arXiv:1212.0811v1 [gr-qc] 4 Dec 2012

Embedding of two de-Sitter branes in a generalized Randall Sundrum scenario.

Rodrigo Aros^{1, ∗} and Milko Estrada^{1, 2, †} 1Departamento de Ciencias Físicas, Universidad Andrés Bello, Av. República 252, Santiago,Chile 2Universidad Internacional SEK, Fernando Manterola 0789, Providencia, Santiago, Chile (Dated: December 5, 2012)

In this work it is studied a generalization of Randall Sundrum model. It is obtained new behaviors of warp factor, constraints in that the strong brane has tension of positive sign and, new relations between the coupling constants κ4, κ5 and between the Higgs and Planck masses.

Keywords: Randall Sundrum, brane world, de Sitter, hierarchy problem

I. INTRODUCTION

The lack of a theory that unifies the four fundamental interactions is nowadays one of the most important issue of physics. In particular it is necessary to explain the huge difference between the values of the Higgs mass, m_H ≈ 1T eV , and the Planck mass m_P ≈ 10^{19}GeV . This is (called) the hierarchy problem. To address this problem in 1999 Lisa Randall and Raman Sundrum [4] proposed a model (RS) including two statics 3-branes imbedded in AdS_5 space with tensions of equal magnitude but opposite signs and our universe corresponding to the positive tension brane. This space has also Z_2 symmetry. Using coordinates x^M = (t, x, y, z, ϕ), with ϕ ∈ [−π, π], our universe is located at ϕ = 0 and the secondary brane, which is called the strong brane, at ϕ = π = −π. In this model it is also proposed that Planck scales in four and five dimensions are of the same order, i.e., M_4 ≈ M_5. The line element considered in this model is given by ds^2_5 = e^{−2kr|ϕ|}η_{uv} dx^udx^v + r^2dϕ, (1) where e^{−2kr|ϕ|} is called warp factor. In this way the value of mass in the two different branes is related by m_{ϕ=0} = e^{−krπ}m_{ϕ=π}. This allows that Planck mass at strong brane to be of same order of Higgs mass at our universe provided e^{krπ} ≈ 10^{15}.

RS model however is not adequate to describe the current observations showing that our universe is under an accelerate expansion. Because of that in this work we study a model that consider dS_4 brane-worlds imbedded in (A)dS_5. The line element is given in this case by

ds^2_5 = e^{−2A(ϕ)}

L^2 t^2 η_{uv} dx^udx^v + r^2dϕ^2, (2)

where L is the radius dS_4.

In the next sections Einstein equations are solved yielding warp factors, tension of both branes and new relations between the coupling constants κ_4 and κ_5 and between Higgs and Planck masses. It will be analyzed the cases Λ_{5D} = ±^6_{l2} and Λ_{5D} → 0.

∗Electronic address: raros@unab.cl †Electronic address: milko.estrada@gmail.com

II. EMBEDDING OF TWO BRANES dS4 IN A SPACE-TIME (A)dS5.

Let us consider the EH action coupled with two branes [2], i.e., S = 1 2κ^2_5 ∫ dx^5 √ −g [ R^{(5D)} − 2Λ_{5D} ] − T_1 ∫ d^4σ √ −h_0 − T_2 ∫ d^4σ √ −h_π. (3) where κ_5, g, R^{5D} and Λ_{5D} are the coupling constant, the metric determinant, Ricci scalar and the cosmological constant 5D respectively. Here T_1, T_2, h_0 y h_π are the tensions and the induced metrics on the weak and strong branes respectively. The equation of motion are

G^{(5D)}_{MN} + Λ_{5D}g_{MN} = − κ^2_5 [ T_1 √ h^0 g h^0_{uv}δ^u_M δ^v_N δ(ϕ)

+ T_2 √ h^π g h^π_{uv} δ^u_M δ^v_N δ(ϕ − π) ] . (4)

The (ϕ, ϕ) component of Eq.(4),

(A^′)^2 = r^2 ( e2A(ϕ) L^2 ∓ 1 l^2 ) , (5)

takes values ∓ for Λ_{5D} = ±^6_{l2} . The (u, v) component is G^{(4D)}_{uv} − 3 r^2 g_{uv}(σ^u)e^{−2A(ϕ)} ( A^{′′} − 2(A^′)^2 )

± 6 l^2 g_{uv}(σ^u)e^{−2A(ϕ)} =

− κ^2_5 [ T_1 √ h^0 g h^0_{uv}δ(ϕ) + T_2 √ h^π g h^π_{uv} δ(ϕ − π) ] , (6)

where g_{uv}(σ^u) =^{L2}_{t2} η_{uv} . Replacing Eq.(5) in Eq.(6), for the values of ϕ ≠ 0 ≠ π, yields

G^{(4D)}_{uv} = − 3 L^2 g_{uv}(σ^u). (7)

The last condition is satisfied for the space dS_4. Therefore a factor A(ϕ) which is solution of the (ϕ, ϕ) Einstein equation, is also also a solution of the (u, v) component for values ϕ ≠ 0 ≠ π. The induced metrics on the weak and strong branes are respectively

h^0_{uv} = e^{−2A(0)}g_{uv} (σ^u) and

h^π_{uv} = e^{−2A(π)}g_{uv} (σ^u). (8)

Replacing the Eqs. (5), (7) and (8) in Eqs.(6) yields 3 L^2 e^{2A(ϕ)} − 3 r^2

A^{′′} = −κ^2_5 [ T_1 r δ(ϕ) + T_2 r δ(ϕ − π) ] . (9)

This yields the tensions 3 rκ^2_5 A^′ | |^ϵ −ϵ = T_1, (10) 3 rκ^2_5 A^′ | | |^{−π+ϵ} π−ϵ = T_2. (11)

The tension of a brane acts as a cosmological constant, which on our brane universe is associated with a energy density of positive sign and a negative pressure. Therefore, solutions that yield T_1 < 0 are not to be considered.

III. FOUR DIMENSIONAL EFFECTIVE THEORY

Since the extra dimension, said ϕ, can not be detected by current experiments it is interesting to consider the form adopted by EH action in five dimensions. This is given by S_{ef f} = r κ^2_5 ∫_π −π dϕe^{−2A} ∫ d^4x √ g^{(4D)}R^{(4D)} ⊂ S. (12)

By comparing this equation with the four dimensional EH action it is obtained the relation r κ^2_5 ∫_π −π dϕe^{−2A} = 1 κ^2_4

. (13)

where the coupling constants κ_4 and κ_5 are related with the Planck scales M_4 and M_5 through the relation

κ^2_{4+n} = 8π M^{2+n}_{4+n} . To proceed is necessary to fix some parameters. Recalling [4] it is convenient to fix the values of κ_4 and κ_5 such that M_4 ≈ M_5.

To propose new relations between the Higgs and Planck mass it will be proceed à la Randall and Sundrum by considering the action for a Higgs field on the strong brane. This is S_π ⊂ ∫ d^4x √ −h_π [ h^{uv}_π D_uH^†D_v H − λ(|H|^2 − v^2_π)^2 ] , (14) where H stands for the Higgs field. Here v_π is the Higgs vacuum expectation value, λ is the coupling constant and

D_u is the gauge covariant derivative. By normalizing H → e^{A(π)}H equation (8) implies S_{ef f} ⊂ ∫ d^4x √ −g(σ^u) [ g^{uv}(σ^u)D_uH^†D_vH − λ(|H|^2 − e^{−2A(π)}v^2_π)^2 ] , (15)

where the vacuum expectation value is suppressed. This yields v ≡ e^{−A(π)}v_π. Any mass parameter at weak brane correspond to the physical mass defined by

m_{ϕ=0} ≡ e^{−A(π)}m_{ϕ=π}. (16)

In the rest of paper we will study in different scenarios the values of r that produce a mass of order of Higgs in our brane universe considering a mass of order of Planck at the strong brane.

A. Case Λ5D → 0

The line element is

ds^2 = ( |ϕ| − C )_2 r2

t^2 η_{uv} dx^udx^v + r^2dϕ^2, (17)

where it can be noticed that there is not an exponential dependence. Therefore, the scaling differs from Randall Sundrum model along the fifth dimension.

By replacing the factor A(ϕ) of equation (17) in equations (10) and (11), the tensions are

T_1 = 6 κ^2_5rC

, (18)

T_2 = 6 κ^2_5r(π − C)

, (19)

where the constant C > 0 and therefore T_1 > 0. From equation (13) is obtained 2 3 πr^3 L^2κ^2_5 ( π^2 − 3πC + 3C^2 ) = 1 κ^2_4

, (20)

where it can be observed that the r dependence is no longer weak and thus differs from Randall Sundrum model. On the other hand, from equation (16) arises the relation between the mass m_{ϕ=0} y m_{ϕ=π} given by

m_{ϕ=0} = | | | | r L ( π − C ) | | | | m_{ϕ=π}. (21)

First at all, we will study the case where C =^E_r . In this case the line element (17) represents a Minkowski space at ϕ = 0 and at a time of order of the current age of our universe, t = E ≈ 10^{61}t_p ≈ 10^{61}l_p (where l_p and t_p are the lenght and time of Planck, respectively) [11]. With this value of C, the tensions are:

T_1 = 6 κ^2_5E

, (22)

T_2 = 6 κ^2_5(πr − E)

. (23)

It is worth to notice that T_1 > 0 but T_2 < 0 or T_2 > 0 provided r <^E_π or r >^E_π . If E ≈ 10^{61}l_p the last constraint is uninteresting, since, large values for r would imply deviations from Newtonian gravity at solar system scales [3]. It is interesting to observe that at the limit r → 0 the Randall and Sundrum model is reproduced, i.e. T_1 = −T_2.

By substituting C =^E_r in equation (20), we obtain the relation between κ_4 and κ_5: 2 3 πr L^2κ^2_5 ( π^2r^2 − 3πrE + 3E^2 ) = 1 κ^2_4

, (24)

where, using M_5 ≈ M_4 ≈ M_{P lanck} = 10^{19}GeV yields, κ^2_4 ≈ 10^{−38}GeV^{−2} and κ^2_5 ≈ 10^{−57}GeV^{−3}. On the other hand, considering Λ_{4D} =^3_{L2} ≈ 10^{−122}l^{−2}_p it turns out that L ≈ 10^{61}l_p. Finally, using a value comparable to the age of universe E = 2.820947918 · 10^{60}l_p, we find a radius of order of 2l_p.

With these values for E and L in the equation (21) implies a separation between branes πr of approximately 10^{45}l_p + E to establish a mass of order of Higgs on our brane universe. This, unfortunately, is not a reasonable value from physical point of view.

Because of that one can consider that C is not of the same order of^E_r . For instance, if C is a constant of value C ≈ 5 · 10^{44} then a mass of order of Higgs arises on our brane universe for values of L ≈ 10^{61}l_p and r ≈ 2l_p. Furthermore, the tensions T_1 and T_2 have positive and negative signs, respectively. Equation (20) gives in this cases that 10^{−10}M_5 ≈ M_4.

Despite the fact that in this last case we do not obtain that M_4 ≈ M_5, a null five dimensional cosmological constant could be of physical interesting, since at the above paragraph we obtain a mass of order of Higgs on our brane universe, which has tension > 0.

B. Case Λ5D < 0

In this case is necessary to consider the line element

ds^2 = l^2 sinh^2 (r l |ϕ| − C ) 1 t^2 η_{uv} dx^udx^v + r^2dϕ^2, (25)

which for r = 1 is similar to reference [5]. In order to recover a Minkowski space at a time t = E and ϕ = 0 it is necessary to fix C = sinh^{−1}(^E_l ). In this case the tensions are given by

T_1 = 6 κ^2_5E cosh ( sinh^{−1} ( E l )) , (26)

T_2 = 6 κ^2_5l coth (rπ l − sinh^{−1} ( E l )) . (27)

It is worth to notice that T_1 > 0 but T_2 could be positive or negative depending on the r.

For l ≈ l_p [12] and E ≈ 10^{61}l_p, T_2 < 0 for r < 44.91l_p and T_2 > 0 for r > 44.91l_p. Therefore a value of r near and greater than 44.91l_p, which is ≈ 1.5 times bigger than the radio of Randall and Sundrum model could be of physical interest. In this last case the model has two branes of positive sign.

Unfortunately the relation between constants κ_4 and κ_5 in this case is highly non linear. This is given by l κ^2_5 ( l L )^2 [ cosh (r l π − sinh^{−1}( E l ) ) sinh (r l π − sinh^{−1}( E l ) )

− r l π + E l cosh ( sinh^{−1}( E l ) )] = 1 κ^2_4

. (28)

In this relation, as in Eq. (24), it is observed a dependence on r, L and E. In this equation is difficult to adjust all constants, due to the number of terms and the sensibility of equation under small changes on the values of the constants.

The mass relation is

m_{ϕ=0} = | | | | | ( l L ) sinh (r l π − C ) | | | | | m_{ϕ=π}, (29)

where, again using l ≈ l_p and E ≈ 10^{61}l_p, it is required a radius r = 78.133l_p to produce a Higgs mass on our brane universe. This radius is ≈ 2.6 times bigger than Randall and Sundrum model one. It is remarkable that with this value of C it can be reproduced a Higgs mass on our brane universe.

C. Case Λ5D > 0

In this case is worth considering a line element of the form

ds^2 = sin^2 (r l |ϕ| ± C ) l2 t^2 η_{uv} dx^udx^v + r^2dϕ^2. (30)

The tension of branes are respectively

T_1 = ∓ 6 κ^2_5l cot ( C ) , (31)

T_2 = 6 κ^2_5l cot (rπ l ± C ) . (32)

The relation between κ_4 and κ_5 is given by

l^2 L^2κ^2_5 ( ± 2l cos(C) sin(C) − 2l cos (πr l ) sin ( πr l ) cos^2(C)

∓ 2l cos^2 ( πr l ) cos(C) sin(C) + l cos (πr l ) sin ( πr l ) + πr )

= 1 κ_4

. (33)

Finally, this yields a relation between the masses

m_{ϕ=0} = | | | | ( l L ) sin (r l π ± C ) | | | |mϕ=π. (34)

4 For C = sin^{−1} (_E l ) the space at the brane is Minkowski at ϕ = 0 and t = E. Since there is not constraints for the value of cosmological constant in five dimensions it will be consider |^E_l | ≤ 1. Furthermore, due to that E and l are positive constants, C is located in the first two quadrants.

By taking E ≈ 10^{61}l_p, l ≈ √ 2E and r ≈ l_p, the constant C can be determined depending on the ± in Eq.(33). For C = C^+ =^π_4 and C = C^− =^3_4 π. Furthermore, and independently of the sign ±, T_1 > 0 and T_2 < 0 respectively.

Considering the values of E, l and r, the relation (33), it is interesting to notice that it can be imposed that ∓l ± l cos^2(^{πr}_l ) ≈ 0. In this case r κ^2_5 ( l L )_2 π = 1 κ^2_4

, (35)

where the constants are adjusted such that M_4 ≈ M_5 and L ≈ 10^{61}l_p. Finally for the masses in relation (34), it is not obtained a mass of order of Higgs.

Now, using a constant C = ∓^{πr}_l ∓ sin^{−1}

(_{10}45_{lp} l ) on equation (34), we can obtain a mass of order of Higgs with the values r ≈ 6l_p, l ≈ 10^{61}l_p and L ≈ 10^{61}l_p. With this values the equation (33) yields the relation M_4 ≈ 3.42M_5, where M_4 = M_{planck} and, it is obtained a model where, at the equations (31) and (32), T_1 is positive and T_2 = −T_1.

IV. CONCLUSIONS

It have been established new constraints for the values of compactification radius r at the scenarios Λ_{5D} ±^6_{l2} and Λ_{5D} → 0. These constraints allow to consider models where the tension of our brane is positive, the Planck constants 4D and 5D are approximately of same order, and a mass of order of Higgs on our brane universe is recovered.

A very interesting result is obtained at the case Λ_{5D} > 0 with C = ∓^{πr}_l ∓ sin^{−1}

(_{10}45_{lp} l ) , , since all assumptions described above are derived.

Other interesting result is obtained for Λ_{5D} < 0 where for a reasonable radius of compactification one recovers a mass of order of Higgs with E of order of age of universe and two branes have positive tensions.

[1] Mikio Nakahara , Geometry, Topology and physics, A.

Hilger (1986).

[2] Roy Maartens , Kazuya Koyama , Brane-World Gravity, Living Rev. Relativity 13, (2010), [arXiv:1004.3962v2 [hep-th]].

[3] Arkani-Hamed, Dimopoulos y Dvali , The Hierarchy Problem and New Dimensions at a Millimeter , Phys.Lett.B429:263-272, (1998) , [arXiv:hep-ph/9803315v1].

[4] Randall , Sundrum, A large mass hierarchy from a small extra dimension Phys.Rev.Lett.83:3370-3373, (1999), [arXiv:hep-ph/9905221v1].

[5] C. Barcelo, R. Maartens, C. F. Souperta i F.

Viniegra, Stacking a 4D geometry into an Einstein- Gauss-Bonnet bulk, Phys.Rev. D67 (2003) 064023 , [arXiv:hep-th/0211013v2].

[6] P. Mannheim, Brane-Localized Gravity, World Scientific (2005).

[7] Lisa Randall, Raman Sundrum , An Alternative to Compactification, Phys.Rev.Lett.83:4690-4693,(1999), [arXiv:hep-th/9906064v1].

[8] Yoonbai Kim, Chong Oh Lee, Ilbong Lee, JungJai Lee , Brane World of Warp Geometry: An Introductory Review , J. Kor. Astron. Soc. 37 (2004) 1-14 ,[arXiv:hep-th/0307023v2].

[9] Pierre Binetruy,Cedric Deffayet,David Langlois , Non-conventional cosmology from a braneuniverse, Nucl.Phys.B565:269-287, (2000) , [arXiv:hep-th/9905012v2].

[10] Marcus Spradlin, Andrew Strominger and Anastasia Volovich , Les Houches Lectures on de Sitter Space, (2001), [arXiv:hep-th/0110007v2].

[11] John D. Barrow, Douglas J. Shaw , The Value of the Cosmological Constant, General Relativity and Gravitation 43, 2555-2560 (2011), [ arXiv:1105.3105v1].

[12] Λ5D ≈ M^2_4 , same to Randall and Sundrum model, how it is indicated at the reference [8]