arXiv:1212.0024v1 [hep-th] 30 Nov 2012

ROM2F/2012/13

DFPD-12-TH-22

Brane instantons and fluxes in F-theory

Massimo Bianchi^1, Gianluca Inverso^1 & Luca Martucci^{2,1}

1 Dipartimento di Fisica, Università di Roma “TorVergata”, & I.N.F.N. Sezione di Roma “TorVergata” , Via della Ricerca Scientifica, 00133 Roma, Italy

2 Dipartimento di Fisica ed Astronomia “Galileo Galilei”, Università di Padova, & I.N.F.N. Sezione di Padova, Via Marzolo 8, 35131 Padova, Italy

Abstract

We study the combined effect of world-volume and background fluxes on Euclidean D3-brane instantons in F-theory compactifications. We derive an appropriate form of the fermionic effective action, in which the fermions are topologically twisted and the dynamical effect of fluxes, non-trivial axio-dilaton and warping is taken into account. We study the structure of fermionic zero modes, which determines the form of possible non-perturbative superpotential and F-terms in the four-dimensional effective action. Invariance under SL(2, Z) is discussed in detail, which allows for an interpretation of the results in terms of the dual M5-brane instanton in the Mtheory picture. We also provide the perturbative IIB description in the orientifold limit, when available. Furthermore, we consider the possible inclusion of supersymmetry breaking bulk fluxes and discuss its implications.

e-mails: massimo.bianchi@roma2.infn.it, gianluca.inverso@roma2.infn.it, luca.martucci@pd.infn.it

Contents

1 Introduction 3

2 F-theory compactifications and fluxes 6 2.1 Bulk supergravity conditions . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2 SL(2, Z) duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.3 Supersymmetric structure . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3 Introducing E3-branes instantons 10

4 E3-brane fermionic effective action 13 4.1 World-volume fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 4.2 Topologically twisted fermionic effective action . . . . . . . . . . . . . . . 16 4.3 Inclusion of supersymmetry breaking fluxes . . . . . . . . . . . . . . . . . 17

5 O-planes and SL(2, Z) duality 18 5.1 Orientifold projections . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 5.2 SL(2, Z) duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

6 Off-shellness and SL(2,Z) invariance 20

7 Perturbative expansion 22

8 Fermionic zero modes 24 8.1 Left-handed zero modes . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 8.2 Right-handed zero modes . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 8.3 Zero modes and supersymmetry breaking . . . . . . . . . . . . . . . . . . 28 8.4 Cohomological summary . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

9 Geometric interpretation of fermionic zero modes 30 9.1 Geometric zero mode lifting . . . . . . . . . . . . . . . . . . . . . . . . . 30 9.2 When is there no flux-induced zero mode lifting? . . . . . . . . . . . . . . 32

10 Applications to non-perturbative F-terms 33

11 Non-perturbative superpotential and supersymmetry breaking fluxes 38

12 Uplift to M5-brane on CY four-folds 41 12.1 Uplift of the fermionic action . . . . . . . . . . . . . . . . . . . . . . . . 43 12.2 Implications for the zero-modes . . . . . . . . . . . . . . . . . . . . . . . 46

13 Conclusions and future directions 47

A Notations and conventions 49

B Details of the computation 49 B.1 Kinetic terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 B.2 Three-flux contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 B.3 Extra contributions from a non-trivial warping . . . . . . . . . . . . . . . 52 B.4 Non-constant axio-dilaton . . . . . . . . . . . . . . . . . . . . . . . . . . 53 B.5 Final result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

C Equations of motion 55

1 Introduction

F-theory vacua [1] are type IIB vacua characterized by the presence of mutually nonlocal 7-branes, entailing a holomorphic axio-dilaton τ with non-trivial monodromy along a Kähler space X. A useful dual description of these vacua is provided by M-theory compactifications on elliptically fibered Calabi–Yau Y , where X and τ appear as the base of the fibration and the elliptic fiber complex structure respectively. In some cases, the F-theory vacua admit a limit in which they reduce to weakly coupled type IIB background with D7-branes and orientifold Ω7-planes [2, 3].

F-theory compactifications to four flat dimensions are obtained by taking X sixdimensional and Y eight-dimensional. They represent a promising class of string compactifications, for reviews see e.g. [4, 5]. In particular, they provide the starting point of phenomenologically appealing scenarios [6,7] in string theory. These settings crucially use two ingredients: the presence of fluxes which can be added in the internal space X of the underlying F-theory background [8–10] and provide a natural mechanism for stabilizing the complex structure, axio-dilaton and seven-brane moduli, for breaking supersymmetry at tree-level and for generating a non-trivial warping; the contribution of non-perturbative effects to the low-energy effective theory, in particular to the superpotential, which helps in stabilising the remaining moduli as well as in producing perturbatively forbidden couplings.

In particular, an important source of non-perturbative corrections to the effective fourdimensional theory is provided by Euclidean D3-brane instantons, E3-brane instantons for short, which correspond to Euclidean M5-brane instantons in the dual M-theory picture. Their effect on the low-energy effective theory in the absence of fluxes has been first studied in [11]. On the other hand, as recalled above, background fluxes play an important role in many interesting scenarios and it is crucial to understand how the results of [11] are affected by them. Furthermore, the generic E3-brane instanton can support itself a world-volume flux F (dual to the M5-brane self-dual three-form flux). Since the effective low-energy superpotential, and hence vacuum structure and the low-energy effective theory, is ultimately determined by the sum of all relevant non-perturbative effects, the non-trivial world-volume must be incorporated into the analysis. Indeed, already in the absence of bulk fluxes, a non-trivial world-volume flux on the E3-brane can significantly change the structure of the world-volume fermionic sector [12] (see [13] for a short summary) and lift some zero-modes which would prevent a flux-less E3-brane to contribute to the superpotential.^1 The presence of bulk fluxes makes the incorporation of a non-trivial F in the discussion even more compulsory, since the world-volume Bianchi identity relates its exterior derivative, dF, to the bulk three-form flux. Hence, if the latter is non-vanishing, F is generically non-vanishing as well.

The nature of the low-energy effective terms produced by instantons depends on the dynamics of fermionic quantum fluctuations around the instantonic configuration. In particular, the fermionic zero-modes determine which fermions must be inserted in the path-integral in order to produce a non-vanishing effective interaction. Hence, in order to understand the effect of E3-brane instantons (or the dual M5-branes) in F-theory flux compactifications it is important to have a suitable form for the effective theory governing the fermionic quantum fluctuations of the E3-brane and to understand how the nature of the associated zero-modes is affected by the bulk and world-volume fluxes. This is the main goal of the present paper.

We will focus on the neutral fermionic sector, associated with E3-E3 open strings. Hence, we will not discuss the possible role of charged string modes which can arise at the intersection of the E3-brane with background branes and which can be the source of a dependence of the non-perturbative effect on the fields associated to the background branes, in particular on charged chiral matter – for more details and more complete lists of references see for instance the review papers [16, 17]. Starting from the (Wickrotated) Green-Schwarz formulation of the E3-brane effective action, we will work in the semiclassical one-loop approximation, considering the fermionic effective action at the quadratic level in the fermionic fluctuations but including the complete dependence on the bulk geometry and on the classical world-volume configuration. (Higher order terms in the fermions, which may play a role in lifting zero-modes of the quadratic action, are harder to determine.) We will mostly work directly in type IIB, partly because the E3- brane effective action is somewhat simpler than the dual M5-brane one, partly because in this way the results obtained in the supergravity description may be more easily compared and complemented by results obtained with string world-sheet techniques. In any case,

1Of course, non-trivial world-volume fluxes have also other important physical effects, not necessarily related to to the counting of fermionic zero modes, as for instance the ones discussed in [14, 15].

we eventually describe an uplift of our results to the M5-brane in the dual M-theory picture, which can be more useful for addressing some non-trivial topological aspects.

The effect of bulk and world-volume fluxes on the fermionic sector of E3-brane or M5-brane instantons in F-theory/IIB orientifold backgrounds has been previously studied in the literature. The effect of bulk fluxes on the counting of fermionic zero modes of [11] has been considered in [18–22] under the simplifying assumption of a vanishing world-volume flux (assumption which, as discussed above, is generically not admissible) and neglecting warping effects. Other papers studying various related aspects from different perspectives are [23–29].^2 One of the aims of the present paper is to present a systematic analysis of the problem, completing and unifying the partial results previously presented in the literature. This work may be considered as a natural follow-up and completion of [12], which focused on ‘magnetized’ (or ‘fluxed’) E3-branes on fluxless backgrounds, partly using type IIB SL(2,Z) duality as guiding principle. As we will see, the systematic analysis presented in this paper highlights some interesting subtleties related to the SL(2,Z) duality, which are however negligible at the practical level for the most immediate physical applications.

In order to guide the reader through this lengthly and at times unavoidably technical paper, we now provide a schematic description of its structure.

In Section 2 we review the structure of F-theory flux backgrounds in their IIB formulation. It provides the background material to precisely interpret the results of the subsequent sections. In particular, we recall how the non-trivial non-perturbative structure F-theory backgrounds is encoded in non-trivial monodromies of the SL(2,Z) duality group.

In Section 3 we carefully spell out the supersymmetry conditions on the classical E3-brane instantonic configurations and their relevant properties.

In Section 4 we present one of the main results of the paper: the quadratic effective action for the world-volume fermions. In this action the fermions are naturally topologically twisted along the E3 world-volume and the complete effect of bulk and world-volume fluxes, axio-dilaton and warping, is explicitly exhibited.

Sections 5, 6 and 7 concern the properties of the world-volume fermionic theory under the type IIB SL(2,Z) duality group and under the orientifold projections, which are essential for understanding the global properties of the action. In particular, we will discuss a subtlety on SL(2,Z) duality, which turns out to be related to the observation that the supersymmetric E3-brane configurations do not generically solve the embedding equations of motion because of the non-trivial bulk structure.

In Section 8 and 9 we study in detail the structure of the fermionic zero modes,

2See also [30–34] for other recent work on E3-brane instantons in F-theory compactifications.

showing how some of them can be lifted by the combination of bulk and world-volume fluxes and providing a geometrical interpretation of part of these zero mode lifting effects.

In Section 10 we outline some possible applications of the results presented in the previous sections to the computation of F-terms in the low-energy effective action, briefly reviewing and adapting some of the standard procedures followed in similar contexts.

In Section 11 we discuss in what sense and under which conditions the world-volume fermionic terms associated with a possible supersymmetry breaking bulk flux agree with what expected from the low-energy effective theory point of view.

In Section 12 we uplift our results to the M5-brane in the dual M-theory background. As recalled above, the M-theory perspective can be very useful for understanding relevant global topological properties, which are more difficult to describe in the type IIB framework. In particular, we will see that the subtleties with the SL(2,Z) duality encountered with the E3-brane translate into the well known difficulty of writing an off-shell covariant effective action for the M5-brane (without introducing auxiliary fields [35, 36]).

The appendices contain a summary of the conventions and some technical details, in particular a description of the derivation of the effective action presented in section 4.

2 F-theory compactifications and fluxes

In this section we review the structure of F-theory vacua in the presence of fluxes, fixing our notation and conventions. This is well know material and the expert reader can skip it and jump directly to the next section.

F-theory vacua are type IIB non-perturbative backgrounds characterized by the presence of D7-branes and of their SL(2, Z) dual (p, q) 7-branes. In the absence of fluxes, F-theory compactifications to four dimensions are dual to the uplift of M-theory compactifications on elliptically fibered Calabi-Yau (CY) four-folds [1]. These preserve minimal N = 1 supersymmetry in four-dimensions and admit both supersymmetry preserving [8] and supersymmetry breaking [10] fluxes.

Although the M-theory description provides an elegant and efficient geometrization of these spaces, in this paper we work directly in type IIB, as in [12]. This perspective is more directly related to the perturbative superstring description, which may then be used to complete the results obtained in the supergravity regime, at least when a weak coupling orientifold limit exists [2, 3].

2.1 Bulk supergravity conditions

We now summarize the conditions defining the IIB backgrounds [9] we are interested in. In the Einstein frame, the metric can be written as

ds^2_E = e^{2A}dx^μdx_μ + e^{−2A}ds^2_X (2.1)

where dx^μdx_μ denotes the four-dimensional Minkowski metric, ds^2_X is a Kähler metric on the internal six-dimensional manifold and the warping e^A in general depends on the internal (real) coordinates y^m. Being X a Kähler space, we can introduce complex coordinates, denoted by z^i, i = 1, 2, 3, together with their complex conjugates z^ı, and Kähler form J = −ig_{iȷ}dz^i ∧ dz^ȷ.

The presence of 7-branes is signaled by a non-trivial axio-dilaton τ ≡ C_0 + ie^{−ϕ},^3 which must be holomorphic, namely

∂τ = 0 (2.2)

where ∂ = dz^ı ∧ ∂_ı is the standard Dolbeault operator (and ∂ = dz^i ∧ ∂_i is its complex conjugate, so that d = ∂ + ∂).

One can introduce an imaginary-self-dual (ISD) three-form flux G_3 = F_3 + ie^{−ϕ}H_3 (this is often written as G_3 = F̃_3 + τH_3 , where F̃_3 = F_3 − C_0 H_3 = dC_2 ):

∗_X G_3 = iG_3 (2.3)

By using the Kähler structure on X, an ISD flux can be decomposed as G_3 = G_{2,1} + G_{0,3}, with G_{0,3} =^1_{3!} G_{ıȷk}dz^ı ∧ dz^ȷ ∧ dz^k and G_{2,1} =^1_2 G_{ijk}dz^i ∧ dz^j ∧ dz^k, where G_{2,1} is also primitive, namely J ∧ G_{2,1} = 0. The primitive (2, 1) component preserves the background (four-dimensional N = 1) supersymmetry, while the (0, 3) component breaks supersymmetry but still solves the classical supergravity equations.^4

Finally, there is also a self-dual five-form flux F_5 = dC_4 + H_3 ∧ C_2 , which is related to the warping by the following formula

F_5 = dx^{0123} ∧ de^{4A} + ∗_X de^{−4A} (2.4)

where ∗_X uses the Kähler metric ds^2_X . The associated Bianchi identity gives a Poisson-like equation for the warping

Δ_X e^{−4A} = 1 2Imτ

G_3 · G_3 + δ_{D3} (2.5)

3In our notation, e^ϕ is the dilaton, H_3 = dB_2 is the NS-NS three-form, and the R-R fluxes can be packed into the polyform F =

∑_4 k=1 F_{2k+1} = (d+H∧)C, with C =

∑_4 k=0 C_{2k} being the R-R potentials.

4An IAS G_3 could also have a non-primitive (1,2) component, which is however absent in the F-theory compactifications considered in this paper.

where Δ_X is the Laplacian computed using the Kähler metric on X, G_3 ·G_3 =^1_{3!} G_{mnp}G^{mnp} and δ_{D3} represents the localized D3-charge, either on space-filling D3-branes, or Ω3- planes, or induced on 7-branes. This equation can be always integrated and uniquely determines e^{−4A} up to an additive constant c:

e^{−4A} = c + e^{−4Â} (2.6)

where e^{−4Â} is a given solution of the equation (2.5). The constant c represents the universal breathing mode of this class of compactifications. On the other hand, an overall rescaling of the internal metric ds^2_X is not a modulus, unless it is reabsorbed by a rescaling of the warping which preserves e^{−2A}ds^2_X . Such a rescaling can be seen as a (global) Weyl rescaling of the four-dimensional Poincaré metric and should not be considered as a modulus [37]. Hence, we can fix the overall normalization of the internal metric ds^2_X by imposing, for instance, that it measures a volume of X of order one. Here and in the rest of the paper we use natural units such that 2π √ α^′ = 1.

2.2 SL(2, Z) duality

By definition, F-theory backgrounds are characterized by a holomorphic axio-dilaton τ with non-trivial monodromy. Indeed, F-theory vacua admit a perturbative IIB description only locally. Globally, the internal space should be thought of as covered by different patches, glued together via non-trivial SL(2, Z) duality transformations, under which τ → aτ + b cτ + d (2.7) with a, b, c, d ∈ Z and ad − cb = 1. The Einstein frame metric and the R-R 5-form F_5 are inert under the duality (2.7).

On the other hand, F̃_3 ≡ F_3 − C_0 H_3 and H_3 transform as a doublet: (~ F_3 H_3 ) → ( a −b −c d ) (~ F_3 H_3 ) (2.8)

This transformation rule can be conveniently re-expressed in terms of the complex combination e^ϕ2 G_3 , which transforms by a phase shift

e^{ϕ2} G_3 → e^{−iα} e^{ϕ2} G_3 (2.9)

where α = arg(cτ + d).

As we will see, with the exception of τ, the transformation properties of all the other fields we will encounter can be described by a similar phase shift. Such transformations can be seen as U(1) gauge transformations and one can actually use the axio-dilaton τ to construct an abelian connection

Q ≡ Q_mdy^m = i 2 e^ϕF_1 = − i 2 (∂ − ∂)ϕ (2.10)

Hence we denote the associated gauge group by U(1)_Q. In (2.10) F_1 = dC_0 and the last equality holds when ∂τ = 0.

More precisely, we say that a field Φ has U(1)_Q charge q_Q if it transforms as

Φ → e^{iqQα}Φ with α = arg(cτ + d) (2.11)

under SL(2, Z) duality. Then the associated covariant derivative is

∇^Q_mΦ ≡ (∇_m − iq_QQ_m)Φ (2.12)

Hence, for instance, e^ϕ2 G_3 has q_Q = −1. One can also check that ∂ϕ =^i_2 e^ϕdτ has q_Q = +2 and that the Bianchi identities for F_3 and H_3 can be compactly written as d_Q(e^ϕ2 G_3 ) = e^ϕ2 ∂ϕ ∧ G_3 , which is manifestly SL(2, Z) invariant.

Since (dQ)_{0,2} = 0, Q actually defines a holomorphic line bundle L_Q which is isomorphic to the the inverse of the holomorphic canonical bundle K^{−1}_X since L_Q ⊗K_Q is a trivial line bundle admitting a global section.^5 Charge q_Q fields can be thought of as sections of L^{qQ}_Q .

2.3 Supersymmetric structure

We already mentioned that a four-dimensional N = 1 supersymmetry is preserved if G_3 has only primitive (2,1) component. We now summarize some useful facts about the preserved supersymmetric structure. For later purposes, it is convenient to adopt the string frame, in which the ten-dimensional metric is ds^2 = e^ϕ2 ds^2_E, with ds^2_E given in (2.1).

First, let us split the ten-dimensional gamma matrices Γ^M according to the split of space-time into four-plus-six dimensions^6

Γ^μ = γ̃^μ ⊗ 1 (μ = 0, . . . , 3) Γ^{3+m} = γ̃_5 ⊗ γ^m (m = 1, . . . , 6)

(2.13)

Here γ̃_5 = iγ̃^{0123} is the four-dimensional chirality operator, while γ_7 = −iγ^{1...6} and Γ_{11} = Γ^{0...9} are the six-dimensional and ten-dimensional ones respectively, so that Γ_{11} = γ̃_5 ⊗γ_7.

5See for instance section 2 of [12] for more details on the type IIB description of F-theory backgrounds and its relation with the dual M-theory picture.

6Underlined indices refer to the locally flat frame defined by the vielbein.

We use the Majorana-Weyl (MW) representation in which the gamma matrices Γ^M and γ̃^μ are real while γ^m are purely imaginary. The type IIB supersymmetry generators are given by two spinors ϵ_1 and ϵ_2 which are Majorana-Weyl (MW), namely they are real and such that Γ_{11}ϵ_{1,2} = ϵ_{1,2}. When G_{0,3} = 0, the background admits four independent Killings spinors, which have the form ϵ_1 = iϵ_2 = ϵ_R + ϵ_L, with

ϵ_R = e^{A2 + ϕ8} ζ_R ⊗ η ϵ_L = e^{A2 + ϕ8} ζ_L ⊗ η^∗ (2.14)

where ζ_R is a right-handed (γ̃_5ζ_R = ζ_R) constant spinor in four-dimensions, ζ_L = ζ^∗_R is its complex conjugate of opposite chirality, and η is chiral in six dimensions (γ_7η = η). The spinor η has U(1)_Q charge q_Q =^1_2 and satisfies the U(1)_Q-covariant Killing equations ∇^Q_mη ≡ (∇_m − i 2 Q_m)η = 0. (2.15)

Furthermore, we normalize η^†η = 1.

With the internal spinor η one can construct the following forms which characterize the internal Kähler space: J = i 2 η^†γ_{mn}η dy^m ∧ dy^n Ω = 1 3! e^{ϕ2} η^T γ_{mnp}η dy^m ∧ dy^n ∧ dy^p (2.16)

where the curved gamma matrices are those associated with the metric ds^2_X in (2.1). J is just the Kähler form already introduced after (2.1), while Ω is a holomorphic (3, 0) form: i.e. ∂Ω = 0. J and Ω are related by the following normalization condition 1 3! J ∧ J ∧ J = − i 8 e^{−ϕ}Ω ∧ Ω (2.17)

Notice that Ω is not covariantly constant. This can be understood by observing that e^{− ϕ}2 Ω has U(1)_Q charge q_Q = 1 and indeed it satisfies the appropriate U(1)_Q covariant condition ∇^Q_m(e^{− ϕ2} Ω) = 0 (2.18) Restating these results in terms of holomorphic line-bundles, Ω is a holomorphic global section of the holomorphic line bundle K_X ⊗ L_Q, which is trivial as recalled at the end of section 2.2. Clearly, in the case of constant axio-dilaton, the internal space reduces to a standard CY (with trivial K_X ).

3 Introducing E3-branes instantons

Let us now turn our attention to our main subject, namely Euclidean D3-branes, or E3- branes for short. One is interested in these objects because they can generate perturbatively forbidden terms in the four-dimensional low-energy effective theory. In particular, supersymmetric configurations can contribute to the four-dimensional superpotential. We will expand on this point in section 10. In this section we mainly describe general properties of the E3-branes.

We will focus on E3-branes which wrap a four-dimensional submanifold of the internal space X and sit at a certain point x^μ_0 of the external flat space. Hence, from the four-dimensional point of view, such configurations appear as point-like and then they are also referred to as E3-brane instantons. In particular, we are interested in E3-branes which preserve some supersymmetry. Hence, in the following we will mostly work on supersymmetric backgrounds, that is with G_{0,3} = 0, explicitly mentioning when we include a non-vanishing G_{0,3} in the discussion.

The E3-brane supersymmetry conditions are obtained by κ-symmetry arguments, see for instance [12] or the more general discussion of appendix D of [38]. Here we briefly summarize the main steps which can be useful in the following sections.

Let us first remark that, as usual in instanton calculations, we are actually working in the Wick rotated version of the supergravity background described in section 2, in which the Minkowski four-dimensional space-time becomes the Euclidean R^4 . The key point is that the Wick rotation acts on the Killing spinor (2.14) by analytically continuing ζ_R and ζ_L to two independent spinors which are not related by complex conjugation but should each still be considered as counting two independent supersymmetries. As a result E3-brane instantons can preserve either ϵ_R or ϵ_L. We focus on the first case while the latter simply corresponds to an anti-E3-brane instanton and produces effects which are ‘complex conjugate’ to the ones produced by an E3-brane instanton.

The supersymmetry conditions are encoded in the spinorial projection condition

Γ_{E3} ϵ_R = iϵ_R (3.1)

where

Γ_{E3} = i ϵ^{A1...A4} √ det(g|_D + F) ( 1 4! Γ_{A1...A4} + 1 4 Γ_{A1A2} F_{A3A4} + 1 8 F_{A1A2} F_{A3A4} ) (3.2)

Let us explain our notation. The world-volume of the E3-brane is parametrized by coordinates σ^A, A = 1, . . . , 4 and Γ_{A1...Ap} are the pullback of the antisymmetrized tendimensional gamma matrices Γ_{M1...Mp} =^1_{p!} Γ_{[M1} · · · Γ_{Mp]} to the cycle D which is wrapped by the E3-brane. Otherwise, in index free notation, we denote the pull-back to D by |_D. Hence, g|_D is the pull-back of the bulk string-frame metric. Finally, F is the gaugeinvariant world-volume flux. In the standard formulation of supersymmetric D-brane effective actions [39, 40], which we are Wick rotating for our purposes, the world-volume flux F must satisfy the Bianchi identity dF = H_3 |_D, which means that we can locally write F =^{Fwv}_{2π} + B_2 |_D for some world-volume U(1) field-strength F_{wv} = dA_{wv}. Hence, in the presence of bulk fluxes, F is generically non-trivial and there is no freedom to turn it off.

One can then show that (3.1) boils down to two conditions on the E3-brane configuration. The first requires the E3-brane to wrap an holomorphically embedded four-cycle, alias divisor, D ⊂ X. The second requires the world-volume two-form flux F to be self-dual:

F = ∗_DF ⇔ F_{2,0} = F_{0,2} = 0 and J|_D ∧ F = 0 (3.3)

where J|_D is the Kähler form on D induced by the bulk. In other words, F is purely (1, 1) and primitive.

Since the bulk space is Kähler, the divisor D is actually calibrated, in the sense that √ det h d^4σ = −^1_2 (J ∧ J)|_D, where h denotes the pull-back of the bulk Kähler metric ds^2_X to D, that is g|_D ≡ e^{−2A+ ϕ}2 h. Actually, the combination of the holomorphy of the embedding and of (3.3) is equivalent to a generalized calibration in sense of [41, 42]: e^{−ϕ} √ det(g|_D + F) d^4σ = − 1 2 e^{−4A}(J ∧ J)|_D + 1 2 e^{−ϕ}F ∧ F (3.4) This implies that the E3-brane effective action

S_{E3} = 2π ∫ e^{−ϕ} √ det(g|_D + F) − 2πi ∫ C ∧ e^F (3.5)

simplifies drastically once evaluated on supersymmetric configurations:

S^{susy}_{E3} = 2π ∫ D [ − 1 2 e^{−4A}J ∧ J − i 2 τF ∧ F − iC_2 ∧ F − iC_4 ] (3.6)

The supersymmetric conditions guarantee that the field-strength F transforms well under SL(2, Z) duality transformations. In general, SL(2, Z) acts on the world-volume flux as an electromagnetic duality [43, 44]. Namely, one can define a dual F_D worldvolume flux by varying F in the action and then setting δS_{E3} = i ∫ (F_D − C_2 ) ∧ δF.

Then, (F_D, F) transform as a doublet under SL(2, Z), exactly as the pair (F̃_3 , H) in (2.8), and one can construct the following complex combinations with definite U(1)_Q charge: e^{− ϕ2} F_+ ≡ i 2 e^{ϕ2} (F_D + τ F) (q_Q = +1) e^{− ϕ2} F_− ≡ − i 2 e^{ϕ2} (F_D + τF) (q_Q = −1)

(3.7)

If we compute F_D for a supersymmetric E3-brane, one simply finds F_D = −τF, so that F_− = 0 and F = F_+. Hence, one can conclude that e^{− ϕ}2 F transforms with U(1)_Q charge q_Q = +1 under SL(2, Z).

It may be useful to rewrite (3.6) in a more manifestly duality covariant form. First of all, recall that C_4 transforms under SL(2, Z) in such a way that F_5 = dC_4 + H_3 ∧ C_2 remains invariant. Then it is useful to introduce a modified R-R potential

C̃_4 ≡ C_4 + 1 2 B_2 ∧ C_2 (3.8) which is invariant under SL(2, Z), since F_5 = dC̃_4 +^1_2 (H_3 ∧ C_2 − F̃_3 ∧ B_2 ). Hence, the action (3.6) can be rewritten as

S^{susy}_{E3} =2π ∫ D ( − 1 2 e^{−4A}J ∧ J − iC̃_4 ) + iπ ∫ D ( F_D ∧ B_2 − F ∧ C_2 ) + i 4π ∫ D F^{wv} ∧ F^{wv}_D (3.9) where F^{wv} = dA^{wv} is the U(1) world-volume field strength, while F^{wv}_D is its electromagnetic dual. The first two terms on the right-hand side of (3.9) are manifestly invariant under SL(2, Z) while the last term is the appropriate non-invariant one required by the general arguments of [45].^7

4 E3-brane fermionic effective action

As in standard (supersymmetric) instanton calculations, the possible effects of brane instantons on the low-energy effective theory are substantially characterized by the fermionic sector of the theory and by the associated zero modes. In the one-loop approximation, zero-modes drop from the quadratic action and must be soaked up by external insertions in the path-integral. In fact, higher order terms may help lifting zero-modes of the quadratic action buy they are harder to find. In order to obtain the action which governs the fermionic E3-brane fluctuations around the supersymmetric bosonic configuration described in section 3, we start from the κ-symmetric fermionic effective action for (Minkowskian) D-branes obtained in [47, 48] and we Wick rotate it. The world-volume fermions are described by a Green-Schwarz-like ten-dimensional bispinor Θ = ( Θ_1 Θ_2 ) (4.1)

In Minkowskian signature, Θ_1 and Θ_2 are MW in ten dimensions. After the Wick rotation, they lose their reality condition and are analytically continued to Weyl spinors whose precise form will be given in section 4.1. Half of Θ is redundant because of the κ-symmetry but, given that we are expanding around a supersymmetric configuration, this can be fixed in a natural way by imposing the constraint

Γ_{E3}Θ_2 = −Θ_1 (4.2)

7 The actions (3.5), (3.6) and (3.9) are not literally valid for E3-branes in F-theory vacua. Indeed, they generically hold only on local patches of D and a proper global definition must take into account the possible SL(2,Z) duality transformations connecting different patches, for instance along the lines of [46]. In this paper, we are not going to enter into the details of the proper global definition of the E3 bosonic action but keep in mind that (3.5) and (3.6) must be appropriately completed.

Taking into account (4.2), the fermionic effective action assumes the following general form S_F = i ∫ D d^4σ e^{−ϕ} √ det M Θ^T C [ (M^{−1}_σ )^{AB}Γ_AD_B − 1 2 O ] Θ (4.3)

which constitutes the starting point of our analysis.

Let us explain (4.3). C is the ten-dimensional complex conjugation matrix, which in our representation is equal to (Minkowskian) Γ^0. Furthermore, to unclutter the formulas we have introduced M ≡ g|_D + F, while M^{−1}_σ is the inverse of M_σ ≡ g|_D + F σ_3, where Pauli matrices act on the bispinors of the form (4.1). We remind the reader that g|_D refers to the pull-back of the complete string frame metric. The operators D_A and O corresponds to the pull-back of those defining the (string frame) bulk gaugino and gravitino supersymmetry transformations:

D_M = [ ∇_M + 1 4 ι_M H_3 σ_3 + 1 16 e^ϕ ( 0 F −λ(F ) 0 ) Γ_M ] , O = [ dϕ + 1 2 H_3 σ_3 + 1 16 e^ϕ Γ^M ( 0 F −λ(F ) 0 ) Γ_M ] . (4.4)

where λ acts on a k-form ω_k as λ(ω_k ) = (−)^{k(k−1 )/2}ω_k and all forms are implicitly contracted with gamma matrices, e.g. H_3 →^1_{3!} H_{M1M2M3} Γ^{M1M2M3} or ι_M H_3 →^1_{2!} H_{MN1N2} Γ^{N1N2} .

4.1 World-volume fermions

Let us now come back to the fermions Θ. As in [12] one can use the bulk and brane supersymmetric structure we are expanding about, to find a parametrization of Θ which automatically satisfies the constraint (4.2). First, we introduce complex coordinates (s^a, s^b), a, b = 1, 2 on the E3 world-volume. Then, we write

Θ_1 = Θ^R_1 + Θ^L_1 Θ_2 = Θ^R_2 + Θ^L_2 (4.5)

and set

Θ^L_1 =^1_2 e^{3A}2^{+ ϕ}8 ( λ ⊗ η^∗ + (M^{−1})^{ab}ψ_b ⊗ γ_aη +^1_4 ρ_{ab} ⊗ γ^{ab}η^∗ ) Θ^L_2 =^i_2 e^{3A}2^{+ ϕ}8 ( λ ⊗ η^∗ − (M^{−1})^{ab}ψ_a ⊗ γ_bη +^1_4 ρ_{ab} ⊗ γ^{ab}η^∗

) (4.6a)

Θ^R_1 =^i_2 e^{3A}2^{+ ϕ}8 ( λ̃ ⊗ η + (M −1)abψ̃_b ⊗ γ_aη∗ +^1_4ρ̃_{ab} ⊗ γabη ) Θ^R_2 = −^1_2 e^{3A}2^{+ ϕ}8 ( λ̃ ⊗ η − (M −1)abψ̃_a ⊗ γ_bη∗ +^1_4ρ̃_{ab} ⊗ γabη ) (4.6b)

where η is the bulk spinor of (2.14), the overall appearance of warping and dilaton is for later convenience and we have introduced

M ≡ e^{2A− ϕ2} M ≡ h + e^{2A− ϕ2} F (4.7)

Notice that, being the brane holomorphically embedded and F purely (1,1), M has only (1, 1) components as well.

In the decomposition (4.6) the independent degrees of freedoms are now parametrized by world-volume fermions λ, ψ, ρ, λ̃, ψ̃, ρ̃, which are forms rather than spinors from the four-dimensional world-volume viewpoint. In other words, the natural parametrization (4.6) explicitly realizes the ‘topological twist’ which is expected to be a generic feature of branes on curved manifolds [49]. On the other hand, the new world-volume fermions still carry a spinorial index along the external R^4 directions. More precisely λ, ψ, ρ are lefthanded (γ̂_5 = −1) while λ̃, ψ̃, ρ̃ are right-handed (γ̂_5 = +1). Hence, in two-index notation for four-dimensional Weyl spinors, we can summarize the fermionic field content more explicitly as follows:

λ^α ψ^α ≡ ψ^α_a ds^a ρ^α ≡ 1 2 ρ^α_{ab} ds^a ∧ ds^b (left-handed)

λ̃^{α̇} ψ̃^{α̇} ≡ ψ^{α̇}_a ds^a ρ̃^{α̇} ≡ 1 2 ρ^{α̇}_{ab} ds^a ∧ ds^b (right-handed)

(4.8)

Here we see more precisely the fate of world-volume fermions under Wick rotation we alluded to above. In a Minkowskian brane, the left- and right-handed sector would be related by complex conjugation and one would count real degrees of freedom. On E3- branes this is no longer the case and the left- and right-moving fermions appearing in (4.8) should be considered as complex fields each counting as one independent degree of freedom.

One of the virtues of the decomposition 4.6 is that the fermions (4.8) transform with a well defined U(1)_Q charge q_Q under the type IIB SL(2, Z) duality group – see section 2.2. This is explained in [12] and the argument given therein, being independent on the presence of bulk fluxes, works for our case as well. Let us then summarize the properties of the world-volume spinors by the following table:

fermions q_Q associated bundle λ^α 0 S_− ⊗ Λ^{0,0}_D ψ^α 0 S_− ⊗ Λ^{0,1}_D ρ^α 0 S_− ⊗ Λ^{2,0}_D λ̃α̇ −1 S_+ ⊗ Λ^{0,0}_D ⊗ L^{−1}_Q ψ̃α̇ +1 S_+ ⊗ Λ^{1,0}_D ⊗ L_Q ρ̃^{α̇} −1 S_+ ⊗ Λ^{0,2}_D ⊗ L^{−1}_Q

(4.9)

Here S_± are the right/left handed spin bundles along R^4 , Λ^{p,q}_D refers to the bundle of (p, q)-forms on D and the restriction to the E3-brane of the bundles defined in the bulk is understood.

4.2 Topologically twisted fermionic effective action

The next step is to plug the decomposition (4.6) into the general formula (4.3) and obtain an action for the new fields (4.8). Although straightforward, the explicit calculation turns out to be quite lengthy and to require a certain amount of ingenuity in order to simplify the final result. We address the reader interested in the technical details of the derivation to appendix B and here we just quote the final result.

In its final form, it is convenient to split the fermionic E3-brane action in two parts, one for the left-handed sector and the other one for the right-handed sector:

S^{ferm} = S^{ferm}_L + S^{ferm}_R (4.10)

which we presently discuss one-by-one in some detail. Recall that we are focusing on the case of supersymmetric backgrounds. The possible contribution from a supersymmetry breaking flux G_{0,3} ≠ 0 is discussed in section 4.3.

Let us start with the left-moving part, which reads

S^{ferm}_L =2 ∫ D ( ∗ψ ∧ ∂^+λ − ∗ρ ∧ ∂^−ψ ) + 1 2 ∫ D e^{2A} ∗ ρ ∧ S · ρ (4.11)

Let us explain the notation in some detail. ∗ is the Hodge star computed by using the induced world-volume Kähler metric h_{ab} and the suffixes^± indicate a modification due to the warping, namely ∂^± ≡ ∂ ± ∂A ≡ e^{∓A} ∂ e^{±A}. We always keep implicit the contraction of the external four-dimensional spinorial indices by the four-dimensional charge conjugation matrix C = iγ^0. For instance: ψ(. . .)λ ≡ ψ^T C(. . .)λ ≡ C_{αβ} ψ^α(. . .)λ^β ≡ ψ^α(. . .)λ_α (4.12) The effect of fluxes is encoded in the mass-like operator S : Λ^{2,0} → Λ^{0,2}, which acts as S ·ρ =^1_{2!2!} S_{ab}^{cd}ρ_{cd} ds^a ∧ds^b and is defined as follows in terms of the bulk and world-volume fluxes and extrinsic curvature K (computed from the bulk Kähler metric): S_{ab}^{cd} ≡ − [ e^{−ϕ}K^v_{e[a}F_{b]}^e − i 4 G^v_{ab} ] Ω_v^{cd} (4.13)

Here an in the following, world-volume indices are lowered and raised by using the worldvolume metric h_{ab}.

Notice that all world-volume flux non-linearities which where present in the original GS-like action (4.3) have remarkably disappeared in the left-handed action (4.11). Furthermore, the non-trivial bulk and world-volume fluxes eventually produce a mass-like term only for the ρ-fields.

The story for the right-handed sector is different. Indeed, S^{ferm}_R is slightly more complicated than S^{ferm}_L :

S^{ferm}_R =2 ∫ D ( ∗ψ̃ ∧ ∂^−_Qλ̃ − ∗ρ̃ ∧ ∂^+_Qψ̃ )

+ 1 2 ∫ D e^{2A} ( ∗ρ̃ ∧ S̃ · ρ̃ + 2 e^{2A} ∗ ψ̃ ∧ Ũ · ρ̃ + ∗ψ̃ ∧ R̃ · ψ̃ ) (4.14)

Let us again explain the notation in detail. We are using the U(1)_Q covariant (anti)- holomorphic exterior derivatives defined by ∂_Q = ∂ − iq_QQ_{1,0} and ∂_Q = ∂ − iq_QQ_{0,1}, with charges q_Q as listed in (4.9), and the suffixes^± are used as above. (Since we are working on the world-volume all bulk quantities, as for instance Q_1 , are implicitly pulled-back to D.) As for the left-handed sector, we have introduced the operators

S̃ : Λ^{0,2}_D ⊗ L^{−1}_Q → Λ^{2,0}_D ⊗ L_Q Ũ : Λ^{0,2}_D → Λ^{0,1}_D R̃ : Λ^{1,0}_D ⊗ L_Q → Λ^{0,1}_D ⊗ L^{−1}_Q (4.15)

which play the role of mass terms and act more explicitly as follows

S̃ · ρ̃ = 1

2!2!

S̃_{ab}^{cd} ρ̃_{cd}ds^a ∧ ds^b Ũ · ρ̃ = Ũ^a ρ̃_{ab} ds^b R̃ · ψ̃ = R̃_a^bψ̃_b ds^a (4.16)

where S̃_{ab}^{cd} ≡ −e^{−ϕ} [ K^v_{e[a}F_{b]}^e + i 4 e^{4A}(F · F) G^v_{ab} ] Ω_v^{cd} (4.17a) Ũ^a = i F_{bc} G^{bca} (4.17b)

R̃_a^b ≡ Ω^{vc}_a [ v(ϕ)e^{−ϕ}F_c^b + i 2 G_{vc}^b] + R̃^′_a^b (4.17c)

with

R̃^′_a^b = e^{4A−ϕ} Ω^{vc}_a F_c^b [ v(e^{−4A}) − 1 2 v(ϕ)e^{−ϕ}F · F − i 2 F · ι_vG_3 ] √ det h det M

(4.18)

Here v refers to a (1, 0) direction orthogonal to D. In other words, v is a section of the (1, 0) normal bundle N^{1,0}_D . Then, as usual, v(ϕ) ≡ v^m∂_mϕ.

From (4.14) we see that fluxes produce not only a mass term for ρ̃, analogous to that for ρ in (4.11), but also a mass term for ψ̃ and an off-diagonal term mixing ψ̃ and ρ̃. Notice that the mass operator R̃^′ provides the only non-polynomial contribution to the fermionic action. We will come back to this term in the following.

4.3 Inclusion of supersymmetry breaking fluxes

So far we have assumed that the bulk configuration is supersymmetric. Indeed, we have heavily used the supersymmetry conditions of the E3-brane, which strictly speaking make sense only for supersymmetric backgrounds.

Nevertheless, a supersymmetry breaking G_{0,3} flux does not spoil the nice features of the underlying geometrical structures. In particular there is still a bulk Kähler structure and then it is still sensible to require that an E3-brane wraps a divisor with a (1, 1) and primitive world-volume flux. Even though these conditions do not anymore imply that the brane is supersymmetric, they are still naturally selected by their good properties. So, we can keep these conditions even in the case with G_{0,3} ≠ 0 and compute the effective fermionic action as we have done in the supersymmetric case. As a result, the action (4.10) must be supplemented by the following additional contribution:

Δ^{SB}S^{ferm} ≡ Δ^{SB}S^{ferm}_L + Δ^{SB}S^{ferm}_R = i 8 ∫ D e^{2A} (G_3 · Ω) λλ ∗ 1 + i 16 ∫ e^{6A−ϕ} F ∧ F (G_3 · Ω) λ̃λ̃ (4.19)

To summarize, on a general (possibly non supersymmetric) flux F-theory background, the complete quadratic fermionic effective action governing fermions living on an E3-brane wrapping a holomorphic four-cycle and supporting a possible (1, 1) and primitive worldvolume flux F, is given by

S^{ferm}_{tot} = S^{ferm}_L + S^{ferm}_R + Δ^{SB}S^{ferm} (4.20)

where S^{ferm}_L , S^{ferm}_R and Δ^{SB}S^{ferm} are given in (4.11), (4.14) and (4.19) respectively, in terms of the mass operators S, S̃, Ũ and R̃ defined in (4.13), (4.17a), (4.17b) and (4.17c).

This fermionic action constitutes one of our main results. As a final comment before turning to the inspection of its properties and implications, notice that the actions (4.3) and (4.10) are not strictly identical, via the field redefinition (4.6). Indeed, they differ by some terms which vanish by imposing the world-volume Bianchi identity dF = H|_D. These additional terms can be found in equation (B.22) and are discussed thereafter.

5 O-planes and SL(2, Z) duality

As we have already stressed, F-theory backgrounds are characterized by non-trivial SL(2, Z) dualities which are part of the vacuum configuration. In certain cases, these codify the non-perturbative resolution of Ω7-planes in weakly coupled CY compactifications. Furthermore, Ω3-planes can appear as well. In particular, in the Ω-plane description one can employ complementary perturbative string theory methods in order to go beyond the supergravity approximation. In this section we describe how the dualities and orientifold projections are accommodated by the action (4.10).

5.1 Orientifold projections

In the orientifold limit, one can describe the background in terms of a covering CY space X̃. The Ω-planes sit at the fixed loci of space involutions σ : X̃ → X̃, with σ ∘ σ = Id, and the actual compactification space is given by X = X̃/σ. In particular, the Ω-planes compatible with the backgrounds we are discussing are Ω7-planes and Ω3-planes, each associated with its own geometrical involution, σ_{Ω7} and σ_{Ω3}.

The orientifold projection selects the string states which are invariant under an involution which combines the action of σ with world-sheet parity. Hence, all the supergravity fields characterizing the background must be invariant under such a projection. For Ω3/Ω7 planes this requirement boils down to the following conditions:

σ^∗g = g σ^∗ϕ = ϕ σ^∗G_3 = −G_3 σ^∗F_5 = F_5 (5.1)

Furthermore, the CY structures J and Ω on X̃ must fulfill the projections

σ^∗J = J σ^∗Ω = −Ω (5.2)

This can be understood by noticing that the orientifold projection act on the bulk tendimensional supersymmetry generators (ϵ_1, ϵ_2) as σ^∗ϵ_2 = ϵ_1, which for our backgrounds translates into the condition σ^∗η = iη on the internal spinor. Hence, the projections in (5.2) follow from (2.16).

Let us now pass to the E3-brane. It wraps a divisor D ⊂ X, which uplifts to a covering divisor D̃ ⊂ X̃. Clearly, D̃ must be invariant under the orientifold involution σ, i.e. σ(D̃) ≡ D̃. On the other hand, the world-volume flux F on D̃ must satisfy the following projection condition σ^∗F = −F (5.3)

The action of the Ω3/Ω7 involution on the fermions supported by the E3-brane can be obtained by requiring that the Green-Schwarz fermions (Θ_1, Θ_2) living on D̃ are projected as (ϵ_1, ϵ_2).^8 Indeed, taking into account (5.3) and the bulk condition σ^∗η = iη, we see that the ansatz (4.6) satisfies such projection condition provided that σ^∗λ = λ σ^∗ψ = ψ σ^∗ρ = ρ σ^∗λ̃ = −λ̃ σ^∗ψ̃ = −ψ̃ σ^∗ρ̃ = −ρ̃ (5.4)

It is easy to check that the action (4.20) is invariant under the orientifold involution, as it should.

8At least, up to a κ-symmetry transformation which in our case turns out to be vanishing.

5.2 SL(2, Z) duality

Let us now come back to a complete F-theory background, in which possible Ω7-planes are resolved in bound states of (p, q) 7-branes. In order to simplify the discussion, we assume that no Ω3-planes are present. These could be easily introduced by applying the discussion of section 5.1 just to the Ω3-plane case, since the possible Ω7-planes are already incorporated in the bulk solution.

In order for the action (4.10) to be well defined on general F-theory vacua, we have to check that it behaves properly under SL(2, Z) duality transformations. We have already discussed how the different fields transform under SL(2, Z). In particular, all the fields appearing in (4.10) transform with a definite U(1)_Q charge q_Q (as defined in section 2.2). The U(1)_Q charges of the world-volume fermions are listed in (4.9). For the reader’s convenience, let us here summarize how the relevant bosonic fields transform under SL(2, Z): the metric h and the warping e^A are neutral, i.e. have U(1)_Q charge q_Q = 0, while

fields q_Q associated bundle e^{− ϕ}2 F 1 Λ^{1,1}_D ⊗ L_Q e^ϕ2 G_3 −1 (Λ^{2,1}_X ⊕ Λ^{0,3}_X ) ⊗ L^{−1}_Q e^{− ϕ}2 Ω 1 Λ^{3,0}_X ⊗ L_Q ∂ϕ =^i_2 e^ϕ∂τ −2 Λ^{1,0}_X ⊗ L^{−2}_Q

(5.5)

By using the information of (4.9) and (5.5) we can now inspect the properties of our complete action (4.20) under SL(2, Z). In particular, it is easy to verify that S^{ferm}_L and Δ^{SB}S^{ferm} are manifestly invariant under SL(2, Z). This is an important property, which appears to be necessary for the action to be well formulated. Indeed this property played an important role in the arguments of [12], in the contest of F-theory vacua without bulk fluxes and warping.

On the other hand life is not so simple for the right-handed sector. Indeed, already at a first look, it is clear that not all the terms contained in S^{ferm}_R – see Eq. (4.14) – are invariant under SL(2, Z). Actually, almost all of them are invariant, with the exclusion of the contribution R̃^′ to the operator R̃, defined in (4.18) and (4.17c) respectively.

This could seem to pose an interpretational problem for our effective action, at least for the term involving R̃^′. However, as we discuss in the following section, things are not so bad as they could appear.

6 Off-shellness and SL(2,Z) invariance

The problem raised at the end of the previous section is closely related to the following crucial observation: because of the background and world-volume fluxes, the supersymmetric E3-brane configurations we are discussing about do not extremize the E3-brane effective action.

In order to show this, one should compute the first order variation of the bosonic effective action (4.10) around a supersymmetric configuration. This is explicitly done in appendix C. Consider a generic variation of the embedding described by a section δv = δφ v + δφ v of the normal bundle N_D = N^{1,0}_D ⊕ N^{0,1}_D , which we have decomposed into its (1,0) and (0,1) components by using the (1,0) normal vector v and its complex conjugate v. Then, one can check that δ_{δφ}S_{E3} = 0 but also that, on the other hand, δ_{δφ}S_{E3} does not identically vanish:

δ_{δφ}S_{E3} = 4π ∫ D d^4σ √ det h δφ [ v(e^{−4A}) − 1 2 v(ϕ)e^{−ϕ} F · F − i 2 F · ι_vG_3 ] (6.1)

Another non-vanishing contribution is obtained if we try to vary the action with respect to the gauge field, see equation (C.6). These problems are related to the fact that the action (3.5) is complex and the non-vanishing bulk R-R fluxes make the CS term contribute non-trivially to the equations of motion.^9

Having an off-shell configuration could appear inconsistent at first sight. Indeed, to the best of our knowledge this fact has not been fully appreciated so far in the the literature on instantonic D-branes, mainly because it is associated to the presence of fluxes, which are not often considered. However, this effect is quite common in standard instanton calculus. Already in the seminar paper [51] it was observed that in Euclidean space it is not compulsory to start a semiclassical computation from a classical configuration which extremizes the action. In our case it is the requirement of supersymmetry which selects the preferred brane configurations, the ones which can contribute to the F-terms of the low-energy effective theory, even though they can violate the equations of motion. This violation is small in the large universal modulus regime, further discussed in section 7, and in this sense our E3-brane configurations can be seen as approximate solutions of the classical equations. Moreover, like in standard instanton calculus, the effective four-dimensional F-terms generated by the E3-brane instanton may turn out to be independent of the world-volume sector which is responsible for the violation of the equations of motion.

9Furthermore, the R-R potentials are only locally defined and, on top of it, there are possible sources for the R-R fluxes, which make the definition of R-R potentials, and then of the CS term itself, even more subtle. In this respect, the situation is similar to what happens for world-sheet instantons in heterotic compactifications, in which the CS-like coupling ∫ B_2 must be properly interpreted since H_3 is not closed but must obey the Bianchi identity dH_3 ∼ (Tr R ∧ R − Tr F ∧ F ). The proper way to handle this issue has been explained in [50] and requires to consider at the same time the factor e^{2πi ∫ B2} and the fermionic Pfaffian in the path integral. We expect a similar argument, appropriately generalised, to be valid in our case as well, but a proper understanding of this important problem is beyond the scope of the present paper.

On the other hand, it is easy to see how the off-shellness of the supersymmetric E3-brane instanton is related to the breaking of manifest SL(2,Z) invariance of the righthanded fermionic action. Indeed, the mass operator R̃^′ defined in (4.18) is exactly proportional to the integrand appearing on the right-hand side of (6.1). More precisely, by using (6.1) we can write

R̃^′_a^b = 1 4π e^{4A−ϕ}Ω^{vc}_a F_c^b √ det h det M δS^{susy}_{E3} δφ (6.2)

Clearly, R̃^′_a^b ≠ 0 is non-vanishing because δS^{susy}_{E3} /δφ is non-vanishing.

In fact, this observation is in agreement with what is expected from the dual M-theory picture, which will be discussed more in detail in section 12. The E3-brane instanton is dual to a Euclidean M5-brane wrapping a ‘vertical’ divisor in an elliptically fibered CY four-fold, i.e. a divisor which wraps the elliptic fiber T^2_τ (which has complex structure τ). In the M-theory picture the type IIB SL(2,Z) duality is geometrized into the modular group of large diffeomorphisms of T^2_τ . Hence, if it was possible to write a diffeomorphism invariant quadratic fermionic action on the Euclidean M5-brane, this would correspond to a SL(2,Z)-duality invariant quadratic fermionic action on the M5-brane and would then contradict our result. But it is known that this is not possible in general. Indeed, the M5-brane diffeomorphism invariant action obtained in [52] crucially uses the fact that the bosonic M5-brane configuration solves the bosonic equations of motion.^{10} This is perfectly in agreement with our result: the violation of the SL(2,Z) invariance is proportional to (part of) the bosonic equations of motion which are not satisfied by our E3-brane configuration.

Of course, having a manifest SL(2,Z) invariance of the action could be very useful in order to study the E3-brane path-integral. In order to achieve it in our setting, one should probably reformulate our result by introducing an auxiliary field as the one used in [35,36]. On the other hand, we stress that the violation of the manifest SL(2,Z) invariance in our E3-brane fermionic effective action is, remarkably, restricted just to the term containing R̃′, which furthermore is subleading in a sense that will be made precise in section 7. Hence, as we will see, our action can in fact provide all the necessary information for understanding the impact of fluxes on the E3-brane generated non-perturbative effects.

7 Perturbative expansion

In order to make the right-handed effective action look more tractable, we will work in a perturbative regime, in which all the terms can be organised in a hierarchical expansion. The natural perturbative parameter is the overall breathing modulus, which can

10We thank Dmitri Sorokin for clarifying discussions on this point.

be taken as the parameter of the supergravity approximation scheme, which assumes large internal volumes compared to the string length scale. Of course, experience tells us that supersymmetry often comes to rescue and assures that the supergravity effective theory provides sensible information even well beyond the leading order approximation. Nevertheless, a priori, the effective action (4.3) we started from is supposed to be valid only in the long-wavelength approximation.

The bulk breathing mode can be identified with the integration constant c appearing in (2.6). Of course, there is still an ambiguity in the split of e^{−4A} into c + e^{−4Â}, but this can be fixed by imposing any normalization condition on e^{−4Â}. For instance for our purposes a natural choice would be ∫ D d^4σ e^{−4Â} √ det h = 1 (7.1)

Hence, the large breathing mode limit corresponds to the regime in which ε ≡ 1 √ c (7.2)

is very small. At tree level, ε can be see considered as a freely adjustable parameter. Hence, it is legitimate to choose ε ≪ 1 and reorganize our fermionic action (4.20) as an expansion in ε. As we will see, such an expansion can be physically very useful.

By using the formula e^{2A} ≃ ε[1 −^1_2 e^{−4Â}ε^2 + O(ε^4)] and dA ≃ ε^2dÂ[e^{−4Â} − ε^2e^{−8Â} + O(ε^4)], one can immediately work out the expansion of all the terms in (4.20). However it is useful to note that, at the practical level, the large breathing mode expansion of our fermionic action can be identified with an expansion in powers of the warping e^{2A} (up subleading corrections). Furthermore, as one can readily check by looking at our fermionic effective action, this is in turn equivalent to expanding it in powers of the bulk and world-volume fluxes, since each one comes with a factor e^{2A}. This observation has a simple physical explanation. Taking a larger breathing mode has the effect of diluting the fluxes, which can then be considered as expansion parameters.

We can now easily realize that the kinetic terms in the effective action are of order O(1), the mass terms containing e^{2A}S, e^{2A}S̃ and e^{2A}R̃ are of order O(ε) and the mass term containing e^{4A}Ũ is of order O(ε^2). In particular, the contribution from e^{2A}R̃^′ to e^{2A}R̃ is of order O(ε^3) and can then be considered as subleading. Hence, by working in this perturbative regime all types of terms have a leading order contribution which is manifestly SL(2,Z) invariant and then, pragmatically speaking, the SL(2,Z) issue can be ignored.

We then conclude that the issues on off-shellness and on SL(2,Z) invariance for the right-handed sector are strongly related but also that they are harmless up to order O(ε^2). The inclusion of higher order terms would require the development of new techniques for off-shell brane instantons which we leave to the future.

8 Fermionic zero modes

Zero modes play a distinguished role in the evaluation of instanton induced effective interactions and in this section we would like to study how they are affected by the fluxes. For the sake of clarity, we consider first the case of a supersymmetric background, postponing the inclusion of a non-vanishing G_{0,3} flux to section 8.3.

8.1 Left-handed zero modes

In the absence of supersymmetry breaking G_{0,3}-flux, the effective action for the lefthanded fermionic sector is given by (4.11). It can be written in the form 1 2 ∫ D d^4σ √ det h ΨT_FΨ (8.1)

where Ψ ≡ λ ψ ρ ∈ S_− ⊗ (Λ^{0,0}_D ⊕ Λ^{0,1}_D ⊕ Λ^{2,0}_D ) (8.2)

and T_F is the symmetric (but not hermitian) operator:

T_F = 2

0 (∂^−)^† 0 ∂^+ 0 −(∂^+)^† 0 −∂^− e^{2A}S (8.3)

where S : Λ^{2,0} → Λ^{0,2} is the operator defined in (4.13).

Zero modes are given by the solutions of

T_FΨ^{z.m.} = 0 (8.4)

Notice that by performing the warping-dependent rescalings λ → e^{−A}λ ψ → e^Aψ ρ → e^{−A}ρ (8.5) the zero mode equations (8.4) can be rewritten in the following warping independent form:

∂^†ψ^{z.m.} = 0 (8.6a) ∂λ^{z.m.} − ∂^†ρ^{z.m.} = 0 (8.6b) ∂ψ^{z.m.} = 1 2 S · ρ^{z.m.} (8.6c)

The condition (8.6b) is equivalent to separately imposing ∂λ^{z.m.} = 0 and ∂^†ρ^{z.m.} = 0, then λ^{z.m.} and ρ^{z.m.} must be harmonic (0,0) and (2,0) forms respectively. On the other hand (8.6c) admits a solution only if S · ρ^{z.m.} is exact in ∂-cohomology, which means that we can set S · ρ^{z.m.} = 2∂α, for some (0,1)-form α which, furthermore, can be taken to be ∂^†-exact. Then, we can pick ψ^{z.m.} = ψ^{z.m.}_{harm} + α, with ψ^{z.m.}_{harm} a harmonic (0, 1)-form, so that (8.6a) is fulfilled too. If, on the other hand, S · ρ^{z.m.} is not ∂-exact, then ρ^{z.m.} is lifted from the spectrum of zero modes.

Hence, the spectrum of left-handed zero modes can be summarized as follows. If we denote by H_∂ the projector on the space of ∂ harmonic forms on D and by

P_{2,0} ≡ H_∂ ∘ S : Harm^{2,0}_∂ (D) → Harm^{0,2}_∂ (D) (8.7)

the operators resulting from the composition of H_∂ and the mass operator S, then we have the following characterization of the spectrum

Ψ^{z.m.} ⇔ Harm^{0,0}_∂ (D) ⊕ Harm^{0,1}_∂ (D) ⊕ ker P_{2,0} (8.8)

Notice that, by construction, the structure of this spectrum does not depend at all on the warping, assumed to be smooth and bounded, and in particular on the breathing mode, although the specific form of the zero modes depends on the warping through the rescaling (8.5).

We see that the zero modes λ^{z.m.} and ψ^{z.m.} are not sensitive to fluxes, but only to the underlying F-theory complex structure. For λ^{z.m.}, which are just constant functions on D, this is in fact expected. Indeed λ^{z.m.}’s are universal zero modes, usually denoted by θ^α. They are the goldstini of the broken supersymmetry ζ_L, which acts non-linearly on λ by δ_Lλ^α ∼ ζ^α_L .

8.2 Right-handed zero modes

Let us now pass to the right-moving sector, still assuming a supersymmetric bulk. It is governed by the effective action (4.14). As we have discussed in section 5.2, the massive term in ψ̃ψ̃ containing R̃^′ breaks the manifest SL(2,Z) symmetry of the fermionic action. On the other hand, in section 7 we pointed out that, in a large breathing mode expansion, this effect shows up only at order O(ε^3) in the perturbative parameter ε.

Hence, in this perturbative regime we can work in a manifest SL(2,Z) form by keeping the terms in the action (4.14) up to order O(ε^2). Up to this order, the presence of the non-trivial warping e^{−4A} = ε^{−2} + e^{−4Â} can be made innocuous by rescaling the fields as follows

λ̃ → (1 − 1 4 e^{−4Â}ε^2)λ̃ ψ̃ → (1 + 1 4 e^{−4Â}ε^2)ψ̃ ρ̃ → (1 − 1 4 e^{−4Â}ε^2)ρ̃ (8.9)

By taking this into account the action (4.14) can be written as 1 2 ∫ D d^4σ √ det h Ψ̃T̃_FΨ̃ (8.10)

where

Ψ̃ ≡ λ̃ ψ̃ ρ̃ ∈ S_+ ⊗ [ (Λ^{0,0} ⊗ L^{−1}_Q ) ⊕ (Λ^{1,0} ⊗ L_Q) ⊕ (Λ^{0,2} ⊗ L^{−1}_Q ) ] (8.11)

and T̃_F is the symmetric operator

T_F = T_{(0)F} + εT_{(1)F} + ε^2T_{(2)F} + . . . ≡ 2 0 ∂^†_Q 0 ∂_Q 0 −∂^† 0 −∂ 0 + ε 0 0 0 0 R̃_{(0)} 0 0 0 S̃_{(0)} + ε^2 0 0 0 0 0 Ũ 0 Ũ^T 0 + . . . (8.12)

Here Ũ is the operator defined in (4.17b), its transposed Ũ^T : Λ^{1,0} → Λ^{2,0} is just given by (Ũ_a ∧ ds^a)∧ and we have used the leading contributions to the operators S̃ = S̃_{(0)} + ε^2S̃_{(2)} + . . . and R̃ = R̃_{(0)} + ε^2R̃_{(2)} + . . ., explicitly given by S̃_{(0)ab}^{cd} = −e^{−ϕ} K^v_{e[a}F_{b]}^e Ω_v^{cd} (8.13a) R̃_{(0)a}^b = Ω^{vc}_a [ e^{−ϕ} v(ϕ) F_c^b + i 2 (G_{2,1})_{vc}^b ] (8.13b)

We can now address the problem of solving the zero mode equation T̃_FΨ̃^{z.m.} = 0 (8.14)

by looking for a perturbative solution Ψ̃^{z.m.} = Ψ̃^{z.m.}_{(0)} + ε Ψ̃^{z.m.}_{(1)} + ε^2 Ψ̃^{z.m.}_{(2)} + . . . (8.15)

At first order one gets T̃_{F(0)}Ψ̃^{z.m.}_{(0)} = 0 (8.16a) T̃_{F(0)}Ψ̃^{z.m.}_{(1)} = −T̃_{F(1)}Ψ̃^{z.m.}_{(0)} (8.16b)

The zeroth-order condition (8.16a) explicitly reads ∂^†_Qψ̃^{z.m.}_{(0)} = 0 ∂_Qλ̃^{z.m.}_{(0)} − ∂^†_Qρ̃^{z.m.}_{(0)} = 0

∂_Qψ̃^{z.m.}_{(0)} = 0

(8.17)

Hence, at zeroth order the fluxes have no effect and the spectrum is given by harmonic forms computed by using the U(1)_Q-twisted Laplacians Δ_{∂Q} ≡ ∂_Q∂^†_Q + ∂^†_Q∂_Q and Δ_{∂Q} ≡ ∂_Q∂^†_Q + ∂^†_Q∂_Q:

Ψ̃^{z.m.}_{(0)} ∈ Harm^{0,0}_{∂Q} (D) ⊕ Harm^{1,0}_{∂Q} (D) ⊕ Harm^{0,2}_{∂Q} (D) (8.18)

At the next order we need to consider (8.16b), which more explicitly reads

∂^†_Qψ̃^{z.m.}_{(1)} = 0

∂_Qλ̃^{z.m.}_{(1)} − ∂^†ρ̃^{z.m.}_{(1)} = 1 2 R̃_{(0)} · ψ^{z.m.}_{(0)}

∂_Qψ̃^{z.m.}_{(1)} = 1 2 S̃_{(0)} · ρ^{z.m.}_{(0)}

(8.19)

The condition for the solution of the first and third lines works as in the discussion on the left-handed sector. Hence a mode ρ^{z.m.}_{(0)} ∈ Harm^{0,2}_{∂Q} (D) remains a zero mode at first order only if S̃_{(0)} · ρ^{z.m.}_{(0)} is ∂_Q-exact. Otherwise, the zero mode corresponding to ρ^{z.m.}_{(0)} is lifted at first order.

On the other hand, by the Hodge decomposition theorem, we can decompose R̃_{(1)} · ψ^{z.m.}_{(0)} in a ∂_Q- harmonic piece, a ∂_Q-exact piece and a ∂^†_Q-exact piece. Hence the second condition in (8.19) admits a solution only if the ∂_Q- harmonic component of R̃_{(0)} · ψ̃^{z.m.}_{(0)} is vanishing. Otherwise, also the zero mode corresponding to ψ^{z.m.}_{(0)} is lifted at first order.

We denote by H_{∂Q} and H_{∂Q} the projectors on the space of harmonic forms of ∂_Q or ∂_Q respectively and introduce the following linear operators acting on harmonic forms: P̃_{1,0} ≡ H_{∂Q} ∘ R̃_{(0)} : Harm^{1,0}_{∂Q} (D) → Harm^{0,1}_{∂Q} (D)

P̃_{0,2} ≡ H_{∂Q} ∘ S̃_{(0)} : Harm^{0,2}_{∂Q} (D) → Harm^{2,0}_{∂Q} (D) (8.20)

We can summarize the spectrum of the right-handed zero modes at first order in ε as follows Ψ̃^{z.m.} ∈ Harm^{0,0}_{∂Q} (D) ⊕ ker P̃_{1,0} ⊕ ker P̃_{0,2} (8.21)

We see that only the zero modes corresponding to ψ̃^{z.m.}_{(0)} and ρ̃^{z.m.}_{(0)} can be lifted by bulk and world-volume fluxes at first order in ε.

At this point, one could proceed with the second order in ε. At this order, the operator T̃_{F(2)} mixes ψ̃ and ρ̃ and can provide an additional lifting mechanism for the associated zero modes. However, we will not purse the explicit calculation in this paper, since the first order effects can already be the relevant ones for physical applications. In specific cases in which this is not the case, one can proceed with the above perturbative analysis quite straightforwardly.

In fact, there is an important conclusion which can be reached without much effort. The complete action (4.14) does not contain massive terms involving λ̃. Hence, if we used (4.14) for studying the zero modes λ̃^{z.m.}, we would conclude that (at any order in ε) fluxes have no effect on them and they would still be counted by Harm^{0,0}_{∂Q} (D). We are implicitly assuming that the subleading problems with SL(2,Z) duality, being relevant just for the ψ̃ zero modes, cannot spoil this conclusion. In support to this assumption, notice that the SL(2,Z) non-invariance does not constitute a practical problem in the orientifold limit. In this limit the zero modes λ̃^{z.m.} coincides with pseudo-universal zero modes often denoted by τ^{α̇} – see [12] for a more detailed discussion. In this limit we can more comfortably state that fluxes cannot lift the λ̃^{z.m.} ∼ τ^{α̇} zero modes, at least within the supergravity approach we are adopting.

8.3 Zero modes and supersymmetry breaking

Let us now consider what happens to the zero modes if we include a supersymmetry breaking flux component G_{0,3} ≠ 0. This is easily seen from the contribution Δ^{SB}S^{ferm} given in (4.19).

By rescaling λ as in (8.5) the warping disappears from the left-moving contribution Δ^{SB}S^{ferm}_L . Then, we see that the G_{0,3} ≠ 0 flux just provides a mass term proportional to G_3 ·Ω for λ and, as expected, the breaking of supersymmetry lifts the universal zero modes λ^{z.m.} ∼ θ^α. One may suspect that, being the bulk supersymmetry broken, the effective interactions induced by the instanton cannot manifestly be described as F-terms. We will come back to this point when we will discuss the effective four-dimensional superpotential in section 10.

In the right-handed sector we see a similar effect: G_{0,3} ≠ 0 induces a mass term for λ̃, which would mean that G_{0,3} ≠ 0 lifts the λ̃^{z.m.} ∼ τ^{α̇} zero modes. Usually, the presence of the pseudo-universal zero modes τ^{α̇} is problematic for several applications, as for instance it prevents the generation of a superpotential by the instanton. Hence, the coupling Δ^{SB}S^{ferm}_R appears to be helpful to alleviate this problem. On the other hand, one has to keep in mind that such a term is actually generated by the supersymmetrybreaking flux. Furthermore, in the large volume expansion of section (7) this term is of order O(ε^3) and so is much suppressed with respect to the term which lifts the universal zero modes λ^{z.m.} ∼ θ^α discussed above. So, it is not at all obvious that such a mechanism can be helpful for generating desired interactions of an effective supersymmetric theory.

Nevertheless, one could consider a regime in which this term is not subleading. To understand this point, suppose for simplicity that the restriction of the bundle L_Q to D is trivial. This means that τ is constant on D and Q_1 |_D = 0, so that λ̃^{z.m.} ∼ τ^{α̇} are just constant modes on D. Then, by plugging λ = θ and λ̃ = τ in (4.19), we get the following schematic effective mass terms for θ and τ, in the large breathing mode limit:

S^{SB}_{eff} ∼ ε θθ Vol(D) G_3 · Ω + ε^3 τ τ G_3 · Ω ∫ D F ∧ F (8.22) where Vol(D) is measured by the induced Kähler metric. We could now suppose that the volume Vol(D) can be taken to be very small. The τ mass in term in (8.22) does not depend on Vol(D) and, if for instance F is a pure non-trivial U(1) field-strength, ∫ D F ∧ F is a topological quantity which does not change as the cycle shrinks.

Hence, in such a regime the second term in (8.22) could dominate on the first one. Even though the supergravity approximation is not in principle valid in this regime, it is reassuring that our result is perfectly consistent with the calculations on fractional D(- 1)-instantons at orbifold singularities performed in [28]. Indeed, if D is the exceptional divisor providing the blow-up of an orbifold singularity, in the strict Vol(D) → 0 limit the E3-brane becomes a fractional D(-1)-instanton at the orbifold singularity and the effective action (8.22) reduces just to a term of the form (G_3 · Ω)ττ . Indeed, the authors of [28] found such a term and no mass-term for θ, in agreement with our result.

8.4 Cohomological summary

Let us restate our results in terms of cohomology classes. The fermionic zero modes can be identified with (twisted) harmonic forms which obey some additional projection conditions. We can use the following isomorphism between harmonic forms and cohomology classes Harm^{0,p}_∂ (D) ≃ H^{0,p}_∂ (D) ≃ H^p(D, O_D) Harm^{p,0}_∂ (D) ≃ H^{p,0}_∂ (D) ≃ H^p(D, O_D) Harm^{0,p}_{∂Q} (D) ≃ H^{0,p}_{∂Q} (D) ≃ H^p(D, L^{−1}_Q ) Harm^{p,0}_{∂Q} (D) ≃ H^{p,0}_{∂Q} (D) ≃ H^p(D, L^{−1}_Q )

(8.23)

The third entry in each line contains Čech cohomology groups associated with the trivial line bundle O_D on D and the holomorphic line bundle L^{−1}_Q ≃ K_X (restricted to D), as well as their complex conjugate anti-holomorphic bundle O_D and L^{−1}_Q . By using this isomorphism we can take the operators P_{2,0}, P̃_{1,0} and P̃_{0,2}, defined in (8.7) and (8.20), as acting on the above cohomology groups.

Hence, for supersymmetric bulks (G_{0,3} = 0), the spectrum of fermionic zero modes can be summarized as follows:

l.h. fermions zero modes λ^α H^0(D, O_D) ψ^α H^1(D, O_D) ρ^α ker P_{2,0} r.h. fermions zero modes λ̃α̇ H 0(D, L^{−1}_Q ) ψ̃α̇ ker P̃_{1,0} ρ̃^{α̇} ker P̃_{0,2}

(8.24)

where ker P_{2,0} ⊂ H^2(D, O_D), ker P̃_{1,0} ⊂ H^1(D, L^{−1}_Q ) and ker P̃_{0,2} ⊂ H^2(D, L^{−1}_Q ).

Notice that all quantities have a counterpart in the orientifold limit, in which one works the double cover divisor D̃ in the double-cover CY three-fold X̃, see section 5.1.

Indeed, all the results are readily adapted to this limiting case by using the identifications H^i(D, O_D) ≃ H^{0,i}_+ (D̃) and H^i(D, L^{−1}_Q ) ≃ H^{0,i}_− (D̃), where we have used the split H^{p,q}(D̃) = H^{p,q}_+ (D̃)⊕H^{p,q}_+ (D̃) of (p, q)-cohomology groups into subgroups whose elements are even/odd under the orientifold involution.

Notice that by setting τ constant, with or without orientifolds, and forcing F = 0 one recovers, as a particular subcase, the zero-mode structure found in [20] (up to a change of conventions).

By turning on a supersymmetry breaking flux G_{0,3} ≠ 0 the universal zero modes (λ^{z.m.})^α ∼ θ^α are lifted, as expected from their role as goldstini. The pseudo-universal zero modes (λ̃^{z.m.})^{α̇} ∼ τ^{α̇} are lifted too, but at subleading O(ε^3) order in the large universal modulus expansion of section 7. On the other hand this τ^{α̇}-lifting effect could become more relevant as the volume of the divisor becomes smaller.

9 Geometric interpretation of fermionic zero modes

Part of the flux induced terms discussed in the previous section, which can lift zero modes, admit a geometric interpretation. This is expected by supersymmetry, which relates fermionic zero modes to geometrical bosonic ones. In the absence of bulk fluxes, this interpretation has been already discussed in detail in section 4.6 of [12] – see also appendix B therein for a summary of useful results on deformations of holomorphic cycles and extrinsic curvature.

9.1 Geometric zero mode lifting

Let us work in the large universal modulus regime, in which the warping is negligible. As we have discussed, this limit does not change at all the structure of the left moving sector, while it simplifies the computation of the right moving spectrum, still preserving a substantial part of its non-trivial features.

First, let us consider a zero mode ρ̃^{z.m.}. Recall that ρ̃^{z.m.} ∈ Harm^{0,2}_{∂Q} (D) and in addition [S̃_{(0)} · ρ̃^{z.m.}] = 0 in ∂_Q-cohomology, with S̃_{(0)} as defined in (8.13a). One can associate with ρ^{z.m.} a normal (0,1) vector Ṽ ∈ N^{0,1}_D defined by

Ṽ^v = 1 2 e^{− ϕ2} Ω^{vab} ρ̃^{z.m}_{ab} (9.1)

Since Ω is U(1)_Q covariantly constant and ρ̃^{z.m.} is harmonic, then Ṽ ∈ H^0_∂ (D, N^{0,1}_D ). Ṽ can be seen as the fermionic supersymmetric partner of a generator of an anti-holomorphic deformation of the E3-brane embedding. Such a deformation can induce a deformation of the complex structure on D inherited by the bulk, which can in turn generate a supersymmetry-violating (2, 0) component of F. One can then borrow the discussion of section 4.6 of [12] to conclude that such deformation is given by

δ^{c.s.}_Ṽ (e^{− ϕ2} F)^{2,0} = − e^{− ϕ2} K^v_{e[a}F_{b]}^e V_vds^a ∧ ds^b ≡ 2S̃_{(0)} · ρ̃^{z.m.} (9.2)

This suggests an immediate interpretation of the cohomological condition [S · ρ^{z.m.}] = 0. Indeed, it means that the (2,0) component of the deformed e^{− ϕ}2 F can be reabsorbed by a ∂_Q-exact piece, which would be interpretable as a deformation of the world-volume gauge field which does not change the topological nature of the flux. This would then neutralize the potential supersymmetry-breaking effect of the geometric deformation, preserving it in the spectrum of zero modes. Such interpretation becomes sharper in the orientifold limit, in which everything can be translated in terms of an ordinary gauge bundle supported in the double-cover divisor D̃. On the other hand, a non-exact S · ρ^{z.m.} would correspond to a topologically non-trivial δ^{c.s.}_Ṽ (e^{− ϕ}2 F)^{2,0} which could not be reabsorbed by any gauge field deformation and would then break the supersymmetry condition F^{2,0} = 0, leading to the lift of the associated zero mode.

Let us now consider the left-handed sector. A zero mode ρ^{z.m.} is defined by ρ^{z.m.} ∈ Harm^{2,0}_∂ (D) and [S · ρ^{z.m.}] = 0 in ∂-cohomology. It is naturally associated with a U(1)_Qtwisted normal (1,0) vector V ∈ N^{1,0}_D ⊗ L^{−1}_Q defined by:

V^v = 1 2 e^{− ϕ2} Ω^{vab} ρ^{z.m}_{ab} (9.3)

In analogy with the above discussion, we can think of V as the fermionic supersymmetric partner of a U(1)_Q-twisted holomorphic deformation of the holomorphic embedding of the E3-brane. In the orientifold limit, this reduces to a deformation of the double cover divisor D̃ which is odd under the orientifold involution. Such a deformation would induce a possible supersymmetry-violating (0,2) component of F:

δ^{c.s.}_V (e^{− ϕ2} F)^{0,2} = − e^{− ϕ2} K^v_{e[a}F_{b]}^e V_v ds^a ∧ ds^b (9.4)

On the other hand, one has to be careful about the possible contribution of the bulkfluxes to δ_V F^{0,2} . Such a contribution has been purposely omitted in the above discussion about ρ̃^{z.m.} since, as we will see, in that case it turns out to be vanishing.

In order to preserve the Bianchi identity dF = H_3 |_D, an embedding deformation generated by V must be compensated by a deformation δ^{emb}_V F = ι_V H_3 . On the other hand, the dual field-strength F_D given in section 3 should satisfy the dual Bianchi identity dF_D = F̃_3 |_D (since F̃_3 = dC_2 locally). Hence, analogously, δ^{emb}_V F = ι_V F̃_3 . We could now use these observations to compute the corresponding deformation δ^{emb}_V F_+ of the self-dual flux F_+ as defined in (3.7). By applying the result to a supersymmetric flux, for which F_+ ≡ F, we find δ^{emb}_V (e^{− ϕ2} F)^{0,2} = i 2 e^{ϕ2} ι_V G_{2,1} (9.5)

Hence, in total one gets

δ_V (e^{− ϕ2} F)^{0,2} = (δ^{c.s}_V + δ^{emb}_V )(e^{− ϕ2} F)^{0,2} ≡ 2S · ρ^{z.m.} (9.6)

with S given in (4.13). On the other hand, one could analogously compute δ^{emb}_Ṽ (e^{− ϕ}2 F)^{2,0} = e^ϕ2 ι~_V G_{2,1} ≡ 0, confirming the validity of the above discussion about ρ̃^{z.m.}.

One can now proceed by interpreting the zero mode lifting condition for [S · ρ^{z.m.}] = 0 as we did for ρ̃^{z.m.}. Namely, only the geometric deformations V which generate a cohomologically non-trivial (2,0) component of e^{− ϕ}2 F correspond to lifted geometric modes.^{11} At order O(ε), there is also another mass term of the form ψ̃ · R̃_{(0)} · ψ̃, with R̃_{(0)} given in (8.13b). Unfortunately, a geometrical interpretation of the associated zero modes lifting is less clear.

9.2 When is there no flux-induced zero mode lifting?

In some cases, the fluxes turn out not to affect the fate of certain zero modes. As a preliminary remark, let us first notice that the Bianchi identity dF = H_3 |_D and its dual dF_D = F̃_3 |_D imply the following equations for the supersymmetric flux

∂_Q(e^{− ϕ2} F) = i 2 e^{ϕ2} G_{2,1}|_D (9.7a)

∂_Q(e^{− ϕ2} F) = 0 (9.7b)

which can be more clearly obtained by first writing the equations for general F_+ and F_− and then setting F_− = 0 and F_+ = F.^{12}

There are at least two cases in which there is no flux-induced lifting for the ρ and ρ̃ zero modes. First of all, notice that, by definition,

− V_v K^{va}_b ∂ ∂s^a ⊗ ds^b ≡ (∇_QV )_‖

− Ṽ_v K^{va}_b ∂ ∂s^a ⊗ ds^b ≡ (∇Ṽ )_‖ (9.8)

where ∇_Q (∇_Q) is the bulk (anti-)holomorphic covariant differential and by_‖ we mean that we are projecting the indices along D.

11These geometrical ways of interpreting the flux-induced zero mode lifting could be regarded as the Ftheory E3-brane counterpart of what found in [53–55] about the deformations of space-filling D7-branes in flux compactifications.

12This clarifies some confusion in [12], in which the condition (9.7b) was argued not to arise from dF = H_3 |_D alone but to be the most natural one. In addition to (9.7), there is another equation which is implied by the Bianchi and dual Bianchi identities: ∂τ|_D ∧ F + G_{2,1}|_D = 0. This is just the gauge field equation of motion (C.7) which is not automatically guaranteed by the supersymmetry conditions. So, only the combinations (9.7) of Bianchi’s and the dual Bianchi’s are really automatically satisfied.

A first case in which there is no flux-induced zero mode lifting occurs when e^{− ϕ}2 F can be extended to a (1, 1) form e^{− ϕ}2 F̂, of U(1)_Q-charge q_Q = −1, which lives on a neighbourhood of D and is ∂_Q-closed. Indeed, in this case we can write

S̃_{(0)} · ρ̃^{z.m.} = −1 2 e^{− ϕ2} Ṽ_v K^{vc}_aF_{bc} ds^a ∧ ds^b ≡ − 1 2 e^{− ϕ2} (∇Ṽ )^c_a F_{cb} ds^a ∧ ds^b = − 1 2 e^{− ϕ2} (∇Ṽ )^m_a F̂_{mb} ds^a ∧ ds^b = − 1 2 ∂_Q(e^{− ϕ2} ι~_V F̂)|_D

(9.9)

Hence, we see that indeed S̃_{(0)} · ρ̃^{z.m.} is trivial in ∂_Q-cohomology and then the zero mode ρ̃^{z.m.} ∈ Harm^{0,2}_{∂Q} (D) is not lifted by fluxes.

By the very same reasoning, a zero mode ρ^{z.m.} ∈ Harm^{2,0}_∂ (D) is not lifted by fluxes if the extension e^{− ϕ}2 F̂ satisfies the condition ∂_Q(e^{− ϕ}2 F) =^i_2 e^ϕ2 G_{2,1}, that is if it fulfills the extension of (9.7a) outside D.

These two results can be combined into a stronger statement: if the world-volume flux can be extended to a neighbourhood of D while still preserving the (extended) Bianchi identities (9.7) then the bulk and world-volume fluxes have no effect on the ρ^{z.m.} and ρ̃^{z.m.}.

There is another interesting subcase in which the effect of fluxes becomes weaker. Suppose that we can uplift the anti-holomoprhic section Ṽ of N^{0,1}_D to an anti-holomorphic section of T^{0,1}_X |_D. Then, we could write ∇Ṽ = ∇Ṽ^{ı ∂}_{∂zı} = ∂_aṼ^ı ds^a ⊗^∂_{∂zı} = 0 and then S̃_{(0)} · ρ̃z.m. would identically vanish. For instance, this happens if we can holomorphically split T^{1,0}_X |_D ≃_{hol} T^{1,0}_D ⊗ N^{1,0}_D , as it is indeed the case when N^{1,0}_D is trivial. On the other hand, such topological assumptions are not sufficient to conclude that there is no lift of the ρ^{z.m.} modes, since in that case the operator S still contains the bulk flux, whose effect is not necessarily trivial.

On the other hand, there does not seem to be an analogous geometrical/topological condition which would prevent the lift of the ψ̃ zero modes.

10 Applications to non-perturbative F-terms

In the above sections we have focused on the calculation of fermionic zero modes on supersymmetric E3-brane instantons. One of the main possible applications is, of course, the computation of non-perturbative contributions to the effective four-dimensional superpotential or of more general F-terms. The logic behind this approach has been explained in [56,57] and here we would like to just sketch a few possible applications of our results, leaving more explicit computations to the future. As in the rest of the paper, we will mostly restrict to the case of supersymmetric vacua, postponing the discussion of the case G_{0,3} ≠ 0 to section 11.

The dimensional reduction of the ten-dimensional string theory produces a fourdimensional effective action which is necessarily supersymmetric. The complex structure and axio-dilaton moduli are generically lifted at tree-level by the bulk fluxes and then do not appear as low-energy chiral fields in the four-dimension effective Lagrangian.

On the other hand, in the low-energy spectrum there are other chiral fields, let us call them T^I , which cannot appear in the low-energy effective superpotential. The reason is that, at the perturbative level, string theory is invariant under constant shifts T^I → T^I +i c^I , c^I ∈ R. Hence, by holomorphy, the four-dimensional perturbative superpotential cannot depend on T^I . On the other hand, at the non-perturbative level the continuos symmetry is actually broken to c^I ∈ Z, and then the superpotential can depend on combinations of e^{−2π nI T I} , with n_I ∈ Z.

Now, the contribution of an E3-brane instanton to the path integral can be formally written as ∫ DXDΘ e^{−SE3[Φ(X,Θ)]} (10.1)

where X symbolically denotes all world-volume bosonic fields, while Θ denotes the worldvolume fermions. Clearly, the integration over fermions plays a crucial role in establishing which are the potential contributions. We only consider the one-loop approximation in which only quadratic fluctuations around the instantonic configuration are taken into account. Higher order terms in the fermions may lift some of the one-loop zero-modes but we will not study them here.

On the other hand, there are also fermionic bilinear terms which couple world-volume and bulk fermions. The corresponding contribution to the E3 effective action can be found in section 9 of [58] and, by using the κ-fixing (4.2) for the GS-fermions Θ, reads

S_{int} = i ∫ D d^4σ e^{−ϕ} √ det M Θ^T C [ (M^{−1}_σ )^{AB}Γ_AΨ_B − 1 2 Ξ ] (10.2)

where Ψ_A is the pullback to the world-volume D of the bulk (doubled) type II gravitino Ψ_M and Ξ is the bulk dilatino. The interactions encoded in (10.2) play a crucial role in determining the contribution of the instanton to the low-energy effective action.

Generation of superpotentials

In particular, we can see how it works for the superpotential. As we have said, we have restricted the bosonic configuration to be the supersymmetric E3-brane sitting at a certain point x^μ ∈ R^4 . Take the fermionic field Θ to be just the universal zero mode:

Θ_1 = e^{A2 + ϕ8} θ ⊗ η^∗ , Θ_2 = ie^{A2 + ϕ8} θ ⊗ η^∗ (10.3) where θ ≡ λ^{z.m.} is a chiral spinor θ ≡ θ^α which is constant along D. (We are implicitly assuming that D is a connected irreducible holomorphic hypersurface, so that dim Harm^{0,0}_∂ (D) = 0.) Then, the instanton GS effective action gives a four-dimensional chiral superfield by construction:

S[Φ(X, Θ)] ≡ T (x, θ) = t(x) + θψ_T (x) + θ^2 F_T (x) (10.4)

where θψ_T (x) = θ^αψ_{T α}(x) and θ^2 = θ^αθ_α. For E3-branes in a supersymmetric bulk (G_{0,3} = 0) the tree-level expectation value of the F-term of T vanishes, ⟨F_T ⟩_{tree} = 0. The chiral field T (x, θ) is just the closed string low-energy chiral field (with θ^{α̇} = 0) which couples directly to the supersymmetric E3-brane instanton. On the other hand, we could read the precise form of ψ_T in terms of the ten-dimensional fermions by comparing (10.4) and (10.2) with Θ as in (10.3). This form for ψ_T is predicted by four-dimensional supersymmetry arguments. It would be interesting to compare it with more standard KK techniques, but we will not pursue this procedure in this paper.

In the path-integral (10.1) one can factorize the integral over the position on x^μ, while a pair of interaction terms θψ_T in (10.4) is pull-down from e^{−S[Φ(X,Θ)]} and used to absorb the integration measure d^2θ of the universal zero modes. If there are no other fermionic and bosonic zero modes, the path-integral (10.1) produces the following contribution A ∫ d^4x e^{−t(x)}ψ_T (x)ψ_T (x) (10.5)

where A contains the contribution of the non-zero modes. Since the instanton preserves the right-handed bulk supersymmetry, we expect the right-handed sector to be supersymmetric, hence providing no contribution to A. Hence, A is expected to contain just determinants and pfaffians of the left-handed sector. In particular, the relevant fermionic contribution to the prefactor A should be provided just by the Pfaffian of the hermitian operator T^†_F T_F, where T_F is defined in (8.3). Such a simplification happens for instance in the computation of F-terms induced by world-sheet instantons, see e.g. [50, 59].

The term (10.5) should be regarded as an insertion in the low-energy closed string path-integral and exactly matches the insertion produced by an effective F-term d^2θ W_{np}, with W_{np} = A e^{−T} (10.6)

in the low-energy effective action. In other words, as stressed for instance in [50], the contribution ∫ d^4xd^2θ W_{np} to the four-dimensional effective action is just given by the brane instanton partition function. Notice that we are working around a bulk configuration which has a flat four-dimensional space-time, hence getting expressions which naturally fit into a rigid supersymmetric theory but which naturally generalize to curved space.

One important point is that in general there are many supersymmetric E3-brane configurations, wrapping different cycles which in turn can support different world-volume fluxes. In particular, several can contribute to the superpotential, namely the ones which have precisely two zero modes, and each of them gives a different contribution. One of the goals of our paper is to provide explicit and complete formulas to decide which single brane instantons do contribute to the superpotential and which do not (at oneloop level). On top of that, there could be additional contributions to the superpotential coming from multi-instanton effects as well as from the coupling to charged chiral matter supported on space-filling branes, which we do not consider in the present paper. The final effective superpotential is the sum of all such contributions. In particular, one has to sum over all possible E3-configurations, which are specified by both the embedding and the world-volume flux. The contribution to the path-integral coming from different E3-branes wrapping the same divisor D but supporting different world-volume fluxes has been recently studied in [14] and [15] by working in the weakly coupled orientifold limit and in the dual M-theory description respectively. The strategy is complementary to the one based on holomorphic factorization pursued in [60] and in [15] it is shown that the results match well. It would be important to combine these approaches with the results of the present paper in order to understand better the structure of the complete superpotential in the presence of fluxes.^{13}

Generation of multi-fermion terms

On the other hand, if in addition to the universal zero modes there are other world-volume zero modes, then (10.5) would be supplemented by an additional overall integration over them. Of course, in order to get a non-vanishing result one needs to soak up the pathintegration over the additional fermionic zero-modes. As a result of the coupling (10.2) between bulk and E3-brane fermions the instanton produces multi-fermion terms of the kind discussed in [59].

As a simple example, such a higher order F-term is generated in the presence of two pseudo-universal zero modes τ^{α̇}. Recalling (8.24), this happens if for instance the restriction of the bundle L^{−1}_Q ≃ K_X to D is trivial and in this case there are exactly two additional zero-modes, one for each spinorial Weyl index. In the orientifold limit, this happens in the cases in which the E3-brane is rigid with no Wilson lines and does not intersect the Ω-planes, in other words it is U(1) rather than O(1).

By using the explicit decomposition (4.6) in (10.2), one gets an effective interaction of the form τ χ, where χ is a well defined combination of bulk fermions. By fourdimensional supersymmetry arguments, χ can be seen as the fermionic component of

13It would be also interesting to use the general results of this paper to inspect the effects of E3-brane instanton on the internal geometry and its physical implications, along the lines of [38, 61–65].

a four-dimensional chiral field Σ. Furthermore, by extending the results of [25] – see also [26, 66] – to our F-theory setting, Σ should be a combination of the chiral fields T^I .

Then, by four-dimensional supersymmetry, the effective interaction τ χ can be completed into τ^{α̇}D_{α̇}Σ and such a term in the path-integral produces an higher order F-term of the schematic form ∫ d^4x d^2θ d^2τ e^{−T +τ DΣ} = ∫ d^4x d^2θ D_{α̇}Σ D^{α̇}Σ e^{−T} (10.7)

By using (4.6) and (10.2), together with an explicit KK-ansatz for the closed string modes, the form of this and more general terms can be made quite explicit, but we refrain from doing it in the present paper. See e.g. [25–27, 59, 66], for further discussions on multi-fermion F-terms generated by brane instantons.

Perturbative evaluation of the effect of fluxes

The computation of F-terms sketched above offers an alternative more physical viewpoint on the perturbative expansion described in section 7. In the large universal modulus limit all the combinations of chiral fields which appear in the exponent e^{−T} of the F-term have very large real parts, ReT ∼ ε^{−2} ≫ 1. This is exactly the region of the moduli space in which we expect the semi-classical approach we are adopting to be fully trustable. On the other hand, by the usual holomorphy arguments, the perturbative contribution to the prefactor A appearing in the F-term cannot depend on the axionic-like Kähler moduli T^I . Hence, four-dimensional supersymmetry arguments predict that if A is nonvanishing at a certain order in ε, it is non-vanishing at all orders and its value does not depend on ε itself. In particular, we can perform the ε-perturbative expansion already at the path-integral level and evaluate the result perturbatively.

In order to decide whether the fluxes can help in generating a superpotential, one can first consider the fermionic zero-modes at zeroth-order in ε, which are just those corresponding to an unmagnetized E3-brane on a flux-less F-theory compactification. These are just given by harmonic representatives of ∂ and ∂_Q cohomology classes or their complex conjugated. By collectively denoting by μ_l and μ̃_r these harmonic modes, at the lowest order in O(ε) the relevant contribution to the path-integral is just ∫ ∏ l,r dμ_ldμ̃_r e^{−ε ∑l,m(T (1)F )lmμlμm −ε ∑r,s(T̃ (1)F )rsμ̃rμ̃s} ∼ ε^2(det T^{(1)}_F )_{harm}(det T̃^{(1)}_F )_{harm} (10.8)

Here T^{(1)}_{lm} and T̃^{(1)}rs are the matrices corresponding to the restriction to the harmonic sector of the first ε-order operators obtained by expanding in ε the operators T_F and T̃_F introduced in section 8.

In particular, the number of residual zero-modes is given by the dimension of the kernels of the matrices T^{(1)}_{lm} and T̃^{(1)}rs . One can easily check that this precisely agrees with the zero mode spectrum (8.8) and (8.21), which were obtained by direct inspection of the complete fermionic equations of motion in section 8. In particular, the left-moving spectrum is completely fixed at order O(ε) and cannot be changed by higher-order terms in the quadratic fermionic action.

Let us remark once again that, if there are λ̃^{z.m.} ∼ τ^{α̇} present, as it is the case when for instance the restriction of L_Q to D is trivial, then they cannot be lifted by (supersymmetric) bulk or world-volume fluxes.

11 Non-perturbative superpotential and supersymmetry breaking fluxes

If the bulk is characterized by a non-vanishing G_{0,3}-flux the bulk is not supersymmetric and then we would expect several of the above arguments based on supersymmetry not to be valid anymore. On the other hand, taking a large universal modulus approximation has the effect of diluting the fluxes and then the supersymmetry breaking can be made small. Actually, in this regime the flux-induced supersymmetry breaking can be recovered as a no-scale supersymmetry breaking vacuum in the low-energy effective action. Hence, it is instructive to revisit our results from the viewpoint of the low-energy interpretation.

In the small ε approximation, it is reasonable to consider the warping to be approximately constant. Hence, we can reabsorb it in the internal Kähler metric by substituting ds^2_X → e^{2A}ds^2_X , so that the universal modulus becomes the usual breathing Kähler mode parametrizing the overall volume of the internal space. Let us take a basis of divisors D^a, a = 1, . . . , h^{1,1}(X). Then an explicit basis of complexified Kähler moduli is given by

t^a = − 1 2 ∫ D^a J ∧ J − i ∫ D^a C̃_4 (11.1)

where C̃_4 is the modified SL(2, Z) invariant R-R potential introduced in (3.8). Notice that these do not span the complete set of chiral fields, above denoted by t^I , which can appear in the expansion of the E3-bosonic action. More precisely, there are additional moduli associated with the zero modes of the potentials B_2 and C_2 . Let us assume for simplicity that they are absent.^{14}

The associated Kähler potential is given by (see for instance [4]):

K = −2 log V_X (11.2)

14In the orientifold limit, these are the moduli counted by h^{1,1}_− (X̃), where X̃ is the double-cover CY three-fold. Hence, we assume that h^{1,1}_− (X̃) = 0.

where V_X denotes the volume of the internal space

V_X = 1 3! ∫ X J ∧ J ∧ J (11.3)

which is now free to dynamically change. In order to make the dependence of K on the Kähler moduli t^a more explicitly, let us work in cohomology and parametrize the Kähler form as J = ξ_a[D^a] where [D^a] denotes the closed two-form which is Poincaré dual to D^a and ξ_a provide Kähler moduli dual to the Ret^a’s.^{15} We can then write

V_X = 1 3! d^{abc} ξ_a ξ_b ξ_c (11.4)

where d^{abc} is the triple intersection number d^{abc} ≡ D^a · D^b · D^c. Furthermore

Ret^a = 1 2 d^{abc} ξ_b ξ_c = ∂V_X ∂ξ_a (11.5)

The relation (11.5) provides the implicit dependence of V_X and hence of K on the t^a’s. On the other hand, the low-energy superpotential takes the form [9, 67]

W_{tree} = ∫ X Ω ∧ G_3 (11.6)

which does not depend on the Kähler moduli. One can show that K^{ab}K_aK_b = 3, where K_a ≡ ∂K/∂t^a etc., and K^{ab} is the inverse of the Kähler metric K_{ab}. Then the Kähler potential is of no-scale type, the four-dimensional classical potential is positive definite and there is supersymmetry breaking if ⟨W_{tree}⟩ ≡ W_0 ≠ 0, that is if G_{0,3} ≠ 0.

By decomposing the divisor D wrapped by the E3-brane in the basis D^a, D = n_aD^a, we can write the associated chiral field as

t ≡ S_{E3} = 2π n_at^a + ... (11.7)

where ... corresponds to terms containing F, B_2 and C_2 , which do not scale with the volume. Hence the associated F-term is given by ⟨F_T ⟩ = 2πn_a⟨F^a_T ⟩ with

⟨F^a_T ⟩ = c e^{K2} K^{ab}D_bW_{tree} = c e^{K2} K^{ab}K_b W_0 (11.8)

where c is some constant which parametrizes additional contributions not coming form the Kähler moduli sector. One can evaluate K^{ab}K_b by noticing that V_X is homogeneous of degree 3 in ξ_a, which are in turn homogeneous of degree 1/2 in Ret^a. Hence K_a = −^1_{VX}^{∂VX}_{∂Re ta} = −ξ_a/V_X is homogeneous of degree −1 in Ret^a so that

K_{ab} Ret^b = 1 2 ∂K_a ∂Ret^b Ret^b = − 1 2 K_a (11.9)

15In our conventions Poincaré duality reads ∫ X ω_4 ∧ [D^a] = − ∫ D^a ω4 for any closed form ω4 .

and then K^{ab}K_b = −2Ret^a. We then see that, up to a numerical factor, ⟨F_T ⟩ ∼ n_aRet^a V_X W_0 (11.10)

By using (10.4), we can apply this result to write down the explicit form of the fluxinduced term ⟨F_T ⟩θ^2, appearing in the effective action for the E3-brane universal zero modes, as predicted by the four-dimensional effective viewpoint.

Let us now check that this term fits in with the microscopical viewpoint provided by the E3-brane effective action. Take the first term in (4.19) and remember that we have to rescale the bulk Kähler metric by ds^2_X → e^{2A}ds^2_X , so that √ det h → e^{4A} √ det h and G_{0,3} · Ω → e^{−6A}G_{0,3} · Ω. We now make the reasonable assumption that G_{0,3} · Ω is almost constant, so that it can then be replaced by its average:

G_{0,3} · Ω ≃ ∫ X ∗_X G_{0,3} ∧ Ω V_X = i ∫ X Ω ∧ G_3 V_X = i W_0 V_X (11.11)

Then If we substitute λ → θ (with constant θ) in (4.19) and recall that ∫ D d^4σ √ det h = −^1_2 ∫ D J ∧ J = n_aRet^a, we get a term which is exactly of the form ⟨F_T ⟩θ^2 with ⟨F_T ⟩ as in (11.10). This supports the agreement between the microscopic and effective macroscopic viewpoints.

Regarding the other fermionic zero modes, the second term in (4.19) is of order O(ε^3) and then is negligible. In particular, in the large volume regime, it cannot be used to generate a lift of λ̃^{z.m.} ∼ τ^{α̇} zero modes which would provide a superpotential in a supersymmetric low-energy effective theory. Furthermore, notice that, remarkably, the non-supersymmetric fluxes do not alter at all the remaining spectrum of fermionic zero modes and so, in summary, the only leading order effect on the zero-mode counting is on the goldstini θ^α, as expected from low-energy supersymmetry arguments.

All these observations lead to the following conclusion: under reasonable assumptions, in the large universal modulus regime we can consider just the effect of the supersymmetric component of the fluxes and write down the possible corresponding non-perturbative superpotential, while the effects of the non-supersymmetric component is already taken into account by the low-energy effective dynamics.

Recall that in order to simplify the above discussion we omitted the subleading terms of the E3-brane bosonic action (3.9) which contain the world-volume fluxes and the bulk potentials B_2 and C_2 , assuming the absence of the associated moduli. A more complete analysis should include these ingredients, but we expect the final conclusion to remain unchanged. On the other hand, in particular regimes other subleading terms which we have considered negligible, as for instance the second term in (4.19), could become relevant and should be included as well. It would be interesting to better explore the cases in which our assumptions are violated and see whether the action (4.19) can be used to derive physical effects which are not captured by the low-energy effective theory.

12 Uplift to M5-brane on CY four-folds

So far we have discussed F-theory compactifications adopting the viewpoint provided by type IIB supergravity. This approach has allowed us to use directly the standard Green-Schwarz D3-brane effective action and furthermore is well suited to be compared and completed by perturbative string techniques.

On the other hand, several physical ingredients, and in particular the topological ones, can be given a more satisfying geometrical interpretation using the dual description provided by M-theory. The dual bulk configurations are given by M-theory warped flux compactifications [8,68] to R^{1,2} on a CY four-folds Y . Y which is a holomorphic fibration of an elliptic curve T^2_τ over the three-fold X, where the IIB axio-dilaton τ becomes the complex structure of the elliptic fiber.

In the M-theory picture the E3-brane becomes a ‘vertical’ Euclidean M5-brane, which wraps the divisor D ⊂ X as well as the fiber T^2_τ . The aim of this section is to uplift our fermionic effective action for the E3-brane to the one for vertical M5-branes. Hence, by covariance, we will actually obtain the fermionic effective action for Euclidean M5-branes on more general CY four-folds.

Let us start by recalling how the M-theory and IIB bulk configurations are related, following the discussion of [4]. The M-theory metric takes the form

ds^2_{11} = e^{8A3} ds^2_R1,2 + e^{− 4A3} ds^2_Y (12.1)

where ds^2_{R1,2} is the usual flat metric on R^{1,2} and ds^2_Y is the Ricci-flat CY metric on the elliptically fibered Y . Locally, if τ is slowly varying, ds^2_Y can be related to the type IIB metric by the following approximate split

ds^2_Y ≃ ds^2_X + ds^2_T 2_τ with ds^2_T 2_τ =

L^2 Imτ [ (dx + Reτ dy)^2 + (Imτ)^2dy^2 ] (12.2)

Here L^2 denotes the volume of the torus fiber as measured by the CY metric, while x and y are dimensionless coordinates with periodicities x ≃ x + 1 and y ≃ y + 1.

We recall that the duality between these M-theory backgrounds and the IIB F-theory configurations is obtained by first reducing to type IIA along one circle of T_τ and then T-dualizing to type IIB along the second circle of T_τ . Hence, the final duality actually requires the strict limit L → 0, in which the second circle decompactifies in type IIB and enhance the flat external directions from R^{1,2} to R^{1,3} . Although (12.2) is not the actual CY eight-dimensional metric (for τ holomorphically non-constant), it is nevertheless expected to provide a good description in the dual IIB background, since corrections should correspond to massive states which completely decouple in the L → 0 limit. In particular, in this limit e^A appearing in (12.1) depends just on base X and coincides with the IIB warping. In the following we will mostly work with local expressions and, in practice, we will approximate τ to a constant. General arguments of covariance will then be invoked to extend the results to non-constant τ case.

The M-theory four-form flux G_4 is related to the IIB three-form fluxes by

G_4 = L(−H_3 ∧ dx + F̃_3 ∧ dy) = e^{ϕ2} Im(G_3 ∧ χ) (12.3)

where we have introduced the (1, 0) vielbein along T^2_τ : χ = L √ Imτ (dx + τdy) (12.4)

Supersymmetry requires that G_4 is (2,2) and primitive, in agreement with the IIB prescription. On the other hand, the braking of supersymmetry is associated to a nonvanishing G_{0,4} = G_{4,0} component.

The modular group of the torus T^2_τ is given by the large coordinate transformations which preserve the coordinates identifications, namely: ( x y ) → ( a −b −c d ) ( x y ) with ( a −b −c d ) ∈ SL(2, Z) (12.5)

These act on τ as in (2.7) and provide the geometrization of the type IIB SL(2,Z). It is easy to see that χ transforms as an object with U(1)_Q charge q_Q = −1 under a modular transformation and by requiring the invariance of G_4 one obtains that the three-form fluxes must transform in agreement with the IIB prescription. Furthermore, the CY holomorphic (4,0)-form Ω_Y is related to the holomorphic (3,0)-form Ω_X on X (we have added a suffix_X for clarity) as follows

Ω_Y = L Ω_X ∧ (dx + τdy) = e^{− ϕ2} Ω_X ∧ χ (12.6)

Invariance of Ω_Y under SL(2, Z) requires that e^{− ϕ}2 Ω_X has q_Q = 1, as it should.

Let us now pass to the vertical M5-brane. It wraps the vertical divisor D̂ given by the fibration of T^2_τ over D. Again we locally write D̂ ≃ D × T^2_τ , for τ approximately constant, and use the metric (12.2). In principle, one could go through the explicit chain of dualities relating the M5-brane to the E3-brane. However, in order to reconstruct the M5-brane world-volume quantities in terms of the E3-brane ones, we will follow the shortcut of just requiring consistency with the bulk duality and with the relation between SL(2,Z)-duality on the E3-brane and diffeomorphism invariance on the M5-brane. Hence, one can easily recognize that the E3-brane flux can be uplifted to a three-form flux T_3 on the M5-brane as follows

T_3 = L(−F ∧ dx + F_D ∧ dy) = −e^{− ϕ2} F ∧ χ (12.7) where in the last equality we have used the identity F_D = −τF, which is valid for supersymmetric configurations. Notice that the supersymmetric T_3 is (2,1) and primitive and then it is imaginary self-dual, ∗_{D̂}T_3 = iT_3 . Furthermore, from the E3 Bianchi identities (9.7), we obtain the M5 Bianchi identities

∂T_3 = − i 2 e^{ϕ2} G_3 |_D ∧ χ ∂T_3 = 0 (12.8)

By recalling (12.3) we see that this is not of the expected form dT_3 = G_4|_{D̂}. In other words, part of the Bianchi identities/equations of motion is not generically fulfilled. We have already observed this effect while discussing the E3-branes Bianchi’s and equations of motion – see footnote 12 – and (12.8) provide the M5-brane counterpart of it.

12.1 Uplift of the fermionic action

Let us now pass to the fermionic sector, first turning off all bulk and world-volume fluxes. In this case, already from the analysis of [11], we know that the fermionic spectrum on the M5-brane can be expressed in terms of (p, 0) and (0, q) forms Φ_0 ≡ Φ_{(0,0)}, Φ_1 ≡ Φ_{(0,1)}, Φ_2 ≡ Φ_{(2,0)}, Φ_3 ≡ Φ_{(0,3)} which take value in the rank-two spin-bundle along the external (Wick rotated) R^3 . One easily can realize that these can be related to the world-volume fermions on the E3-brane by a decomposition of the form:

Φ_0 = λ

Φ_1 = ψ − i 2 λ̃ ∧ χ Φ_2 = −ρ + i ψ̃ ∧ χ

Φ_3 = i 2 ρ̃ ∧ χ (12.9)

The different coefficients are fixed by consistency of the following formulas. Notice that indeed λ̃, ψ̃, ρ̃ must have U(1)_Q charges q_Q = −1, +1, −1 respectively.^{16} By using the decomposition (12.9), still assuming constant τ, it is easy to see that the E3 fermionic action in the absence of fluxes is reproduced by the dimensional reduction of the following action for the M5-brane fermions: 2 ∫ D̂ (∗Φ_1 ∧ ∂Φ_0 + ∗Φ_2 ∧ ∂Φ_1 + ∗Φ_3 ∧ ∂Φ_2 ) (12.10)

16In this decomposition the rank-two spinorial index associated with the normal R^3 directions to the M5-brane have to be interpreted as either left- or right-handed Weyl spinorial indices along the normal R^4 directions to the E3-brane. This effect is due to the non-uniform appearance of the χ or χ in the decomposition, which contains the additional flat direction of the type IIB picture and, after performing the chain of dualities relating the two descriptions, is eventually responsible for the appearance of the different four-dimensional chiralities.

where ∗ is computed by using the bulk induced Kähler metric and, for instance, by ∗Φ_1 ∧ ∂Φ_0 we mean iϵ_{αβ} ∗ Φ^α_1 ∧ ∂Φ^β_0 , where α, β are the three-dimensional sponsorial indices along R^3 . Even though the action (12.10) is derived for an M5-brane wrapping a vertical divisor D̂ in a CY with factorized metric (12.2) and constant τ, by covariance it can be clearly extended to more general divisors D̂ on more general CY four-folds. As a simple check, the equations of motion for the fermions simply require the zero modes to be given by harmonic forms (for instance ∂Φ_1 = ∂^†Φ_1 = 0), in agreement with [11].

We can now proceed and include fluxes as well. As we have seen in the above sections, the E3-brane effective action contains some non-manifestly SL(2,Z) invariant terms, the ψ̃ψ̃ ones. These acquire a clearer structure once expanded in the large universal modulus limit which, in practice, can be traded for an expansion in different powers of the worldvolume and background fluxes. Hence, in the following we consider uplift of the E3-brane fermionic action order by order in the fluxes:

S^{ferm}_{M5} = S^{ferm}_{M5(0)} + S^{ferm}_{M5(1)} + S^{ferm}_{M5(2)} + S^{ferm}_{M5(3)} + . . . (12.11)

Let us stress again that, although we will determine these terms under slightly restricted conditions – namely factorized metric (12.2), constant τ and vertical divisor D̂ – by covariance they must be valid for the most generic divisors D̂ and bulk CY four-folds.

First of all, the zero-th order terms are just the kinetic terms modified by the warping:

S^{ferm}_{M5(0)} = 2 ∫ D̂ (∗Φ_1 ∧ ∂^+Φ_0 + ∗Φ_2 ∧ ∂^−Φ_1 + ∗Φ_3 ∧ ∂^+Φ_2 ) (12.12)

where, as in the E3-brane action, ∂^+ = ∂ + ∂A and ∂^− = ∂ − ∂A.

Going to first order in the fluxes, we get

S^{ferm}_{M5(1)} = 1 2 ∫ D̂ e^{2A} (∗Φ_3 ∧ S · Φ_3 + ∗Φ_2 ∧ R · Φ_2 ) (12.13)

where we have introduced the operators

S : Λ^{0,3}_{D̂} → Λ^{3,0}_{D̂} R : Λ^{2,0}_{D̂} → Λ^{0,2}_{D̂} (12.14)

which act as follows:

S · Φ_3 ≡ 1 3!3!

S_{abc}^{def} Φ_{def} ds^a ∧ ds^b ∧ ds^c R · Φ_2 ≡ 1 2!2!

R_{ab}^{cd}Φ_{cd} ds^a ∧ ds^b (12.15)

with S_{abc}^{def} ≡ 3 2 (Ω_Y )_{vabc}K^v_g^{[d}T^{ef]g} (12.16a) R_{ab}^{cd} ≡ 1 2 (Ω_Y )_{ab}^{vf} [ K_v^{g[c}T^{d]}_{gf} − 1 2 G^{cd}_{vf} ] (12.16b)

Notice that if we relax the condition that τ is constant and compare the r.h.s. of (12.16b) with the right-hand side of (8.13b), we can argue for the following identification

K_v^{χχ} = 2v(ϕ) (12.17)

At second order in the fluxes we get:

S^{ferm}_{M5(2)} = ∫ D̂ e^{4A} ∗ Φ_2 ∧ U · Φ_3 (12.18)

where we have introduced the operator

U : Λ^{0,3}_{D̂} −→ Λ^{0,2}_{D̂} (12.19)

defined by U^a = − 1 2 T_{bcd} (G_4 )^{bcda} (12.20)

The last terms we explicitly consider are the third order ones. By using (12.17), propose the following form of such terms:

S^{ferm}_{M5(3)} = 1 2 ∫ D̂ e^{6A} (∗Φ_3 ∧ S^′ · Φ_3 + ∗Φ_2 ∧ R^′ · Φ_2 ) (12.21)

where the operator S^′ : Λ^{0,3}_{D̂} −→ Λ^{3,0}_{D̂} is given by S^′_{abc}^{def} = 3 4 (ι_aT_3 · ι_gT_3 )(G_4 )^{vg}_{bc}(Ω_Y )_v^{def} (12.22a)

R^′_{ab}^{cd} = 1 2 δ^χ_{[a}(Ω_Y )_{b]}^{efv}δ^{[c}_χ (T_3 )_{ef}^{d]} [ v(e^{−4A}) − 1 4 K_v^{gh}(ι_gT_3 · ι_hT_3 ) + T_3 · ι_vG_4 ] (12.22b)

We see that R^′ contains the explicit dependence on the directions χ and χ, and hence breaks the diffeomorphism invariance of the M5-brane action. This is however expected from the fact that no known diffeomorphism invariant action of the M5-brane, with minimal field content, is known. In a diffeomorphism invariant formulation à la [35, 36], χ should be promoted to an auxiliary non gauge-fixed one-form. The operator R^′ corresponds to the uplift of the operator R̃^′ (4.18) on the E3-brane and, indeed, the fact that R^′ cannot be put in a diffeomorphism invariant form is the M-theory counterpart of the non-SL(2,Z)-invariance of R̃^′. Let us stress again that this operator is non-vanishing because of the off-shellness of the supersymmetric M5-brane configuration, in agreement with the general problem of writing an off-shell diffeomorphism invariant action for the M5-brane.

Finally, we can also uplift the E3-terms (4.19) containing a possible type IIB supersymmetry breaking component G_{0,3} ≠ 0, which corresponds to a non-vanishing G_{4,0} = G_{0,4} in M-theory. The fermionic terms (4.19) uplift to

Δ^{SB}S^{ferm}_{M5} = − 1 8 ∫ D̂ e^{2A} Ω_Y · G_4 Φ_0 Φ_0 ∗ 1 − i 16 ∫ D̂ e^{6A} Ω_Y · G_4 (Φ_1 )^aι_aT_3 ∧ Φ_1 ∧ T_3 (12.23)

12.2 Implications for the zero-modes

Let us now discuss the effect of the fluxes on zero modes. One can in principle determine it order by order in the perturbative expansion available in large universal modulus regime, as we did in section 8 while discussing the spectrum of right-handed fermionic zero modes on the E3-brane.^{17}

As we have explained in section 7, the perturbative expansion is obtained by setting e^{−4A} =^1_{ε2} + e^{−4Â}, with e^{−4Â} having a fixed normalization, and taking ε very small. We will work up to order O(ε). Then, by using the fact that e^{2A} ≃ ε[1 + O(ε^2)] and dA ≃ O(ε^2), we see that we can restrict our attention on the terms (12.12) and (12.13). In particular, in (12.12) we can replace ∂^+ with ∂ and ∂^− with ∂ and in (12.13) we can replace e^{2A} with ε.

It is then easy to see that at the zero-order in ε, the spectrum is the same as in the flux less case considered in [11], namely:

Φ^{z.m.}_{0 (0)} ∈ Harm^{0,0}_∂ (D) Φ^{z.m.}_{1 (0)} ∈ Harm^{0,1}_∂ (D) Φ^{z.m.}_{2 (0)} ∈ Harm^{2,0}_∂ (D) Φ^{z.m.}_{3 (0)} ∈ Harm^{0,3}_∂ (D)

(12.24)

We can now go to order ε and by adapting to the present case the discussion made for the E3-brane we see that the (supersymmetric) fluxes can lift the zero-modes Φ^{z.m.}_{2 (0)} and Φ^{z.m.}_{3 (0)}. More specifically, by defining the operators

P_2 ≡ H_∂ ∘ R : Harm^{2,0}_∂ (D) → Harm^{0,2}_∂ (D) (12.25a) P_3 ≡ H_∂ ∘ S : Harm^{0,3}_∂ (D) → Harm^{3,0}_∂ (D) (12.25b)

the surviving zero-modes are

Φ^{z.m.}_{2 (0)} ∈ ker P_2 Φ^{z.m.}_{3 (0)} ∈ ker P_3 (12.26)

On the other hand, the zero modes Φ^{z.m.}_{0 (0)} and Φ^{z.m.}_{1 (0)} remain untouched and it is interesting to observe that, by looking at (12.18) and (12.21), this conclusion remains valid at all orders in ε.

Notice that by forcing T_3 ≡ 0 the operator P_3 becomes trivial and, at order O(ε), one is left with the residual non-trivial condition Φ^{z.m.}_{2 (0)} ∈ ker P_2 |_{T3 =0}, which agrees with what found in [18, 19].

17In section 8, we have seen that the spectrum of left-moving fermionic zero-modes on the E3-brane can be understood exactly, while in order to handle the zero-modes of the right-handed fermions it is more natural to make a perturbative analysis in the large breathing mode regime. On the M5-brane there is no distinction between left-moving and right-moving fermions, since this is translated into the transformation property of the different components under the U(1) local rotation χ → e^{iα}χ along the elliptic fiber T^2_τ , which cannot be defined in the most general case.

We can also give a clear geometrical interpretation of the possible lift of the zero modes Φ^{z.m.}_{3 (0)} provided by the condition (12.26). The logic is the same followed for the E3-brane in section 9 and so we will be sketchy. The normal vectors Ω^{vabc}Φ^{z.m.}_{(0)abc} describe the possible infinitesimal geometrical deformation of the M5-brane which preserve the holomorphy of the embedding D̂. On the other hand, such a deformation can change the complex structure on D̂ and this in turn can change the nature of the world-volume flux, which can acquire a (3,0) component which cannot be compensated by any deformation of the world-volume two-form field. Such a component is exactly given by P_3 · Φ^{z.m.}_{3 (0)}. Hence, if P_3 · Φ^{z.m.}_{3 (0)} ≠ 0 then the geometrical deformation described by Φ^{z.m.}_{3 (0)} does violate the supersymmetry condition on the world-volume flux and then cannot be considered as a geometrical zero mode of the complete M5-brane configuration.

Finally, regarding the terms (12.23) containing the supersymmetry breaking bulk flux, one may repeat the discussion presented in section 11 for the corresponding terms (4.19) on the dual E3-brane.

13 Conclusions and future directions

In this paper we have studied the effective action governing the (neutral) fermionic quantum fluctuations of Euclidean D3-brane, or E3-brane, instanton in F-theory flux compactifications. We have started from the (Wick-rotated) supergravity Green-Schwarz formulation of the E3-brane effective action and worked at the quadratic order in the quantum fermionic fields but to all orders in the bulk fields and classical brane configuration. This is the starting point for one-loop semiclassical computations. One of our main results is the fermionic action presented in section 4 (and its uplift to the dual M5-brane action in section (12), in which the fermionic fields are topologically twisted along the world-volume directions and which encodes the complete dependence of the bulk axiodilaton, fluxes and warping, as well as on the world-volume flux. We have studied the spectrum of fermionic zero-modes, providing also a geometric interpretation of part of the zero mode lifting mechanisms induced by the fluxes. We have explicitly considered the effect of a possibly non-vanishing supersymmetry breaking (0, 3) component of the G_3 -flux and discussed in which sense it agrees with what expected from four-dimensional low-energy arguments.

It could be useful to briefly summarize the qualitative effect of bulk and world-volume fluxes on the fermionic zero mode structure, in the descriptions which are more commonly used in the literature: the M-theory description and the type IIB orientifold limit (see section 5.1). In absence of bulk and world-volume fluxes the fermionic zero-modes are counted by h^{0,I} (D̂) (with I = 0, 1, 2, 3) and h^{0,i}_± (D̃) (with i = 0, 1, 2) on the M5- brane and (double-cover) E3-brane respectively – see [12, 30] for detailed discussions on their relation. Then supersymmetric bulk and world-volume fluxes generically affect the zero-modes corresponding to h^{0,2}(D̂), h^{0,3}(D̂) and h^{0,1}_− (D̃), h^{0,2}_± (D̃) on the M5-brane and E3-brane respectively, while they do not affect the remaining zero modes counted by h^{0,0}(D̂), h^{0,1}(D̂) and h^{0,0}_± (D̃), h^{0,1}_+ (D̃) respectively. In particular, we stress that the pseudo-universal zero modes τ^{α̇} on the E3-brane, which are counted by h^{0,0}_− (D̃), cannot be lifted by fluxes, at least at the one-loop order we are working in. On the other hand, a bulk supersymmetry breaking flux couples to h^{0,0}(D̂), h^{0,1}(D̂) and h^{0,0}_± (D̃) respectively – see section 11 for a discussion on the interpretation and physical implications of these couplings.

The implications of our findings on the effective four-dimensional theory have been discussed only schematically and these aspects clearly deserve a deeper study. In particular it would be worth looking for a systematic and more topological way to compute the effect of fluxes on the zero-mode spectrum. Furthermore, we have neither considered higher order fermionic interactions, which may lift zero-modes of the quadratic action, nor charged fermionic modes, which should be consistently incorporated in the picture to provide a more complete characterization of the possible terms appearing in the effective action. Another aspect which would require a more detailed study is the complete supersymmetric structure of the E3-brane effective theory, which for instance would be useful to obtain more quantitative information on the E3-brane partition function. This requires the inclusion of the bosonic quantum fluctuations in the discussion. This sector is typically problematic, because of the well known problems related to the self-duality of the two-form gauge field living on the M5-brane [60] (see also the recent [15]). Understanding the complete E3-brane/M5-brane effective theory describing both bosonic and fermionic quantum fluctuations should be instrumental to clarifying the issues with SL(2,Z) symmetry discussed in section 6.

Clearly, the final goal would be to gain control over the complete global structure of the effective superpotential, which is necessary to unambiguously determine the vacuum structure of flux compactifications and their low-energy effective action.

Acknowledgments

We would like to thank A. Collinucci, F. Fucito, F. Marchesano, J.F. Morales, D. Sorokin and A. Uranga for useful discussions. M. B. would like to express his gratitude to A. Hanany and the other members of the Theory Group at Imperial College for their kind hospitality and support while this work was being completed. This work was partially supported by the Italian MIUR-PRIN contract 2009KHZKRX-007 and by the ERC Advanced Grant n. 226455.

A Notations and conventions

We use the following sets of indices:

M, N, . . . ten-dimensional spacetime m, n, . . . internal six-dimensional space X i, j, . . . (ı, ȷ, . . .) (anti)holomorphic indices on X A, B, . . . four-dimensional indices along D a, b, . . . (a, b,. . . ) (anti)holomorphic indices along D

Underlined indices are flattened using the appropriate vielbein. Tensor components along the normal bundles N^{1,0}_D , N^{0,1}_D are denoted with indices v, v respectively.

The Hodge star in a d dimensional space reads:

∗_d ω_p = 1 p!(d − p)! ϵ_{M 1...M d} ω^{M d−p+1...M d} e^{M 1}_d ∧ . . . ∧ e^{M p}_d (A.1) where ϵ_{0...9} = +1 for the ten dimensional space-time, ϵ_{1...6} = +1 and ϵ_{1...4} = +1 for the Levi–Civita symbols on X and D. Notice that ∗_X is the Hodge star on the internal space X defined using the six-dimensional Kähler metric. Similarly, the Hodge star on D is defined using the pull-back of the Kähler metric.

We define the contraction of two forms as:

ω_p · χ_q ≡ 1 p!(q − p)! ω^{M1...Mp} χ_{M1...Mp Mp+1...Mq} dz^{Mp+1} ∧ . . . ∧ dz^{Mq} (p ≤ q) (A.2) When we contract forms with only internal or world-volume indices, we use the Kähler metric on X or its pull-back on D.

B Details of the computation

In this appendix we show some details about the derivation of the action (4.20).

Start from the general action (4.3). By using the explicit form of the bulk structure described in section 2.1 and the gamma-matrices (2.13), the action of the operators (4.4) on Θ can be written explicitly as:

D_mΘ = { ∇_m + e^{2A−ϕ/2} (1 4 ι_mH_3 σ_3 + e^ϕ 8 F_3 Γ_mσ_1 ) + 1 2 (1 + γ_7σ_2)dA Γ_m − 1 8 [ dϕ + (∂ϕ − ∂ϕ)σ_2 ] Γ_m − 1 2 ∂_m(A − ϕ/4) } Θ (B.1a) O Θ = e^{A− ϕ4} [ e^{2A− ϕ2} (1 2 H_3 σ_3 − 1 2 e^ϕF_3 σ_1 ) + dϕ + (∂ϕ − ∂ϕ)σ_2 ] Θ (B.1b)

We used the fact that Γ_{11}Θ = Θ and F_5 = −4i e^{−ϕ}(1 + Γ_{11})(1_4 ⊗ γ_7)dA. The covariant derivative ∇_m is defined in terms of the Kähler metric on X, and all warping and dilaton factors are taken into account explicitly. Similarly, we define Γ_m ≡ Γ_me^m where e^m is the vielbein associated to the Kähler metric and Γ_m are defined in (2.13). World-volume indices are also raised and lowered with the pull-back of the Kähler metric on D. We remind that contraction of forms with gamma-matrices is implicit, hence for instance in the expressions above ι_mH_3 =^1_2 (H_3 )_{mnp}Γ^{np} and dA = ∂_mA Γ^m.

It is useful to rescale the bispinor as Θ ≡ e^{3A}2^{+ ϕ}8 Θ^′, so that the Ansatz (4.6) reads:

Θ^{′L}_1 =^1_2 ( λ ⊗ η^∗ + (M^{−1})_B^Aψ_A ⊗ γ^B η +^1_4 ρ_{AB} ⊗ γ^{AB} η^∗ ) Θ^{′L}_2 =^i_2 ( λ ⊗ η^∗ − (M^{−1})^A_B ψ_A ⊗ γ^Bη +^1_4 ρ_{AB} ⊗ γ^{AB} η^∗

) (B.2a)

Θ^{′R}_1 =^i_2 ( λ̃ ⊗ η + (M −1)_BAψ̃_A ⊗ γBη∗ +^1_4ρ̃_{AB} ⊗ γAB η ) Θ^{′R}_2 = −^1_2 ( λ̃ ⊗ η − (M −1)A_Bψ̃_A ⊗ γBη∗ +^1_4ρ̃_{AB} ⊗ γAB η ) (B.2b)

Then, since ΘΓ_mΘ = ΘΓ_mσ_3Θ = 0, the overall warping and dilaton factors are brought in front of the expression (4.3) that we need to compute, which then takes the form:

S^{ferm} = i ∫ d^4σ √ M Θ^′ [ (M^{−1}_σ )^{AB} Γ_AD_B − 1 2 e^{−A+ϕ/4}O ] Θ^′ (B.3)

where Θ^′ = Θ^{′T} Γ^0 and √ M = √ det(M_{AB} ).

In order to guide the reader through the various steps of the computation, we will divide S^{ferm}_{tot} in several pieces:

S^{ferm}_{tot} = S_∇ + S_{G3} + S_A + S_τ (B.4)

where S_∇ contains all the contributions coming from the covariant derivative ∇_m in D_m, S_{G3} is associated to all the terms where the H_3 and F_3 fluxes appear, and S_A, S_τ contain the further contributions coming from the terms in (B.1) with derivatives of the warping and of the axio-dilaton respectively.

B.1 Kinetic terms

We begin with the computation of S_∇, containing the terms arising from the covariant derivative ∇_m in (B.1). After several manipulations, we obtain the following expression:

S_∇ = 2 ∫ d^4σ √ h ( ψ^a∂_aλ + ψ̃_a∂^a_Qλ̃ − ψ^b∂^aρ_{ab} − ψ̃_b∂_{Q b}ρ̃^{ab} ) (B.5) − 1 8 ∫ d^4σ √ h e^{2A} ( ρ̃^{ab}ρ̃^{cd}e^{−ϕ}K^v_{e[a}F_{b]}^e Ω_{vcd}ρ_{ab}ρ_{cd}e^{−ϕ}K_v^{e[a}F^{b]}_e Ω^{vcd} ) + S_{extra} where ∂_Q, ∂_Q are defined below (4.14), h = det(h_{AB} ) and S_{extra} contains contributions coming from integration by parts of the terms proportional to ∂ψ, ∂ψ̃. In our general setting with world-volume flux and non-trivial warping and axio-dilaton we obtain many such contributions, and we need to keep track of them to eventually get to the correct result. Notice in particular that the derivatives in (B.5) are still missing the modifications due to the warping, as defined below (4.11). We find the extra terms:

S_{extra} = − 2 ∫ d^4σ √ h ( λψ^a∂_aA + λ̃ψ̃_a∂^aA − ψ^aρ_{ab}∂^bA − ψ̃_aρ̃^{ab}∂_bA )

+ ∫ d^4σ^{h√}_M e^{4A−ϕ} ( −λ̃(F^2ψ̃)_a∂^a(A − ϕ/4) − λ(F^2ψ)^a∂_a(A − ϕ/4) )

+ ∫ d^4σ^{h√}_M e^{4A−ϕ} ( (F^2ψ̃)_aρ̃^{ab}∂_b(A − ϕ/4) + (F^2ψ)^aρ_{ab}∂^b(A − ϕ/4) )

+ ∫ d^4σ^{h√}_M e^{4A−ϕ} ( − 1 2 λ̃(Fψ̃)_a(∇ · F)^a − 1 2 λ(Fψ)^a(∇ · F)_a )

+ ∫ d^4σ^{h√}_M e^{4A−ϕ} ( 1 2 (Fψ̃)_aρ̃^{ab}(∇ · F)_b + 1 2 (Fψ)^aρ_{ab}(∇ · F)^b )

(B.6)

where for brevity we set (Fψ̃)_a = F_a^bψ̃_b, (F^2ψ̃)_a = F_a^bF_b^cψ̃_c, and similarly for ψ. Moreover, we write (∇ · F)_A = ∇^BF_{BA}.

B.2 Three-flux contributions

We now begin to add the extra couplings coming from the operators D_A and O. We start with S_{G3} , containing the terms proportional to the bulk flux G_3. We can write it explicitly as follows:

S_{G3} = i 4 ∫ d^4σ e^{2A−ϕ/2} √ M ( Θ_1(M^{−1})^{AB}Γ_Aι_B H_3 Θ_1 − Θ_2(M^{−1})^{BA}Γ_Aι_B H_3 Θ_2 ) (B.7) + i ∫ d^4σ e^{2A−ϕ/2} √ M (eϕ 8 (M^{−1})^{AB}Θ_1Γ_AF_3 Γ_B Θ_2 + e^ϕ 4 Θ_1F_3 Θ_2 − 1 4 Θ_1H_3 Θ_1 )

+ i ∫ d^4σ e^{2A−ϕ/2} √ M (eϕ 8 (M^{−1})^{BA}Θ_2Γ_AF_3 Γ_B Θ_1 + e^ϕ 4 Θ_2F_3 Θ_1 + 1 4 Θ_2H_3 Θ_2 )

The computation turns out to be easier if we use the imaginary self duality (ISD) property of G_3 to split H and F_3 in ISD (+) and IASD (−) parts:

H^+_3 = −ie^ϕF^+_3 = H^P_{2 ,1} + H_{0 ,3} H^−_3 = ie^ϕF^−_3 = H^P_{1 ,2} + H_{3 ,0} (B.8) and at the same time we define combinations Θ_± ≡^1_2 (Θ^′_1 ± iΘ^′_2) of the kappa-fixed fermions with definite U(1)_Q charge:

Θ^R_+ = i 2 (M^{−1})^{(AB)}ψ̃_A ⊗ γ_Bη^∗,

Θ^L_+ = 1 2 (M^{−1})^{(AB)}ψ_A ⊗ γ_Bη,

Θ^R_− = i 2 ( λ̃ ⊗ η − (M^{−1})^{[AB]}ψ̃_A ⊗ γ_Bη^∗ + 1 4 ρ̃_{AB} ⊗ γ^{AB}η ) , Θ^L_− = 1 2 ( λ ⊗ η^∗ − (M^{−1})^{[AB]}ψ_A ⊗ γ_Bη + 1 4 ρ_{AB} ⊗ γ^{AB}η^∗ ) .

(B.9)

Then we can write:

S_{G3} = i ∫ d^4σ √ h e^{2A−ϕ/2} {( 1 −^{√M√}_h ) ( Θ_+H^−_3 Θ_+ + Θ_−H^+_3 Θ_− )

+ h^{AB}Θ_+Γ_A ι_B H^+_3 Θ_+ − Θ_+H^+_3 Θ_+ + h^{AB}Θ_−Γ_A ι_B H^−_3 Θ_− − Θ_−H^−_3 Θ_− − e^{2A−ϕ/2}F^{AB} ( Θ_+Γ_A ι_B H^−_3 Θ_− − 1 4 Θ_+Γ_{AB}H^−_3 Θ_− − 1 4 Θ_+H^−_3 Γ_{AB}Θ_− )

− e^{2A−ϕ/2}F^{AB} ( Θ_−Γ_A ι_B H^+_3 Θ_+ − 1 4 Θ_−Γ_{AB}H^+_3 Θ_+ − 1 4 Θ_−H^+_3 Γ_{AB}Θ_+ ) } (B.10)

The Left spinors give rise to the contributions:

S^{Left}_{G3} = 1 4 ∫ d^4σ √ h e^{2A−ϕ} ( λλ(H · Ω) + 1 4 ρ_{ab}ρ_{cd}Ω^{abv}H^{cd}_v )

+ 4 ∫ d^4σ^{h√}_M e^{4A−ϕ} ( ψ^aρ_{ab}(F · H)^b − λψ_a(F · H)^a ) , (B.11)

while the Right part can be cast in the following form:

S^{Right}_{G3} = 1 4 ∫ d^4σ e^{2A−ϕ}( √ M − √ h) [ λ̃λ̃(H · Ω) + 1 4 ρ̃_{ab}ρ̃_{cd}Ω^{cdv}H^{ab}_v ]

− ∫ d^4σ e^{2A−ϕ} √ h [ 1 2 ψ̃_aψ̃_bΩ^{acv}H_{cv}^b + e^{2A}2ρ̃_{ab}ψ̃^aF^{cd}H_{cd}^b ]

− ∫ d^4σ e^{4A−ϕ h√}_M [ λ̃ψ̃_aF^{cd}H_{cd}^a − ρ̃_{ab}ψ̃^aF^{cd}H_{cd}^b ]

+ 1 4 ∫ d^4σ e^{6A−ϕ h√}_M F^{ab}(iG_{abv})Ω^{abv}ψ̃_a(Fψ̃)_b

(B.12)

B.3 Extra contributions from a non-trivial warping

Some terms promotional to dA were already present in S_{extra}. However, derivatives of the warping appear explicitly in D_m (B.1), and we collect the resulting contributions in

S_A. The starting point is

S_A = i 2 ∫ d^4σ √ M Θ^′(M^{−1}_σ )^{AB} Γ_A dA Γ_B (1 + γ^7σ_2)Θ^′ = i ∫ d^4σ √ h iΘ_2(2Γ^A∂_AA − 4dA)(Θ^R_1 − Θ^L_1 )

+ 4i ∫ d^4σ e^{2A−ϕ/2} √ h (Θ^R_− + Θ^L_+) F dA(Θ^R_− + Θ^L_+)

(B.13)

The result is:

S_A = ∫ d^4σ^{h√}_M ( 2λψ^a∂_aA − 2ψ^aρ_{ab}∂^bA ) (B.14) − 2 ∫ d^4σ^{h√}_M { λ̃ [ (1 − 2e^{2A−ϕ/2}F^2)ψ̃ ] a ∂^aA − [ (1 − 2e^{2A−ϕ/2}F^2)ψ̃ ] a ρ̃^{ab}∂_bA }

Notice that most of these terms combine with (B.6) in order to give the warping modifications to the kinetic terms as defined below (4.11). In order to see this, the following identity turns out to be useful: h_{AB} − e^{4A−ϕ}F_A^C F_{CB} = √ det M det h h_{AB} (B.15)

B.4 Non-constant axio-dilaton

Similarly to the warping contributions in the previous section, derivatives of the axiodilaton appear explicitly in (B.1) and we collect their contributions in S_τ . The resulting terms will eventually combine with (B.6) in the final result. but we need to compute those arising from F_1 in D_A and O. After some algebra we can reduce S_τ to the following expression:

S_τ = i 2 ∫ d^4σ ( √ h − √ M) Θ^′ ( (1 − σ_2)∂ϕ + (1 + σ_2)∂ϕ ) Θ^′ − 1 4 ∫ d^4σ √ h Θ^′ [ Γ^A ( (1 − σ_2)∂_Aϕ + (1 + σ_2)∂_Aϕ )] Θ^′ − 1 4 ∫ d^4σ √ h e^{2A} Θ^′ [ σ_3F ( (1 − σ_2)∂ϕ + (1 + σ_2)∂ϕ )] Θ^′

(B.16)

Using (1 ∓ σ_2)Θ^′ = 2(Θ_±, ∓iΘ_±), we can rewrite it in a form that greatly simplifies the computation:

S_τ = i ∫ d^4σ ( √ h − √ M) ( 2Θ_−∂ϕ Θ_+ + 2Θ_+∂ϕ Θ_− ) (B.17) − i ∫ d^4σ √ h [ ( Θ_−Γ^a∂_aϕ Θ_+ + Θ_+Γ^a∂_aϕ Θ_− ) + e^{2A} ( Θ_+F∂ϕ Θ_− + Θ_−F∂ϕ Θ_+ ) ]

Substituting (B.9) and after some more manipulations, we obtain the explicit contributions:

S_τ = ∫ d^4σ (√ h −^h_2^√_M ) [ λψ^a∂_aϕ + ψ^aρ_{ab}∂^bϕ − λ̃ψ̃_a∂^aϕ − ψ̃_aρ̃^{ab}∂_bϕ ]

+ 1 2 ∫ d^4σ e^{2A−ϕ} [(_{h3/2} M −^{h√}_M ) ψ_a(Fψ)_bΩ^{abv}∂_vϕ −^{h√}_M ψ̃_a(Fψ̃)_bΩ^{abv}∂_vϕ ]

− ∫ d^4σ^{h√}_M e^{4A−ϕ} [ λ̃(F^2ψ̃)_a∂^aϕ − (F^2ψ)^aρ_{ab}∂^bϕ ]

− 1 2 ∫ d^4σ^{h3/2}_M e^{6A−2ϕ} (F^2ψ)_a(Fψ)_bΩ^{abv}∂_vϕ (B.18)

We stress again that combining these terms with (B.6) and using (B.15), the final expressions simplify greatly.

B.5 Final result

Putting together (B.6, B.11, B.12, B.14, B.18) and using (B.15), we finally arrive to a full expression, which we write here explicitly. The complete action is S^{ferm}_{tot} = S_{kin.} + S_{flux} + S^′_{flux}:

S_{kin.} = 2 ∫ d^4σ √ h ( ψ^a∂^+_a λ + ψ̃_a∂^{− a}_Q λ̃ − ψ^b∂^{− a}ρ_{ab} − ψ̃_b∂^+_{Q b}ρ̃^{ab} ) (B.19)

S_{flux} = − 1 8 ∫ d^4σ √ h e^{2A} ( ρ_{ab}ρ_{cd}e^{−ϕ}K_m^{e[a}F^{b]}_e Ω^{mcd} + ρ̃^{ab}ρ̃^{cd}e^{−ϕ}K^m_{e[a}F_{b]}^e Ω_{mcd} )

+ i ∫ d^4σ √ h e^{2A} ( 1 4 ψ̃_aψ̃_bΩ^{acv}(G_{2 ,1} )_{cv}^b − e^{2A}ψ̃_aρ̃^{ab}(F · G_{2 ,1} )_b )

− 1 2 ∫ d^4σ √ h e^{2A−ϕ} Ω^{abv} ψ̃_a(Fψ̃)_b∂_vϕ (B.20) + i 8 ∫ d^4σ √ h e^{2A} ( λλ(G_{0 ,3} · Ω) + 1 4 ρ_{ab}ρ_{cd}Ω^{abv}(G_{2 ,1} )^{cd}_v )

− i 16 ∫ d^4σ √ h e^{6A−ϕ} ( λ̃λ̃(G_{0 ,3} · Ω) + 1 4 ρ̃^{ab}ρ̃^{cd}Ω_{abv}(G_{2 ,1} )_{cd}^v ) (F · F)

S^′_{flux} = 1 2 ∫ d^4σ^{h√}_M e^{6A−ϕ} ( de^{−4A} − i 2 F · G_{2 ,1} − 1 2 e^{−ϕ}(F · F)∂ϕ ) v Ω^{vb}_a ψ̃^a(Fψ̃)_b − ∫ d^4σ^{h√}_M e^{4A−ϕ} ( (∇ · F)^a − i 2 e^ϕG^b_b^a ) ( λ̃(Fψ̃)_a + ρ_{ab}(Fψ)^b ) (B.21) − ∫ d^4σ^{h√}_M e^{4A−ϕ} ( (∇ · F)^a − i 2 e^ϕG^c_c^a ) ( λ(Fψ)_a + ρ̃_{ab}(Fψ̃)^b )

The last two rows of S^′_{flux} vanish by imposing the standard Bianchi identity dF = H_3 |_D. Notice that if we only imposed the equations (9.7), which imply just a part of dF = H_3 |_D, a term 1 4 ∫ d^4σ h √ M e^{4A} iG^c_c^a ( λ(Fψ)_a + ρ̃_{ab}(Fψ̃)^b ) (B.22)

would survive. However, such a contribution would generate a coupling to the universal fermionic zero-mode λ_{z.m.}, even if it only involves supersymmetry-preserving fluxes. Hence, it seems justified to set these terms to zero in the derivation of the fermionic action, and relax the Bianchi identities to the form (9.7) only afterwards.^{18} All other contributions in (B.19) can be reorganized in terms of the operators S, S̃, Ũ, R̃ in equations (4.13, 4.17, 4.18), and of ΔSBSferm defined in (4.19), hence giving (4.20) as final result.

C Equations of motion

In general, the equations of motion are obtained by extremizing the action (3.5), which for the configurations we are talking about can be rewritten as

S_{E3} = 2π ∫ D d^4σ √ det(e^{−2A}h + e^{−ϕ/2}F) − 2πi ∫ D C ∧ e^F (C.1)

The general equations of motion can be derived straightforwardly, see for instance [69]. However, in our case we can follow a simpler route to find them, since we are interested in the variation of S_{E3} around a supersymmetric configuration, which is ‘calibrated’ in the generalized sense of [42]. By using the properties of generalized calibrated branes, one can then show [54] that around a calibrated configuration the action (C.1) is well approximated by the action (3.6). More precisely, we can write

S_{E3} = 2π ∫ D (− 1 2 e^{−4A}J ∧ J − i 2 τF ∧ F − iC_2 ∧ F − iC_4 ) + . . . (C.2)

where the missing terms are quadratic in the fields describing the deviation of the E3 configuration from the supersymmetric one. Hence, in order to evaluate the equations of motion on the supersymmetric configuration one can use the action (C.2), simplifying considerably the task.

A general fluctuation of the embedding is described by a section δv of the normal bundle N_D (defined by the orthogonal split T_X |_D = T_D ⊕ N_D). Since the embedding is

18We could further justify this procedure noting that we are free to add terms proportional to the (standard) Bianchi identities to the Minkowskian D3-brane effective action, in such a way that they would cancel the contribution above (B.22) after Wick rotation.

holomorphic, we can split δv = δφ v + δφ v, where δφ and δφ are complex scalars and v is a given section of N^{1,0}_D . By taking into account that ι_v J|_D = 0 and that δ_vF = ι_v H|_D, the variation of (C.2), evaluated on the supersymmetry configuration, gives

δ_v S_{E3} = 2π ∫ D [ − ι_v ∂e^{−4A} J ∧ J − i 2 ι_v∂τ F ∧ F − i ι_vG_3 ∧ F ] (C.3)

where we have used the formula F^{int}_{2,3} =^i_2 ∂e^{−4A} J ∧ J, which is an alternative way of writing F^{int}_5 = ∗_X de^{−4A}, which is the internal component of (2.4). By using the fact that ∗_DF = F and that −^1_2 J ∧ J = d^4σ √ det h, we can write (C.3) as

δ_vS_{E3} = 2π ∫ D d^4σ √ det h δφ [ − 8e^{−4A}ι_v∂A − i 2 ι_v∂τ F⌟F − i F⌟ι_vG_3 ] (C.4)

We see that only the component of v along the holomorphic transversal direction appears the equation of motion which is not automatically satisfied can be written as

2v(e^{−4A}) − v(ϕ)e^{−ϕ} F⌟F − i F⌟ι_vG_3 = 0 (C.5)

Let us now consider a fluctuation δA of the gauge field. Then δF = dδA and the variation of (C.2) gives

δS_{E3} = −2πi ∫ D δA ∧ (G_3 + ∂τ ∧ F) (C.6)

Now only the (0, 1) component of δA appears and the non-automatically satisfied equation of motion reads G_3 |_D + ∂τ|_D ∧ F = 0 (C.7)

References

[1] C. Vafa, Evidence for F theory, Nucl.Phys. B469 (1996) 403–418,

arXiv:hep-th/9602022 [hep-th].

[2] A. Sen, F theory and orientifolds, Nucl.Phys. B475 (1996) 562–578,

arXiv:hep-th/9605150 [hep-th].

[3] A. Sen, Orientifold limit of F theory vacua, Phys.Rev. D55 (1997) 7345–7349,

arXiv:hep-th/9702165 [hep-th].

[4] F. Denef, Les Houches Lectures on Constructing String Vacua,

arXiv:0803.1194 [hep-th].

[5] T. Weigand, Lectures on F-theory compactifications and model building, Class.Quant.Grav. 27 (2010) 214004, arXiv:1009.3497 [hep-th].

[6] S. Kachru, R. Kallosh, A. D. Linde, and S. P. Trivedi, De Sitter vacua in string theory, Phys.Rev. D68 (2003) 046005, arXiv:hep-th/0301240 [hep-th].

[7] V. Balasubramanian, P. Berglund, J. P. Conlon, and F. Quevedo, Systematics of moduli stabilisation in Calabi-Yau flux compactifications, JHEP 0503 (2005) 007,

arXiv:hep-th/0502058 [hep-th].

[8] K. Becker and M. Becker, M theory on eight manifolds,

Nucl.Phys. B477 (1996) 155–167, arXiv:hep-th/9605053 [hep-th].

[9] S. B. Giddings, S. Kachru, and J. Polchinski, Hierarchies from fluxes in string compactifications, Phys.Rev. D66 (2002) 106006,

arXiv:hep-th/0105097 [hep-th].

[10] K. Becker and M. Becker, Supersymmetry breaking, M theory and fluxes, JHEP 0107 (2001) 038, arXiv:hep-th/0107044 [hep-th].

[11] E. Witten, Nonperturbative superpotentials in string theory,

Nucl.Phys. B474 (1996) 343–360, arXiv:hep-th/9604030 [hep-th].

[12] M. Bianchi, A. Collinucci, and L. Martucci, Magnetized E3-brane instantons in F-theory, JHEP 1112 (2011) 045, arXiv:1107.3732 [hep-th].

[13] M. Bianchi, A. Collinucci, and L. Martucci, Freezing E3-brane instantons with fluxes, Fortsch.Phys. 60 (2012) 914–920, arXiv:1202.5045 [hep-th].

[14] T. W. Grimm, M. Kerstan, E. Palti, and T. Weigand, On Fluxed Instantons and Moduli Stabilisation in IIB Orientifolds and F-theory, Phys.Rev. D84 (2011) 066001, arXiv:1105.3193 [hep-th].

[15] M. Kerstan and T. Weigand, Fluxed M5-instantons in F-theory, Nucl.Phys. B864 (2012) 597–639, arXiv:1205.4720 [hep-th].

[16] R. Blumenhagen, M. Cvetic, S. Kachru, and T. Weigand, D-Brane Instantons in Type II Orientifolds, Ann.Rev.Nucl.Part.Sci. 59 (2009) 269–296,

arXiv:0902.3251 [hep-th].

[17] M. Bianchi and M. Samsonyan, Notes on unoriented D-brane instantons, Int.J.Mod.Phys. A24 (2009) 5737–5763, arXiv:0909.2173 [hep-th].

[18] N. Saulina, Topological constraints on stabilized flux vacua,

Nucl.Phys. B720 (2005) 203–210, arXiv:hep-th/0503125 [hep-th].

[19] R. Kallosh, A.-K. Kashani-Poor, and A. Tomasiello, Counting fermionic zero modes on M5 with fluxes, JHEP 0506 (2005) 069, arXiv:hep-th/0503138 [hep-th].

[20] E. Bergshoeff, R. Kallosh, A.-K. Kashani-Poor, D. Sorokin, and A. Tomasiello, An Index for the Dirac operator on D3 branes with background fluxes, JHEP 0510 (2005) 102, arXiv:hep-th/0507069 [hep-th].

[21] D. Lust, S. Reffert, W. Schulgin, and P. K. Tripathy, Fermion zero modes in the presence of fluxes and a non-perturbative superpotential, JHEP 0608 (2006) 071,

arXiv:hep-th/0509082 [hep-th].

[22] D. Tsimpis, Fivebrane instantons and Calabi-Yau fourfolds with flux, JHEP 0703 (2007) 099, arXiv:hep-th/0701287 [hep-th].

[23] L. Gorlich, S. Kachru, P. K. Tripathy, and S. P. Trivedi, Gaugino condensation and nonperturbative superpotentials in flux compactifications, JHEP 0412 (2004) 074,

arXiv:hep-th/0407130 [hep-th].

[24] P. K. Tripathy and S. P. Trivedi, D3 brane action and fermion zero modes in presence of background flux, JHEP 0506 (2005) 066,

arXiv:hep-th/0503072 [hep-th].

[25] R. Blumenhagen, M. Cvetic, R. Richter, and T. Weigand, Lifting D-Instanton Zero Modes by Recombination and Background Fluxes, JHEP 0710 (2007) 098,

arXiv:0708.0403 [hep-th].

[26] I. Garcia-Etxebarria, F. Marchesano, and A. M. Uranga, Non-perturbative F-terms across lines of BPS stability, JHEP 0807 (2008) 028, arXiv:0805.0713 [hep-th].

[27] A. M. Uranga, D-brane instantons and the effective field theory of flux compactifications, JHEP 0901 (2009) 048, arXiv:0808.2918 [hep-th].

[28] M. Billo, L. Ferro, M. Frau, F. Fucito, A. Lerda, et al., Flux interactions on D-branes and instantons, JHEP 0810 (2008) 112, arXiv:0807.1666 [hep-th].

[29] M. Billo, L. Ferro, M. Frau, F. Fucito, A. Lerda, et al., Non-perturbative effective interactions from fluxes, JHEP 0812 (2008) 102, arXiv:0807.4098 [hep-th].

[30] R. Blumenhagen, A. Collinucci, and B. Jurke, On Instanton Effects in F-theory, JHEP 1008 (2010) 079, arXiv:1002.1894 [hep-th].

[31] R. Donagi and M. Wijnholt, MSW Instantons, arXiv:1005.5391 [hep-th].

[32] J. Marsano, N. Saulina, and S. Schafer-Nameki, On G-flux, M5 instantons, and U(1)s in F-theory, arXiv:1107.1718 [hep-th].

[33] M. Cvetic, I. Garcia Etxebarria, and J. Halverson, Three Looks at Instantons in F-theory – New Insights from Anomaly Inflow, String Junctions and Heterotic Duality, JHEP 1111 (2011) 101, arXiv:1107.2388 [hep-th].

[34] M. Cvetic, R. Donagi, J. Halverson, and J. Marsano, On Seven-Brane Dependent Instanton Prefactors in F-theory, JHEP 1211 (2012) 004,

arXiv:1209.4906 [hep-th].

[35] P. Pasti, D. P. Sorokin, and M. Tonin, Covariant action for a D = 11 five-brane with the chiral field, Phys.Lett. B398 (1997) 41–46,

arXiv:hep-th/9701037 [hep-th].

[36] I. A. Bandos, K. Lechner, A. Nurmagambetov, P. Pasti, D. P. Sorokin, et al., Covariant action for the superfive-brane of M theory, Phys.Rev.Lett. 78 (1997) 4332–4334, arXiv:hep-th/9701149 [hep-th].

[37] S. B. Giddings and A. Maharana, Dynamics of warped compactifications and the shape of the warped landscape, Phys.Rev. D73 (2006) 126003,

arXiv:hep-th/0507158 [hep-th].

[38] P. Koerber and L. Martucci, From ten to four and back again: How to generalize the geometry, JHEP 0708 (2007) 059, arXiv:0707.1038 [hep-th].

[39] M. Cederwall, A. von Gussich, B. E. Nilsson, P. Sundell, and A. Westerberg, The Dirichlet super p-branes in ten-dimensional type IIA and IIB supergravity, Nucl.Phys. B490 (1997) 179–201, arXiv:hep-th/9611159 [hep-th].

[40] E. Bergshoeff and P. Townsend, Super D-branes, Nucl.Phys. B490 (1997) 145–162,

arXiv:hep-th/9611173 [hep-th].

[41] P. Koerber, Stable D-branes, calibrations and generalized Calabi-Yau geometry, JHEP 0508 (2005) 099, arXiv:hep-th/0506154 [hep-th].

[42] L. Martucci and P. Smyth, Supersymmetric D-branes and calibrations on general N=1 backgrounds, JHEP 0511 (2005) 048, arXiv:hep-th/0507099 [hep-th].

[43] A. A. Tseytlin, Selfduality of Born-Infeld action and Dirichlet three-brane of type IIB superstring theory, Nucl.Phys. B469 (1996) 51–67,

arXiv:hep-th/9602064 [hep-th].

[44] M. B. Green and M. Gutperle, Comments on three-branes,

Phys.Lett. B377 (1996) 28–35, arXiv:hep-th/9602077 [hep-th].

[45] M. K. Gaillard and B. Zumino, Duality Rotations for Interacting Fields, Nucl.Phys. B193 (1981) 221.

[46] O. J. Ganor, A Note on zeros of superpotentials in F theory,

Nucl.Phys. B499 (1997) 55–66, arXiv:hep-th/9612077 [hep-th].

[47] D. Marolf, L. Martucci, and P. J. Silva, Actions and Fermionic symmetries for D-branes in bosonic backgrounds, JHEP 0307 (2003) 019,

arXiv:hep-th/0306066 [hep-th].

[48] L. Martucci, J. Rosseel, D. Van den Bleeken, and A. Van Proeyen, Dirac actions for D-branes on backgrounds with fluxes, Class.Quant.Grav. 22 (2005) 2745–2764,

arXiv:hep-th/0504041 [hep-th].

[49] M. Bershadsky, C. Vafa, and V. Sadov, D-branes and topological field theories, Nucl.Phys. B463 (1996) 420–434, arXiv:hep-th/9511222 [hep-th].

[50] E. Witten, World sheet corrections via D instantons, JHEP 0002 (2000) 030,

arXiv:hep-th/9907041 [hep-th].

[51] G. ’t Hooft, Computation of the Quantum Effects Due to a Four-Dimensional Pseudoparticle, Phys.Rev. D14 (1976) 3432–3450.

[52] R. Kallosh and D. Sorokin, Dirac action on M5 and M2 branes with bulk fluxes, JHEP 0505 (2005) 005, arXiv:hep-th/0501081 [hep-th].

[53] J. Gomis, F. Marchesano, and D. Mateos, An Open string landscape, JHEP 0511 (2005) 021, arXiv:hep-th/0506179 [hep-th].

[54] L. Martucci, D-branes on general N=1 backgrounds: Superpotentials and D-terms, JHEP 0606 (2006) 033, arXiv:hep-th/0602129 [hep-th].

[55] P. Koerber and L. Martucci, Deformations of calibrated D-branes in flux generalized complex manifolds, JHEP 0612 (2006) 062, arXiv:hep-th/0610044 [hep-th].

[56] K. Becker, M. Becker, and A. Strominger, Five-branes, membranes and nonperturbative string theory, Nucl.Phys. B456 (1995) 130–152,

arXiv:hep-th/9507158 [hep-th].

[57] J. A. Harvey and G. W. Moore, Superpotentials and membrane instantons,

arXiv:hep-th/9907026 [hep-th].

[58] D. Lust, F. Marchesano, L. Martucci, and D. Tsimpis, Generalized non-supersymmetric flux vacua, JHEP 0811 (2008) 021,

arXiv:0807.4540 [hep-th].

[59] C. Beasley and E. Witten, New instanton effects in string theory, JHEP 0602 (2006) 060, arXiv:hep-th/0512039 [hep-th].

[60] E. Witten, Five-brane effective action in M theory,

J.Geom.Phys. 22 (1997) 103–133, arXiv:hep-th/9610234 [hep-th].

[61] P. Koerber and L. Martucci, Warped generalized geometry compactifications, effective theories and non-perturbative effects, Fortsch.Phys. 56 (2008) 862–868,

arXiv:0803.3149 [hep-th].

[62] F. Marchesano and L. Martucci, Non-perturbative effects on seven-brane Yukawa couplings, Phys.Rev.Lett. 104 (2010) 231601, arXiv:0910.5496 [hep-th].

[63] D. Baumann, A. Dymarsky, S. Kachru, I. R. Klebanov, and L. McAllister, D3-brane Potentials from Fluxes in AdS/CFT, JHEP 1006 (2010) 072,

arXiv:1001.5028 [hep-th].

[64] A. Dymarsky and L. Martucci, D-brane non-perturbative effects and geometric deformations, JHEP 1104 (2011) 061, arXiv:1012.4018 [hep-th].

[65] L. Aparicio, A. Font, L. E. Ibanez, and F. Marchesano, Flux and Instanton Effects in Local F-theory Models and Hierarchical Fermion Masses, JHEP 1108 (2011) 152, arXiv:1104.2609 [hep-th].

[66] I. Garcia-Etxebarria and A. M. Uranga, Non-perturbative superpotentials across lines of marginal stability, JHEP 0801 (2008) 033, arXiv:0711.1430 [hep-th].

[67] S. Gukov, C. Vafa, and E. Witten, CFT’s from Calabi-Yau four folds, Nucl.Phys. B584 (2000) 69–108, arXiv:hep-th/9906070 [hep-th].

[68] K. Dasgupta, G. Rajesh, and S. Sethi, M theory, orientifolds and G - flux, JHEP 9908 (1999) 023, arXiv:hep-th/9908088 [hep-th].

[69] I. Bandos and D. Sorokin, Aspects of D-brane dynamics in supergravity backgrounds with fluxes, kappa-symmetry and equations of motion: Part IIB, Nucl.Phys. B759 (2006) 399–446, arXiv:hep-th/0607163 [hep-th].