arXiv:1211.7289v1 [gr-qc] 30 Nov 2012

Algebraic classification of higher dimensional spacetimes based on null alignment

Marcello Ortaggio^∗, Vojtěch Pravda^†, Alena Pravdová^‡ Institute of Mathematics, Academy of Sciences of the Czech Republic Žitná 25, 115 67 Prague 1, Czech Republic

December 3, 2012

Abstract

We review recent developments and applications of the classification of the Weyl tensor in higher dimensional Lorentzian geometries. First, we discuss the general setup, i.e. main definitions and methods for the classification, some refinements and the generalized Newman-Penrose and Geroch-Held-Penrose formalisms. Next, we summarize general results, such as a partial extension of the Goldberg-Sachs theorem, characterization of spacetimes with vanishing (or constant) curvature invariants and the peeling behaviour in asymptotically flat spacetimes. Finally, we discuss certain invariantly defined families of metrics and their relation with the Weyl tensor classification, including: Kundt and Robinson-Trautman spacetimes; the Kerr- Schild ansatz in a constant-curvature background; purely electric and purely magnetic spacetimes; direct and (some) warped products; and geometries with certain symmetries. To conclude, some applications to quadratic gravity are also overviewed.

Contents

1 Introduction 3

2 Classification of tensors via null alignment 4 2.1 General tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.1.1 Null frames . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.1.2 Definitions and general theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.1.3 Application to vectors, symmetric rank-2 tensors and bivectors . . . . . . . . . . . . . . 6 2.2 Classification of the Weyl tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.3 Spin types: a refinement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.4 Bel-Debever criteria for the Weyl tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.5 WANDs as principal null directions of the superenergy tensor . . . . . . . . . . . . . . . . . . . 11 2.6 Bivector operator approach and further refinements of the classification . . . . . . . . . . . . . 11 2.7 Inequivalent methods for the classification of the Weyl tensor . . . . . . . . . . . . . . . . . . . 13 2.7.1 Spinor approach in five dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.7.2 Optical structure approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.8 Interpretation of different boost-weight components of the Weyl tensor using the equation of geodetic deviation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

∗ortaggio@math.cas.cz †pravda@math.cas.cz ‡pravdova@math.cas.cz

3 Newman-Penrose and Geroch-Held-Penrose formalisms 15 3.1 Ricci rotation coefficients, optical matrix and optical constraint . . . . . . . . . . . . . . . . . . 15 3.1.1 Ricci rotation coefficients and optical matrix . . . . . . . . . . . . . . . . . . . . . . . . 15 3.1.2 Sachs equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.1.3 Optical constraint . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.2 GHP scalars . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

4 Extensions of the Goldberg-Sachs theorem 18 4.1 Geodesic part . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 4.2 Shearfree part . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 4.2.1 Results in five dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 4.2.2 Results in n ≥ 6 dimensions for a non-twisting multiple WAND ℓ . . . . . . . . . . . . . 21 4.2.3 Results for type III/N in any dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 4.3 Optical structure approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

5 Curvature invariants and VSI/CSI spacetimes 22 5.1 Algebraic VSI theorem for general tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 5.2 VSI spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 5.3 CSI spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 5.4 Spacetime characterized by their curvature invariants . . . . . . . . . . . . . . . . . . . . . . . . 25

6 Asymptotic properties of the gravitational field 26 6.1 Peeling of the Weyl tensor and gravitational radiation . . . . . . . . . . . . . . . . . . . . . . . 26 6.1.1 Bondi coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 6.1.2 Weyl tensor and Bondi flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 6.2 Asymptotically flat algebraically special vacuum spacetimes . . . . . . . . . . . . . . . . . . . . 28 6.3 Type III/N Einstein spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 6.3.1 Kundt spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 6.3.2 Expanding spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

7 Shearfree solutions 31 7.1 Kundt spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 7.1.1 General line element and alignment type . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 7.1.2 Degenerate Kundt metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 7.1.3 pp -waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 7.1.4 Gyratons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 7.2 Robinson-Trautman spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 7.2.1 Vacuum solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 7.2.2 Electrovac solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 7.3 Shearfree twisting solutions (even dimensions) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

8 Other invariantly defined classes of solutions 36 8.1 Kerr-Schild spacetimes and generalizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 8.1.1 Non-expanding (Kundt) subclass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 8.1.2 Expanding subclass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 8.2 Purely electric and purely magnetic spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 8.2.1 Definitions and general properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 8.2.2 Relation with the null alignment classification . . . . . . . . . . . . . . . . . . . . . . . . 39 8.2.3 PE spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 8.2.4 PM spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

8.3 Direct product and warped spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 8.3.1 Definition and general properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 8.3.2 Relation with the null alignment classification and PE/PM character . . . . . . . . . . . 41 8.3.3 Brinkmann’s warps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 8.4 Spacetimes with symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 8.4.1 Spacetimes with a timelike Killing vector field . . . . . . . . . . . . . . . . . . . . . . . . 44 8.4.2 Spacetimes with a null Killing vector field . . . . . . . . . . . . . . . . . . . . . . . . . . 44 8.4.3 Spherically, hyperbolically or plane symmetric spacetimes . . . . . . . . . . . . . . . . . 44 8.4.4 Axially symmetric Einstein spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 8.4.5 Other symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

9 Miscellanea of examples and summarizing table 46

10 Applications in quadratic gravity 47 10.1 Type N Einstein solutions to quadratic gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 10.2 Type III Einstein solutions to quadratic gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 10.3 Type III and N spacetimes with aligned null radiation . . . . . . . . . . . . . . . . . . . . . . . 49

1 Introduction

Almost a decade has passed since a classification scheme for the Weyl tensor of higher dimensional spaces with Lorentzian signature was put forward [1,2]. This is based on the concept of null alignment (as explained below) and extends to any dimensions n > 4 the well-known Petrov classification [3, 4], to which it reduces for n = 4. Over the past few years, a deeper geometric understanding of the null alignment method has been achieved, along with several developments, and a number of applications have been presented. The aim of the present paper is thus to review those new results which are, in our view, most important. Already published proofs and extended discussions are not repeated here, and readers will be referred to related references for more details.

Already in 2008, there appeared a review on the classification of the Weyl tensor in higher dimensions [5], where some useful information complementary to the one given here can be found (see also [6] for a recent introductory review). However, several new results have been published since then, in particular on the Geroch-Held-Penrose formalism [7], on spacetimes “characterized by their invariants” [8], on the Goldberg- Sachs theorem [9–11], on alternative approaches to the classification [12–15], on perturbations of near-horizon geometries [16–18] and on other aspects. We thus believe that summarizing some of these and other recent developments will be useful.

The plan of the paper is already illustrated in detail by the table of contents, and here it will suffice to just comment on the general structure. The first part (sections 2 and 3) is devoted to presenting the formalism. First, a null alignment classification is set up that can be applied to any tensor. Then, this is specialized to the Weyl tensor, for which refinements and alternative approaches are also mentioned. The Newman-Penrose (NP) and Geroch-Held-Penrose (GHP) formalisms are also described since these are extremely useful computational tools, especially for algebraically special spacetimes, and have been already used to study various distinct problems mentioned in this review. In the “central” part (sections 4–6), we discuss general applications of the classification: an extension of the Goldberg-Sachs theorem; a characterization of spacetimes for which all curvature invariants vanish or are constant; and the asymptotic and peeling behaviour of the Weyl tensor, with special interest for asymptotically flat spacetimes. The final part of the paper (sections 7–10) summarizes more specific applications, describing certain important classes of spacetimes which can be defined invariantly assuming certain geometric conditions (e.g., their “geometric optics”, some discrete symmetry properties of the Weyl tensor, or some continuous symmetries of the spacetime). No field equations are generally assumed, so that most of the results are purely geometric. However, in some cases, emphasis is put on Einstein spacetimes (defined by R_{ab} = Rg_{ab}/n, with cosmological constant normalized as (n − 2)R = 2nΛ), since these represent vacuum solutions in general relativity. A partial exception to this is section 10, where some algebraically special solutions to quadratic gravity are considered.

2 Classification of tensors via null alignment

2.1 General tensors The focus of this paper is the algebraic classification of the Weyl tensor based on null alignment, as put forward in [1,2], and its applications in higher dimensional gravity. However, the scheme of [1,2] applies, more generally, to arbitrary tensors on Lorentzian manifolds. Thus, in this section, we develop the classification for a general tensor T . The classification of the Weyl tensor then follows immediately as a special case.

2.1.1 Null frames In the tangent space, we introduce a (null) frame {ℓ ≡ e_{(0)} = e^{(1)}, n ≡ e_{(1)} = e^{(0)}, m_{(i)} = m^{(i)} ≡ e_{(i)} = e^{(i)}}, (2.1) with two null vectors ℓ and n and n − 2 spacelike vectors m^{(i)} = m_{(i)} (hereafter indices i, j, . . . take values from 2 to n − 1) obeying ℓ^aℓ_a = n^an_a = 0, ℓ^an_a = 1, m^{(i)a}m^{(j)}_a = δ_{ij} . (2.2) Frame indices denoted by â, b̂, . . . and coordinate indices denoted by a, b, . . . take values from 0 to n − 1. The corresponding form of the metric, g_{ab} = 2ℓ_{(a}n_{b)} + δ_{ij} m^{(i)}_a m^{(j)}_b , (2.3) is preserved under Lorentz transformations. The group of (real) proper orthochronous Lorentz transformations is generated by null rotations of one of the null frame vectors about the other, i.e., ℓ̂ = ℓ + z_im(i) − 1 2 z^iz_i n, n̂ = n, m̂^{(i)} = m^{(i)} − z_in, (2.4) n̂ = n + z^′_im^{(i)} −^1_2 z^{′i}z^′_i ℓ, ℓ̂ = ℓ, m̂^{(i)} = m^{(i)} − z^′_iℓ, (2.5) with 2(n − 2) real parameters z_i and z^′_i, spins described by an SO(n − 2) matrix X^i_j ℓ̂ = ℓ, n̂ = n, m̂^{(i)} = X^i_j m^{(j)}, (2.6) and boosts with a parameter λ > 0 ℓ̂ = λℓ, n̂ = λ^{−1}n, m̂(i) = m(i). (2.7) 2.1.2 Definitions and general theory Before defining the algebraic types of T based on alignment, we need to give several useful definitions introduced in [1, 2].

Definition 2.1 (Boost weight (b.w.)). A quantity q has a boost weight (b.w.) b if it transforms under a boost (2.7) according to q̂ = λ^bq. (2.8)

For a frame component T_{âb̂...ĉ} = e^a_{(â)}e^b_{(b̂)} . . . e^c_{(ĉ)}T_{ab...c} of a tensor T , it follows that T̂_{â...b̂} ≡ T (ê_{(â)}, . . . ê_{(b̂)}) = λ^{b(T}â...b̂^)T_{â...b̂}, (2.9)

and thus b(T_{â...b̂}) can be conveniently expressed as number of 0’s minus number of 1’s in the frame component indices. Sometimes we will simply use the symbol b.

Definition 2.2 (Boost order). The boost order of a tensor T with respect to the null frame ℓ, n, m^{(i)} is the maximum b.w. of its frame components bo(T ) = max { b(T_{â...b̂}) | T_{â...b̂} ≠ 0 } . (2.10) Looking at transformations (2.5)–(2.7), it is straightforward to show [1] that Proposition 2.1 (Invariant character of boost order [1]). Let ℓ, n, m^{(i)} and ℓ̂, n̂, m̂^{(i)} be two null frames with ℓ and ℓ̂ being scalar multiples of each other. Then, the boost order of a given tensor is the same relative to both frames.

Thus, the boost order of a tensor depends only on the choice of null direction ⟨ℓ⟩ and we will denote it boℓ(T ). For components of the highest b.w., it also follows that, under null rotations about ℓ (2.5), T̂_{â...b̂} ≡ T (m̂_{(â)} . . . m̂_{(b̂)}) = T (m_{(â)} . . . m_{(b̂)}) ≡ T_{â...b̂}. (2.11)

Definition 2.3 (ANDs and multiplicity). Let T be a tensor and let bo_{max}(T ) denote the maximum value of boℓ(T ) taken over all null vectors ℓ, i.e., bo_{max}(T ) = max{boℓ(T ) | ⟨ℓ⟩ is null}. (2.12) We say that a vector ℓ is an aligned null direction (AND) of a tensor T whenever boℓ(T ) < bo_{max}(T ), and we call the integer bo_{max}(T ) − boℓ(T ) its multiplicity.

Definition 2.4 (PAT and SAT). We define the principal alignment type (PAT) of a tensor T as the integer PAT = bo_{max}(T ) − bo_{min}(T ), (2.13) where bo_{min}(T ) = min{boℓ(T ) | ⟨ℓ⟩ is null}. (2.14) Choosing ℓ with the maximal multiplicity (which is equal to PAT), we define the secondary alignment type, SAT, to be the integer SAT = bo_{max}(T ) − b̃o_{min}(T ), (2.15) with b̃o_{min}(T ) = min{bon(T ) | ⟨n⟩ is null, ⟨n⟩ ≠ ⟨ℓ⟩}. (2.16) Definition 2.5 (Alignment type). The alignment type of an arbitrary tensor consists of the pair of integers (PAT, SAT).

To determine the alignment type of a tensor one has to project the tensor T on the null frame and sort its components by their b.w. T = ∑ b (T )_{(b)}, (2.17)

where (T )_{(b)} = ∑ T_{â...b̂}m^{(â)} . . . m^{(b̂)}, b(T_{â...b̂}) = b. (2.18) Then using null rotations (2.4) and (2.5) about n and ℓ, one has to set as many leading and trailing terms in (2.17) as possible to zero.

For a tensor T , we define the following algebraic types in terms of its PAT (and SAT) [1, 2, 8, 19]:

Definition 2.6 (Algebraic types). A non-vanishing tensor T is of

• type G if PAT= 0, i.e. for all frames (T )_{(bomax(}T_{))} ≠ 0,

• type I if PAT≥ 1, i.e. there exists a frame such that (T )_{(bomax(}T_{))} = 0,^1

• type II if PAT≥ bo_{max}(T ), i.e. there exists a frame such that T = ∑ b≤0(T )_{(b)},

• type D if PAT= bo_{max}(T ) =SAT, i.e. there exists a frame such that T = (T )_{(0)},

• type III if PAT≥ bo_{max}(T ) + 1, i.e. there exists a frame such that T = ∑ b<0(T )_{(b)},

• type N if PAT= 2bo_{max}(T ), i.e. there exists a frame such that T = (T )_{(−bomax(T ))} .

Note that this definition can be equivalently given in terms of (the maximal possible) multiplicity of ANDs of T . Let us remark that, although (for convenience) expressed in terms of a given frame, the above definitions of algebraic types are in fact frame independent and thus invariant (this follows from proposition 2.1, see also sections 2.4 and 2.5 for alternative viewpoints in the case of the Weyl tensor). According to definition 2.6, type N is a subcase of type III which is in turn a subcase of type II, etc. Sometimes, we use the term genuine type^2 I, II, III, meaning that T is of type I, II or III and not more special, i.e. not II/D/III/N, D/III/N and N, respectively (nor zero). At points where T vanishes the corresponding type is dubbed O.

Except for the type D, all the above types are principal types (see a summary in table 1) since they refer to the alignment properties of just one AND (i.e. SAT is not relevant). If there exist at least two distinct ANDs, i.e. SAT≥ 1, one may further use another AND for refining the algebraic types using again definition 2.6, leading e.g. to the genuine types I_i, II_i or III_i for the secondary alignment types (1,1), (bo_{max}(T ),1) and (bo_{max}(T ) + 1,1) , respectively.

Genuine type PAT T G 0 ∑ b(T )_{(b)} I ≥ 1, < bo_{max} ∑ b<bo_{max} (T )(b)

II bo_{max}(T ) ∑ b≤0(T )_{(b)} III ≥ bo_{max}(T ) + 1, < 2bo_{max} ∑ b<0(T )_{(b)} N 2bo_{max}(T ) ∑ b=−bo_{max} (T )(b)

Table 1: (Genuine) principal alignment types for a tensor T . Recall that the (secondary) type D is a subtype of type II such that PAT= bo_{max}(T ) =SAT, i.e. T = ∑ b=0(T )_{(b)}.

Before moving to the Weyl tensor, let us illustrate this classification on simpler examples.

2.1.3 Application to vectors, symmetric rank-2 tensors and bivectors

A vector v = v_0n + v_im^{(i)} + v_1ℓ (2.19)

has bo_{max}(v) = 1. The three algebraic classes of vectors are the following. (i) A timelike vector (v^av_a < 0) is of type G (alignment type (0, 0)), i.e. there are no ANDs. (ii) A spacelike vector (v^av_a > 0) is of type D (alignment type (1, 1)). (iii) A null vector (v^av_a = 0) is of type N (alignment type (2, 0)).

1Sometimes a different definition of type I is used, e.g. in [20]. However, in the case of the Weyl tensor, this definition becomes in fact equivalent to ours.

2Note, however, that in the literature the algebraic types of the Weyl tensor have a “mixed” meaning, e.g., sometimes “type II” means “type II or more special” and sometimes “genuine type II” (note the use of “genuine” in table 3).

The decomposition of a symmetric rank-2 tensor R (such as the Ricci tensor), with bo_{max}(R) = 2, is

R_{ab} = +2 R_{00} n_an_b + +1 2R_{0i} n_{(a}m^{(i)}_{b)} + 0 2R_{01} n_{(a}ℓ_{b)} + R_{ij} m^{(i)}_{(a}m^{(j)}_{b)} + −1 2R_{1i} ℓ_{(a}m^{(i)}_{b)} + −2 R_{11} ℓ_aℓ_b . (2.20)

Possible types are G - (0, 0), I_i - (1, 1) (note that the alignment type (1, 0) is forbidden by proposition 4.10 of [19]), II - (2, 0), II_i - (2, 1), D - (2, 2), III - (3, 0), III_i - (3, 1), N - (4, 0). In the case of four dimensions, the relation with Segre types is discussed in [1], while a discussion in arbitrary dimensions can be found in appendix B of [19]. Note, for example, that for proper Einstein spacetimes the Ricci tensor is of type D.

A bivector (an antisymmetric tensor of rank two) F can be decomposed as

F_{ab} = +1 2F_{0i} n_{[a}m^{(i)}_{b]} + 0 2F_{01} n_{[a}ℓ_{b]} + F_{ij} m^{(i)}_{[a}m^{(j)}_{b]} + −1 2F_{1i} ℓ_{[a}m^{(i)}_{b]} . (2.21)

Thus bo_{max}(F ) = 1. In general dimension, the following cases occur: type G - (0, 0), II - (1, 0), D - (1, 1) and N - (2, 0). In even dimensions, there always exists an AND, and thus, a bivector is of type II or more special (see the paragraph before lemma 4.6 of [21] and proposition 4.4 in [22]). In four dimensions, only two cases exist [4,23]: type D - (1, 1) with canonical form F_{ab} = λm^{(2)}_{[a}m^{(3)}_{b]} + μn_{[a}ℓ_{b]} and type N - (2, 0) with canonical form F_{ab} = λℓ_{[a}m^{(2)}_{b]} (in [23], the relation with the Segre types is also discussed). See appendix B of [19] for related discussions (including canonical forms and Segre types of F_{ab}) in arbitrary dimension.

2.2 Classification of the Weyl tensor

We can now finally apply the scheme described above to the Weyl tensor (bo_{max}(C) = 2), which satisfies the identities C_{abcd} = C_{{abcd}} ≡^1_2 (C_{[ab][cd]} + C_{[cd][ab]}), C^c_{acb} = 0, C_{a[bcd]} = 0. (2.22) Thanks to these, in n spacetime dimensions, C_{abcd} has (n + 2)(n + 1)n(n − 3)/12 independent components. In the frame (2.1) it admits the decomposition

C_{abcd} = boost weight +2

4C_{0i0j} n_{{a}m^{(i)}_b n_cm^{(j)}_{d }} + +1 8C_{010i} n_{{a}l_bn_cm^{(i)}_{d }} + 4C_{0ijk} n_{{a}m^{(i)}_b m^{(j)}_c m^{(k)}_{d }}

+4C_{0101} n_{{a}l_bn_cl_{d }} + 4C_{01ij} n_{{a}l_bm^{(i)}_c m^{(j)}_{d }} +8C_{0i1j} n_{{a}m^{(i)}_b l_cm^{(j)}_{d }} + C_{ijkl} m^{(i)}_{{a} m^{(j)}_b m^{(k)}_c m^{(l)}_{d }} } 0 (2.23)

+ −1 8C_{101i} l_{{a}n_bl_cm^{(i)}_{d }} + 4C_{1ijk} l_{{a}m^{(i)}_b m^{(j)}_c m^{(k)}_{d }} + −2 4C_{1i1j} l_{{a}m^{(i)}_b l_cm^{(j)}_{d }},

where the various components have been ordered by b.w. Throughout the paper the Weyl components will be expressed in the GHP notation of [7], summarized in table 2 along with identities following from (2.22). For transformations of the components under null rotations, boosts and spins see [7, 14].

In the case of the Weyl tensor, it is useful to specialize definition 2.3 to

Definition 2.7 (WAND). A null vector field ℓ is a Weyl aligned null direction (WAND) if it is an aligned null direction of the Weyl tensor. A WAND ℓ is a multiple WAND (mWAND) if its multiplicity is greater than 1.

It will also be useful to introduce a special nomenclature for Weyl tensors of type II or more special:

b Compt. Notation s Identities Independent compts. 2 C_{0i0j} Ω_{ij} 2 Ω_{ij} = Ω_{ji}, Ω_{ii} = 0^1_2 n(n − 3) 1 C_{0ijk} Ψ_{ijk} 3 Ψ_{ijk} = −Ψ_{ikj}, Ψ_{[ijk]} = 0^1_3 (n − 1)(n − 2)(n − 3) C_{010i} Ψ_i 1 Ψ_i = Ψ_{kik}.

0 C_{ijkl} Φ_{ijkl} 4 Φ_{ijkl} = Φ_{[ij][kl]} = Φ_{klij}, Φ_{i[jkl]} = 0^1_{12} (n − 1)(n − 2)^2(n − 3) C_{0i1j} Φ_{ij} 2 Φ_{(ij)} ≡ Φ^S_{ij} = −^1_2 Φ_{ikjk} C_{01ij} 2Φ^A_{ij} 2 Φ^A_{ij} ≡ Φ_{[ij]}^1_2 (n − 2)(n − 3) C_{0101} Φ 0 Φ = Φ_{ii} -1 C_{1ijk} Ψ^′_{ijk} 3 Ψ^′_{ijk} = −Ψ^′_{ikj}, Ψ^′_{[ijk]} = 0^1_3 (n − 1)(n − 2)(n − 3) C_{101i} Ψ^′_i 1 Ψ^′_i = Ψ^′_{kik}.

-2 C_{1i1j} Ω^′_{ij} 2 Ω^′_{ij} = Ω^′_{ji}, Ω^′_{ii} = 0^1_2 n(n − 3)

Table 2: GHP notation [7] for the Weyl tensor components of boost weight b and spin s for an n ≥ 4 dimensional spacetime.

Definition 2.8 (Algebraically special Weyl tensor). A Weyl tensor is said to be algebraically special if it admits a multiple WAND.^3

If the Weyl tensor is of the same algebraic type at all points of the spacetime, then the spacetime is said to be of the corresponding algebraic (Weyl) type (and similarly for an open region of the spacetime).

The genuine algebraic types of the Weyl tensor (“Weyl types”, see the text following definition 2.6) following from definition 2.6 and the comparison with Petrov types in four dimensions are given in table 3. Note that in four dimensions this algebraic classification is equivalent to the Petrov classification, and the notion of WAND coincides with that of a principal null direction (PND). However, the case n = 4 is somewhat special in that there exist always exactly four PNDs (possibly repeated), so that the type G does not exist, and there are even fewer possible types since I=I_i, II=II_i, III=III_i [1]. By contrast, an n > 4 spacetime may admit no WANDs (type G, which is the generic situation [1]), a finite number of WANDs, or infinitely many. In any dimension, there is a unique multiple WAND for the genuine types II (double), III (triple) and N (quadruple), whereas there exist at least two (both double) for type D. However, in the latter case, there may exist also an infinity of mWANDs.^4 For a given type, further subtypes can be defined when some (but not all) of the components of the Weyl tensor having maximal b.w. vanish [2, 12, 14], see section 2.3 and table 4.

2.3 Spin types: a refinement

From the viewpoint of the null alignment classification, for any given Weyl type more special than G, it is natural to employ a null frame (2.1), where ℓ has maximal multiplicity.^5 This frame is defined up to null rotations about ℓ (2.5), spins (2.6) and boosts (2.7). Boosts act “trivially” on the frame Weyl tensor components (in the sense that they produce a simple rescaling, at most), while null rotations leave Weyl components of maximal b.w. unchanged. On the other hand, components of fixed b.w. can be characterized in terms of basic constituents which transform under irreducible representations of the spins (for instance, for b.w. −2 components, these

3Note that this is different from the definition originally used in [1, 2] and later in some other papers. There type I was also considered “special” when n > 4. However, in analogy with the n = 4 case (where algebraically special means admitting a multiple PND), and for other reasons [8, 24], we use the terminology of definition 2.8.

4As shown in [25], for a general n, the set of mWANDs of a type D Weyl tensor is homeomorphic to a sphere S^k, the dimension k being at most n − 4. When k = 0 the sphere S^0 reduces to two points, representing the unique pair of mWANDs. This is in fact the generic situation in any dimension and the only possibility for n = 4.

5For type G, there is no aligned null direction, and for type Ii, there are more than one with the same multiplicity. In order to be able to define the “spin type” at a point, for those types, one thus additionally needs to define a “total ordering” between the spin types associated to different null directions – see [15] for more details and for an explicit choice of total ordering in 5D.

n >4 dimensions 4 dimensions Weyl type alignment type Petrov type G (0,0) I (1,0) I_i (1,1) I II (2,0) II_i (2,1) II D (2,2) D III (3,0) III_i (3,1) III N (4,0) N

Table 3: Possible Weyl/alignment (genuine) types in higher dimensions (definitions 2.6 and 2.5) compared to the four-dimensional case [2].

reduce to the tracefree symmetric matrix Ω^′_{ij}; for b.w. 0 components the constituents are the tracefree part of Φ_{ijkl}, Φ, Φ_{[ij]}, and the tracefree part of Φ_{(ij)}; and similarly for other b.w.s – cf. table 2). It follows that spin-invariant quantities defined by the highest b.w. constituents are properties associated with ℓ. As proposed in [14] (but see also [2]), it is thus sound to build a refinement of the alignment classification based on geometric relations between the highest b.w. constituents. The types arising are referred to as spin types. In particular, these include the coarser subtypes (such as I(a), II(a), II(b), etc.) defined in [2] (cf. also [12, 14]), see below.

In four dimensions, spins reduce to a U(1) transformation so that this refinement is trivial (except for type II(D), where it takes into account the possible vanishing of the real/purely imaginary part of Ψ_2). However, in any higher dimensions, the spin-type refinement indeed enables one to discriminate between Weyl tensors having the same alignment type. As a peculiar feature of five dimensions, the highest b.w. constituents are represented only by square matrices, vectors and a single scalar [14, 15] (see also below). This makes it possible to carry out the 5D spin-type refinement, and its intersections with the null alignment and the bivector operator (section 2.6) schemes, in a fully explicit manner [15]. As it turns out, spin types can be used, for instance, to discriminate between different type N (or type III) Weyl operators having the same Segre type. The same method works in principle in any higher dimensions but working out all details explicitly may become cumbersome. In particular, the tracefree part of Φ_{ijkl} is itself a “Weyl tensor” (in an (n − 2)- dimensional Riemannian space), so that clearly the classification cannot be given in the closed form for a generic n. Nevertheless this scheme may be very useful for particular purposes. Here, we simply summarize the coarser subclassification consisting of the “subtypes” mentioned in [2, 12, 14]: although this does not cover all spin types, it has the advantage that it applies to arbitrary dimensions.

Type I Type I is characterized by b.w. +1 components. These can be irreducibly decomposed as [14]

Ψ_{ijk} = −^1_{n−3} (δ_{ij} Ψ_k − δ_{ik}Ψ_j ) + Ψ̃_{ijk}, Ψ̃_{[ijk]} = 0, Ψ̃_{iji} = 0, Ψ̃_{i(jk)} = 0. (2.24)

Thus one can define two invariant subtypes:

(a) I(a): Ψ_i = 0 ⇔ Ψ_{iji} = 0

(b) I(b): Ψ̃_{ijk} = 0 ⇔ Ψ_{ijk}Ψ_{ijk} =^2_{n−3} Ψ_iΨ_i.

In four dimensions, Ψ̃_{ijk} vanishes identically, so that I≡I(b) and I(a)≡II. In five dimensions, Ψ̃_{ijk} can be reduced by duality to a symmetric traceless matrix [14, 15].

Type II(D) Zero b.w. components are specified by Φ^A_{ij} and Φ_{ijkl}. When n > 4 the latter can be decomposed like a Riemann tensor in an auxiliary (n − 2)-dimensional Riemannian space (see also table 2): Φ_{ijkl} = Φ̃_{ijkl} − 4 n − 4 ( δ_{i[k}Φ^S_{l]j} − δ_{j[k}Φ^S_{l]i} ) + 4 (n − 3)(n − 4)

Φδ_{i[k}δ_{l]j}, Φ̃_{ijkj} = 0 (n > 4). (2.25)

In turn one can decompose Φ^S_{ij} = Φ n − 2 δ_{ij} + Φ̃^S_{ij} , Φ̃^S_{ii} = 0. (2.26)

Therefore, the following subtypes appear:

(a) II(a): Φ = 0,

(b) II(b): Φ̃^S_{ij} = 0,

(c) II(c): Φ̃_{ijkl} = 0,

(d) II(d): Φ^A_{ij} = 0.

These subtypes can also combine if two or three of the above conditions hold simultaneously – some of such possible combinations are given in table 4. The same subtypes apply to type D with a similar notation. In four dimensions, Φ^A_{ij} is fully specified by Φ^A_{23}, and Φ_{ijkl} reduces to the only non-trivial component Φ_{2323} = −Φ, so that II≡II(bc) and II(ad)≡III. In five dimensions, Φ̃_{ijkl} vanishes identically, so that II≡II(c), and II(abd)≡III; moreover, by duality, Φ^A_{ij} can be reduced to a vector [15]. In six dimensions, Φ̃_{ijkl} and Φ^A_{ij} can be further decomposed into their (anti-)self-dual parts [14].

Type III The subclassification of type III is fully analogous to that of type I, with Ψ^′_{ijk} replacing Ψ_{ijk}, i.e.

(a) III(a): Ψ^′_i = 0 ⇔ Ψ^′_{iji} = 0

(b) III(b): Ψ̃^′_{ijk} = 0 ⇔ Ψ^′_{ijk}Ψ^′_{ijk} =^2_{n−3} Ψ^′_iΨ^′_i.

Obviously, in four dimensions, III≡III(b) and III(a)≡N. In five dimensions, Ψ̃^′_{ijk} can be reduced to a symmetric traceless matrix [14, 15].

Type G and N Type G and N spacetimes are characterized by b.w. ±2 components, respectively, which are represented by a symmetric traceless matrix Ω_{ij}/Ω^′_{ij} . These types can thus be further classified in any dimension according to, e.g., the Segre characteristic (or/and spin types, see above) of such matrices. See [14,15] for discussions in four and five dimensions.

2.4 Bel-Debever criteria for the Weyl tensor The Weyl types are defined above in terms of the multiplicity of one (or two) WANDs, i.e. by the vanishing of certain Weyl components in a null frame. However, by proposition 2.1, the multiplicity of a WAND does not depend on the chosen frame. Indeed, there exist manifestly frame-independent criteria that uniquely determine the multiplicity of a given null direction. These are either based on the Weyl tensor itself (the Bel-Debever criteria, this section), or on a superenergy tensor (built as a “square” of the Weyl tensor, see the next section). The Bel-Debever criteria represent a set of polynomial conditions for an unknown null vector ℓ to be a WAND of a given multiplicity. At present, solving these polynomial equations (or prove the non-existence of a solution) seems to be the simplest way how to determine the algebraic type of a given metric.

For a null vector ℓ, the following equivalence holds in arbitrary dimension [1, 12]: ℓ is a WAND (type I) ⇔ ℓ_{[e}C_{a]bc[d}ℓ_{f]}ℓ^bℓ^c = 0, (2.27) ℓ is a WAND of multiplicity ≥ 2 (type II) ⇔ ℓ_{[e}C_{a]b[cd}ℓ_{f]}ℓ^b = 0, (2.28) ℓ is a WAND of multiplicity ≥ 3 (type III) ⇔ ℓ_{[e}C_{ab][cd}ℓ_{f]} = 0 = C_{abc[d}ℓ_{e]}ℓ^c, (2.29) ℓ is a WAND of multiplicity 4 (type N) ⇔ C_{ab[cd}ℓ_{e]} = 0, (2.30) where it is understood that each type is a special subcase of the preceding types (i.e. each of the conditions on the r.h.s. implies the preceding conditions).

Similar conditions for several of the subtypes of section 2.3 also take a simple form and are summarized in table 4. Note that (2.27) [1] coincides with the standard Bel-Debever condition for type I in four dimensions, while relations (2.28)–(2.30) [12] are distinct from their four-dimensional counterparts [26–29] (see also, e.g., [4,23]). However, they become in fact equivalent when n = 4. This is due to the fact that various distinct Weyl subtypes are equivalent in the special case n = 4 (see section 2.3) and thus are the corresponding Bel-Debever criteria [12].

2.5 WANDs as principal null directions of the superenergy tensor In higher dimensions, a superenergy tensor can be defined as [13, 30] T_{abcd} = C_{aecf} C_b^e_d^f + C_{aedf} C_b^e_c^f −^1_2 g_{ab}C_{efcg}C^{ef}_d^g −^1_2 g_{cd}C_{aefg}C_b^{efg} +^1_8 g_{ab}g_{cd}C_{efgh}C^{efgh}, (2.31) with symmetries T_{abcd} = T_{(ab)(cd)} = T_{(cd)(ab)}. (2.32) In four and five dimensions, the superenergy tensor is completely symmetric [30]. In four dimensions, it is moreover traceless, and it reduces [30, 31] to the well-known Bel-Robinson tensor [27, 32] T_{abcd} = C_{aecf} C_b^e_d^f −^1_8 g_{ab}g_{cd}C_{efgh}C^{efgh} (n = 4). (2.33) Necessary and sufficient polynomial conditions for WANDs of a given multiplicity can be also elegantly expressed in terms of the superenergy tensor [13] ℓ is a WAND ⇔ T_{abcd}ℓ^aℓ^bℓ^cℓ^d = 0, (2.34) ℓ is a WAND of multiplicity ≥ 2 ⇔ T_{abcd}ℓ^bℓ^cℓ^d = 0, (2.35) ℓ is a WAND of multiplicity ≥ 3 ⇔ T_{abcd}ℓ^cℓ^d = 0, (2.36) ℓ is a WAND of multiplicity 4 ⇔ T_{abcd}ℓ^d = 0. (2.37) These conditions are equivalent to the Bel-Debever conditions of section 2.4 [13]. Applications of similar ideas to arbitrary tensors are also discussed in [13].

2.6 Bivector operator approach and further refinements of the classification In four dimensions, the Petrov classification of the Weyl tensor admits various formulations that, while describing properties of different geometric objects (bivectors, null directions, spinors), are in fact equivalent (see, e.g., [4, 23, 33] for reviews and references). It is thus natural to investigate whether such alternative methods also extend to higher dimensions, and whether they are still equivalent to the null alignment scheme. Two such approaches have been already summarized above in sections 2.4 and 2.5. Here, we discuss the bivector operator approach, originally proposed by Petrov himself [3] and recently studied in higher dimensions in [14,15].^6 As it

6Petrov already observed that the bivector method (in particular, a classification based on the Segre characteristic of a curvature operator acting on bivector space) was well applicable in any dimensions and with an arbitrary signature. But, as he noticed “the number of possible types . . . increases rapidly with n and depends on the possible signatures” [3], he then naturally developed his scheme in full detail only in the n = 4 case with Lorentzian signature.

Type Bel-Debever superenergy +2 +1 0 -1 I ℓ_{[e}C_{a]bc[d}ℓ_{f]}ℓ^bℓ^c = 0 T_{abcd}ℓ^aℓ^bℓ^cℓ^d = 0 Ω_{ij} I(a) ℓ_{[e}C_{a]bcd}ℓ^bℓ^c = 0 Ω_{ij} Ψ_i I(b) Ω_{ij} Ψ̃_{ijk} II ℓ_{[e}C_{a]b[cd}ℓ_{f]}ℓ^b = 0 T_{abcd}ℓ^aℓ^bℓ^c = 0 Ω_{ij} Ψ_{ijk} (Ψ_i) II(a) ℓ_{[e}C_{a]b[cd}ℓ_{f]}ℓ^b = 0 Ω_{ij} Ψ_{ijk} (Ψ_i) Φ C_{abcd}ℓ^bℓ^c = 0 II(b) Ω_{ij} Ψ_{ijk} (Ψ_i) Φ̃^S_{ij} II(c) Ω_{ij} Ψ_{ijk} (Ψ_i) Φ̃_{ijkl} II(d) C_{ab[cd}ℓ_{e]}ℓ^b = 0 Ω_{ij} Ψ_{ijk} (Ψ_i) Φ^A_{ij} II(abc) ℓ_{[e}C_{ab][cd}ℓ_{f]} = 0 Ω_{ij} Ψ_{ijk} (Ψ_i) Φ_{ijkl} (Φ, Φ^S_{ij}) II(abd) C_{abc[d}ℓ_{e]}ℓ^c = 0 T_{abcd}ℓ^aℓ^b = 0 Ω_{ij} Ψ_{ijk} (Ψ_i) Φ_{ij} (Φ, Φ^A_{ij}) II’(abd) C_{abcd}ℓ^d = 0 Ω_{ij} Ψ_{ijk} (Ψ_i) Φ_{ij} Ψ^′_i (Φ, Φ^A_{ij}) III ℓ_{[e}C_{ab][cd}ℓ_{f]} = 0 T_{abcd}ℓ^aℓ^c = 0 Ω_{ij} Ψ_{ijk} (Ψ_i) Φ_{ijkl}, Φ^A_{ij} C_{abc[d}ℓ_{e]}ℓ^c = 0 (Φ, Φ^S_{ij}) III(a) ℓ_{[e}C_{ab][cd}ℓ_{f]} = 0 Ω_{ij} Ψ_{ijk} (Ψ_i) Φ_{ijkl}, Φ^A_{ij} Ψ^′_i C_{abcd}ℓ^d = 0 (Φ, Φ^S_{ij}) III(b) Ω_{ij} Ψ_{ijk} (Ψ_i) Φ_{ijkl}, Φ^A_{ij} Ψ̃^′_{ijk} (Φ, Φ^S_{ij}) N C_{ab[cd}ℓ_{e]} = 0 T_{abcd}ℓ^a = 0 Ω_{ij} Ψ_{ijk} (Ψ_i) Φ_{ijkl}, Φ^A_{ij} Ψ^′_{ijk} (Φ, Φ^S_{ij}) (Ψ^′_i)

Table 4: Equivalent criteria for various algebraic types of the Weyl tensor. Note that Bel-Debever criteria or conditions involving the superenergy tensor have not been worked out for all subcases. The last four columns list vanishing Weyl components for a given (sub)type ordered by boost weight (components vanishing due to the identities given in table 2 are in parentheses). A useful “mixed” subtype of type II, namely II’(abd) (for which also some b.w. −1 components vanish), has also been defined (see also section 8.4.5). The same conditions can be also used for the secondary classification (e.g., the condition for type II applied to a second mWAND n in type D spacetimes). Recall (section 2.3) that in four dimensions the following equivalences hold: I(a)=II=II(b)=II(c), II(abc)=II(a), II(abd)=III and II’(abd)=III(a)=N [12].

turns out, and in sharp contrast with the n = 4 case, this method is inequivalent to the null alignment classification when n > 4. Since the latter is rather coarse, developing the algebraic classification of the Weyl bivector operator will thus also lead to a more refined scheme. A further refinement can be obtained by intersecting this with the spin types described in 2.3.

Given a spacetime point p ∈ M, let ∧^2T_pM be the N ≡ n(n − 1)/2-dimensional real vector space of contravariant bivectors (antisymmetric two-tensor F^{ab} = F^{[ab]}) at p. By the first equation of (2.22), the map C : F^{ab} → C^{ab}_{cd}F^{cd} = F^{cd}C_{cd}^{ab} (2.38) determines a linear operator on ∧^2T_pM, which we shall refer to as the Weyl operator. In a given basis of ∧^2T_pM, C can be represented by an N × N matrix. One can thus study invariant properties of C in order to classify the possible algebraic structures of the corresponding Weyl tensor. As originally suggested by Petrov [3], one can in particular characterize the Weyl operator in terms of its elementary divisors and the corresponding Segre type.

It is well known that in four dimensions the Petrov (i.e. Segre type) classification of the Weyl operator is fully equivalent to the null alignment type classification: type I corresponds to [111, 111], type D to [(11)1, (11)1], type II to [21, 21], type N to [(21, 21)] and type III to [(3, 3)] [3,4,23]. However, this appears to be a “miracle” of the n = 4 case only, and in higher dimensions, a particular alignment type can allow for different Segre types, and vice versa. For example, in five dimensions, the type N includes two different Segre types, namely [(2221111)] and [(22111111)] [15] (the former, in turn, consists of two different spin types). Furthermore, in higher dimensions, a type II Weyl operator can be nilpotent [15] (in contrast to the 4D case): as a consequence, for instance, a nilpotent type D operator and a (certain) type III operator may have the same Segre type [15]. It is clear that the two classification schemes are thus in general independent.

This new feature of higher dimensions can in fact be exploited to arrive at a refinement of the null alignment classification: by intersecting the Weyl types with the Segre types, one can define a number of subtypes and, thus, discriminate between spacetimes which would be undistinguishable by considering only one of the two classification schemes. The examples mentioned above already demonstrate this. Additionally, let us mention that Myers-Perry black holes and Kerr black strings are both of type D, but they possess a different eigenvalue spectrum (see appendix C of [15] for details in the 5D case).

In addition to the Segre type, one may study other properties of the Weyl operator, such as rank, kernel, image, etc. This may be useful also for practical purposes, and for algebraically special Weyl types in 5D, it has been discussed in some detail in [15] (but some of these results hold for any n). Let us just mention here, for example, that the two possible Segre types of type N Weyl operators can be also distinguished by just looking at rank(C). Furthermore, the difference between the indices of nilpotence serves as an easily testable criterion for distinguishing the alignment types III and N (this was also previously noted in [34]), with no need to find the mWAND and counting its multiplicity.

Finally, let us observe that the bivector operator approach has also proven fruitful in the study of spacetimes that can (or cannot) be characterized by their curvature invariants (see section 5 for some results and references).

2.7 Inequivalent methods for the classification of the Weyl tensor

2.7.1 Spinor approach in five dimensions

In four dimensions, Penrose presented a spinor classification of the Weyl tensor based on the multiplicity of the factors of the Weyl polynomial (which is constructed from the totally symmetric, four-index Weyl spinor) [35]. Owing to the fact that an SL(2, C ) spinor naturally defines a null direction in spacetime, it is straightforward to see that Penrose’s scheme is equivalent to the 4D null alignment (as well as to the Petrov-Segre type) classification (see also [4, 33]).

As an extension of the Petrov-Penrose classification, De Smet put forward a spinor classification of the Weyl tensor in 5D [36] (recently further investigated in [37]). In contrast to the 4D case, in 5D, the spinor classification is not equivalent to the null alignment classification considered in the present review (section 2.2). We thus only briefly summarize here a few basic facts about the spinor approach and mention some examples that demonstrate essential differences with respect to (wrt) the null alignment classification, referring the reader to the relevant references for more details.

Compared to 4D, a new feature of the 5D Weyl spinor is that, in general, the corresponding Weyl polynomial does not factorize (corresponding to the algebraically general “type 4”). When factorization takes place one has an “algebraically special” spinor (or De Smet) type. According to the possible multiplicity of the factors, there exist in principle twelve spinor types [36]. However, a careful analysis of the reality condition on the Weyl spinor reveals that only eight of those are actually permitted [37]. Explicit examples of most De Smet types are known (see [36] for a definition of the notation): vacuum black ring (“type 4” [37]); static black string (“type 22” [36]); Schwarzschild and Myers-Perry black hole (“type 22” [36, 38]); direct product of a 4D type N spacetime with a spacelike dimension (“type 1111” [37]); and direct product of a timelike dimension with an Euclidean (self-dual and conformal to a Kähler metric) 4D Einstein space (“type 11 11” [37]). In fact, the possible De Smet types of general 5D direct/warped product spacetimes have been determined [37]. See [36, 37, 39] for more examples.

The null alignment type of (some of) the above-mentioned metrics is given in table 7 so that one can compare how the two schemes work for such examples. More generally, the connection between the 5D null alignment and the De Smet scheme has been analyzed systematically in [37], and the possible De Smet type of type D, III and N Weyl tensors (in the sense of section 2.2) has been determined. It turns out, for example, that type III and D Weyl tensors may be algebraically general in the spinor classification (such an explicit example, pointed out in [40], is the direct product of a Robinson-Trautman type III vacuum spacetime with a spacelike dimension), while type N is algebraically special also in the spinor classification. Conversely, any special spinor type (except possibly for “type 31”) may correspond to null alignment type G: for instance, the “homogeneous wrapped object” is of De Smet special type 22 [36] but of null alignment type G [24]. It is thus clear that the two classification schemes are really distinct, and neither of those is a refinement of the other one.

To our knowledge, in dimension higher that five, a spinor classification of the Weyl tensor has not yet been developed.

2.7.2 Optical structure approach

The notion of a 4D null geodesic congruence with vanishing shear admits various higher dimensional generalizations, see, e.g., [41,42] (and [11] for a recent overview). Consequently, it is conceivable that an extension of the Goldberg-Sachs theorem to higher dimensions might admit various, inequivalent formulations. One possible such extension was studied in [43, 44] (a different one is discussed in section 4). A definition of “algebraically special” spacetimes was proposed which, subject to a genericity assumption on the Weyl tensor (along with assumptions on the Ricci tensor allowing for Einstein spacetimes), implies the existence of an “optical structure” (see [43, 44] for a definition). In four dimensions, this reduces to the standard type II condition (and an optical structure indeed defines a geodesic shearfree null congruence in 4D). However, in five and higher dimensions, the “algebraically special” condition of [43, 44] is more restrictive than the condition defined in section 2.2 (definition 2.8) since, in addition to the vanishing of positive b.w. components, it also constraints certain b.w. 0 and −1 components (see [10] for details in five dimensions). Counterexamples are known [43,44] showing that such “algebraically special” condition is not necessary for the existence of an optical structure. As shown in [10,11] (see proposition 4.7 of the present paper), in 5D, this “algebraically special” condition can in fact be relaxed to the type II (or more special) condition defined in section 2.2 (which is also not a necessary condition for the existence of an optical structure [10]). By contrast, in more than five dimensions, this is likely not to be the case.

2.8 Interpretation of different boost-weight components of the Weyl tensor using the equation of geodetic deviation

Recently, the equation of geodetic deviation

D^2Z^a d τ^2

= R^a_{bcd} u^bu^cZ^d, (2.39)

which describes the relative acceleration of close free test particles (with no charge and no spin, and “small” relative velocities), has been used for interpreting different b.w. components of the Weyl tensor in higher dimensions [45] (thus extending the classical works [46–48] for n = 4). Here, u = u^a∂_a, with u^a = d^{xa}d_τ , is the velocity of the reference particle moving along a timelike geodesic x^a(τ), with τ being its proper time. The separation vector Z = Z^a∂_a connects the reference particle with another test particle moving along a nearby timelike geodesic.

In a frame with one timelike vector E_{[0]} = u and (n − 1) spacelike vectors E_{[I]}, d^{2Z[0]}d_{τ 2} = 0, and by choosing initial conditions, one can set Z^{[0]} = 0. Introducing a frame (2.1) by ℓ = 1 √ 2 (u + E_{[1]}) , n = 1 √ 2 (−u + E_{[1]}) , m_{(i)} = E_{[i]}, (2.40)

and decomposing the Riemann tensor in terms of the Ricci and Weyl tensors (and using Einstein’s equations to express the Ricci tensor in terms of the energy-momentum tensor T_{ab}), eq. (2.39) becomes

Z̈^{[1]} = 2Λ (n − 1)(n − 2)

Z^{[1]} − Φ Z^{[1]} − 1 √ 2 ( Ψ_j + Ψ^′_j) Z^{[j]} + 8π n − 2 [ T_{[1][1]} Z^{[1]} + T_{[1][j]} Z^{[j]} − ( T_{[0][0]} + 2 n − 1 T ) Z^{[1]} ] , (2.41)

Z̈^{[i]} = 2Λ (n − 1)(n − 2)

Z^{[i]} + Φ^S_{ij} Z^{[j]} − 1 √ 2 ( Ψ_i + Ψ^′_i) Z^{[1]} − 1 2 ( Ω_{ij} + Ω^′_{ij}) Z^{[j]} + 8π n − 2 [ T_{[i][1]} Z^{[1]} + T_{[i][j]} Z^{[j]} − ( T_{[0][0]} + 2 n − 1 T ) Z^{[i]} ] . (2.42)

One can observe that, similarly as in 4D, the influence of cosmological constant Λ is isotropic, the effect of Ω^′_{ij} [Ω_{ij} ] is transverse and corresponds to a transverse gravitational wave propagating in the +E_{[1]} [−E_{[1]}] direction, the components Ψ^′_i [Ψ_i] cause longitudinal deformations, and Φ and Φ^S_{ij} lead to “Newton-Coulomb”- like tidal deformations. Effects of T_{ab} obviously depend on the specific matter content. Note that, in the approximations under which (2.39) applies, only (some of) the electric components [19, 30, 49] of the Riemann tensor appear, and magnetic effects are thus not detectable at this level. See [45] for references going beyond this approximation.

3 Newman-Penrose and Geroch-Held-Penrose formalisms

In four dimensions, Newman-Penrose (NP) and Geroch-Held-Penrose (GHP) formalisms are very useful computational tools, especially when studying spacetimes with a given Petrov type or admitting a null congruence with special geometric properties. These have been extended to higher dimensions in [34, 50, 51]^7 and [7], respectively, and have been already proven fruitful in several studies. In addition to the applications reviewed in the present paper, let us mention that the GHP formalism has also been useful in the study of perturbations of near-horizon geometries [16–18]. Let us now summarize these methods.

3.1 Ricci rotation coefficients, optical matrix and optical constraint

3.1.1 Ricci rotation coefficients and optical matrix

We denote the covariant derivatives of the frame vectors as

L_{ab} = ∇_bℓ_a, N_{ab} = ∇_bn_a,^iM_{ab} = ∇_bm_{(i)a}. (3.1)

The projections onto the basis are the Ricci rotation coefficients L_{âb̂}, N_{âb̂},^iM_{âb̂}. Orthogonality properties of the basis (2.2) imply

N_{0â} + L_{1â} = 0,^iM_{0â} + L_{iâ} = 0,^iM_{1â} + N_{iâ} = 0,^iM_{jâ} +^jM_{iâ} = 0, (3.2)

L_{0â} = N_{1â} =^iM_{iâ} = 0. (3.3)

7Note a minor correction to the paper [51]: the missing term^R_{(n−1)(n−2)} δ_{i[k}δ_{l]j} should be added on the r.h.s. of eq. (11p).

The transformation properties of the Ricci rotation coefficients under Lorentz transformations of the basis vectors are given in [51].

The vector field ℓ is tangent to a null geodesic congruence if, and only if,

κ_i ≡ L_{i0} ≡ L_{ab}m^{(i)a}ℓ^b = 0. (3.4)

In such case, one can always choose an affine parameterization with L_{10} = 0. Moreover, one can pick up a frame parallelly transported along ℓ, i.e. such that^iM_{j0} = 0 = N_{i0} [51]. If det ρ ≠ 0 (see definition (3.5)), one can further set τ_i ≡ L_{i1} = 0 by an appropriate choice of the frame [7].

In the space of the spacelike frame vectors, the optical matrix ρ is defined as ρ_{ij} ≡ L_{ij} ≡ L_{ab}m^{(i)a}m^{(j)b}. (3.5) It is convenient to decompose ρ into its trace θ (“expansion”), trace-free symmetric part σ_{ij} and antisymmetric part A_{ij} ρ_{ij} = σ_{ij} + θδ_{ij} + A_{ij} , σ_{ij} ≡ ρ_{(ij)} −^1_{n−2} ρ_{kk}δ_{ij} , θ ≡^1_{n−2} ρ_{kk}, A_{ij} ≡ ρ_{[ij]}. (3.6) Shear and twist of ℓ are then given by the traces σ^2 ≡ σ^2_{ii} = σ_{ij} σ_{ji} and ω^2 ≡ −A^2_{ii} = −A_{ij} A_{ji}. For an affinely parametrized ℓ, the optical scalars can be expressed in terms of ℓ as

σ^2 = ℓ_{(a;b)}ℓ^{(a;b)} −^1_{n−2} ( ℓ^a_{;a} )_2 , θ =^1_{n−2} ℓ^a_{;a}, ω^2 = ℓ_{[a;b]}ℓ^{a;b}. (3.7)

Let us also introduce covariant derivatives along the frame vectors by D ≡ ℓ^a∇_a, △ ≡ n^a∇_a, δ_i ≡ m^a_{(i)}∇_a. (3.8) Their commutators can be found in eqs. (21)–(24) of [34].

3.1.2 Sachs equation Contractions of the Ricci identity v_{a;bc} − v_{a;cb} = R_{sabc}v^s with various combinations of the frame vectors (2.1) lead to the full set of Ricci identities (or “NP equations”) given in [51]. Among these, the Sachs equation turns out to be particularly useful as it determines how ρ “propagates” along ℓ. For a geodesic, affinely parametrized ℓ and using a frame parallelly transported along ℓ, it reads simply [50, 51] Dρ_{ij} = −ρ_{ik}ρ_{kj} − Ω_{ij} − 1 n − 2 R_{00}δ_{ij} . (3.9)

This can be decomposed into its irreducible parts as [51] (see also [52] for previous related results) Dσ_{ij} = − ( σ^2_{ij} −^1_{n−2} σ^2δ_{ij} ) − ( A^2_{ij} + 1 n − 2 ω^2δ_{ij} ) − 2θσ_{ij} − Ω_{ij}, (3.10) Dθ = − 1 n − 2 σ^2 − θ^2 +^1_{n−2} ω^2 −^1_{n−2} R_{00}, (3.11) DA_{ij} = −2θA_{ij} − 2σ_{k[j}A_{i]k}. (3.12) 3.1.3 Optical constraint When the Riemann type is I (wrt ℓ), the curvature tensor does not enter (3.9). Under this assumption, this equation has been integrated in various special cases in order to determine the dependence of ρ on an affine parameter r along ℓ in [53]; see also [51, 54–57]. Certain important consequences will be discussed in an appropriate context in the following. It is however worth mentioning already here the case in which ρ obeys the so-called optical constraint (OC) [56] (see [10, 11] for recent discussions), i.e.

ρ_{ik}ρ_{jk} ∝ ρ_{(ij)}. (3.13)

This implies [ρ, ρ^T ] = 0 so that ρ is a normal matrix; by using spins, it can be put into a block-diagonal form

ρ = αdiag ( 1, . . . 1, 1 1 + α^2b^2_1 [ 1 −αb_1 αb_1 1 ] , . . . , 1 1 + α^2b^2_ν [ 1 −αb_ν αb_ν 1 ] , 0, . . . , 0 ) . (3.14)

This condition appears to be of interest in the study of algebraically special Einstein spacetimes and will occur several times in the following sections. In particular, it is satisfied by the Kerr-Schild vector of all (generalized) Kerr-Schild spacetimes [56,58] (section 8.1), by non-degenerate geodesic double WANDs in asymptotically flat type II vacuum spacetimes [57] (section 6.2), by the mWAND of type III/N [50] (section 4.2.3) and (in five dimensions) genuine type II [10, 59] Einstein spacetimes (see sections 4.2.3 and 4.2.1, which also includes a discussion of type D). In 4D, this is a necessary condition for mWANDs [10], but it is not so in higher dimensions, in general [10,11]. See [10,53,56] for further discussions. Let us emphasize that we will not assume (3.13) in what follows.

3.2 GHP scalars By studying the transformation properties of L_{âb̂} and N_{âb̂} under spins (2.6) and boosts (2.7) [51] we observe that, with the exception of L_{1â} and^iM_{jâ}, the Ricci rotation coefficients are GHP scalars,^8 as defined in [7] by

Definition 3.1. A quantity q is a GHP scalar of spin s and b.w. b if, and only if, it transforms as T_{i1...is} → X_{i1j1} ...X_{is js} T_{j1...js} , (3.15) under spins X ∈ SO(d − 2), and as T_{i1...is} → λ^bT_{i1...is} , (3.16) under boosts.

GHP scalars appearing in the NP and GHP formalisms, their b.w. b and spin s and their geometric interpretation are summarized in table 5 [7].

If q is a GHP scalar, then Dq, Δq and δ_iq are not. However, one can define new GHP differential operators, which are covariant, as follows [7]:

Definition 3.2. For a GHP scalar T_{i1i2...is} of b.w. b and spin s, the GHP derivative operators �, �^′, ð_i are defined as �T_{i1i2...is} ≡ DT_{i1i2...is} − bL_{10}T_{i1i2...is} + s∑ r=1 k M i_r 0Ti_1...i_{r−1}ki_{r+1}...i_s , (3.17)

�^′T_{i1i2...is} ≡ ΔT_{i1i2...is} − bL_{11}T_{i1i2...is} + s∑ r=1 k M i_r 1Ti_1...i_{r−1}ki_{r+1}...i_s , (3.18)

ð_iT_{j1j2...js} ≡ δ_iT_{j1j2...js} − bL_{1i}T_{j1j2...js} + s∑ r=1 k M j_riTj_1...j_{r−1}kj_{r+1}...j_s . (3.19) 8Note that GHP scalars are scalars under coordinate transformation, but not under frame transformations.

NP GHP b s Interpretation L_{ij} ρ_{ij} 1 2 expansion, shear and twist of ℓ L_{ii} ρ = ρ_{ii} 1 0 expansion of ℓ L_{i0} κ_i 2 1 non-geodesity of ℓ L_{i1} τ_i 0 1 transport of ℓ along n N_{ij} ρ^′_{ij} −1 2 expansion, shear and twist of n N_{ii} ρ^′ = ρ^′_{ii} −1 0 expansion of n N_{i1} κ^′_i −2 1 non-geodesity of n N_{i0} τ^′_i 0 1 transport of n along ℓ

Table 5: List of those Ricci rotation coefficients L_{âb̂} and N_{âb̂} (defined in (3.1)) which are also GHP scalars. The first column gives the coefficients in the NP notation, the second column the corresponding GHP quantities. Columns b and s, give, respectively, the boost weight and spin of each quantity.

As pointed out in [7], �, �^′ and ð_i obey the Leibniz rule and annihilate δ_{ij} . Note that for a GHP scalar T_{i1i2...is} of b.w. b and spin s, �T_{i1i2...is} , �^′T_{i1i2...is} and ð_jT_{i1i2...is} are GHP scalars, with boost weights (b + 1, b − 1, b) and spins (s,s,s + 1), respectively. Note also that the derivative operators � and D coincide if ℓ is geodesic and affinely parametrized and a parallelly transported frame is employed.

For the Weyl components, we will follow the notation of [7], summarized in table 2 (see [7] for the Ricci components).

Contractions of the Bianchi identity R_{ab[cd;e]} = 0 with various combinations of the frame vectors (2.1) lead to the full set of Bianchi identities. They were first given in [50] and rewritten and simplified in GHP notation in [7] (where some redundancy in the equations of [50] was also removed^9). The Ricci identities and the commutators have also been rewritten in GHP notation in [7].

4 Extensions of the Goldberg-Sachs theorem

In four-dimensional general relativity, the Goldberg-Sachs (GS) theorem [60] (see also [61]) has played an important role in the study of solutions of the Einstein equation with an algebraically special Weyl tensor. It is, in particular, the first step in exploiting the algebraically special property to solve the Einstein equation – this is how the Kerr metric was discovered [62], for example. In this section we shall restrict to the case of Einstein (including Ricci-flat) spacetimes. If matter fields are not considered (but see, e.g., [4, 33, 63] and references therein for generalizations), the 4D GS theorem can be stated as follows: in a non-conformally flat Einstein spacetime, a null vector field is a multiple PND if, and only if, it is geodesic and shearfree (i.e. κ = 0 = σ). It thus provides one with a fundamental connection between geometric optics of a null congruence and the algebraic structure of the Weyl tensor.

It is therefore natural to investigate whether a similar connection holds also in the case of higher dimensional Einstein spacetimes, with the notion of PND replaced by that of WAND (see section 2.2). However, it became clear already from the pioneering work of Myers and Perry [64] (see also [65]) that higher dimensional spinning black holes possess mWANDs with non-zero shear (although still geodesic), as opposed to the PNDs of the Kerr spacetime. More recent work has shown that in fact this behaviour is generic when n > 4, algebraically special shearfree solutions being a very special subset of all algebraically special spacetimes. For instance, the mWAND is shearing in the case of direct products of an expanding algebraically special 4D solution with some flat direction (such as Schwarzschild or Kerr black strings/branes) [66]^{10} and for expanding type III/N Einstein

9L. Wylleman has observed that some further redundancy can still be removed (private communication). 10Let us here correct some typos and minor mistakes in [66]: there should be m = n − 2 instead of n = m − 2 in the last sentence

spacetimes [50], and all geodesic twisting WANDs are shearing in odd dimensions [51]. Furthermore, it was observed in [66, 67] that the higher dimensional Bianchi identities applied to type II spacetimes do not require the corresponding mWAND to be geodesic (as opposed to the 4D case), unless a “genericity” assumption on the Weyl tensor is made. While the first example of non-geodesic mWANDs was given in [66] in any n ≥ 7 (see also [68]), a number of solutions with the same property have been subsequently constructed using product geometries [24, 67], also for n = 5, 6.

The above examples clearly demonstrate that the GS theorem does not extend in an obvious way to higher dimensions. A question thus arises as to whether an n > 4 extension of the GS theorem exists at all, and if so, whether such an extension is unique, and what formulation(s) it admits. The most desirable form of a higher dimensional generalization of the GS theorem would be a statement of necessary and sufficient algebraic conditions on certain Ricci rotation coefficients (such as κ, ρ) for a null vector field ℓ to be a multiple WAND. Moreover, this statement should reduce (at least in some sense) to the standard GS theorem when n = 4.

However, recent work seems to indicate that there are no conditions which are both “necessary and sufficient” when n > 4. Moreover, it turns out that in higher dimensions it is much more convenient to treat the “geodesic part” and the “shearfree part” of the “would-be-GS theorem” separately. The results obtained so far are summarized below.

4.1 Geodesic part

Preliminary results were obtained in [50, 66, 67] but the complete formulation of the geodesic part has been proven in [9]. The main result is the following proposition.

Proposition 4.1 (Geodesic part of the HD GS theorem [9]). An n > 4 Einstein spacetime admits a multiple WAND if, and only if, it admits a geodesic multiple WAND.

Thanks to this result, there is no loss of generality in restricting attention to geodesic multiple WANDs. To arrive at this result, the authors of [9] proved an intermediate result which is of interest in its own right, since it characterizes spacetimes that admits a non-geodesic mWAND, namely

Proposition 4.2 (Spacetimes with a non-geodesic mWAND [9]). An n > 4 Einstein spacetime that admits a non-geodesic multiple WAND is foliated by totally umbilic, constant curvature, Lorentzian submanifolds of dimension 3 or greater and any null vector field tangent to the leaves of the foliation is a multiple WAND.

By combining propositions 4.1 and 4.2, it immediately follows that a spacetime admitting a non-geodesic mWAND is necessarily of type D,^{11} and possesses a continuous infinity of mWANDs (this infinity being ∞^1 or greater – cf. also footnote 4).

The result of [9] is in fact stronger in the special case n = 5:

Proposition 4.3 (Geodesic part of the HD GS theorem for n = 5 [9]). A five-dimensional non-conformally flat Einstein spacetime admits a non-geodesic multiple WAND if, and only if, it is locally isometric to one of the following:

(i) a direct product dS_3×S^2 or AdS_3×H^2,

(ii) a spacetime with metric

ds^2 = f(r)dz^2 + f(r)^{−1}dr^2 + r^2Ω^2(−dt^2 + dx^2 + dy^2), (4.1)

with f(r) = k − μr^{−2} − λr^2, Ω^{−1} = 1 + k 4 (−t^2 + x^2 + y^2), (4.2)

of section 2; in the third line of section 6, m should be replaced by n; as pointed out in [67] there is a missing term +^1_3 Φ^A_{ij} L on the l.h.s. of eq. (44); in point (2) after proposition 10 the conditions on Φ^S_{ij} /Φ^A_{ij} should be replaced by Φ24 = 0 = Φ34 = Φ44; there should be “A34 is arbitrary” instead of A23 in case (c) after proposition 11. Finally, the expression for C_{ÎĴK̂L̂} in (14) of [66] is valid also for n1 = 2.

11More specifically, the type is D and purely electric (cf. the definition in section 8.2); see [25] and Remark 3.15 of [19].

where μ ≠ 0, k ∈ {1, 0, −1}, λ is (proportional to) the cosmological constant, and the coordinate r takes values so that f(r) > 0.

4.2 Shearfree part

As seen above, the standard shearfree condition σ = 0 (⇔ ρ_{(ij)} ∝ δ_{ij} , cf. (3.6)) is by far too restrictive when n > 4 [50, 51, 54, 64, 65]. On the other hand, various geometric conditions can be considered which are different from σ = 0 for a generic n, but which all reduce to σ = 0 if one makes the special choice n = 4 [11, 41–44, 56, 69–72]. Dealing with the shearfree part of the GS theorem is thus more delicate since one should first find what a proper formulation of a “generalized shearfree condition” is.

There appear to be conditions on ρ that are sufficient for ℓ to be a multiple WAND, namely ρ = 0 or ρ_{ij} ∝ δ_{ij} [51, 54], which are however clearly non-necessary. On the other hand, certain necessary conditions on ρ follow from the multiple WAND condition. Here we will summarize the latter results. However, explicit examples [10,11] imply that (at least some of) these necessary conditions on ρ are not sufficient for the spacetime to be algebraically special.

4.2.1 Results in five dimensions

Let us first discuss the n = 5 case, for which we have a clear-cut result. In [10], the following proposition is proved.

Proposition 4.4 (Shearfree part of the HD GS theorem for n = 5 [10]). In a five-dimensional algebraically special Einstein spacetime that is not conformally flat, there exists a geodesic multiple WAND ℓ and one can choose the orthonormal basis vectors m^{(i)} so that the optical matrix of ℓ takes one of the forms i) ρ = b 1 a 0 −a 1 0 0 0 1 + a^2

, (4.3)

ii) ρ = b 1 a 0 −a 1 0 0 0 0

, (4.4)

iii) ρ = b 1 a 0 −a −a^2 0 0 0 0

, (4.5)

where a, b are functions that may vary in spacetime. If the spacetime is type III or type N, then the form must be ii) [50].

Kundt spacetimes (ρ = 0) are the only spacetimes belonging to more than one of the above classes (in the trivial case b = 0). For b ≠ 0, ρ is of rank 3, 2, 1 in case i), ii), iii), respectively. Only in case iii) with a ≠ 0 ≠ b does ℓ violate the optical constraint (3.13). Recently, it has been proven that case iii) with b ≠ 0 cannot occur for genuine type II spacetimes [59] (see also [73]), so that in five dimensions the mWAND of a genuine type II Einstein spacetime always obeys the optical constraint. Furthermore, all type D (and thus all) solutions are known in case iii) with a ≠ 0 ≠ b, since one has the following further result:

Proposition 4.5 (n = 5 type D violating the OC [10]). A five-dimensional type D Einstein spacetime admits a geodesic multiple WAND violating the optical constraint (i.e. case iii) of proposition 4.4 with a ≠ 0 ≠ b) if, and only if, it admits a non-geodesic multiple WAND (and is thus comprised of the spacetimes of proposition 4.3).

And thus combining these results one has the following proposition.

Proposition 4.6 (OC in n = 5 [10, 59]). Any five-dimensional algebraically special Einstein spacetime admits a geodetic multiple WAND obeying the optical constraint (3.13).

In the twisting case, examples for each of the above canonical forms i), ii) and iii) are, respectively, Myers- Perry black holes (with b = √ x/(x+χ^2), a = χ/ √ x, where χ = √ α^2 cos^2 θ + β^2 sin^2 θ, α and β being rotational parameters [66]); Kerr black strings; and dS_3×S^2 (in the latter case see [10] for the form the corresponding mWAND ℓ). When the twist vanishes (a = 0) corresponding examples are, respectively, Robinson-Trautman (RT) spacetimes [54] (which in fact exhaust the case i) with a = 0); Schwarzschild black strings dS_3×S^2 (with a suitable choice of a non-twisting ℓ [10]).

In [10], an example was given of an Einstein spacetime that is not algebraically special and yet admits a geodesic null vector field with an optical matrix of the form iii) above (with a = 0), showing that the above necessary conditions on ℓ are not sufficient.

Consequences of proposition 4.4 have a geometrical meaning in terms of integrability properties of certain totally null distributions [10,11]. Combining the results of [10] with the refinements of [59] (about type II) and of [11] (about Kundt spacetimes), we arrive at sufficient conditions for the existence of an “optical structure” [43] in five-dimensional spacetimes (strengthening proposition 4.6 of [10]), namely

Proposition 4.7 (Sufficient conditions for an OS when n = 5 [10, 11, 59] ). All five-dimensional algebraically special Einstein spacetimes admit an optical structure. In the case of type D spacetimes, there exist in fact (at least) two optical structures.

Observe that the converse of proposition 4.7 does not hold. This can be seen by taking a black ring as a counterexample, since this admits a region where the Weyl type is I_i [74] while still possessing an optical structure [43].

A more detailed comparison between the results of [10] and those of [43] (where a definition of “algebraically special” is used which is different from the one of the present paper, see also sections 2.7.2 and 4.3) can be found in [10].

4.2.2 Results in n ≥ 6 dimensions for a non-twisting multiple WAND ℓ

There is a qualitative difference between n = 4, 5 and n > 5, i.e. the Weyl tensor possesses new “degrees of freedom” in the components Φ_{ijkl} in the latter case. This makes, in particular, the study of the Bianchi identities more difficult. At present, there is thus no analogue of proposition 4.4 for n > 5. Nevertheless, in the case of a non-twisting mWAND ℓ (i.e. A_{ij} = 0), several interesting conclusions have been obtained that constrain the possible form of ρ [11]:

Proposition 4.8 (Eigenvalue structure of ρ for n ≥ 6 and A_{ij} = 0). In an algebraically special Einstein spacetime of dimension n ≥ 6 that is not conformally flat, the (symmetric) optical matrix of a non-twisting multiple WAND has at least one double eigenvalue. In the following special cases, stronger conditions hold and the most general permitted forms of ρ are, respectively:

(i) if Φ^A_{ij} ≠ 0: {a, a, 0, . . . , 0} [10],

(ii) if det ρ ≠ 0, Φ_{ij} ≠ 0: {a, a, . . . , a} (Robinson-Trautman, Φ_{ij} ∝ δ_{ij} , type D(bd)) [11],

(iii) if Φ_{ij} = 0 (type II(abd)): {a, a, b, b, c_1 . . . , c_{n−6}} [11, 59],

(iv) for types N, III: {a, a, 0, . . . , 0} [50].

Note that in the above cases (i)–(iv) the matrix ρ possesses at least two double eigenvalues. This is, however, not true in general, as shown by further special cases studied in [11]. In particular, it is worth observing that explicit solutions for which all the non-zero eigenvalues of ρ are distinct and rank(ρ) > 1 have been constructed in more than five dimensions [11]. These clearly violate the OC (3.13) and are forbidden for n = 4, 5. Examples constructed in [11] demonstrate that the condition that ρ has a double eigenvalue, given in proposition 4.8, is again not sufficient for ℓ to be a mWAND (whereas the stronger condition on ρ in (ii) is [54]). Integrability properties of certain totally null distributions that follow from the results presented above have also been analyzed in [11]. In particular, the case n = 6 has been discussed in some detail there.

4.2.3 Results for type III/N in any dimensions

In the case of type N Einstein spacetimes, the five-dimensional result of proposition 4.4 (case ii) therein) extends in fact to any dimensions:

Proposition 4.9 (Shearfree part of the HD GS theorem for type N [50]). In a type N Einstein spacetime of dimension n ≥ 4, one can choose the orthonormal basis vectors m^{(i)} so that the optical matrix of the unique multiple WAND ℓ (which is geodesic) takes the form

ρ = b 1 a 0 . . . 0 −a 1 0 . . . 0 0 0 0 . . . 0 . . 0 0 0 . . . 0

. (4.6)

where a and b are functions that may vary in spacetime.

Note that rank(ρ) = 2 or 0 in any dimensions and that ρ obeys the OC. In the non-twisting case (a = 0), proposition 4.9 is contained in proposition 4.8 (case (iv)). Proposition 4.9 holds also for type III Einstein spacetimes provided any of the following conditions is satisfied: a) n = 5; b) ℓ is non-twisting; c) n > 5, ℓ is twisting but certain “genericity” assumptions on the Weyl tensor hold (see [50] for the Ricci-flat case, while a generalization to proper Einstein spacetimes is straightforward). More general results including those types II and D that possess a twisting mWAND in more than five dimensions are presently not known (except in special cases, see sections 6.2 and 8.1).

4.3 Optical structure approach

In [43, 44], a higher dimensional extension of the Goldberg-Sachs theorem different from the one discussed above is studied. Instead of looking for “canonical forms” of ρ, a generalized shearfree condition was phrased there in terms of the existence of an optical structure. We have already briefly discussed this in section 2.7.2, and we refer the reader to [43, 44] for more details (see also [10] for additional comments in five dimensions).

5 Curvature invariants and VSI/CSI spacetimes

Curvature invariants provide a coordinate-independent characterization of spacetime curvature and they are thus often used to study its invariant properties. A textbook example is the use of the Kretschmann scalar R_{abcd}R^{abcd} to distinguish between coordinate and curvature singularities in the Schwarzschild spacetime. Furthermore, in diffeomorphism-invariant theories (such as general relativity), the metric tensor (or, more generally, any tensor) takes different forms in different coordinate systems: given two metrics in different coordinates, one is faced with the equivalence problem (see, e.g., [4]), i.e. how to decide whether they represent the same geometric object or not. Since it is clearly desirable to have simple invariant (and possibly algorithmic) criteria to answer this question, one is naturally led to study spacetime invariants, and in particular scalar polynomial curvature invariants, defined as follows.

Definition 5.1 (Curvature invariants of order p). A scalar polynomial curvature invariant of order p is a scalar polynomial invariant obtained by contracting polynomials in the metric, the Riemann tensor and its covariant derivatives up to order p.

For brevity “scalar polynomial” will always be understood in what follows and we will simply talk of “curvature invariants”. Note that curvature invariants also comprise invariants constructed from the Weyl and Ricci tensors (and their derivatives).

The Riemann tensor and (a finite number of) its covariant derivatives wrt a fixed frame uniquely characterize the metric (up to isometries) [4] (see also a recent discussion in [75]). Therefore, the issue of characterizing a metric by its curvature invariants eventually amounts to the possibility of reconstructing the Riemann tensor and its covariant derivatives (hereafter just “the curvature tensors”) from the curvature invariants. Obviously, if two metrics possess different (curvature) invariants, they are not equivalent. But the converse is not true, since, in general, curvature invariants contain less information than the curvature tensors. A striking illustration of this fact is provided by the so-called VSI (vanishing scalar invariants) spacetimes (section 5.2), for which all curvature invariants of all orders are zero – in this specific sense, VSI cannot even be distinguished from flat space. In addition to VSI, a subset of the CSI (constant scalar invariants) class, for which all scalar curvature invariants of all orders are constant, also contains spacetimes which cannot be characterized by their invariants, even if these are non-zero (section 5.3). Even before considering curvature invariants to address the equivalence problem, it is therefore important to clarify in what cases this can in principle be done, i.e. to determine spacetimes characterized by their curvature invariants. Recent relevant results are summarized in section 5.4. Let us note, in passing, that apart from the equivalence problem, VSI and CSI spacetimes contain exact solutions in supergravity (see, e.g., for discussions and references, [76, 77]) and are also important in the context of so-called universal metrics [78], which are of special interest since they have vanishing quantum corrections [79–82].

5.1 Algebraic VSI theorem for general tensors

Before focusing on curvature invariants, let us first look at the polynomial invariants of an arbitrary type III tensor T . By definition 2.6, T possesses only negative b.w. components in an appropriate frame. In other words, T_{ab...c} = e^{(â)}_a e^{(b̂)}_b . . . e^{(ĉ)}_c T_{âb̂...ĉ} is a linear combination of terms e^{(â)}_a e^{(b̂)}_b . . . e^{(ĉ)}_c containing always more vectors e^{(1)}_a = ℓ_a than e^{(0)}_a = n_a. Consequently, all polynomial invariants of a type III tensor T vanish: indeed, any arbitrary full contraction of powers of T , such as T_{ab...c}T^{ab...c}, vanishes since at least one vector ℓ_a has to be contracted with either ℓ^a or m^{(i)a}. In [34], it was conjectured that the type III condition is not only a sufficient but also a necessary condition for all polynomial invariants of T to vanish (“algebraic VSI conjecture”). This conjecture has been recently proved by Hervik:

Proposition 5.1 (Algebraic VSI theorem [8]). All polynomial invariants (of order zero) of a tensor T of arbitrary rank on a Lorentzian manifold of arbitrary dimension vanish if, and only if, T is of type III or more special.

5.2 VSI spacetimes

Proposition 5.1 applies, in particular, to the curvature tensor, telling us that a spacetime is of Riemann type III/N iff all curvature invariants of order zero vanish. One can still try to construct invariants from covariant derivatives of the curvature tensor. However, there exist metrics for which all such invariants are zero, defined by Definition 5.2 (VSI spacetimes). We say that a manifold M with a metric of arbitrary signature is VSI (vanishing scalar invariants) if all curvature invariants of all orders vanish at all points of M.

The VSI condition is obviously very restrictive and the only such space in the case of a positive-definite metric is flat space (this immediately follows already from the vanishing of the Kretschmann scalar, which is a sum of non-negative quantities in Riemannian signature). However, in the Lorentzian case, the set of VSI metrics is non-trivial. Obviously, using proposition 5.1, a spacetime is VSI if, and only if, the Riemann tensor and its covariant derivatives are of type III or more special at all orders. The precise conditions under which this occurs are given by

Proposition 5.2 (VSI theorem [34]). A Lorentzian manifold of arbitrary dimension is VSI if, and only if, the following two conditions are both satisfied:

(A) The spacetime possesses a non-expanding, twistfree, shearfree, geodesic null vector field ℓ, i.e. it belongs to the Kundt class.

(B) Relative to ℓ, the Riemann tensor is of type III or more special.

(Note that requiring the curvature invariants up to order 2 to vanish is in fact equivalent to VSI, as follows from the results of [34].) The four-dimensional version of this theorem was proven in [83], and subsequently extended to any n in [34]. To be precise, in [34], it has been proven that conditions (A) and (B) imply VSI in arbitrary dimension. The part of the proof showing that the VSI property implies (A) and (B) is incomplete in [34] since it holds only under the assumption that the algebraic VSI conjecture is valid – however, the proof is now complete thanks to proposition 5.1 (proven in [8]) and footnote^{12}.

VSI spacetimes admit a special form [84] of the general Kundt metric (7.1), namely,

ds^2 = 2du [dr + H(u, r, x)du + W_α(u, r, x)dx^α] + δ_{αβ} dx^αdx^β, (5.1)

with W_α(u, r, x) = −δ_{α,2} 2ϵ x_2 r + W^{(0)}_α (u, x), (5.2) H(u, r, x) = ϵr^2 2(x^2)^2

+ rH^{(1)}(u, x) + H^{(0)}(u, x) (ϵ = 0, 1). (5.3)

Note that the transverse space is necessarily flat. The value of ϵ = 0, 1 specifies to which of the two main subclasses τ = 0 and τ ≠ 0 of the Kundt family spacetime (5.1) belongs (see section 7.1). The Riemann (and thus also the Ricci and Weyl) tensors of metric (5.1)–(5.3) are indeed of type III or more special. Various subcases of type III, N and O Ricci and Weyl tensors are studied in [84, 85] (where the vacuum equations are also given). In particular, the case ϵ = 0 = H^{(1)} represents VSI pp –waves (not all pp -waves are VSI^{13} – see also section 7.1.3).

5.3 CSI spacetimes

As an extension of the VSI family, it is also of interest to consider CSI spacetimes, defined by

Definition 5.3 (CSI spacetimes). We say that a manifold M with a metric of arbitrary signature is CSI (constant scalar invariants) if all curvature invariants of all orders are constant at all points of M.

Obviously, VSI is a proper subset of CSI. In 4D the CSI class is fully determined by

Proposition 5.3 (n = 4 CSI theorem [86]). In four dimensions with Lorentzian signature, the CSI class consists of all (locally) homogeneous spacetimes and of a (proper) subset of the degenerate Kundt metrics, i.e. the “degenerate CSI_K ” metrics.^{14}

12An additional problem already discussed in [34] is that, in order to show that type III Ricci-flat non-Kundt spacetimes always possess a non-vanishing curvature invariant, the form of ρ for a “generic” type III (as discussed in section 4.2.3) was assumed so that some special type III cases could have evaded the proof of [34]. However, this can be now circumvented by showing that, for ρ ≠ 0, the first covariant derivative of any type III Weyl tensor, for which the (unique) mWAND is geodesic (which holds in particular in the Einstein-space case, see [50]), necessarily contains non-vanishing b.w. 0 terms and therefore, by proposition 5.1, possesses a non-vanishing curvature invariant. More specifically, some b.w. 0 components of the first derivative of the Weyl tensor are as follows: (a) C_{abcd;e}n^aℓ^bn^cℓ^dm^{(i)e} ∝ ψ^′_j ρji, (b) C_{abcd;e}ℓ^am^{(i)b}n^cm^{(k)d}m^{(j)e} ∝ ρ_{ik}ψ^′_j −ρ_{lk}ψ^′_{jil}, (c) C_{abcd;e}m^{(i)a}m^{(j)b}m^{(k)c}m^{(l)d}m^{(h)e} ∝ ψ^′_{jkl}ρ_{ih} + ψ^′_{ilk}ρ_{jh} + ψ^′_{lij} ρ_{kh} + ψ^′_{kji}ρ_{lh}. For type III, the vanishing of all these b.w. 0 components implies ρ = 0. (This can be seen by multiplying (b) by ρ_{ik} and (c) by ρ_{ih}.) Thus, type III Ricci-flat spacetimes with ρ ≠ 0 admit a non-vanishing Weyl invariant of order 1 and consequently are not VSI.

13Not even in 4D, unless some conditions on the matter content are imposed.

14Note that these two subsets of CSI spacetimes are not disjoint: the Bertotti-Robinson and Nariai-like spacetimes [4] are homogeneous (and symmetric) and belong to degenerate CSIK , cf. [75, 77, 86]; similarly, the Kaigorodov spacetime [4] is also homogeneous and degenerate CSIK [77] (homogeneous pp -waves [4] are another such example, however falling into the VSI class – clearly VSI⊂CSIK ). More trivial examples are given by constant curvature spacetimes, which are both degenerate CSIK (in the dS/AdS case, and VSI in the Minkowski case) and homogeneous.

(“Degenerate Kundt metrics” are defined in arbitrary dimension in section 7.1.2, while “degenerate CSI_K” are given below in (5.4) and (5.5).) Homogeneous 4D spacetimes can be of any Weyl type [4], and thus, the Petrov type of CSI is unrestricted. However, degenerate CSI_K cannot be of Petrov type I (see the discussion below in n ≥ 4 dimensions), but all algebraically special types are permitted [86].

Now, let us discuss what is known in arbitrary dimension. Obviously, all locally homogeneous spacetimes are CSI. There exist also higher dimensional degenerate CSI_K spacetimes (some of which may be locally homogeneous). But, contrary to the case n = 4, it has not yet been proven that these two families exhaust the CSI class when n > 4 (this is due to the fact that proposition 5.4 has not been proven in higher dimensions, see [8, 20]). That is, there might in principle still exist some (non I-non-degenerate, as defined in section 5.4) CSI which are neither homogeneous nor degenerate CSI_K (necessarily of Riemann type II or more special at all orders, and with all b.w. zero components being constant [8]). Nevertheless, let us briefly describe the degenerate CSI_K class here.

In arbitrary dimensions n ≥ 4, the degenerate CSI_K metrics are of the form [86, 87]

ds^2 = 2du [dr + H(u, r, x)du + W_α(u, r, x)dx^α] + g_{αβ} (x)dx^αdx^β, (5.4)

where g_{αβ} (x) (note g_{αβ,u} = 0) is a (locally) homogeneous space, and

W_α(u, r, x) = rW^{(1)}_α (u, x) + W^{(0)}_α (u, x), H(u, r, x) = r^2 8 ( a + W^{(1)}_α W^{(1)α} ) + rH^{(1)}(u, x) + H^{(0)}(u, x). (5.5)

The index of W^{(1)α} is raised with the inverse of g_{αβ} (x) and a is a constant. Eq. (5.5) provides only necessary conditions for degenerate CSI_K: further conditions on W^{(1)}_α must also be fulfilled (in 4D see eqs. (5)–(8) of [86]). Degenerate CSI_K are of Riemann type II (or more special) at all orders, since they are a subset of the degenerate Kundt metrics (i.e. precisely those Kundt spacetimes for which the Riemann tensor and all its covariant derivatives are of type II, or more special, and are all aligned with ℓ [20, 88], see section 7.1.2). Moreover, all b.w. zero components of the curvature tensors are constant. Conversely, however, not all degenerate Kundt metrics are CSI_K , since (5.5) is more restrictive than (7.2) (take, e.g., the Melvin spacetime for an explicit counterexample). If W^{(1)}_α = a = H^{(1)} = 0 in (5.5), one is left with CSI pp -waves (a proper subset of degenerate CSI_K ). In [87] it is discussed how to construct examples of degenerate CSI_K by warping certain VSI.

Similarly as for the VSI class, also CSI spaces are more restricted for positive-definite metrics, and coincide with the class of locally homogeneous spaces [89].

5.4 Spacetime characterized by their curvature invariants

VSI are thus clear examples of spacetimes that cannot be uniquely characterized in terms of their curvature invariants (in the sense of the equivalence problem). The same is true for degenerate CSI_K (as discussed below). A natural question is thus to determine all spacetimes which have the same property. Certain important results are now summarized.

By definition [20], a metric g is said to be I-non-degenerate if there does not exist a (one-parameter) metric deformation g^′ of g that possesses the same set of curvature invariants as g (see [20] for more details – in particular, g^′ must not be diffeomorphic to g).^{15} Obviously, if a metric is not I-non-degenerate, then it cannot be uniquely determined by its curvature invariants (since other metrics will have the same curvature invariants). It is thus of interest to determine what metrics are (not) I-non-degenerate. In four dimensions, the issue is settled by

Proposition 5.4 (n = 4 I-non-degenerate spacetimes [20]). In four dimensions, the degenerate Kundt metrics are not I-non-degenerate, and they are the only metrics with this property.

15 See [20, 75] for more details on these definitions and related discussions.

This includes, in particular, all degenerate CSI_K (discussed in section 5.3). Degenerate Kundt metrics are not I-non-degenerate also in higher dimensions [88], and inequivalent degenerate Kundt metrics can thus have identical curvature invariants. However, it has not yet been proven that these are the only non-I-non-degenerate metrics when n > 4. If proposition 5.4 turns out to hold also in higher dimensions, then proposition 5.3 can also be extended to any n ≥ 4 [8].

Spacetime characterized by their curvature invariants have been recently determined in terms of the alignment type of curvature tensors [8] (see also [19] for related discussions). Let us finally note that when the signature is Riemannian all spaces are characterized by their invariants [75].

6 Asymptotic properties of the gravitational field

In this section, we mainly focus on asymptotic properties of asymptotically flat spacetimes at null infinity (see [90] for a study at spacelike infinity). This is of particular interest in the study of gravitational radiation, and in four dimensions, it is related to the algebraic classification of the Weyl tensor via the well-known peeling theorem. There are essentially two approaches towards studying asymptotic flatness at null infinity. The method based on conformal compactification can be used only in even dimensions (in odd dimensions smoothness at null infinity fails because of a half-integer power in the conformal factor [91, 92]). On the other hand, a generalization [93] of the Bondi approach can be applied in all dimensions. Combined with the GHP formalism [7], it allowed Ref. [94] to determine the peeling behaviour of the Weyl tensor for any asymptotically flat n > 4 spacetime, as described in section 6.1. In section 6.2, we focus instead on asymptotically flat spacetimes that are, additionally, vacuum and algebraically special, arriving at considerable differences between n = 4 and n > 4. Finally, in section 6.3, we briefly discuss the asymptotic behaviour of (not asymptotically flat) type N and III spacetimes.

6.1 Peeling of the Weyl tensor and gravitational radiation

In four-dimensional asymptotically flat spacetimes, the well-known “peeling” theorem

C_{âb̂ĉd̂} = r^{−1}C^{(N)}_{âb̂ĉd̂} + r^{−2}C^{(III)}_{âb̂ĉd̂} + r^{−3}C^{(II)}_{âb̂ĉd̂} + r^{−4}C^{(I)}_{âb̂ĉd̂} + O(r^{−5}) (n = 4), (6.1)

closely connects the behaviour of the Weyl tensor near null infinity with the Petrov classification – in eq. (6.1) the terms C^{(N)}_{âb̂ĉd̂}, C^{(III)}_{âb̂ĉd̂} , etc., are of Petrov type N, III, II and I, respectively, and their components are expressed in a frame parallelly propagated (p.p.) along an outgoing affinely parametrized geodesic null vector ℓ = ∂_r. In particular, the leading 1/r-term represents gravitational radiation.

This 4D result can be obtained using a definition of asymptotic flatness given either via expansions in suitable coordinates [61, 95, 96] or via a conformal compactification [97, 98]. However, as mentioned above, in higher dimensions the conformal method can be employed only in even dimensions [91, 92]. Hence, a higher dimensional generalization of Bondi coordinates [93] has been used in [94] for deriving the peeling fall-off of the Weyl tensor near null infinity of asymptotically flat spacetimes in arbitrary n > 4 dimension, as we now review.

6.1.1 Bondi coordinates

Let us first recall the setup of [93, 99] for asymptotically flat spacetimes in higher dimensions. A spacetime is said to be asymptotically flat at future null infinity if Bondi coordinates (u, r̃, x^I ) can be introduced outside some cylindrical world tube such that the line element reads

ds^2 = −Ae^B du^2 − 2e^B dudr̃ + r̃^2h_{IJ} (dx^I + C^I du)(dx^J + C^J du). (6.2)

The metric functions are assumed to allow for an asymptotic expansion (for r̃ → ∞) in inverse powers of r̃ [ √ r̃] for even [odd] n, i.e.,

A = 1 + ∑ k≥0 A^{(k+1)}(u, x) r̃^{n/2+k−1} , B = ∑ k≥0 B^{(k+1)}(u, x) r̃^{n/2+k} ,

C^I = ∑ k≥0 C^{(k+1)I} (u, x) r̃^{n/2+k} , h_{IJ} = ω_{IJ} (x) + ∑ k≥0 h^{(k+1)} IJ (u, x) r̃^{n/2+k−1} . (6.3)

Here k ∈ Z for even n and 2k ∈ Z for odd n, r̃ is a (non-affine) parameter along null geodetic generators (u, x^I =const) ℓ = −∂_{r̃} of the null surfaces u =const and det h_{IJ} = det ω_{IJ} , where ω_{IJ} is the metric of a unit sphere S^{n−2}. For n = 4, this reduces to the standard definition proposed in [95, 96].

Some of these coefficients have a direct physical meaning, e.g. A^{(n/2−1)} enters the definition of the Bondi mass, and h^{(1)}_{IJ} determines (in vacuum) the Bondi mass decrease [93]:

M(u) = − n − 2 16π ∫ S^{n−2} A^{(n/2−1)}dω, (6.4)

Ṁ(u) = − 1 32π ∫ S^{n−2} ḣ^{(1)}_{IJ} ḣ^{(1)IJ} dω, (6.5)

where S^{n−2} is a sphere, dω its volume element and (from now on) a dot denotes differentiation wrt u.

So far no field equations have been imposed. However, the functions h^{(1)}_{IJ} remain freely specifiable even if one further demands that the asymptotic vacuum Einstein’s equations are satisfied [93]. Their u-derivatives ḣ^{(1)}_{IJ} represent a generalization of Bondi’s “news” function. If the spacetime contains (outgoing) gravitational radiation, there is mass decrease and ḣ^{(1)}_{IJ} is non-zero.^{16}

6.1.2 Weyl tensor and Bondi flux Now, let us summarize the main results of [94] for n > 5 (the case n = 5 is “exceptional” and will be discussed below), i.e. the behaviour of the Weyl tensor in spacetimes (6.2) with (6.3) “far away” along the direction of the outgoing twistfree null (and consequently geodesic) vector field ℓ.

In an adapted frame [94] (not p.p. along ℓ), one finds

Ω^′_{ij} = − ê^I_i ê^J_j ḧ^{(1)}_{IJ} 2r̃^{n/2−1} + O(r̃^{−n/2}), Φ^S_{ij} = −

(n − 4)ê^I_i ê^J_j ḣ^{(1)}_{IJ} 4r̃^{n/2} + O(r̃^{−(n/2+1)}), Φ_{ijkl} = (ê^I_i ê^J_{[k}δ_{l]j} − ê^I_j ê^J_{[k}δ_{l]i}) ḣ^{(1)}_{IJ} r̃^{n/2} + O(r̃^{−(n/2+1)}),

Ψ^′_{ijk} = O(r̃^{−n/2}), Ψ^′_i = O(r̃^{−n/2}), (n = 4, n > 5) (6.6) Ψ_{ijk} = O(r̃^{−(n/2+1)}), Ψ_i = O(r̃^{−(n/2+1)}), Φ^A_{ij} = O(r̃^{−(n/2+1)}), Φ = O(r̃^{−(n/2+1)}),

Ω_{ij} = −

(n − 2)(n − 4)ê^I_i ê^J_j h^{(1)}_{IJ} 8r̃^{n/2+1}

+ O(r̃^{−(n/2+2)}),

where ê^I_i is an orthonormal basis for the metric ω_{IJ} , i.e. ω_{IJ} = ê_{iI}ê_{jJ} δ_{ij} . The leading-order behaviour of the Ricci tensor is also given in [94].

16Let us observe that the Schwarzschild-Tangherlini metric in Robinson-Trautman coordinates (7.7) with (7.8), K = 1, Λ = 0 is an example (albeit “trivial”) of a vacuum spacetime admitting the Bondi form (6.2), (6.3): in this case, one immediately finds M = (n − 2)μ(V ol)_Sn−2 /(16π) (which here coincides with the ADM mass) and Ṁ = 0 (recall that indeed the spacetime is static).

A parallelly transported frame is then introduced using a simple rescaling (a boost) ℓ̂ = e^{−B} ℓ, a suitable null rotation and spin, while an affine parameter r along ℓ̂ = −∂_r is given by r = ∫ e^B dr̃ = r̃ + c + O(r̃^{−(n/2−1)}), c,_{r̃} = 0. (6.7)

One can finally conclude that the higher dimensional “peeling theorem” reads [94]

C_{âb̂ĉd̂} = r^{−(n/2−1)}C^{(N)}_{âb̂ĉd̂} + r^{−(n/2)}C^{(II)}_{âb̂ĉd̂} + r^{−(n/2+1)}C^{(G)}_{âb̂ĉd̂} + . . . (n > 5), (6.8)

where the ellipsis corresponds to terms of order r^{−(n/2+2)} [r^{−(n/2+3/2)}] for even [odd] n. The algebraic type of each term is indicated as a superscript (note that C^{(II)}_{âb̂ĉd̂} is not of the most general type II but it is in fact of type II(ad) [94]). This result should be contrasted with the different 4D behaviour (6.1). In particular, the type III term is absent in higher dimensions.

In even dimensions, this behaviour follows immediately from the asymptotic expansions (6.3) (with no use of Einstein’s equations). By contrast, in odd dimensions, additional assumptions are necessary, namely it is required that h^{3/2}_{IJ} = 0 (to avoid e.g. a term of order r̃^{−(n/2−1/2)} in the expansion of Ω^′_{ij} ) and that the Ricci tensor decays “sufficiently” fast near null infinity. Einstein’s equations then eliminate additional terms of order r̃^{−(n/2+1/2)} in the Weyl tensor expansion.

Note that in a particular case when ℓ = −∂_{r̃} is a (twistfree) WAND, i.e. Ω_{ij} = 0, eq. (6.6) implies for n > 4 that h^{(1)}_{IJ} = 0 and thus also Ṁ(u) = 0, and the spacetime is non-radiative [94] (see also [57] and section 6.2).

The case of five dimensions is exceptional in that the order r̃^{−(n/2+1/2)} = r̃^{−3} term cannot be eliminated [94]. The resulting peeling is thus described by

C_{âb̂ĉd̂} = r^{−3/2}C^{(N)}_{âb̂ĉd̂} + r^{−5/2}C^{(II)}_{âb̂ĉd̂} + r^{−3}C^{(N)′}_{âb̂ĉd̂} + r^{−7/2}C^{(G)}_{âb̂ĉd̂} + O(r^{−4}) (n = 5), (6.9)

where the new type N term C^{(N)′}_{âb̂ĉd̂} is in general non-vanishing in radiating spacetimes. The type II term is in fact type II(acd).

The above results for the Weyl tensor also enable one to rewrite the decrease of the Bondi mass at future null infinity in terms of the “radiative” Weyl components. Namely, assuming that no Bondi flux is present in the far past (i.e. ḣ^{(1)}_{IJ} → 0 for u → −∞), from (6.5) and the first of (6.6) one arrives (for any n ≥ 4) at [94]

Ṁ(u) = − lim_{r̃→∞} r̃^{n−2} 8π ∫ S^{n−2} (∫_u −∞ Ω^′_{ij} (û, r̃, x)dû )_2 dω, (6.10)

where on the r.h.s. a compact notation (Y_{ij} )^2 = Y_{ij}Y_{ij} is used.

To conclude, let us observe that Ref. [94] has also shown that the Bondi approach is equivalent to the conformal definition for even n, which is stable under linearized metric perturbations with initial data on a compact support [91].

6.2 Asymptotically flat algebraically special vacuum spacetimes

It was noticed by Sachs [100] that four-dimensional algebraically special spacetimes, while leading to considerable mathematical simplification, still asymptotically retain the essential features of more realistic (outgoing) radiation fields. As mentioned in section 6.1.2, one now expects significant differences when n > 4.

Prior to the work [94], in [57], the asymptotic behaviour of the Weyl tensor along a geodetic multiple WAND ℓ in an algebraically special vacuum spacetime was studied, and a distinct behaviour for n > 4 was indeed found. Moreover, the leading Weyl components at null infinity were also characterized in [57], as we now summarize. Although not proven rigorously, it was argued in [57] that, due to asymptotic flatness, ℓ must be non-degenerate, i.e. det ρ ≠ 0. On the other hand, ℓ was not restricted to be twistfree (so the results of [57] are, in this narrow sense, complementary to those of [94]). Thanks to the conclusions of [50] (cf. section 4.2.3), this condition rules out spacetimes of type III and N, leaving us in the following with the genuine type II (D) only. An affine parameter r is defined along ℓ = ∂_r, and a frame parallelly transported along ℓ is employed. The mWAND conditions read Ψ_{ijk} = 0 = Ω_{ij}.

Now, with the above assumptions from the Sachs equations (section 3.1), one immediately fixes the rdependence of ρ = (rI − b)^{−1}, where I and b represent (n − 2) × (n − 2) matrices, I being the identity and b_{,r} = 0. Note, in particular, that the (possible) vanishing of twist is determined by A_{ij} = 0 ⇔ b_{[ij]} = 0. Then, the behaviour of ρ for large r follows (after restoring matrix indices) ρ_{ij} = p∑ m=0 (b^m)_{ij} r^{m+1} + O(r^{−p−2}) = 1 r δ_{ij} + 1 r^2 b_{ij} + O(r^{−3}), (6.11)

which, to the leading order, simply becomes ρ_{ij} ≈ r^{−1}δ_{ij} (and the expansion θ is clearly non-zero).

One can then fix the r-dependence of the Weyl tensor by integrating the Bianchi identities containing D-derivatives. We assume that the Weyl components can be expanded in non-positive integer powers of r (positive powers would lead to a p.p. curvature singularity and can thus be excluded, while half-integer powers for b.w. 0 components can be excluded by inspection of Bianchi equations (6) and (7) of [57] – see also [11]).

It is convenient to first study b.w. zero components, for which we further assume the following condition for asymptotic flatness^{17} Φ_{ijkl} ∼ O(r^{−3}). (6.12)

With these assumptions one arrives at the leading terms of the b.w. zero Weyl components [57]

Φ^S_{ij} = ϕ^{(n−1)}δ_{ij} n − 2 1 r^{n−1} + O(r^{−n}), Φ^A_{ij} = (n − 1)ϕ^{(n−1)}b_{[ij]} (n − 2)(n − 3) 1 r^n + O(r^{−n−1}), Φ_{ijkm} = 2ϕ^{(n−1)}(δ_{jk}δ_{im} − δ_{jm}δ_{ik}) (n − 2)(n − 3) 1 r^{n−1} + O(r^{−n}), (6.13)

where ϕ^{(n−1)}_{,r} = 0. Subleading terms can similarly be determined to any desired order [102], and ϕ^{(n−1)} and b are the only integration “constants” characterizing the full expansions.

For negative b.w. components, one can show that for n > 4 [57] Ψ^′_{ijk} ∼ O ( 1 r^{n−1} ) , Ω^′_{ij} ∼ O ( 1 r^{n−1} ) (n > 4). (6.14)

Again higher order terms can be determined to any desired order [102] (in particular, one finds that if ϕ^{(n−1)} = 0, the spacetime is flat) – they all vanish in the non-twisting case, so that the spacetime is of type D (and the second mWAND is parallelly transported along ℓ), see also proposition 6.1 below.

It is worth observing that as a byproduct of the expansion of Φ_{ijkm}, one also finds (if ϕ^{(n−1)} ≠ 0) the important condition (n − 2)b_{(ij)} = b_{kk}δ_{ij} . This is equivalent to ρ obeying the optical constraint. In particular, if ℓ is non-twisting (i.e. b_{ij} = b_{(ij)}), then ρ is automatically shearfree, so that the considered spacetime is Robinson-Trautman. Combing these observations with the results of [54] one can formulate the following

17By this we do not mean that terms of order r^{−3} in b.w. zero components have to be non-zero (in fact for n > 4 they will vanish, as explained below), but rather that terms of order 1/r^2 vanish. This is natural to demand since this is the case already in four dimensions and the fall-off will be faster in higher dimensions. This is confirmed more rigorously (at least in even dimensions) by a study of the asymptotic behaviour of gravitational perturbations [91,92,101] and is consistent with the results of [94] summarized in section 6.1. Recall instead that in the case of n = 4 vacuum algebraically special spacetimes, this is not an assumption but follows from the Ricci/Bianchi identities [100]. For general vacuum n = 4 spacetimes, it is related to the vanishing of the unphysical Weyl tensor on scri, which holds if asymptotic flatness is assumed [97].

Proposition 6.1 (mWANDs in asymptotically flat spacetimes [57]). In an asymptotically flat algebraically special vacuum spacetime, a non-degenerate geodesic mWAND ℓ obeys the optical constraint. If ℓ is twistfree and n > 4, then the spacetime is Schwarzschild-Tangherlini.

The second part of this proposition should be contrasted with the 4D case [4]; see [57] for more comments (note that, in fact, one arrives at the same conclusion also with weaker assumptions, see proposition 4.8 and [11]). Moreover, also the fact that all b.w. components display the same fall-off rate (eqs. (6.13) and (6.14)) is peculiar of algebraically special spacetimes in higher dimensions. In particular, there is no peeling and radiative terms are absent, as opposed to the n = 4 case [100]. This is in agreement with the results of [94] (section 6.1), at least in the non-twisting case. Contrast again (6.13) and (6.14) with the general behaviour (6.8) and (6.9), which occurs instead when ℓ is not a WAND.

6.3 Type III/N Einstein spacetimes

Algebraically special vacuum spacetimes that are asymptotically flat can be only of type II or D, as discussed in section 6.2. Here, we consider instead Einstein spacetimes of type III and N [50]. For these, the (unique) mWAND is necessarily geodesic and ρ is degenerate. This may be of interest for spacetimes with, e.g., Kaluza- Klein asymptotics. With no need of assumptions on the asymptotics of the Weyl tensor, its full r-dependence can now be fixed in the closed form by using suitable Ricci and Bianchi identities [53]. Again, we take an affinely parametrized mWAND ℓ = ∂_r and a parallelly transported frame.

Concerning the optical matrix ρ of ℓ = ∂_r, type N and (“generic”) type III Einstein spacetimes allow for just two possibilities. Either ρ = 0 (Kundt spacetimes), or s ≡ ρ_{22} = ρ_{33} and A ≡ ρ_{23} = −ρ_{32} can be taken as the only non-zero components of ρ [50] (see section 4.2.3 and recall that A ≠ 0 requires s ≠ 0 [51]). In the latter case from the Sachs equations (section 3.1), one readily gets ρ ≡ s + iA = 1 r − ia_0 , (6.15)

where a_{0,r} = 0. These two subcases will be now discussed separately.

6.3.1 Kundt spacetimes

When ρ = 0, one arrives at the general behaviour for type III Einstein spacetimes [53, 55]

Ψ^′_{ijk} = Ψ^{′0}_{ijk}, Ψ^′_i = Ψ^{′0}_i = Ψ^{′0}_{jij}, Ω^′_{ij} = Ω̃^{′0}_{ij} r + Ω^{′0}_{ij}, (6.16)

where quantities with superscript^0 do not depend on r. These “integration constants” are related to certain Ricci rotation coefficients and must satisfy some relations due to Ω^′_{ii} = 0 = Ω^′_{[ij]} [53, 55] (in particular, for pp -waves, discussed in section 7.1.3, it follows from [53] that Ω̃^{′0}_{ij} = 0 = Ψ^{′0}_i ). This is the typical peeling-off of type III Kundt spacetimes, cf. [100] in four dimensions. By setting Ψ^{′0}_{ijk} = 0 = Ω̃^{′0}_{ij} , one finds the (“plane wave-like”) behaviour of type N spacetimes.

Recall that Einstein spacetimes of type III/N belonging to the Kundt class are VSI (if Λ = 0) or CSI (if Λ ≠ 0) [34,53,83] (section 5), and no physically useful information can thus be extracted from their invariants.

6.3.2 Expanding spacetimes

When ρ ≠ 0, in the type N case the Weyl r-dependence is given by [53]

Ω^′_{22} + iΩ^′_{23} =

Ω^{′0}_{22} + iΩ^{′0}_{23} r − ia_0 (type N). (6.17)

This is similar to well-known results in 4D – see [53] for comments, e.g., on the “rotation” of the polarization modes. Knowing the r-dependence of the Weyl tensor is also useful for studying possible spacetime singularities.

Namely, for the simplest non-trivial curvature invariant admitted by type N spacetimes in four [103] and higher [34] dimensions (i.e. I_N ≡ C^{a1b1a2b2;c1c2} C_{a1d1a2d2;c1c2} C^{e1d1e2d2;f1f2} C_{e1b1e2b2;f1f2} ) one finds

I_N =

A^0 (r^2 + a^2_0)^6

. (6.18)

If a_0 vanishes at some spacetime points, then there will be a curvature singularity at r = 0 = a_0 (this always occurs in the non-twisting case [55]), see [53] for more details. Note also that I_N → 0 for r → ∞, i.e. far away along the mWAND.

For type III the Weyl r-dependence is more complicated and we refer to [53] for full details. Let us just present here the r-dependence of the simplest non-trivial curvature invariant (namely I_{III} = C^{a1b1a2b2;e1} C_{a1c1a2c2;e1} C^{d1c1d2c2;e2} C_{d1b1d2b2;e2} , see [34, 104]). One finds [53] I_{III} = A^0 (r^2 + a^2_0)^6 + B^0 (r^2 + a^2_0)^5 + C^0 (r^2 + a^2_0)^4

. (6.19)

As in the type N case, there may be curvature singularities localized at points where r^2 + a^2_0 = 0, which may or may not exist, in general (but they always do in the non-twisting case [55]). Again, I_{III} → 0 for r → ∞.

Explicit examples of expanding type N/III Einstein spacetimes were also given [53].

7 Shearfree solutions

As we have seen in section 4, for higher dimensional Einstein spaces, the condition σ = 0 does not in general follow from assuming the existence of an mWAND. Nevertheless, there still exist classes of shearfree spacetimes that are necessarily algebraically special and satisfy the vacuum Einstein equations. Below we review the known examples with these properties. By converse, recall also the general result that in odd spacetime dimensions a geodesic twisting WAND is necessarily shearing [51].

7.1 Kundt spacetimes

Here, we give the line element of general Kundt spacetimes and discuss its algebraic type and its main subclasses, also in relation with the VSI and CSI spacetimes described in sections 5.2 and 5.3.

7.1.1 General line element and alignment type

Kundt spacetimes are defined as spacetimes admitting a null geodesic vector field ℓ with vanishing shear, expansion and twist, i.e. κ_i = 0 = ρ. These spacetimes admit a metric in the form [87, 105, 106]

ds^2 = 2du [dr + H(u, r, x)du + W_α(u, r, x)dx^α] + g_{αβ} (u, x)dx^αdx^β, (7.1)

where α, β = 2 . . . n − 1 and ℓ = ∂_r. In an adapted frame with n_adx^a = dr + Hdu + W_αdx^α (so that the vectors m_{(i)} live in the “transverse space” spanned by the x^α), the covariant derivative of ℓ reduces to ℓ_{a;b} = L_{11}ℓ_aℓ_b + τ_i(ℓ_am^{(i)}_b + m^{(i)}_a ℓ_b) [108], where L_{11} = H_{,r} and τ = 0 ⇔ W_{α,r} = 0 (recall the definition of the Ricci rotation coefficients in section 3.1 and table 5).

From the Sachs equations [50, 51] (see eqs. (3.10) and (3.11)) with ρ = 0, it follows immediately that b.w. +2 components of the Ricci and Weyl tensors identically vanish (see also [85,106]) so that, in particular, ℓ is always a WAND. Furthermore, it follows directly from the Ricci identity (11k) of [51] that ℓ is an mWAND iff R_{ab}ℓ^b ∝ ℓ_a, i.e., for Kundt spacetimes, the Weyl type II condition and the Ricci type II condition are equivalent (this has been noticed in [107]). We can thus state the following proposition:

Proposition 7.1 (Weyl type of Kundt spacetimes [51, 85, 106]). An arbitrary Kundt spacetime is of Riemann type I or more special, and the non-expanding, non-twisting and non-shearing geodesic null congruence ℓ automatically defines a WAND (as well as an AND of the Ricci tensor). ℓ is a multiple WAND (i.e. the Weyl tensor is also of type II or more special) if, and only if, the Ricci tensor is of type II or more special wrt ℓ (i.e. R_{ab}ℓ^b ∝ ℓ_a, equivalent to W_{α,rr} = 0 in (7.1)).

The above condition for the Ricci tensor R_{ab}ℓ^b ∝ ℓ_a is satisfied, e.g., by Einstein spacetimes (see section 2.1.3).

The Kundt class is very rich and contains several interesting subclasses, some of which are discussed in what follows and in figure 1 (see [84, 85, 106, 108] for studies of various aspects). First of all, it contains two invariantly defined subfamilies with either τ ≠ 0 or τ = 0 (see [84, 105, 106] for more details in special cases). In the subclass τ ≠ 0, one can always set L_{11} = 0 by a null rotation about ℓ. In the subclass τ = 0, which can also be equivalently defined by the presence of a recurrent null vector field (see [109,110] and section 8.4.5), L_{11} is invariant under null rotations about ℓ – it vanishes iff ℓ is covariantly constant (so that the corresponding spacetime is a pp -wave, see section 7.1.3). Both families τ ≠ 0 and τ = 0 contain spacetimes of all algebraically special types (see, e.g., [24,76,111] and the examples mentioned in sections 5.2, 5.3 and 7.1.3). Recall that the Kundt spacetimes of Riemann type III/N give precisely the VSI class, already discussed in section 5.2: these spacetimes fall into both subclasses τ ≠ 0 or τ = 0. On the other hand, the overlap of Kundt spacetimes with the CSI class is more complicated, see section 5.3.

The general form of the Riemann and Ricci tensors corresponding to the Kundt metric (7.1) has been given in [106], where the vacuum Einstein equations (with Λ) as well as the Einstein-Maxwell equations with an aligned electromagnetic field have also been explicitly presented. In particular, all Einstein spacetimes of the Kundt class must satisfy W_{α,rr} = 0 = H_{,rrr} (these are necessary, but not sufficient, conditions). For these, in the case of Weyl type III and N, the r-dependence of the Weyl tensor has been given in section 6.3.1. Ricci-flat Kundt spacetimes of type N coincide with non-expanding Ricci-flat Kerr-Schild metrics of type N (see proposition 8.4).

Note also that Kundt Einstein spacetimes of type III/N are VSI (if Λ = 0) or CSI (if Λ ≠ 0) [34,53,83] (see sections 5.2, 5.3).

7.1.2 Degenerate Kundt metrics

A degenerate Kundt metric is defined as a Kundt spacetime in which the Riemann tensor and all its covariant derivatives are of type II or more special (and all aligned with ℓ). This happens iff W_{α,rr} = 0 = H_{,rrr} [20,108], i.e. substituting into (7.1) the functions

W_α(u, r, x) = rW^{(1)}_α (u, x) + W^{(0)}_α (u, x), H(u, r, x) = r^2H^{(2)}(u, x) + rH^{(1)}(u, x) + H^{(0)}(u, x). (7.2)

In particular, all VSI spacetimes, all degenerate CSI_K spacetimes and all Kundt Einstein spacetimes are thus degenerate Kundt (but not vice versa).

Degenerate Kundt metrics are spread over both subclasses τ ≠ 0 and τ = 0 and can have any algebraically special Weyl type (already in 4D vacua [4]). They are important in the context of the equivalence problem (see section 5) since they are not I-non-degenerate [88] and, in general, one cannot use (only) curvature invariants to distinguish among them, since

Proposition 7.2 (Degeneracy of degenerate Kundt spacetimes [88]). In a degenerate Kundt spacetime, the b.w. 0 components of all curvature tensors (and thus also their curvature invariants) are independent of the functions W^{(0)}_α (u, x), H^{(1)}(u, x) and H^{(0)}(u, x) in (7.2).

Proposition 7.2 is relevant, in particular, to Kundt spacetimes representing gravitational waves (typically type II or N) propagating on a given background (typically type D or O);^{18} see, e.g., [24, 111–113] for some special examples.

18Provided the metric functions satisfy the corresponding Einstein (typically vacuum) equations.

7.1.3 pp -waves

pp -waves are defined as spacetimes admitting a covariantly constant null vector (CCNV) field ℓ, i.e. ℓ_{a;b} = 0, which is thus, in particular, a Killing vector field (see also sections 8.4.2 and 8.4.5). They obviously belong to the Kundt class, with L_{11} = 0 = τ . The corresponding metrics were introduced already in 1925 in arbitrary dimension by Brinkmann [114] and are given by the Kundt line element (7.1) (in which ℓ_{a;b} =^1_2 g_{ab},_r [54, 106]) but with metric functions independent of the affine parameter r along the CCNV ℓ

ds^2 = 2du [ dr + H(u, x)du + W_i(u, x)dx^i ] + g_{ij}(u, x)dx^idx^j. (7.3)

They are thus in fact a (proper) subset of degenerate Kundt metrics. Moreover, they can (but need not) be VSI (section 5.2) or CSI (section 5.3). The functions W_i and H can be (locally) set to zero by a coordinate transformation [114] (although this choice is not always convenient since it will affect the form of g_{ij} ).

From ℓ_{a;b} = 0 and the definition of the Riemann tensor, one finds

R_{abcd}ℓ^d = 0, (7.4)

which immediately implies that b.w. +2 and +1 components of the Riemann tensor, and thus also of the Ricci and Weyl tensors, vanish (this can be also seen by inspecting explicit expressions for the Riemann tensor of the metric (7.3) given in [106]), along with some b.w. 0 and -1 components [12, 74]. In particular, ℓ = ∂_r is thus a multiple WAND. It is also easy to see that proper Einstein spacetimes cannot occur [114]. Due to the comments relative to certain subtypes in section 2.3, eq. (7.4) is more restrictive in four and five dimensions than in higher dimensions. Let us summarize and extend results [12, 56, 84] on possible algebraic types of pp -waves:

Proposition 7.3 (Alignment types of pp -waves). A generic pp -wave is of Weyl type II(d) and Ricci type II with R_{ab}ℓ^b = 0 (or more special). pp -waves cannot be properly Einstein. Ricci-flat (non-conformally flat) pp -waves are of Weyl type:

(i) N for dimension n = 4,

(ii) III(a) or N for n = 5,

(iii) II’(abd), D(abd), III(a), or N for n ≥ 6.

In particular, Ricci-flat pp -waves of type III(a)/N are VSI.

Note that these bounds cannot be improved since, apart from the well-known type N case, also type III(a) and II’/D(abd) Ricci flat pp -waves indeed do exist. A simple example of a type III(a) Ricci-flat pp -wave in five dimensions [56] can be obtained by specializing results of [84] to the vacuum case:

W_2 = 0, W_3 = h(u)x^2x^4, W_4 = h(u)x^2x^3, g_{ij} = δ_{ij} ,

H = H_0 = h(u)^2 [ 1 24 ( (x^3)^4 + (x^4)^4 ) + h^0(x^2, x^3, x^4) ] , (7.5)

where h^0(x^2, x^3, x^4) is linear in x^2, x^3, x^4. See proposition 8.19 for examples of vacuum pp -waves of type II’(abd) or D(abd) [12, 56].

pp -waves are also briefly mentioned in section 5.2 in the context of VSI spacetimes (which they intersect) and in section 10, where it is pointed out that while type N Ricci flat pp -waves are also exact vacuum solutions of quadratic gravity, type III Ricci flat pp -waves are not. The general field equations for Ricci-flat pp -waves were given in [114] (in particular, it is necessary that also g_{ij} is Ricci-flat). Isometries of pp -waves and the subset of pp -waves which are also CSI have been studied in [115].

Figure 1: Various subsets of the Kundt class of spacetimes in n ≥ 4 dimensions. There is no meaning associated to the use of different line formats – the only purpose of this is to make the picture better readable. “pp” stands for “pp -waves” while “degK” for “degenerate Kundt”. The set CSI_K\(CSI_K ∩degK) might be empty, i.e. no I-non-degenerate CSI_K spacetime seems to be presently known (but if it exists it is necessarily homogeneous). All depicted subsets are proper subsets and all depicted intersections are non-empty. Recall that Kundt Einstein/Ricci-flat spacetimes are a proper subset of degK intersecting pp, VSI and CSI_K , as well as both subclasses τ ≠ 0, τ = 0. For n = 4, 5, Ricci-flat pp -waves are a proper subset of VSI. See the text for more details.

7.1.4 Gyratons

Let us finally briefly mention gyratons, which describe the gravitational field of a localized spinning source propagating at the speed of light. These solutions are constructed by matching two different Kundt solutions (which may be of various types, e.g., either τ = 0 or not, etc.) – the “external” solution is typically taken to be vacuum, while the “internal” one possesses non-vanishing T_{uu} and T_{uα} components of the stress-energy tensor (in the coordinates of (7.1)), which represent spinning “gyraton matter”. Gyratons were first introduced in 4D by Bonnor [116] and extended to higher dimensions in [117, 118] – cf., e.g., [84, 106, 119] for comments and more references.

7.2 Robinson-Trautman spacetimes

Robinson-Trautman spacetimes are defined by the existence of an hypersurface-orthogonal, null (and thus automatically geodesic) vector field ℓ with zero shear and non-zero expansion, i.e. κ_i = 0, ρ_{ij} =^θ_{n−2} δ_{ij} . Natural coordinates can be defined such that ℓ_adx^a = −du and ℓ^a∂_a = ∂_r (i.e. r is an affine parameter along ℓ), along with (n − 2) “transverse” spatial coordinates x^α which are constant along the null geodesics generated by ℓ (cf. [114, 120]). The resulting metric is [54]

ds^2 = p^{−2}γ_{αβ} (dx^α + K^αdu) ( dx^β + K^βdu ) + 2dudr − 2Hdu^2, (7.6)

where α, β = 2 . . . n − 1, the matrix γ_{αβ} is unimodular and independent of r, while p, K^α and H are arbitrary functions of (x, u, r), and the expansion of ℓ is given by θ = −(ln p)_{,r}. Such a metric is left invariant by a coordinate transformation x^α = x^α(x̃, ũ), u = u(ũ), r = r_0(x̃, ũ) + r̃/u̇(ũ).

7.2.1 Vacuum solutions

By imposing that the spacetime is Einstein and using the coordinate freedom, one can simplify the above line element and arrive at [54]

ds^2 = r^2h_{αβ} (u, x)dx^αdx^β + 2dudr − 2H(u, r, x)du^2. (7.7)

The (n − 2)-dimensional Riemannian metric h_{αβ} is of the factorized form h_{αβ} = P^{−2}(u, x)γ_{αβ} (x) and must be Einstein, with Ricci scalar R = (n − 2)(n − 3)K and K = 0, ±1. Here, θ = 1/r. In order to specify H, one needs to consider the following two possibilities:

(i) h_{αβ} = h_{αβ} (x) (i.e. P = P (x)): 2H = K − 2Λ (n − 1)(n − 2) r^2 − μ r^{n−3} , (7.8)

where μ is a constant (parametrizing the mass).

(ii) h_{αβ} = P^{−2}(u, x)γ_{αβ} (x): 2H = K − 2r(ln P )_{,u} − 2Λ (n − 1)(n − 2) r^2. (7.9)

Spacetimes (i) are warped products with a two-dimensional Lorentzian factor and an (n − 2)-dimensional Einstein factor and are thus of type D(bd) (see proposition 8.16), as one can also check by explicitly computing the Weyl tensor [54]. The vector field ∂_u is clearly Killing. When the transverse space is compact, these solutions describe various well-known static black holes in Eddington-Finkelstein coordinates, with “Einstein” horizon geometries, non-standard asymptotics and, possibly, non-spherical horizon topology [121–123]. In particular, if the horizon has constant curvature, one obtains Schwarzschild-Kottler-Tangherlini black holes [124], of type D(bcd) (cf. propositions 8.16 and 8.22) – these are constant-curvature spacetimes iff μ = 0. For spacetimes (ii) the non-vanishing components of the Weyl tensor are C_{αβγδ} = r^2C_{αβγδ} [54], where C_{αβγδ} is the Weyl tensor of h_{αβ}, so that now the type is D(abd) (in five dimensions C_{αβγδ} = 0 identically and these spacetimes are of constant curvature). A technique to obtain explicit examples of metrics (ii) was illustrated in [68] and is based on [114]. These spacetimes seem not to have a clear physical interpretation, yet they have been useful in the context of the Goldberg-Sachs theorem as first known examples of Einstein spacetimes with a non-geodesic mWAND (of course different from ℓ) [66].

Let us remark that, in contrast to the four-dimensional case, vacuum Robinson-Trautman spacetimes of genuine types II, III and N are not permitted in higher dimensions, nor does an analog of the C-metric exist within the Robinson-Trautman class. This seems to be related to the fact that the condition σ = 0 is too restrictive when n > 4 (see also section 4). More general Robinson-Trautman spacetimes admitting aligned pure radiation are also of type D and were considered in [54].

7.2.2 Electrovac solutions

The authors of [125] extended the above solutions by allowing for an aligned Maxwell field, i.e. F_{ab}ℓ^b ∝ ℓ_a. After integration of the Einstein-Maxwell system, one arrives again at metric (7.7), with h_{αβ} = h_{αβ}(x) being an Einstein space with Ricci scalar R = (n − 2)(n − 3)K and K = 0, ±1. Now, H = H(r) and the associated Maxwell field are given by 2H = K − 2Λ (n − 1)(n − 2) r^2 − μ r^{n−3} + 2Q^2 (n − 2)(n − 3) 1 r^{2(n−3)} − F^2 (n − 2)(n − 5) 1 r^2

, (7.10) F = Q r^{D−2} dr ∧ du + 1 2 F_{αβ} (x) dx^α ∧ dx^β, (7.11) where μ, Q and F^2 ≡ F_{αγ} F_{βδ} h^{αβ} h^{γδ} are constants. In odd dimensions necessarily F_{αβ}(x) = 0, and F obeys both the Maxwell and the Maxwell-Chern-Simons equations. In even dimensions, if F^2 ≠ 0, then h_{αβ} must be not only Einstein but (almost-)Kähler Einstein, with F_{αβ} (x) related to the (almost-)complex structure by J^α_β = |F |^{−1}(n − 2)^{1/2}F^α_β (which guarantees that indeed F^2 is a constant). As argued above in the vacuum case, all these spacetimes are of type D(bd). The Maxwell field is also of type D (wrt the same null directions), whereas in 4D it can also be of type N (cf. also [7, 68] for related results). When F^2 = 0, these solutions represent generalizations of the familiar Reissner-Nordström-(A)dS spacetimes [124,126], where μ parametrizes the mass and Q is the electric charge (see [125] for more details and related references). A non-zero F^2 gives rise to a magnetic “monopole-like” term, however, in this case, h_{αβ} cannot be a sphere of constant curvature. The case n = 6 is special in that there can also be some solutions (not included above) with F^2 = F^2(u, x) and h_{αβ} = h_{αβ} (u, x), in which case ∂_u need not be a Killing vector field; see [125] for details (the algebraic type of these special solutions, which are not warped products, has not been studied). The inclusion of aligned pure radiation is also discussed in [125].

7.3 Shearfree twisting solutions (even dimensions)

All shearfree geodetic WANDs also satisfy, in particular, the optical constraint (3.13) (see (3.10)). In sections 7.1 and 7.2, we described Einstein spacetimes with a shearfree and twistfree (thus geodesic) mWAND. Here, we summarize the known results for the case of shearfree but twisting, geodesic mWANDs. First, an obvious consequence of the Sachs equation (section 3.1) is that the twist of a geodesic WAND (multiple or not) is constrained by (n − 2)A_{ik}A_{kj} = −ω^2δ_{ij} so that a twisting geodesic WAND can be shearfree only in even spacetime dimensions [51]. If, additionally, R_{00} ≡ R_{ab}ℓ^aℓ^b = 0 (such as for Einstein spaces), then ℓ must necessarily be expanding, so that det ρ ≠ 0 [51]. To our knowledge, so far only one solution with a shearfree, twisting, geodesic mWAND has been identified [11]. This is the six-dimensional Ricci flat static Taub-NUT metric [127]

ds^2 = −F (r)(dt − 2k cos θ_1dϕ_1 − 2k cos θ_2dϕ_2)^2 + dr^2 F (r) + (r^2 + k^2)(dθ^2_1 + sin θ^2_1dϕ^2_1 + dθ^2 + sin θ^2dϕ^2), (7.12)

where k is a constant and F (r) = r^4/3 + 2k^2r^2 − 2mr − k^4 (r^2 + k^2)^2

. (7.13)

We observe that this is a spacetime of type D (for k = 0, it reduces to a generalized Schwarzschild-Tangherlini solution with S^2×S^2 transverse space). A geodesic mWAND is given by

ℓ_adx^a = dt + F (r)^{−1}dr − 2k(cos θ_1dϕ_1 + cos θ_2dϕ_2), (7.14)

while a second one can simply be obtained by reflecting ℓ as t → −t, ϕ_1 → −ϕ_1, ϕ_2 → −ϕ_2 [66]. These mWANDs are both shearfree, twisting (for k ≠ 0) and expanding [11]. One can also show that in the spacetime (7.12) there exists an optical structure, as well as certain other integrable totally null distributions with totally geodesic integral surfaces (see [11] for details).

8 Other invariantly defined classes of solutions

In this section, we describe certain classes of spacetimes that admit an invariant definition and that are interesting from various perspectives. In particular, we discuss their permitted Weyl types.

8.1 Kerr-Schild spacetimes and generalizations

Generalized Kerr-Schild (GKS) metrics have the form

g_{ab} = ḡ_{ab} − 2Hk_ak_b, (8.1)

where the background metric ḡ_{ab} can be any spacetime of constant curvature, H is a scalar function and k is a null vector wrt ḡ_{ab} – and thus automatically also wrt the full metric g_{ab}.^{19} The background line element is of course conformally flat, i.e. ḡ_{ab} = Ωη_{ab} for a suitable Ω, and represents the (A)dS spacetime – trivially, GKS includes Kerr-Schild (KS) for Ω = 1, and this will be understood in the following, unless stated otherwise.

The KS class of spacetimes has played an important role in 4D containing, e.g., Kerr and Kerr-Newman black holes, the Vaidya metric, vacuum pp -waves and type N Kundt metrics [4]. In arbitrary higher dimensions, the KS ansatz led to the discovery of rotating vacuum black holes – the Myers-Perry black holes [64]. In addition, the GKS class of metrics contains, e.g., rotating black holes with de Sitter and anti-de Sitter backgrounds in four and higher dimensions [131–133].

In general, the null vector k can be arbitrary. However, it turns out that

Proposition 8.1 (Geodeticity of the GKS vector k [56, 58]). The null vector k in the GKS metric (8.1) is geodetic if, and only if, it is an AND of the Ricci tensor, i.e. R_{ab}k^ak^b = 0.

Note that if Einstein’s field equations are employed, this is equivalent to the condition T_{ab}k^ak^b = 0 on the matter content. This includes, in particular, Einstein spacetimes and aligned matter fields such as an aligned Maxwell field (F_{ab}k^a ∝ k_b) or aligned pure radiation (T_{ab} ∝ k_ak_b). From now on, we will thus focus on GKS spacetimes in which k is geodetic. Note also that k is geodesic wrt to g_{ab} iff it is geodesic wrt ḡ_{ab}. Moreover, k has the same optical properties both in the background and in the full geometry, i.e. the matrix ρ is unchanged [56, 58].

Assuming that k is geodesic, in [56], it was shown that KS spacetimes are algebraically special. These results were subsequently generalized to the GKS class in [58]:

Proposition 8.2 (Multiple WAND in GKS spacetimes [56, 58]). GKS spacetime (8.1) with a geodetic KS vector k is algebraically special with k being a multiple WAND. Moreover, k is also a multiple AND of the Ricci tensor (i.e. R_{ab}k^a ∝ k_b), so that the Riemann type is II.

In what follows, we will restrict to GKS spacetimes that solve the vacuum Einstein equations with a possible cosmological constant. For these, the algebraic type can be further constrained according to whether the KS vector k is expanding (θ ≠ 0) or not (θ = 0). Let us discuss these subfamilies separately.

8.1.1 Non-expanding (Kundt) subclass

Proposition 8.3 (Algebraic type of Einstein GKS spacetimes with θ = 0 [56, 58]). (Non conformally flat) Einstein GKS spacetimes (8.1) with a non-expanding KS congruence k are of type N, with k being the multiple WAND. Twist and shear of the KS congruence k necessarily vanish and these solutions thus belong to the Kundt class.

In fact, in the Ricci-flat case also the converse result has been proven, so that:

Proposition 8.4 (Ricci-flat KS spacetimes with θ = 0 [56]). (Non conformally flat) Ricci-flat KS spacetimes with a non-expanding KS vector k coincide with the class of Ricci-flat Kundt spacetimes of type N.

This case includes type N vacuum pp -waves. The explicit metric for Ricci-flat type N Kundt spacetimes can be found in [84].

19In fact, one can consider an even more general GKS ansatz in which the background metric ḡ_{ab} can be an arbitrary spacetime, but we will not discuss this possibility here – see [4] for results and references in 4D, and [128] for some results in higher dimensions. A different extension of the KS ansatz has been studied in [129, 130].

8.1.2 Expanding subclass

As it turns out, the algebraic types III and N are not compatible with an expanding k in the GKS ansatz:

Proposition 8.5 (Einstein GKS spacetimes with expanding k [56, 58]). (Non conformally flat) Einstein GKS spacetimes (8.1) with an expanding KS congruence k are of Weyl types II or D, and the multiple WAND k obeys the optical constraint (3.13).

This subclass contains all the black hole solutions mentioned above (which are of type D) – in particular, static black holes lie in the intersection of the KS and Robinson-Trautman classes [56]. The fact that k is generically shearing when n > 4, and yet obeys the optical constraint, suggested a way towards a possible extension of the Goldberg-Sachs theorem [56], later developed elsewhere, as described in section 4. It was also shown in [56, 58] that k has in general caustics corresponding to curvature singularities. If there is another mWAND (type D subcase), this must also be geodesic [56, 58].

Note that it follows from propositions 8.3 and 8.5 that type III Einstein spacetimes are incompatible with the GKS ansatz. However, it can be shown [134] that Ricci-flat type III spacetimes of the Kundt class are compatible with the extended KS ansatz of [129, 130].

8.2 Purely electric and purely magnetic spacetimes

8.2.1 Definitions and general properties

The standard 4D decomposition of the Maxwell tensor F_{ab} into its electric and magnetic parts ⃗E and ⃗B wrt an observer (identified here with its normalized timelike n-velocity u) can be extended to any tensor in an n-dimensional Lorentzian space [19,30,49] (here we will adhere to the terminology of [19], where a comparison with the earlier references [30, 49] can also be found). In the following, we will discuss this in the case of the Weyl tensor (see [19, 30, 49] for results for general tensors; in particular, in [19], several useful results for the Ricci and Riemann tensors have been also worked out). In 4D, such an “electro-magnetic” splitting of the curvature tensor was first considered in [135], and there is now an extensive literature on the subject [4] (some more recent references can be found in [19]). Some of the 4D results have been extended to higher dimensions, but there are also some differences, as shown in the following.

The “electric” and “magnetic” parts of C_{abcd} can be defined, respectively, as the tensors [19]

(C_+)^{ab}_{cd} = h^{ae}h^{bf} h_c^gh_d^hC_{efgh} + 4u^{[a}u_{[c}C^{b]e}_{d]f} u_eu^f , (8.2) (C_−)^{ab}_{cd} = 2h^{ae}h^{bf} C_{efk[c}u_{d]}u^k + 2u_ku^{[a}C^{b]kef} h_{ce}h_{df} , (8.3) where h_{ab} = g_{ab} + u_au_b, (8.4)

is the projector orthogonal to u. These extend the well-known 4D definitions [4, 135]. In any orthonormal frame adapted to u, the electric [magnetic] part accounts for the components of the Weyl tensor with an even [odd] number of indices u (i.e. those which are invariant [change sign] under a time reflection u → −u^{20}). There are (n^2 − 1)(n − 3)/3 independent magnetic components and, due to the tracefree property, (n^2 − 2n + 4)(n + 1)(n − 3)/12 independent electric components, which together add up to the (n + 2)(n + 1)n(n − 3)/12 independent components of the Weyl tensor. We can give the following

Definition 8.1 (PE/PM spacetimes). At a spacetime point (or in a region), the Weyl tensor is called purely electric [magnetic] (from now on, PE [PM]) wrt u if C_− = 0 [C_+ = 0]. The corresponding spacetime is also called PE [PM].

20Note that the opposite rule applies if one defines the electric/magnetic components of the Maxwell tensor F_{ab} [19, 30, 49].

According to the above definition, a zero Weyl tensor is (trivially) both PE and PM. In no other cases can a Weyl tensor be both PE and PM (even wrt different timelike directions) [19].

There exist frame-independent criteria, similar to the Bel-Debever conditions considered in section 2.4, to assess whether a Weyl tensor is PE or PM:

Proposition 8.6 (Weyl PE/PM Bel-Debever criteria [19]). A Weyl tensor C_{abcd} is

• PE wrt u iff u_ag^{ab}C_{bc[de}u_{f]} = 0, • PM wrt u iff u_{[a}C_{bc][de}u_{f]} = 0.

In connection to the bivector approach of section 2.6, the following necessary conditions are also of interest: Proposition 8.7 (Eigenvalues of PE/PM Weyl operators [19]). A PE or PM Weyl operator is diagonalizable, i.e. a basis of eigenvectors for ∧^2T_pM exists. A PE [PM] Weyl operator has only real [purely imaginary] eigenvalues. Moreover, a PM Weyl operator has at least^{(n−1)(n−4)}_2 zero eigenvalues.

Note that in 4D (only) the above conditions are also sufficient (see [4, 136] and references therein).

8.2.2 Relation with the null alignment classification The electric/magnetic splitting is defined wrt a timelike vector field u, and there is no obvious reason, a priori, that this has anything to do with the null alignment classification. However, it turns out that only certain Weyl types are permitted for a PE/PM Weyl tensor. More specifically one has the following proposition: Proposition 8.8 (Algebraic types of PE/PM Weyl tensors [19]). A PE/PM Weyl tensor wrt a certain u can be only of type G, I_i, D or O. In the type I_i and D cases, the vector u “pairs up” the space of WANDs, in the sense that the second null direction of the timelike plane spanned by u and any WAND is also a WAND with the same multiplicity. Furthermore, a type D Weyl tensor is PE iff it is type D(d), and PM iff it is type D(abc).

This can thus be also viewed as another possible refinement, for some subcases closely related to the spin type one [15]. The (non-)uniqueness of u is described for different Weyl types by the following proposition: Proposition 8.9 (Uniqueness of u [19]). A PE [PM] Weyl tensor is PE [PM] wrt

• a unique u (up to sign) in the type I_i and G cases, • any u belonging to the space spanned by all mWANDs (and only wrt such us) in the type D case (noting also that if there are more than two mWANDs the Weyl tensor is necessarily PE (type D(d)) [25]).

8.2.3 PE spacetimes Here, we present a class of PE spacetimes. More examples will be given in section 8.3. Proposition 8.10 (Spacetimes with a shearfree and twistfree observer [19]). All spacetimes admitting a shearfree, twistfree, unit timelike vector field u are PE wrt u. These admit a line element of the form ds^2 = −V (t, x)^2dt^2 + P (t, x)^2ξ_{αβ}(x)dx^αdx^β. (8.5) In these coordinates one has u = V^{−1}∂_t, and the remaining kinematic quantities are Θ = V^{−1}(ln P )_{,t} and u̇_α = (ln V )_{,α}.^{21}

21Recall that, in general, the kinematic quantities of a unit timelike vector field are defined as the irreducible parts of u_{a;b}, i.e. u_{a;b} = −u̇au_b + ω_{ab} + σ_{ab} +^Θ_{n−1} h_{ab}, where ω_{ab}u^a = Θ_{ab}u^a = σ_{ab}u^a = u̇au^a = 0 (cf. (8.4)). See, e.g., appendix C of [19] for more details.

The above class of spacetimes includes, in particular, direct, warped and doubly warped products with a one-dimensional timelike factor, and thus all static spacetimes (see also [66] and propositions 8.15 and 8.20).

Also the presence of certain (Weyl) isotropies (e.g., SO(n − 2) for n > 4) implies that the spacetime is PE, see [14, 19] for details and examples. Certain spacetimes possessing also a purely electric Riemann tensor are discussed in [19].

8.2.4 PM spacetimes

PM spacetimes are most elusive, also in four dimensions (see, e.g., [136] and references therein). In particular, no properly PM Einstein spacetimes are presently known (even for n = 4). Although there is no general non-existence proof of PM Einstein spacetimes, one has the following restriction (extending the 4D results of [137, 138])

Proposition 8.11 (No type D PM Einstein spacetimes [19]). Einstein spacetimes with a type D, PM Weyl tensor do not exist.

However, examples of PM spacetimes can be constructed by taking appropriate products, as described in [19], where explicit (non-Einstein) metrics have also been constructed (to our knowledge, the only PM examples known in higher dimensions so far).

To conclude this part, let us just mention that PE/PM tensors (in particular, PE/PM Weyl or Riemann tensors) provide examples of minimal tensors [139]. Thanks to the recently proved alignment theorem [8], the latter are of special interest since they are precisely the tensors characterized by their invariants [8] (cf. also [19]). This in turn sheds new light on the algebraic classification of the Weyl tensor, providing a further invariant characterization that distinguishes the (minimal) types G/I/D from the (non-minimal) types II/III/N.

8.3 Direct product and warped spaces

Several known solutions (e.g., Schwarzschild-Tangherlini) are described by a warped line element. Moreover, direct/warped product spaces represent a useful tool to generate examples with relative ease, which can be employed to test or falsify certain conjectures about properties of higher dimensional gravity (see, e.g., [11, 24] and section 4 for instances in the context of the Goldberg-Sachs theorem, or the construction [19] of PM spacetimes mentioned in section 8.2.4). It is thus the purpose of this section to summarize the main properties of such spacetimes, especially in connection with the Weyl tensor classification.

8.3.1 Definition and general properties

Let us start with the following definition:

Definition 8.2 (Product spacetimes). The n-dimensional spacetime (M, g) is called a “doubly warped product” if • M is a direct product manifold M = M^{(n1)} ×M^{(n2)} of factor spaces M^{(n1)} and M^{(n2)}, where n = n_1 +n_2 ≥ 4, and M^{(n1)} represents the Lorentzian (timelike) factor,

• g is conformal to a direct sum metric g = e^{2(f1 +f2)} ( g^{(n1)} ⊕ g^{(n2)} ) , where g^{(ni)} is a metric on M^{(ni)} (i = 1, 2) and f_1, f_2 are smooth scalar functions on M^{(n1)} and M^{(n2)}, respectively.

If either f_1 or f_2 are constant, the spacetime is dubbed as a “warped product”, and if both are constant then it is dubbed as a “direct product”.

(Doubly) warped spacetimes are clearly conformal to direct products, so that the Weyl tensors of both will have the same properties. From now on, quantities denoted by an index n_i will refer to the factor geometry (M^{(ni)}, g^{(ni)}). A basic property known for a long time is the following:

Proposition 8.12 (Decomposability of Riemann, Ricci and Weyl tensors [140]). In a direct product spacetime, the Riemann and Ricci tensors and the Ricci scalar are decomposable; the Weyl tensor is decomposable iff both product spaces are Einstein spaces and n_2(n_2 − 1)R_{(n1 )} + n_1(n_1 − 1)R_{(n2 )} = 0.

Note that the latter condition is identically satisfied whenever n_1 = 1 or n_2 = 1, while for n_1 = 2 [n_2 = 2] it implies that (M^{(n1)}, g^{(n1)}) [(M^{(n2 )}, g^{(n2)})] must be of constant curvature. Proposition 8.12 has the following important consequences:

Proposition 8.13 (Conformally flat products [140]). A direct product is conformally flat iff both product spaces are of constant curvature and n_2(n_2 − 1)R_{(n1 )} + n_1(n_1 − 1)R_{(n2 )} = 0.

Proposition 8.14 (Einstein direct products [140]). A direct product is an Einstein space iff each factor is an Einstein space and their Ricci scalars satisfy R_{(n1)}/n_1 = R_{(n2)}/n_2.

The latter result and proposition 8.12 implies that a direct product with a decomposable Weyl tensor cannot be properly Einstein (and it is Ricci-flat iff both factor spaces are Ricci-flat).

8.3.2 Relation with the null alignment classification and PE/PM character

Here, we consider various cases of product spacetimes, which describe several important classes of metrics and in which the Weyl type can be constrained. First, (doubly) warped and direct products with a one-dimensional timelike factor are special cases of metric (8.5) (see [19]), so that from propositions 8.8 and 8.10 we immediately have the following proposition:

Proposition 8.15 (Warps with n_1 = 1 [19,66]). A (doubly) warped spacetime with a one-dimensional timelike factor can be only of type G, I_i, D(d) or O, and it is PE.

In particular, static spacetimes belong to the above family (see also propositions 8.20 and 8.24). If the “timelike” (Lorentzian) factor is two dimensional, we instead have

Proposition 8.16 (Warps with n_1 = 2 [19,66]). A (doubly) warped spacetime with a two-dimensional Lorentzian factor is either type O, or type D(d) and PE wrt any unit timelike vector living in M^{(n1)}, the uplifts of the null directions of the tangent space to (M^{(n1 )}, g^{(n1)}) being double WANDs of the complete spacetime (M, g). If (M^{(n2 )}, g^{(n2)}) is Einstein, the type specializes to D(bd) and if it is of constant curvature to D(bcd).

In particular, all spherically, hyperbolically or plane symmetric spacetimes belong to the latter special case (see also proposition 8.22).

For warped products in which the Lorentzian factor is at least three dimensional the above proposition does not hold, in general. However, if (M^{(n1)}, g^{(n1)}) is three dimensional and Einstein one has the following proposition:

Proposition 8.17 (Warps with n_1 = 3 [19, 66]). A (doubly) warped spacetime in which (M^{(n1)}, g^{(n1)}) is a three-dimensional Einstein spacetime can be only of type D(d) or O. The uplift of any null direction of the tangent space to (M^{(n1)}, g^{(n1)}) is a double WAND of the complete spacetime (M, g), which is PE wrt any unit timelike vector living in M^{(n1)}.

The above are thus examples of spacetimes admitting a continuous infinity (∞^1) of (including non-geodesic) mWANDs, such as dS_3×S^{(n−3)}, see also [9, 24, 67].

If n_1 > 3, one needs stronger assumptions to arrive at a similar result:

Proposition 8.18 (Warps with n_1 > 3 [19, 66]). In a (doubly) warped spacetime with n_1 > 3

(a) if (M^{(n1)}, g^{(n1)}) is an Einstein spacetime of type D, (M, g) can be only of type D (or O) and the uplift of a double WAND of (M^{(n1)}, g^{(n1)}) is a double WAND of (M, g),

(b) if (M^{(n1)}, g^{(n1)}) is of constant curvature, (M, g) can only be of type D(d) (or O) and the uplifts of any null direction of the tangent space to (M^{(n1)}, g^{(n1)}) is a double WAND of (M, g); (M, g) is PE wrt any unit timelike vector living in M^{(n1)}.

Examples of the class (a) are Kerr black strings, which are indeed of type D but not D(d). Spacetimes of the class (b) (clearly a subfamily of (a)) contain a continuous infinity (∞^{n1−2}) of mWANDs. A vacuum example of the latter is the KK bubble [141] (see also [24]), while an Einstein-Maxwell example is the Melvin fluxbrane [126, 142], which belongs to the Kundt class – thus, both these spacetimes are of type D(d).

More generally, necessary and sufficient conditions for a direct product spacetime to be PE or PM (wrt a unit timelike vector either living in M^{(n1)} or not) have been given in [19], along with some examples.

Certain vacuum pp -waves of type more general than N can be easily constructed as direct products (recall also proposition 7.3 for a more general result):

Proposition 8.19 (Direct product vacuum pp -waves [56]). In a direct product spacetime M^{(n)} = M^{(n1)} ×M^{(n2)}

(a) if (M^{(n1)}, g^{(n1)}) is a vacuum pp -wave of type N or III(a) and (M^{(n2)}, g^{(n2)}) is Ricci-flat (but non-flat), then (M^{(n)}, g^{(n)}) is a vacuum pp -wave of type II’(abd) and not more special (here n_1, n_2 ≥ 4, and n_1 ≥ 5 if the n_1-dimensional pp -wave is of type III(a)),

(b) if (M^{(n1 )}, g^{(n1)}) is flat and (M^{(n2)}, g^{(n2)}) is Ricci-flat (but non-flat), then (M^{(n)}, g^{(n)}) is a vacuum pp -wave of type D(abd), and not more special (with n_1 ≥ 2, n_2 ≥ 4).

The above specific subtype D(abd) was mentioned in [12].

Einstein spacetimes given by a warp with n_1 = 1 and f_2 =const, or n_1 = n − 1 and f_1 =const are described by Brinkmann’s metrics [114]. In the former case, they are comprised by proposition 8.15; in the latter case, they can be of any Weyl type and have been analyzed in detail in [143], as reviewed in section 8.3.3.

8.3.3 Brinkmann’s warps

As mentioned above, a special class of warped metrics with a single spacelike “extra dimension” (i.e. n_1 = n−1 and f_1 =const) is particularly interesting if one restricts to Einstein spacetimes. These were first considered by Brinkmann in his study of Einstein spaces that can be mapped conformally on other Einstein spaces [114]. From our perspective, the interest in such metrics is twofold. On the one hand, Brinkmann’s line element can be used to generate Einstein spacetimes with given algebraic properties and optics (see [53,66,68,143] for some applications). On the other hand, it essentially consists of a slicing of an Einstein spacetime by hypersurfaces which are, in turn, also Einstein. It is thus of interest also in brane-world scenarios, where it provides a consistent embedding of (n − 1)-dimensional Einstein gravity in n-dimensional Einstein gravity (with various possible values for the bulk and lower dimensional cosmological constants), see, e.g., [144–148] and references therein, where various supergravity extensions (relying on the same metric ansatz) have also been studied.

Brinkmann’s line element reads ds^2 = 1 f(z) dz^2 + f(z)ds̃^2, (8.6)

where ds̃^2 is an (n − 1)-dimensional metric. Assuming that ds^2 is an Einstein spacetime, it follows that f(z) = −λz^2 + 2dz + b, λ = 2Λ (n − 1)(n − 2)

, (8.7)

with b and d being constant parameters. The “seed” metric ds̃^2 must also be Einstein, with the Ricci scalar (hereafter tildes will denote quantities referring to the geometry of ds̃^2)

R̃ = (n − 1)(n − 2)(λb + d^2). (8.8)

Given type Possible type of ds̃^2 of ds^2

G G, I_i, D_{abd}

I I, I_i

I_i I_i, D_{abd}

II II D D III III N N O O

Given type Possible type of ds^2 of ds̃^2 G G I I I_i G, I, I_i

II II

D G, I_i, D

III III N N O O Table 6: Possible relation between the Weyl type of the seed spacetime ds̃^2 and the full spacetime ds^2 for metric (8.6) with (8.7) (from [143]). In the case n = 5 (only), if ds^2 is type D, then ds̃^2 must be type D as well [12, 143].

These are precisely the Einstein spacetimes that can be mapped conformally on other Einstein spacetimes by a proper map [114]. In order to preserve the signature, we require f(z) > 0, which may restrict possible parameter values and (possibly) the range of z [143]. In particular, not all possible combinations of the signs of R and R̃ are permitted. Note that (8.6) is form invariant under a redefinition z = αz^′ + β, under which λ^′ = λ, d^′ = α^{−1}(d − λβ), b^′ = α^{−2}[b + β(−λβ + 2d)] and ds̃^{′2} = α^2ds̃^2 (so that R̃^′ = α^{−2}R̃). Alternative coordinates for the metric (8.6) have also been presented in [143]. These may sometimes be more convenient for certain applications, e.g., for Kaluza-Klein reduction.

Using coordinates x^a = (x^μ, z) (with Greek indices ranging from 0 to n − 2), for the coordinate components of the Weyl tensor, it is straightforward to show that [114] C_{μνρσ} = fC̃_{μνρσ}, C_{zμνρ} = 0 = C_{zμzν} . (8.9) First, it is obvious that ds^2 is conformally flat (and thus of constant curvature since Einstein) iff ds̃^2 is such [114]. Therefore, in four dimensions, metric (8.6) describes only spaces of constant curvature (a three-dimensional Einstein space ds̃^2 is necessarily of constant curvature). For n > 4, this is generically not the case, and one can show [143] that ds^2 inherits WANDs from ds̃^2 with the same multiplicity. In particular cases, ds^2 can however also possess additional WANDs unrelated to those (if any) of ds̃^2. Consequently, ds^2 is in general of the same Weyl type of ds̃^2, but in special cases (see [143] for details and some examples) it can be more special. In particular, if ds̃^2 is algebraically special, then ds^2 is of the same algebraic type (but not vice versa). This is summarized in table 6.

Using scalar curvature invariants and components of the Weyl tensor in a p.p. frame, it has also been shown [143] that all spacetimes ds^2 (8.6) with (8.7) contain (p.p.) curvature singularities arising in the full spacetime ds^2 due to the warp factor (at points where f(z) = 0), except when both the cosmological constant of ds̃^2 and that of ds^2 are negative (and in the trivial case of a direct product spacetime f =const). Two explicit five-dimensional examples of warped metrics without naked singularities have also been discussed in [143]: an AdS black string sliced by an AdS spinning black hole, and an accelerated AdS black string generated from the four-dimensional AdS C-metric. Many more general solutions can be easily obtained.

8.4 Spacetimes with symmetries

In this section, we summarize classes of spacetimes with isometries (sections 8.4.1–8.4.4) or other “symmetries” (section 8.4.5), for which the intersection with the Weyl classification has been studied (see, e.g., [4, 23] and references therein for corresponding results in 4D). Properties of spacetimes admitting certain isotropies are discussed in [14, 19].

First of all, let us recall that an n-dimensional spacetime is of constant curvature iff it admits a group of motions of dimension n(n + 1)/2. Furthermore, an n-dimensional spacetime (with n ≥ 3) is of constant curvature (and thus of type O) iff it admits an isotropy group of dimension n(n − 1)/2. These are local results and hold, in fact, for any signature. The corresponding maximally symmetric spacetimes are of course only Minkowski or (A)dS (see, e.g., [4]). In the following, we first discuss consequences of the presence of a single Killing vector field^{22} and then review results on spacetimes admitting larger isometry groups, such as spherical/hyperbolic/plane or “axial” symmetry (note that the considered classes of spacetimes are not necessarily disjoint). Most of the results are purely geometric, i.e. no field equations are initially assumed, except for section 8.4.4 and, in part, 8.4.5.

8.4.1 Spacetimes with a timelike Killing vector field

If the timelike Killing vector field is hypersurface orthogonal, we have static spacetimes, for which

Proposition 8.20 (Static spacetimes [19, 66]). An n ≥ 4 static spacetime can be only of type G, I_i, D(d) or O, and it is PE.

This can also be seen as a special case of propositions 8.8 and 8.10. Indeed, the general line element of static spacetimes is (8.5) with V = V (x) and P = P (x). See table 7 for corresponding examples of all permitted Weyl types. Obviously, the conclusions of propositions 8.20 apply also to spacetimes that are conformal to a static spacetime, such as (doubly) warped products with a one-dimensional timelike factor (proposition 8.15).

When the timelike Killing vector field is not hypersurface orthogonal, the corresponding spacetime is stationary. By adding some extra assumptions, one arrives again at the types G, I_i, D(d) or O (but counterexamples, not obeying the extra assumptions, are also known) [66]. However, stationary spacetimes in general are neither PE nor PM [19]. Typical examples are rotating black holes/rings (table 7).

8.4.2 Spacetimes with a null Killing vector field

In this case, one can extend well-known 4D results [4] by the following proposition:

Proposition 8.21 (Null Killing vector field [51, 66]). A null Killing vector field k is necessarily geodesic, shearfree and non-expanding, with twist given by ω^2 = R_{ab}k^ak^b. If k is twistfree (i.e. R_{ab}k^ak^b = 0), then it must be a WAND (and vice versa if n is odd), so that the spacetime is of Weyl (and Riemann) type I (or more special) and belongs to the Kundt class. If, additionally, R_{ab}k^a ∝ k_b, then the Weyl (and Riemann) type is II (or more special).

Note that both conditions on the Ricci tensor (the latter implying the former) hold, in particular, in the case of Einstein spacetimes, while the existence of a twisting null Killing vector field requires the presence of “null” matter (see [4] for examples in 4D). On the other hand, a special subfamily admitting a twistfree null Killing vector field is represented by the full class of pp -waves (for which k_{a;b} = 0), see also section 7.1.3. See instead [111] for an example of a (Ricci-flat) spacetime of type II_i that belongs to the Kundt class with τ ≠ 0 (and thus is not a pp -wave) and admits a null Killing vector field.

8.4.3 Spherically, hyperbolically or plane symmetric spacetimes

A line element with spherical, hyperbolic or plane symmetry can be written as a warped spacetime with a two-dimensional Lorentzian factor (see, e.g., [149, 150]), which implies (cf. the more general proposition 8.16)

22Namely, a timelike or null one. A single spacelike Killing vector does not impose any constraints on the algebraic type of the Weyl tensor, in general, and all types are in fact possible [66].

Proposition 8.22 (Spherical, hyperbolic and plane symmetry [19, 66]). An n ≥ 4 spherically, hyperbolically or plane symmetric spacetime is of type D(bcd) (in particular, PE) or O.

If one adds the assumption that the spacetime is Einstein, a generalized Birkhoff theorem [149,150] implies that the only non-conformally flat solutions are Schwarzschild-Tangherlini metrics (7.7) with (7.8) and h_{αβ} representing a space of constant curvature (with K = ±1, 0 depending on the isometry group), or Nariai-like solutions, i.e. dS_2×S^{n−2} (spherical symmetry) or AdS_2×H^{n−2} (hyperbolic symmetry).

8.4.4 Axially symmetric Einstein spacetimes

In [24], higher dimensional Einstein spacetimes with axial symmetry (i.e. invariance under an SO(n − 2) isometry group whose orbits are (n − 3)–spheres)were studied. The authors of [24] first considered the static subclass and gave conditions on the metric functions (in adapted coordinates) for these spacetimes to be of type G, I_i or D (other types are not permitted [66], see proposition 8.20). Examples here include the type D Schwarzschild-Tangherlini black hole and Schwarzschild black string, the type G static Kaluza-Klein (KK) bubble (i.e. a direct product of a flat time direction with Euclidean Schwarzschild), and other spacetimes of type G or I_i. Some of these solutions have the interesting property of being of type G in an open subset of spacetime and of type I_i in another open subset. See also [151] for other properties of this class of metrics.

Next, in [24], general (i.e. not necessarily static) axisymmetric Einstein spacetimes were studied and all such solutions for which the type is II or more special were determined. These comprise (cf. also table 7, where some of the following Weyl types are further constrained): (generalized) Schwarzschild black holes (type D), (warped) black strings (type D), axisymmetric Kundt solutions (II, D, or N),^{23} dS_{n−2}×S^2 (type D, Λ > 0), and an analytic continuation of Schwarzschild-Tangerlini, i.e., KK bubbles (type D, arbitrary Λ). The latter two solutions are unique in that they possess (a continuous infinity ∞^{n−4} of) non-axisymmetric mWANDs, some of which are non-geodesic (see also [9]). On the other hand, the only axisymmetric Einstein spacetime admitting a non-geodesic, axisymmetric mWAND is dS_3×S^{n−3} (type D, with Λ > 0). All remaining solutions possess geodesic, axisymmetric mWANDs. Note in particular that type III spacetimes are not permitted, and the only possible type II/N spacetimes belong to Kundt. All type D solutions turn out to admit an isometry group larger than the assumed SO(n − 2). The analysis of [24] also shows that, within the considered class, a geodesic, axisymmetric WAND must be an mWAND, and must be twistfree.

8.4.5 Other symmetries

So far we have considered metrics with certain isometries. We now consider spacetimes that admit a vector or tensor field with other special properties and discuss consequences in terms of the permitted Weyl types.

First, let us mention spacetimes whose holonomy is (a subgroup of) Sim(n−2). These are spacetimes which admit a recurrent null vector field (included in the class of metrics studied in [109]), for which we have the following proposition:

Proposition 8.23 (Recurrent null vector field [12, 110]). Spacetimes that admit a recurrent null vector field, i.e. k_ak^a = 0, k_{a;b} = k_ap_b, coincide with the subclass τ = 0 of the Kundt family; they are of type II(bd) if Einstein, and II(abd) if Ricci-flat.

More explicitly, upon defining a suitable rescaling ℓ = αk, one can always arrive at ℓ_{a;b} = L_{11}ℓ_aℓ_b, which indeed defines the particular subset of Kundt metrics having τ = 0, and the corresponding line element is thus (7.1) with W_{α,r} = 0 [109,110] (so that these spacetimes intersect the degenerate Kundt family, cf. section 7.1.2), see also [84] in the VSI subcase. In particular, constraints on the metric functions arising in the case of Einstein

23Note that axisymmetric Kundt solutions of type D also include, e.g., the products dS3×S^{n−3}, dS2×S^{n−2}, AdS2×H^{n−2}. However, within the axisymmetric Kundt class, only the type N subclass solutions can be fully determined in an analytic form and it represents non-expanding axisymmetric gravitational waves propagating on a constant-curvature background. See also [111,113] for examples of type II and N.

spacetimes have been studied in [110] (see also [106]) – in 4D these metrics are “universal” [78]. A special subfamily of the spacetimes of proposition 8.23 is obtained if one restricts the holonomy to (a subgroup of) E(n − 2) [110]. Then, the null vector field must be covariantly constant, i.e. also L_{11} = 0, and one is left with the already discussed pp -waves (7.3) (i.e. (7.1) with W_{α,r} = 0 = H_{,r}).

Next, spacetimes with a covariantly constant timelike vector field (u_{a;b} = 0) are those for which the holonomy is (a subgroup of) SO(n − 1). They are, in particular, static, and one has the following proposition:

Proposition 8.24 (Covariantly constant timelike vector field [12, 19]). Spacetimes that admit a covariantly constant timelike vector field can only be of Weyl type G, I_i, D(d) or O, are PE, and cannot be properly Einstein. For Ricci-flat spacetimes, the possible types reduce to G, I_i(a), D(abd) (and O, this being the only possibility if n = 4, 5).

The corresponding line element is (8.5) with V = V (t), P = P (x), i.e. a direct product spacetimes with a one-dimensional timelike factor (cf. also propositions 8.8, 8.10 and 8.20). In fact, to arrive at the conclusions of proposition 8.24, it suffices to assume R_{abcd}u^d = 0 (and not necessarily u_{a;b} = 0) [12, 19].

Apart from considering vector fields with certain properties, it is sometimes also useful to characterize spacetimes by the existence of special tensor fields. Having in mind the Weyl tensor classification, here we briefly summarize some results for spacetimes admitting a rank-2 conformal Killing-Yano (CKY) tensor, i.e. a 2-form h_{ab} = −h_{ba} that satisfies h_{ab;c} = τ_{cab} + 2 n − 2 g_{c[a}ξ_{b]}, (8.10)

where τ_{cab} is a 3-form. If h_{ab} is closed, i.e. τ_{cab} = 0, and “non-degenerate” (i.e. of maximal matrix rank), it is dubbed principal CKY tensor. First, the presence of a CKY tensor restricts the algebraic type of the Weyl tensor:

Proposition 8.25 (Conformal Killing-Yano tensor [72]). A spacetime of dimension n ≥ 4 that admits a non-degenerate rank-2 conformal Killing-Yano tensor with distinct eigenvalues is of Weyl type D.

For spacetimes admitting a principal CKY tensor, the authors of [152, 153] went a step further (see also [154]). First, they proved the existence of preferred coordinates in which the line element takes a canonical form. Next, by enforcing the vacuum Einstein equations (with a possible Λ) they proved that the only solution is represented by the Kerr-NUT-(A)dS spacetimes (including special subcases such as Myers-Perry black holes). Note however that this uniqueness result has been proven only for the Euclidean signature “continuation” of those spacetimes. Further, certain technical assumptions such as functional independence of the eigenvalues of h_{ab} were made.

Let us just mention that the interest in CKY tensors arises in connection with the integrability of geodesic motion and separability of certain PDEs (such as Hamilton-Jacobi, Klein-Gordon and Dirac) in the corresponding spacetimes. See, e.g., the recent reviews [155–157] for a number of related references.

9 Miscellanea of examples and summarizing table

In table 7, we present examples of higher dimensional spacetimes of all Weyl types. We mainly focus on Einstein spacetimes but a few solutions with matter/electromagnetic field are also mentioned. BR and BH stand for “black ring” and “black hole”, respectively. Certain spacetimes may have different Weyl types in different regions; in those cases, we have generally indicated only one of those types (for example, black objects are always of type II or more special at Killing horizons, provided the null generator is an eigenvector of the Ricci tensor [52, 66]). Similarly, “static” and “PE” spacetimes are often such only in a certain region – this is understood. In the last column, we have indicated references where the Weyl type was discussed, whereas references where the corresponding solution was first presented (when different) are given in the second column. Note that some of these classes of solutions overlap, and some are subsets or others, yet it seems convenient to display them separately due to their own importance: for instance, Robinson-Trautman includes Schwarzschild- Tangherlini BH, and the same does Myers-Perry BH if one sets rotation to zero; all pp -waves belong to the Kundt class, etc. When more details of some examples are discusses in the main text, the corresponding sections are given in the last but one column. The symbol “⊂” means that the mentioned family is a subset of a larger class of solutions (e.g., Kundt), whereas “∈” means that the considered spacetime belongs to a certain class.

10 Applications in quadratic gravity

As we have seen in section 5, the curvature structure of Riemann type III and N spacetimes is so restricted that all curvature invariants of order 0 (see definition 5.1) vanish.^{24} It thus seems natural to study whether some subclasses of these spacetimes solve the vacuum field equations of modified gravities with Lagrangians constructed from curvature invariants of order 0 in n dimensions [178].

One important class of such modified gravities is quadratic gravity, whose action contains, in addition to the standard Einstein-Hilbert term, also general quadratic terms in the curvature [179] S = ∫ d^nx √ −g ( 1 κ (R − 2Λ_0) + αR^2 + βR^2_{ab} + γ ( R^2_{abcd} − 4R^2_{ab} + R^2 ) ) , (10.1)

in which Λ_0, κ, α, β and γ are constants.^{25} This action leads to the vacuum quadratic gravity field equations [180] 1 κ ( R_{ab} − 1 2 Rg_{ab} + Λ_0g_{ab} ) + 2αR ( R_{ab} − 1 4 Rg_{ab} ) + (2α + β) (g_{ab}∇^c∇_c − ∇_a∇_b) R +2γ ( RR_{ab} − 2R_{acbd}R^{cd} + R_{acde}R^{cde}_b − 2R_{ac}R^c_b − 1 4 g_{ab} ( R^2_{cdef} − 4R^2_{cd} + R^2 ) )

+β∇^c∇_c ( R_{ab} − 1 2 Rg_{ab} ) + 2β ( R_{acbd} − 1 4 g_{ab}R_{cd} ) R^{cd} = 0. (10.2)

For Einstein spacetimes,^{26} i.e. R_{ab} =^{2Λ}_{n−2} g_{ab}, the equations of quadratic gravity (10.2) reduce to [178]^{27} Bg_{ab} − γ ( C^{cde}_a C_{bcde} − 1 4 g_{ab}C^{cdef} C_{cdef} ) = 0, (10.3)

where B = Λ − Λ_0 2κ + Λ^2 [ (n − 4) (n − 2)^2

(nα + β) +

(n − 3)(n − 4) (n − 2)(n − 1) γ ] . (10.4)

10.1 Type N Einstein solutions to quadratic gravity For type N spacetimes, one has C^{cde}_a C_{bcde} = 0 (see eq. (2.23)) and C^{cdef} C_{cdef} = 0 (section 5), so that eqs. (10.3) and (10.4) reduce to a simple algebraic constraint B = 0 relating the effective cosmological constant Λ to the parameters α, β, γ, κ, Λ_0. These spacetimes are thus “immune” to corrections of quadratic gravity.

24Recall that some curvature invariants of higher order are non-vanishing even for type III and N spacetimes as long as ρ ≠ 0; see also footnote 12.

25Recall that in four dimensions one can set γ = 0 since the corresponding (Gauss-Bonnet) term in the Lagrangian does not contribute to the field equations.

26There are at least three reasons to study Einstein spacetimes in this context: (i) this assumption leads to a dramatic simplification of the field equations of quadratic gravity; (ii) it is of interest to know which spacetimes are vacuum solutions of both theories, i.e. they are “immune” to the corrections of quadratic gravity; (iii) Einstein spacetimes are relatively well studied and one can thus use the know-how of (higher dimensional) Einstein gravity.

27Note than in general the cosmological constant Λ0 appearing in the Lagrangian (10.1) is distinct from the effective cosmological constant of the Einstein spacetime Λ.

Type Spacetime Matter n Comments Cf. section Ref.

G static KK bubble vac ≥ 5 PE 8.4.4 [24] “homog. wrapped object” [36]^a vac 5 static, PE 2.7.1 [24] static charged BR [160–162] electrovac 5 PE [163] Ii (non-)rotating BR [164, 165]^b vac 5 4.2.1 [74] Gross-Perry [158, 166]^c vac 5 static, PE [24, 111, 159] lifted Lozanovski [19, 168] imperfect fluid 5 PM 8.2 [19] D Myers-Perry BH [64] vac ≥ 5 8.1,8.4.5 [50, 66, 169] Kerr-NUT-(A)dS [132, 133, 170] Λ ≥ 5 8.4.5 [66, 159, 169] Tangherlini BH [124] (electro)vac, Λ ≥ 5 D(bcd) (PE); σ = 0 7.2,8.3,8.4 [50, 66, 125, 159] Robinson-Trautman^d (electro)vac, Λ, pure rad. ≥ 5 D(bd) (PE); σ = 0 7.2 [54, 125] black strings/branes vac ≥ 5 static, D(d) (PE) 8.3,8.4.4 [66, 159] warped black strings [24, 171, 172] Λ ≥ 5 static, D(d) (PE) 8.3,8.4.4 [24, 143] (A)dSn_1 ×(Einst)^{n2} [140] Λ (if^{R(n1)}_{n1} =^{R(n2 )}_{n2} ) ≥ 5 D(d) (PE); ∞^{n1−2} mWANDs; ∈Kundt 8.3 [11, 24, 66, 67] Schwarzschild KK bubble [141] vac, Λ ≥ 5 D(d) (PE); ∞^{n−4} mWANDs 8.3,8.4.4 [24, 66] Myers-Perry KK bubble [173, 174] vac 5 [10] Taub-NUT [127, 175] vac 6 σ = 0, ρ ≠ 0 7.3 [11] ⊂ pp -waves vac ≥ 6 D(abd) 7.1,8.3 [12, 56] Melvin [126, 142] electrovac ≥ 5 static, D(d) (PE) 8.3 [66] II ⊂ pp -waves vac ≥ 8 II’(abd) 7.1,8.3 [12, 56] ⊂ Kundt vac ≥ 5 IIi 8.4 [111] ⊂ warps of 4D [114] vac, Λ ≥ 5 ρ ≠ 0 8.3 [143] III ⊂ Kundt/pp -waves vac, pure rad. ≥ 5 VSI; also Λ for Kundt 5.2,7.1 [56, 84] ⊂ warps of 4D [114] vac, Λ ≥ 5 ρ ≠ 0 8.3 [53, 143] N ⊂ Kundt/pp -waves vac, pure rad. ≥ 5 VSI, KS; also Λ for Kundt 5.2,7.1,8.1 [56, 58, 84] ⊂ warps of 4D [114] vac, Λ ≥ 5 ρ ≠ 0 8.3 [53, 143] O Minkowski/(A)dS vac/Λ ≥ 5 8.4 dSn_1 ×H^{n2} , AdSn_1 ×S^{n2} [176, 177] n1-form (up to duality) ≥ 5^{R1}_{n1(n1 −1)} = −^{R2}_{n2(n2 −1)} ; CSIK 8.3 [66, 140] Einstein universe R × S^{n−1} perfect fluid, Λ ≥ 5 static, PE 8.3 [66, 140] LFRW-like universes perfect fluid, Λ ≥ 5 PE 8.3 [14, 19, 66, 140]

Table 7: Examples of spacetimes of various Weyl types in higher dimensions. See the text and the indicated sections for more details.

aThis metric is a special case of a family of solutions given in [158]. Note that the type is more special according to [159], however the WANDs considered in this reference are complex (cf. their eqs. (30)–(32)), which is of no relevance to the present discussion.

bTo be precise, in the rotating case it has been proven only in certain spacetime regions that the type is Ii [74].

cThe Weyl type is G in certain spacetime regions [24]. These metrics contain, for a special choice of parameters, the Gross-Perry-Sorkin soliton [166, 167], while they degenerate to type D for other parameter choices (including static black strings) [24].

dNote that for a “special” electrovac 6D case (cf. section 4.3 of [125]) the Weyl type has not been determined.

Proposition 10.1 (Type N solutions of QG [178]). In arbitrary dimension, all Weyl type N Einstein spacetimes with cosmological constant Λ (chosen to obey B = 0) are exact solutions of quadratic gravity (10.2).

Many higher dimensional type N Einstein spacetimes are known and thus in proposition 10.1 we identified a large class of exact vacuum solutions of quadratic gravity. These include type N Kundt spacetimes (see section 7.1) and expanding, shearing (and possibly twisting) type N solutions obtained by (repeatedly) warping known four-dimensional type N Einstein spacetimes (see [53] for examples and section 8.3.3 for comments on the warping method).

10.2 Type III Einstein solutions to quadratic gravity

Clearly, for type III spacetimes C^{cdef} C_{cdef} vanishes as in the type N case (see section 5). By contrast, the remaining Weyl term appearing in (10.3) is in general non-vanishing. From (2.23), it follows

C^{cde}_a C_{bcde} = Ψ̃ℓ_aℓ_b, (10.5)

where Ψ̃ ≡ 1 2 Ψ^′_{ijk}Ψ^′_{ijk} − Ψ^′_iΨ^′_i. (10.6)

By tracing (10.3), we get B = 0, so that (10.3) reduces to γΨ̃ = 0, and thus, (assuming γ ≠ 0) type III Einstein spacetimes are exact vacuum solutions of QG if, and only if, Ψ̃ = 0 (assuming of course that the effective cosmological constant Λ is chosen to obey (10.4)).

Let us first observe that not all type III Einstein spacetimes are solutions of vacuum QG, since there do exist type III Einstein spacetimes with Ψ̃ ≠ 0. For instance, Ψ̃ is clearly non-vanishing for the type III(a) subclass of type III spacetimes, characterized by Ψ^′_i = 0 [2] (section 2.3). Take, for example, type III Ricci-flat pp -waves, which are automatically of type III(a) (proposition 7.3), and thus not vacuum solutions of QG (an example of such metric is given by (7.5)). Similarly, also type III(b) Einstein spacetimes cannot solve QG (unless n = 4, cf. the definition given in section 2.3).

On the other hand, many other type III Einstein spacetimes do obey Ψ̃ = 0. To see that this is indeed the case, note first that in four dimensions Ψ̃ = 0 identically (this follows from symmetries of Ψ^′_{ijk}). Next, from the results of section 8.3.3, it follows that for Brinkmann’s warped metrics (8.6) one has C^{νρσ}_μ C_{τ νρσ} = 1 f C̃^{νρσ}_μ C̃_{τ νρσ}, (10.7) with all z-components being zero. Therefore Ψ̃ also vanishes for all type III Einstein spacetimes of the form (8.6), i.e. obtained by warping four-dimensional type III Einstein spacetimes. Such spacetimes are thus also exact solutions of QG. Various classes of such Einstein spacetimes are given in [53].

10.3 Type III and N spacetimes with aligned null radiation

The above results for Einstein spacetimes may be partially generalized to the case of a Ricci tensor of the form R_{ab} = 2Λ n − 2 g_{ab} + χℓ_aℓ_b. (10.8)

Assuming further Ψ̃ = 0, eq. (10.2) reduces to [134, 178],

(β□ + A)(χℓ_aℓ_b) = 0, (10.9)

with A = 1 κ + 4Λ ( nα n − 2 + β n − 1 + (n − 3)(n − 4) (n − 2)(n − 1) γ ) . (10.10)

As it turns out [178], for β ≠ 0 eq. (10.9) implies that ρ_{ij} vanishes, and these spacetimes thus belong to the Kundt class (section 7.1). Explicit examples of such solutions of QG (obtained by solving (10.9)) can be found in [134, 178]. Note that these vacuum solutions of QG are not vacuum solutions of Einstein theory due to the non-vanishing Ricci tensor.

Acknowledgments

We are grateful to Mahdi Godazgar, Sigbjørn Hervik, David Kubizňák, Jiří Podolský, Harvey Reall and Lode Wylleman for reading the manuscript and for helpful comments. The authors acknowledge support from research plan RVO: 67985840 and research grant no P203/10/0749.

References

[1] R. Milson, A. Coley, V. Pravda, and A. Pravdová. Alignment and algebraically special tensors in Lorentzian geometry. Int. J. Geom. Meth. Mod. Phys., 2:41–61, 2005.

[2] A. Coley, R. Milson, V. Pravda, and A. Pravdová. Classification of the Weyl tensor in higher dimensions.

Class. Quantum Grav., 21:L35–L41, 2004.

[3] A. Z. Petrov. Einstein Spaces. Pergamon Press, Oxford, translation of the 1961 Russian edition, 1969.

[4] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers, and E. Herlt. Exact Solutions of Einstein’s Field Equations. Cambridge University Press, Cambridge, second edition, 2003.

[5] A. Coley. Classification of the Weyl tensor in higher dimensions and applications. Class. Quantum Grav., 25:033001, 2008.

[6] H. Reall. Algebraically special solutions in higher dimensions. In G. Horowitz, editor, Black Holes in Higher Dimensions, pages 213–232. Cambridge University Press, Cambridge, 2012 (arXiv:1105.4057).

[7] M. Durkee, V. Pravda, A. Pravdová, and H. S. Reall. Generalization of the Geroch-Held-Penrose formalism to higher dimensions. Class. Quantum Grav., 27:215010, 2010.

[8] S. Hervik. A spacetime not characterized by its invariants is of aligned type II. Class. Quantum Grav., 28:215009, 2011.

[9] M. Durkee and H. S. Reall. A higher-dimensional generalization of the geodesic part of the Goldberg-Sachs theorem. Class. Quantum Grav., 26:245005, 2009.

[10] M. Ortaggio, V. Pravda, A. Pravdová, and H. S. Reall. On a five-dimensional version of the Goldberg- Sachs theorem. Class. Quantum Grav., 29:205002, 2012.

[11] M. Ortaggio, V. Pravda, and A. Pravdová. On the Goldberg-Sachs theorem in higher dimensions in the non-twisting case. arXiv:1211.2660, 2012.

[12] M. Ortaggio. Bel-Debever criteria for the classification of the Weyl tensor in higher dimensions. Class.

Quantum Grav., 26:195015, 2009.

[13] J. M. M. Senovilla. Algebraic classification of the Weyl tensor in higher dimensions based on its ‘superenergy’ tensor. Class. Quantum Grav., 27:222001, 2010. See also J. M. M. Senovilla, Class. Quantum Grav. 28 (2011) 129501 (corrigendum).

[14] A. Coley and S. Hervik. Higher dimensional bivectors and classification of the Weyl operator. Class.

Quantum Grav., 27:015002, 2009.

[15] A. Coley, S. Hervik, M. Ortaggio, and L. Wylleman. Refinements of the Weyl tensor classification in five dimensions. Class. Quantum Grav., 29:155016, 2012.

[16] M. Durkee and H. S. Reall. Perturbations of higher-dimensional spacetimes. Class. Quantum Grav., 28:035011, 2011.

[17] M. Durkee and H. S. Reall. Perturbations of near-horizon geometries and instabilities of Myers-Perry black holes. Phys. Rev. D, 83:104044, 2011.

[18] M. Godazgar. The perturbation theory of higher dimensional spacetimes a la Teukolsky.

Class.Quant.Grav., 29:055008, 2012.

[19] S. Hervik, M. Ortaggio, and L. Wylleman. Minimal tensors and purely electric or magnetic spacetimes of arbitrary dimension. arXiv:1203.3563v2, 2012.

[20] A. Coley, S. Hervik, and N. Pelavas. Spacetimes characterized by their scalar curvature invariants. Class.

Quantum Grav., 26:025013, 2009.

[21] G. Bergqvist and J. M. M. Senovilla. Null cone preserving maps, causal tensors and algebraic Rainich theory. Class. Quantum Grav., 18:5299–5326, 2001.

[22] R. Milson. Alignment and the classification of Lorentz-signature tensors. Symmetry And Perturbation Theory: Proceedings of the International Conference SPT 2004, Eds. G. Gaeta, B. Prinari, S. Rauch- Wojciechowski, S. Terracini, World Scientific, 2005, arXiv:gr-qc/0411036.

[23] G. Hall. Symmetries and Curvature Structure in General Relativity. World Scientific, Singapore, 2004. [24] M. Godazgar and H. S. Reall. Algebraically special axisymmetric solutions of the higher-dimensional vacuum Einstein equation. Class. Quantum Grav., 26:165009, 2009.

[25] L. Wylleman. On Weyl type II or more special spacetimes in higher dimensions. Paper in preparation.

2012.

[26] L. Bel. La radiation gravitationnelle. Sém. méc. analytique méc. céleste, 2(12):1–16, 1959. [27] L. Bel. Les états de radiation et le problème de l’énergie en relativité générale. Cahiers de Physique, 16:59–80, 1962. Reprinted in Gen. Rel. Grav. 32 (2000) 2047.

[28] R. Debever. Tenseur de super-énergie, tenseur de Riemann: cas singuliers. C. R. Acad. Sc. Paris, 249:1744–1746, 1959.

[29] R. Debever. La super-énergie en relativité générale. Bull. Soc. Math. Belg., 10:112–147, 1959. [30] J. M. M. Senovilla. Super-energy tensors. Class. Quantum Grav., 17:2799–2841, 2000. [31] O. Wingbrant and S. B. Edgar. Old and new results for superenergy tensors from dimensionally dependent tensor identities. J. Math. Phys., 44:6140–6159, 2003.

[32] I. Robinson. On the Bel-Robinson tensor. Class. Quantum Grav., 14:A331–A333, 1997. [33] R. Penrose and W. Rindler. Spinors and Space-Time, volume 2. Cambridge University Press, Cambridge, 1986.

[34] A. Coley, R. Milson, V. Pravda, and A. Pravdová. Vanishing scalar invariant spacetimes in higher dimensions. Class. Quantum Grav., 21:5519–5542, 2004.

[35] R. Penrose. A spinor approach to general relativity. Ann. Phys., 10:171–201, 1960. [36] P.-J. De Smet. Black holes on cylinders are not algebraically special. Class. Quantum Grav., 19:4877– 4896, 2002.

[37] M. Godazgar. Spinor classification of the weyl tensor in five dimensions. Class. Quantum Grav., 27:245013, 2010.

[38] P.-J. De Smet. The Petrov type of the five-dimensional Myers-Perry metric. Gen. Rel. Grav., 36:1501– 1504, 2004.

[39] P.-J. De Smet. Five-dimensional metrics of Petrov type 22. Class. Quantum Grav., 20:2541–2552, 2003. [40] S. Hervik. Mathematical cosmology: Bianchi models, asymptotics and extra dimensions. PhD thesis, University of Cambridge, 2004.

[41] I. Robinson and A. Trautman. Conformal geometry of flows in n dimensions. J. Math. Phys., 24:1425– 1429, 1983.

[42] L. P. Hughston and L. J. Mason. A generalized Kerr-Robinson theorem. Class. Quantum Grav., 5:275– 285, 1988.

[43] A. Taghavi-Chabert. Optical structures, algebraically special spacetimes, and the Goldberg-Sachs theorem in five dimensions. Class. Quantum Grav., 28:145010, 2011.

[44] A. Taghavi-Chabert. The complex Goldberg-Sachs theorem in higher dimensions. J. Geom. Phys., 62:981–1012, 2012.

[45] J. Podolský and R. Švarc. Interpreting spacetimes of any dimension using geodesic deviation. Phys. Rev.

D, 85:044057, 2012.

[46] F. A. E. Pirani. On the physical significance of the Riemann tensor. Acta Phys. Polon., 15:389–405, 1956.

[47] F. A. E. Pirani. Invariant formulation of gravitational radiation theory. Phys. Rev., 105:1089–1099, 1957. [48] P. Szekeres. The gravitational compass. J. Math. Phys., 6:1387–1391, 1965.

[49] J. M. M. Senovilla. General electric-magnetic decomposition of fields, positivity and Rainich-like conditions. In J. F. Pascual-Sánchez, L. Floría, A. San Miguel, and Vicente F., editors, Reference Frames and Gravitomagnetism, pages 145–164. World Sicentific, Singapore, 2001.

[50] V. Pravda, A. Pravdová, A. Coley, and R. Milson. Bianchi identities in higher dimensions. Class.

Quantum Grav., 21:2873–2897, 2004. See also V. Pravda, A. Pravdová, A. Coley and R. Milson Class. Quantum Grav. 24 (2007) 1691 (corrigendum).

[51] M. Ortaggio, V. Pravda, and A. Pravdová. Ricci identities in higher dimensions. Class. Quantum Grav., 24:1657–1664, 2007.

[52] J. Lewandowski and T. Pawlowski. Quasi-local rotating black holes in higher dimension: geometry. Class.

Quantum Grav., 22:1573–1598, 2005.

[53] M. Ortaggio, V. Pravda, and A. Pravdová. Type III and N Einstein spacetimes in higher dimensions:

general properties. Phys. Rev. D, 82:064043, 2010.

[54] J. Podolský and M. Ortaggio. Robinson-Trautman spacetimes in higher dimensions. Class. Quantum Grav., 23:5785–5797, 2006.

[55] A. Pravdová and V. Pravda. The Newman-Penrose formalism in higher dimensions: vacuum spacetimes with a non-twisting geodetic multiple Weyl aligned null direction. Class. Quantum Grav., 25:235008, 2008.

[56] M. Ortaggio, V. Pravda, and A. Pravdová. Higher dimensional Kerr-Schild spacetimes. Class. Quantum Grav., 26:025008, 2009.

[57] M. Ortaggio, V. Pravda, and A. Pravdová. Asymptotically flat, algebraically special spacetimes in higher dimensions. Phys. Rev. D, 80:084041, 2009.

[58] T. Málek and V. Pravda. Kerr-Schild spacetimes with (A)dS background. Class. Quantum Grav., 28:125011, 2011.

[59] L. Wylleman. The optical constraint and the Goldberg-Sachs theorem in five and higher dimensions.

Paper in preparation. 2012.

[60] J. N. Goldberg and R. K. Sachs. A theorem on Petrov types. Acta Phys. Polon., Suppl. 22:13–23, 1962.

[61] E. T. Newman and R. Penrose. An approach to gravitational radiation by a method of spin coefficients.

J. Math. Phys., 3:566–578, 1962. See also E. Newman and R. Penrose (1963), Errata, J. Math. Phys. 4:998.

[62] R. P. Kerr. Gravitational field of a spinning mass as an example of algebraically special metrics. Phys.

Rev. Lett., 11:237–238, 1963.

[63] A. R. Gover, C. D. Hill, and P. Nurowski. Sharp version of the GoldbergSachs theorem. Ann. Mat. Pura Appl., 190:295–340, 2011.

[64] R. C. Myers and M. J. Perry. Black holes in higher dimensional space-times. Ann. Phys. (N.Y.), 172:304– 347, 1986.

[65] V. P. Frolov and D. Stojković. Particle and light motion in a space-time of a five-dimensional rotating black hole. Phys. Rev. D, 68:064011, 2003.

[66] V. Pravda, A. Pravdová, and M. Ortaggio. Type D Einstein spacetimes in higher dimensions. Class.

Quantum Grav., 24:4407–4428, 2007.

[67] M. Durkee. Type II Einstein spacetimes in higher dimensions. Class. Quantum Grav., 26:195010, 2009.

[68] M. Ortaggio. Higher dimensional spacetimes with a geodesic, shearfree, twistfree and expanding null congruence. Proceedings of the XVII SIGRAV Conference, 2007, gr-qc/0701036.

[69] P. Nurowski and A. Trautman. Robinson manifolds as the Lorentzian analogs of Hermite manifolds.

Differential Geom. Appl., 17:175–195, 2002.

[70] A. Trautman. Robinson manifolds and Cauchy-Riemann spaces. Class. Quantum Grav., 19:R1–R10, 2002.

[71] A. Trautman. Robinson manifolds and the shear-free condition. Int. J. Mod. Phys. A, 17:2735–2737, 2002.

[72] L. J. Mason and A. Taghavi-Chabert. Killing-Yano tensors and multi-hermitian structures. J. Geom.

Phys., 60:907–923, 2010.

[73] H. S. Reall, A. A. H. Graham, and C. P. Turner. On algebraically special vacuum spacetimes in five dimensions. arXiv:1211.5957, 2012.

[74] V. Pravda and A. Pravdová. WANDs of the black ring. Gen. Rel. Grav., 37:1277–1287, 2005. [75] S. Hervik and A. Coley. Curvature operators and scalar curvature invariants. Class. Quantum Grav., 27:095014, 2010.

[76] A. Coley, A. Fuster, S. Hervik, and N. Pelavas. Vanishing scalar invariant spacetimes in supergravity.

JHEP, 0705:032, 2007.

[77] A. Coley, A. Fuster, and S. Hervik. Supergravity solutions with constant scalar invariants. Int. J. Mod.

Phys. A, 24:1119–1133, 2009.

[78] A. Coley, G. W. Gibbons, S. Hervik, and C. N. Pope. Metrics with vanishing quantum corrections. Class.

Quantum Grav., 25:145017, 2008.

[79] G. W. Gibbons. Quantized fields propagating in plane wave space-times. Commun. Math. Phys., 45:191– 202, 1975.

[80] S. Deser. Plane waves do not polarize the vacuum. J. Phys. A, 8:1972–1974, 1975. [81] D. Amati and C. Klimčík. Nonperturbative computation of the Weyl anomaly for a class of nontrivial backgrounds. Phys. Lett. B, 219:443–447, 1989.

[82] G. T. Horowitz and A. R. Steif. Spacetime singularities in string theory. Phys. Rev. Lett., 64:260–263, 1990.

[83] V. Pravda, A. Pravdová, A. Coley, and R. Milson. All spacetimes with vanishing curvature invariants.

Class. Quantum Grav., 19:6213–6236, 2002.

[84] A. Coley, A. Fuster, S. Hervik, and N. Pelavas. Higher dimensional VSI spacetimes. Class. Quantum Grav., 23:7431–7444, 2006.

[85] A. Fuster. Kundt spacetimes in general relativity and supergravity, Ph.D. Thesis, NIKHEF, Vrije Universiteit, Amsterdam,

http://www.nikhef.nl/pub/services/biblio/theses pdf/thesis A Fuster.pdf, 2007.

[86] A. Coley, S. Hervik, and N. Pelavas. Lorentzian spacetimes with constant curvature invariants in four dimensions. Class. Quantum Grav., 26:125011, 2009.

[87] A. Coley, S. Hervik, and N. Pelavas. On spacetimes with constant scalar invariants. Class. Quantum Grav., 23:3053–3074, 2006.

[88] A. Coley, S. Hervik, and N. Pelavas. Lorentzian manifolds and scalar curvature invariants. Class. Quantum Grav., 27:102001, 2010.

[89] F. Prüfer, F. Tricerri, and L. Vanhecke. Curvature invariants, differential operators and local homogeneity.

Trans. Amer. Math. Soc., 348:4643–4652, 1996.

[90] K. Tanabe, N. Tanahashi, and T. Shiromizu. Asymptotic flatness at spatial infinity in higher dimensions.

J. Math. Phys., 50:072502, 2009.

[91] S. Hollands and A. Ishibashi. Asymptotic flatness and Bondi energy in higher dimensional gravity. J.

Math. Phys., 46:022503, 2005.

[92] S. Hollands and R. M. Wald. Conformal null infinity does not exist for radiating solutions in odd spacetime dimensions. Class. Quantum Grav., 21:5139–5145, 2004.

[93] K. Tanabe, S. Kinoshita, and T. Shiromizu. Asymptotic flatness at null infinity in arbitrary dimensions.

Phys. Rev. D, 84:044055, 2011.

[94] M. Godazgar and H. S. Reall. Peeling of the Weyl tensor and gravitational radiation in higher dimensions.

Phys. Rev. D, D85:084021, 2012.

[95] H. Bondi, M. G. J. van der Burg, and A. W. K Metzner. Gravitational waves in general relativity. VII.

Waves from axi-symmetric isolated systems. Proc. R. Soc. A, 269:21–52, 1962.

[96] R. K. Sachs. Gravitational waves in general relativity. VIII. Waves in asymptotically flat space-time.

Proc. R. Soc. A, 270:103–126, 1962.

[97] R. Penrose. Asymptotic properties of fields and space-times. Phys. Rev. Lett., 10:66–68, 1963. [98] R. Penrose. Zero rest-mass fields including gravitation: asymptotic behaviour. Proc. R. Soc. A, 284:159– 203, 1965.

[99] K. Tanabe, N. Tanahashi, and T. Shiromizu. On asymptotic structure at null infinity in five dimensions.

J.Math.Phys., 51:062502, 2010.

[100] R. Sachs. Gravitational waves in general relativity. VI. The outgoing radiation condition. Proc. R. Soc.

A, 264:309–338, 1961.

[101] A. Ishibashi. Higher dimensional Bondi energy with a globally specified background structure. Class.

Quantum Grav., 25:165004, 2008.

[102] M. Ortaggio, V. Pravda, and A. Pravdová. Paper in preparation.

[103] J. Bičák and V. Pravda. Curvature invariants in type-N spacetimes. Class. Quantum Grav., 15:1539– 1555, 1998.

[104] V. Pravda. Curvature invariants in type-III spacetimes. Class. Quant. Grav., 16:3321–3326, 1999. [105] A. Coley, R. Milson, N. Pelavas, V. Pravda, A. Pravdová, and R. Zalaletdinov. Generalizations of pp –wave spacetimes in higher dimensions. Phys. Rev. D, 67:104020, 2003.

[106] J. Podolský and M. Žofka. General Kundt spacetimes in higher dimensions. Class. Quantum Grav., 26:105008, 2009.

[107] J. Podolský and R. Švarc. Explicit algebraic classification of Kundt geometries in any dimension. In preparation, 2012.

[108] A. Coley, S. Hervik, G. O. Papadopoulos, and N. Pelavas. Kundt spacetimes. Class. Quantum Grav., 26:105016, 2009.

[109] A. G. Walker. Canonical form for a Rimannian space with a paralel field of null planes. Quart. J. Math.

Oxford, 1:69–79, 1950.

[110] G. W. Gibbons and C. N. Pope. Time-dependent multi-centre solutions from new metrics with holonomy Sim(n − 2). Class. Quantum Grav., 25:125015, 2008.

[111] M. Jakimowicz and J. Tafel. Generalization of the Gross-Perry metrics. Int.J.Theor.Phys., 48:2876–2883, 2009.

[112] Y. N. Obukhov. Generalized plane-fronted gravitational waves in any dimension. Phys. Rev. D, 69:024013, 2004.

[113] M. Jakimowicz and J. Tafel. SO(n+1) symmetric solutions of the Einstein equations in higher dimensions.

Class. Quantum Grav., 25:175002, 2008.

[114] H. W. Brinkmann. Einstein spaces which are mapped conformally on each other. Math. Ann., 94:119–145, 1925.

[115] D. McNutt, A. Coley, and N. Pelavas. Isometries in higher-dimensional CCNV spacetimes. Int. J. Geom.

Meth. Mod. Phys., 6:419–450, 2009.

[116] W. B. Bonnor. Spinning null fluid in general relativity. Int. J. Theor. Phys., 3:257–266, 1970. [117] V. P. Frolov and D. V. Fursaev. Gravitational field of a spinning radiation beam pulse in higher dimensions. Phys. Rev. D, 71:104034, 2005.

[118] V. P. Frolov, W. Israel, and A. Zelnikov. Gravitational field of relativistic gyratons. Phys. Rev. D, 72:084031, 2005.

[119] P. Krtouš, J. Podolský, A. Zelnikov, and H. Kadlecová. Higher-dimensional Kundt waves and gyratons.

Phys. Rev. D, 86:044039, 2012.

[120] I. Robinson and A. Trautman. Some spherical gravitational waves in general relativity. Proc. R. Soc. A, 265:463–473, 1962.

[121] D. Birmingham. Topological black holes in anti-de Sitter space. Class. Quantum Grav., 16:1197–1205, 1999.

[122] G. W. Gibbons, D. Ida, and T. Shiromizu. Uniqueness and nonuniqueness of static black holes in higher dimensions. Phys. Rev. Lett., 89:041101, 2002.

[123] G. W. Gibbons and S. A. Hartnoll. Gravitational instability in higher dimensions. Phys. Rev. D, 66:064024, 2002.

[124] F. R. Tangherlini. Schwarzschild field in n dimensions and the dimensionality of space problem. Nuovo Cimento, 27:636–651, 1963.

[125] M. Ortaggio, J. Podolský, and M. Žofka. Robinson-Trautman spacetimes with an electromagnetic field in higher dimensions. Class. Quantum Grav., 25:025006, 2008.

[126] G. W. Gibbons and D. L. Wiltshire. Space-time as a membrane in higher dimensions. Nucl. Phys. B, 287:717–742, 1987.

[127] A. M. Awald and A. Chamblin. A bestiary of higher-dimensional Taub-NUT-AdS spacetimes. Class.

Quantum Grav., 19:2051–2061, 2002.

[128] T. Dereli and M. Gürses. The generalized Kerr-Schild transform in eleven-dimensional supergravity.

Phys. Lett. B, 171:209–211, 1986.

[129] A. N. Aliev and D. K. Ciftci. A Note on Rotating Charged Black Holes in Einstein-Maxwell-Chern-Simons Theory. Phys. Rev. D, 79:044004, 2009.

[130] B. Ett and D. Kastor. An extended Kerr-Schild ansatz. Class. Quantum Grav., 27:185024, 2010. [131] B. Carter. Hamilton-Jacobi and Schrodinger separable solutions of Einstein’s equations. Commun. Math.

Phys., 10:280–310, 1968.

[132] S. W. Hawking, C. J. Hunter, and M. M. Taylor-Robinson. Rotation and the AdS/CFT correspondence.

Phys. Rev. D, 59:064005, 1999.

[133] G. W. Gibbons, H. Lu, D. N. Page, and C. N. Pope. The general Kerr-de Sitter metrics in all dimensions.

J. Geom. Phys., 53:49–73, 2005.

[134] T. Málek. Exact Solutions of General Relativity and Quadratic Gravity in Arbitrary Dimension, Ph.D.

Thesis, Charles University, Prague, arXiv 1204.0291. 2012.

[135] A. Matte. Sur de nouvelles solutions oscillatoires de équations de la gravitation. Canadian J. Math., 5:1–16, 1953.

[136] L. Wylleman and N. Van den Bergh. Complete classification of purely magnetic, nonrotating, nonaccelerating perfect fluids. Phys. Rev. D, 74:084001, 2006.

[137] G. Hall. On the Petrov classification of gravitational fields. J. Phys. A, 6:619–623, 1973. [138] C. B. G. McIntosh, R. Arianrhod, S. T. Wade, and C. Hoenselaers. Electric and magnetic Weyl tensors:

classification and analysis. Class. Quantum Grav., 11:1555–1564, 1994.

[139] R. W. Richardson and P. J. Slodowy. Minimum vectors for real reductive algebraic groups. J. London Math. Soc., 42:409–429, 1990.

[140] F. A. Ficken. The Riemannian and affine differential geometry of product-spaces. Ann. Math., 40:892–913, 1939.

[141] E. Witten. Instability of the Kaluza-Klein vacuum. Nucl. Phys. B, 195:481–492, 1982. [142] G. W. Gibbons. Quantized flux tubes in Einstein–Maxwell theory and noncompact internal spaces. In A. Jadczyk, editor, Fields and Geometry, 1986: Proceedings of the XXII Winter School of Theoretical Physics, pages 597–615. World Scientific, Singapore, 1986.

[143] M. Ortaggio, V. Pravda, and A. Pravdová. On higher dimensional Einstein spacetimes with a warped extra dimension. Class. Quantum Grav., 28:105006, 2011.

[144] L. Randall and R. Sundrum. Large mass hierarchy from a small extra dimension. Phys. Rev. Lett., 83:3370–3373, 1999.

[145] L. Randall and R. Sundrum. An alternative to compactification. Phys. Rev. Lett., 83:4690–4693, 1999. [146] H. Lü and C. N. Pope. Branes on the brane. Nucl. Phys. B, 598:492–508, 2001. [147] M. Cvetic, H. Lu, and C. N. Pope. Brane-world Kaluza-Klein reductions and branes on the brane. J.

Math. Phys., 42:3048–3070, 2001.

[148] I. Y. Park, C. N. Pope, and A. Sadrzadeh. AdS and dS braneworld Kaluza-Klein reduction. Class.

Quantum Grav., 19:6237–6258, 2002.

[149] A. Krasinski and J. Plebanski. n-dimensional complex Riemann-Einstein spaces with O(n − 1, C) as the symmetry group. Rept. Math. Phys., 17:217–248, 1980.

[150] C.-B. Liang. Conformal Birkhoff and Taub theorems in higher dimensions. J. Math. Phys., 31:1464–1466, 1990.

[151] C. Charmousis and R. Gregory. Axisymmetric metrics in arbitrary dimensions. Class. Quantum Grav., 21:527–553, 2004.

[152] T. Houri, T. Oota, and Y. Yasui. Closed conformal Killing-Yano tensor and Kerr-NUT-de Sitter spacetime uniqueness. Phys. Lett. B, 656:214–216, 2007.

[153] P. Krtouš, V. P. Frolov, and D. Kubizňák. Hidden symmetries of higher dimensional black holes and uniqueness of the Kerr-NUT-(A)dS spacetime. Phys. Rev. D, 78:064022, 2008.

[154] P. Krtouš, D. Kubizňák, D. N. Page, and V. P. Frolov. Killing-Yano tensors, rank-2 Killing tensors, and conserved quantities in higher dimensions. JHEP, 0702:004, 2007.

[155] Y. Yasui and T. Houri. Hidden symmetry and exact solutions in Einstein gravity. Prog. Theor. Phys.

Suppl., 189:126–164, 2011.

[156] M. Cariglia, P. Krtouš, and D. Kubizňák. Hidden symmetries and integrability in higher dimensional rotating black hole spacetimes. Fortschr. Phys., 60:947951, 2011.

[157] V. P. Frolov. Black holes, hidden symmetry and complete integrability: Brief review. In Relativity and Gravitation – 100 Years after Einstein in Prague. Edition Open Access. arXiv:1210.7115.

[158] A. Chodos and S. Detweiler. Spherically symmetric solutions in five-dimensional general relativity. Gen.

Rel. Grav., 14:879–890, 1982.

[159] A. Coley and N. Pelavas. Algebraic classification of higher dimensional spacetimes. Gen. Rel. Grav., 38:445–461, 2006.

[160] D. Ida and Y. Uchida. Stationary Einstein-Maxwell fields in arbitrary dimensions. Phys. Rev. D, 68:104014, 2003.

[161] H. K. Kunduri and J. Lucietti. Electrically charged dilatonic black rings. Phys. Lett. B, 609:143–149, 2005.

[162] S. S. Yazadjiev. Asymptotically and non-asymptotically flat static black rings in charged dilaton gravity.

arXiv:hep-th/0507097, 2005.

[163] M. Ortaggio and V. Pravda. Black rings with a small electric charge: gyromagnetic ratios and algebraic alignment. JHEP, 12:054, 2006.

[164] R. Emparan and H. S. Reall. Generalized Weyl solutions. Phys. Rev. D, 65:084025, 2002. [165] R. Emparan and H. S. Reall. A rotating black ring solution in five dimensions. Phys. Rev. Lett., 88:101101, 2002.

[166] D. J. Gross and M. J. Perry. Magnetic monopoles in Kaluza-Klein theories. Nucl. Phys. B, 226:29, 1983. [167] R. D. Sorkin. Kaluza-Klein monopole. Phys. Rev. Lett., 51:87, 1983.

[168] C. Lozanovski. Szekeres-type mappings of Kasner and Petrov type I(M^+) purely magnetic spacetimes.

Class. Quantum Grav., 24:1169–1188, 2007.

[169] N. Hamamoto, T. Houri, T. Oota, and Y. Yasui. Kerr-NUT-de Sitter curvature in all dimensions. J.

Phys. A, 40:F177–F184, 2007.

[170] W. Chen, H. Lü, and C. N. Pope. General Kerr-NUT-AdS metrics in all dimensions. Class. Quantum Grav., 23:5323–5340, 2006.

[171] A. Chamblin, S. W. Hawking, and H. S. Reall. Brane-world black holes. Phys. Rev. D, 61:065007, 2000. [172] T. Hirayama and G. Kang. Stable black strings in anti-de Sitter space. Phys. Rev. D, 64:064010, 2001. [173] F. Dowker, J. P. Gauntlett, G. W. Gibbons, and G. T. Horowitz. Decay of magnetic fields in Kaluza-Klein theory. Phys. Rev. D, 52:6929–6940, 1995.

[174] O. Aharony, M. Fabinger, G. T. Horowitz, and E. Silverstein. Clean time dependent string backgrounds from bubble baths. JHEP, 0207:007, 2002.

[175] R. Mann and C. Stelea. Nuttier (A)dS black holes in higher dimensions. Class. Quantum Grav., 21:2937– 2961, 2004.

[176] P. G. O. Freund and M. A. Rubin. Dynamics of dimensional reduction. Phys. Lett. B, 97:233–235, 1980. [177] V. Cardoso, Ó. J. C. Dias, and J. P. S. Lemos. Nariai, Bertotti-Robinson and anti-Nariai solutions in higher dimensions. Phys. Rev. D, 70:024002, 2004.

[178] T. Málek and V. Pravda. Type III and N solutions to quadratic gravity. Phys. Rev. D, 84:024047, 2011. [179] S. Deser and B. Tekin. Energy in generic higher curvature gravity theories. Phys. Rev. D, 67:084009, 2003.

[180] I. Gullu and B. Tekin. Massive Higher Derivative Gravity in D-dimensional Anti-de Sitter Spacetimes.

Phys. Rev. D, 80:064033, 2009.