arXiv:1211.6793v1 [hep-th] 29 Nov 2012

Refined Topological Vertex and Duality of Gauge Theories in Generic Omega Backgrounds

Kei Ito

Omohi Faculty Nagoya Institute of Technology Gokiso-cho, Showa-ku Nagoya 466-8555,Japan email: ito.kei@nitech.ac.jp

The partition functions of refined topological strings(A-models) are computed, which give rise to the circle-compactified five-dimensional supersymmetric linear quiver gauge theories in generic (not necessarily self-dual) Omega backgrounds. Based on the slicing independence conjecture of refined topological string partition functions, it is demonstrated explicitly that the duality exists between SU(N)^{M−1} and SU(M)^{N−1} supersymmetric linear quiver gauge theories, even in generic Omega backgrounds. It is found that the relations between string moduli and gauge moduli are deformed from the self-dual case. However if the duality map which preserves the ratio of the Omega background parameters q and t, is considered, duality maps of the gauge moduli are not changed from the self-dual case.

Some time ago, Bao et al.[1] showed that there exists a duality between five-dimensional (5d) N = 1, SU(N)^{M−1} and SU(M)^{N−1} linear quiver gauge theories compactified on S^1 in the self-dual Ω background. The topological string(topological A-model) amplitudes for toric Calabi-Yau three-folds in self-dual Ω background can be computed by diagrams with “ordinary” topological vertex. These amplitudes give rise to Nekrasov partition functions[2] of 5d, N = 1 linear quiver gauge theories compactified on S^1 in the self-dual Ω background, upon the M theory lift of the “geometric engineering”. By the reflection symmetry of the toric diagram and duality maps of the string moduli, they derived the duality maps of the string moduli and demonstrated the gauge theory duality in the self-dual Ω background .The purpose of the present article is to show that the duality exists even in the generic (not necessarily self-dual)Ω backgrounds.

In the case of the generic Ω backgrounds, the topological string (topological A-model) amplitudes for toric Calabi-Yau three-folds can be computed by diagrams with “refined”topological vertex.[3] It has slightly different properties. Instead of being cyclically symmetric, one of its legs indicates a preferred direction. However the full partition function should be invariant under a change of choice of the preferred direction, which is called “slicing invariance conjecture” and has been demonstrated to be true in many concrete examples.[3],[4]

With the refined topological vertex, we compute the partition functions of “refined” topological A-models, which give rise to 5d N = 1, SU(N)^{M−1}-type linear quiver gauge theories compactified on S^1 in “generic”(not necessarily self-dual) Ω backgrounds, upon the M-theory lift of geometric engineering. Let us start with the computation of the sub-diagram “vertex of a strip geometry”, following[5] with “refined” topological vertex[3]

C_{λμν} (t, q) = ( q t )^{||μ||2+||ν||22} t^{κμ2} P_νt (t^{−ρ}, q, t) × ∑ η ( q t )^{|η|+|μ|+|ν|2} s_λt_{/η}(t^{−ρ}q^{−ν} )s_{μ/η} (t^{−νt} q^{−ρ}), (1) where the Macdonald function is given by, P_νt (t^{−ρ}, q, t) = t^{||ν||22} Z̃_ν (t, q) with, Z̃_ν (t, q) = ∏ (i,j)∈ν (1 − t^{νtj −i+1}q^{νi−j}) Then the amplitude of the left strip geometry of figure 1 is, H^{Y (i−1)1 Y (i−1)2 ...Y (i−1)N} Y^{(i)}_1 Y^{(i)}_2 ...Y^{(i)}_N (t, q, Q (i−1) m_1 , Q (i−1) F_1 , Q (i−1) m_2 , Q (i−1) F_2 , ..., Q (i−1) F_{N−1} , Q (i−1) m_N ) = ∑ μ_1,ν_1,μ_2,ν_2,...,ν_{N−1},μ_N (−Q^{(i−1)}_{m1} )^{|μ1|}(−Q^{(i−1)}_{F1} )^{|ν1|}(−Q^{(i−1)}_{m2} )^{|μ2|}(−Q^{(i−1)}_{F2} )^{|ν2|}... ×......(−Q^{(i−1)}_{FN−1} )^{|νN−1|} (−Q^{(i−1)}_{mN} )^{|μN |} ×C_{μt1 ∅Y} (i−1)_1 (t, q)C_{μ1ν}t_{1Y} (i)t (q, t)C_{μt2∅Y} (i−1)_2 (t, q)C_{μ2νt2Y} (i−1)t_2 (q, t)... ×......C_{μtN νN−1Y} (i−1)_N (t, q)C_{μN ∅Y} (i)t (q, t) (2) where, μ_α and ν_α are Young tableaux for the internal lines with corresponding Kähler parameter of the homology cycles being Q^{(i−1)}_{mα} and Q^{(i−1)}_{Fα} , respectively. We choose the preferred direction in the horizontal lines (figure 1). Substituting the definition of the refined topological vertex, and computing the summation over products of (skew-)Schur functions, we have,

H^{Y (i−1)1 ...Y (i−1)N} Y^{(i)}_1 ...Y^{(i)}_N = ∏_N α=1 q^{||Y} (i−1) α || 2 2 Z̃_{Y (i−1)α} (t, q)t^{||Y (i)tα ||2}_2 Z̃_{Y (i)tα} (q, t) ∏ 1≤α<β≤N [Y (i−1) α , Y^{(i−1)t}_β ]√_{tq Q(i−1)αβ} [Y^{(i)}α , Y^{(i)t}_β ]√ q_{t Q}(i−1)−1_{mα Q}(i−1)_{αβ Q}(i−1)_{mβ}

× ∏ 1≤α<β≤N [Y^{(i)}_α , Y^{(i−1)t}_β ]_Q(i−1)−1_{mα Q}(i−1)_{αβ} ∏ 1≤α≤β≤N [Y^{(i−1)}_α , Y^{(i)t}_β ]_Q(i−1)_{αβ Q}(i−1)_{mβ} (3)

where,

Q^{(i)}_{αβ} = β−1∏ a=α Q^{(i)}_{ma} Q^{(i)}_{Fa} and the symbol [Y_α, Y_β]_Qis defined by,

[Y_α, Y_β]_Q = ∞∏ i,j=1 (1 − Qq^{i− 12 −Yα,j} t^{j− 12 −Yβ,i} )

...Y^{(i−1)}_1

...Y^{(i−1)}_2

...Y^{(i−1)}_N

Q^{(i−1)}_{m1}

Q^{(i−1)}_{m2}

Q^{(i−1)}_{mN}

Q^{(i−1)}_{F1}

Q^{(i−1)}_{F2}

Q^{(i−1)}_{FN−1}

Q^{(i)}_{m1}

Q^{(i)}_{m2}

Q^{(i)}_{mN}

Q^{(i)}_{F1}

Q^{(i)}_{F2}

Q^{(i)}_{FN−1}

Y^{(i)}_1

Y^{(i)}_2

Y^{(i)}_N

Q^{(i)}_{B1}

Q^{(i)}_{B2}

Q^{(i)}_{BN}

Y^{(i+1)}_1 ...

Y^{(i+1)}_2 ...

Y^{(i+1)}_N ...

Figure 1: The toric diagram which gives rise to SU(N)^{M−1} theory

The toric diagram which geometrically engineers SU(N)^{M−1}linear quiver gauge theory, is constructed from M(i=0,1,2,...,M-1) strip geometries glued together, with (i-i)th and i-th strip geometry being the left and right strip, respectively, in the figure 1. The preferred direction is the horizontal direction which is indicated by thick lines. The Kähler moduli of the homology cycles corresponding to the gluing internal lines of (i-1)th and i-th strip geometries, are Q^{(i)}_{B1} , ..., Q^{(i)}_{BN} , and the Young tableaux are Y^{(i)}_1 , ..., Y^{(i)}_N . The Young tableau for the left-most horizontal lines, Y^{(0)}_1 , ..., Y^{(0)}_N and the rightmost horizontal lines, Y^{(M−1)}_1 , ..., Y^{(M−1)}_N are set to be the empty tableaux ∅. The refined topological string (topological A-model) partition function constructed on this toric diagram of figure 1, is found to be, Z^{string} 1 = ... ∑ Y^{(i)}_1 ,...,Y^{(i)}_N N∏ α=1 (−Q^{(i)}_{Bα} )^{|Y (i)α |}×H^{Y (i−1)1 ,...,Y (i−1)N} Y^{(i)}_1 ,...,Y^{(i)}_N (Q (i−1) m_1 , Q (i−1) F_1 , ..., Q (i−1) m_N )

×H^{Y (i)1 ,...,Y (i)N} Y^{(i+1)} 1 ,...,Y^{(i+1)}_N (Q (i) m_1 , Q (i) F_1 , ..., Q (i) m_N )... (4) with Y^{(0)}_α = ∅, Y^{(m−1)}_α = ∅, α = 1, 2, ..., N. where the “local structure” of the whole formula is indicated, which means that only factors depending on Y^{(i)}_α , (α = 1, 2, ..., N)are written explicitly whereas the other factors are suppressed.

The full partition functions should be invariant under a change of the choice of the preferred direction, which is called “slicing invariance conjecture” and has been demonstrated to be true in many concrete examples.[3],[4] Based on this conjecture, we change the preferred direction from the horizontal direction to the vertical direction. (Figure 2)

Then the partition function is found to be, Z^{string} 2 = ... ∑ X^{(0)}_α ,...,X^{(M−1)} α M−1∏ i=0 (−Q^{(i)}_{Fα} )^{|X(i)α |}

×H^{X(0)α−1,...,X(M−1)α−1} X^{(0)}_α ,...,X^{(M−1)} α (Q^{(0)}_{mα} , Q^{(1)}_{Bα} , Q^{(1)}_{mα} , Q^{(2)}_{Bα} , ..., Q^{(M−1)}_{Bα} , Q^{(M−1)}_{mα} ) ×H^{X(0)α ,...,X(M−1)α} X^{(0)}_{α+1},...,X^{(M−1)} α+1 (Q^{(0)}_{mα+1} , Q^{(1)}_{Bα+1} , Q^{(1)}_{mα+1} , Q^{(2)}_{Bα+1} , ..., Q^{(M−1)}_{Bα+1} , Q^{(M−1)}_{mα+1} )... (5)

and the corresponding diagram is depicted in figure 2.

Figure 2: The preferred direction is changed to the vertical direction(thick lines)

X^{(0)}_{α−1}

X^{(1)}_{α−1} X^{(M−1)} α−1

X^{(0)}_{α+1}

X^{(1)}_{α+1} X^{(M−1)} α+1

Q^{(0)}_{mα}

Q^{(1)}_{mα} Q^{(M−1)} m_α

Q^{(0)}_{mα+1}

Q^{(1)}_{mα+1} Q^{(M−1)} m_{α+1}

Q^{(1)}_{Bα}

Q^{(2)}_{Bα} Q^{(M−1)}_{Bα}

Q^{(1)}_{Bα+1}

Q^{(2)}_{Bα+1} Q^{(M−1)}_{Bα+1}

Q^{(0)}_{Fα}

Q^{(1)}_{Fα} Q^{(M−1)} F_α

X^{(0)}_α

X^{(1)}_α X^{(M−1)} α

The duality map of the reflection transformation is given by[1],

(Q^{(α−1)}_{mi} )_d = Q^{(i−1)}_{mα} , (Q^{(α−1)}_{Fi} )_d = Q^{(i)}_{Bα} , (Q^{(α)}_{Bi} )_d = Q^{(i−1)}_{Fα} , (Q^{(i)}_{α,α+1})_d = Q^{(α−1)}_{mi+1} Q^{(α)}_{Bi+1}

and, (X^{(i−1)}_α )_d = Y^{(α)}_i

where, the suffix d stands for the dual. Then after the duality map, the partition function turns out to be, Z^{string} 3 = ... ∑ Y^{(α)}_1 ,...,Y^{(α)}_M M−1∏ i=0 (−Q^{(α)}_{Bi+1} )

×H^{Y (α−1)1 ,...,Y (α−1)M} Y^{(α)}_1 ,...,Y^{(α)}_M (Q (α−1) m_1 , Q (α−1) F_1 , ..., Q (α−1) m_M ) ×H^{Y (α)1 ,...,Y (α)M} Y^{(α+1)} 1 ,...,Y^{(α+1)}_M (Q (α) m_1 , Q (α) F_1 , ..., Q (α) m_M )... (6)

and the corresponding diagram is depicted in figure 3. The slicing independence implies that Z^{string}_1 = Z^{string}_2 and the duality implies that Z^{string}_2 = Z^{string} 3 .

Figure 3: After the duality map, the toric diagram gives rise to SU(M)^{N−1} theory Y^{(α−1)} 1

Y^{(α−1)} 2

Y^{(α−1)} M

Y^{(α+1)} 1 Y^{(α+1)} 2

Y^{(α+1)} M

Q^{(α−1)}_{m1} Q^{(α−1)}_{m2} Q^{(α−1)}_{mM}

Q^{(α)}_{m1}

Q^{(α)}_{m2} Q^{(α)}_{mM}

Q^{(α−1)}_{F1} Q^{(α−1)}_{F2} Q^{(α−1)}_{FM−1}

Q^{(α)}_{F1}

Q^{(α)}_{F2} Q^{(α)}_{FM−1}

Q^{(α)}_{B1}

Q^{(α)}_{B2} Q^{(α)}_{BM}

Y^{(α)}_1

Y^{(α)}_2

Y^{(α)}_M

If we set all the Y ’s in H’s to the empty tableau ∅,the perturbative part of the partition function Z is obtained. Therefore, the normalized amplitude H̃, which is H divided by H^{∅∅...}_{∅∅...} corresponds to the instanton contribution. The normalized amplitudes H̃ can be expressed in terms of the ”Nekrasov factor” defined by, N_{Yα,Yβ} (t, q, Q) = ∏ (i,j)∈Y_α (1 − Qq^{Yα,i−j+1}t^{Y tβ,j −i}) ∏ (i,j)∈Y_β (1 − Qq^{−Yβ,i+j} t^{−Y tα,j +i−1}) by virtue of the relation,

[Y_α, Y^t_β ]_Q [∅, ∅]_Q = ∏ i,j (1 − Qq^{i− 1}2^{−Yα,j} t^{j− 12 −Y tβ,i} ) (1 − Qq^{i− 1}2 t^{j− 1}2 ) = N_{Yβ ,Yα} (t, q, Q √ t q ) (7)

Now we find that the normalized partition function Z̃^{string}_1 , for the diagram in figure 1, which is Z^{string}_1 with all the H factors replaced by H̃ is; Z̃^{string} 1 = ... ∑ Y^{(i)}_1 ,...,Y^{(i)}_N N∏ α=1 (−Q^{(i)}_{Bα} )^{|Y (i)α |}

× ∏_N α=1 t^{||Y} (i)t α || 2 2 Z̃_{Y (i)tα} (q, t)q^{||Y (i)α ||2}_2 Z̃_{Y (i)α} (t, q) ∏ 1≤α<β≤N NY^{(i)}_β ,Y^{(i)}_α (t, q, Q (i) αβ)N_Y (i)_{β ,Y} (i)_α (t, q,^t_q Q^{(i)}_{αβ}) × ∏ 1≤α<β≤N N_Y (i−1)_{β ,Y} (i)_α (t, q, Q^{(i−1)−1}_{mα} Q^{(i−1)}_{αβ} √ t q )N_Y (i)_{β ,Y} (i+1)_α (t, q, Q^{(i)−1}_{mα} Q^{(i)}_{αβ} √ t q )

× ∏ 1≤α≤β≤N N_Y (i)_{β ,Y} (i−1)_α (t, q, Q^{(i−1)}_{αβ} Q^{(i−1)}_{mβ} √ t q )N_Y (i+1)_{β ,Y} (i)_α (t, q, Q^{(i)}_{αβ}Q^{(i)}_{m[β} √ t q )... (8) where, the factors which depend on ⃗Y^{(i)} are written explicitly, whereas those do not, are suppressed.

In the gauge theory side, Nekrasov instanton partition function[2] for circle-compactified, 5d N = 1, SU(N)^{M−1} linear quiver gauge theory is, Z^{SU(N)M−1} inst = ..., ∑ ⃗Y (i) (q^{(i)}) ∑ α|Y^{(i)}_α |

×Z_{bifund}(⃗a^{(i−1)}, ⃗Y^{(i−1)},⃗a^{(i)}, ⃗Y^{(i)}, m^{(i,i−1)}, ϵ_1, ϵ_2; β) ×Z_{vect}(⃗a^{(i)}, ⃗Y^{(i)}, ϵ_1, ϵ_2; β) ×Z_{bifund}(⃗a^{(i)}, ⃗Y^{(i)},⃗a^{(i+1)}, ⃗Y^{(i+1)}, m^{(i,i+1)}, ϵ_1, ϵ_2; β)... where, the bifundamental hypermultiplet contribution is, Z_{bifund}(⃗a^{(i−1)}, ⃗Y^{(i−1)},⃗a^{(i)}, ⃗Y^{(i)}, m^{(i−1,i)}, ϵ_1, ϵ_2; β) = N∏ α,β=1 P^{−1}_{Y (i)β ,Y (i−1)α} (ϵ_1, ϵ_2, exp (−β(a^{(i−1)}_α − a^{(i)}_β − m^{(i−1,i)}))

For i = 1 and i = M, this reduces to (anti-)fundamental hypermultiplet contribution. The vector multiplet contribution is,

Z_{vect}(⃗a^{(i)}, ⃗Y^{(i)}, ϵ_1, ϵ_2; β) = N∏ α,β=1 P^{−1}_{Y (i)β ,Y (i)α} (ϵ_1, ϵ_2, exp(−β(a^{(i)}_α − a^{(i)}_β )) where, P^{−1} factor is defined by,

P^{−1}_{Yα,Yβ} (ϵ_1, ϵ_2, a) = ∏ (i,j)∈Y_α sinh β 2 (a + ϵ_1(Y_{α,i} − j + 1) − ϵ_2(Y^t_{β,j} − i))

× ∏ (i,j)∈Y_β sinh β 2 (a + ϵ_1(−Y_{β,i} + j) − ϵ_2(−Y^t_{α,j} + i − 1)) (9)

Plugging in all the bifundamental hypermultiplet and vector multiplet contributions, we find that the Nekrasov instanton partition function is, Z^{SU(N)M−1} inst = ... ∑ ⃗Y (i) (q^{(i)}) ∑ α |Y^{(i)}_α | ∏ 1≤α<β≤N P_{Y (i)β ,Y} (i)_α (ϵ_1, ϵ_2, exp(−β(a^{(i)}_α − a^{(i)}_β ))

× ∏ 1≤α<β≤N P_Y (i)_{α ,Y} (i)_β (ϵ_1, ϵ_2, exp(−β(a^{(i)}_β − a^{(i)}_α )) N∏ α=1 P_Y (i)_{α ,Y} (i)_α (ϵ_1, ϵ_2, 1) × ∏ 1≤α<β≤N (−1)^{|Y (i)α |+|Y (i−1)β |}P^{−1}_{Y (i−1)β ,Y (i)α} (ϵ_1, ϵ_2, t q exp(−β(a^{(i−1)}_β + a^{(i)}_α + m^{(i−1,i)})) × ∏ 1≤α<β≤N (−1)^{|Y (i+1)α |+|Y (i)β |}P^{−1}_{Y (i)β ,Y (i+1)α} (ϵ_1, ϵ_2, t q exp(−β(−a^{(i)}_β +a^{(i+1)}_α +m^{(i,i+1)})) × ∏ 1≤α≤β≤N P^{−1}_{Y (i)β ,Y (i−1)α} (ϵ_1, ϵ_2, exp(−β(a^{(i−1)}_α − a^{(i)}_β − m^{(i−1,i)})) × ∏ 1≤α≤β≤N P^{−1}_{Y (i+1)β ,Y (i)α} (ϵ_1, ϵ_2, exp(−β(a^{(i)}_α − a^{(i+1)}_β − m^{(i,i+1)}))... (10)

Comparing this gauge theory partition function with string partition function Z̃^{string} 1 , we observe that the relations between string moduli and gauge moduli are deformed from the self-dual case, and they depend on Ω background parameters q and t.

Q^{(i)}_{mα} = √ q t ã^{(i)}_α ã^{(i+1)}α = √ q t exp(−(β(a^{(i)}_α − a^{(i+1)}_α − m^{(i,i+1)}))

Q^{(i)}_{Fα} = √ t q ã^{(i+1)}_α ã^{(i)}_{α+1} = √ t q exp(−β(−a^{(i)}_{α+1} + a^{(i+1)}_α + m^{(i,i+1)}))

where, Q^{(i)}_{Fα} = Q^{(i)−1}_{mα} Q^{(i)}_{α,α+1} and, Q^{(i)}_{αβ} = exp(−β(a^{(i)}_α − a^{(i)}_β ) (11) (This does not depend on q or t.)

If we relate coupling constants q^{(i)} with string theory moduli by, q^{(i)} ∏ α Q^{(i−1)}m_α Q^{(i)}m_α = Q^{(i)}_B Q^{(i−1)}_{m1}

and, Q^{(i)}_{Bα} = Q^{(i)}_{Bα−1} Q^{(i)}_{mα−1} Q^{(i−1)}m_α The relation between Q^{(i)}_B and q^{(i)} is modified from the self-dual case and found to be,

Q^{(i)}_B = √ t q q^{(i)} ã^{(i)}_1 ã^{(i−1)}_1 N∏ α=1

√ ã^{(i−1)}α ã^{(i+1)}α ã^{(i)}α With these identifications, the present author has proved that Z̃^{string} 1 = Z^{SU(N)M−1} inst ant that Z̃ string 3 = Z^{SU(M)N−1} inst . The detail will be

reported elsewhere.[6]

The duality map of the string theory moduli impiles the following duality map of the gauge theory moduli. ( √ q t ã^{(α−1)}_i ã^{(α)}_i

)_d = √ q t ( ã^{(i−1)}_α ã^{(i)}α )

( √ t q ã^{(i)}_i ã^{(0)}_{i+1}

)_d = √ t q q^{(i)} ã^{(i−1)}_1 ã^{(i)}_1 N∏ α=1

√ ã^{(i−1)}α ã^{(i+1)}α ã^{(i)}α ( √ t q q^{(i)} ã^{(i)}_1 ã^{(i−1)}_1 N∏ α=1

√ ã^{(i−1)}α ã^{(i+1)}α ã^{(i)}α

)_d = √ t q ã^{(1)}_i ã^{(0)}_{i+1}

(12)

If we consider the duality map which preserves the ratio of Ω background parameters, q and t,such as q → kq, t → kt for some constant k, or q →^1_t , t →^1_q , then the duality map of the gauge theory moduli is not changed from the self-dual case.

References

[1] L. Bao, E. Pomoni, M. Taki and F. Yagi, arXiv :1112.5228[hep-th] [2] N. A. Nekrasov, Adv. Theor. Math. Phys. 7(2004)831 [hep-th/0206161] [3] A. Iqbal, C. Kozçaz and C. Vafa, JHEP 10(2009)069 [hep-th/0701156] [4] A. Iqbal, C. Kozçaz and K. Shabbir, arXiv:0803.2260[hep-th] [5] M. Taki, JHEP 083(2008)048 arXiv:0710.1776 [6] Kei Ito, in preparation