arXiv:1211.6068v1 [hep-th] 26 Nov 2012

Vacuum fluctuation force on a rigid Casimir cavity in de Sitter and Schwarzschild-de Sitter spacetime

Xiang Chen Arizona State University, Department of Physics, Tempe, AZ 85287^∗ (Dated: November 27, 2012)

Abstract

We investigate the net force on a rigid Casimir cavity generated by vacuum fluctuations of electromagnetic field in three cases, de Sitter spacetime, de Sitter spacetime with weak gravitational field and Schwarzschild-de Sitter spacetime. In de Sitter spacetime the resulting net force follows the square inverse law but unfortunately it is too weak to be measurable due to the large universe radius. By introducing a weak gravitational field into the de Sitter spacetime, we find the net force now can be splited into two parts, one is the gravitational force due to the induced effective mass between the two plates, the other one is generated by the metric structure of de Sitter spacetime. In order to investigate the vacuum fluctuation force on the rigid cavity under strong gravitational field, we perform the similar analysis in Schwarzschild-de Sitter spacetime, results are obtained in three different limits. The most interesting one is when the cavity gets closer to the horizon of a blackhole, square inverse law is recovered and the repulsive force due to negative energy/mass of the cavity now has an observable strength. More important the force changes from being repulsive to attractive when the cavity crosses the event horizon, so that the energy/mass of the cavity switches the sign which suggests the unusual time direction inside the event horizon.

∗Electronic address: xchen48@asu.edu

I. INTRODUCTION

Since Casimir discovered that there exists an attractive force between two parallel plates of infinite extent by considering the zero-point energy of the electromagnetic mode structure, “Casimir effect” has become a very popular research field. In Casimir’s original paper, the magnitude of such a kind of force in Minkowski spacetime is shown as [1] F (r) = π^2h̄cA 240d^4 (1) with A the area of each plate and d the separation. Without putting the parallel plates, the vacuum has a uniform energy density by assigning a zero-point energy of^1_2h̄ω to each electromagnetic mode which can be thought as a virtual photon since they are not excited and then are not on shell. But when two parallel plates are set up with a separation, the energy density of vacuum is not longer uniform and leads to a lower energy density within the two plates than that of outside which results a net force of attraction. This effect makes people realize that zero-point fluctuation is real and has the directly physical sequence. Thorough studies have gone through both the theoretical and experimental side, detailed reviews are referred to[2–6].

That Casimir energy gravitates is another part of recent theoretical discovery [7, 8] and the vacuum fluctuation force on rigid Casimir cavity in weak gravitation field has also been studied in [9–13] including spin-0 and spin-1 cases. An experiment has been suggested in [14]to measure the Casimir force in Schwarzschild metric in order to show whether the virtual quanta from vacuum fluctuation satisfies principle of equivalence.

The above studies all embed weak gravitational field into Minkowski spacetime background, however as the astronomical evidence shows that we are actually living in an accelerated expansion universe, this gives a central place to the de Sitter geometry in cosmology[15]. On geometrical side, de Sitter spacetime and Minkowski spacetime both stem from the class of Lorentzian manifolds. Being maximally symmetric, they admit kinematical symmetry groups having ten generators[16] and implies a constant curvature. In Minkowski spacetime, the constant is zero while in de Sitter spacetime it is a nonzero constant(either positive or negative depends on convention). Although sharing the same features on geometrical side, they have a very different interpretation on physical side. Casimir effect in de Sitter space may be a clue to solve dark energy problem, a central and yet unsolved problem in fundamental physics and cosmology.

The effective lagrangian and energy-momentum tensor in de Sitter space is calculated for a scalar field in [17, 18] wherein a general zeta-function method is developed. In [19], the Casimir energy of photon field in a static de Sitter space is calculated and it is proportional to the size of horizon with the same form as the holographic dark energy. In [20] the Casimir stress on two parallel plates in de Sitter space is found for massless scalar field by applying Robin boundary conditions on the plates. Result shows that false vacuum is formed between the two parallel plates and true vacuum formed outside, while the total Casimir force leads to an attraction of the plates, which is opposite to the result in [19] for photon field implying a repulsive Casimir force. Besides, the force from the boundary term is in fourth power of inverse distance between the plates for massless scalar field. Fermionic Casimir effect has been studied in de Sitter spacetime [21, 22] as well as energy-momentum tensor and Casimir force for massive scalar field.

Motivated by these studies we evaluate the vacuum fluctuation force, i.e. the total casimir force on a Casimir cavity in de Sitter spacetime, de Sitter spacetime with a weak gravitational field and Schwarzschild-de Sitter spacetime, in order to find out how spacetime background affects the virtual quanta and then leads to the difference in the vacuum fluctuation force. Such a difference may open a way to verify which universe we are actually living in.

II. THE DE SITTER SPACETIME

In order to show the structure of the de Sitter spacetime, we start with a flat, fivedimensional spacetime M_5 with metric [23]

ds^2 = −(dx^0)^2 + (dx^1)^2 + (dx^2)^2 + (dx^3)^2 − (dx^5)^2 (2)

and set the convention η_{a,b} = (−, +, +, +, −)(a, b = 0, 1, 2, 3, 5) and (μ, ν = 0, 1, 2, 3). Next embed a hypersphere H_4 with ‘radius’ a (the radius of universe) into this five-dimensional spacetime M_5 which is

− η_{μν} x^μx^ν + (x^5)^2 = a^2 (3)

This hypersphere H_4 is then called the de Sitter spacetime, a maximally symmetric subspace of M_5. From Eq.(3) we have (dx^5)^2 = (η_{μν} x^μdx^ν )^2/(x^5)^2 and substitute it into Eq.(2). The line element on H_4 now becomes

ds^2 = η_{μν} dx^μdx^ν +

(η_{μν} x^μdx^ν )^2 a^2 + η_{mn}x^mx^n (4) For any maximally symmetric space, the curvature is the same at each point. So that the metric, Christoffel connection and curvature tensor can be found by consider the vicinity of x^μ = 0 only,

g_{μν} = η_{μν} + x_μx_ν a^2

, Γ^μ_{νρ} = 1 a^2 x^μη_{νρ}, R_{μνρσ} = 1 a^2 (η_{μρ}η_{νσ} − η_{μσ} η_{νρ}) (5) and g^{μν} = η^{μν} − x^μx^ν a^2 (6) where x^μ = (−x_0, x_1, x_2, x_3) after dropping the higher order term. The Ricci tensor is found to be proportional to the metric R_{μν} = 3 a^2 g_{μν} (7) leading to a constant scalar curvature

R = 12/a^2 (8)

These are key ingredients in Einstein field equation with cosmological constant term [24], R_{μν} + Λg_{μν} − 1 2 Rg_{μν} = 8πG c^4

T_{μν} (9)

where Λ is the cosmological constant, G is Newton’s gravitational constant, c is the speed of light in vacuum and T_{μν} the stress-energy tensor or energy-momentum tensor. Substitute Eq.(7)(8) into Eq.(9), we can see immediately that de Sitter space is actually a vacuum solution to Einstein equation if the positive cosmological constant is set as Λ = 3 a^2

(10)

The cosmological constant term can be treated as a part of energy-momentum tensor and put on the right side of Einstein equation, more detailed discussion can be found in[25].

III. VACUUM FLUCTUATION FORCE IN DE SITTER SPACE

Suppose there are two identical parallel plates with proper area A and proper separation d, one is placed at the origin (0, 0, 0) and the other one is at (0, 0, d) with normal vector of the plates in z direction.

In Minkowski spacetime, following the analysis of [26], the regularized energy-momentum tensor ⟨T^{μν} ⟩ of quantum electrodynamics is ⟨T^{μν} ⟩ = π^2h̄c 180d^4 ( 1 4 g^{μν} − ẑ^μẑ^ν ) (11)

here g^{μν} is the space-time metric and ẑ^μ = (0, 0, 0, 1) is the unit space-like 4-vector in zdirection which is orthogonal to the surface of two plates. This is the energy-momentum tensor of matter, without including the gravitational fields even if we generate this formula to curved space-time. While in de Sitter spacetime(3+1 dimension), the enery-momentum tensor for a conformally coupled massless(ξ = 1/6) scalar field between two plates is given in[27]

⟨T^μ_ν ⟩ = ⟨T^μ_ν ⟩_{dS} + e^{−4t/a2} 6π^2 diag(1, 1, 1, −3) × ∫_∞ 0 dx x^3 c_1(x)c_2(x)e^{2dx} − 1

(12)

where ⟨T^μ_ν ⟩_{dS} is the renormalized vacuum expected value of energy-momentum tensor without plates. It was shown in [28] that ⟨T^μ_ν ⟩_{dS} is proportional to the metric tensor of de Sitter spacetime which is ⟨T^{μν} ⟩_{dS} = − 1 8π ( 1 6 − ξ)Rg^{μν} (13) In Eq.(12), for Dirichlet boundary condition c_i(x) = −1 while for Neumann boundary condition c_i(x) = 1 with i = 1, 2 represents the plate 1 and plate 2 respectively. For a conformally coupled massless scalar field with ξ = 1/6, ⟨T^μ_ν ⟩_{dS} vanishes. Notice that

diag(1, 1, 1, −3) = 4( 1 4 g^μ_ν − ẑ^μẑ_ν ) (14)

Therefore, the energy-momentum tensor for conformally coupled massless scalar field can be rewritten as ⟨T^{μν} ⟩ = K( 1 4 g^{μν} − ẑ^μẑ^ν ) (15)

where K = 2e^{−4t/a2} 3π^2 ∫_∞ 0 dx x^3 c_1(x)c_2(x)e^{2dx} − 1 Since according to [27], the electromagnetic field in D = 3 is conformally invariant so that the Casimir problem dealing with two perfectly conducting parallel plates can be reduced to the corresponding problem with two scalar modes with Dirichlet boundary conditions and Neumann boundary conditions. Therefore the energy-momentum tensor for electromagnetic field in de Sitter space would be twice of the one expressed in (15), which is

K_{em} = 2K = π^2h̄ce^{−4t/a2} 180d^4 : c1(x) = c2(x) = 1, −1 −^{7π2h̄ce−4t/a2} 1440d^4 : c1(x) = −c2(x) = 1, −1

Here c_1(x) = c_2(x) = 1, −1 represents that Dirichlet BCs or Neumann BCs are used for both plates, while for c_1(x) = −c_2(x) = 1, −1, Dirichlet BCs is used for one plate and Neumann BCs used for the other. Recall the age of universe t ∼ 10^{17}s and the radius a ∼ 10^{26}, we can safely replace e^{−4t/a2} by 1 and omit it in the rest of our paper. The energy-momentum tensor of electromagnetic field can then be simplified as ⟨T^{μν} ⟩_{em} = K_{em}( 1 4 g^{μν} − ẑ^μẑ^ν ) (16)

It is worth to notice that the energy-momentum tensor of electromagnetic field here does not has vanishing divergence,

∇_μT^{μν} = ∇_μg^{μν} + ∇_μ(ẑ^μẑ^ν ) = ∇_μ(ẑ^μẑ^ν ) ≠ 0 (17)

This is not consistent with the usual covariant conservation of energy-momentum tensor for isolated system[29]. A further consideration reveals that the Casimir cavity contains two parts, one is the vacuum fluctuation within the two plates including the energy-momentum tensor from Maxwell action, gauge-breaking term and ghost action(Eq.(2.8) in [9]), the energy-momentum tensor of which is covariant conserved. The other part, i.e. ẑ^μẑ^ν is the boundary set by the two plates, the divergence of which vanishes in Minkowski spacetime, but no longer in curved spacetime, and a net force will be induced on this system which is,

∇_μT^{μν} = f^ν . (18)

However the two-plate cavity is an isolated system in curved spacetime, there should be no external force exerted on it besides the gravitation force which can be treated as a spacetime background. Therefore we have to modify this boundary term in order to have a vanishing divergence so that the covariant conservation of the energy-momentum holds, and the new boundary term should recover the boundary term z^μz^ν when going from general spacetime back to Minkowski spacetime. To meet the first requirement, we have to give up the terms like η^{μν} , n^μn^ν , η^{μρ}n_ρn^ν , n^μn_ρη^{ρν} with n^μ the unit direction vector, and the only terms left will be g^{μν} , g^{μ3}g^{ν3} due to the metric compatibility condition

∇_μg^{νρ} = 0. (19)

To meet the second requirement, we have to discard g^{μν} since it reduces to η^{μν} instead of z^μz^ν in Minkowski spacetime. So the only term that meets both requirement is g^{μ3}g^{ν3} and it is easy to check that g^{μ3}g^{ν3} → η^{μ3}η^{ν3} = ẑ^μẑ^ν when going from general curved spacetime to Minkowski spacetime. Therefore we can rewrite the original energy-momentum in (16) as ⟨T^{μν} ⟩_{em} = K_{em}( 1 4 g^{μν} − g^{μ3}g^{ν3}). (20)

Now it is easy to check that this new energy-momentum satisfies the covariant conservation, i.e. ∇_μT^{μν} = 0 according to the metric compatibility condition shown in Eq.(19). The correct form of this formula as the energy-momentum tensor in general curved space-time can be obtained from a more general consideration. The regularized and renormalized energy-momentum tensor of spin-1 field in curved spacetime was discussed in [38], where the energy-momentum tensor for Maxwell field, gauge fixed field and ghost field were calculated via point-split method. For massless photons, the renormalized energy-momentum tensor can be expressed as (see Eq.(5.4)in [38])

⟨T^{μν} ⟩_{Maxwell} + ⟨T^{μν} ⟩_{gauge} + ⟨T^{μν} ⟩_{ghost} = lim_{x′ →x} 1 4 [G^{λμν}_λ + G^{λνμ}_λ + G^{μνλ}_λ + G^{νμλ}_λ −G^{λμν}_λ − G^{λνμ}_λ − G^{μλ ν}_λ − G^{νλ μ}_λ −(G^{λ ρ}_{λ ρ} − G^{ρλ}_{λρ} )g^{μν} ] ∝ g^{μν} (21) which gives the same form as the first term in (20) to the first order of metric. Here G represents the Green’s function. This also shows that the first term of (20) arises from the contribution of Maxwell field, gauge fixed field and ghost field. While the second term arises from the boundary, and we find that only in that form it is able to satisfy the covariant conservation and reduce to the second term in (11) when going back from curved spacetime to Minkowski spacetime.

Following the formula given in (20) and use the metric of de-sitter space in (6), we find the explicit form of energy-momentum tensor in de Sitter space (all the calculations below are accurate to order (x/a)^2)

⟨T^{μν} ⟩_0 = K_{em} 4

−(1 +^{x20}_{a2} )^{x0x1}_{a2}^{x0x2}_{a2} −^{3x0x3}_{a2}

x_0x_1 a^2 1 − x^2_1 a^2 − x_1x_2 a^2

3x_1x_3 a^2 x_0x_2 a^2 − x_1x_2 a^2 1 − x^2 a^2

3x_2x_3 a^2 −3x_0x_3 a^2

3x_1x_3 a^2

3x_2x_3 4a^2 −3 +

7x^2_3 a^2

(22)

where ⟨⟩_0 denotes the energy-momentum for vacuum. It is easy to check the trace of energymomentum tensor vanishes T^μ_μ = g_{μν} T^{μν} = 0 (23)

the vanishing trace reflects the invariance of scale transformation, i.e. conformally invariant. If a → ∞, we recover the energy-momentum in Minkowski spacetime [26]

T^{μν} = K_{em} 4 (−1, 1, 1, −3) (24)

To find the vacuum fluctuation force density we will however take the expression derived in [30]

f_μ = − 1 √ −g ∂ ∂x^ν ( √ −gT^ν_μ ) + 1 2 ∂g_{ρσ} ∂x^μ T^{ρσ} (25)

where g = det(g_{μν} ) = (x^2_0 − x^2_1 − x^2 − x^2_3 − a^2)/a^2 (26)

Substituting (22) into (25) we find the density of force

f_μ = f_{1μ} + f_{2μ} = K_{em} 4a^2

(x_0, −x_1, −x_2, −9x_3) + K_{em} 4a^2

(−x_0, x_1, x_2, −3x_3)

= (0, 0, 0, −3K_{em}x_3 a^2

) (27)

where f_{1μ}, f_{2μ} refer to the first and second term of Eq.(25) respectively. This shows that after the cancelation between f_{1μ} and f_{2μ}, only the third component(which is z direction) has a non-vanishing value as we expect. And the non-vanishing value is linear with x_3 (x_3 = z), Integrate the force density Eq.(27) over the volumn, we find the z component of the net force on rigid cavity,

F_z = A ∫_d 0 √ −gf_zdz = −3K_{em}d^2 2a^2 = −^{π2A}_{120a2}^{h̄c}_{d2} : c_1(x) = c_2(x) = 1, −1

7π^2A 960a^2 h̄c d^2 : c1(x) = −c2(x) = 1, −1

(28) here A is the area of each plate. Obviously, the force is attractive when BCs is c_1(x) = c_2(x) = 1, −1, i.e. Dirichlet or Neumann BCs on each plate, and is repulsive when BCs is c_1(x) = −c_2(x) = 1, −1, i.e. Dirichlet on one plate and Neumann BCs on the other. This is consistent with [27] in scalar field case. Notice that the force here is proportional to d^{−2}, following the square inverse law instead of usually being inverse proportional to fourth power of the separation between two plates, like the expression in (1). However due to its dependence of a^{−2} and the very large radius a of our universe, this force is too small to be measured and can actually be neglected, so that there is no significant net Casimir force on the rigid cavity. This result is consistent with the calculation in Eq.(67) of [27], where the two plates have the same magnitude of pressure but with opposite direction, leading to a zero net force on such a two-plate system.

IV. VACUUM FLUCTUATION FORCE WITH WEAK GRAVITATION FIELD IN DE-SITTER SPACETIME

In the previous analysis, we consider the vacuum fluctuation from only de-sitter background without explicit gravitational field. If however the two parallel plates are located somewhere above the earth, the gravitational field at that point, though weak, may have some negligible effect on the quantum vacuum fluctuations of electromagnetic field in the region between the two plates. Assuming the gravitational field is in negative z-direction, the metric of space-time now becomes (similar way in[31])

g_{μν} = η_{μν} + x_μx_ν a^2

− 2A^ρx_ρδ_{μ0}δ_{ν0} (29)

with A^μ = (0, 0, 0, g/c^2), g is the magnitude of earth’s gravitational acceleration. Since the gravitational field is weak, we only keep the first-order corrections to the line element and ignore the higher order[14],

⟨T^{μν} ⟩_0 = K_{em} 4

−(1 +^{x20}_{a2} ) + 2A_3x_3^{x0x1}_{a2}^{x0x2}_{a2} −^{3x0x3}_{a2}

x_0x_1 a^2 1 − x^2_1 a^2 − x_1x_2 a^2

3x_1x_3 a^2 x_0x_2 a^2 − x_1x_2 a^2 1 − x^2 a^2

3x_2x_3 a^2

−^{3x0x3}_{a2}^{3x1x3}_{a2}^{3x2x3}_{a2} −3 + 7^{x23}_{a2} .

Following the same path as before, we find the density of force for weak gravitational field in de-sitter space, with the first term and second term in (25) given as

f_{1μ} = K_{em} 4a^2 ( − x_0(1 − 3A_3x_3), −x_1(1 + 5A_3x_3), −x_2(1 + 5A_3x_3),

3A_3(x^2_0 − x^2_1 − x^2 + a^2 − 3) − 10A_3x^2_3 ) (30)

f_{2μ} = K_{em} 4a^2 ( x_0(1 + A_3x_3), x_1(1 + A_3x_3), x_2(1 + A_3x_3), A_3(x^2_0 + x^2_3 + a^2) − 3x_3 ) (31)

Add the two term together we have the net Casimir force density on the two plates system,

f_μ = f_{1μ} + f_{2μ} = K_{em} a^2 ( x_0(A_3x_3), 3x_1(A_3x_3)/2, 3x_2(A_3x_3)/2,

A_3(a^2 + x^2_0 − 3x^2_1/4 − 3x^2/4 − 9x^2_3/4) − 3x_3 )

≃ ( 0, 0, 0, K_{em}A_3 − 3K_{em}x_3 a^2 ) + O((x/a)^2) (32)

In the second to the last line we only keep the linear term of space-time coordinates and omit the higher order terms since they are small and negligible. Integrate (32) over the volume as we show in(28) to find the net force that exerts on the two plates cavity, F_z = K_{em}A(A_3d − 3d^2 2a^2

) = F_g + F_d (33)

where F_g = K_{em}AA_3d = π^2h̄A 180cd^3 g : c1(x) = c2(x) = 1, −1 −^{7π2h̄cA} 1440c^2 d^3 g : c1(x) = −c2(x) = 1, −1

(34)

F_d = −K_{em}A 3d^2 2a^2 = −^{π2h̄cA} 120a^2 d^2 : c1(x) = c2(x) = 1, −1 7π^2h̄cA 960a^2 d^2 : c1(x) = −c2(x) = 1, −1

(35)

Here F_g as the first part of the Casimir force is proportional to the gravitational field strength g, therefore it can be considered as the gravitational force with effective mass −π^2h̄A 180cd^3 which is in full agreement with Eq.(8) in [14] and Eq.(5.4) in [9] or 7π^2h̄cA 1440c^2 d^3 depend

on BCs. When both plates are in the same BCs, i.e. Dirichlet or Neumann BCs, the force F_g orientates opposite to the gravitational field, so that the effective mass is considered to be negative. When two plates are in different BCs, the force F_g follows the direction of gravitational field, so the effective mass should be positive. The negative and positive effective mass reflects that the energy density between the two plates is smaller or larger than the outside respectively.

We also notice that the gravitational force is proportional to d^{−3} and^1_4 of F_g is from the energy density T^{00}, while the rest is from the third component of energy-momentum tensor. According to the argument presented in [14], the net force that can be measured in experiment with BCs Dirichlet or Neumann for both plates is, F = 1 4 F_g = π^2h̄A 720cd^3

(36)

This reproduces Eq.(4.13) in [10] and Eq.(9) in [14] for a weak gravitational field in Minkowski space-time.

The second part of Casimir force in (33) is F_d, which has no dependence on the gravitation field g, implying that this force is purely from the de-sitter spacetime. And F_d is inverse proportional to the square of radius a as well as the square of the separation d between the two plates. Though the separation d can be made very small in experiment, the radius of universe a is so large that a^2d^2 is still large and can be ignored, we may expect F_g to dominate the Casimir force F_z. To confirm this, we calculate the critical value of d which is d_c =^{2ga2}_{3c2} ≈ 10^{35}m so that F_g = F_d by taking a ≈ 10^{26} m and g ≈ 10 m^2/s. The critical value here is even larger than the present radius of our universe. Such an unreachable distance implies the first term dominates and the second term is negligible. The Casimir force arises from de-Sitter space being negligible implies that the structure of our universe can not be determined by observing vacuum fluctuation of quantum electrodynamics in weak gravitational field. In order to see how things change in strong gravitational field, we will adopt the more general metric form i.e. Schwarzschild-de Sitter spacetime that can deal with strong gravitational field and perform similar analysis in the next section.

V. VACUUM FLUCTUATION FORCE IN SCHWARZSCHILD-DE SITTER SPACETIME

The static Schwarzschild-(anti-)de Sitter metric is expressed in spherical coordinates as[32–36] in signature (-, +,+,+),

ds^2 = −(1 − f)dt^2 + 1 1 − f dr^2 + r^2(dθ^2 + sin^2 θdϕ^2) (37) with f = (^{2GM}_{c2r} +^{Λr2}_3 ) where M is the mass of the black hole or any spherical source of gravitational field. When Λ = 0, (37) reduces to Schwarzschild metric and when M = 0 it reduces to de(anti-de) Sitter space. As shown in [37] the metric tensor can be written in Cartesian coordinates x = r sin θ cos ϕ, y = r sin θ sin ϕ and z = r cos θ as

g_{μν} = −(1 − f) 0 0 0 0 1 +^{fx2}_{r2(1−f)}^{fxy}_{r2(1−f)}^{fxz}_{r2(1−f)} 0^{fxy}_{r2(1−f)} 1 +^{fy2}_{r2(1−f)}^{fyz}_{r2(1−f)} 0^{fxz}_{r2(1−f)}^{fyz}_{r2(1−f)} 1 +^{fz2}_{r2(1−f)}

(38)

combine with Eq.(11) we have energy-momentum tensor

T_{μν} = K_{em} 12

−^3

1−2^{GM}_{c2r} −Λr^2/3 , 0 0 0

0 3 −^{6GMx21}_{c2r3} − Λx^2_1 −x_1x_2(^{6GMx21}_{c2r3} + Λ) −x_1x_3(^{6GMx21}_{c2r3} + Λ) 0 −x_1x_2(^{6GMx21}_{c2r3} + Λ) 3 − x^2(^{6GMx21}_{c2r3} + Λ) −x_2x_3(^{6GMx21}_{c2r3} + Λ) 0 −x_1x_3(^{6GMx21}_{c2r3} + Λ) −x_2x_3(^{6GMx21}_{c2r3} + Λ) −9 − x^2_3(^{6GMx21}_{c2r3} + Λ) (39)

It is worth to note here that the direct evaluation of the regularized and renormalized energymomentum tensor in Schwarzschild-de sitter spacetime with boundary remains a challenging task due to its complication in calculation, where the point-split method should be used for this purpose. Further evaluation will be considered in our future research.

Now substitute the energy-momentum tensor in Eq.(39) into Eq.(25) we finally obtain the Casimir force density f_μ = K_{em} { − 27x_3 r^4 [ 8A^3r^3 + 4A^2_3r^2(−2 + 3ϵ) + A_3r(3 − 8ϵ + 6ϵ^2) + (−2 + ϵ)ϵ^2 ] × ×(0, x_1x_3, x_2x_3, r^2 + x^2_3) +

81x_3 r^2

(0, 0, 0, A_3r − ϵ) } /(−3 + 6A_3r + 3ϵ)^3 (40)

where we define A_3 =^{GM}_{c2r2} , ϵ =^{r2}_{a2} and a is related to Λ through Λ = 3/a^2. The total force is obtained by integrate out the force density f_μ, let the origin be in the center of the lower plate with length L_1 and width L_2, the two parallel plates are located at (0, 0, r) and

(0, 0, r + d). We then have F = ∫_{r+d} r ∫_{L2/2} −L_2/2 ∫_{L1/2} −L_1/2 f_μdx_1dx_2dx_3 = (0, 0, 0, F_z)

F_z =

K_{em}L_1L_2 (1 − δ)^5 { d r [ 3r^2 a^2 + 3 2 δ − 7δ^2 + 23 2 δ^3 − 8δ^4 + 2δ^5 − r^2 2a^2

(19δ − 17δ^2 + 4δ^3) ]

+ d^2 r^2 [ 3r^2 2a^2 − 3 2 δ + 27 4 δ^2 − 37 4 δ^3 + 5δ^4 − δ^5 − r^2 2a^2

(15δ − 24δ^2 + 6δ^3) ]} (41)

here δ = 2A_3r and far less than 1 when r ≫ r_c =^{2GM}_{c2} with r_c is the horizon of a black hole, but it gets close to 1 when the Casimir cavity is near the horizon.

Now we consider several limits and for simplicity we only consider the BCs with both plates are in Dirichlet or Neumann. For the BCs with one plate in Dirichlet and the other in Neumann, the results are similar except for a factor difference including a negative sign.

(1)M → 0 i.e. δ → 0, the Schwarzschild-de Sitter spacetime then reduces to pure de Sitter spacetime, Eq.(41) becomes F_z = K_{em}A 3d^2 2a^2 = π^2A 120a^2 h̄c d^2

(42)

which is the same as Eq.(28) in pure de Sitter space under the BCs we have specified before.

(2) a → ∞, this reduces Schwarzschild-de Sitter spacetime to Schwarzschild spactime, and Eq.(41) becomes

F_z = K_{em}A (1 − δ)^5 { d r ( 3 2 δ − 7δ^2 + 23 2 δ^3 − 8δ^4 + 2δ^5) + d^2 r^2 (− 3 2 δ + 27 4 δ^2 − 37 4 δ^3 + 5δ^4 − δ^5) } (43)

For weak gravitation field limit, δ is small and only its first power should be kept so that F_z = K_{em}A( 3d 2r δ − 3d^2 2r^2 )δ ≃ K_{em}A 3d 2r δ = 3K_{em}AdA_3 = π^2h̄cA 60c^2d^3 g (44)

which is three times larger as Eq.(33) where we add uniform weak gravitation field into de Sitter space. At first sight, this seems to be inconsistent. However if we carefully compare the metric of spacetime in (29) and (37), since in (29) g_{μν} = η_{μν} − 2A^ρx_ρδ_{μ0}δ_{ν0} as a → ∞, while in (37) due to the extra contribution from g_{rr} = 1/(1 − f) in Schwarzschild-de Sitter metric(isotropic but not uniform) which is different in metric (29) where g_{rr} = 1, so that to the first order the metric in (37) can be written as[11]

ds^2 = −(1 + 2A_ρx_ρ)dt^2 + (1 − 2A_ρx_ρ)d⃗r^2 (45) where the first term is exactly the same as that in (29), but the second term contains an extra contribution which is −2A_ρx_ρ, it is this extra term that leads to a factor of 3 in (44). The essential difference lies in that we embed gravitational field in Minkowski spacetime in the last section, while here we are dealing with the Schwarzschild spacetime background when taking a → 0.

(3). For strong gravitation field limit, we consider the two parallel plates located close to the horizon of a black hole that is r → r^+_c so that δ → 1^−, now we have

F_z = lim_{δ→1−} K_{em}A (1 − δ)^5

3d^2 a^2

= lim_{δ→1−} 1 (1 − δ)^5 π^2h̄cA 60a^2d^2

(46)

As (1 − δ) gets close to 0, the net Casimir force on the two parallel plates system can be large enough to be observable and its direction is outwards which is similar to the case in[11], acting as a repulsive force between the plates and blackhole. The repulsive force is due to the fact that energy/mass of the cavity is negative. But following the equivalent principle, the cavity will experience a free falling and fall into the blackhole. The interesting part here is that the sign of the force will change when the cavity passes through the event horizon, i.e. it changes from repulsive to attractive, therefore the energy/mass of the cavity changes from negative to positive when crossing the event horizon. As energy and time are conjugate variables in quantum mechanics, the changes of the sign in energy may suggest the unusual direction of time flow inside the event horizon.

VI. CONCLUSIONS

We have considered three cases of the vacuum fluctuation force on a rigid Casimir cavity with two parallel plates separated by a distance d in de Sitter spacetime. In the first and simplest one, we only consider de Sitter space. By investigating on the energy-momentum tensor of electromagnetic field in de Sitter spacetime, we find out that there exists a net force on the rigid cavity which satisfies square-inverse law though too small to be measurable. Such a force is attractive when two plates are both in Dirichlet BCs or Neumann BCs, and it is repulsive when one plate is in Dirichlet BCs while the other one is in Neumann BCs. In the second case, we introduce a weak uniform gravitational field in de Sitter spacetime, and find that the vacuum fluctuation force on the two parallel plates has two decoupled parts to the order of x^2, one(F_g) is proportional to the weak gravitational field strength g and has little dependence on the radius of universe, indicating that it is generated by the weak gravitational field acting on the effective mass induced by the difference in energy density between the region inside the two plates and the region outside the two plates. The effective mass is negative if we apply Dirichlet or Neumann BCs on both plates, and positive if one plate is applied Dirichlet BCs and the other one is applied Neumann BCs. The other part (F_d) of the force is from the vacuum fluctuation due to de Sitter spacetime structure only and is inverse proportional to the square of radius of universe, but independent on the weak gravitational field. Due to the large radius of the present universe, the first part F_g dominates this vacuum fluctuation force and it is measurable with a large area of each plate and a small gap between them even though the gravitational field strength as small as that on the earth.

Finally we study the vacuum fluctuation force in Schwarzschild-de Sitter spacetime, a more general spacetime structure so that strong gravitation field can be included. After the final result is obtained we take several limits, in zero gravitational field limit we recover the result in pure de Sitter space; in Schwarzschild spacetime limit with weak gravitation field we can reproduce the Casimir force in Minkowski spacetime with gravitation field except for a factor difference; in strong gravitational field limit the net Casimir force on rigid cavity near event horizon is found to be inverse proportional to the square of the separation between two parallel plates and the square of radius of universe, again follows the square inverse law. The force is repulsive and becomes larger as the cavity gets closer to the event horizon of blackhole. When the cavity crosses the event horizon, the repulsive force switches into attractive force, leading to the change from negative energy to positive energy within the cavity. This implies the unusual direction of time flowing inside the event horizon.

[1] H. B. G. Casimir, Proc. K. Ned. Akad. Wet. Rev. 51, 793–795 (1948). [2] S. K. Lamoreaux , Am. J. Phys. 67 (10), 850–861 (1999).

[3] V. V. Nesterenko, G. Lambiase, and G. Scarpetta, Riv. Nuovo Cimento, Ser. 4, 27, Issue 6, 1 (2004).

[4] F. Capasso, J. N. Munday, D. Iannuzzi, and H. B. Chan, IEEE J. Sel. Top. Quantum Electron.

13, 400 (2007).

[5] K. A. Milton, J. Phys. A 37, R209 (2004).

[6] Steven. K. Lamoreaux, Rep. Prog. Phys. 68, 201–36 (2005).

[7] S. A. Fulling, K. A. Milton, P. Parashar, A. Romeo, K. V. Shajesh, and J. Wagner, Phys.

Rev. D 76, 025004 (2007).

[8] K. A. Milton, acceleration of quantum vacuum energy, J. Phys. A 40, 10935 (2007). [9] G. Bimonte, E. Calloni, G. Esposito, and L. Rosa, Phys. Rev. D 74, 085011 (2006);75, 049904(E) (2007); 75, 089901(E) (2007); 77, 109903(E) (2008).

[10] G. Bimonte, E. Calloni, G. Esposito, and L. Rosa, Phys. Rev. D 76, 025008 (2007). [11] G. Esposito, G. M. Napolitano, and L. Rosa, Phys. Rev. D 77, 105011 (2008). [12] G. Bimonte, G. Esposito and L. Rosa, Phys. Rev. D 78, 024010 (2008). [13] G. Bimonte, E. Calloni, G. Esposito, G. M. Napolitano, and L. Rosa, arXiv:0904.4864[hep-th] (2009).

[14] E. Calloni, L. Di Fiorce, G. Esposito, L. Milano, and L. Rosa, Phys. Lett. A 297, 328–33 (2002).

[15] N. Straumann, arXiv:astro-ph/0203330. In: B. Duplantier and V. Rivasseau (Eds):“Vacuum energy, renormalization”, 7-51. Basel: Birkhäuser (2003).

[16] A. Einstein, Annalen der Physik. 17, 891 (1905). [17] J. S. Dowker and R. Critchley, Phys. Rev. D, 13, 224 (1976). [18] J. S. Dowker and R. Critchley, Phys. Rev. D, 13, 3224 (1976). [19] M. Li, R. X. Miao, Y. Pang, Phys. Lett. B. 689 55–59 (2010). [20] M. R. Setare and R. Mansouri, Class. Quantum. Grav. 18 2659–2663 (2001). [21] A. A. Saharian, J. Phys: Conference Series 161, 012025 (2009). [22] A. A. Saharian, Int. J. Mod. Phys. A 26, 3833 (2011).

[23] M. Blagojević, Gravitation and gauge symmetries (IOP Publishing Ltd (London), (2002). [24] A. Einstein, The Foundation of the General Theory of Relativity, Annalen der Physik 354 (7), 769-822 (1916).

[25] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989). [26] L. S. Brown, G. J. Maclay, Phys. Rev. 184, 1272 (1969).

[27] E. Elizalde, A. A. Saharian, and T. A. Vardanyan, Phys. Rev. D, 81, 124003 (2010). [28] T. S. Bunch and P. C. W. Davies, Proc. R. Soc. London, A 360, 117 (1978). [29] B. S. DeWitt, Phys. Report, 19, 295 (1975).

[30] C. Nikker, The Theory of Relativity, Oxford University Press, Oxford, (1972). [31] C. W. Misner, K. S. Thorne, J. A. Wheeler, Gravitation, Freeman, New York, (1973). [32] G. w. Gibbons and S. W. Hawking, Phys. Rev. D, 15, 2738 (1977). [33] R. Bousso and S. W. Hawking, Phys. Rev. D, 57, 2436 (1998). [34] J. Podolsky, Gen. Relativ. Gravit. 31, 1703 (1999). [35] V. Cardoso and J. P. S. Lemos, Phys. Rev. D, 64, 084017 (2001). [36] V. Cardoso and J. P. S. Lemos, Phys. Rev. D, 65, 104033 (2002). [37] T. G. Mackay, A. Lakhtakia and S. Setiawan, Europhys. Lett. 71(6), 925-931 (2005). [38] S. M. Christensen, Phys. Rev. D, 17, 946-963 (1978).