arXiv:1211.6478v2 [astro-ph.CO] 14 May 2013

A conceptual problem for non-commutative inflation and the new approach for non-relativistic inflationary equation of state

U. D. Machado^∗ and R. Opher^†

In a previous paper, we connected the phenomenological non-commutative inflation of Alexander, Brandenberger and Magueijo (2003) and Koh S and Brandenberger (2007) with the formal representation theory of groups and algebras and analyzed minimal conditions that the deformed dispersion relation should satisfy in order to lead to a successful inflation. In that paper, we showed that elementary tools of algebra allow a group like procedure in which even Hopf algebras (roughly the symmetries of non-commutative spaces) could lead to the equation of state of inflationary radiation. In this paper, we show that there exists a conceptual problem with the kind of representation that leads to the fundamental equations of the model. The problem comes from an incompatibility between one of the minimal conditions for successful inflation (the momentum of individual photons is bounded from above) and the group structure of the representation which leads to the fundamental inflationary equations of state. We show that such a group structure, although mathematically allowed, would lead to problems with the overall consistency of physics, like in scattering theory, for example. Therefore, it follows that the procedure to obtain those equations should be modified according to one of two possible proposals that we consider here. One of them relates to the general theory of Hopf algebras while the other is based on a representation theorem of Von Neumann algebras, a proposal already suggested by us to take into account interactions in the inflationary equation of state. This reopens the problem of finding inflationary deformed dispersion relations and all developments which followed the first paper of Non-commutative Inflation. In particular, this analysis shows us that we really need to consider the Hopf algebra language (here explained at an elementary level) in order to adequately formulate non-commutative inflation, a point only heuristically suggested in the original papers.

I. INTRODUCTION

Non-commutative inflation, as originally conceived [1], is a phenomenological model of inflation inspired by a varying speed of light cosmology ([2] and [3]). It was proposed as a possible mechanism connecting noncommutative spaces with inflation. In this model, radiation, rather than a scalar field, drives inflation. Noncommutative inflation is an application of a conjecture that the non-relativistic character of non-commutative spaces [4] and [5], modeled by a non-relativistic dispersion relation, was enough to determine the thermodynamics of radiation.

Despite the original constraint with non-commutative spaces, related to many interesting Cosmological applications like in [6] and [7], non-commutative inflation is actually a bridge connecting general violations of Lorentz symmetry with inflation, an idea that can be related with a wider literature in high energy physics [8], [9], [10], [11], [12] and [13]. Instead of the usual Lagrangian approach of physics, in which non-relativistic effects are modeled

∗uda2@cornell.edu; Center for Radiophysics and Space Research. Cornell University, 613 Space Science Building Ithaca, NY, 14853 USA; Departamento de Astronomia, Geofísica e Ciências Atmosféricas, Universidade de São Paulo. Rua do Matão, 1226- Cidade Universitária-São Paulo/SP- 05508-090 †opher@astro.iag.usp.br; School of Electrical and Computer Engineering-Cornell University, 428 Phillips Hall Ithaca, NY, 14853 USA; Departamento de Astronomia, Geofísica e Ciências Atmosféricas, Universidade de São Paulo. Rua do Matão, 1226- Cidade Universitária-São Paulo/SP- 05508-090

by non-relativistic terms that can affect the cosmological perturbations, such as in the so called trans-Planckian problem of inflation [14] and [15], the connection between non-commutative spaces and the fundamental equations of non-commutative inflation can be more directly related with the Wigner approach for QFT and the idea of Hopf algebra deformations of the Poincare Lie algebra due to non-commutative spaces [16], rather than the star product approach [17]. Although a general procedure to deform a Lie algebra as a function of non-commutative space information is not available in the literature, postulating the existence of a generalization of the analysis [16], it is possible to define the quantum theory of matter, not by a quantization of a deformed action assumed to be invariant by Hopf algebra, as previously done, or the star product approach to non-commutative field theories [17], but as a deformation of the Wigner procedure to define quantum theory in terms of representations of the Poincaré group as quantum symmetries [18]. This procedure is assured, by the general techniques of algebra, like the GNS construction (see [19] and [20]), to have much in common with a Lie group representation, in particular, the fundamental role of the dispersion relation in the scheme.

The Hopf algebra concept, more than an effort to bridge non-commutative spaces with non-commutative inflation, is actually a key concept in a more rigorous formulation of non-commutative inflation, being a useful concept in group theory in terms of which one can ask what is the group (algebraic) structure related to inflation. Something similar to ask what is the algebraic structure related to a fundamental invariant length scale and a fundamental speed, leading to the seminal paper of the doubly special relativity [8] (see a generalization of this idea to include an invariant expansion rate [21]). More than that, the algebra is the key connecting a phenomenological deformed dispersion relation with the effective energy-momentum tensor of inflationary matter.

Our main conclusion in this paper is that the Fock space structure, the basis underlying non-commutative inflation, is incompatible with minimum duration of inflation. Also, we propose alternatives to this structure that should be applied in order to obtain new fundamental equations.

The paper is organized as follows:

In section (II) we sketch a Wigner like argument which could be (at first sight) considered as a more formal proof that the fundamental equations of non-commutative inflation are actually a consistent way to connect deformed Poincaré symmetries with a particular kind of equation of state for radiation in the early universe.

In section (III) we introduce a useful concept for our analysis, the Hopf Algebra concept. This is a generalization of the concept of Lie Algebra which is the algebraic structure underlying the Poincaré group. Previous works in the literature suggest that Hopf algebras play an important role in defining the meaning of symmetry in non-commutative spaces.

In section (IV), we introduce elementary tools of algebra which allow a connection between Hopf algebras and the familiar structure of physical quantum theories in Hilbert space. This, at first sight, suggests that there should not be any modification in the argument sketched in section (II). We then state an algebraic prescription to define Non-commutative inflation that is in harmony with the original equations. That is essentially a Fock space like structure written in group theory terms.

In section (V), we show that if we want to consider a more general symmetry than Poincaré, minimal physical requirements will constrain the way in which we are allowed to do that. These are related to things like (among others):

• A system which is in a stable state according to one inertial frame should be in a stable state in all other inertial frames.

• If an observer observes a scattering experiment preserving energy and momentum in one reference frame, all other observers will agree that energy and momentum are conserved by scattering.

In section (VI), we recall a minimal condition for successful inflation which is a result of our previous paper. That is that the condition that zero mass one-particle states should have an upper bound to momentum. We then show that if we construct the more general representation of a symmetry group satisfying the conditions of the previous section, we find that the momentum of the theory itself must have an upper bound, including the classical macroscopic world. However, this excludes the prescription outlined in section (IV). This also implies that we are no longer dealing with Lie Algebras, but general Hopf algebras, and therefore strengthens the bond between non-commutative spaces and non-commutative inflation. We argue that what happens here is similar to what happens in relativistic quantum theory in which representations with no lower bound to energy are mathematically possible but not physically allowed. It follows that the Fock space representation is mathematically allowed but not physically allowed.

In section (VII), we use concepts and methods of previous sections to propose two alternative ways (which are consistent with the requirements of section (V)) to use the one-particle information to construct the multiparticle theory. Neither of them is a Fock space like structure. One of those can in principle be applied to an interacting case and will assure a well defined finite and unitary quantum theory with a low energy relativistic limit if we already have the relativistic counterpart. The equivalence of the two prescriptions or not is still not established. These prescriptions still require closed form for the equation of state of the Non-commutative radiation. This is postponed for a future work. We then present our conclusions in the last section.

II. A GROUP THEORY ARGUMENT FOR NON-COMMUTATIVE INFLATION

The basic idea explored in [22] and [1] is that the effect of generic models of non-commutative space-time can be codified in the modification of the energy-momentum relation. This is indicated in most of the implementations of the non-commutative principle to field theory [4], [5]. This would affect the calculation of the canonical partition function for radiation that in turn affects the early phases of the universe in thermal equilibrium.

This idea is formalized in the Wigner approach to relativistic quantum theory, as already discussed in [18], in which the basic problem is to construct representations of the Poincaré group as quantum symmetries, not the quantization of a particular classical field. That is, finding the correspondence π among Lorentz transformations x → Λx+a^μ, denoted by (Λ, a^μ), and the transformation π[(Λ, a^μ)]: H_P → H_P , that satisfies:

π[(Λ_1, a^μ_1 )] · π[(Λ_2, a^μ_2 )] = π[(Λ_1, a^μ_1 ) · (Λ_2, a^μ_2 )], (1)

π[(Λ_1, a^μ_1 )]^{−1} = π[(Λ_1, a^μ_1 )^{−1}], (2) π[(Λ, a^μ)] is a quantum symmetry, (3)

where H_P is the projective Hilbert space, that is, the space of rays, · denotes the composition and ()^{−1} the inverse. The symmetry is characterized by the invariance of transition amplitudes:

|(T Φ, T Ψ)| = |(Φ, Ψ)|. (4)

According to the Wigner theorem, a quantum symmetry can be extended from rays in H_P describing quantum states to the entire Hilbert space H as a linear unitary or a antilinear antiunitary transformation. After such an extension, we might be dealing with projective representations. i.e. eq.(1) might be valid except for a phase e^{iθ}; It is implicit in the Wigner prescription to quantum symmetries that all transformations act in the same physical space, which is left invariant by them, all transformations have an inverse and the composition is also an allowed transformation, they therefore form a group. That is, despite all of the possible complex algebraic structures that one may consider, we are always dealing with groups.

The Poincaré group P is a very particular group, a Lie group, that is, a group with topological structure. In addition, a Lie group which posesses a connected subgroup, the proper and orthochronous part P^↑_+ (for which the Lorentz subgroup satisfies Λ^0_0 > 0 and det Λ = 1). The algebraic structure of the group, codified in the multiplication rule, does not constrain its topology and we could consider a particularly useful representative of this group, the so called universal enveloping group, in which the topology is simply connected, that is, every path between two points in the group space can be deformed continuously to any other. For the Poincaré group, this group is SL(2, C). For this group, one can always adjust phases in every π[(Λ_1, a^μ_1 )] in such a way that it will be a non-projective representation.

For connected Lie groups, the symmetry representation problem reduces to construct unitary representations, since, at least in the neighborhood of the identity described by canonical coordinates, every group element is part of a one-parameter subgroup and thus is the square of some other element. In addition, every element of a connected Lie group can be written as a product of elements in an arbitrarilly small neighborhood of the identity. The square of an antilinear antiunitary operator is linear and unitary. The continuous^1 one parameter family of unitary (non-projective) transformations affords a further simplification due to the Stone theorem, that can be put in the form e^{−iHλ}, H being a selfadjoint operator. Therefore, the information about the group, in the connected Lie group case, can be cast in terms of information about a set of generators H_i of one parameter subgroups of the canonical coordinates in the neighborhood of identity.

The set of generators forms a linear Lie algebra:

[P^μ, P^ν ] = 0 (5)

[M^{μν} , P^λ] = i ( g^{μν} P^λ − g^{λν} P^μ ) (6) [M^{μν} , M^{ρσ} ] = −i (g^{μρ}M^{νρ} − g^{νρ}M^{μσ} + g^{νσ}M^{μρ} − g^{μσ} M^{νρ}) (7)

[1] i.e. ⟨Ψ| U(λ) |Ψ⟩ continuous for every Φ in the Hilbert space H

A unitary representation of a group can be further simplified by a change of basis, in such a way that all matrices π[(Λ_1, a^μ_1 )] can be put in the block diagonal form. If this process cannot be continued, every block is an example of the simplest kind of representation, the so called irreducible representation. The unitary representation of a group summarizes into constructing the irreducible pieces by which every other representation can be constructed by. These basic parts are identified with the Hilbert space of one particle states. The dispersion relation C(p) is the fundamental information in this process because it is a (self-adjoint) function of space and time translation generators which commutes with all other generators of the symmetry group (Casimir of the Lie algebra) and defines a bounded operator^2 (e^{iC(p)}) which commutes with every element of the group. By an infinite dimensional version of Schur‘s lemma, a unitary representation of a group is irreducible if, and only if, every bounded operator which commutes with every element of the group is a multiple of the identity. Indeed, for the Poincaré group, the algebraically independent set of Casimir operators is:

P^2 = H^2 − ⃗P^2,

W = −w^2, com w_ρ = 1 2 ϵ_{αμνρ}P^αM^{μν} , (8) sign(P^0) = θ(P^2)ϵ(P^0),

Given two irreducible representations of SL(2, C), U_1 and U_2 in the Hilbert spaces H_1 and H_2 respectively (with possible additional symmetries such as parity in the electrodynamics case), we can construct another representation in the tensor product Hilbert space H_1 ⊗ H_2 which describes two non-interacting relativistic particles:

U_1 ⊗ U_2( ∑ ij c_{ij} Ψ_i ⊗ Φ_j ) = ∑ ij c_{ij} (U_1Ψ_i) ⊗ (U_2Φ_j ). (9)

The generators of the Lie algebra are given by:

X^⊗_i = X^{(1)}_i ⊗ I + I ⊗ X^{(2)}_i , (10)

X^{(i)}_i generators of the Lie algebra of the representation U_i.

In particular, we can make U_1 = U_2 and take into account indistinguishable particles by introducing a Hilbert space basis in the symmetrized form:

S_N (ψ_1 ⊗· · ·⊗ψ_N ) = 1 N! ∑ σ ψ_{σ(1)} ⊗· · ·⊗ψ_{σ(N)}, ψ_i ∈ H (11) where σ is an index permutation, or in the antisymmetrized for:

A_N (ψ_1 ⊗ · · · ⊗ ψ_N ) = 1 N! ∑ σ sign(σ)ψ_{σ(1)} ⊗ · · · ⊗ ψ_{σ(N)}, (12)

[2] An operator A is bounded if ||AΨ|| ≤ C||Ψ||, with C independent of Ψ

where sign(σ) is 1 for an even permutation and −1 for an odd permutation. This defines two kinds of Hilbert spaces:

H^N_S = {ψ ∈ H^N ; S_N ψ = ψ} (13) and H^N_A = {ψ ∈ H^N ; A_N ψ = ψ}. (14)

H^N denoting the tensor product of N Hilbert spaces.

We then define the Fock space of radiation:

U_F = ∞∑ N=0 ⊕ ( U^{⊗N}_λ ) S (P) (15)

where U^{⊗N}_λ is the tensor product of N photon irreducible representations characterized by the set of eingenvalues λ, in particular H^2 −P^2 = 0. U_F is defined in the Hilbert space: H = ∞∑ N=0 ⊕ ( H^N_{S λ} ) (16)

H^N_{S λ} being the symmetrized tensor product of the Hilbert spaces where the photon irreducible representations acts. N = 0 corresponds to the trivial vacuum representation π[(Λ_1, a^μ_1 )] = I.

The associated Hamiltonian is:

H_F = ∞∑ N=1 ⊕(H⊗I · · ·⊗I+I⊗H⊗· · ·⊗I+· · ·+I⊗I · · ·⊗H)_N , (17) In the irreducible representation, H can be put a form in which the momentum P^j is diagonal. Being an irreducible representation, all we need to specify is the dimension d of the eigenspace associated with the eigenvalue p^j that can be proved to be the same for all p^j in irreducible representations: H = diag_d(E(p), E(p), · · · E(p)), (18) that denotes a d × d diagonal matrix, E(p) being the photon dispersion relation. The dimension d is determined by the dimension of the corresponding little group, that is, the group subspace that leaves the fourmomentum of the irreducible representation invariant. For P^2 = 0 and P^μ ≠ 0, we can choose the fourmomentum k = (1, 0, 0, 1) and using the correspondence between the Lorentz group action and SL(2, C ) action on 2 × 2 hermitian matrix, in such a way that k corresponds to the matrix p̄ given by:

p̄ = ( 1 0 0 0 ) , (19)

that is leaved invariant by the action of the elements A ∈ SL(2, C ) given by (p̄^′ = Ap̄A^∗):

γ_ϕ = ( e^{iϕ} 0 0 e^{−iϕ} ) , γ_η = ( 1 η 0 1 ) , (20) γ_ϕ, ϕ real (mod 2π), is a representation of the rotation group in two dimensions SO(2), while γ_η, η is complex, the translation group. The associated little group is therefore ISO(2) of the rotations and translations in R^2 ; This subgroup is associated with translations and only admits infinite dimensional representations (except the trivial one) associated with the continous spin representations. Since we do not have knowledge of infinite internal degrees of freedom for particles, we postulate that this subgroup is only mapped into the trivial representation (all elements go into the identity). The SO(2) subgroup has one dimensional irreducible representations, but since the electrodynamics is invariant by parity, that connects opposite helicities, the dimension of the little group is two.

The canonical partition function is then given by: Z(β, V ) = T r ( e^{−βHF} ) (21)

In order to determine the dependence with volume, we impose periodic boundary conditions on the one parameter subgroups of space translations in the x^j direction:

U_xj (0) = U_xj (L). (22)

It follows that:

U(x_i) = ∑ n e^{−i 2πnxiL} ∫_L 0 1 L e^{i 2πnyL} U(y)dy = ∑ n e^{−i 2πnxiL} E_n, (23) where E_n are mutually orthogonal projections and: lim_{n→∞} ∑ n E_nΨ = Ψ. (24)

This implies momentum quantization, since U(t) = e^{−i P i xiℏ} , where P = ∑ n nE_n (25)

The allowed values of momentum are:

p_j = 2πℏn_j L , (26)

where n_j an integer.

The idea of non-commutative inflation [23] is to introduce the fenomenological modification

E^2 = P^2 → E^2 = P^2f^2(E) (27)

straight into (18) and (17), modifying the calculation of (21) and obtaining, from the usual thermodynamic relations:

ρ(E, T ) = 1 π^2

E^3 exp E/T − 1 1 f^3 | | | |1 − Ef^′ f | | | | (28)

5 p = 1 β ∂ ∂V ln (Z(β, V )) = 1 3 ∫ ρ(E, T ) 1 −^{Ef ′}_f dE (29)

ρ = − 1 V ∂ ∂β ln (Z(β, V )) = ∫ ρ(E, T )dE. (30) We consider here c = k_B = ℏ = 1. To find an inflationary behavior, [1] used the ansatz:

f = 1 + (λE)^α, (31)

We extended this to a set of inequalities on f(E) related to minimal requirements for inflation [24]. We use this extension as a starting point of our argument.

III. THE HOPF ALGEBRA CONCEPT

A question addressed by us in [18] is wheter or not the above analysis follows unaffected under the noncommutative hypothesis, since this model is supposed to be a mechanism for inflation applicable to noncommutative spaces. Nonetheless, what is meant by a quantum theory in the non-commutative space is a matter of discussion in the literature [25], [26], [27], [16] and [28], we therefore followed a suggestion, more adjustable to the Wigner approach, that the effect of noncommutative space-time is changing the algebraic structure of the Poincaré Lie algebra [16]. This is something similar to quantizing a group, in which the algebraic structure of the Lie algebra is transformed into that of a Hopf algebra.

The information which defines the non-commutative space is the C^∗-algebra^3 , that, in some sense, is the algebraic idealization of a set of complex continuous functions defined on a topological space X. An important result, called the Gelfand-Naimark theorem, states that, when the product of the C^∗-algebra is commutative, it is possible to recover the space X as a unique function of the algebraic information alone. If we allow the product of the algebra to be non-commutative, we will no longer have an space X, but we can establish a non-unique correspondence with a set of Hilbert space operators. C^∗- algebra is what one can call the flat non-commutative space, since the metric is not recovered by the algebraic information in this formalism. A generalization, that is

[3] C^∗-algebra is a linear vector space A with an associative product · : A × A → A (i.e. (a · b) · c = a · (b · c)); an operation called involution ∗ : A → A that is defined with the properties: (A + B)^∗ = A^∗ + B^∗, (λA)^∗ = λA^∗, with λ a complex number, (AB)^∗ = B^∗A^∗ and (A^∗)^∗ = A ; a norm || || : A → ℜ with respect to which the algebra is a Banach space (i.e. given a sequence a_n of elements, if lim_{n→∞} ||a_{n+m} − a_n|| = 0 for each m > 0, then there exists an a such that lim_{n→∞} ||a_n −a|| = 0 . ); the product is continuous with respect to the norm, i.e. ||AB|| ≤ ||A|| · ||B|| , and the norm additionally satisfies ||a^∗a|| = ||a||^2

the fundamental concept in the non-commutative geometry, is the spectral triple [28], [29],[30],[31],[32] and [33], in which additional structure is furnished to the C^∗-algebra to codify a metric.

Although the procedure (described in [16]) to take into account the information that defines the noncommutative space, the C^∗-algebra, and deform the Lie algebra structure is not defined for general noncommutative spaces, if we assume that such a procedure must exist, we are able to define a formal deformation of the relativistic quantum theory in terms of algebraic methods [18]. That is very similar to what is done in quantum field theory in curved space-time. By doing this, we are following a different approach of the very authors of the Hopf algebra deformation procedure, in which, once possessing the associated Hopf algebra, they define the physics (only for real free scalar field) by a Lagrangian action to be quantized. A Lagrangian that is required to be invariant under Hopf Algebra action: S[ϕ(x)] = ∫ ϕ(x)(□_λ − M^2)ϕ(x), (32)

where □_λ is a non-relativistic differential operator.

The Hopf algebra concept, instead of a formal need to a possible connection with non-commutative spaces, is actually a fundamental ingredient of non-commutative inflation.

There are many ways to define a Hopf algebra, a possible way which suggests its connections with noncommutative spaces is saying that the Hopf algebra is a set of transformations which acts not only on a vector space (like the Hilbert space), but on a algebra, like the C^∗-algebra, and acts in a way dependent on the algebra product, that codifies non-commutativity.

A Hopf algebra H acts in a algebra A as a set of transformations not necessarily invertible, H : A → A, this action being denoted by h ▷ f, h ∈ H and f ∈ A. H is an algebra, that is, one can multiply elements, and construct linear combinations with complex coefficients:

(h_1 · h_2) ▷ f = h_1 ▷ (h_2 ▷ g) (33) (αh_1 + βh_2) ▷ f = α(h_1 ▷ f) + β(h_2 ▷ f). (34)

In this way, H depends on the product of the elements of A by a generalization of the Leibniz rule: h ▷ (f · g) = ∑ i(h_{i(1)} ▷ f) · (h_{i(2)} ▷ g), or, by using a short notation:

h ▷ (f · g) = (h_{(1)} ▷ f) · (h_{(2)} ▷ g), (35)

where the rule

Δ : H → H ⊗ H (36)

given by Δ : h → ∑ i h_{i(1)} ⊗ h_{i(2)} is called a coprodut.

It leads us to an alternative way to define a Hopf algebra, a way which is particularly important for the purposes in this paper. A Hopf algebra H is an algebra which has a rule to construct tensor products that furnish representations of the same algebra.

Consider for example a Lie Algebra realized in the Hilbert space H. Its generators satisfy:

[X_i, X_j ] = C^k_{ij} X_k (37)

But we can define new representations of the very same Lie algebra (37) in the tensor product of Hilbert spaces H_1 ⊗ H_1 by:

ΔX_i = X_i ⊗ I + I ⊗ X_i (38)

we observe that this is exactly what is done in (17).

We can actually construct arbitrary tensor products, because Δ has a property called coassociativity:

(id ⊗ Δ)Δh = (Δ ⊗ id)Δh (39)

h_{(1)} ⊗ h_{(2)} id⊗Δ ((QQ

QQQQ QQQ QQQ h Δ ;;vv vvv vvv vv

Δ ##HH HHH HHH HH h^{(1)} ⊗ h^{(2)} ⊗ h^{(3)}

h_{(1)} ⊗ h_{(2)} Δ⊗id 66mm mmmm mmm mmm Here id is the indentity among the operators H → H.

This follows from H ▷(abc), where we apply the rule (35) first on the pair a · (bc), but it must yield the same result as applied first on the pair (ab) · c.

A generalization of rule (35) for the product of N elements of A follows from coassociativity: H ▷ ( ∏ i f_i) = ∏ i (h_{(i)} ▷ f_i), (40)

In addition, we can define a generalization of the rule (36) Δ^N : H → H^{⊗N+1}: Δ^N h = (Δ⊗id · · ·⊗id) · · · (Δ⊗id⊗id)(Δ⊗id)Δh, (41) which would yield, by coassociativity, the same result, even if in each term (Δ ⊗ id · · · ⊗ id) we changed the positions of the Δ. In this sense, we can identify the Δ itself with (Δ ⊗ id · · · ⊗ id) while acting in H^{⊗N} .

If we have a rule Δ : H^{⊗N} → H^{⊗N+1}, we must have a rule to do the inverse. This rule is obtained when one of the multiplying elements of A, in the product rule (35), is the identity of A:

h ▷ (1 · g) = (h_{(1)} ▷ 1) · (h_{(2)} ▷ g) = ϵ(h_{(1)}) · (h_{(2)} ▷ g) = h ▷ g; h ▷ (g · 1) = (h_{(1)} ▷ g) · (h_{(2)} ▷ 1)

= (h_{(1)} ▷ g) · ϵ(h_{(2)}) = h ▷ g;

where the rule ϵ : H → C is called the counity. The counity undoes the Δ action, in the following sense: ϵ(h_{(1)}) ⊗ h_{(2)}

$$JJ JJJ JJJ JJJ Δh = h_{(1)} ⊗ h_{(2)} ϵ⊗id 66mmm mmmm mmmm mm

id⊗ϵ ((QQQQQ QQQQ

QQQQ h

h_{(1)} ⊗ ϵ(h_{(2)})

::tt ttt ttt ttt We therefore set ϵ : H^{⊗N+1} → H^{⊗N} , where ϵ is identified with (ϵ ⊗ id · · · ⊗ id), independent of the position of ϵ.

The Hopf algebra H acts in A as a set of transformations not necessarily invertible. In spite of that, there is a generalized notion of inverse called antipode, S : H → H. The antipode is such that if H has an inverse, it will satisfy S(h) = h^{−1}. The antipode is (uniquely) defined by the properties S(h_{(1)}) · h_{(2)} = h_{(1)} · S(h_{(2)}) = ϵ(h)1_H , where 1_H is the identity of H. In a short notation: · (S ⊗ id)Δh = ·(id ⊗ S)Δh = ϵ(h)1_H . (42) Given h_{(1)} ⊗ · · · ⊗ h_{(N+1)} = Δ^N h, we apply ·(S ⊗ id) ⊗ id · · · ⊗ id, possibly changing the position of the term ·(S ⊗ id), which yields Δ^{N−2}h.

IV. CONNECTING HOPF ALGEBRAS WITH THE HILBERT SPACE

As already observed, in [16], the authors suggest that, once possessing a Hopf algebra which replaces the Poincaré Lie algebra, they define the physics (only for a real free scalar field) by an action functional to be quantized. An action functional that is required to be invariant under Hopf Algebra action: S[h ▷ ϕ(x)] = S[ϕ(x)], (43) where ϕ(x) is an element of the non-commutative C^∗- algebra which defines the non-commutative space. In our work, [18], we suggest an alternative formulation. This formulation consists in applying the Wigner prescription for relativistic quantum theory by assigning irreducible representations of the Hopf algebra to Hilbert spaces of one particle systems. A useful concept here is the GNS construction of the mathematical C^∗ algebra theory.

The GNS construction is of fundamental importance in physics and mathematics. It is the basis of the proof of the Von Neumann theorem, which states that all irreducible representations of the Heisenberg algebra are unitarily equivalent. The GNS construction is what assures us that the representation problem of C^∗ algebras always has a solution, provided that all algebraic conditions of its definition are satisfied. It creates a correspondence between the algebra and a set of Hilbert space operators.

The fundamental idea is that for all state ω : A → C , i.e. positive definite linear functional, defined by ω(A^∗A) ≥ 0, corresponds a representation π_ω : A → O(H_ω ), O(H_ω ) being operators in the Hilbert space H_ω. It is done in such a way that H_ω has a cyclic vector Ψ_ω, that is, the application, in Ψ_ω, of the operators of the representation, generates the entire Hilbert space (more exactly, a dense subspace), in such a way that ω(A) = (Ψ_ω, π_ω(A)Ψ_ω). Furthermore, any other representation π in Hilbert space H_π with a cyclic vector Ψ which satisfies ω(A) = (Ψ, π(A)Ψ) is unitarily equivalent to π_ω, that is, there exists an unitary transformation U : H_π → H_ω such that:

Uπ(A)U^{−1} = π_ω(A), UΨ = Ψ_ω. (44)

The GNS construction is based on the fact that the C^∗ algebra is already an Hilbert space, except for a scalar product to be defined. This can be taken as (A, B) = ω(A^∗B), where ω is a state. The inner product is positive definite by positivity of the state, but (A, A) = 0 does not imply in general A = 0, an inner product property. We define then the set: J = {A ∈ A, ω(B^∗A) = 0, ∀B ∈ A} (45) that is such that A · J ⊆ J, property which makes J a left ideal. The states of the Hilbert space are then equivalence classes defined in terms of J, that is, any two elements that differ by a J element are equivalent: [A] = A + B, B ∈ J, which defines the so called quotient space A/J. The Hilbert space operators are then given by: π_ω(A)[B] = [AB]. (46)

and such that:

ω(A) = ⟨Ψ_ω| A |Ψ_ω⟩ (47)

The existence of representations is therefore assured by the existence of the states, positive definite linear functionals, but it is part of the C^∗ algebra theory to prove that such states do exist, provided that the algebraic properties of the definition are satisfied.

Furthermore, different kinds of states are related to different kinds of representations. In particular, the irreducible representations are related to normalized states (i.e. ω(1) = 1) that cannot be decomposed as convex linear combinations of any other two normalized states, i.e., ω(A) ≠ λω_1(A) + (1 − λ)ω_2(A), λ ∈ [0, 1] and ω_i an state, ω_i ≠ ω. In particular, Schur’s lemma is valid, and a state related to irreducible representation satisfies ω(P (C)) = P (ω(C)), where C is a Casimir of the algebra and P (C) in a polynomial in C.

We can do the same thing with Hopf algebras. There exists many ways in which a Hopf algebra can act on other algebraic structures and many ways to realize its action. The particular case given by Eq. (35) is called a left corregular action and it is the particular way explored in [16] to define the Poincaré Lie algebra deformation under non-commutative hypothesis. In group theory, for example, the left multiplication of an element g by another element g^′ furnishes a representation of the group: π[g](g^′) = g·g^′, but it is not the case in Hopf algebras. To do that we must consider the linear functionals on it, the so callled dual Hopf algebra, H^∗ : H → C , denoted by ⟨ϕ, h⟩ → C , ϕ ∈ H^∗, h ∈ H. We can transform H^∗ into a Hopf algebra through the structure of H: ⟨ϕψ, h⟩ = ⟨ϕ ⊗ ψ, Δh⟩, ⟨Δψ, g ⊗ h⟩ = ⟨ψ, g · h⟩, ⟨1, h⟩ = ϵ(h) and ϵ(ψ) = ⟨ψ, 1⟩. We then define the action of H into H^∗ according to (35), which transforms H^∗ into the so called H-module algebra, yielding the so called left corregular representation R^∗ : H^∗ → H^∗: ⟨ R^∗_g (ϕ), h ⟩ =< ϕ, hg >=< ϕ_{(1)}, h > · < ϕ_{(2)}, g > . (48) To proceed in the GNS construction, we need to define a involution ∗ : H → H, the adjoint operation of C^∗ algebras, characterized by the properties (A+B)^∗ = A^∗ +B^∗, (λA)^∗ = λA^∗ such that (AB)^∗ = B^∗A^∗ and (A^∗)^∗ = A. We need actually to assure that the self adjoint property X = X^∗ is compatible with the algebra in such a way that we can transform it into generators of one parameter subgroups. Furthermore, we need compatibility with the Hopf algebra structure in the following sense: Δh^∗ = (Δh)^{∗⊗∗}, ϵ(h^∗) = ϵ(h) and (S ∘ ∗)^2 = id. It assures things like, if H is a self-adjoint operator, ΔH will be a self-adjoint operator too.

As in the C^∗ algebra case, H^∗ is a Hilbert space, except for a inner product to be defined. This product must be such that (ϕ, h ▷ ψ) = (h^∗ ▷ ϕ, ψ) ϕ, ψ ∈ H^∗. The Hopf algebra theory yields a natural choice of inner product, called the right integral ∫ : H^∗ → C defined by the property: ( ∫ ⊗id) ∘ Δ = 1_H∗ · ∫ . (49)

Analogously we can define the left integral, both being unique, except by a multiplicative factor.

The importance of the right integral is how it is related to the left corregular action: ∫ (ϕ ▷ g)^∗f = ∫ g^∗(ϕ^∗ ▷ f) (50)

We can define the ideal J_H∗ : J_H∗ = {f ∈ H^∗/ ∫ g^∗f = 0, ∀g ∈ H^∗} (51)

that defines the Hilbert space H^∗/J_H∗ . It follows that we transform the Hilbert space into a non-commutative algebra in which the Hopf algebra acts following the rule (35), the same rule as in it acts on the non-commutative C^∗-algebra.

We could, however, interpret the Hopf algebra simply as an algebra which can be realized as a C^∗-algebra, by functionals that act on H itself, not in H^∗, that is, ignoring the rule (35) and worrying about the coproduct only if we have to deal with tensor products. This is going to be the point of view of the rest of this work.

The prescription to define the physics of the radiation that would lead to the same equations of the noncommutative inflation, (28) and (29), would be:

Prescription 1 (π_g). Be p_N a Hopf algebra with generators X_i which deforms Poincaré Lie algebra^4 with a set of Casimir elements C_0, C_1 · · · and be π_λ′ : p_N → O(D) the irreducible representation^5 with Casimir eigenvalues λ^′ = (λ_0, λ_i). Be P_N the group generated by elements of the form e^{−iXi t} and U^{N P}_λ′ an irreducible representation of it given by π_{PN} [e^{−iXi t}] = e^{−iπλ′ (Xi)t}, t ∈ R. The physics of the radiation is defined by a representation of P_N obtained by (15) by the replacement:

U_λ → U^{N P}_λ′ , (52)

for some set λ^′. This prescription leads us to the following representation of P_N :

U^{N P}_F = ∞∑ N=0 ⊕ ( U^{N P⊗N} λ^′ ) S (53)

Observe that it is a Fock space structure, the difference is the mathematical structure of one-particle states. Nonetheless, if there are some things in common between the new one-particle structure and the usual relativistic one, equations (28) and (29) will be the same.

Also, observe that the role of the GNS construction, if not directly applied to realize the algebra, is going to be telling us that, once we define a C^∗ (or Hopf) algebra with all algebraic requirements, it is assured that the representation problem has a solution and we are able to do definitions like the above one. This suggests that we should define the group by definig a C^∗ algebra with appropriate requirements for its realization.

V. IMPORTANT PHYSICAL REQUIREMENTS ON THE POINCARÉ LIE ALGEBRA DEFORMATION pN AND ON THE REPRESENTATION OF THE ASSOCIATED GROUP PN THAT DRIVES INFLATION

A. Abstract algebraic conditions

We thus define a deformation of the Poincaré Lie group P through a deformation of its universal enveloping algebra^6 p to select an representation of it to describe the radiation and drive the inflation. This deformation, denoted by p_N , besides the conditions to assure the existence of its realizations, must satisfy some physical requirements that we now describe.

[4] More exactly, its universal enveloping algebra, where multiplication between elements is defined [5] Associated to the GNS construction given by states in p_N or p^∗_N .

O(D) denotes operators in the domain D.

[6] The associative algebra of generators, that is, there exists an associative product such that the commutator is the Lie product

The first one is that p_N must form a nontrivial algebra, that is, its generators must satisfy a set of algebraic equations not trivially satisfied by every set of Hilbert space operators. It may appear a trivial condition, since a thing that we usually take for granted is that, no matter what is the group we are talking about, the generators will always for an algebra. Nevertheless, that is not mathematically true. Physics cannot be formulated without an underlying algebraic structure for symmetry generators though. It is in terms of those nontrivial algebraic equations that the physical requirements are expressed. On the other hand, such a specification tell us what is the particular p_N that we are considering.

Furthermore, the generators of this algebra and the algebraic constraints must be compatible with the self adjoint condition X = X^∗, for an involution satisfying (A+B)^∗ = A^∗+B^∗, (λA)^∗ = λA^∗ and such that (AB)^∗ = B^∗A^∗.

A physical requirement related to the possibility of measure Energy and Momentum at same time, or the very concept of dispersion relation will not make sense, is that p_N must have a commutative subalgebra associated to space-time translation generators. We will associate this algebra with the energy E and momentum P . Besides, the algebra must have an Casimir C(E, P ) obtained as an algebraic function of E, P that is compatible with the positive energy condition.

Such compatibility is in the following sense: the solutions of the equation C(E, P ) = λ define surfaces in the (E, P ) variables, that we call a mass-shell deformation, denoted by C_λ, such that for some subset M_{pN} of λ, C_λ has a connected component satisfying E ≥ 0 and E = 0 ⇔ P^μ = 0.

We are going to call the set of the (E, P ) points such that C(E, P ) ∈ M_{pN} and E ≥ 0 the deformed forward light cone V^+_{pN} . This property is part of the conditions that will assure that there are irreducible representations of P_N with positive-definite energy.

The algebra generated by energy and momentum, denoted by t, must be an ideal in the Lie algebra. That is, for any generator X_i, [P^μ, X_j ] = G^μ(P^ν ), where G^μ(P^ν ) is an algebraic function of energy and momentum. This condition assures that energy eigenstates, related to stable states, are mapped into energy eingenstates by the action of P_N . That is, if the system is observed to be in a stable state in one reference frame, it will be observed to be in a stable state after the application of P_N^7. The

[7] Suppose Ψ is an energy eingenstate, since [E, P ] = 0, it is also a momentum eigenstate. We can then write P^μΨ = p^μΨ, or, equivalently, e^{iP μ} Ψ = e^{ipμ} Ψ. A referential change by P_N implies e^{iP μ} → Ue^{iP μ} U^{−1} = e^{iC} e^{iP μ} , what implies that e^{iC} = Ue^{iP μ} U^{−1}e^{−iP μ} . We can write U = e^{iXi} , and apply the integral form of the Baker-Hausdorff formula:

e^C = e^Ae^B

C = B +

∫_1 0 g(e^{tadA}e^{adB} )Adt; g = ln(z)/(z − 1),

fact that the subalgebra t is an ideal essentially assures that:

U(g_1)P^μU^{−1}(g_1) = G_{g1} (P^μ), (54)

where U(g_1) is a Hilbert Space representation of an element g_1 ∈ P_N and G_{g1} is a realization of the same element as transformation in the energy-momentum space.

From this, we formulate the additional condition that assures positivity of energy for at least some irreducible representations of P_N^8 :

[P^μ, X^ν ] = c^{(μν)}_0 + c^{(μν)}_α P^α + c^{(μν)}_{αβ} P^αP^β + · · · ,

where c^{(μν)}_0 = 0

(55)

c^{(μν)} being complex coeficients.

The next requirement is that p_N has the Poincaré Lie algebra as the low energy-momentum limit. A way to assure this is as follows: Let C^{ij}_k^{(0)} be the structure constants of the Poincaré Lie algebra (5)-(7), and C^{ij}_k (E, P ) algebraic functions of the energy and momentum operators such that C^{ij}_k (0, 0) = C^{ij}_k^{(0)} (Since [E, P ] = 0, we can put the Hilbert space in a representation in which E and P are multiplicative operators). We can define p_N as: [X_i, X_j ] = iX^kC^{ij}_k (H, P ). (56)

It is possible to prove that in a irreducible representation satisfying (54) the states can be written as: Ψ = ∑ σ ∫ d^3μ(p)ϕ(p^μ, σ)Ψ_pμ_{,σ}, (57)

(The conclusion that follows from (54) is that the dimension of eigenspace of P^μ with eigenvalue p^μ is independent of p^μ)

We write then a state in the form (57) as:

Ψ_p^μ_{max} = ∫ dμ(p)ϕ(p, σ)Ψ_{p,σ} , supp{ϕ(p, σ)} ∈ {E < E_{max}, P^j < p^j_{max}} (58)

where adA is the adjoint action given by adA(B) = [A, B]. We conclude that C ∈ t and, furthermore, e^{iC} e^{iP μ} = e^{iP̄ μ} , where P̄ μ is an analytic function P μ that defines a representation.

[8] The measurement in such representations yields expected values for four-momentum ω(P^μ) = ⟨Ψ_ω | P^μ |Ψ_ω⟩ belonging to the linear convex closure of the set C_λ, that we denote C_{λc}, and is the set of all linear combinations of the type λp^μ_1 + (1 − λ)p^μ_2 , p^μ_{1,2} ∈ C_λ, λ ∈ [0, 1]. Being a regular representation, that is, a representation in which e^{−iXit} |Ψ⟩ is continuous for every state |Ψ⟩, ω_t(P^μ) = ω(e^{iXt}P^μe^{−iXt}), it is a continuous path in C_{λc} that only achieves the region with E ≤ 0 by the point p^μ = 0, or, equivalently by the state ω_{t0} (P^μ) = 0, but^d_{dt} ω_t(P^μ) | |_{t=t0} =

ω([X_{t0} , P^μ]) = ω(H(P^μ )) = 0, X_{t0} = e^{iXt0} Xe^{−iXt0} , where we have made use of (55).

The action of generators of p_N on those states satisfy:

[X^i, X^j ] ▷ Ψ_p^μ_{max} = iX^kC^{ij}_k (H, P ) ▷ Ψ_p^μ_{max}

→ iX^kC^{ij}_k^{(0)} ▷ Ψ_p^μ_{max} (59)

when p^μ_{max} → 0 and E_{max} → 0. supp denotes the smallest closed set outside which ϕ(p) is zero. ▷ denotes the action (as an operator) in the one particle states, while → denotes the strong convergence (i.e. ||X^kC^{ij}_k (H, P ) ▷ Ψ − X^kC^{ij}_k^0 ▷ Ψ|| → 0)^9 . In other words, the typical eigenvalues of the generators effectively change the commutation relations. The property (56) further assures that the algebra generated by E, P is an ideal.

Given the property (54), it makes sense to talk about the little group, the subgroup W_pμ of P_N , in representation (54), that leaves a particular p^μ invariant. The little group of any p^μ in the same C_λ is the same (isomorphic). Indeed, in a irreducible representation, any p^μ can be sent into any other by the action of some G_{g1} . Therefore, given w_1 ∈ W_p^μ_1 we can obtain w_2 ∈ W_p^μ_2 by w_2 = G_{g1} w_1G^{−1}_{g1} , where G_{g1} (p^μ_1 ) = p^μ_2 . It follows that, the little group that acts in low energy and momentum should be the same as that at high energies. What leads us to the requirement that every little group of P_N , W_pμ , for λ ∈ M_{PN} must be isomorphic to some little group W(Λ, p^μ) of the Poincaré group associated to some positive-definite energy irreducible representation. What additionally assures that the number of internal degrees of freedom for particles is the same as that of relativistic particles, which affects the calculation of the partition function, as in (19).

A further condition is that p_N must preserve the SO(3) Lie algebra, the rotation group, and [H, M_i] = 0, where M_i is the generator of the rotation subgroup along the i direction. Indeed, it is related to the thermodynamic description of a perfect fluid that is used in noncommutative inflation. That description is no longer valid if the thermodynamic state is no longer rotationally invariant, since the perfect fluid is the one that is isotropic in the reference frame that follows the fluid. In the thermodynamic description, the matter is described by the non-pure state ⟨Ψ_T | A |Ψ_T ⟩ =^{T r(e−βH A)}_{T r(e−βH )} , where A is the selfadjoint operator related to an observable and β =^1_{kB T} . The state is rotation invariant if ⟨Ψ_T | RAR^{−1} |Ψ_T ⟩ = ⟨Ψ_T | A |Ψ_T ⟩, where R is a rotation. Since the trace is cyclic, we have: T r(e^{−βH} A) T r(e^{−βH} ) = T r(R^{−1}e^{−βH} RA) T r(e^{−βH} ) , ∀A ⇔ [M_i, H] = 0 (60)

[9] For selfadjoint operators, or ||X^kC^{ij}_k (H, P )▷Ψ−X^kC^{ij}_k^0 ▷Ψ|| → 0, or it is not a convergent sequence

B. Conditions on the quantum representation

Other thing we usually take for granted is that if some representation of a group has a well defined algebraic structure for generators, all other representations will have too; besides that, they will have the same one. Nonetheless, it is not generally valid. All of these are valid for Lie groups, but if we are no longer dealing with Lie groups, it will be no longer generally valid, the algebraic structure of the generators will no longer be a concept attached to the group itself but to specific representations.

It leads us to the last condition, which is related to the application of prescription 1. (17) must be a generator of the p_N if H ∈ p_N . Although this is a subtle point, it is the main point of this paper. (53) is actually a valid representation of the group P_N , since it satisfies (1)-(3), but, at least that it is a Lie Group, the generators of the oneparameter subgroups are not assured to form the same algebra as p_N . If it is the case, it will mean that we do not have a uniquely defined notion of a dispersion relation that replaces the relativistic one. In particular, the generators of these subgroups may not form an algebra at all, not satisfying the above discussed requirements. If the direct product of two one-particle representations do form an algebra satisfying all the above requirements, but do not form the same algebra than that of the one particle subspace, then an S matrix connecting a oneparticle with the two particles would not be compatible with energy conservation in all reference frames, since the energy of in and out states would not transform as the same function as in Eq.(54).

This leads us to consider two kinds of representations of the group P_N , the one whose generators of oneparameters subgroups do not form the same algebra than p_N , that we will call the π_g representation, and that one whose generators of the one-parameter subgroups do form the same algebra as p_N , that we will call the π_A representation.

VI. THE NON-EXISTENCE OF A LIE GROUP THAT REALIZES NON-COMMUTATIVE INFLATION

In our previous work [18], we obtained a set of conditions to be satisfied by a dispersion relation that assures minimal desirable conditions for inflation, like the minimum duration of it, related to problems like the flatness of the universe ([34] and [24]). These conditions were given by a set of inequalities that contains the particular ansatz applied by the original authors of noncommutative inflation [1]. It was shown that, given the original equations of the model, (28)-(30), the minimum duration of inflation is related to a limitation of the photon’s momentum (a consequence of condition 3 of the theorem 2 in [18]).

Since Casimir is an algebraic entity of p_N , those conditions should be included in the set of algebraic conditions for inflation discussed in the last section. Let us show here that the limitation of the photon’s momentum is precisely what implies that (17) cannot be the time translation generator of a representation of p_N , provided that all C_λ (the mass shell deformation) with positive definite energy is connected and allows a zero momentum state, that is, C_λ contains the point (E, P ) = (E^{(0)}_λ , 0).

Consider the deformed forward light cone V^+_{pN} defined in the previous section. Suppose that C(E, P ) = λ_P ∈ M_{pN} (M_{pN} defined in the previous section) for the irreducible representation that describes radiation. C_{λP} should contain the point (E, P ) = (0, 0) since, in the low momentum and energy limit, the deformed dispersion relation should be the usual photon’s dispersion relation. Consider additionally that for any other λ ∈ M_{pN} , C_λ contains the point (E, P ) = (E^{(0)}_λ = m^2, 0), i.e. we are assuming a relativistic low energy-momentum limit for every particle’s deformed dispersion relation associated to p_N . Since C_λ is rotationally invariant by hypothesis (a condition related to the perfect fluid description), let us consider the graph relating the momentum’s magnitude to the energy in a particular irreducible representation with the dispersion relation Casimir λ: ||P || = P_λ(E).

It happens that P_λ(E) ≥ 0 and there is no E such that P_{λ1} (E) = P_{λ2} (E) for λ_1 ≠ λ_2, since C(E, P ) is an analytic function. Therefore P_λ(E^{(0)}_λ ) = 0 < P_{λP} (E_λ), which implies that P_λ(E) < P_{λP} (E) for all E. Indeed, if there is an E such that P_λ(E) > P_{λP} (E), it follows by the continuity of P_λ(E) (by analyticity of the Casimir C(E, P )) that there must be an E such that P_λ(E) = P_{λP} (E). But such a point cannot exist. The conclusion is that if each C_λ with positive definite energy is connected (to use the continuity argument above) and has relativistic energy in the low energy-momentum limit, a limitation of photon momentum implies a limitation of momentum for all positive definite energy irreducible representations.

The reasoning above is only valid for irreducible representations. Let us now argue about the general case. To do that, let us consider an important result in the representations of Von Neumann algebras^{10} that additionally is going to be the basis of a possible new procedure to obtain the correct non-relativistic inflationary equation of state. This result comes from a powerful form of the spectral theorem. Indeed, in quantum mechanics, we know that, given an irreducible representation of the Heisenberg algebra, there exists a unitary transform U such that we can put the position or momentum opera-

[10] A Von Neumann algebra A is a subalgebra of the operators in the Hilbert space B(H) that is an ∗-algebra, that is, it contains the adjoint of each element, and is equal to its bicommutant, that is, A = A^{′′}. The bicommutant of A is the set of all operators in the Hilbert space that commutes with the commutant A^′, where the commutant is the set of all operafors that comute with A.

tor (not at same time) as multiplicative operators in the Hilbert space L^2(R) of the square (Lebesgue) integrable functions, that is: x̂ |Ψ⟩ = xΨ(x), Ψ(x) ∈ L^2(R). This diagonal form, however, is not general. It is only valid for the so called cyclic operators^{11} with spectrum equal to R. The general form of this decomposition is the so called direct integral representation (see [35] for a proof).

Given a self adjoint operator A in some domain D in a separable (i.e., with countable basis) Hilbert space H, there exists a unitary transform U : H → h such that h = ∫_⊕ H(λ)dμ(λ), (61) H(λ) a (possibly infinite dimensional) separable Hilbert space for each λ. This is the Hilbert space whose vectors are written as Ψ = ∫_⊕ Ψ(λ)dμ(λ), Ψ(λ) ∈ H(λ) (62) and the inner product is:

(Φ, Ψ) = ∫ ⟨Φ(λ), Ψ(λ)⟩_λ dμ(λ), (63) ⟨Φ(λ), Ψ(λ)⟩_λ being the inner product of the Hilbert space H(λ), μ(λ) a suitable integration measure^{12}. Furthermore, we have: UAU^{−1} ∫_⊕ Ψ(λ)dμ(λ) = ∫_⊕ λΨ(λ)dμ(λ). (64) The domain of the operator UAU^{−1}, U(D), is the set: ∫ ||λΨ(λ)||^2_λdμ(λ) < ∞, (65) || ∗ ||_λ being the norm of the Hilbert space H(λ).

We can do the same thing with a set of commuting self-adjoint operators A_i with a common domain D^{13}, defining the unitary transform (this is actually the Von Neumann’s theorem for Abelian Von Neumann algebras):

U_D : H → h = ∫_⊕ H(λ_1, λ_2, · · · )dμ(λ_1, λ_2, · · · ), (66)

such that UA_iU^{−1} ∫_⊕ ψ(λ_1, · · · λ_N )dμ(λ_1, · · · λ_N ) = ∫_⊕ λ_iψ(λ_1, · · · λ_N )dμ(λ_1, · · · λ_N ).

[11] A selfadjoint operator A in some domain D in the Hilbert space H is cyclic if there exists some Ψ ∈ D such that the set A^nΨ, for all n, spans the entire Hilbert space [12] There is an additional detail that there exists a countable set of mensurable sets X_i of λ values such that the dimension of the Hilbert space H(λ) is the same for the same X_i and, when it is an infinite dimensional Hilbert space for some X_i, it is a separable Hilbert space.

[13] Actually, A_i is required to be essentially self-adjoint in the domain D

We can define the operator X in h by defining the operator X(λ) in some domain D(λ) in each H(λ):

XΨ = ∫_⊕ X(λ)Ψ(λ)dμ(λ). (67) We denote: X = ∫_⊕ X(λ)dμ(λ) (68) as the operator whose domain is the set ∫_⊕ Ψ(λ)dμ(λ), Ψ(λ) ∈ D(λ) and ∫ ||X(λ)Ψ(λ)||^2_λdμ(λ) < ∞. It is possible to prove that the algebraic function f[X] of X can be writen as: f[X] = ∫_⊕ f[X(λ)]dμ(λ), (69) which shows the algebraic independence of the operators defined in each H(λ).

Now suppose a representation of p_N in the Hilbert space H and C_1, C_2, · · · , C_N is the set of Casimir operators of the representation. By the uniform transform we put H in a direct integral form such that all Casimir operators are multiplicative: h = ∫_⊕ H(λ)dμ(λ), (70) where λ is the entire set of Casimir eigenvalues. But in each H(λ), the Casimir is a multiple of the identity, therefore, by Schur’s lemma, there must exist an irreducible representation of p_N on each H(λ) whose generators are written in the form (68).

We observe that the set of Casimir operators can include operators that are not predicted by the algebra of p_N , that is, other than (8), in the case of Poincaré Lie algebra. Indeed, suppose π : p_N → O(D) (O(D) stands for operators in the domain D) is an irreducible representation, and the algebra predicts a particular Casimir set C_1, C_2, · · · written as algebraic functions of the generators of p_N . We can write another representation in terms of the irreducible one: π^′ = π ⊕ π. This is a reducible representation, but there is no other Casimir in the image of the representation π^′ other than π^′(C_i). However, C^{′′} = (aπ[C_i]) ⊕ (bπ[C_i]), a, b ∈ R, a ≠ b, is a Casimir operator that is not a multiple of the identity and it is not in the image of the original representation. This is because the representation of an algebra like the Lie algebra (actually its enveloping algebra) is not a Von Neumann algebra (see footnote (10)) such that A = A^{′′}, that is, that contains all its Casimir elements. It is contained in some Von Neumann algebra. Those additional Casimirs are related to the degenerance of the representation, i.e., the number of times, finite or infinite, that it appears in the decomposition.

We then represent this decomposition as: h = ∫_⊕ H(λ, σ)dμ(λ, σ), (71) where λ is the algebraic Casimir eigenvalues, and σ is related to the desgenerance.

Now suppose that in the decomposition of the representation of p_N there appears irreducible representations π_λ with dispersion relation eigenvalues λ_1 /∈ M_{pN} for some set B of λ with non-zero measure. Suppose also there is a mensurable function f(λ) such that ∫ dμ(λ)|f(λ)|^2 < ∞. If B has a finite measure, this function can be chosen as the characteristic function of B, χ_B , which is equal to unity in B and zero otherwise. We can choose a normalized vector ψ_λ of negative energy E_λ in each H(λ) with λ ∈ B and the null vector in every other λ value. The state ∫_⊕ dμ(λ)f(λ)ψ_λ belongs to the Hilbert space h and has negative energy. The conclusion is that for all direct integral decompositions of p_N with positive definite energy, only irreducible representations with λ_0 ∈ M_{pN} do appear (except by zero measure sets).

Furthermore, we can write P^μ as a multiplicative operator if we apply a further unitary transform in h that represents each H(λ, σ) in (71) as the Hilbert space of N component functions^{14} defined in the place of the points (E, ⃗P ) ∈ R^4 in the energy-momentum space that satisfies C(E, P ) = λ_1 with measure ν^{15} ( i.e. (E, P ) ∈ C_{λ1} , recalling that λ = (λ_1, λ_2, · · · )). Combining the measures in C_{λ1} and λ_1^{16} , we define a new measure μ^′ in four-momentum space and write: h = ∫_⊕ H(p^μ, λ^′, σ)dμ^′(p^μ)dν(λ^′, σ), (72) where λ^′ denotes the remaing algebraic Casimir elements λ^′ = (λ_2, · · · ). The support of the measure μ^′, i.e., the region giving contributions to the integral^{17} , is the set of points belonging to C_λ for each λ belonging to the direct integral decomposition. For simplicity of notation, let us denote h = ∫_⊕ H(p^μ, τ)dχ, (73) where τ = (λ^′, σ).

We have the operator P^μ defined in h by the operator P^μ_{(p}μ_{,τ )} in each H(p^μ, τ) such that, for all Ψ_{(p}μ_{,τ )} ∈ H(p^μ, τ): P^μ_{(pμ ,σ)}Ψ_{(p}μ_{,σ)} = p^μΨ_{(p}μ_{,σ)}, p^μ ∈ V^+_{pN} ⊆ R^4 . (74)

[14] As stated, this decomposition is valid for irreducible representations if the associated Lie algebra has space-time translation generators that form an ideal [15] That is, the inner product of the irreducible representation is (Φ, Ψ) = ∫ Cλ ψ^∗(p^μ)ψ(p^μ)dν = ∫ Cλ ∑ σ ψ^∗_σ(p^μ)ψ_σ (p^μ)dν, where ψ_σ are the components of ψ.

[16] If we have two measurable sets X_1 and X_2 with measures ν_1 and ν_2, we can define a new measurable set X_1 × X_2 in which all measurable sets are of the Cartesian product form A_1 × A_2 for A_i a measurable set of X_i and the measure of A_1 × A_2 is ν_1(A_1) · ν_2(A_2). The measure of (70) is the Cartesian product form [17] the largest closed set in which every open neighborhood has positive measure

Then, for all normalized Ψ ∈ h, ⟨Ψ| P^μ |Ψ⟩ ∈ V^+_{pN c}, where V^+_{pN c} denotes the convex linear closure^{18} .

Indeed, we can partition the set V^+_{pN} in regions U_n = V^+_{pN} ∩ R_{ijkl} , where n is a set of indexes n = (i, j, k, n) and R_{ijkl} are the rectangles:

R_{ijkl} = [p^0_i , p^0_{i+1}) × [p^1_j , p^1_{j+1}) × [p^2_k, p^2_{k+1}) × [p^3_l , p^3_{l+1}), (75) obtained from partitions p^μ_i , i = 1, 2, · · · N, μ = 0, 1, 2, 3, such that ⋃ n R_n ⊃ V . It follows that ⟨Ψ| P^μ |Ψ⟩ = ∫ dχp^μ||ψ(p^μ, τ)||^2, which implies the inequalities: ∑ n inf_{Un} (p^μ) ∫ U_n ||ψ(p^μ, τ)||^2dχ ≤ ⟨Ψ| P^μ |Ψ⟩ (76) ⟨Ψ| P^μ |Ψ⟩ ≤ ∑ n sup_{Un} (p^μ) ∫ U_n ||ψ(p^μ, τ)||^2dχ, (77)

but ||ψ(p^μ, τ)||^2 is positive definite and ∫ V^+_{pN} dχ||ψ(p μ, τ)||^2 = 1, in such a way that the right side of the first inequality and the left side of the last one can be written as: ∑ n p^μ_nc_n, where ∑ n c_n = 1, p^μ_n ∈ V^+_{pN} and c_n ≥ 0. (78)

Suppose that ∑_N n=0 p^μ_nc_n ∈ V^+_{pN c} for ∑_N n=0 c_n = 1, then ∑_{N+1} n=0 p^μ_nc^′_n ∈ V^+_{pN c} for ∑_{N+1} n=0 c^′_n = 1. Indeed, we can write N+1∑ n=0 p^μ_nc^′_n = ∑_N n=0 p^μ_nc^′_n ∑_N n=0 c^′_n ∑_N n=0 c^′_n ∑_{N+1} n=0 c^′_n + p^μ_{N+1}(1 − ∑_N n=0 c^′_n ∑_{N+1} n=0 c^′_n ) (79) But for N = 1 we have p^μ_0 c_0 + p^μ_1 (1 − c_0) ∈ V^+_{pN c}. Therefore, if p^μ ∈ V^+_{pN} for every (p^μ, σ), ||⃗p|| < p_{max}, it follows that for every representation of p_N with positive definite energy the moment is limited by photon’s momentum:

⟨Ψ| P^j |Ψ⟩ ≤ p^j_{max}, (80)

since every convex linear combination with limited momentum has the same bound to the momentum.

But the generators associated to representation (53) are of the form:

X_F = ∞∑ N=1 ⊕(X⊗I · · ·⊗I+I⊗X⊗· · ·⊗I+· · ·+I⊗I · · ·⊗X)_N (81)

[18] The set of all points written in the form αp^μ_1 +(1−α)p^μ_2 , α ∈ [0, 1]

e p^μ_1 , p^μ_2 ∈ V^+_{pN} . V^+_{pN c} is obtained joining to V^+_{pN} every line segment that joints any two points of V^+_{pN} .

In particular, the energy of this representation is positive definite and the moment is unbounded (it assumes every integer multiple of the irreducible representation momentum). Therefore, the generators of (53) do not realize p_N . Besides, since every representation of a Lie group induces a representation of the same Lie algebra and (53) is a representation of the group P_N , there is no Lie group that realizes non-commutative inflation.

VII. THE ALTERNATIVE PRESCRIPTION FOR THE NON-RELATIVISTIC INFLATIONARY EQUATION OF STATE

The conclusion of the previous section is that, given the condition for minimum duration of inflation in noncommutative inflation [18], which implies that the momentum of an individual photon is limited, and assuming that all C_λ (the mass shell deformation) with positive definite energy is connected and allows a zero momentum state, the non-commutative inflation is then necessarily associated with a non-trivial Hopf algebra structure with a non-trivial coproduct structure. Therefore Eq. (53), which leads to the fundamental equations of non-commutative inflation, cannot be the appropriate time-translation generator, according to the discussion of section (V). Considering the group point of view, that is, considering that we are representing the group P_N whose generators are e^{−iXi t} for X_i ∈ p_N , to define the physics, we are restricting the possible representations that are used in such a construction, excluding representation (53). This kind of restriction is not new in physics, since we already restrict the representations of the Poincaré group that can appear in a relativistic quantum theory to those of positive definite energy, for example.

If we are able to find a Hopf algebra deformation p_N satisfying all the requirements of section (V) and, additionally, a coproduct Δ^{pN} (defined in section (III)) satisfying: ( Ψ_p^μ_{max} ⊗ Φ_p^μ_{max} , Δ^{pN} X^{pN}_i Ψ_p^μ_{max} ⊗ Φ_p^μ_{max} ) → ( Ψ_p^μ_{max} ⊗ Φ_p^μ_{max} , Δ^pX^{pN}_i Ψ_p^μ_{max} ⊗ Φ_p^μ_{max} ) , (82)

where Ψ_p^μ_{max} and Φ_p^μ_{max} are normalized states written as in Eq. (58) and the limit is when (E, P ) → (0, 0). X^{pN}_i is the Hopf algebra deformation of the generator X^p_i of the Poincaré Lie algebra and Δ^p is the Lie algebra coproduct: Δ^pX = X ⊗ I + I ⊗ X. This rule means that the new coproduct Δ^{pN} becomes the usual coproduct of Lie algebras for low energy and momentum.

Given such a Hopf algebra deformation, with the appropriate coproduct, we can define the time translation generator that replaces Eq. (53) and is part of a representation of p_N :

H^{pN}_F = ∞∑ N=0

⊕ Δ^{pN N} H, (83) where Δ^{pN N} is defined in Eq.(41) for generic coproduct rule Δ. In some sense, it implies that particles interact even in the free theory, that is, they do not evolve in time in a completely independent way.

That prescription has the disadvantage that we can only apply it to deform the free fields. Besides that, we need a full definition of the algebra and Hopf algebra structure associated to a particular photon phenomenological dispersion relation, which includes, in particular, the assurance of the existence of a Hopf algebra associated to it.

It is however easy to assure the existence of a algebra (without considering its coalgebraic structure, i.e., its coproduct, counity and antipode) that satisfies all the requirements discussed in section (V) and leads to a particular photon dispersion relation^{19} . We can use an alternative prescription only based on algebra properties. This can be applied to interacting field theory as well as to free fields and assuring that we are constructing a physics that is based on representations of a group P_N that realizes the same algebra of generators p_N . That is, based on π_A representations.

The basic idea is exploring the fact that every relativistic quantum field theory, associated to some Lagrangian density, has associated with it a representation of the Poincaré Lie group in the positive definite Hilbert space (i.e. such that the norm of states is positive). This representation enters in the relativistic covariance law of the fields:

A^i_j [(Λ, a)]ϕ_i(Λx + a) = U[(Λ, a)]ϕ_j (x)U^{−1}[(Λ, a)] (85)

where A^i_j [(Λ, a)] is a finite dimensional representation of the Poincaré Lie group. It happens that (85) may not be satisfied in the positive definite Hilbert space, as in the case of electrodynamics, but we can restrict the action of U[(Λ, a)] to the equivalence class of physical states (something similar to what we have done in the GNS construction to construc equivalence classes that describe the same state).

This representation can be recovered from the Wightman functions by the so called Wightman reconstruction theorem, that is an application of the GNS construction. Alternatively, we can obtain it by other classes

[19] In fact, consider X_i the infinitesimal generators of the scalar representation of the homogeneous Lorentz group in momentum space:

ϕ(x^μ) → ϕ(Λx^μ) (84)

They are contravariant vectors, or first order differential operators. Consider the diffeomorphism Φ : (E, p) → (Ē, p̄) given by Ē = E ; p̄ = p/f(E), the f(E) given in (27). Define the new algebra as multiplication operators E, p and X̄_i = Φ_∗X_i, the pushfoward operator Φ_∗X_i ▷ f = X_i ▷ f ∘ Φ. This new algebra satisfy [Ē, p̄] = 0; [X̄_i, X̄_j ] = C^k_{ij} X̄_k, C^k_{ij} the same structure constants of the original Lorentz group, but [X̄_i, E] = (X̄_i ▷ E) = F (E, p) and [X̄_i, p] = (X̄_i ▷ p) = G(E, p); As required [C(E, p), E] = [C(E, p), p] = [C(E, p), X̄_i] = 0, where C(E, p) = f^2(E)p^2 − E^2. All the conditions of the section (V) are satisfied

of functions like the time-ordered Green’s functions or the Schwinger functions (see some original papers on this subject [36], [37] and [38]). In the case of free fields, we already have that representation, it is simply (15) for a suitable choice of irreducible representation of Poincaré group.

We then put the associated representation in the direct integral form:

U^P = U_0 ⊕ ∫_⊕ dμ(λ, σ)U^P_{λ,σ} , (86) that is defined in:

H^P = cΨ_0 ⊕ ∫_⊕ dμ(λ, σ)H^P_{λ,σ} , (87) where U_0 is the trivial vacuum representation, that leaves the vacuum subspace cΨ_0 invariant, while λ denotes the eigenvalues of those Casimir elements predicted by the Poincaré Lie algebra (8) and σ denotes the Casimir eingenvalues related to degenerance. That is, the irreducible representation U^P_{λ,σ} is the same for all σ and we have a σ value for each time that the same representation appears in the decomposition.

We then postulate:

Prescription 2 (π_A). Be p_N an algebra (or Hopf algebra) with generators X_i and P_N the group generated by one parameter subgroups of the form e^{−iXiti} , t_i ∈ R. Be π_λ′ : p_N → O(D) the irreducible representation of p_N in Hilbert space (obtained by GNS construction with states in p_N or p^∗_N ) associated to algebraic Casimir eingenvalues λ^′ = (λ_1, λ_i, · · · ). Be U^{PN}_λ′ the representation of P_N generated by e^{−iπλ′ (Xi)ti} . The representation of P_N that deforms a relativistic quantum field theory is obtained by the associated Poincaré Lie group representation (restricted to positive definite Hilbert space of physical states) put in the direct integral form:

U^P = U_0 ⊕ ∫_⊕ dμ(λ, σ)U^P_{λ,σ} , (88) by the replacement:

U^P_λ → U^{PN}_λ′ , (89)

for the set of Casimir eigenvalues λ^′ satisfying the condition: ( u(Ψ^λ_pμ_{max} ), e^{−iπλ′ [X pNi ]ti} u(Φ^λ_pμ_{max} ) )

→ ( Ψ^λ_pμ_{max} , e^{−iπλ[X pi ]ti} Φ^λ_pμ_{max} ) . (90)

when (E_{max}, p^j_{max}) → (m, 0) for normalized states Ψ^λ_pμ_{max} and Φ^λ_pμ_{max} written in the form (58).

Here, u : H_1 → H_2 defines an unitary transform connecting the Hilbert spaces where the representations of the Poncaré group and P_N are defined. As before, X^{pN} is the corresponding operator in p_N to the Poincaré Lie algebra element X^p. m is the relativistic energy at zero momentum that, by hypothesis, is the same for the corresponding P_N representation.

This prescription defines the new time translation generator in the direct integral form:

H^{pN} = 0 ⊕ ∫_⊕ dμ(λ, σ)H^{pN}_λ′_{,σ}, (91) where H^{pN}_λ′_{,σ} is the Hamiltonian of the irreducible representation of p_N associated to the set of eigenvalues λ^′ ( that is diagonal in the energy-momentum representation and related to the momentum by C(H^{pN}_{λ,σ} , P ) = λ_1). That is, not only the photon dispersion relation enters in the Hamiltonian of the theory but the dispersion relations of all of the species of particles.

The condition (90) is actually stronger than (59) and allows us to assure the convergence of the P_N representation to the original relativistic representation in the weak sense (i.e., in the sense of matrix elements: ( u(Ψ), U^{N P} u(Φ) ) → ( Ψ, U^P Φ ) , where u is a unitary map that connects the Hilbert spaces where the Poincaré representation is defined to the one where the P_N representation is defined) if all intermediate states of direct integral decomposition converge as (58). This corresponds to states of sufficiently low energy and momentum^{20} .

VIII. CONCLUSION

In a previous paper [18], we showed that the fundamental equations of non-commutative inflation, first obtained in [22] and applied in a model of inflation in [1], can actually be related to a representation of some group that deforms Poincaré Lie group, a group that can be constructed by starting from a Hopf algebra (allowing a possible connection with the original motivation of noncommutative spaces, along the lines of [16]). We showed that the condition of minimum duration of inflation is actually related to a limitation of the momentum of an individual photon. In the current paper, we showed that a group that replaces Poincaré must satisty some important physical constraints already satisfied by the Poincaré Lie group. These constraints do not depend on cosmological requirements and affect not only the group’s abstract algebraic properties, but the representations themselves.

[20] Lebesgue’s theorem says that if g_N (x) → g(x) for all x and |g_N (x)| ≤ f(x) for some integrable f(x), then g(x) is Lebesgue integrable and ∫ g_N (x) → ∫ g(x). Since we know that, for the original QFT, there exists Hilbert space vectors Ψ_{σ,λ} in each H_{λ,σ} such that the inner product integral converges, and the

unitary transformation satisfies | | | ( u(Ψ_{λ,σ} ), U^{N P}_{λ′,σ′} u(Φ_{λ,σ} ) )| | ≤ ||Ψ_{λ,σ}|| · ||Φ_{λ,σ}|| ≤ ||Φ_{λ,σ}||^2 + ||Ψ_{λ,σ}||^2 which is a measurable function with finite integral, we have the fulfillment of conditions of the Lebesgue theorem.

Considering these constraints, the limitation of the photon’s momentum, together with the minimal additional conditions on the deformed mass shell, such as being connected at least for those solutions of positive definite energy and the same solutions allowing a zero momentum state, implies that the notion of Fock space is not suitable and a Hamiltonian like (17) cannot be the starting point of the fundamental equations of the non-commutative inflation.

Everything starts by the fact that we are replacing the Poincaré group P by a group P_N that has connected oneparameter subgroups that allow us, by Wigner and Stone theorems, to define generators of the representations of these one-parameter subgroups as self-adjoint operators that we assume that form an algebra p_N . A thing that we usually take for granted is that, not matter what is the group we are talking about, the generators will always for an algebra. Nevertheless, that is not mathematically true. However, as we explained in section V, Physics cannot be formulated without an underlying algebraic structure for symmetry generators. Other thing we usually take for granted is that if some representation of a group has a well defined algebraic structure for generators, all other representations will have too; besides that, they will have the same one. It is not generally valid too. All of these are valid for Lie groups and, once we are no longer dealing with Lie groups, it is no longer generally valid. Once we leave the domain of Lie groups, the algebraic structure of the generators is not longer a concept attached to the group itself but to specific representations. We show, however, that if we don’t have the very same algebra of generators for all symmetry representations that we apply in physics, physics will not be consistent.

Essentially, we show that, although a Fock space representation (53) is a valid mathematical representation for P_N , in the sense that it preserves the group structure given by Eqs.(1)-(3), for the kind of deformed dispersion relation that drives inflation with minimum duration, this representation does not satisfy the same algebra of generators used in the irreducible representations. As a consequence, non-commutative inflation is not related to some Lie group, since every representation of a Lie group induces a representation of the very same Lie algebra of generators.

As we argue, the use of this Fock like representation is a problem for a physical theory, since it might imply that a stable state in a particular reference frame is an unstable state in another one, or a possible S matrix connecting a one particle state with a n-particle state does not conserve energy in all reference frames. In particular, we do not have a unique well defined notion of a dispersion relation that replaces the usual relativistic one.

It does not mean that we cannot use a group like P_N in physics. It means that we must restrict the class of representations of P_N that is used to construct physics, something similar to restricting the representations of the Poincaré group that appear in QFT to those with positive definite energy. But now, besides that, we must restrict the representations of the P_N group to those with positive definite energy and that induces a representation of the same algebra of generators p_N . We here call these representations π_A.

An alternative way to say that (53) is not a suitable representation of P_N is to say that (17) is not a timetranslation generator for p_N if H is. Since, in the Hopf algebra language, (17) is the coproduct rule for Linear Lie algebras, this suggests to us that non-commutative inflation is actually related to some non-trivial Hopf algebra, by understanding that a Hopf algebra is an algebra with a rule to construct tensor products that satisfy the same algebra.

The Hopf algebra concept is a possible link between the non-commutative space concept and non-commutative inflation, since an alternative interpretation for Hopf algebras is that it is a set of transformations that acts on other algebraic structures in a way dependent on the product rule. The product rule is the essential information of non-commutative spaces (see [20]). We can therefore use the coproduct rule of Hopf algebra to define the suitable non-commutative inflationary Hamiltonian that defines the canonical partition function that describes the radiation thermodynamics as in (83). This is our first possible prescription to define the non-commutative inflation. This prescription, however, needs the full knowledge of the Hopf algebraic structure associated to some phenomenological dispersion relation, a problem by itself, and can only be applied to free fields.

We can consider an alternative prescription that is based only on algebraic aspects, that is, it does not depend on the coalgebraic aspects, which means that it does not depend on the information that differs the Hopf algebra from a simple algebra, as the coproduct. This prescription is based on the infinite dimensional generalization of the concept of direct sum, the direct integral. It was originally proposed by us in [18], as an alternative to cover the interacting case and give a qualitative account of the behavior of the interacting non-commutative inflation. This prescription is essentially an application of an important Von Neumann theorem about the general representation of Von Neumann algebras and allows us to define a new Hamiltonian for non-commutative inflation that is indeed a time-translation generator of the very same algebra of generators that defines the dispersion relation Casimir. That is, allow us to deal only with π_A representations. Besides that, it assures to recover the corresponding Poincaré representation at low energy and momentum. The new Hamiltonian (91) is a function not only of the photon’s dispersion relation but a function of the dispersion relation of all other particles of the theory.

To obtain the new Hamiltonian for non-commutative inflation, we need the direct integral decomposition of the representation (15), that is a solved problem in the literature since the early days of QFT (for example, [39], [40]). We will address the problem of obtaining the new equations of state in a future paper. The main consequence of our results is that all the work previously done on noncommutative inflation must be redone, that is, finding a new equation of state, finding inflationary dispersion relations that assure successful inflation, etc. In particular, using the same class of dispersion relations of the original equations of the model will imply the limitation of the momentum of the theory, even the macroscopic one. We must, however, use the same rule to construct the Hamiltonian even if our theory does not have that limitation of momentum, otherwise we would fall on the very same problem discussed in this paper.

Acknowledgments

U.D.M. thanks the Brazilian agency CNPq (142393/2006-1) and (246020/2012-1) for financial support. R.O. thanks FAPESP (06/56213-9) and the Brazilian agency CNPq (300414/82-0) for partial support.

[1] S. Alexander, R. Brandenberger, and J. Magueijo. Noncommutative inflation. Phys. Rev. D , 67(8):081301–+, April 2003.

[2] A. Albrecht and J. Magueijo. Time varying speed of light as a solution to cosmological puzzles. Phys. Rev. D , 59(4):043516, February 1999.

[3] J. Magueijo. New varying speed of light theories. Reports on Progress in Physics, 66:2025–2068, November 2003.

[4] G. Amelino-Camelia and M. Arzano. Coproduct and star product in field theories on Lie-algebra noncommutative space-times. Phys. Rev. D , 65(8):084044, April 2002.

[5] J. M. Carmona, J. L. Cortés, J. Gamboa, and F. Méndez.

Noncommutativity in field space and Lorentz invariance violation. Physics Letters B, 565:222–228, July 2003.

[6] R. B. Mann and P. Nicolini. Cosmological production of noncommutative black holes. Phys. Rev. D , 84(6):064014, September 2011.

[7] P. Nicolini. Noncommutative Black Holes, the Final Appeal to Quantum Gravity: A Review. International Journal of Modern Physics A, 24:1229–1308, 2009.

[8] G. Amelino-Camelia and D. V. Ahluwalia. Relativity in Spacetimes with Short-Distance Structure Governed by an Observer-Independent (Planckian) Length Scale. International Journal of Modern Physics D, 11:35–59, 2002.

[9] G. Amelino-Camelia, J. Ellis, N. E. Mavromatos, D. V.

Nanopoulos, and S. Sarkar. Tests of quantum gravity from observations of γ-ray bursts. Nature (London) , 393:763–765, June 1998.

[10] T. P. Sotiriou, M. Visser, and S. Weinfurtner.

Phenomenologically Viable Lorentz-Violating Quantum Gravity. Physical Review Letters, 102(25):251601, June 2009.

[11] A. A. Abdo, M. Ackermann, M. Ajello, K. Asano, W. B.

Atwood, M. Axelsson, L. Baldini, J. Ballet, G. Barbiellini, M. G. Baring, and et al. A limit on the variation of the speed of light arising from quantum gravity effects. Nature (London) , 462:331–334, November 2009.

[12] R. Garattini and G. Mandanici. Modified dispersion relations lead to a finite zero point gravitational energy. Phys. Rev. D , 83(8):084021, April 2011.

[13] R. Garattini and P. Nicolini. Noncommutative approach to the cosmological constant problem. Phys. Rev. D , 83(6):064021, March 2011.

[14] J. Martin and R. H. Brandenberger. Trans-Planckian problem of inflationary cosmology. Phys. Rev. D , 63(12):123501, June 2001.

[15] J. Martin and R. Brandenberger. Dependence of the spectra of fluctuations in inflationary cosmology on trans- Planckian physics. Phys. Rev. D , 68(6):063513, September 2003.

[16] A. Agostini, G. Amelino-Camelia, and F. D’Andrea.

Hopf-Algebra Description of Noncommutative-Space Symmetries. International Journal of Modern Physics A, 19:5187–5219, 2004.

[17] M. R. Douglas and N. A. Nekrasov. Noncommutative field theory. Reviews of Modern Physics, 73:977–1029, October 2001.

[18] U. D. Machado and R. Opher. Generalized noncommutative inflation. Classical and Quantum Gravity, 29(6):065003, March 2012.

[19] J. Von Neumann. Mathematical Foundations of Quantum Mechanics . Princeton University Press; Translation - from German edition, 1996.

[20] F. Strocchi. An Introduction to the Mathematical Structure of Quantum Mechanics: A Short Course for Mathematicians (Advanced Series in Mathematical Physics) . World Scientific Publishing Company; 2 edition, 2008.

[21] G. Amelino-Camelia, A. MarcianÒ, M. Matassa, and G. Rosati. Deformed Lorentz symmetry and relative locality in a curved/expanding spacetime. ArXiv e-prints, June 2012.

[22] S. H. S. Alexander and J. Magueijo. Non-commutative geometry as a realization of varying speed of light cosmology. ArXiv High Energy Physics - Theory e-prints, April 2001.

[23] S. H. S. Alexander and J. Magueijo. Non-commutative geometry as a realization of varying speed of light cosmology. ArXiv High Energy Physics - Theory e-prints, April 2001.

[24] R. H. Brandenberger. Inflation and the Theory of Cosmological Perturbations. In E. Gava, A. Masiero, K. S. Narain, S. Randjbar-Daemi, G. Senjanovic, A. Smirnov, and Q. Shafi, editors, High Energy Physics and Cosmology, 1997 Summer School, page 412, 1998.

[25] G. Amelino-Camelia and M. Arzano. Coproduct and star product in field theories on Lie-algebra noncommutative space-times. Phys. Rev. D , 65(8):084044, April 2002.

[26] J. M. Carmona, J. L. Cortés, J. Gamboa, and F. Méndez.

Noncommutativity in field space and Lorentz invariance violation. Physics Letters B, 565:222–228, July 2003.

[27] J. Gamboa, M. Loewe, and J. C. Rojas. Noncommutative quantum mechanics. Phys. Rev. D , 64(6):067901, September 2001.

[28] A. H. Chamseddine, A. Connes, and M. Marcolli. Gravity and the standard model with neutrino mixing. ArXiv High Energy Physics - Theory e-prints, October 2006.

[29] W. Nelson and M. Sakellariadou. Inflation mechanism in asymptotic noncommutative geometry. Physics Letters B, 680:263–266, September 2009.

[30] M. Marcolli, E. Pierpaoli, and K. Teh. The Coupling of Topology and Inflation in Noncommutative Cosmology. Communications in Mathematical Physics, page 272, October 2011.

[31] Ö. Ceyhan and M. Marcolli. Open string theory and planar algebras. Journal of Physics A Mathematical General, 43:L5401, September 2010.

[32] W. Nelson and M. Sakellariadou. Cosmology and the noncommutative approach to the standard model. Phys. Rev. D , 81(8):085038, April 2010.

[33] W. Nelson, J. Ochoa, and M. Sakellariadou. Constraining the Noncommutative Spectral Action via Astrophysical Observations. Physical Review Letters, 105(10):101602, September 2010.

[34] R. H. Brandenberger. Inflationary Cosmology: Progress and Problems. ArXiv High Energy Physics - Phenomenology e-prints, October 1999.

[35] I. M. Gel’fand and N. Ya. Vilenkin. Generalized Functions - Vol 4: Applications of Harmonic Analysis . Academic Press, 1964.

[36] J.-P. Eckmann and H. Epstein. Time-ordered products and Schwinger functions. Communications in Mathematical Physics, 64:95–130, June 1978.

[37] K. Osterwalder and R. Schrader. Axioms for Euclidean Green’s functions. Communications in Mathematical Physics, 31:83–112, June 1973.

[38] K. Osterwalder and R. Schrader. Axioms for Euclidean Green’s functions II. Communications in Mathematical Physics, 42:281–305, October 1975.

[39] I. M. Shirokov. A Group-Theoretical Consideration on the Basis of Relativistic Quantum Mechanics. III. Irreducible Representations of the Classes P0 and O0 and the Non-Completely-Reducible Representations of the Inhomogeneous Lorentz Group. Soviet Journal of Experimental and Theoretical Physics, 6:929, 1958.

[40] I. M. Shirokov. A Group-Theoretical Consideration on the Basis of Relativistic Quantum Mechanics. I. The General Properties of the Inhomogeneous Lorentz Group. Soviet Journal of Experimental and Theoretical Physics, 6:664, 1958.