_α)^2DB_0(p^2, m_Z , m_Z ) + g^2_Z 8 (5 + 3c_{2α})DA(m_Z ) − g^2_Z 4 (−s_αc_β′ + 2c_αs_β′ )^2[2A(m_Z ) − A(m_G0 ) + (2m^2_G0 − m^2_Z + 2p^2)B_0(p^2, m_Z , m_G0 )] − g^2_Z 4 (2c_αc_β′ + s_αs_β′ )^2[2A(m_Z ) − A(m_A) + (2m^2_A − m^2_Z + 2p^2)B_0(p^2, m_Z , m_A)]

− 2λ_G0_G0_{HH} A(m_G0 ) − g^2_Z m^2_Z 4 (−c_β′ s_α + 2s_β′ c_α)^2B_0(p^2, m_{cZ} , m_{cZ} ) } , (B27)

Π^{1PI}_{Hh} (p^2)_V = 1 16π^2 { g^2m^2_W (c_β c_α + √ 2s_βs_α)(−c_β s_α + √ 2s_βc_α)DB_0(p^2, m_W , m_W ) + g^2 4 s_{2α}DA(m_W ) − g^2 2 (c_αc_β + √ 2s_αs_β)(−s_αc_β + √ 2c_αs_β)[2A(m_W ) − A(m_G+ ) + (2m^2_G+ − m^2_W + 2p^2)B_0(p^2, m_W , m_G+ )] − g^2 2 (−c_αs_β + √ 2s_αc_β )(s_αs_β + √ 2c_αc_β )[2A(m_W ) − A(m_H+ ) + (2m^2_H+ − m^2_W + 2p^2)B_0(p^2, m_W , m_H+ )]

− λ_G+_G−_{Hh}A(m_G+ ) − g^2m^2_W 2 (c_β c_α + √ 2s_βs_α)(−c_β s_α + √ 2s_βc_α)B_0(p^2, m_c+ , m_c+ ) + g^2_Z m^2_Z 2 (c_β′ c_α + 2s_β′ s_α)(−c_β′ s_α + 2s_β′ c_α)DB_0(p^2, m_Z , m_Z ) +

3g^2_Z 8 s_{2α}DA(m_Z ) − g^2_Z 4 (c_αc_β′ + 2s_αs_β′ )(−s_αc_β′ + 2c_αs_β′ )[2A(m_Z ) − A(m_G0 ) + (2m^2_G0 − m^2_Z + 2p^2)B_0(p^2, m_Z , m_G0 )] − g^2_Z 4 (−c_αs_β′ + 2s_αc_β′ )(s_αs_β′ + 2c_αc_β′ )[2A(m_Z ) − A(m_A) + (2m^2_A − m^2_Z + 2p^2)B_0(p^2, m_Z , m_A)]

− λ_G0_G0_{Hh}A(m_G0 ) − g^2_Z m^2_Z 4 (c_β′ c_α + 2s_β′ s_α)(−c_β′ s_α + 2s_β′ c_α)B_0(p^2, m_{cZ} , m_{cZ} ) } , (B28)

Π^{1PI}_{AA}(p^2)_V = 1 16π^2 { g^2 4 (3 + c_{2β}′ )DA(m_W ) − 2λ_G+_G−_{AA}A(m_G+ ) − g^2 2 (−c_β s_β′ + √ 2s_βc_β′ )^2[2A(m_W ) − A(m_G+ ) + (2m^2_G+ − m^2_W + 2p^2)B_0(p^2, m_W , m_G+ )] − g^2 2 (s_βs_β′ + √ 2c_βc_β′ )^2[2A(m_W ) − A(m_H+ ) + (2m^2_H+ − m^2_W + 2p^2)B_0(p^2, m_W , m_H+ )] + g^2m^2_W 2 (−c_β s_β′ + √ 2s_βc_β′ )^2B_0(p^2, m_c+ , m_c+ ) + g^2_Z 8 (5 + 3c_{2β}′ )DA(m_Z ) − 2λ_{AAG}0_G0 A(m_G0 ) − g^2_Z 4 (−c_αs_β′ + 2s_αc_β′ )^2[2A(m_Z ) − A(m_h) + (2m^2_h − m^2_Z + 2p^2)B_0(p^2, m_Z , m_h)] − g^2_Z 4 (s_αs_β′ + 2c_αc_β′ )^2[2A(m_Z ) − A(m_H ) + (2m^2_H − m^2_Z + 2p^2)B_0(p^2, m_Z , m_H )] } , (B29)

Π^{1PI}_{AG}(p^2)_V = 1 16π^2 { g^2 4 s_{2β}′ DA(m_W ) + 3 8 g^2_Z s_{2β}′ DA(m_Z ) − g^2 2 (s_βs_β′ + √ 2c_βc_β′ )(−s_βc_β′ + √ 2c_β s_β′ )[2A(m_W ) − A(m_H+ ) + (2m^2_H+ − m^2_W + 2p^2)B_0(p^2, m_W , m_H+ )] − g^2_Z 4 (−c_αs_β′ + 2s_αc_β′ )(c_αc_β′ + 2s_αs_β′ )[2A(m_Z ) − A(m_h) + (2m^2_h − m^2_Z + 2p^2)B_0(p^2, m_Z , m_h)] − g^2_Z 4 (2c_αc_β′ + s_αs_β′ )(−s_αc_β′ + 2c_αs_β′ )[2A(m_Z ) − A(m_H ) + (2m^2_H − m^2_Z + 2p^2)B_0(p^2, m_Z , m_H )]

− 3λ_{AG}0_G0_G0 A(m_G0 ) − λ_G+_G−_{AG}0 A(m_G+ ) } . (B30)

The 1PI diagram contributions to the gauge boson two point functions are calculated as follows.

The fermion-loop contributions are

Π^{1PI}_{W W} (p^2)_F = g^2 16π^2 N^f_c [ − B_4 + 2p^2B_3 ] (p^2, m_f , m_f ′ ), (B31)

Π^{1PI}_{ZZ} (p^2)_F = g^2_Z 16π^2 N^f_c [ 2p^2(4s^4_W Q^2_f − 4s^2_W Q_f I_f + 2I^2_f )B_3 − 2I^2_f m^2_f B_0 ] (p^2, m_f , m_f ), (B32)

Π^{1PI}_{γγ} (p^2)_F = e^2 16π^2

N^f_c Q^2_f [ 8p^2B_3 ] (p^2, m_f , m_f ), (B33)

Π^{1PI}_{Zγ} (p^2)_F = − eg_Z 16π^2 N^f_c [ 2p^2(−4s^2_W Q^2_f + 2I_f Q_f )B_3 ] (p^2, m_f , m_f ), (B34)

where B_3(p^2, m_1, m_2) = −B_1(p^2, m_1, m_2) − B_{21}(p^2, m_1, m_2) and B_4(p^2, m_1, m_2) =

−m^2_1B_1(p^2, m_2, m_1) − m^2B_1(p^2, m_1, m_2) [30].

The scalar-boson loop contirbutions are

Π^{1PI}_{W W} (p^2)_S = 1 16π^2 g^2 4 [ 4c^2_β B_5(p^2, m_H++ , m_H+ ) + 4s^2_βB_5(p^2, m_H++ , m_G+ )

+ (c_αs_β − √ 2s_αc_β )^2B_5(p^2, m_H+ , m_h) + (c_αc_β + √ 2s_αs_β)^2B_5(p^2, m_G+ , m_h)

+ (s_αs_β + √ 2c_αc_β )^2B_5(p^2, m_H+ , m_H ) + (s_αc_β − √ 2c_αs_β)^2B_5(p^2, m_G+ , m_H )

+ (s_β′ s_β + √ 2c_β′ c_β )^2B_5(p^2, m_H+ , m_A) + (s_β′ c_β − √ 2c_β′ s_β)^2B_5(p^2, m_G+ , m_A)

+ (−c_β′ s_β + √ 2s_β′ c_β)^2B_5(p^2, m_H+ , m_Z ) + (c_β′ c_β + √ 2s_β′ s_β)^2B_5(p^2, m_G+ , m_G0 ) ] , (B35)

Π^{1PI}_{ZZ} (p^2)_S = 1 16π^2 g^2_Z 4 [ 4(c^2_W − s^2_W )^2B_5(p^2, m_H++ , m_H++ ) + (c^2_W − s^2_W − c^2_β)^2B_5(p^2, m_H+ , m_H+ )

+ (c^2_W − s^2_W − s^2_β)^2B_5(p^2, m_G+ , m_G+ ) + 2s^2_β c^2_βB_5(p^2, m_H+ , m_G+ )

+ (2c_αc_β′ + s_αs_β′ )^2B_5(p^2, m_H , m_A) + (2s_αc_β′ − c_αs_β′ )^2B_5(p^2, m_h, m_A)

+ (s_αc_β′ − 2c_αs_β′ )^2B_5(p^2, m_H , m_G0 ) + (c_αc_β′ + 2s_αs_β′ )^2B_5(p^2, m_h, m_G0 ) ] , (B36)

Π^{1PI}_{γγ} (p^2)_S = e^2 16π^2 [ 4B_5(p^2, m_H++ , m_H++ ) + B_5(p^2, m_H+ , m_H+ ) + B_5(p^2, m_G+ , m_G+ ) ] , (B37)

Π^{1PI}_{Zγ} (p^2)_S = − eg_Z 16π^2 [ 2(c^2_W − s^2_W )B_5(p^2, m_H++ , m_H++ ) + 1 2 (c^2_W − s^2_W − c^2_β )B_5(p^2, m_H+ , m_H+ ) + 1 2 (c^2_W − s^2_W − s^2_{β±} )B_5(p^2, m_G+ , m_G+ ) ] , (B38)

where B_5(p^2, m_1, m_2) = A(m_1) + A(m_2) − 4B_{22}(p^2, m_1, m_2) [30]. The gauge boson loop contribu-

tions are

Π^{1PI}_{W W} (p^2)_V = Π^{1PI}_{W W} (p^2)_V −

4g^2 16π^2

(p^2 − m^2_W )[c^2_W B_0(p^2, m_Z , m_W ) + s^2_W B_0(p^2, 0, m_W )],

Π^{1PI}_{ZZ} (p^2)_V = Π^{1PI}_{ZZ} (p^2)_V −

4g^2_Z 16π^2 c^4_W (p^2 − m^2_Z )B_0(p^2, m_W , m_W ),

Π^{1PI}_{γγ} (p^2)_V = Π^{1PI}_{γγ} (p^2)_V −

4e^2 16π^2 p^2B_0(p^2, m_W , m_W ),

Π^{1PI}_{Zγ} (p^2)_V = Π^{1PI}_{Zγ} (p^2)_V + 4eg_Z 16π^2 c^2_W ( p^2 − 1 2 m^2_Z ) B_0(p^2, m_W , m_W ), (B39)

where Π^{1PI}_{XY} (p^2)_V functions are the gauge invariant two point functions while Π^{1PI}_{XY} (p^2)_V functions

are the amplitude calculated in the ’t Hooft-Feynman gauge. The second term of the right-hand

side in Eq. (B39) corresponds to the pinch-terms [34] which are introduced to maintain the gauge invariance of the gauge boson two point functions. The Π^{1PI}_{XY} (p^2)_V functions are calculated as

Π^{1PI}_{W W} (p^2)_V = g^2 16π^2 { m^2_W [ ( c_β c_α + √ 2s_βs_α )_2 B_0(p^2, m_h, m_W ) + ( c_β s_α − √ 2s_βc_α )_2 B_0(p^2, m_H , m_W )

+ 4s^2_βB_0(p^2, m_H++ , m_W ) + c^2_β s^2_β

c^2_W

B_0(p^2, m_H+ , m_Z ) + s^2_W B_0(p^2, m_G+ , 0) +

(s^2_W + s^2_β)^2

c^2_W

B_0(p^2, m_G+ , m_Z ) ]

− c^2_W [ (6D − 8)B_{22} + p^2(2B_{21} + 2B_1 + 5B_0) ] (p^2, m_Z , m_W ) + (D − 1) [ c^2_W A(m_Z ) + A(m_W ) ]

− s^2_W [ (6D − 8)B_{22} + p^2(2B_{21} + 2B_1 + 5B_0) ] (p^2, 0, m_W ) } , (B40)

Π^{1PI}_{ZZ} (p^2)_V = g^2_Z 16π^2 { m^2_Z [ (c_β′ c_α + 2s_β′ s_α)^2B_0(p^2, m_h, m_Z ) + (c_β′ s_α − 2s_β′ c_α)^2B_0(p^2, m_H , m_Z ) ]

+ m^2_W [ 2c^2_β s^2_βB_0(p^2, m_H+ , m_W ) + 2 ( s^2_W + s^2_β

)_2

B_0(p^2, m_G+ , m_W ) ]

− c^4_W [ (6D − 8)B_{22} + p^2(2B_{21} + 2B_1 + 5B_0) ] (p^2, m_W , m_W ) + 2(D − 1)c^4_W A(m_W ) } , (B41)

Π^{1PI}_{γγ} (p^2)_V = − e^2 16π^2 [ (6D − 8)B_{22}(p^2, m_W , m_W ) + p^2(2B_{21} + 2B_1 + 5B_0)(p^2, m_W , m_W )

− 2(D − 1)A(m_W ) − 2m^2_W B_0(p^2, m_G+ , m_W ) ] , (B42)

Π^{1PI}_{Zγ} (p^2)_V = + eg_Z 16π^2 [ c^2_W (6D − 8)B_{22}(p^2, m_W , m_W ) + c^2_W p^2(2B_{21} + 2B_1 + 5B_0)(p^2, m_W , m_W )

− 2c^2_W (D − 1)A(m_W ) + 2m^2_W (s^2_W + s^2_β)B_0(p^2, m_G+ , m_W ) ] . (B43)

3. Three-point functions

In this subsection, we use the shortened notation for the three-point function of the Passarino-

Veltman function as C_i(m_1, m_2, m_3) ≡ C_i(p^2_1, p^2, q^2, m_1, m_2, m_3). The 1PI diagram contributions

to the hhh vertex can be expressed as a function of the incoming momenta p_1 and p_2 and the

outgoing momentum q = p_1 + p_2 as

Γ^{1PI}_{hhh}(p^2_1, p^2, q^2)_F = −

8m^4_f N^f_c

16π^2 c^3_α v^3_ϕ [ B_0(p^2_1, m_f , m_f ) + B_0(p^2, m_f , m_f ) + B_0(q^2, m_f , m_f )

+ (4m^2_f − q^2 + p_1 · p_2)C_0(m_f , m_f , m_f ) ] , (B44)

Γ^{1PI}_{hhh}(p^2_1, p^2, q^2)_S = 1 16π^2 {

+ 2λ_H++_H−−_hλ_H++_H−−_{hh}[B_0(p^2_1, m_H++ , m_H++ ) + B_0(p^2, m_H++ , m_H++ ) + B_0(q^2, m_H++ , m_H++ )] + 2λ_H+_H−_hλ_H+_H−_{hh}[B_0(p^2_1, m_H+ , m_H+ ) + B_0(p^2, m_H+ , m_H+ ) + B_0(q^2, m_H+ , m_H+ )] + 2λ_{hG}+_G− λ_{hhG}+_G− [B_0(p^2_1, m_W , m_W ) + B_0(p^2, m_W , m_W ) + B_0(q^2, m_W , m_W )] + 4λ_H+_G−_hλ_H+_G−_{hh}[B_0(p^2_1, m_H+ , m_W ) + B_0(p^2, m_H+ , m_W ) + B_0(q^2, m_H+ , m_W )] + 4λ_{AAh}λ_{AAhh}[B_0(p^2_1, m_A, m_A) + B_0(p^2, m_A, m_A) + B_0(q^2, m_A, m_A)] + 4λ_G0_G0_hλ_G0_G0_{hh}[B_0(p^2_1, m_Z , m_Z ) + B_0(p^2, m_Z , m_Z ) + B_0(q^2, m_Z , m_Z )] + 2λ_{AG}0_hλ_{AG}0_{hh}[B_0(p^2_1, m_A, m_Z ) + B_0(p^2, m_A, m_Z ) + B_0(q^2, m_A, m_Z )] + 4λ_{HHh}λ_{HHhh}[B_0(p^2_1, m_H , m_H ) + B_0(p^2, m_H , m_H ) + B_0(q^2, m_H , m_H )] + 12λ_{Hhh}λ_{Hhhh}[B_0(p^2_1, m_h, m_H ) + B_0(p^2, m_h, m_H ) + B_0(q^2, m_h, m_H )] + 72λ_{hhh}λ_{hhhh}[B_0(p^2_1, m_h, m_h) + B_0(p^2, m_h, m_h) + B_0(q^2, m_h, m_h)] ]}

− 1 16π^2 { 2λ^3_H++_H−−_hC_0(m_H++ , m_H++ , m_H++ ) + 2λ^3_H+_H−_hC_0(m_H+ , m_H+ , m_H+ ) + 2λ^3_G+_G−_hC_0(m_W , m_W , m_W ) + 8λ^3_G0_G0_hC_0(m_Z , m_Z , m_Z ) + 8λ^3_{AAh}C_0(m_A, m_A, m_A) + 8λ^3_{HHh}C_0(m_H , m_H , m_H ) + 216λ^3_{hhh}C_0(m_h, m_h, m_h) + 2λ_H+_H−_hλ^2_H+_G−_h[C_0(m_G+ , m_H+ , m_H+ ) + C_0(m_H+ , m_W , m_H+ ) + C_0(m_H+ , m_H+ , m_W )] + 2λ_G+_G−_hλ^2_H+_G−_h[C_0(m_H+ , m_W , m_W ) + C_0(m_G+ , m_H+ , m_W ) + C_0(m_W , m_W , m_H+ )] + 2λ_{AAh}λ^2_{AG}0_h[C_0(m_Z , m_A, m_A) + C_0(m_A, m_Z , m_A) + C_0(m_A, m_A, m_Z )] + 2λ_G0_G0_hλ^2_{AG}0_h[C_0(m_A, m_Z , m_Z ) + C_0(m_Z , m_A, m_Z ) + C_0(m_Z , m_Z , m_A)] + 8λ_{HHh}λ^2_{Hhh}[C_0(m_h, m_H , m_H ) + C_0(m_H , m_H , m_h) + C_0(m_H , m_h, m_H )] + 24λ_{hhh}λ^2_{Hhh}[C_0(m_h, m_h, m_H ) + C_0(m_H , m_h, m_h) + C_0(m_h, m_H , m_h)] } , (B45)

Γ^{1PI}_{hhh}(p^2_1, p^2, q^2)_V = 1 16π^2 [

+ 3g^3 4 m_W (c_β c_α + √ 2s_βs_α)(3 − c_{2α})DB_0(q^2, m_W , m_W ) + 2g^3m^3_W (c_β c_α + √ 2s_βs_α)^3DC_0(m_W , m_W , m_W ) − g^3 2 m_W (c_β c_α + √ 2s_βs_α)^3C^{hhh}_{SV V} (m_G+ , m_W , m_W ) − g^3 2 m_W (c_β c_α + √ 2s_βs_α)(−s_βc_α + √ 2c_βs_α)^2C^{hhh}_{SV V} (m_H+ , m_W , m_W ) + g^2 2 λ_G+_G−_h(c_β c_α + √ 2s_βs_α)^2C^{hhh}_{V SS} (m_W , m_G+ , m_G+ ) + g^2 2 λ_H+_H−_h(−s_βc_α + √ 2c_βs_α)^2C^{hhh}_{V SS}(m_W , m_H+ , m_H+ ) + g^2 2 λ_H+_G−_h(c_β c_α + √ 2s_βs_α)(−s_βc_α + √ 2c_β s_α)[C^{hhh}_{V SS}(m_W , m_G+ , m_H+ ) + C_{V SS}(m_W , m_H+ , m_G+ )] − g^3m^3_W 2 (c_β c_α + √ 2s_βs_α)^3C_0(m_c+ , m_c+ , m_c+ ) + 3g^3_Z m_Z 8 (c_β′ c_α + 2s_β′ s_α)(5 − 3c_{2α})DB_0(q^2, m_Z , m_Z ) + g^3_Z m^3_Z (c_β′ c_α + 2s_β′ s_α)^3DC_0(m_Z , m_Z , m_Z ) − g^3_Z m_Z 4 (c_β′ c_α + 2s_β′ s_α)^3C^{hhh}_{SV V} (m_G0 , m_Z , m_Z ) − g^3_Z m_Z 4 (c_β′ c_α + 2s_β′ s_α)(−s_β′ c_α + 2c_β′ s_α)^2C^{hhh}_{SV V} (m_A, m_Z , m_Z ) + g^2_Z 2 λ_G0_G0_h(c_β′ c_α + 2s_β′ s_α)^2C^{hhh}_{V SS} (m_Z , m_G0 , m_G0 ) + g^2_Z 2 λ_{AAh}(−s_β′ c_α + 2c_β′ s_α)^2C^{hhh}_{V SS}(m_Z , m_A, m_A) + g^2_Z 4 λ_{AG}0_h(c_β′ c_α + 2s_β′ s_α)(−s_β′ c_α + 2c_β′ s_α)[C^{hhh}_{V SS} (m_Z , m_A, m_G0 ) + C^{hhh}_{V SS} (m_Z , m_G0 , m_A)] − g^3_Z m^3_Z 4 (c_β′ c_α + 2s_β′ s_α)^3C_0(m_{cZ} , m_{cZ} , m_{cZ} ) ] , (B46)

where we define

C^{hhh}_{SV V} (m_1, m_2, m_3) ≡ [ p^2_1C_{21} + p^2C_{22} + 2p_1p_2C_{23} + DC_{24} − (q + p_1)(p_1C_{11} + p_2C_{12}) + qp_1C_0 ] (m_1, m_2, m_3) + [ p^2_1C_{21} + p^2C_{22} + 2p_1p_2C_{23} + DC_{24} + (3p_1 − p_2)(p_1C_{11} + p_2C_{12}) + 2p_1(p_1 − p_2)C_0 ] (m_3, m_1, m_2) + [ p^2_1C_{21} + p^2C_{22} + 2p_1p_2C_{23} + DC_{24} + (3p_1 + 4p_2)(p_1C_{11} + p_2C_{12}) + 2q(q + p_2)C_0 ] (m_2, m_3, m_1),

(B47) C^{hhh}_{V SS} (m_V , m_S , m_S ) ≡ [ p^2_1C_{21} + p^2C_{22} + 2p_1p_2C_{23} + DC_{24} + (4p_1 + 2p_2)(p_1C_{11} + p_2C_{12}) + 4p_1 · qC_0 ] (m_V , m_S , m_S ) + [ p^2_1C_{21} + p^2C_{22} + 2p_1p_2C_{23} + DC_{24} + 2p_2(p_1C_{11} + p_2C_{12}) − p_1(p_1 + 2p_2)C_0 ] (m_S , m_V , m_S ) + [ p^2_1C_{21} + p^2C_{22} + 2p_1p_2C_{23} + DC_{24} − 2p_2(p_1C_{11} + p_2C_{12}) − q(p_1 − p_2)C_0 ] (m_S , m_S , m_V ). (B48)

The 1PI diagram contributions to the form factors of the hZZ and hW W vertices which are

defined in Eq. (139) are calculated as

M^{hZZ}_{1,1PI}(p^2_1, p^2, q^2)_F = −

32m^2_f m^2_Z N^f_c c_α v_ϕ(v^2 + 2v^2_Δ) 1 16π^2 { − 1 4 (I^2_f − 2s^2_W I_f Q_f + 2s^4_W Q^2_f ) [ B_0(p^2_1, m_f , m_f ) + B_0(p^2, m_f , m_f ) + 2B_0(q^2, m_f , m_f ) +(4m^2_f − p^2_1 − p^2)C_0(m_f , m_f , m_f ) − 8C_{24}(m_f , m_f , m_f ) ]

+ s^2_W 2 (−I_f Q_f + s^2_W Q^2_f ) [ B_0(p^2, m_f , m_f ) + B_0(p^2_1, m_f , m_f ) + (4m^2_f − q^2)C_0(m_f , m_f , m_f ) ] } , (B49)

M^{hZZ}_{2,1PI}(p^2_1, p^2, q^2)_F = −

32m^2_f m^4_Z N^f_c c_α v_ϕ(v^2 + 2v^2_Δ) 1 16π^2 × [1 2 (I^2_f − 2s^2_W I_f Q_f + 2s^4_W Q^2_f ) ( 4C_{23} + 3C_{12} + C_{11} + C_0 ) + s^2_W (−I_f Q_f + s^2_W Q^2_f ) ( C_{12} − C_{11} )]

(m_f , m_f , m_f ), (B50)

M^{hZZ}_{3,1PI}(p^2_1, p^2, q^2)_F = −

32m^2_f m^4_Z N^f_c c_α v_ϕ(v^2 + 2v^2_Δ) 1 16π^2 I_f 2 (−I_f + 2s^2_W Q_f )(C_{11} + C_{12} + C_0)(m_f , m_f , m_f ).

(B51)

M^{hW W} 1,1PI (p 2 1, p^2, q^2)_F =

4m^2_W m^2_t N^f_c c_α v_ϕv^2 1 16π^2 [ 1 2 B_0(p^2, m_t, m_b) + B_0(q^2, m_t, m_t) + 1 2 B_0(p^2_1, m_t, m_b)

− 4C_{24}(p^2_1, p^2, q^2, m_t, m_b, m_t) + 1 2 (2m^2_t + 2m^2_b − p^2_1 − p^2)C_0(m_t, m_b, m_t) ] + (m_t ↔ m_b), (B52)

M^{hW W} 2,1PI (p 2 1, p^2, q^2)_F =

−4m^4_W m^2_t N^f_c c_α v_ϕv^2 1 16π^2

(4C_{23} + 3C_{12} + C_{11} + C_0) (m_t, m_b, m_t) + (m_t ↔ m_b),

(B53) M^{hW W} 3,1PI (p 2 1, p^2, q^2)_F =

−4m^4_W m^2_t N^f_c c_α v_ϕv^2 1 16π^2

(C_{11} + C_{12} + C_0) (m_t, m_b, m_t) + (m_t ↔ m_b). (B54)

M^{hZZ}_{1,1PI}(p^2_1, p^2, q^2)_S = −

16m^2_Z v^2 + 2v^2_Δ 1 16π^2 { 2λ_H++_H−−_h(c^2_W − s^2_W )^2C_{24}(m_H++ , m_H++ , m_H++ ) + 1 2 λ_H+_H−_h(c^2_W − s^2_W − c^2_β)^2C_{24}(m_H+ , m_H+ , m_H+ ) + 1 8 λ_H+_H−_hs^2_βC_{24}(m_H+ , m_G+ , m_H+ ) + 1 8 λ_G+_G−_hs^2_βC_{24}(m_G+ , m_H+ , m_G+ ) − 1 4 λ_H+_G−_hs_{2β}(c^2_W − s^2_W − c^2_β)[C_{24}(m_H+ , m_H+ , m_G+ ) + C_{24}(m_G+ , m_H+ , m_H+ )] − 1 4 λ_H+_G−_hs_{2β}(c^2_W − s^2_W − s^2_β)[C_{24}(m_H+ , m_G+ , m_G+ ) + C_{24}(m_G+ , m_G+ , m_H+ )] + 1 2 λ_G+_G−_h(c^2_W − s^2_W − s^2_β)^2C_{24}(m_G+ , m_G+ , m_G+ ) + 1 2 λ_{AAh}(2c_αc_β′ + s_αs_β′ )^2C_{24}(m_A, m_H , m_A) + 1 2 λ_{AAh}(c_αs_β′ − 2s_αc_β′ )^2C_{24}(m_A, m_h, m_A) + 1 2 λ_{HHh}(2c_αc_β′ + s_αs_β′ )^2C_{24}(m_H , m_A, m_H ) + 3 2 λ_{hhh}(c_αs_β′ − 2s_αc_β′ )^2C_{24}(m_h, m_A, m_h) − 1 2 λ_{Hhh}(2c_αc_β′ + s_αs_β′ )(c_αs_β′ − 2s_αc_β′ ) [C_{24}(m_H , m_A, m_h) + C_{24}(m_h, m_A, m_H )] − 1 4 λ_{AG}0_h(2c_αc_β′ + s_αs_β′ )(s_αc_β′ − 2c_αs_β′ ) [C_{24}(m_A, m_H , m_G0 ) + C_{24}(m_G0 , m_H , m_A)] − 1 4 λ_{AG}0_h(c_αs_β′ − 2s_αc_β′ )(c_αc_β′ + 2s_αs_β′ ) [C_{24}(m_A, m_h, m_G0 ) + C_{24}(m_G0 , m_h, m_A)] + 1 2 λ_G0_G0_h(s_αc_β′ − 2c_αs_β′ )^2C_{24}(m_G0 , m_H , m_G0 ) + 1 2 λ_G0_G0_h(c_αc_β′ + 2s_αs_β′ )^2C_{24}(m_G0 , m_h, m_G0 ) + 1 2 λ_{HHh}(s_αc_β′ − 2c_αs_β′ )^2C_{24}(m_H , m_G0 , m_H ) + 3 2 λ_{hhh}(c_αc_β′ + 2s_αs_β′ )^2C_{24}(m_h, m_G0 , m_h) − 1 2 λ_{Hhh}(s_αc_β′ − 2c_αs_β′ )(c_αc_β′ + 2s_αs_β′ ) [C_{24}(m_H , m_G0 , m_h) + C_{24}(m_h, m_G0 , m_H )] }

+ 4m^2_Z v^2 + 2v^2_Δ 1 16π^2 { 2λ_H++_H−−_h(c^2_W − s^2_W )^2B_0(q^2, m_H++ , m_H++ ) + 1 4 λ_H+_H−_h(2 + c_{4W} − 4c_{2W} c^2_β + c_{2β} )B_0(q^2, m_H+ , m_H+ ) + 1 4 λ_G+_G−_h(2 + c_{4W} − 4c_{2W} s^2_β − c_{2β} )B_0(q^2, m_G+ , m_G+ ) + 1 2 λ_H+_G−_hs_{2β}(1 − 2c_{2W} )B_0(q^2, m_H+ , m_G+ ) + 1 4 λ_{AAh}(5 + 3c_{2β}′ )B_0(q^2, m_A, m_A) + 1 4 λ_G0_G0_h(5 − 3c_{2β}′ )B_0(q^2, m_G0 , m_G0 ) + 1 4 λ_{HHh}(5 + 3c_{2α})B_0(q^2, m_H , m_H ) + 3 4 λ_{hhh}(5 − 3c_{2α})B_0(q^2, m_h, m_h) + 3 4 λ_{AG}0_hs_{2β}′ B_0(q^2, m_A, m_G0 ) + 3 2 λ_{Hhh}s_{2α}B_0(q^2, m_h, m_H ) } , (B55)

M^{hZZ}_{2,1PI}(p^2_1, p^2, q^2)_S = −

16m^4_Z v^2 + 2v^2_Δ 1 16π^2 { 2λ_H++_H−−_h(c^2_W − s^2_W )^2C_{1223}(m_H++ , m_H++ , m_H++ ) + 1 2 λ_H+_H−_h(c^2_W − s^2_W − c^2_β)^2C_{1223}(m_H+ , m_H+ , m_H+ ) + 1 8 λ_H+_H−_hs^2_βC_{1223}(m_H+ , m_W , m_H+ ) + 1 8 λ_G+_G−_hs^2_βC_{1223}(m_W , m_H+ , m_W ) − 1 4 λ_H+_G−_hs_{2β}(c^2_W − s^2_W − c^2_β)[C_{1223}(m_H+ , m_H+ , m_W ) + C_{1223}(m_W , m_H+ , m_H+ )] − 1 4 λ_H+_G−_hs_{2β}(c^2_W − s^2_W − s^2_β)[C_{1223}(m_H+ , m_W , m_W ) + C_{1223}(m_W , m_W , m_H+ )] + 1 2 λ_G+_G−_h(c^2_W − s^2_W − s^2_β)^2C_{1223}(m_W , m_W , m_W ) + 1 2 λ_{AAh}(2c_αc_β′ + s_αs_β′ )^2C_{1223}(m_A, m_H , m_A) + 1 2 λ_{AAh}(c_αs_β′ − 2s_αc_β′ )^2C_{1223}(m_A, m_h, m_A) + 1 2 λ_{HHh}(2c_αc_β′ + s_αs_β′ )^2C_{1223}(m_H , m_A, m_H ) + 3 2 λ_{hhh}(c_αs_β′ − 2s_αc_β′ )^2C_{1223}(m_h, m_A, m_h) − 1 2 λ_{Hhh}(2c_αc_β′ + s_αs_β′ )(c_αs_β′ − 2s_αc_β′ ) [C_{1223}(m_H , m_A, m_h) + C_{1223}(m_h, m_A, m_H )] − 1 4 λ_{AG}0_h(2c_αc_β′ + s_αs_β′ )(s_αc_β′ − 2c_αs_β′ ) [C_{1223}(m_A, m_H , m_Z ) + C_{1223}(m_Z , m_H , m_A)] − 1 4 λ_{AG}0_h(c_αs_β′ − 2s_αc_β′ )(c_αc_β′ + 2s_αs_β′ ) [C_{1223}(m_A, m_h, m_Z ) + C_{1223}(m_Z , m_h, m_A)] + 1 2 λ_G0_G0_h(s_αc_β′ − 2c_αs_β′ )^2C_{1223}(m_Z , m_H , m_Z ) + 1 2 λ_G0_G0_h(c_αc_β′ + 2s_αs_β′ )^2C_{1223}(m_Z , m_h, m_Z ) + 1 2 λ_{HHh}(s_αc_β′ − 2c_αs_β′ )^2C_{1223}(m_H , m_Z , m_H ) + 3 2 λ_{hhh}(c_αc_β′ + 2s_αs_β′ )^2C_{1223}(m_h, m_Z , m_h) − 1 2 λ_{Hhh}(s_αc_β′ − 2c_αs_β′ )(c_αc_β′ + 2s_αs_β′ ) [C_{1223}(m_H , m_Z , m_h) + C_{1223}(m_h, m_Z , m_H )] } , (B56)

M^{hZZ}_{3,1PI}(p^2_1, p^2, q^2)_S = 0, (B57)

M^{hW W} 1,1PI (p 2 1, p^2, q^2)_S = −

16m^2_W

v^2 1 16π^2 {

+ λ_H++_H−−_hc^2_βC_{24}(m_H++ , m_H+ , m_H++ ) + λ_H++_H−−_hs^2_βC_{24}(m_H++ , m_G+ , m_H++ )

+ λ_H+_H−_hc^2_βC_{24}(m_H+ , m_H++ , m_H+ ) + λ_G+_G−_hs^2_βC_{24}(m_G+ , m_H++ , m_G+ )

+ λ_H+_G−_hc_βs_β[C_{24}(m_G+ , m_H++ , m_H+ ) + C_{24}(m_H+ , m_H++ , m_G+ )] + 1 2 λ_{AAh} [( s_βs_β′ + √ 2c_βc_β′ )_2

C_{24}(m_A, m_H+ , m_A) + ( −c_βs_β′ + √ 2s_βc_β′ )_2

C_{24}(m_A, m_G+ , m_A) ]

+ 1 2 λ_G0_G0_h [( −s_βc_β′ + √ 2c_βs_β′ )_2

C_{24}(m_G0 , m_H+ , m_G0 ) + ( c_βc_β′ + √ 2s_βs_β′ )_2

C_{24}(m_G0 , m_G+ , m_G0 ) ]

+ 1 4 λ_{AG}0_h ( s_βs_β′ + √ 2c_β c_β′ ) ( −s_βc_β′ + √ 2c_β s_β′ ) [C_{24}(m_A, m_H+ , m_G0 ) + C_{24}(m_G0 , m_H+ , m_A)] + 1 4 λ_{AG}0_h ( −c_βs_β′ + √ 2s_βc_β′ ) ( c_β c_β′ + √ 2s_βs_β′ ) [C_{24}(m_A, m_G+ , m_G0 ) + C_{24}(m_G0 , m_G+ , m_A)] + 1 2 λ_{HHh} [( s_βs_α + √ 2c_β c_α )_2

C_{24}(m_H , m_H+ , m_H ) + ( −c_βs_α + √ 2s_βc_α )_2

C_{24}(m_H , m_G+ , m_H ) ]

+ 3 2 λ_{hhh} [( −s_βc_α + √ 2c_βs_α )_2

C_{24}(m_h, m_H+ , m_h) + ( c_βc_α + √ 2s_βs_α )_2

C_{24}(m_h, m_G+ , m_h) ]

+ 1 2 λ_{Hhh} ( s_βs_α + √ 2c_βc_α ) ( −s_βc_α + √ 2c_β s_α ) [C_{24}(m_H , m_H+ , m_h) + C_{24}(m_h, m_H+ , m_H )] + 1 2 λ_{Hhh} ( −c_βs_α + √ 2s_βc_α ) ( c_β c_α + √ 2s_βs_α ) [C_{24}(m_H , m_G+ , m_h) + C_{24}(m_h, m_G+ , m_H )] + 1 4 λ_H+_H−_h [( s_βs_β′ + √ 2c_β c_β′ )_2

C_{24}(m_H+ , m_A, m_H+ ) + ( −s_βc_β′ + √ 2c_βs_β′ )_2

C_{24}(m_H+ , m_G0 , m_H+ ) ]

+ 1 4 λ_H+_H−_h [( s_βs_α + √ 2c_βc_α )_2

C_{24}(m_H+ , m_H , m_H+ ) + ( −s_βc_α + √ 2c_β s_α )_2

C_{24}(m_H+ , m_h, m_H+ ) ]

+ 1 4 λ_G+_G−_h [( −c_βs_β′ + √ 2s_βc_β′ )_2

C_{24}(m_G+ , m_A, m_G+ ) + ( c_βc_β′ + √ 2s_βs_β′ )_2

C_{24}(m_G+ , m_G0 , m_G+ ) ]

+ 1 4 λ_G+_G−_h [( −c_βs_α + √ 2s_βc_α )_2

C_{24}(m_G+ , m_H , m_G+ ) + ( c_βc_α + √ 2s_βs_α )_2

C_{24}(m_G+ , m_h, m_G+ ) ]

+ 1 4 λ_H+_G−_h(s_βs_β′ + √ 2c_βc_β′ )(−c_β s_β′ + √ 2s_βc_β′ )[C_{24}(m_H+ , m_A, m_G+ ) + C_{24}(m_G+ , m_A, m_H+ )] + 1 4 λ_H+_G−_h(−s_βc_β′ + √ 2c_β s_β′ )(c_β c_β′ + √ 2s_βs_β′ )[C_{24}(m_H+ , m_G0 , m_G+ ) + C_{24}(m_G+ , m_G0 , m_H+ )] + 1 4 λ_H+_G−_h(s_βs_α + √ 2c_βc_α)(−c_β s_α + √ 2s_βc_α)[C_{24}(m_H+ , m_H , m_G+ ) + C_{24}(m_G+ , m_H , m_H+ )] + 1 4 λ_H+_G−_h(−s_βc_α + √ 2c_β s_α)(c_β c_α + √ 2s_βs_α)[C_{24}(m_H+ , m_h, m_G+ ) + C_{24}(m_G+ , m_h, m_H+ )] }

+ 4m^2_W v^2 1 16π^2 [ λ_H++_H−−_hB_0(q^2, m_H++ , m_H++ ) + λ_H+_H−_h

5 + 3c_{2β} 4 B_0(q^2, m_H+ , m_H+ )

+ λ_G+_G−_h

5 − 3c_{2β} 4 B_0(q^2, m_G+ , m_G+ ) + 2λ_H+_G−_h 3s_{2β} 4 B_0(q^2, m_H+ , m_G+ ) + 2λ_{AAh} 3 + c_{2β}′ 8 B_0(q^2, m_A, m_A) + 2λ_G0_G0_h 3 − c_{2β}′ 8 B_0(q^2, m_Z , m_Z ) + λ_{AG}0_h s_{2β}′ 4 B_0(q^2, m_A, m_Z ) + 2λ_{HHh} 3 + c_{2α} 8 B_0(q^2, m_H , m_H ) + 6λ_{hhh} 3 − c_{2α} 8 B_0(q^2, m_h, m_h) + 2λ_{Hhh} s_{2α} 4 B_0(q^2, m_H , m_h) ] , (B58)

M^{hW W} 2,1PI (p 2 1, p^2, q^2)_S = −

16m^4_W v^2 1 16π^2 {

+ λ_H++_H−−_hc^2_βC_{1223}(m_H++ , m_H+ , m_H++ ) + λ_H++_H−−_hs^2_βC_{1223}(m_H++ , m_G+ , m_H++ )

+ λ_H+_H−_hc^2_βC_{1223}(m_H+ , m_H++ , m_H+ ) + λ_G+_G−_hs^2_βC_{1223}(m_G+ , m_H++ , m_G+ )

+ λ_H+_G−_hc_βs_β[C_{1223}(m_G+ , m_H++ , m_H+ ) + C_{1223}(m_H+ , m_H++ , m_G+ )] + 1 2 λ_{AAh} [( s_βs_β′ + √ 2c_βc_β′ )_2

C_{1223}(m_A, m_H+ , m_A) + ( −c_βs_β′ + √ 2s_βc_β′ )_2

C_{1223}(m_A, m_G+ , m_A) ]

+ 1 2 λ_G0_G0_h [( −s_βc_β′ + √ 2c_βs_β′ )_2

C_{1223}(m_G0 , m_H+ , m_G0 ) + ( c_β c_β′ + √ 2s_βs_β′ )_2

C_{1223}(m_G0 , m_G+ , m_G0 ) ]

+ 1 4 λ_{AG}0_h ( s_βs_β′ + √ 2c_β c_β′ ) ( −s_βc_β′ + √ 2c_β s_β′ ) [C_{1223}(m_A, m_H+ , m_G0 ) + C_{1223}(m_G0 , m_H+ , m_A)] + 1 4 λ_{AG}0_h ( −c_βs_β′ + √ 2s_βc_β′ ) ( c_β c_β′ + √ 2s_βs_β′ ) [C_{1223}(m_A, m_G+ , m_G0 ) + C_{1223}(m_G0 , m_G+ , m_A)] + 1 2 λ_{HHh} [( s_βs_α + √ 2c_β c_α )_2

C_{1223}(m_H , m_H+ , m_H ) + ( −c_β s_α + √ 2s_βc_α )_2

C_{1223}(m_H , m_G+ , m_H ) ]

+ 3 2 λ_{hhh} [( −s_βc_α + √ 2c_βs_α )_2

C_{1223}(m_h, m_H+ , m_h) + ( c_β c_α + √ 2s_βs_α )_2

C_{1223}(m_h, m_G+ , m_h) ]

+ 1 2 λ_{Hhh} ( s_βs_α + √ 2c_βc_α ) ( −s_βc_α + √ 2c_β s_α ) [C_{1223}(m_H , m_H+ , m_h) + C_{1223}(m_h, m_H+ , m_H )] + 1 2 λ_{Hhh} ( −c_βs_α + √ 2s_βc_α ) ( c_β c_α + √ 2s_βs_α ) [C_{1223}(m_H , m_G+ , m_h) + C_{1223}(m_h, m_G+ , m_H )] + 1 4 λ_H+_H−_h [( s_βs_β′ + √ 2c_β c_β′ )_2

C_{1223}(m_H+ , m_A, m_H+ ) + (√ 2c_β s_β′ − s_βc_β′ )_2

C_{1223}(m_H+ , m_G0 , m_H+ ) ]

+ 1 4 λ_H+_H−_h [( s_βs_α + √ 2c_βc_α )_2

C_{1223}(m_H+ , m_H , m_H+ ) + ( −s_βc_α + √ 2c_βs_α )_2

C_{1223}(m_H+ , m_h, m_H+ ) ]

+ 1 4 λ_G+_G−_h [( −c_βs_β′ + √ 2s_βc_β′ )_2

C_{1223}(m_G+ , m_A, m_G+ ) + ( c_β c_β′ + √ 2s_βs_β′ )_2

C_{1223}(m_G+ , m_G0 , m_G+ ) ]

+ 1 4 λ_G+_G−_h [( −c_βs_α + √ 2s_βc_α )_2

C_{1223}(m_G+ , m_H , m_G+ ) + ( c_β c_α + √ 2s_βs_α )_2

C_{1223}(m_G+ , m_h, m_G+ ) ]

+ 1 4 λ_H+_G−_h ( s_βs_β′ + √ 2c_βc_β′ ) ( −c_βs_β′ + √ 2s_βc_β′ ) [C_{1223}(m_H+ , m_A, m_G+ ) + C_{1223}(m_G+ , m_A, m_H+ )] + 1 4 λ_H+_G−_h ( −s_βc_β′ + √ 2c_β s_β′ ) ( c_βc_β′ + √ 2s_βs_β′ )_2

[C_{1223}(m_H+ , m_G0 , m_G+ ) + C_{1223}(m_G+ , m_G0 , m_H+ )] + 1 4 λ_H+_G−_h ( s_βs_α + √ 2c_βc_α ) ( −c_βs_α + √ 2s_βc_α ) [C_{1223}(m_H+ , m_H , m_G+ ) + C_{1223}(m_G+ , m_H , m_H+ )] + 1 4 λ_H+_G−_h ( −s_βc_α + √ 2c_β s_α ) ( c_βc_α + √ 2s_βs_α ) [C_{1223}(m_H+ , m_h, m_G+ ) + C_{1223}(m_G+ , m_h, m_H+ )] } , (B59)

M^{hW W (1PI)}

3,1PI (p 2 1, p^2, q^2)_S = 0, (B60)

M^{hZZ}_{1,1PI}(p^2_1, p^2, q^2)_V = 1 16π^2 { 2g^3m_W c^2_W (c_αc_β + √ 2s_αs_β)C_{V V V} (m_W , m_W , m_W )

+ g^3m_W (c_αc_β + √ 2s_αs_β)(s^2_W + s^2_β)C^{hV V}_{SV V} (m_G+ , m_W , m_W ) + g^3m_W (−c_αs_β + √ 2s_αc_β)s_βc_β C^{hV V}_{SV V} (m_H+ , m_W , m_W ) + g^3m_W (c_αc_β + √ 2s_αs_β)(s^2_W + s^2_β)C^{hV V}_{V V S} (m_W , m_W , m_G+ ) + g^3m_W (−c_αs_β + √ 2s_αc_β)s_βc_β C^{hV V}_{V V S} (m_W , m_W , m_H+ ) − gg^2_Z m_W (c_αc_β + √ 2s_αs_β)(c^2_W − s^2_W − s^2_β)(s^2_W + s^2_β)[C_{24}(m_W , m_G+ , m_G+ ) + C_{24}(m_G+ , m_G+ , m_W )] − gg^2_Z m_W (−c_αs_β + √ 2s_αc_β )(c^2_W − s^2_W − c^2_β)s_βc_β [C_{24}(m_W , m_H+ , m_H+ ) + C_{24}(m_H+ , m_H+ , m_W )] + gg^2_Z m_W (c_αc_β + √ 2s_αs_β)s^2_βc^2_β [C_{24}(m_W , m_H+ , m_G+ ) + C_{24}(m_H+ , m_G+ , m_W )] + gg^2_Z m_W (−c_αs_β + √ 2s_αc_β )s_βc_β(s^2_W + s^2_β)[C_{24}(m_W , m_G+ , m_H+ ) + C_{24}(m_G+ , m_H+ , m_W )] − 2gg^2_Z (s^2_W + s^2_β)^2m^3_W (c_αc_β + √ 2s_αs_β)C_0(m_W , m_G+ , m_W ) − 2gg^2_Z s^2_βc^2_βm^3_W (c_αc_β + √ 2s_αs_β)C_0(m_W , m_H+ , m_W ) + 2λ_G+_G−_hg^2_Z m^2_W (s^2_W + s^2_β)^2C_0(m_G+ , m_W , m_G+ ) + 2λ_H+_H−_hg^2_Z m^2_W s^2_βc^2_β C_0(m_H+ , m_W , m_H+ ) + 2λ_H+_G−_hg^2_Z m^2_W s_βc_β (s^2_W + s^2_β)[C_0(m_H+ , m_W , m_G+ ) + C_0(m_G+ , m_W , m_H+ )] − 2g^3c^2_W m_W (c_αc_β + √ 2s_αs_β)C_{24}(m_c+ , m_c+ , m_c+ ) − g^3c^2_W m_W (c_αc_β + √ 2s_αs_β)(2D − 2)B_0(q^2, m_W , m_W ) + gg^2_Z m_W [−c_αc_βs^2_W + √ 2(c^2_W − 2)s_αs_β](s^2_W + s^2_β)[B_0(p^2, m_W , m_G+ ) + B_0(p^2_1, m_G+ , m_W )] + gg^2_Z m_W [c_αs_βs^2_W + √ 2(c^2_W − 2)s_αc_β]s_βc_β [B_0(p^2, m_W , m_H+ ) + B_0(p^2_1, m_H+ , m_W )] + g^3_Z 2 m_Z (c_αc_β′ + 2s_αs_β′ )^3[C_{24}(m_Z , m_h, m_G0 ) + C_{24}(m_G0 , m_h, m_Z )] + g^3_Z 2 m_Z (c_αc_β′ + 2s_αs_β′ )(−c_αs_β′ + 2s_αc_β′ )^2[C_{24}(m_Z , m_h, m_A) + C_{24}(m_A, m_h, m_Z )] + g^3_Z 2 m_Z (c_αc_β′ + 2s_αs_β′ )(−s_αc_β′ + 2c_αs_β′ )^2[C_{24}(m_Z , m_H , m_G0 ) + C_{24}(m_G0 , m_H , m_Z )] + g^3_Z 2 m_Z (−s_αc_β′ + 2c_αs_β′ )(2c_αc_β′ + s_αs_β′ )(−c_αs_β′ + 2s_αc_β′ )[C_{24}(m_Z , m_H , m_A) + C_{24}(m_A, m_H , m_Z )] − g^3_Z m^3_Z (c_αc_β′ + 2s_αs_β′ )^3C_0(m_Z , m_h, m_Z ) − g^3_Z m^3_Z (c_αc_β′ + 2s_αs_β′ )(−s_αc_β′ + 2c_αs_β′ )^2C_0(m_Z , m_H , m_Z ) + 6λ_{hhh}g^2_Z m^2_Z (c_αc_β′ + 2s_αs_β′ )^2C_0(m_h, m_Z , m_h) + 2λ_{HHh}g^2_Z m^2_Z (−s_αc_β′ + 2c_αs_β′ )^2C_0(m_H , m_Z , m_H ) + 2λ_{Hhh}g^2_Z m^2_Z (c_αc_β′ + 2s_αs_β′ )(−s_αc_β′ + 2c_αs_β′ )[C_0(m_h, m_Z , m_H ) + C_0(m_H , m_Z , m_h)] − g^3_Z 4 m_Z (5 − 3c_{2α})(c_αc_β′ + 2s_αs_β′ )[B_0(p^2_1, m_h, m_Z ) + B_0(p^2, m_h, m_Z )] − 3g^3_Z 4 m_Z s_{2α}(−s_αc_β′ + 2c_αs_β′ )[B_0(p^2_1, m_H , m_Z ) + B_0(p^2, m_H , m_Z )] } , (B61)

M^{hW W} 1,1PI (p 2 1, p^2, q^2)_V = 1 16π^2 { g^3c_W m_Z (c_αc_β′ + 2s_αs_β′ )C_{V V V} (m_Z , m_W , m_Z )

+ g^3m_W [c^2_W (c_αc_β + √ 2s_αs_β)C_{V V V} (m_W , m_Z , m_W ) + s^2_W (c_αc_β + √ 2s_αs_β)C_{V V V} (m_W , 0, m_W )] − 1 2 g^3m_W (c_αc_β + √ 2s_αs_β)[(s^2_W + s^2_β)C^{hV V}_{SV V} (m_G+ , m_Z , m_W ) − s^2_W C^{hV V}_{SV V} (m_G+ , 0, m_W )] − 1 2 g^3m_W (−c_αs_β + √ 2s_αc_β)s_β c_βC^{hV V}_{SV V} (m_H+ , m_Z , m_W ) − 1 2 g^3m_W (c_αc_β + √ 2s_αs_β)[(s^2_W + s^2_β)C^{hV V}_{V V S} (m_W , m_Z , m_G+ ) − s^2_W C^{hV V}_{V V S} (m_W , 0, m_G+ )] − 1 2 g^3m_W (−c_αs_β + √ 2s_αc_β)s_β c_βC^{hV V}_{V V S} (m_W , m_Z , m_H+ )

− 4g^3s^2_βm^3_W (c_αc_β + √ 2s_αs_β)C_0(m_W , m_H++ , m_W ) − g^3_Z m^3_W (s^2_W + s^2_β)^2(c_αc_β′ + 2s_αs_β′ )C_0(m_Z , m_G+ , m_Z )

− g^3_Z m^3_W s^2_βc^2_β (c_αc_β′ + 2s_αs_β′ )C_0(m_Z , m_H+ , m_Z ) − g^3m^3_W (c_αc_β + √ 2s_αs_β)^3C_0(m_W , m_h, m_W )

− g^3m^3_W (c_αc_β + √ 2s_αs_β)(−s_αc_β + √ 2c_αs_β)^2C_0(m_W , m_H , m_W )

+ 6λ_{hhh}g^2m^2_W (c_αc_β + √ 2s_αs_β)^2C_0(m_h, m_W , m_h)

+ 2λ_{HHh}g^2m^2_W (−s_αc_β + √ 2c_αs_β)^2C_0(m_H , m_W , m_H )

+ 2λ_{Hhh}g^2m^2_W (c_αc_β + √ 2s_αs_β)(−s_αc_β + √ 2c_αs_β)[C_0(m_h, m_W , m_H ) + C_0(m_H , m_W , m_h)]

+ 4λ_H++_H−−_hg^2m^2_W s^2_βC_0(m_H++ , m_W , m_H++ )

+ λ_G+_G−_hg^2_Z m^2_W (s^2_W + s^2_β)^2C_0(m_G+ , m_Z , m_G+ ) + λ_{hG}+_G− g^2s^2_W m^2_W C_0(m_G+ , 0, m_G+ )

+ λ_H+_H−_hg^2_Z m^2_W s^2_βc^2_β C_0(m_H+ , m_Z , m_H+ )

+ λ_H+_G−_hg^2_Z m^2_W s_βc_β (s^2_W + s^2_β)[C_0(m_H+ , m_Z , m_G+ ) + C_0(m_G+ , m_Z , m_H+ )]

+ 2g^3m_W s^2_β(c_αc_β + √ 2s_αs_β)[C_{24}(m_G+ , m_H++ , m_W ) + C_{24}(m_W , m_H++ , m_G+ )]

+ 2g^3m_W s_βc_β(−c_αs_β + √ 2s_αc_β )[C_{24}(m_H+ , m_H++ , m_W ) + C_{24}(m_W , m_H++ , m_H+ )] + 1 2 g^3m_W (c_αc_β + √ 2s_αs_β)^3[C_{24}(m_W , m_h, m_G+ ) + C_{24}(m_G+ , m_h, m_W )] + 1 2 g^3m_W (−s_αc_β + √ 2c_αs_β)^2(c_αc_β + √ 2s_αs_β)[C_{24}(m_W , m_H , m_G+ ) + C_{24}(m_G+ , m_H , m_W )] + 1 2 g^3m_W (c_αc_β + √ 2s_αs_β)(−c_αs_β + √ 2s_αc_β )^2[C_{24}(m_W , m_h, m_H+ ) + C_{24}(m_H+ , m_h, m_W )] + 1 2 g^3m_W (−s_αc_β + √ 2c_αs_β)(−c_αs_β + √ 2s_αc_β)(s_αs_β + √ 2c_αc_β )[C_{24}(m_W , m_H , m_H+ ) + C_{24}(m_H+ , m_H , m_W )] + 1 2 gg^2_Z m_W (s^2_W + s^2_β)(c_β c_β′ + √ 2s_βs_β′ )(c_αc_β′ + 2s_αs_β′ )[C_{24}(m_G0 , m_G+ , m_Z ) + C_{24}(m_Z , m_G+ , m_G0 )] + 1 2 gg^2_Z m_W (s^2_W + s^2_β)(−c_β s_β′ + √ 2s_βc_β′ )(−c_αs_β′ + 2s_αc_β′ )[C_{24}(m_A, m_G+ , m_Z ) + C_{24}(m_Z , m_G+ , m_A)] + 1 2 gg^2_Z m_W s_βc_β (−s_βc_β′ + √ 2c_βs_β′ )(c_αc_β′ + 2s_αs_β′ )[C_{24}(m_G0 , m_H+ , m_Z ) + C_{24}(m_Z , m_H+ , m_G0 )] + 1 2 gg^2_Z m_W s_βc_β (s_βs_β′ + √ 2c_β c_β′ )(−c_αs_β′ + 2s_αc_β′ )[C_{24}(m_A, m_H+ , m_Z ) + C_{24}(m_Z , m_H+ , m_A)]

− g^3c_W m_Z (c_αc_β′ + 2s_αs_β′ )C_{24}(m_{cZ} , m_c+ , m_{cZ} ) − g^3c^2_W m_W (c_αc_β + √ 2s_αs_β)C_{24}(m_c+ , m_{cZ} , m_c+ ) − g^3s^2_W m_W (c_αc_β + √ 2s_αs_β)C_{24}(m_c+ , m_{cγ} , m_c+ ) − g^3m_W (c_αc_β + √ 2s_αs_β)(D − 1)B_0(q^2, m_W , m_W ) − g^3c_W m_Z (c_αc_β′ + 2s_αs_β′ )(D − 1)B_0(q^2, m_Z , m_Z ) − 4 √ 2 g^3m_W s_αs_β[B_0(p^2_1, m_W , m_H++ ) + B_0(p^2, m_W , m_H++ )] − 1 4 g^3(3 − c_{2α})m_W (c_αc_β + √ 2s_αs_β)[B_0(p^2_1, m_W , m_h) + B_0(p^2, m_W , m_h)] − 1 4 g^3s_{2α}m_W (−s_αc_β + √ 2c_αs_β)[B_0(p^2_1, m_W , m_H ) + B_0(p^2, m_W , m_H )] − 1 2 gg^2_Z m_W [c_αc_βs^2_W − √ 2(c^2_W − 2)s_αs_β](s^2_W + s^2_β)[B_0(p^2, m_Z , m_G+ ) + B_0(p^2_1, m_Z , m_G+ )] + 1 2 gg^2_Z m_W [c_αs_βs^2_W + √ 2(c^2_W − 2)s_αc_β ]s_βc_β[B_0(p^2, m_Z , m_H+ ) + B_0(p^2_1, m_Z , m_H+ )] − 1 2 ge^2m_W (c_αc_β + √ 2s_αs_β)[B_0(p^2, 0, m_G+ ) + B_0(p^2_1, 0, m_G+ )] } , (B62)

where C_{1223}(m_1, m_2, m_3) ≡ C_{12}(m_1, m_2, m_3) + C_{23}(m_1, m_2, m_3) and

C^{hV V}_{V V V} (m_1, m_2, m_3) ≡ [ 6(D − 1)C_{24} + p^2_1(2C_{21} + 3C_{11} + C_0) + p^2(2C_{22} + C_{12}) + p_1 · p_2(4C_{23} + 3C_{12} + C_{11} − 4C_0) ] (m_1, m_2, m_3), (B63) C^{hV V}_{SV V} (m_1, m_2, m_3) ≡ [ (D − 1)C_{24} + p^2_1(C_{21} − C_0) + p^2(C_{22} − 2C_{12} + C_0) + 2p_1 · p_2(C_{23} − C_{11}) ] (m_1, m_2, m_3), (B64) C^{hV V}_{V V S} (m_1, m_2, m_3) ≡ [ (D − 1)C_{24} + p^2_1(C_{21} + 4C_{11} + 4C_0) + p^2(C_{22} + 2C_{12}) + 2p_1 · p_2(C_{23} + 2C_{12} + C_{11} + 2C_0) ] (m_1, m_2, m_3). (B65)

[1] G. Aad et al. [ATLAS Collaboration], Phys. Lett. B 716, 1 (2012). [2] S. Chatrchyan et al. [CMS Collaboration], Phys. Lett. B 716, 30 (2012).

[3] S. Schael et al. [ALEPH and DELPHI and L3 and OPAL and SLD and LEP Electroweak Working Group and SLD Electroweak Group and SLD Heavy Flavour Group Collaborations], Phys. Rept. 427, 257 (2006).

[4] T. P. Cheng and L. F. Li, Phys. Rev. D 22, 2860 (1980); J. Schechter and J. W. F. Valle, Phys.

Rev. D 22, 2227 (1980); G. Lazarides, Q. Shafi and C. Wetterich, Nucl. Phys. B 181, 287 (1981); R. N. Mohapatra and G. Senjanovic, Phys. Rev. D 23, 165 (1981); M. Magg and C. Wetterich, Phys. Lett. B 94, 61 (1980).

[5] Beringer et al. (Particle Data Group), PRD 86, 010001 (2012).

[6] J. F. Gunion, C. Loomis and K. T. Pitts, In the Proceedings of 1996 DPF / DPB Summer Study on New Directions for High-Energy Physics (Snowmass 96), Snowmass, Colorado, 25 Jun - 12 Jul 1996, pp LTH096 [arXiv:hep-ph/9610237].

[7] M. Muhlleitner and M. Spira, Phys. Rev. D 68, 117701 (2003); M. Kakizaki, Y. Ogura and F. Shima, Phys. Lett. B 566 (2003) 210; M. Kadastik, M. Raidal and L. Rebane, Phys. Rev. D 77, 115023 (2008); J. Garayoa and T. Schwetz, JHEP 0803, 009 (2008); A. G. Akeroyd, M. Aoki and H. Sugiyama, Phys. Rev. D 77, 075010 (2008); A. G. Akeroyd and C. W. Chiang, Phys. Rev. D 80, 113010 (2009); F. del Aguila and J. A. Aguilar Saavedra, Nucl. Phys. B 813, 22 (2009); A. G. Akeroyd, C. W. Chiang and N. Gaur, JHEP 1011, 005 (2010); A. G. Akeroyd and C. -W. Chiang, Phys. Rev. D 81, 115007 (2010).

[8] T. Han, B. Mukhopadhyaya, Z. Si and K. Wang, Phys. Rev. D 76, 075013 (2007); P. Fileviez Perez, T. Han, G. -y. Huang, T. Li, K. Wang, Phys. Rev. D78, 015018 (2008).

[9] E. J. Chun, K. Y. Lee and S. C. Park, Phys. Lett. B 566, 142 (2003); A. G. Akeroyd and M. Aoki, Phys. Rev. D 72, 035011 (2005); A. G. Akeroyd, H. Sugiyama, Phys. Rev. D84, 035010 (2011).

[10] G. Aad et al. [ATLAS Collaboration], Phys. Rev. D 85, 032004 (2012); S. Chatrchyan et al. [CMS Collaboration].

[11] C. -W. Chiang, T. Nomura and K. Tsumura, Phys. Rev. D 85, 095023 (2012). [12] S. Chakrabarti, D. Choudhury, R. M. Godbole and B. Mukhopadhyaya, Phys. Lett. B 434, 347 (1998);

A. Melfo, M. Nemevsek, F. Nesti, G. Senjanovic and Y. Zhang, Phys. Rev. D 85, 055018 (2012). [13] M. Aoki, S. Kanemura and K. Yagyu, Phys. Rev. D 85, 055007 (2012).

[14] D. Zeppenfeld, R. Kinnunen, A. Nikitenko and E. Richter-Was, Phys. Rev. D 62, 013009 (2000);

D. Zeppenfeld, eConf C 010630, P123 (2001); A. Belyaev and L. Reina, JHEP 0208, 041 (2002); M. Duhrssen, S. Heinemeyer, H. Logan, D. Rainwater, G. Weiglein and D. Zeppenfeld, Phys. Rev. D 70, 113009 (2004); R. Lafaye, T. Plehn, M. Rauch, D. Zerwas and M. Duhrssen, JHEP 0908, 009 (2009).

[15] M. E. Peskin, arXiv:1207.2516 [hep-ph].

[16] K. Fujii, talk at the Linear Collider Workshop 2012, Texas, United States of America. [17] T. Blank and W. Hollik, Nucl. Phys. B 514, 113 (1998). [18] S. Kanemura and K. Yagyu, Phys. Rev. D 85, 115009 (2012).

[19] P. H. Chankowski, S. Pokorski and J. Wagner, Eur. Phys. J. C 50, 919 (2007); M. -C. Chen, S. Dawson and C. B. Jackson, Phys. Rev. D 78, 093001 (2008).

[20] M. Aoki, S. Kanemura, M. Kikuchi and K. Yagyu, Phys. Lett. B 714, 279 (2012). [21] S. Kanemura, Y. Okada, E. Senaha and C. -P. Yuan, Phys. Rev. D 70, 115002 (2004). [22] S. Kanemura, S. Kiyoura, Y. Okada, E. Senaha and C. P. Yuan, Phys. Lett. B 558, 157 (2003). [23] D. Toussaint, Phys. Rev. D 18, 1626 (1978); S. Bertolini, Nucl. Phys. B 272, 77 (1986); M. E. Peskin and J. D. Wells, Phys. Rev. D 64, 093003 (2001); W. Grimus, L. Lavoura, O. M. Ogreid and P. Osland, Nucl. Phys. B 801, 81 (2008); S. Kanemura, Y. Okada, H. Taniguchi and K. Tsumura, Phys. Lett. B

704, 303 (2011); D. Lopez-Val and J. Sola, arXiv:1211.0311 [hep-ph].

[24] G. L. Fogli, E. Lisi, A. Marrone, D. Montanino, A. Palazzo and A. M. Rotunno, Phys. Rev. D 86, 013012 (2012).

[25] A. Arhrib, R. Benbrik, M. Chabab, G. Moultaka, M. C. Peyranere, L. Rahili and J. Ramadan, Phys.

Rev. D 84, 095005 (2011).

[26] M. Aoki and S. Kanemura, Phys. Rev. D 77, 095009 (2008). [27] H. Georgi and M. Machacek, Nucl. Phys. B 262, 463 (1985). [28] W. F. L. Hollik, Fortsch. Phys. 38, 165 (1990).

[29] S. Heinemeyer, W. Hollik and G. Weiglein, Phys. Rept. 425, 265 (2006). [30] K. Hagiwara, S. Matsumoto, D. Haidt and C. S. Kim, Z. Phys. C 64, 559 (1994) [31] M. Awramik, M. Czakon, A. Freitas and G. Weiglein, Phys. Rev. D 69, 053006 (2004). [32] P. Fileviez Perez, H. H. Patel, M. .J. Ramsey-Musolf and K. Wang, Phys. Rev. D 79, 055024 (2009);

A. Alves et al., Phys. Rev. D 84, 115004 (2011); A. Arhrib, R. Benbrik, M. Chabab, G. Moultaka and L. Rahili, JHEP 1204, 136 (2012); A. G. Akeroyd and S. Moretti, Phys. Rev. D 86, 035015 (2012); E. J. Chun, H. M. Lee and P. Sharma, JHEP 1211, 106 (2012).

[33] G. Passarino and M. J. G. Veltman, Nucl. Phys. B 160, 151 (1979).

[34] G. Degrassi and A. Sirlin, Nucl. Phys. B 383, 73 (1992); G. Degrassi and A. Sirlin, Phys. Rev. D 46, 3104 (1992); G. Degrassi, B. A. Kniehl and A. Sirlin, Phys. Rev. D 48, 3963 (1993).