arXiv:1212.0585v2 [astro-ph.CO] 3 May 2013

Cosmology with a spin

João Magueijo^{1∗}, T.G. Zlosnik^{1†}, and T.W.B. Kibble^{1‡}

(1) Imperial College Theoretical Physics, Blackett Laboratory, London, SW7 2AZ, United Kingdom

May 7, 2013

Abstract Using the chiral representation for spinors we present a particularly transparent way to generate the most general spinor dynamics in a theory where gravity is ruled by the Einstein-Cartan-Holst action. In such theories torsion need not vanish, but it can be re-interpreted as a 4-fermion self-interaction within a torsion-free theory. The self-interaction may or may not break parity invariance, and may contribute positively or negatively to the energy density, depending on the couplings considered. We then examine cosmological models ruled by a spinorial field within this theory. We find that while there are cases for which no significant cosmological novelties emerge, the self-interaction can also turn a mass potential into an upside-down Mexican hat potential. Then, as a general rule, the model leads to cosmologies with a bounce, for which there is a maximal energy density, and where the cosmic singularity has been removed. These solutions are stable, and range from the very simple to the very complex.

1 Introduction

The greatest tragedy of XX century physics was by and large that gravity refused to partake in the successes of quantum field theory and the gauge principle. This has led to numerous schemes purporting to supersede both classical relativity and standard quantization, but none of them was fully successful. A very basic question can be asked: if gravity is to be seen as a gauge theory, which symmetry group is being gauged? It is possible to regard General Relativity as the symmetry broken phase of a gauge theory of groups for which the Lorentz group is a sub-group. Particular examples are the Poincaré group [1, 2] and the de Sitter/anti-de Sitter groups [3, 4, 5].

A commonality of all these approaches is that they recover the so-called ‘spin-connection’ formulation of General Relativity, in which the gravitational field is described by two independent ingredients. The first, referred to as the spin-connection, acts a gauge field for the Lorentz group whilst the second is a Lorentz valued spacetime one-form called the co-tetrad. It is from the latter that the familiar metric tensor may be constructed. This formulation is elegant and desirable, but it does open up the doors to space-time torsion. In the presence of spinors one is naturally led to build actions directly dependent on the spin-connection. These produce a source term in the torsion equation of motion: and thus torsion is forced upon gauge theories of gravity, whenever spinors are present.

It turns out that, at least in the minimal theories with this feature, the torsion is algebraically related to the spin density. Therefore it can explicitly be integrated out of the theory, at least classically. It is found that the theory is equivalent to a torsion-free theory endowed with a 4-fermion self-interaction. However, even without considering more elaborate theories, with propagating torsion for example, one has to face a number of different possibilities in the fermionic couplings. Terms which usually are boundary terms no longer drop out of the equations whenever torsion is present. Therefore these theories present a richness of possibilities, and the question naturally arises as to how to constrain them.

The first part of this paper (Sections 2 and 3) deals with the formal aspects of this matter. Availing ourselves of the chiral representation for spinors, we present a particularly transparent way to generate the

∗j.magueijo@imperial.ac.uk †t.zlosnik@imperial.ac.uk ‡t.kibble@imperial.ac.uk 1 most general spinorial dynamics in a theory where gravity is ruled by the Einstein-Cartan-Holst action. We also work out explicitly the 4-fermion self-interaction in the equivalent torsion-free theory. The selfinteraction may or may not break parity invariance, and may contribute positively or negatively to the energy density, depending on the couplings considered (see [1, 6, 7, 8, 9, 10, 11, 12, 13] for related literature).

In the second part of this paper (Sections 4, 5 and 6) we examine cosmological models ruled by a spinor field within this theory. We find that the dynamics can be reduced to a closed set of ODEs, representing the metric and some of the degrees of freedom contained in the spinor bilinears (Section 4). We then seek solutions to these equations. Solutions exhibiting parity-symmetry (which we label “ambidextrous”) are particularly simple to integrate. In the presence of torsion, for one sign for a given combination of the couplings, we find a bouncing Universe, driven by a torsion-induced phantom phase (Section 5). In these solutions there is a maximal energy density, and the cosmic singularity has been removed. These solutions are stable, and range from the very simple to the very complex, as we show for more general, non-ambidextrous solutions in Section 6.

In a concluding Section we list open issues to be addressed in future work. We also include two Appendices where the notation used in this paper is thoroughly explained.

2 The theory

In this paper we will look at the gravitational effect of a specific type of spinorial matter in cosmology. We first discuss our choice for the action describing the gravitational field. We shall use a first-order formalism for gravity where the gravitational field is described by the spacetime one-forms e^I ≡ e^I_μdx^μ and ω^{IJ} ≡ ω^{IJ}_μdx^μ. The field e^I is referred to as the co-tetrad and transforms homogeneously under local SO(1, 3) transformations whereas the field ω^{IJ} , referred to as the spin-connection, transforms as a gauge field under similar transformations. We restrict ourselves to Lagrangians which are generally covariant, locally Lorentz invariant, and polynomial in our basic fields and their derivatives. Throughout this paper we shall rely heavily on the language of differential forms and we refer the reader to [14] for an introduction to these methods in gravitational theory. For compactness of notation we write the wedge product a ∧ b of two differential forms simply as ab. The previous requirements on the gravitational Lagrangian restrict the number of possible terms considerably. Indeed it may be shown that up to boundary terms, the only ‘ingredients’ that can be used are: co-tetrad e^I , the curvature of the spin-connection R^{IJ} ≡ dω^{IJ} + ω^I_K ω^{KJ} , and the SO(1, 3) invariant objects ϵ_{IJKL} and η_{IJ} = diag(−1, 1, 1, 1) . Each of these quantities transform homogeneously under SO(1, 3) transformations and so one can combine these quantities to construct differential forms that are Lorentz scalars. We consider the following action:

S_G[e^I , ω^{IJ} ] = κ ∫ ( ϵ_{IJKL} + 2 γ η_{IK} η_{JL} ) e^I e^J R^{KL} (1)

where κ = 1/(32πG). The first term is the familiar Palatini action, whilst the second term is referred to as the Holst term, with γ the Immirzi parameter. We do not include a cosmological constant term. The only further actions which are functionals only of e^I and R^{IJ} and polynomial in these fields are boundary terms quadratic in R^{IJ} [15].

We now consider actions describing spinorial matter. If gravitation is essentially related to local Lorentz invariance then this matter will be described by Weyl spinors, i.e. vectors in the left and right handed representations of the group SL(2, C) [16]. We may now look to construct the most general action for SL(2, C) spinors that produce the familiar spinor equations of motion in flat spacetime. We will use the label ‘(l)’ to denote quantities associated with the left handed representation and ‘(r)’ to denote quantities associated with the right handed representation. As in the gravitational case, we will look to construct actions which are polynomial in fields and locally Lorentz invariant. These actions should contain spacetime derivatives of the spinor fields so that they have dynamics. With this in mind, consider the following spacetime one-forms constructed from left handed Weyl spinors ϕ and right handed Weyl spinors χ:

K^{I(l)} ≡ ϕ^†σ̄^I D^{(l)}ϕ (2) K^{I(r)} ≡ χ^†σ^I D^{(r)}χ (3) where D^{(l)}ϕ ≡ dϕ − i 2 ω^{IJ} L_{IJ} ϕ + ... (4) D^{(r)}χ ≡ dχ − i 2 ω^{IJ} R_{IJ} χ + ... (5) The quantities L_{IJ} and R_{IJ} are the left and right handed generators of SL(2, C) (see Appendix A for explicity expressions), whilst the ellipsis in each case denotes terms associated with coupling to different gauge fields. For instance, for spinor fields of the standard model of particle physics D^{(l)} will contain the weak force gauge field whilst D^{(r)} will not. Therefore ϕ and χ may have additional Yang-Mills indices, though we assume that the † operator itself has sufficient additional structure so that the kinetic terms are scalars under the relevant Yang-Mills transformations. The one-forms K^{I(l)} and K^{I(r)} transform as complex SO(1, 3) vectors and so in requiring real actions we may consider the following combinations:

S_{(l)}[ϕ, ω^{IJ} , e^I ] = ∫ ϵ_{JKLM} e^J e^K e^L [ a_{(l)} ( K^{M(l)} + K^{M(l)∗} ) + ib_{(l)} ( K^{M(l)} − K^{M(l)∗} )] (6) S_{(r)}[χ, ω^{IJ} , e^I ] = ∫ ϵ_{JKLM} e^J e^K e^L [ a_{(r)} ( K^{M(r)} + K^{M(r)∗} ) + ib_{(r)} ( K^{M(r)} − K^{M(r)∗} )] (7) where the a_{l,r} and b_{l,r} are real constants. We note by inspection that the following relations hold:

K^{I(l)} + K^{I(l)∗} = D(ϕ^†σ̄^I ϕ) (8) K^{I(r)} + K^{I(r)∗} = D(χ^†σ^I χ) (9)

Therefore the a_{(l)} and a_{(r)} terms of the action may be written collectively as follows: ∫ ϵ_{IJKL}e^I e^J e^K D ( a_{(l)}ϕ^†σ̄^Lϕ + a_{(r)}χ^†σ^Lχ ) = 3 ∫ ( a_{(l)}ϕ^†σ̄^Lϕ + a_{(r)}χ^†σ^Lχ ) ϵ_{IJKL}T^I e^J e^K − ∫ d [ ϵ_{IJKL} ( a_{(l)}ϕ^†σ̄^Lϕ + a_{(r)}χ^†σ^Lχ ) e^I e^J e^K ] (10)

where

T^I ≡ De^I = de^I + ω^I_J e^J (11)

The two-form T^I is referred to as the spacetime torsion and is assumed to be vanishing in the conventional second-order metric formulation of gravity [17]. We see from (10) that the a_{(l)} and a_{(r)} only contribute to the equations of motion (i.e. are not described only by a boundary term) when T^I (x^μ) is non-vanishing. We may additionally consider an action S_U [ϕ, χ, e^I ] describing ‘potential’ terms built from combinations of ϕ and χ:

S_U = − 1 4! ∫ U(ϕ, χ)ϵ_{IJKL}e^I e^J e^K e^L (12) Note that the inclusion of factors such as 4! in the above equation and 3! later on are to ensure neatness when actions are written in standard form (see Appendix B). Our total spinor action then is S_Ψ ≡ S_{(l)} + S_{(r)} + S_U , i.e.

S_Ψ[e^I , ω^{IJ} , ϕ, χ] = ∫ ϵ_{IJKL}e^J e^K { ie^I [ b_{(l)} ( K^{L(l)} − K^{L(l)∗} ) + b_{(r)} ( K^{L(r)} − K^{L(r)∗} )]

+3T^I ( a_{(l)}ϕ^†σ̄^Lϕ + a_{(r)}χ^†σ^Lχ ) − 1 4! Ue^I e^L } (13)

Additional notational simplification is possible if we describe spinors in terms of Dirac spinors. Following the field redefinition χ → √ b_{(l)}/b_{(r)}χ we define the Dirac spinor Ψ = (ϕ_α, χ^{α′} ) and so the action S_Ψ becomes:

S_Ψ[e^I , ω^{IJ} , Ψ] = 1 3! ∫ ϵ_{IJKL}e^J e^K ( ie^I ( 1 2 (¯ Ψγ^LDΨ − DΨ̄γ^LΨ ) ) + 3 2 T^I ( αV^L + βA^L ) )

− 1 4! ∫ Uϵ_{IJKL}e^I e^J e^K e^L + S_{int}(χ, ϕ, B_μ, ..) (14) where Ψ̄ ≡ Ψ^†γ^0 and U is specifically considered a function formed from scalars formed from Dirac spinors and the basic objects of spin(1, 3) ≃ SL(2, C) e.g. Ψ̄Ψ or Ψ̄γ^5Ψ. The covariant derivative is defined as DΨ ≡ dΨ −^i_2 ω^{IJ} J_{IJ} Ψ where J_{IJ} are the generators of spin(1, 3) (see Appendix A). The action S_{int} contains interaction terms between ϕ, χ, and Yang-Mills gauge fields B_μ. Additionally we have defined the following quantities:

V^L ≡ Ψ̄γ^LΨ = ϕ^†σ̄^Lϕ + χ^†σ^Lχ A^L ≡ Ψ̄γ^5γ^LΨ = ϕ^†σ̄^Lϕ − χ^†σ^Lχ

b_{(l)} ≡ 1 12 α ≡ 1 12 ( a_{(l)} + a_{(r)} b_{(l)} b_{(r)} ) β ≡ 1 12 ( a_{(l)} − a_{(r)} b_{(l)} b_{(r)} )

The vectors V^L and A^L are referred to, respectively, as the vector and axial current density of the spinor field Ψ. These quantities will be of particular importance. One may additionally consider terms coupling spinor invariants to curvature and torsion, for instance Ψ̄ΨT^I T_I , but we will not consider them in this present work. Our combined action will therefore be S ≡ S_G + S_Ψ. For ease of comparison with similar actions considered in the literature, we present the form of this action in ‘standard’ tensor notation in Appendix B.

3 Equations of motion and first implications

We now derive the equations of motion. As usual these will be defined by the requirement of stationarity of the action S under small variations of the dynamical fields. Varying with respect to the spin-connection ω^{IJ} we have that: δS δω^{KL} = 0 = −2κ ( ϵ_{IJKL} + 2 γ η_{I[K} η_{L]J} ) T^I e^J + 1 4! ϵ_{IMNP} e^I e^M e^N ε^{DP}_{KL}A_D − 1 4 ϵ_{[K|MNQ}e^M e^N e_{|L]} ( αV^Q + βA^Q ) (15)

Therefore we see that the torsion T^I is sourced by axial and vector currents A^L and V^L. For computational convenience it will be useful to decompose the spin-connection as follows ω^{IJ} = ω̃^{IJ} + C^{IJ} . The quantity ω̃^{IJ} is defined to be the solution to the spin connection when V^L = A^L = 0, i.e. it is a solution to the equation T^I = 0. Therefore ω̃^{IJ} depends only upon e^I and its partial derivatives. By implication the torsion may be expressed in terms of the contorsion one-form C^{IJ} = C^{IJ}_μdx^μ as follows: T^I = C^{IJ} e_J . Furthermore we define the contorsion scalar C^{IJM} e_{Mμ}dx^μ ≡ C^{IJ}_μdx^μ; after calculation it may be seen that (15) implies the following solution for this quantity:

C_{T LK} = γ^2 8κ (γ^2 + 1) [ ε^D_{T LK} 1 2 ( A_D + 1 γ (αV_D + βA_D ) )

− 1 γ A_{[L}η_{T ]K} + αV_{[L}η_{T ]K} + βA_{[L}η_{T ]K} ] (16)

In summary then we have solved for ω^{IJ} in terms of ω̃^{IJ} and C^{IJ} , which themselves may be expressed entirely in terms of e_I , V^I , A^I and their derivatives. In this sense we have eliminated torsion from the theory as the remaining equations of motion may be expressed entirely in terms of variables familiar from the second-order formalism. We now find the Einstein equations which follow from varying the action with respect to the co-tetrad e^I :

δS δe^I = 0 = 2κϵ_{JIKL}e^JR̃^{KL} − i 4 ϵ_{IJKL}e^J e^K ( Ψ̄γ^LD̃Ψ − D̃Ψ̄γ^LΨ )

− U 6 ϵ_{MJIL}e^J e^M e^L + 2κ ( ϵ_{JIKL} + 2 γ η_{JK} η_{IL} ) C^K_{MP} C^{ML}_Qe^J e^P e^Q + 1 2 ϵ_{IKNL} ( 1 4 ε^{EL}_{AB} A_E + 1 2 δ^L_A(αV_B + βA_B ) ) C^{AB}_P e^N e^K e^P Objects with a ‘~’ above them denote quantities constructed from the ‘zero-torsion’ spin connection, obtained by replacing ω^{IJ} with ω̃^{IJ} wherever they occur within the object. Finally we write down the spinor equation of motion which comes from considering variations with respect to Ψ̄: δS δΨ̄ = 0 = 4iϵ_{IJKL}e^J e^K e^I γ^LDΨ + 6αϵ_{IJKL}e^J e^K T^I γ^LΨ

+6 (1 + β) ϵ_{IJKL}e^J e^K T^I γ^5γ^LΨ − δU δΨ̄ ϵ_{IJKL}e^J e^K e^I e^L (17)

3.1 The four-fermion interaction

It is instructive to write the Einstein and Dirac equations in standard tensor notation. By calculation we find that:

4κG̃_{μν} = − i 2 e_{Lμ} ( Ψ̄γ^LD̃_ν Ψ − D̃_νΨ̄γ^LΨ ) + i 2 e^σ_L ( Ψ̄γ^LD̃_σ Ψ − D̃_σΨ̄γ^LΨ ) g_{μν} −W g_{μν} (18) iγ^Le^μ_LD̃_μΨ = δW δΨ̄ (19)

where W is the ‘effective potential’, incorporating the effects of the non-vanishing contorsion form:

W ≡ U + 3πGγ^2 2 (1 + γ^2) [( 1 − β^2 + 2 γ β ) A_I A^I − α^2V_I V^I − 2α ( β − 1 γ ) A_I V^I ] (20)

(Here we have used the fact that κ = 1/32πG.) For simplicity we restrict ourselves to the case where the potential U depends only on Ψ̄Ψ. We may use the Dirac equation to simplify the Einstein equations somewhat, recasting them in the following form: 1 8πG G̃_{μν} = − i 2 e_{Lμ} ( Ψ̄γ^LD̃_ν Ψ − D̃_νΨ̄γ^LΨ ) + ( W + ∂U ∂(Ψ̄Ψ)

Ψ̄Ψ − 2U ) g_{μν} (21)

Equations (19) and (21) are the classical equations of motion for a Dirac spinor field non-minimally coupled to gravity.

Equation (20) is the central result in the first part of our paper (theoretical set up). It shows that the torsion effects predicted by our theory can be recast in the form of 4-fermion self-interactions. This is not new (see [6, 1, 7] for instance), but we have applied this idea to a more general framework. It is useful to consider the various limits of the theory. Minimal coupling for the spinor is obtained by removing terms in (6) and (7) which are pure boundary terms when the torsion vanishes. This amounts to setting a_{(l)} = a_{(r)} = 0, i.e. α = β = 0. More generally, when γ = 0, the self-interaction vanishes, and we recover the torsion-free, second order formulation. Indeed setting γ = 0 in (1) is equivalent to setting the term multiplying 1/γ to zero, i.e. setting the torsion to zero; this is the theory underlying the cosmological models studied in [18]. In contrast, when γ → ∞ we recover Einstein-Cartan-Sciama-Kibble theory for which the cosmological effect of spinorial matter has been considered in some detail [19, 20, 21]. However vector-vector and a parity violating axial-vector interactions do appear for more general couplings, as we have shown here.

In between these extreme cases we find a class of theories parametrized by the Immirzi parameter and the non-minimal coupling constants α and β. The form of W for the case where β = 0 has been worked out [8, 9, 10], and our general result falls within the results in [11, 13]. The exotic case γ = ±i sees the interaction diverge. This corresponds to setting the (anti)self-dual current to zero in the minimally coupled case, and more generally what’s inside the bracket in Eq. (20). However, our insistance upon real actions restricts us to real values for γ.

3.2 An application: a Classical Spinor Field

It is expected that the equations of motion (19) and (21) should ultimately be regarded as operator equations for the spinorial and gravitational quantum fields. We shall simply assume that the classical gravitational field that we observe is sourced in (21) by expectation values of spinor invariants such as Ψ̄Ψ and A_I A^I . It was noted in [20] that in the first-order formulation of gravity there is an ambiguity in taking expectation values, wherein it is arguably more natural to take expectation values in the equation of motion δS/δω^{IJ} = 0. Upon solving for the (classical) contorsion, this would yield contributions proportional to ⟨A_I ⟩ ⟨ A^I ⟩ . If, however, one had started from the second-order formalism with four-fermion interaction, it would be expected that contributions in the Einstein equations would be of the form ⟨ A_I A^I ⟩ . This is an important issue as ⟨A_I ⟩ ⟨ A^I ⟩ and ⟨ A_I A^I ⟩ will typically not be identical [22]. We note that our ability to cast our model as a second order theory has relied on being able to solve for the contorsion form algebraically; for modest modifications to gravity this is no longer possible (see for instance [23]) and so one may doubt the primacy of the second-order formulation of gravity and its implications for the gravitational effect of fermions.

We circumvent this possible ambiguity by restricting ourselves to spinors called classical spinors. These are defined to be quantum fields described by a spinorial operator Ψ = (ϕ, χ) and assumed to be in a state where the expectation value ⟨f(Ψ)⟩ ≈ f(⟨Ψ⟩). If this is the case then the above ambiguity in the averaging of A_I A^I disappears. Henceforth we will confine ourselves to situations where the approximation ≈ is sufficiently good to be regarded as equality, and the field ⟨Ψ⟩ ≡ Ψ_{cl} will be referred to as a classical spinor. It should be noted that familiar fields such as those describing quarks and leptons are not classical in this sense on cosmological scales, therefore when we consider a spinor field that is independent from the fields of the standard model. If we consider explicit components (in the representation of the Dirac matrices given in Appendix A), Ψ_{cl} = (a, b, c, d), where a, b, c, d are assumed to be complex numbers, we have that: ⟨ A_I A^I ⟩ = 4(a^∗c + b^∗d)(a^∗c + b^∗d)^∗ (22) ⟨ V_I V^I ⟩ = −4(a^∗c + b^∗d)(a^∗c + b^∗d)^∗ (23) ⟨ V_I A^I ⟩ = 0 (24) ⟨¯ ΨΨ ⟩ = (a^∗c + b^∗d) + (a^∗c + b^∗d)^∗ (25) ⟨¯ Ψγ^5Ψ ⟩ = (a^∗c + b^∗d) − (a^∗c + b^∗d)^∗ (26)

Therefore, for the classical spinor, a non-vanishing ⟨ A_I A^I ⟩ is always spacelike, a non-vanishing ⟨ V_I V^I ⟩ is always timelike, and they are of equal magnitude. All of the above quantities depend upon a single complex number:

a^∗c + b^∗d ≡ 1 2 (E + Bi) (27)

hence we have: ⟨ A_I A^I ⟩ = − ⟨ V_I V^I ⟩ = (E^2 + B^2) (28) ⟨¯ ΨΨ ⟩ = E (29) ⟨¯ Ψγ^5Ψ ⟩ = iB (30)

We have explicitly derived these identities in order to motivate the introduction of variables E and B, but they could have been obtained more directly with knowledge of the Pauli-Fierz relation:

(Ψ̄Qγ_I Ψ)(Ψ̄Qγ^I Ψ) = −(Ψ̄QΨ)(Ψ̄QΨ) + (Ψ̄Qγ_5Ψ)(Ψ̄Qγ_5Ψ) , (31) where Q ∈ {1, γ_5}. Given the assumption of a classical spinor, the form of the function W simplifies considerably:

W = U(E) + ξ ( E^2 + B^2 ) (32)

where ξ = 3πGγ^2 2(γ^2 + 1) ( 1 + α^2 + 2 γ β − β^2 ) . (33)

We stress that within the set of couplings considered ξ can be positive or negative. Recalling that A^I must be space-like, this means that the contribution to the overall energy due to torsion may be positive or negative in our model, a fact that will have far reaching consequences in this paper.

4 Cosmological equations

We would like to set up a model based on the FRW metric and a classical spinor field, sourcing torsion. It is not immediately obvious that this is possible. Consider the axial current A^I for a generic classical spinor. Since this is space-like, there isn’t a frame where its spatial components vanish, and therefore any spinor field picks up a preferred direction. However, this does not imply that the metric has to be anisotropic. In fact, as Isham and Nelson showed [24], the metric may still be the FRW metric even if the spinor is anisotropic, as long as K = 0, i.e. it is the spatially flat FRW metric. Otherwise it is impossible to satisfy the Einstein equations, precisely because the A^i cannot be made to vanish. We shall therefore assume K = 0 throughout this paper. In a sense this is a solution to the flatness problem: the existence of a spinor in a Friedmann universe would preclude the existence of spatial curvature.

The cosmological consequences of a classical spinor have variously been considered in the literature. In [18] the cosmological effect of a classical spinor with potential U(Ψ̄Ψ) and with γ = 0 (i.e. vanishing torsion) up to small perturbations around a spatially flat FRW universe was considered. This analysis has subsequently been extended to the Einstein-Cartan minimal coupling case γ = ∞, α = β = 0 [21]. Further to this, non-minimal coupling α ≠ 0, β = 0 has been considered at the level of the cosmological background in [25] though we note that our sign for the four-fermion interaction in W does not agree.

We make the following choice for our co-tetrads: e^0 = dt, e^i = a(t)dx^i where indices i, j, k, .. go from 1 to 3. We first obtain the non-vanishing components of the field ω̃^{IJ} , the torsion-free spin connection, by solving de^I + ω̃^I_J e^J = 0. By inspection we have de^I = Haδ^I_i dtdx^i where H ≡^ȧ and so we have ω̃^i_0 = He^i. Given our ansatz for the spinor field and geometry, it may be shown that the Dirac equation takes the following form:

γ^0 ( Ψ̇ + 3 2 HΨ ) = −i δW δΨ̄ (34)

and taking the Hermitian conjugate of the above equation we get ( Ψ̇^† + 3 2 HΨ^† ) γ^0 = i ( δW δΨ̄ )_† (35)

The simple algebraic facts we have just presented are enough to derive a closed set of ordinary differential equations for the spinor and gravitational fields. We choose to express the spinor dynamics in terms of its quadratic invariants, since these are the observables of the theory (rather than the spinor field itself). Indeed it turns out that a complete closed set of equations for our system, assuming the FRW metric with K = 0, is formed by:

Ė + 3HE = 4ξBA^0 (36) Ḃ + 3HB = −4ξEA^0 − 2U^′(E)A^0 (37) Ȧ^0 + 3HA^0 = 2U^′(E)B (38)

H^2 = 8πG 3 ( U + ξ ( E^2 + B^2 )) ≡ 8πG 3 ρ (39) where the prime denotes differentiation with respect to E. This is a minimal set specifying the dynamics, and will form the basis for a numerical study in Sections 5 (where some of equations become trivial) and 6. Other equations could be added to this set. For example:

V̇^0 + 3HV^0 = 0 (40)

but this drops out from the gravitational dynamics altogether. Likewise one could write more ODEs ruling the dynamics of the remaining variables associated with the bilinears, but they also drop out from the cosmological dynamics. For completeness, the second Friedmann equation is given by − 2 ä a − H^2 = 8πG [ U^′E − U + ξ ( E^2 + B^2 )] ≡ 8πGp . (41) This equation can be derived from (39) and conservation equation

ρ̇ + 3H(p + ρ) = 0 (42)

(written in terms of E and B), which in turn follows from the (36), (37) and (38). This is, however, not true at turn-around points (where H = 0), because the conservation equation becomes degenerate (0 = 0). The second Friedmann equation is then needed, and failure to take this fact into account might lead one to mistake a bounce for a static or loitering Universe. Finally we note that equations (36), (37) and (38) provide a first integral:

a^6[E^2 + B^2 + (A^0)^2)] = M^2 (43)

This equation was first noted in [25].

5 Ambidextrous solutions

We can immediately identify a number of possible effects of the spinor that persist even if we add an extra fluid to the system. Single-chirality Weyl spinors, ϕ or χ, for example, are not very interesting in cosmology. They produce vanishing currents A^I and V^I , with E = B = 0. Such spinors therefore have no effect on the Friedmann equations, and if there are no other matter components in the Universe, they simply lead to Minkowski space-time. Single-entry spinors in the Dirac representation, on the other hand, map into solutions with |ϕ|^2 = |χ|^2, i.e. solutions without parity violation, where left and right spinors have the same probability. These “ambidextrous” solutions do have an effect on the Friedmann equations. They are particularly simple to integrate because they display

A^0 = (|ϕ|^2 − |χ|^2) = 0 (44)

which at least when U^′ ≠ 0 implies B = 0 (see Eqs. (37) and (38)). Then Eqn. (36) provides the first integral: E = M a^3

(45)

which is nothing but (43) when we set B = A^0 = 0.

As we see, we must distinguish between parity violation in the solutions to the theory, and in the theory itself (i.e. in its action), here only present if β ≠ 1/γ (cf. the last term in Eqn. (20)). Regardless of the parameters of the theory we see that solutions with maximal parity violation (Weyl spinors) have no effect in cosmology, with or without torsion, and with or without parity violation in the actual theory. Parity invariant or ambidextrous solutions, in contrast, have an effect particularly simple to analyze, which we shall now do. In between the two extremes we find intermediate solutions, harder to work out, which we will do numerically in Section 6.

5.1 Solutions without torsion

If γ = 0, it follows that ξ = 0, and we obtain the well-known case of the torsion-free theory. As pointed out in [18], classical spinors are remarkable (and bypass a number of theorems valid for scalar fields) in that any equation of state can be produced by appropriately designing the potential. For example, if: U = ζ (¯ ΨΨ )_n = ζE^n (46) then, since ρ = U and E ∝ 1/a^3, we have ρ ∝ 1/a^{3n}. Since (42) implies that (for a constant equation of state w = p/ρ) ρ ∝ 1/a^{3(1+w)} we can read off

w_0 = n − 1 (47)

without any further calculation. The standard results for a(t) follow (e.g. a ∝ t^{2/(31+w}, if w > −1, etc).

The n = 1 case corresponds to the massive Dirac field, whereas n = 4/3 corresponds to the Gürsey model [26]. In the absence of self-interactions, the former leads to a dust model, whereas the latter behaves like a radiation dominated Universe. Inflation can only be precisely obtained with a flat potential (n = 0), with the problems discussed in [18].

5.2 Torsion driven bouncing solution

Figure 1: The bounce for a typical ambidextrous solution with ξ < 0. In this case U = mE, so that the contracting phase exhibits a ∝ (−t)^{2/3} and the expanding phase a ∝ t^{2/3}.

If γ ≠ 0 in general we have a bouncing solution. For simplicity let us consider the n = 1 mass potential, U = mE, but the results in this and the next sections generalize to more complex potentials (although it may then be more difficult to find analytical solutions). The case ξ > 0 will lead to less interesting solutions, to be reviewed in Section 6.3. If ξ < 0, the self-interactions resulting from torsion have the effect of dramatically reshaping the mass potential, converting the typical mass bowl into an upside-down Mexican hat potential: W = mE − |ξ|E^2. (48) Since ρ = W ≥ 0 (as implied by the first Friedman equation, Eq. (39)) it is then not difficult to predict a bounce when ρ = 0. The only alternative would be a static universe, but since p ≠ 0 when ρ = 0 this is not realized.

We have plotted a(t) in Fig. 1, as numerically integrated following the procedure described in Section 4. In this particular case it is possible to find analytical solutions, with (39) and (45) leading to a(t) = [ M ( |ξ| m + 3mt^2 4 )]_{1/3} , (49)

(and the other equations of the minimal set reading trivially 0 = 0). Asymptotically (large |t|), the Universe contracts like a ∝ (−t)^{2/3} and expands like a ∝ t^{2/3}, typical of dust. In between there is a phase where torsion dominates causing a bounce. This occurs when:

E = E_0 = − m ξ . (50)

We may write ρ = ρ̃ − ρ̃^2 ρ_0

(51)

where ρ̃ = mE represents the energy density before torsion effects are added, and

ρ_0 = 16 3 (γ^2 + 1)

γ^2 ( β^2 −^2_γ β − 1 − α^2

)m^2M^2_{P L} . (52)

where we have defined the Planck mass-squared M^2_{P L} ≡ 1/8πG, which appears due to its contribution to the quantity ξ (see equation (33)). We see then that the bounce occurs when ρ = 0 and ρ̃ = ρ_0. By studying further the function ρ(ρ_0), we see that it has a maximum at

ρ_{max} = ρ_0 4 . (53)

As the universe contracts the density increases like 1/t^2, as usual, but then torsion kicks in. This maximal density is reached, and then, as the universe compresses further, the density decreases until it reaches zero and a bounce occurs at a finite a. After the bounce the density at first increases with expansion, until the same maximum ρ_{max} is reached again. After that it starts to decrease with expansion, eventually according to the usual ρ ∝ 1/t^2. The density never diverges and a Big Bang singularity is avoided. We have plotted this behaviour in Fig. 2.

Figure 2: The values of ρ, displayed in units of ρ_0, and w during an ambidextrous bounce. As we can see there is a period of phantom behaviour, where the density decreases as the universe contracts, then increases as it expands.

Increasing density with expansion (or decreasing density with contraction) is a hallmark of phantom matter [27]. And indeed by plotting the equation of state w = p/ρ (see Fig. 2) we see that this does cross w = −1 as the maximum density is reached. Torsion induces a phantom period around the bounce and in fact w becomes infinitely negative at the bounce, since p < 0 is finite while ρ = 0. When torsion becomes sub-dominant w goes to zero, as predicted in the previous sub-section.

6 Parity violating perturbations

The issue arises as to whether the bouncing solution presented in the previous Section is stable, when strict parity invariance is broken, with B and A^0 turned on. We will study the matter in this Section, first turning on B-type perturbations at the bounce, then A^0 perturbations, and then both. In order to do this we will need to perform a numerical integration, following the procedure described in Section 4. In all cases the solution is stable, in the sense that we find small variations in the bounce commensurate with the size of the perturbations induced. What is more important, we find that even when the perturbations are very large the overall picture does not change much in the first two cases (pure B and A^0 type perturbations), the

Figure 3: The values of ρ and w with a large B-type perturbation at the bounce. Even though the a(t) profile doesn’t change much we find interesting oscillatory behaviour superposed on the basic, ambidextrous picture.

solutions simply displaying (large) oscillations around the basic bouncing solution. However, when B and A^0 perturbations are allowed free rein at the bounce they introduce a very interesting qualitative novelty should they be large enough: whilst the bounce is still present there is an asymmetry between the contracting and expanding phase.

6.1 B-type and A^0-type perturbations

As just stated, we do not see any instability in the bouncing solution, and small additions of B and A^0 lead to perturbations of the same order. What is interesting is that even if the perturbations are very large (order 1 and higher) the overall picture does not qualitatively change, as long as one of B and A^0 are zero at the bounce. If B = 0 at the bounce we call this an A^0-type perturbation and vice-versa. In Fig. 3 we plot the effect of a large B-type perturbation on ρ and w. The overall picture is essentially the same, with oscillatory behaviour superposed on the ambidextrous picture. This is due to the oscillatory nature of the variables B and A^0 (see Fig. 4, top). Obviously the value for the maximal density is now different, and most easily determined numerically, but the basic picture remains. The bounce occurs when E = −m ± √ m^2 − 4ξ^2B^2 2ξ . (54)

The picture is similar for an A^0-type perturbation. In Fig. 4 we plot the behaviour of B and A^0 for B-type and A-type large perturbations, for comparison. The two variables are generally out of phase, and the modes considered here correspond to one of them having a node at the bounce. We don’t plot the a(t) profile because this is basically indistinguishable form the unperturbed case described in Fig. 1.

Another way to represent these results is to map the dynamics onto the plane spanned by x = a^3B M (55) y = a^3A^0 M . (56)

Given Eq. (43), the system is constrained to remain inside the unit circle, with the distance to the boundary providing a measure of a^3E. In this plot, the origin corresponds to the exactly ambidextrous solution presented presented in the last Section. The {x, y} trajectories away from the origin represent the parity violating perturbations. In Fig. 5 and 6 we show these trajectories for B-type and A-type perturbations, respectively. The outer trajectories correspond to the rather large perturbations used in the previous plots. The inner trajectories correspond to smaller and smaller perturbations in the initial conditions. As we see the ambidextrous solution is stable; but more interestingly even very large perturbations arrange themselves as oscillations around this solution, which therefore seems a generic feature.

Figure 4: A plot of B (blue) and A^0 (red) for B-type and A-type large perturbations.

6.2 Generic perturbations

The only qualitative novelty appears if we mix the two types of perturbations, and let their amplitude be very large. If we set up the perturbations away from the bounce in general it does not happen that one of B or A^0 vanish at the bounce. Then, it still happens that the ambidextrous solution is stable against small perturbations, and that even very large perturbations consist of oscillations around this solution. However a novelty appears: there appears an asymmetry between the contracting and expanding phase, as we illustrate in Fig. 7. For example, the maximal energy density reached is different in the two phases, as is the defining “constant” a^3ρ associated with the two dust Universes. Depending on the initial conditions chosen, this may be smaller or larger in the expanding phase. We also depict the evolution in an {x, y} plot in Fig. 8. The evolution is still an oscillation around the ambidextrous solution (origin) but now the amplitude on either side of the bounce is different.

6.3 Other solutions

There are a number of other solutions which are not particularly interesting, but which we list here for completeness.

Should ξ > 0, then there isn’t a bounce and the singularity is not avoided. Indeed as we go back in time, the singularity is reached faster because the torsion adds to the pressure. The dust phase described above is then preceded by a period of kination (to borrow terminology from scalar field cosmologies), i.e. a period with ρ ∝ 1/a^6 and a ∝ t^{1/3}. This is true for ambidextrous solutions, but does not qualitatively change for more general solutions. If the theory is massless there is only a period of kination, and this happens for the more general case with non-vanishing B. In that case B ∝ 1/a^3 and it does not affect this conclusion. It could also be that U = U_0 is a constant, in which case the period of kination with E and B decaying like 1/a^3 is followed by a de Sitter phase. None of this is very surprising or interesting. The strength of this paper is in the ξ < 0 solutions.

7 Conclusions

We conclude with an appraisal of what we have discovered and what remains to be done. We found that the overall picture of cosmologies driven by spin hinges on the sign of one combination of parameters, ξ as defined in Eq. (33). If ξ > 0, as is the case of Einstein-Cartan theory with minimal coupling, nothing dramatically new happens. For example, for a mass potential (or any potential leading to w < −1/3) the only novelty is that an early period of kination precipitates the onset of a singularity as we go back in time. But if ξ < 0 the singularity is avoided and even for a simple mass potential a bounce is generic, even against very large perturbations of the basic solution. This double picture is closely related to the attractive/repulsive nature of the 4-fermion interaction. As is well known, in the Einstein-Cartan theory with minimal coupling this interaction is attractive (at least for classical spinors), with the result that singularities are easier to

Figure 5: The {x, y} trajectories of B-type perturbations (trajectories constrained to remain inside the unit circle, depicted). The outer trajectory corresponds to the large perturbations used in the previous plots. The center represents the exactly ambidextrous solution presented in the last Section. The intermediate trajectories correspond to smaller and smaller perturbations in the initial conditions. As we see the ambidextrous solution is stable, but furthermore, even very large perturbations arrange themselves as oscillations around this solution.

form than in the torsion-free theory [28]. By identifying a non-minimal coupling leading to ξ < 0 we have reversed the situation, rendering the spinor self-interaction repulsive, and opening up the doors to singularity avoidance. It is curious to note that such scenarios are closely related to the presence of parity-violating terms in the action.

Several questions can be raised. We presented an extensive set of solutions, displaying simple and complicated bounces which may be symmetric or not. But have we found all possible solutions? It is tempting to speculate on the existence of a de Sitter/inflationary fixed point. Indeed the effects of torsion when ξ < 0 and B ≠ 0 are qualitatively similar to those of the C-field in steady-state cosmology: a sea of negative energy (here represented by torsion) which interacts with a positive energy component (when B ≠ 0 and A^0 ≠ 0). Such situations often lead to inflation, i.e. a sustained period of accelerated expansion. We have been unable to find such a solution. The reason is probably that in our case the same field has both a positive and a negative energy component, so the situation is not quite the same. Nonetheless we defer to a future paper a more complete analysis, based on phase space portraits of autonomous dynamical systems. We stress that there is accelerated expansion at the bounce (ä > 0) but this is not inflation, which is a sustained period of accelerated expansion (this seems to have been missed in [29]). The possibility cannot be dismissed, however, that a long inflationary transient is present somewhere in the phase space.

Is the bounce we have found stable against anisotropy domination? This is a valid concern because even for small perturbations the shear tensor σ_{ij} contributes to the Friedmann equation as σ^2 = σ_{ij} σ^{ij} /2, and σ ∝ 1/a^3. Therefore, unless the equation of state is super-stiff (w > 1) the anisotropy tends to dominate during the contraction, leading to a mixmaster phase or even a singularity, rather than a smooth bounce. In our case we are in a borderline situation, since if torsion and shear do not interact then they both scale as 1/a^6. Therefore the solution we have presented is certainly stable against small, but not large shear perturbations. However the situation may be more subtle, and we defer further analysis to a future publication. As we noted before, a spinor field already is anisotropic; however this need not be reflected in the metric (at least if K = 0).

Figure 6: The equivalent of Figure 5 for an A-type perturbation.

Even ignoring the issue of anisotropy, the obvious next step is to work out the fluctuations in this type of model, finding the amplitude, spectral index and tensor/scalar ratio as a function of the free parameters of the model. This has been examined in the past for spinor-driven cosmologies in the context of inflation [18, 21, 30] (which may be achieved by making U very flat). As the work of [18] shows, spinors and scalar fields are very different in this respect: for the same background kinematics one gets a spectral index n_S = 4 for the former where for the latter n_S = 1 is found. For this reason the status of our model regarding fluctuations is far from obvious. It is interesting to point out that for scalar fields a w = 0 (dust-like) bounce does have a scale-invariant mode [31, 32]. However these models suffer from fine-tuning problems related to the fact that the spectrum of the curvature and potential fluctuations is not the same. In future work we hope to examine how this might change if the bounce were to be driven by a spinor field. In this work we will also consider a more realistic scenario, where to the spinor field a radiation component is added. This does not qualitatively change any of the conclusions in this paper regarding the bounce. But it will affect its details, and in fact it will be essential for a proper description of fluctuations in these models.

The major concern remains as to what might be the physical basis for spinor models (but this criticism could be levelled at most early Universe models, including those based on scalar fields). It obviously would be more conservative to take the “spin-fluid” approach, such as that pioneered by Weyssenhoff (see for example [33, 34, 35, 36, 37, 38] for some very interesting cosmological work based on this approach^1), or by considering the cosmological effect of thermalized fermionic matter [20, 13]. However, it may be argued that it is also legitimate to consider a spinor field as envisaged here (see Appendix of [18], for example). In addition we note that the theory can be phrased wholly in terms of the bilinear invariants (such as the ODEs presented in Section 4). With this remark in mind in future work we hope to refine the argument in [18]. Notice that the sign issues presented in Section 3.2 change dramatically depending on whether the underlying field can be considered to be classical (for example Ψ^†Ψ is positive definite classically but ⟨ Ψ^†Ψ ⟩ of course need not be so in the quantum theory). It is interesting to note that perhaps the most in-depth analysis to date of classical spinors at the level of the cosmological background and cosmological perturbations has been in the context of non-standard/dark spinors [39, 40, 41].

We close by pointing out that the model presented here has equations very similar to those found in

1Note though that there appears to be an essential friction between the Weyssenhoff spin fluid and any underlying theory based on minimally coupled fermions. The reason for this is that the object C_{IJK} does not possess the same symmetries in the two cases [19]

Figure 7: For general large perturbations (where neither B nor A^0 have a node at the bounce) we observe an asymmetry between the contracting and expanding phase, with the maximal density different in the two phases.

Figure 8: The {x, y} diagram for the evolution of the system under a generic large parity violating perturbation. We see that the two circles, corresponding to the period when torsion has died down, differ for the contracting and expanding phase. The evolution during the bounce is also more complex and asymmetric.

loop quantum cosmology and the brane-world scenario, but only when B = 0. If B ≠ 0 we seem to be generalizing the dynamics in those models.

8 Acknowledgments

We would like to thank Stephon Alexander, John Barrow, Laurent Freidel, Friedrich Hehl, Antonino Marcianò, Ugo Moschella, and Hans Westman for helpful discussions and an anonymous referee for very useful suggestions. This work was funded by STFC through a consolidated grant.

A Conventions

In this section we describe the conventions used in this paper for various quantities. Often this information is omitted in papers about the role of torsion in cosmology, making comparison of results difficult.

We use distinct symbols ϵ_{IJKL} and ε^{μνσδ} . The object ϵ_{IJKL} is a spacetime scalar antisymmetric in all indices and with ϵ_{0123} = 1; the object is invariant under local SO(1, 3) transformations. The object ε^{μνσδ} is a spacetime density antisymmetric in all indices and with ε^{0123} = 1; the object is numerically invariant under local coordinate transformations. The determinant e of the co-tetrad e^I = e^I_μdx^μ is subsequently defined as follows:

e = 1 4! ϵ_{IJKL}ε^{μνδσ} e^I_μe^J_ν e^K_δ e^L_σ (57) and hence

ε^{μνδσ} e^I_μe^J_ν e^K_δ e^L_σ = eε^{IJKL} = −eϵ^{IJKL} (58) Furthermore we use the convention that η_{IJ} = diag(−1, 1, 1, 1) which implies that the spacetime metric g_{μν} = η_{IJ} e^I_μe^J_ν has mostly positive signature. In using spinors in this paper we will use the Weyl/chiral representation i.e.

Ψ = ( ϕ_a χ^{a′} ) (59)

where a and a^′ are indices of the left and right handed representation of SL(2, C) respectively [16]. We choose the following convention for the gamma matrices γ^I :

γ^I = ( 0 ( σ^I ) aa^′ ( σ̄^I )_a′_a 0 ) , γ^5 = ( −1 0 0 1 ) ,

σ̄^I = (1, −σ^i), σ^I = (1, σ^i)

where the σ^i are the Pauli sigma matrices. The spin(1, 3) generators J^{IJ} take the following form:

J^{IJ} = − i 4 [ γ^I , γ^J ] (60)

We now detail our curvature conventions. Our basic object representing curvature is the two-form R^{IJ} :

R^{IJ} = dω^{IJ} + ω^I_K ω^{KJ} (61)

We can define the ‘orthonormal components’ R^{IJ}_{KL} via the following relation:

R^{IJ} = 1 2 R^{IJ}_{μν} dx^μ ∧ dx^ν = 1 2 R^{IJ}_{KL}e^K_μ e^L_ν dx^μ ∧ dx^ν (62) = 1 2 R^{IJ}_{KL}e^K e^L (63)

We define the Ricci tensor R_{μν} as follows:

R_{μν} = e_{Iμ}e^J_ν R^{IK}_{JK} (64)

Consequently the Ricci scalar R ≡ R^μ is defined as:

R = R^{JK}_{JK} (65)

and we define the Einstein tensor G_{μν} as:

G_{μν} ≡ R_{μν} − 1 2 Rg_{μν} (66)

B Actions In Standard Notation

We now use the results of the previous section to write our actions in conventional notation. This will make it easier to make contact with antecedent results in the literature. We first begin with the gravitational action:

S_G = κ ∫ ( ϵ_{IJKL} + 2 γ η_{IK} η_{JL} ) e^I e^J R^{KL} = κ 2 ∫ ( ϵ_{IJKL} + 2 γ η_{IK} η_{JL} ) R^{KL}_{MN} e^I e^J e^M e^N = κ 2 ∫ ( ϵ_{IJKL} + 2 γ η_{IK} η_{JL} ) R^{KL}_{MN} e^I_μe^J_ν e^M_δ e^N_σ dx^μ ∧ dx^ν ∧ dx^δ ∧ dx^σ = κ 2 ∫ ( ϵ_{IJKL} + 2 γ η_{IK} η_{JL} ) R^{KL}_{MN} e^I_μe^J_ν e^M_δ e^N_σ ε^{μνδσ} d^4x = κ 2 ∫ ( ϵ_{IJKL} + 2 γ η_{IK} η_{JL} ) R^{KL}_{MN} ε^{IJMN} ed^4x = κ ∫ (( δ^M_K δ^N_L − δ^M_L δ^N_K ) + 1 γ ε^{MN} KL ) R^{KL}_{MN} ed^4x = κ ∫ ( 2R^{MN}_{MN} + 1 γ ε^{MN} KL R^{KL}_{MN} ) ed^4x = κ ∫ ( 2R + 1 γ ε^{MN} KL R^{KL}_{MN} ) ed^4x Clearly then we have κ = 1/32πG. Next we write the spinor action S_Ψ in a more familiar form. We first consider the the action in the limit of zero torsion T^I = 0:

S_{Ψ,T} I_{=0} = 1 3! ∫ i 2 ϵ_{IJKL}e^I e^J e^KΨ̄γ^LDΨ − U 4 ϵ_{IJKL}e^I e^J e^K e^L − h.c = 1 3! ∫ ( i 2 ϵ_{IJKL}e^I_μe^J_ν e^K_δ Ψ̄γ^LD_σΨ − U 4 ϵ_{IJKL}e^I_μe^J_ν e^K_δ e^L_σ ) ε^{μνδσ} d^4x − h.c = 1 3! ∫ ( i 2 ϵ_{IJKL}e^I_μe^J_ν e^K_δ e^M_σ e^α_M Ψ̄γ^LD_αΨ − U 4 ϵ_{IJKL}e^I_μe^J_ν e^K_δ e^L_σ ) ε^{μνδσ} d^4x − h.c = 1 3! ∫ ( i 2 ϵ_{IJKL}ε^{IJKM} e^α_M Ψ̄γ^LD_αΨ − U 4 ϵ_{IJKL}ε^{IJKL} ) ed^4x − h.c = ∫ ( i 2 δ^M_L e^α_M Ψ̄γ^LD_αΨ − U ) ed^4x − h.c = ∫ ( i 2 e^μ_LΨ̄γ^LD_μΨ − U ) ed^4x − h.c Finally we turn to the non-minimal coupling terms of the left hand side of equation (10). In terms of our Dirac spinor Ψ (and recalling the redefinition of χ following (10)) this action, S_{nm} can be written:

S_{nm} = 1 12 ∫ ϵ_{IJKL}e^I e^J e^K ( αΨ̄γ^LDΨ + βΨ̄γ^5γ^LDΨ ) + h.c = 1 2 ∫ e^μ_L ( αΨ̄γ^LD_μΨ + βΨ̄γ^5γ^LD_μΨ ) ed^4x + h.c References

[1] T.W.B. Kibble. Lorentz invariance and the gravitational field. J.Math.Phys., 2:212–221, 1961.

[2] Friedrich W. Hehl, J. Dermott McCrea, Eckehard W. Mielke, and Yuval Ne’eman. Metric affine gauge theory of gravity: Field equations, Noether identities, world spinors, and breaking of dilation invariance. Phys. Rept., 258:1–171, 1995, gr-qc/9402012.

[3] S. W. MacDowell and F. Mansouri. Unified Geometric Theory of Gravity and Supergravity. Phys. Rev.

Lett., 38:739, 1977. [Erratum-ibid.38:1376,1977].

[4] K. S. Stelle and Peter C. West. De Sitter gauge invariance and the geometry of the Einstein-Cartan theory. J. Phys., A12:L205–L210, 1979.

[5] Andrew Randono. Gauge Gravity: a forward-looking introduction. 2010, 1010.5822.

[6] Hermann Weyl. A Remark on the coupling of gravitation and electron. Phys.Rev., 77:699–701, 1950.

[7] F.W. Hehl and B.K. Datta. Nonlinear spinor equation and asymmetric connection in general relativity.

J.Math.Phys., 12:1334–1339, 1971.

[8] Laurent Freidel, Djordje Minic, and Tatsu Takeuchi. Quantum gravity, torsion, parity violation and all that. Phys.Rev., D72:104002, 2005, hep-th/0507253.

[9] Andrew Randono. A Note on parity violation and the Immirzi parameter. 2005, hep-th/0510001.

[10] I.B. Khriplovich and A.A. Pomeransky. Remark on Immirzi parameter, torsion, and discrete symmetries.

Phys.Rev., D73:107502, 2006, hep-th/0508136.

[11] Sergei Alexandrov. Immirzi parameter and fermions with non-minimal coupling. Class.Quant.Grav., 25:145012, 2008, 0802.1221.

[12] John Ellis and Nick E. Mavromatos. On the Role of Space-Time Foam in Breaking Supersymmetry via the Barbero-Immirzi Parameter. Phys.Rev., D84:085016, 2011, 1108.0877.

[13] Dmitri Diakonov, Alexander G. Tumanov, and Alexey A. Vladimirov. Low-energy General Relativity with torsion: A Systematic derivative expansion. Phys.Rev., D84:124042, 2011, 1104.2432.

[14] H.F. Westman and T.G. Zlosnik. Gravity, Cartan geometry, and idealized waywisers. 2012, 1203.5709.

[15] Danilo Jimenez Rezende and Alejandro Perez. 4d Lorentzian Holst action with topological terms.

Phys.Rev., D79:064026, 2009, 0902.3416.

[16] Matthew C. Palmer, Maki Takahashi, and Hans F. Westman. Localized qubits in curved spacetimes.

Annals Phys., 327:1078–1131, 2012, 1108.3896.

[17] Robert M. Wald. General Relativity. 1984. Book, The University of Chicago Press.

[18] C. Armendariz-Picon and Patrick B. Greene. Spinors, inflation, and nonsingular cyclic cosmologies.

Gen.Rel.Grav., 35:1637–1658, 2003, hep-th/0301129.

[19] G.G.A. Bauerle and C.J. Haneveld. Spin and torsion in the very early universe. 1983.

[20] Brian P. Dolan. Chiral fermions and torsion in the early Universe. Class.Quant.Grav., 27:095010, 2010, 0911.1636.

[21] Tomoki Watanabe. Dirac-field model of inflation in Einstein-Cartan theory. 2009, 0902.1392. [22] F.W. Hehl, P. Von Der Heyde, G.D. Kerlick, and J.M. Nester. General Relativity with Spin and Torsion:

Foundations and Prospects. Rev.Mod.Phys., 48:393–416, 1976.

[23] Stephon Alexander and Nicolas Yunes. Chern-Simons Modified Gravity as a Torsion Theory and its Interaction with Fermions. Phys.Rev., D77:124040, 2008, 0804.1797.

[24] C.J. Isham and J.E. Nelson. Quantization of a Coupled Fermi Field and Robertson-Walker Metric.

Phys.Rev., D10:3226, 1974.

[25] G. de Berredo-Peixoto, L. Freidel, I.L. Shapiro, and C.A. de Souza. Dirac fields, torsion and Barbero- Immirzi parameter in Cosmology. JCAP, 1206:017, 2012, 1201.5423.

[26] Feza Gursey. On a conform-invariant spinor wave equation. Nuovo Cim., 3:988–1006, 1956. [27] Robert R. Caldwell, Marc Kamionkowski, and Nevin N. Weinberg. Phantom energy and cosmic doomsday. Phys.Rev.Lett., 91:071301, 2003, astro-ph/0302506.

[28] G.D. Kerlick. Cosmology and Particle Pair Production via Gravitational Spin Spin Interaction in the Einstein-Cartan-Sciama-Kibble Theory of Gravity. Phys.Rev., D12:3004–3006, 1975.

[29] Marlos O. Ribas and Gilberto M. Kremer. Fermion fields in Einstein-Cartan theory and the accelerateddecelerated transition in a primordial Universe. Grav.Cosmol., 16:173–177, 2010, 0902.2696.

[30] Yi-Fu Cai, Shih-Hung Chen, James B. Dent, Sourish Dutta, and Emmanuel N. Saridakis. Matter Bounce Cosmology with the f(T) Gravity. Class.Quant.Grav., 28:215011, 2011, 1104.4349.

[31] David Wands. Duality invariance of cosmological perturbation spectra. Phys.Rev., D60:023507, 1999, gr-qc/9809062.

[32] Fabio Finelli and Robert Brandenberger. On the generation of a scale invariant spectrum of adiabatic fluctuations in cosmological models with a contracting phase. Phys.Rev., D65:103522, 2002, hep-th/0112249.

[33] M. Gasperini. Spin dominated inflation in the Einstein-Cartan theory. Phys.Rev.Lett., 56:2873–2876, 1986.

[34] M. Gasperini. Repulsive gravity in the very early universe. Gen.Rel.Grav., 30:1703–1709, 1998, grqc/9805060.

[35] Christian G. Boehmer and Piotr Bronowski. The Homogeneous and isotropic Weyssenhoff fluid.

Ukr.J.Phys., 55:607–612, 2010, gr-qc/0601089.

[36] Nikodem J. Poplawski. Cosmology with torsion - an alternative to cosmic inflation. Phys.Lett., B694:181–185, 2010, 1007.0587.

[37] Nikodem J. Poplawski. Nonsingular, big-bounce cosmology from spinor-torsion coupling. Phys.Rev., D85:107502, 2012, 1111.4595.

[38] Nikodem J. Poplawski. Big bounce from spin and torsion. Gen.Rel.Grav., 44:1007–1014, 2012, 1105.6127. [39] Christian G. Boehmer and David Fonseca Mota. CMB Anisotropies and Inflation from Non-Standard Spinors. Phys.Lett., B663:168–171, 2008, 0710.2003.

[40] Christian G. Boehmer and James Burnett. Dark energy with dark spinors. Mod.Phys.Lett., A25:101– 110, 2010, 0906.1351.

[41] Christian G. Boehmer, James Burnett, David F. Mota, and Douglas J. Shaw. Dark spinor models in gravitation and cosmology. JHEP, 1007:053, 2010, 1003.3858.