arXiv:1211.6163v1 [hep-lat] 26 Nov 2012

Review of lattice studies of resonances

Daniel Mohler^∗ TRIUMF, 4004 Wesbrook Mall, Vancouver, BC V6T 2A3, Canada Fermilab, PO BOX 500, Batavia, IL, 60510, USA E-mail: dmohler@fnal.gov

I review recent progress in extracting resonance parameters using lattice field theory, with an emphasis on determining hadron resonances from lattice quantum chromodynamics. Until recently, the ρ-meson channel was the only one considered, while, during the last year, several resonant channels have been investigated for the first time. Recent lattice results for scattering phase shifts in resonant channels are presented.

The 30th International Symposium on Lattice Field Theory June 24 29, 2012 Cairns, Australia

∗Speaker.

© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-ShareAlike Licence. http://pos.sissa.it/

1. Introduction and methods

Recent years have shown remarkable progress in lattice simulations of quantum chromodynamics (QCD). Dynamic simulations with multiple flavors of light quarks are now routinely performed and there are first calculations at physical pion masses. Properties of ground states can now, in many cases, be determined with small statistical errors and with fully controlled systematic uncertainties. At the same time new computational methods for smeared interpolating fields [1, 2] and the use of the variational method [3 – 5] enable extraction of excited energy levels both in an unprecedented number and with unprecedented statistical accuracy [6 – 8]. However, most hadronic excitations are resonances and can decay strongly. Therefore the interpretation of the resulting data is straightforward only in the limit of very narrow states, which is often not the case in nature.

hadron Γ [MeV] hadron Γ [MeV] hadron Γ [MeV] b_1(1235) 142 ± 9 K^⋆(1410) 232 ± 21 D^⋆_0(2400) 267 ± 40 a_1(1260) 250 − 600 K^⋆_0 (1430) 270 ± 80 D_1(2430) 384±^{130}_{110}

Table 1: Examples of light, strange-light and charm-light meson resonances. Values from the PDG compilation [9].

Indeed, taking a look at the meson tables in the Particle Data Group (PDG) compilation [9], resonances with a substantial hadronic width are more the norm than the exception. Table 1 lists examples for light, strange-light and charm-light mesons and their PDG values for the resonance parameters. As can be seen, there are many examples of resonances with sizable total widths, which should not be neglected. In these proceedings, progress in extracting resonance properties from lattice simulations is reviewed with an emphasis on recent simulations data rather than the associated theory.

In experiment, resonance properties are extracted using partial wave analysis. For the relatively simple case of elastic scattering, the scattering amplitudes a_l is related to the scattering phase shift δ_l for the l-th partial wave:

a_l = sin δ_l e^{iδl} = e^{2iδl} − 1 2i . (1.1)

Near a single relativistic Breit-Wigner shaped resonance, one can then parametrize the scattering amplitude a_l in terms of a resonance position s_R = m^2_R and decay width Γ

a_l = − √ sΓ(s) s − s_R + i √ sΓ(s)

. (1.2)

In a lattice QCD calculation in Euclidean space there is no direct access to the scattering amplitudes [10]. However, as has been pointed out by Lüscher [11 – 13], the phase shift of the continuum scattering amplitude in the elastic region can be determined from the discrete spectrum in a finite box.

Figure 1: Illustration of hadrons with momenta p_1 and p_2 in a finite volume. For a description please refer to the text. Figure taken from [14].

1.1 The Lüscher method

As mentioned, there is a relation between the phase shift of the continuum scattering amplitude in the elastic region and the discrete spectrum in finite volume [11 – 13]. Figure 1 illustrates the idea. In a large box with spatial volume L^3 and L ≫ 1 fm (depicted on the left-hand side) the energy of the two particle system is to a good approximation given by

E = E(p_1) + E(p_2) , (1.3)

where E(p) = √ (m^2 + p^2) and ⃗p = ⃗n(2π/L) in a relativistic simulation with periodic boundary conditions in space. In a small box (depicted on the right-hand side) with L ≃ 2... 5 fm the energy of the interacting system is noticeably shifted with regard to the non-interacting energy level. This energy shift is related by Lüscher’s formula to the elastic scattering phase-shift. Extracting resonance parameters from a lattice simulation using this relation therefore involves the following basic steps:

(1) Extract the energy levels E_n(L) in a finite box for one or more box sizes L.

(2) The Lüscher formula relates this spectrum to the phase shift of the continuum scattering amplitude.

(3) Given the relevant phase shift data one can extract the resonance mass m_R and the width Γ_R or the coupling g with some degree of modeling/approximation.

To illustrate the finite volume spectrum, the few lowest energy levels for a ρ-meson-like system are plotted in Figure 2. For a small coupling the typical avoided level crossing behavior is observed (left panel). With an increased coupling g the energy shifts with respect to the noninteracting energy levels get more pronounced and the avoided level crossing gets more and more washed out (middle panel). The effect of increasing the mass at fixed coupling is also illustrated (right panel). From these illustrations it is clear that data for just a couple of energy levels in a single volume is of limited use. For a given lattice ensemble more data can be obtained by also considering moving frames.

While the original relation [11 – 13] was limited to rest-frame calculation in multiple spatial volumes L^3, the corresponding Lüscher formulae and interpolator constructions for equal mass

Figure 2: Illustration of levels in a finite volume L^3 × T for a ρ-like resonance. The resonance mass m in units of the pion mass and the coupling g are varied (assuming only elastic scattering and using the appropriate Lüscher formula). The blue levels show the non-interacting levels and the blue dotted line indicates the resonance mass.

hadrons m_{h1} = m_{h2} in moving frames [15 – 18] have been known for a while. During the last year the corresponding expressions for unequal mass hadrons m_{h1} ≠ m_{h2} in moving frames have been derived [19 – 22]. It turns out that for the case of unequal mass hadrons, even and odd partial waves mix, creating an additional complication for the ab initio determination of phase shifts δ_l from lattice data.

In addition to the above, there are some more recent ideas to extract resonances from lattice simulations [23, 24]. One of these, the so-called histogram method [23] is illustrated briefly in the next section. For a description of the so-called correlator method please refer to [24] directly.

2. Methods in a toy model study

In a recent publication, Giudice, McManus and Peardon [25] tested both the Lüscher method and the histogram method [23] in the context of the O(4) non-linear sigma model, where precise data can be obtained: the authors of [25] managed to accurately extract six energy levels for a range of L/a = 8,9,... ,19. For both methods, data was extracted in the elastic region (where the methods should be applicable) and in the inelastic region.

The histogram method [23] can be summarized by the following procedure:

(1) Determine the lowest few energy levels and interpolate to obtain a continuous function E_n(L) in the interval [L_0,L_M].

(2) Slice this interval [L_0,L_M] into M parts of length ΔL =^{LM −L0}_M .

(3) Slice the energy interval [E_{min},E_{max}] into bins of length Δ_E .

(4) Make a histogram and normalize to get the distribution W (E) or correspondingly W (p).

(5) Subtract the non-interacting background W_0(E) (or W_0(p)).

(6) In [23] it is shown that close to a resonance one gets a Breit-Wigner shape

W (p) −W_0(p) ∝ 1 [E(p)^2 − M^2_r ]^2 + M^2_r Γ^2

, W (p) = W (E) ∂ E ∂ p . (2.1)

Figure 3: Probability distribution W −W_0 for a narrow resonance with different strategies for the background subtraction. Figures taken from [25].

Figure 4: Final results for a resonance in the inelastic regime. In this case, the relation to resonance parameters is unclear. Figure taken from [25].

For further details please refer to [23, 25]. In practice, it turns out that the successful application of this procedure hinges on details of how to deal with the necessary background subtraction (step (5)). This behavior is illustrated in Figure 3, where a narrow resonance was investigated with different strategies for the background subtraction. The figure also illustrates that, in the context of this toy model, a narrow resonance can be extracted reliably once the background has been subtracted correctly. Unfortunately this was only achieved after omitting some of the data from the analysis.

The authors also apply the histogram method in the inelastic case, where there is no theoretical support for its applicability. Figure 4 shows that nevertheless some sort of resonance shape emerges.

Let us now turn to the Lüscher method [11 – 13] described in the previous section. The left and center panels in Figure 5 show the results for a narrow and wide resonance. In both cases a clear resonance shape can be identified, although the resonance parameters can be determined much more accurately for a narrow resonance. In addition the authors also investigated what happens in the toy model when the method is applied above inelastic threshold. This can be seen in the right panel of Figure 5, where a narrow resonance is seen below threshold and the data becomes nonsensical above inelastic threshold. This illustrates that care needs to be taken when using the Lüscher method for the extraction of resonance parameters.

To compare how well the two methods fare, Table 2 lists the resonance parameters obtained

Figure 5: Phase shift data obtained from the Lüscher method.The blue line in the right plot shows the position of the inelastic threshold. For a description please refer to the text. Figures taken from [25].

Lüscher histogram parameter set aM_σ aΓ_σ aM_σ aΓ_σ set A 1.35(2) 0.115(8) 1.33(5) 0.10(5) set B 2.03(2) 0.35(2) 2.01(2) 0.35(10) set C 3.1(7) 1.2(5) - -

Table 2: Comparison of resonance mass M and width Γ obtained with the Lüscher and histogram methods for narrow (set A), medium (set B) and broad (set C) resonances [25].

with the help of the two methods. While the results from the two methods agree within their statistical uncertainty, the Lüscher method leads to smaller statistical uncertainties and can be used to successfully extract broader resonances.

3. QCD resonances

Let us now turn our attention to the calculation of hadron resonances in QCD. These calculations are computationally demanding and very challenging from a technical point of view. It is observed in many calculations that q̄q operators conventionally used for the study of hadron excitations couple very weakly to multi-hadron states [26 – 28, 6]. A similar observation was made in string breaking studies [29, 30]. This necessitates the inclusion of hadron-hadron interpolators. Figure 6 shows an example of quark diagrams for a typical meson-meson channel. In particular some of the quark lines contain backtracking quark lines which are very expensive to calculate as they require the use of all-to-all propagator techniques. A particularly promising technique is the distillation method [1, 2].

3.1 The ρ meson: A benchmark calculation

In experiment, the ρ meson is seen as a p-wave resonance in ππ-scattering. In many ways the ρ meson is an ideal candidate for a benchmark calculation. While the physical ρ can also decay into four pions, there is a large span of (unphysical) pion masses where the decay into two pions is the only possible decay. Furthermore, the resonance is of medium width (much smaller than its mass) and well isolated from other resonances. The signal in this channel is of a good quality even with a moderate number of gauge configurations. Naturally this was the first QCD resonance

Figure 6: Example of the Wick contractions arising in a meson-meson channel with q̄q and meson-meson interpolator basis.

where Lüscher’s method has been applied to extract the mass and width of the state [31]. In the meantime several groups have successfully demonstrated the feasibility of determining resonance parameters of the ρ meson in a QCD calculation [32 – 37]. In this section the current state of affairs is illustrated.

Figure 7 shows the results obtained by the ETM Collaboration [32]. They use four ensembles with the same lattice spacing and different light valence quarks and three momentum frames. This enables them to extract phase shifts for each ensemble and to perform an extrapolation to the chiral limit (assuming the coupling g_{ρππ} to be mass independent), while all of their data is extracted in the elastic regime where the framework is applicable.

Figure 8 shows similar results from the PACS-CS collaboration using two ensembles and three momentum frames [33]. Again, all data has been obtained in the elastic region.

Figure 9 shows results by Lang et al. [34] from a single ensemble, demonstrating that a very good statistical accuracy can be achieved using the distillation technique [1, 2]. All these results were presented in parallel talks at Lattice 2011.

More recently, Pelissier and Alexandru [35] presented results from a dynamical simulation on asymmetric lattices [38, 39], which followed an exploratory quenched simulation [40]. They generated three ensembles with N_f = 2 nHYP-smeared clover fermions at a lattice spacing of

Figure 7: Phase shift results for the ρ meson resonance calculated by the ETM Collaboration [32]. The four panels show results for gauge ensembles with four different pion masses m_π ≈ 290,330,420,480 MeV.

Figure 8: Phase shift results for the ρ meson resonance calculated by the PACS-CS collaboration [33]. The pion masses used in the simulation are indicated in the panels.

Figure 9: Phase shift results for the ρ meson from [34].

a = 0.1225(7)fm and with a pion mass of m_π = 304(2)MeV. Their lattice sizes are 24^2 × L_z × 48 with L_z = 24,32,48. To extract the two lowest states they use a variational basis with one q̄q and one meson-meson interpolating field. These results are plotted in Figure 10.

To compare all results for the resonance mass m_R and the coupling g_{ρππ} it is best to plot the results in dimensionless units by multiplying the masses with the Sommer scale [41] r_0. To this end the values for r_0/a for each ensemble are used. The results are shown in Figure 11 and the errors plotted encompass the statistical uncertainty and the uncertainty in the Sommer scale. Plotted in this scale-independent way all available results agree with each other fairly well, although the values obtained by Lang et al. for both the mass and the coupling are somewhat lower than the rest. This highlights the need to address various systematic uncertainties in more detail in future simulations.

In this regard, it is instructive to take a look at the interpolator dependence of the results from [34] which are shown in Figure 12. On the left side of the figure the energy levels resulting from several choices including both pion-pion and q̄q interpolating fields are shown. Here, a basis of just two interpolating fields turns out to give rather unreliable results when compared to several choices of a bigger basis. Notice that all fits had an acceptable χ^2/d.o. f .. On the right side of the plot choices of basis without a pion-pion interpolator are shown. In all cases the errors are larger than for the mixed basis, especially for the first excitation. In the case of a moving frame with

Figure 10: Phase shift results from [35], where asymmetric lattices were used to get phase shift points in the whole resonance region.

Figure 11: Comparison of recent lattice results for the ρ meson resonance mass (right panel) and coupling (left panel).

P = (1,0,0) the results are even inconsistent for a small basis and only become consistent with the mixed basis when the basis is enlarged. It should therefore be stressed that a suitable basis is crucial to extract physical results.

3.2 Recent results for other QCD resonances

While the extraction of the ρ resonance is a great proof of principle that QCD calculations of resonance properties are feasible, this can only be the start. In this section recent results in other channels are reviewed.

3.2.1 Meson-meson scattering in the Kπ, Dπ and D^⋆π channels

Recently, first steps towards the determination of phase shifts and an extraction of resonance parameters have been taken for the case of meson-meson scattering in the Kπ, Dπ and D^⋆π chan-

N^3_L × N_T κ_l β a[fm] L[fm] #configs m_π [MeV] m_K [MeV] 16^3 × 32 0.1283 7.1 0.1239(13) 1.98 280/279 266(3)(3) 552(2)(6)

Table 3: Parameters for the nHYP-smeared Wilson-clover lattices [42, 43] used in [34, 44, 45].

Figure 12: Interpolator set dependence for the energy levels used to extract the ρ resonance in [34].

Figure 13: Phase shift results for Kπscattering in s-wave and p-wave for isospin^1_2 and^3_2 .

nels [44, 45]. For both of these studies configurations with N_f = 2 flavors of nHYP smeared Wilson-clover quarks [42, 43] were used. Table 3 shows the relevant parameters. The distillation method [1, 2] was used to construct an interpolator basis of several q̄q and meson-meson interpolators. In both cases only the frame with total momentum zero was considered, which does not suffer from mixing of even and odd partial waves [19 – 22].

Figure 13 shows phase shift results from Kπ scattering for isospin^1_2 and^3_2 , in s-wave and p-wave. To illustrate the qualitative agreement, data extracted from experiment [46, 47] is shown in black, blue and green while the lattice data is shown in red. For more information and some cautionary remarks please refer to [44].

Figure 14 shows recent lattice results [48 – 50, 44] for the s-wave scattering lenghts in units of the reduced mass μ_{kπ}^1 compared to results from Chiral Perturbation Theory (χPT) [51] or from a Roy-Steiner analysis [52].

A similar approach has been used to investigate Dπ and D^⋆π scattering [45] where the charm quarks are treated with the Fermilab method [53]. Figure 15 shows^{p⋆√}_s cot δ_l for the D^⋆_0 and D_1

1In leading order χPT this ratio does not depend on m_π .

Figure 14: Compilation of results for the isospin^1_2 and^3_2 s-wave Kπ scattering lenghts taken from [44]. For more detail please refer to the text.

Figure 15: Phase shift results for the Dπ and D^⋆π channels. To extract the data for D^⋆π scattering the heavy quark limit has to be assumed.

channels, since the combination^{p∗√}_s cot δ_l =^1_{g2} (s−m^2_r ) is linear in case of a Breit-Winger resonance. The left panel shows results in the J^P = 0^+ channel where the D^⋆_0(2400) resonance is observed in experiment. Three levels have been extracted.

In the J^P = 1^+ channel there are two resonances D_1(2420) and D_1(2430) and without further assumptions the data is insufficient to extract resonance parameters. In the heavy quark limit, the narrow D_1(2420) is expected to exclusively decay in d-wave, while the broad D_1(2430) will decay exclusively in s-wave. In this limit, one then obtains the results displayed in the right panel of Figure 15, where the level associated with the D_1(2420) has been omitted.

D^⋆_0(2400) D_1(2430) g^{lat} [GeV] 2.55 ± 0.21 2.01 ± 0.15 g^{exp} [GeV] ≤ 1.92 ± 0.14 ≤ 2.50 ± 0.40

Table 4: Resonance parameters for the D^∗_0(2400) and for the D_1(2430) extracted in [45]. Experiment values are quoted as upper limits to reflect that only the total width is known.

Assuming a Breit-Wigner shape for both the D^∗_0(2400) and for the D_1(2430), the resonance parameters displayed in Table 4 are obtained. In addition to the channels treated as resonances, energy levels were also extracted in other channels. The resulting spectrum is shown in Figure 16. For further information including a detailed description of assumptions please refer to [45].

Figure 16: Energy differences ΔE = E −^1_4 (M_D +3M_D∗ ) for D meson states on the lattice and in experiment. Likely quantum numbers have been assigned to some of the states seen by BaBar [54]. For more information please refer to the text and to [45].

3.2.2 κ and σ resonances from staggered simulations

There are two recent papers [55, 56] aimed at the extraction of the κ and σ resonances using staggered quarks. In both cases the asqtad medium-coarse ensemble of size 16^3 × 48 with m_{u/d} = 0.2m_s and a ≈ 0.15fm generated by the MILC collaboration has been used. As a basis one q̄q and one meson-meson interpolator, picking the goldstone pion/kaon π_5/K_5 is used. Extracting two energy levels and assuming a Breit-Wigner shape the resonance parameters in Table 5 are extracted.

I =^1_2 πK I = 0 ππ g_{κπK} = 4.54(76)GeV g_{σππ} = 2.69(44)GeV M_R = 0.779(27)a M_R = 0.691(37)a

Table 5: Resonance parameters attributed to the κ and σ resonances [55, 56]. For cautionary remarks please refer to the text.

It should however be pointed out that the q̄q interpolators inevitably couple to all staggered taste combinations [57, 58]. Therefore, the variational analysis may render other taste combinations K_bπ_b and π_bπ_b as excited states. Moreover the experimental data already shown in Figure 13 for the κ channel makes the assumption of a Breit-Wigner shape questionable.

3.2.3 Δ(1232) ↔ Nπ by the QCDSF collaboration

The QCDSF collaboration is investigating nucleon-pion scattering in the Δ(1232) channel [59] using 32^3 × T , 40^3 × T and 48^3 × T lattices with a pion mass m_π ≈ 250 MeV. Preliminary results for the phase shift are plotted in Figure 17. For the delta-pion-nucleon coupling they obtain

g^2_{ΔπN}

4π = 11±^4_3 which should be compared to the value^{g2ΔπN,exp}_{4π} ≈ 14.4 extracted from experiment.

3.2.4 Baryon interactions in a matrix Hamiltonian model

In Lüscher’s method finite volume errors should be exponentially suppressed as a function of the lattice size L. This assumes that hadrons at the boundary of the box are in the asymptotic region, otherwise the error may scale as L^{−1}. In [60] this issue is investigated in a matrix Hamiltonian

Figure 17: Preliminary results from a simulation of nucleon-pion scattering by the QCDSF collaboration [59]. The plot shows data in the vicinity of the Δ(1232) resonance.

Figure 18: Left panel: Estimates of the phase shift employing Lüscher’s formula to the ΔNπ model for different lattice extent L; Right panel: The resonance energy from the Lüscher method compared to a direct calculation. Plots taken from [60].

model for Δ ↔ Nπ. Figure 18 shows some of the results. In the left panel results from the Lüscher method using a different spatial extent are plotted. In the right panel the results from the Lüscher method are compared to the direct calculation. While both methods agree for large volumes, it is clear that large finite volume effects are present in this case. For further discussion please refer to [60].

4. Beyond QCD

As already demonstrated in the case of toy models, nonperturbative methods for the extraction of resonances in a lattice simulation can also be applied to problems beyond QCD. As an example, the Lüscher method has been used recently in a simulation of the pure Higgs-Yukawa sector of the electroweak standard model [61]. The model consist of a complex scalar Higgs doublet and a mass-degenerate fermion doublet (representing top and bottom quarks) coupled in a chirally invariant way. In this case properties of the Higgs resonance can be extracted.

Figure 19 shows the results for three different quartic couplings λ̂ . While this model is quite distinct from the situation in nature, is is very interesting to observe that the width of the Higgs stays small even at large coupling.

Figure 19: Elastic scattering phases obtained for three different quartic couplings λ̂ within a chiral Higgs- Yukawa model. Plots taken from [61].

5. Summary & Outlook

While the field is progressing fast and the last year has seen first QCD resonance studies in channels other than the ρ meson channel, lattice studies of (QCD) resonances are still in their infancy. Part of the reason is that the standard Lüscher method is limited to the case of elastic scattering. While there has been some progress recently [62 – 66] most ideas to go beyond the case of elastic scattering require a certain degree of modeling.

To illustrate the severity of this limitation it is instructive to appeal to experiment once more. Even in the low-lying meson spectrum, there are several interesting cases where multiple thresholds are expected to be important. Two prominent examples would be the a_0(980) which goes both to ηπ and K̄K and the K_1(1270) where the branching ratios to Kρ, K^⋆(872)π, Kω and K^⋆_0 (1430)π are all known to be sizable.

Last but not least there are also many interesting states, especially the so-called X, Y and Z states in the charmonium spectrum, where a first principle calculation from lattice QCD is needed, but where most interesting states are above multiparticle thresholds. In short, there is much progress to be made for a comprehensive description of QCD resonances, and beyond.

Acknowledgments

I would like to thank the organizers for the invitation to present this review. In addition I thank Andrei Alexandru, Albert Deuzeman, Christian B. Lang, Craig Pelissier, Sasa Prelovsek and Gerrit Schierholz for providing me with material/information for the talk. Finally, I would like to thank my collaborators Christian B. Lang, Luka Leskovec, Sasa Prelovsek and Richard Woloshyn. Fermilab is operated by Fermi Research Alliance, LLC under Contract No. De-AC02-07CH11359 with the United States Department of Energy.

References

[1] Hadron Spectrum Collaboration, M. Peardon, J. Bulava, J. Foley, C. Morningstar, J. Dudek, R. G.

Edwards, B. Joo, H.-W. Lin, D. G. Richards, and K. J. Juge, Phys. Rev. D 80, 054506 (2009).

[2] C. Morningstar, J. Bulava, J. Foley, K. J. Juge, D. Lenkner, et al., Phys.Rev. D83, 114505 (2011).

[3] C. Michael, Nucl. Phys. B259, 58 (1985).

[4] M. Lüscher and U. Wolff, Nucl. Phys. B339, 222–252 (1990).

[5] B. Blossier, M. Della Morte, G. von Hippel, T. Mendes, and R. Sommer, JHEP 04, 094 (2009). [6] J. J. Dudek, R. G. Edwards, M. J. Peardon, D. G. Richards, and C. E. Thomas, Phys.Rev. D82, 034508 (2010).

[7] J. J. Dudek, R. G. Edwards, B. Joo, M. J. Peardon, D. G. Richards, et al., Phys.Rev. D83, 111502 (2011).

[8] Hadron Spectrum Collaboration, L. Liu et al., JHEP 1207, 126 (2012). [9] Particle Data Group, J. Beringer et al., Phys.Rev. D86, 010001 (2012). [10] L. Maiani and M. Testa, Phys.Lett. B245, 585–590 (1990). [11] M. Lüscher, Commun. Math. Phys. 105, 153–188 (1986). [12] M. Lüscher, Nucl. Phys. B354, 531–578 (1991). [13] M. Lüscher, Nucl. Phys. B364, 237 (1991).

[14] S. Prelovsek, C. B. Lang, and D. Mohler, arXiv:1110.4520. [15] K. Rummukainen and S. A. Gottlieb, Nucl.Phys. B450, 397–436 (1995). [16] C. Kim, C. Sachrajda, and S. R. Sharpe, Nucl.Phys. B727, 218–243 (2005). [17] ETM Collaboration, X. Feng, K. Jansen, and D. B. Renner, PoS LAT2010, 104 (2010). [18] J. J. Dudek, R. G. Edwards, and C. E. Thomas, Phys.Rev. D86, 034031 (2012). [19] Z. Fu, Phys.Rev. D85, 014506 (2012).

[20] L. Leskovec and S. Prelovsek, Phys.Rev. D85, 114507 (2012). [21] M. Döring, U. Meissner, E. Oset, and A. Rusetsky, Eur.Phys.J. A48, 114 (2012). [22] M. Göckeler, R. Horsley, M. Lage, U.-G. Meissner, P. Rakow, et al., arXiv:1206.4141. [23] V. Bernard, M. Lage, U.-G. Meissner, and A. Rusetsky, JHEP 0808, 024 (2008). [24] U.-G. Meissner, K. Polejaeva, and A. Rusetsky, Nucl.Phys. B846, 1–20 (2011). [25] P. Giudice, D. McManus, and M. Peardon, Phys.Rev. D86, 074516 (2012). [26] UKQCD Collaboration, C. McNeile and C. Michael, Phys.Lett. B556, 177–184 (2003). [27] BGR [Bern-Graz-Regensburg] Collaboration, G. P. Engel, C. B. Lang, M. Limmer, D. Mohler, and A. Schäfer, Phys.Rev. D82, 034505 (2010).

[28] J. Bulava, R. Edwards, E. Engelson, B. Joo, H.-W. Lin, et al., Phys.Rev. D82, 014507 (2010). [29] UKQCD Collaboration, P. Pennanen and C. Michael, arXiv:hep-lat/0001015. [30] C. W. Bernard, T. A. DeGrand, C. E. Detar, P. Lacock, S. A. Gottlieb, et al., Phys.Rev. D64, 074509 (2001).

[31] CP-PACS Collaboration, S. Aoki et al., Phys.Rev. D76, 094506 (2007). [32] X. Feng, K. Jansen, and D. B. Renner, Phys.Rev. D83, 094505 (2011). [33] CS Collaboration, S. Aoki et al., Phys.Rev. D84, 094505 (2011). [34] C. B. Lang, D. Mohler, S. Prelovsek, and M. Vidmar, Phys.Rev. D84, 054503 (2011).

[35] C. Pelissier and A. Alexandru, arXiv:1211.0092.

[36] QCDSF Collaboration Collaboration, M. Göckeler et al., PoS LATTICE2008, 136 (2008). [37] Budapest-Marseille-Wuppertal Collaboration, J. Frison et al., PoS LATTICE2010, 139 (2010). [38] X. Feng, X. Li, and C. Liu, Phys.Rev. D70, 014505 (2004). [39] X. Li and C. Liu, Phys.Lett. B587, 100–104 (2004).

[40] C. S. Pelissier, A. Alexandru, and F. X. Lee, PoS LATTICE2011, 134 (2011). [41] R. Sommer, Nucl.Phys. B411, 839 (1994).

[42] A. Hasenfratz, R. Hoffmann, and S. Schaefer, Phys. Rev. D78, 05451 (2008). [43] A. Hasenfratz, R. Hoffmann, and S. Schaefer, Phys. Rev. D78, 014515 (2008). [44] C. B. Lang, L. Leskovec, D. Mohler, and S. Prelovsek, Phys.Rev. D86, 054508 (2012). [45] D. Mohler, S. Prelovsek, and R. Woloshyn, arXiv:1208.4059.

[46] P. Estabrooks, R. Carnegie, A. D. Martin, W. Dunwoodie, T. Lasinski, et al. Nucl.Phys. B133, 490 (1978).

[47] D. Aston, N. Awaji, T. Bienz, F. Bird, J. D’Amore, et al. Nucl.Phys. B296, 493 (1988). [48] S. R. Beane, P. F. Bedaque, T. C. Luu, K. Orginos, E. Pallante, et al., Phys.Rev. D74, 114503 (2006). [49] PACS-CS Collaboration, K. Sasaki, N. Ishizuka, T. Yamazaki, and M. Oka,PoS LAT2009, 098 (2009.

[50] Z. Fu, Phys.Rev. D85, 074501 (2012).

[51] V. Bernard, N. Kaiser, and U. G. Meissner, Nucl.Phys. B357, 129–152 (1991). [52] P. Buettiker, S. Descotes-Genon, and B. Moussallam, Eur.Phys.J. C33, 409–432 (2004). [53] A. X. El-Khadra, A. S. Kronfeld, and P. B. Mackenzie, Phys.Rev. D55, 3933–3957 (1997). [54] BABAR Collaboration, P. del Amo Sanchez et al., Phys.Rev. D82, 111101 (2010). [55] Z. Fu, JHEP 1201, 017 (2012). [56] Z. Fu, JHEP 1207, 142 (2012).

[57] S. Prelovsek, Phys.Rev. D73, 014506 (2006).

[58] C. Bernard, C. E. DeTar, Z. Fu, and S. Prelovsek, Phys.Rev. D76, 094504 (2007. [59] Göckeler, Horsley, Lage, Meißner, Rakow, Rusetsky, Schierholz, Zanotti, private communication with G. Schierholz.

[60] J. Hall, A.-P. Hsu, D. Leinweber, A. Thomas, and R. Young, arXiv:1207.3562. [61] P. Gerhold, K. Jansen, and J. Kallarackal,Phys.Lett. B710, 697–702 (2012). [62] S. He, X. Feng, and C. Liu, JHEP 0507, 011 (2005).

[63] M. Döring, U.-G. Meissner, E. Oset, and A. Rusetsky,Eur.Phys.J. A47, 139 (2011). [64] R. A. Briceno and Z. Davoudi, arXiv:1204.1110. [65] M. T. Hansen and S. R. Sharpe, Phys.Rev. D86, 016007 (2012). [66] P. Guo, J. Dudek, R. Edwards, and A. P. Szczepaniak, arXiv:1211.0929.