arXiv:1212.0958v1 [hep-th] 5 Dec 2012

A few comments about the Planck-length deformed quantization

Michael Maziashvili^∗ and Luka Megrelidze^† Center for Elementary Particle Physics, ITP, Ilia State University, 3/5 Cholokashvili Ave., Tbilisi 0162, Georgia

We take a critical view of the following questions concerning the Planck-length deformed quantum mechanics and quantum field theory: 1) The construction of the current vector, the continuity equation and the subsequent challenges for the interpretation of wave-function; 2) The introduction of the coupling between the charged field and an external electromagnetic one, the kinetic term for electromagnetic field and the question of gauge invariance; 3) The classical limit of the Planck-length deformed quantum mechanics and its dramatic consequences.

PACS numbers: 04.60.Bc

I. INTRODUCTION

The Planck-length deformed quantum mechanics as a reasonable model for studying the quantum gravity phenomenology has sparked considerable interest among the physicists [1–6]. In what follows we will use the abbreviation PLQM for the Planck-length deformed quantum mechanics and PLQFT for the Planck-length deformed quantum field theory. Thus far we do not have even a heuristic argument about the equivalence of different representations of PLQM (something like of Stone-von Neumann theorem in standard quantum mechanics [7]). For our discussion we use a particular representation constructed in [8]. This representation looks as follows. We start off with the deformed quantum mechanics

[ ^X^i, ^P^j ] = i 2β ^P2 √ 1 + 4β ^P^2 − 1 δ^{ij} + 2β ^P^i ^P^j , [ ^X^i, ^X^j ] = [ ^P^i, ^P^j ] = 0 , (1)

where β ∝ l^2_P is a deformation parameter set by the Planck length: l_P ≈ 10^{−33} cm. The deformed ^X, ^P operators in Eq.(1) can be represented in terms of the standard ^x, ^p operators in the following way

^X^i = ^x^i , ^P^i = ^p^i 1 − β^p^2

. (2)

Its Hilbert space realization in the standard-momentum, p, representation has the form

^X^iψ(p) = i∂_{pi} ψ(p) , ^P^iψ(p) = p^i 1 − βp^2 ψ(p) , with the scalar product

∗Electronic address: maziashvili@gmail.com †Electronic address: luka.megrelidze.1@iliauni.edu.ge

⟨ψ_1|ψ_2⟩ = ∫ p^2<β^{−1}

d^3p ψ^∗_1 (p)ψ_2(p) .

Let us notice that the cutoff p^2 < β^{−1} arises merely from the fact that when small p runs over the region p < β^{−1/2} large P covers the whole region from 0 to ∞, see Eq.(2).

It is well known that the familiar Heisenberg uncertainty relation for momentum and position can be viewed as a direct consequence of Fourier analysis. Loosely speaking, the Fourier integral

F(x) = 1 (2π)^{3/2} ∫ d^3p e^{−ip·x}ψ(p) , indicates that if the function F(x) is localized within the region ∼ r then ψ(p) is spread over the region p ≳ r^{−1}. From this point of view the appearance of the cutoff p^2 < β^{−1} in the above discussion is of crucial importance for having the minimum localization width for the wave-packet of the order of ∼ β^{1/2}. Namely, for this cutoff precludes ψ(p) from being spread over the region greater than ∼ β^{−1/2}, the function F(x) cannot be localized beneath the region ∼ β^{1/2}.

II. DOES PLQM VIOLATE THE GAUGE INVARIANCE?

The Lagrangian for a non-relativistic charged particle moving in a given electromagnetic field is given by [9]-§16

L = mṙ^2 2 + qA · ṙ − qϕ , (3)

and hence the Hamiltonian takes the form, P = mṙ+qA,

H = (P − qA)^2 2m + qϕ . (4)

The transition to quantum mechanics implies the replacement of P with the momentum operator [10]-§111. Following this prescription, in the case of PLQM one obtains

^H = ( ^P − qA )_2 2m + qϕ = ^P2 2m − q 2m ( ^P · A + A · ^P ) + q^2A^2 2m + qϕ . (5)

Let us now derive the quantum mechanical expression for the electric current. It can be derived via the formula

δ⟨H⟩_Ψ = − ∫ d^3x δA · J , (6)

where δ⟨H⟩_Ψ stands for the variation of ⟨Ψ| ^H|Ψ⟩ caused by the variation δA, see [10]-§115. The variation of Eq.(5) with respect to δA amounts to the equation

δ⟨Ψ| ^H|Ψ⟩ = ∫ d^3x Ψ^∗ − q ( ^P · δA + δA · ^P ) 2m + q^2A · δA m Ψ ,

which after using the equality ∫ d^3x Ψ^∗ ^P · δAΨ = − ∫ d^3x δA · Ψ ^PΨ^∗ ,

(that can easily be obtained by using repeated integration and taking into account that each time the surface integral at spatial infinity vanishes) reduces to

δ⟨Ψ| ^H|Ψ⟩ = ∫ d^3x q^2A · δA m Ψ^∗Ψ + ∫ d^3x qδA · ( Ψ ^PΨ^∗ − Ψ^∗ ^PΨ ) 2m . (7)

In absence of the background field, from Eq.(7) one finds the current density in the form

J = Ψ^∗ ^PΨ − Ψ ^PΨ^∗ 2m = i 2m ( Ψ ∇ 1 + βΔ

Ψ^∗ − Ψ^∗ ∇ 1 + βΔ Ψ ) , (8)

which clearly indicates that the continuity equation

∂ (Ψ^∗Ψ) ∂t + divJ = 0 ,

does not hold any more.

The expression of current that would satisfy the continuity equation immediately follows from the equation

2mi∂_t(Ψ^∗Ψ) = Ψ^∗ ^P^2Ψ − Ψ ^P^2Ψ^∗ = ∞∑ n=0 (1 + n)β^n [ Ψ^∗ (−Δ)^{(n+1)} Ψ − Ψ (−Δ)^{(n+1)} Ψ^∗ ] .(9)

Using the partial-differentiation

Ψ^∗∂^2Ψ = ∂(Ψ^∗∂Ψ) − ∂Ψ^∗∂Ψ , Ψ^∗∂^4Ψ = ∂(Ψ^∗∂^3Ψ) − ∂Ψ^∗∂^3Ψ = ∂(Ψ^∗∂^3Ψ) − ∂(∂Ψ^∗∂^2Ψ) + ∂^2Ψ^∗∂^2Ψ , Ψ^∗∂^6Ψ = ∂(Ψ^∗∂^5Ψ) − ∂Ψ^∗∂^5Ψ = ∂(Ψ^∗∂^5Ψ) − ∂(∂Ψ^∗∂^4Ψ) + ∂^2Ψ^∗∂^4Ψ = ∂(Ψ^∗∂^5Ψ) − ∂(∂Ψ^∗∂^4Ψ) + ∂(∂^2Ψ^∗∂^3Ψ) − ∂^3Ψ^∗∂^3Ψ .

one finds

∞∑ n=0 (1 + n)β^n [ Ψ^∗ (−Δ)^{(n+1)} Ψ − Ψ (−Δ)^{(n+1)} Ψ^∗ ] = div [_∞ ∑ n=0 (1 + n)β^n(−1)^{n+1} ( Ψ^∗∇^{2n+1}Ψ − Ψ∇^{2n+1}Ψ^∗ ) + ∞∑ n=1 (1 + n)β^n(−1)^{n+1} ( ∇Ψ^∗∇^{2n}Ψ − ∇Ψ∇^{2n}Ψ^∗ ) + ∞∑ n=2 (1 + n)β^n(−1)^{n+1} ( ∇^2Ψ^∗∇^{2n−1}Ψ − ∇^2Ψ∇^{2n−1}Ψ^∗ ) + ∞∑ n=3 (1 + n)β^n(−1)^{n+1} ( ∇^3Ψ^∗∇^{2n−2}Ψ − ∇^3Ψ∇^{2n−2}Ψ^∗ ) + · · · ] . (10)

Let us notice that this sort of current (truncated to first order in β) is used in [11].

Another interesting point is the gauge invariance. In the framework of quantum mechanics, the gauge transformation A → A + ∇f, ϕ → ϕ − ∂_tf in the Schrödinger equation is compensated by the wave-function transformation Ψ → Ψ exp(iqf). But now this sort of gauge invariance is violated. It implies that the vector potential has to be seen as a real physical field in PLQM [12]. This point will be addressed in more detail in the following section.

III. INTERACTION OF CHARGED FIELD WITH THE ELECTROMAGNETIC ONE

The action for a charged scalar field in the framework of PLQFT can be written in the form

W[Φ] = − ∫ d^4x 1 2 [ ^P_μΦ ^P^μΦ^∗ + m^2ΦΦ^∗ ] = − ∫ d^4x 1 2 [ ^P_0Φ ^P^0Φ^∗ − ^PΦ · ^PΦ^∗ + m^2ΦΦ^∗ ] , (11)

where ^P_0 = i∂_t. That is, (D_t ≡ ∂_t, D_i ≡ ∂_i(1 + βΔ)^{−1})

W[Φ] = ∫ d^4x 1 2 [ ∂_tΦ∂_tΦ^∗ − ∂_j 1 + βΔ Φ ∂_j 1 + βΔ Φ^∗ − m^2ΦΦ^∗ ]

≡ ∫ d^4x 1 2 [ D_μΦD^μΦ^∗ − m^2ΦΦ^∗ ] , (12)

which results in the equation of motion

∂^2_t Φ − Δ (1 + βΔ)^2

Φ + m^2Φ ≡ D_μD^μ Φ + m^2Φ = 0 .

A. PLQFT - Noether current

Clearly, the Lagrangian has the U(1) symmetry Φ → e^{iα}Φ, Φ^∗ → e^{−iα}Φ^∗, which (in the standard case) is connected with the conservation of electromagnetic current. Following the reasoning of Noether’s theorem one finds (Φ_1 ≡ Φ, Φ_2 ≡ Φ^∗)

∂L ∂α = 0 = ∂L ∂Φ_k ∂Φ_k ∂α + ∂L ∂ (D_μΦ_k)

∂ (D_μΦ_k) ∂α = ∂L ∂Φ_k ∂Φ_k ∂α + ∂L ∂ (D_μΦ_k)

D_μ ∂Φ_k ∂α . (13)

Using here the equation of motion

∂L ∂Φ_k = D_μ ∂L ∂ (D_μΦ_k) , from Eq.(13) one gets

( D_μ ∂L ∂ (D_μΦ_k) ) ∂Φ_k ∂α + ∂L ∂ (D_μΦ_k)

D_μ ∂Φ_k ∂α = i (D_μD^μΦ^∗) Φ − i (D_μD^μΦ) Φ^∗ + iD^μΦ^∗D_μΦ − iD^μΦD_μΦ^∗ = 0 . (14)

The equation (14) reduces to

∂_μ [i (∂^μΦ^∗) Φ − iΦ^∗∂^μΦ] − i ∞∑ n=1 (1 + n)β^n [ Φ^∗ (−Δ)^{(n+1)} Φ − Φ (−Δ)^{(n+1)} Φ^∗ ] − i∂_iΦ^∗ ∞∑ l=1 ∂_i (−βΔ)^l Φ +

i ∞∑ n=1 ∂_i (−βΔ)^n Φ∂_iΦ^∗ − i ∞∑ n=1 ∂_i (−βΔ)^n Φ^∗ ∞∑ l=1 ∂_i (−βΔ)^l Φ + i ∞∑ n=1 ∂_i (−βΔ)^n Φ ∞∑ l=1 ∂_i (−βΔ)^l Φ^∗ = 0 .

To the first order in β this relation takes the form ∂_μ [i (∂^μΦ^∗) Φ − iΦ^∗∂^μΦ] − iβ [ 2Φ^∗Δ^2Φ − 2ΦΔ^2Φ^∗ − ∂_iΦ^∗∂_iΔΦ + ∂_iΔΦ∂_iΦ^∗ ] = ∂_μ [i (∂^μΦ^∗) Φ − iΦ^∗∂^μΦ] − iβ∂_j [2Φ^∗∂_j ΔΦ − 2Φ∂_j ΔΦ^∗ − 3∂_j Φ^∗ΔΦ + ΔΦ∂_j Φ^∗] = 0 .

So that the zero component of the current will have the standard form

J^0 = iΦ^∗∂^0Φ − i ( ∂^0Φ^∗ ) Φ , (15) while J^i gets modified as J^j = iΦ^∗∂^j Φ − i ( ∂^j Φ^∗ ) Φ − iβ [ 2Φ^∗∂^j ΔΦ − 2Φ∂^j ΔΦ^∗ − 3∂^j Φ^∗ΔΦ + ΔΦ∂^j Φ^∗ ] . (16)

B. Coupling to the electromagnetic field

The coupling to an external electromagnetic field can be introduced by replacing P_μ in Eq.(12) with the P_μ − eA_μ [15]-§32. That means to define ”covariant” derivative as

∇_μ = D_μ + ieA_μ , (17)

W[Φ] = ∫ d^4x 1 2 [ D_μΦD^μΦ^∗ − m^2ΦΦ^∗ +

ieA_μ {Φ^∗D^μΦ − (D^μΦ^∗) Φ}] , (18)

Let us emphasize that the action (18) is not invariant under the gauge transformation

Φ → e^{iα}Φ , A_μ → A_μ − ie^{−iα} e D_μe^{iα} . This description of the electromagnetic coupling seems to us the most intuitive picture following immediately from Eq.(5) than making the gauging of U(1) symmetry in Eq.(12), that is, replacing ∂_μ in Eq.(12) with ∂_μ + ieA_μ [16, 17].

To have an uniform picture, the kinetic term for the electromagnetic field can be introduced merely by replacing: ∂_μ → D_μ in the tensor of the electromagnetic field

F_{μν} = ∂_μA_ν − ∂_ν A_μ → F_{μν} = D_μA_ν − D_ν A_μ .

This definition of kinetic term goes back to the paper [16]. For yet another approach to the electromagnetic kinetic term see [18]. An alternative path used in paper [18] consists of the following steps. The standard action is taken as a starting point

W = − 1 4 ∫ dt d^3x F_{μν} F^{μν} = 1 4 ∫ dt d^3x [2F_{0i}F_{0i} − F_{ik} F_{ik}] = 1 2 ∫ dt d^3x [ E^2 − B^2 ] . Then the the gauge conditions A_0 = ∂_iA_i = 0 are imposed that results in

W = 1 2 ∫ dt d^3x [ (∂_0A)^2 − (∇ × A)^2 ] . The operator ∇ is identified with p = −i∇ and the modification due to momentum deformation is understood as

W = 1 2 ∫ dt d^3x [ (∂_0A)^2 − (P × A)^2 ] . In analogy to the U(1) case, for the Yang-Mills field one can write

F_{μν} = D_μA_ν − D_ν A_μ + ig [A_μ, A_ν ] ,

W = − 1 4 ∫ d^4x Sp (F_{μν} F^{μν} ) .

The equation of motion can be derived easily in the matrix form

δW = − 1 2 ∫ d^4x Sp (F_{μν} δF^{μν} ) ,

where δF^{μν} = D^μδA^ν + igδA^μA^ν + igA^μδA^ν − (μ ↔ ν) . Because the antisymmetry of F^{μν} δW = − ∫ d^4x Sp {F_{μν} (D^μδA^ν + igδA^μA^ν + igA^μδA^ν )} . The first term in this equation can be integrated by parts, throwing away the surface terms and using the cyclic properties of the Spur, it reduces to

δW = ∫ d^4x Sp {(D^μF_{μν} + ig [A^μ, F_{μν} ]) δA^ν } ,

from which we read off the equation of motion in the matrix form

D^μF_{μν} + ig [A^μ, F_{μν} ] = 0 .

If the coupling of Yang-Mills field to the external source is introduced: ∫ d^4x Sp (A^ν J_ν ), then one obtains the equation of motion

D^μF_{μν} + ig [A^μ, F_{μν} ] = J_ν .

Let us focus on U(1) case; the Maxwell equations get modified as

D^μF_{μν} = J_ν .

To see how the Poisson equation gets modified, let us consider a static source: J_0(x), J_j = 0. One obtains the equation

D^j F_{j0} = D^j D_j A_0 = − Δ (1 + βΔ)^2

A_0 = J_0(x) . (19)

To make a proper analysis of this equation let us recall that the operator Δ (1 + βΔ)^{−2} arises as a result of using the deformed momentum operator in field theory (see Eq.(11)). Therefore, the Fourier representation of the field includes the cutoff p^2 < β^{−1} (see the section Introduction)

A_0(x) = 1 (2π)^{3/2} ∫ p^2<β^{−1}

d^3p e^{−ip·x}A_0(p) ,

and similar cutoff is implied for the current as well

J_0(x) = 1 (2π)^{3/2} ∫ p^2<β^{−1}

d^3p e^{−ip·x}J_0(p) .

For this reason, one infers that the source J_0 cannot be localized beneath the Planck length (see the section Introduction). The solution of Eq.(19) can be constructed as

A_0(x) = 1 (2π)^{3/2} ∫ p^2<β^{−1} d^3p e^{−ip·x} ( 1 − βp^2

)_2 J_0(p) p^2 .

For the source represented by the following cutoff version of the δ function

J_0(x) = 1 (2π)^{3/2} ∫ p^2<β^{−1} d^3p e^{−ip·x} ,

the expression for A_0 can be found in [20].

In order for A_μ to have the equation similar to the Eq.(13), one has to require a subsidiary condition D^μA_μ = 0; then for the free field the equation of motion takes the form D^μD_μA_ν = 0. This insures to have similar dispersion relations for scalar and vector particles. But now the condition D^μA_μ = 0 implies two polarization degrees of freedom instead of four.

IV. CLASSICAL LIMIT FOR PLQM

A. Minimum-length deformed classical dynamics

In PLQM the Hamilton’s operator takes the form

^H = ^P2 2m + V (^r) =

^p^2 2m (1 − β^p^2)^2

+ V (^r) . (20)

For the velocity operator one finds^1 [10]

1 The calculation is easy to do in the p representation: ^p = p, ^r = i∂/∂p.

^v ≡ ˙^r = i [ ^H, ^r ] = ∞∑ n=0 (1 + n)β^n 2m [ ^p^{2(n+1)}, ^r ] = ^p m ∞∑ n=0 (1 + n)^2β^n ^p^{2n} = ^p m 1 + β^p^2 (1 − β^p^2)^3 . To pass to the classical mechanics one has to replace the commutator with the Poisson bracket in the following way [10] i ℏ [ ^f_1, ^f_2 ] → {f_1, f_2} . So we arrive at the Hamilton equations

ṙ = {H, r} , ṗ = {H, p} , with the standard Poisson brackets [21]

{x_i, x_k } = 0 , {p_i, p_k} = 0 , {p_i, x_k} = δ_{ik} , but now in view of Eq.(20) the Hamiltonian is modified as

H = p^2 2m (1 − βp^2)^2

+ V (r) . (21)

B. Kepler’s problem

In classical dynamics there are only two cases in which all the bounded orbits in central fields are closed, namely, V (r) = ar^2, a > 0 and V (r) = −α/r, α > 0. The Hamiltonian for describing the motion in a Newtonian potential gets modified as (see Eq.(21))

H = p^2 2m (1 − βp^2)^2 − α r = H_0 + ∞∑ n=1 1 + n 2m β^np^{2(n+1)} .

The angular momentum L = r × p is still conserved dL dt = {H, L} = r × {H, p} + {H, r} × p = r × ( − α r^2 r r ) + d dp ( p^2 2m (1 − βp^2)^2 ) p p × p = 0 .

So, the motion occurs in the plane perpendicular to L. Let x, y be rectangular coordinates in this plane. Then from the equations of motion one gets ẋ = {H, x} = p_x m 1 + βp^2 (1 − βp^2)^3 , ẏ = {H, y} = p_y m 1 + βp^2 (1 − βp^2)^3 , and correspondingly

m √ ẋ^2 + ẏ^2 = p

1 + βp^2 (1 − βp^2)^3

= p + 4βp^3 +

9β^2p^5 + 16β^3p^7 + 25β^4p^9 + O ( β^5 ) . (22)

Can we restrict ourselves to the first order in β in discussing the motion of solar system planets? The validity of this approximation means that βm^2v^2 ≪ 1. Recalling that β ∼ m^{−2}_P , one observes that since the mean orbital velocities of the planets are by a few orders of magnitude smaller than the light velocity in vacuum but their masses are much more greater as compared to m_P , the above condition is not satisfied. Using the mean orbital velocities and masses of planets one gets that the order of magnitude for βm^2v^2 varies from 10^{54} to 10^{64}. For the motion of moon around the earth this quantity is of the order of 10^{47}.

Let us focus on the motion of the moon in earth’s gravitational field. The energy expression (which is certainly a conserved quantity) takes the form

E = P^2 2M_{moon} − m^{−2}_P M_{earth}M_{moon} r , (23)

where M_{earth} = 5.9736×10^{24} kg and M_{moon} = 0.07349× 10^{24} kg [22]. Using m_P ≈ 2.17651 × 10^{−8} kg one finds m^{−2}_P M_{earth}M_{moon} ≈ 0.2017×10^{40}. The orbital velocities of the moon at the perigee r_+ = 363300 km and apogee r_− = 405500 km are v^{(0)}_+ = 1.076 km/s and v^{(0)}_− = 0.964 km/s respectively [22] (we introduced the notation v^{(0)} to distinct between standard and modified cases). From Eq.(22) one observes that for this range of velocities p^2 is close to 1/β with a great accuracy. This fact allows to somewhat simplify the Eq.(22)

mv = p 1 + βp^2 (1 − βp^2)^3

= P^3 ( β + 1 p^2 ) ≈ 2βP^3 . (24)

Now taking v_− = v^{(0)}_− and β = m^{−2}_P , from Eqs.(23, 24) one finds (v_+ 2 )_{2/3} = ( v^{(0)}_− 2 )_{2/3} + ( M_{moon} m_P )_{4/3} ([ v^{(0)}_+

]_2 − [ v^{(0)}_−

]_2)

.(25)

Substituting the above cited quantities in Eq.(25) one finds (in natural units)

v_+ ≃ 10^{43} .

V. DISCUSSION

We address a number of questions concerning the broad class of PLQM admitting Hilbert space representation in which the deformation is completely ascribed to the momentum operator [23].

First we ask how to introduce electromagnetic interaction in PLQM. To answer this question, we take into account that the standard rule for inclusion of electromagnetism in quantum mechanics ∇ → ∇ + iqA comes from the fact that classically the coupling of the electromagnetism to the particle leads to the replacement P → P + qA; see Eqs.(3, 4). Taking the same classical picture as a starting point, one notices that in the case of PLQM the transition to quantum formalism is achieved with the transcription P → −i∇/ (1 + βΔ) and therefore an interaction with an external electromagnetic field is introduced by the substitution ∇/ (1 + βΔ) → ∇/ (1 + βΔ) + iqA; see Eqs.(2, 5). That is, we uniquely follow the way: ^P → ^P + qA. Generalization of this rule to the case of four-potential (A^0, A) is straightforward as the operator ^P^0 is unmodified; see Eqs.(11, 12, 17). Let us notice that our approach differs from that one suggested in [16, 17] to use the rule ∂_μ → ∂_μ +iqA_μ for all ∂_μ operators in the deformed momentum. The proposal of [16, 17] leads to the infinite number of interaction terms, that is, the interaction term is represented as a series of powers of β. In our case it is easy to see that one arrives at a finite number of interaction terms, see Eq.(18).

Next, we ask how to derive the expression of electric current in PLQM. Following the Landau-Lifshitz derivation, see Eq.(6), the electric current is defined by means of the background electromagnetic field A as δ⟨H⟩_Ψ δA(x)

= J(x) .

But the current derived this way does not satisfy the continuity equation and therefore the standard probabilistic interpretation of the wave-function becomes obscure, Eq.(8). On the other hand, one can define the conserved current immediately from the Schrödinger equation, but then its physical interpretation becomes obscure, Eqs.(9, 10). Similarly, in the case of PLQFT Noether’s current, see Eqs.(15, 16), does not coincide with the one that comes immediately from the action functional after inclusion of the electromagnetic field, Eq.(18).

Another interesting question is the gauge invariance; the above discussion manifests the violation of gauge invariance in PLQM, PLQFT (last paragraph in section II and the Eq.(18)). Therefore, the degrees of freedom that are reduced due to gauge invariance in the standard case are now physical. But, nevertheless, in order to have the same dispersion relation for all particles, one has to impose on the electromagnetic field the additional condition (last paragraph in section III).

Finally (section IV) we point out dangerous implications of PLQM for classical physics. Namely, its classical counterpart manifests huge effects when applied for the motion of planets. Similar observations were made in [24] in the framework of different Hilbert space representation of PLQM and also in [25]. The latter paper used the above discussed representation but consideration was restricted to the first order in β that for our purposes can not be considered a good approximation.

Acknowledgements: Useful discussions with Zurab K. Silagadze are kindly acknowledged. The work was supported in part by the grant: I/84600 from

Volkswagen Stiftung.

[1] G. Veneziano, Europhys. Lett. 2, 199 (1986). [2] M. Maggiore, Phys. Lett. B 304, 65 (1993) [arXiv:

hep-th/9301067].

[3] E. Witten, Phys. Today 49 (4), 24 (1996). [4] F. Scardigli, Phys. Lett. B 452, 39 (1999) [arXiv:

hep-th/9904025].

[5] R. J. Adler and D. I. Santiago, Mod. Phys. Lett. A 14, 1371 (1999) [arXiv: gr-qc/9904026].

[6] A. Kempf, G. Mangano and R. B. Mann, Phys. Rev. D 52, 1108 (1995) [arXiv: hep-th/9412167].

[7] J. Rosenberg, ”A Selective History of the Stone-von Neumann Theorem,” available at: http://www-users.math.umd.edu/∼jmr/StoneVNart.pdf S. J. Summers, ”On the Stone-von Neumann Uniqueness Theorem and Its Ramifications,” available at: http://citeseerx.ist.psu.edu/ [8] A. Kempf and G. Mangano, Phys. Rev. D 55, 7909 (1997) [arXiv: hep-th/9612084].

[9] L. D. Landau and E. M. Lifshitz, ”The Classical Theory of Fields” (Landau and Lifshitz Course of Theoretical Physics - Vol. II; Butterworth-Heinemann, 1987).

[10] L. D. Landau and E. M. Lifshitz, ”Quantum Mechanics:

Non-Relativistic Theory” (Landau and Lifshitz Course of Theoretical Physics - Vol. III; Pergamon Press, 1977).

[11] M. M. Stetsko and V. M. Tkachuk, Phys. Rev. A 76, 012707 (2007) [arXiv: hep-th/0703263];

M. M. Stetsko and V. M. Tkachuk, Phys. Lett. A. 372, 5126 (2008) [arXiv: 0710.5088v1 [quant-ph]].

[12] It might be interesting to recall that in the standard quantum mechanics the vector potential (more precisely the flux) becomes observable when the space is not simply connected - Ehrenberg-Siday (Aharonov-Bohm) effect, see [10]-§131, Problem 3 and W. Ehrenberg and R. E. Siday, Proc. Phys. Soc. B 62, 8 (1949); Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959).

[13] M. Peshkin, Lect. Notes Phys. 340, 1 (1989). [14] A. Tonomura, Lect. Notes Phys. 340, 35 (1989). [15] V. B. Berestetskii, E. M. Lifshitz and L. P. Pitaevskii, ”Quantum electrodynamics” (Landau and Lifshitz Course of Theoretical Physics - Vol. IV; Oxford: Pergamon Press, 1982).

[16] S. Hossenfelder, M. Bleicher, S. Hofmann, J. Ruppert, S. Scherer and H. Stoecker, Phys. Lett. B 575, 85 (2003) [arXiv: hep-th/0305262].

[17] M. Kober, Phys. Rev. D 82, 085017 (2010) [arXiv:

1008.0154 [physics.gen-ph]].

[18] A. Ashoorioon and R. B. Mann, Phys. Rev. D 71, 103509 (2005) [arXiv: gr-qc/0410053].

[19] V. M. Tkachuk, J. Phys. Stud. 11, 41 (2007). [20] M. Maziashvili, arXiv: 1110.0649 [gr-qc] (will appear in

Fortschritte der Physik).

[21] L. D. Landau and E. M. Lifshitz, ”Mechanics” (Landau and Lifshitz Course of Theoretical Physics - Vol. I; Butterworth-Heinemann, 1976), §15 - Kepler’s problem.

[22] We use NASA Planetary Fact Sheet - http://nssdc.gsfc.nasa.gov/planetary/factsheet/ [23] M. Maziashvili, Phys. Rev. D 86, 104066 (2012) [arXiv:1206.4388 [gr-qc]].

[24] S. Benczik, L. N. Chang, D. Minic, N. Okamura, S. Rayyan and T. Takeuchi, Phys. Rev. D 66, 026003 (2002) [arXiv: hep-th/0204049].

[25] Z. K. Silagadze, Phys. Lett. A 373, 2643 (2009) [arXiv:

0901.1258 [gr-qc]].