arXiv:1212.1066v1 [hep-ph] 5 Dec 2012

A Golden A5 Model of Leptons with a Minimal NLO Correction

Iain K. Cooper^∗, Stephen F. King^†

and Alexander J. Stuart^‡

School of Physics and Astronomy, University of Southampton, Southampton, SO17 1BJ, U.K.

Abstract

We propose a new A_5 model of leptons which corrects the LO predictions of Golden Ratio mixing via a minimal NLO Majorana mass correction which completely breaks the original Klein symmetry of the neutrino mass matrix. The minimal nature of the NLO correction leads to a restricted and correlated range of the mixing angles allowing agreement within the one sigma range of recent global fits following the reactor angle measurement by Daya Bay and RENO. The minimal NLO correction also preserves the LO inverse neutrino mass sum rule leading to a neutrino mass spectrum that extends into the quasi-degenerate region allowing the model to be accessible to the current and future neutrinoless double beta decay experiments.

∗E-mail: ikc1g08@soton.ac.uk
†E-mail: king@soton.ac.uk
‡E-mail: a.stuart@soton.ac.uk

1 Introduction

It is an interesting feature of neutrino physics that two of the lepton mixing angles, the atmospheric angle θ_{23} and the solar angle θ_{12}, are both rather large [1]. Until recently the remaining reactor angle, θ_{13}, was unmeasured. Direct evidence for θ_{13} was first provided by T2K, MINOS and Double Chooz [2–4]. Recently Daya Bay [5], RENO [6], and Double Chooz [7] Collaborations have measured sin^2(2θ_{13}):

Daya Bay: sin^2(2θ_{13}) = 0.089 ± 0.011(stat.) ± 0.005(syst.) , RENO: sin^2(2θ_{13}) = 0.113 ± 0.013(stat.) ± 0.019(syst.) , Double Chooz: sin^2(2θ_{13}) = 0.109 ± 0.030(stat.) ± 0.025(syst.) . (1)

This measurement excludes the tri-bimaximal (TB) lepton mixing pattern [8] in which the atmospheric angle is maximal, the reactor angle vanishes, and the solar mixing angle is approximately 35.3^∘. When comparing global fits to TB mixing it is convenient to express the solar, atmospheric and reactor angles in terms of deviation parameters (s, a and r) from TB mixing [9]:

sin θ_{12} = 1 √ 3 (1 + s), sin θ_{23} = 1 √ 2 (1 + a), sin θ_{13} = r √ 2 . (2)

From the global fits in [10–12] for illustrative purposes one may consider the representative 1σ ranges for the TB deviation parameters:

s = −0.03 ± 0.03, a = −0.10 ± 0.03, r = 0.22 ± 0.01, (3)

assuming a normal neutrino mass ordering. As well as showing that TB is excluded by the reactor angle being non-zero, Eq. (3) indicates a preference for the atmospheric angle to be below its maximal value and also a slight preference for the solar angle to be below its tri-maximal value. It seems that TB mixing no longer holds the exalted position that it did before, and perhaps now is an opportune moment to consider other mixing patterns that have been proposed but which have so far been somewhat eclipsed by TB mixing.

An interesting alternative to TB mixing is the Golden Ratio (GR) [13–15] mixing pattern:

U_{GR} = √_{ϕg} √ 5 √_1 ϕ_g √ 5 0 − √_1 2ϕ_g √ 5 √_{ϕg} 2 √ 5 1√ 2 √_1 2ϕ_g √ 5 − √_{ϕg} 2 √ 5 1√ 2 P_0, (4)

so named because it involves ϕ_g =^{1+√5}_2 , the famed Golden Ratio which ancient Greeks thought aesthetically pleasing. Notice that we have reported the above lepton mixing matrix in the Particle Data Group (PDG) convention for U_{P MNS} [1] where P_0 is the matrix of Majorana phases.

The history of the GR’s possible role in lepton mixing began as a footnote [13]. Several years later, this idea was applied [14] in the context of a non-diagonal charged lepton basis by observing that θ_{12} = tan^{−1}(1/ϕ_g) ≈ 31.7^∘ was a good leading order (LO) prediction for the solar neutrino mixing angle. In addition to this, Ref. [14] conjectured the possible connection of this prediction to the group A_5. With this in mind, the authors of Ref. [15] sought to elucidate the group theory of A_5 and generate the aforementioned prediction for the solar neutrino angle prediction in the context of a non-dynamical flavour model.^1 Shortly after this, it was found [17] that there was another possible prediction for the solar neutrino mixing angle involving the Golden Ratio, θ_{12} = cos^{−1}(ϕ_g/2) = 36^∘. But instead of using A_5, the dihedral group D_{10} was utilised to dynamically generate this prediction. For two years, the idea of the Golden Ratio’s possible implication in neutrino mixing lay seemingly dormant^2, until a dynamical A_5 model was constructed [19] in a basis in which the charged lepton mass matrix is diagonal. Shortly afterwards, it was shown [20] that the prediction of θ_{12} = tan^{−1}(1/ϕ_g) ≈ 31.7^∘ was minimally realised in A_5, when assuming a diagonal charged lepton basis. Yet a group in which the prediction θ_{12} = cos^{−1}(ϕ_g/2) was realised under the same assumptions, could not be found. The same work [20] also contained two dynamical models which predicted Golden Ratio mixing. It should be noted that as all of this work using A_5 to construct models which predicted Golden Ratio lepton mixing was being done, A_5 was also being used to construct a four family lepton model [21], and its double cover, A^′_5, to construct a four family model incorporating quarks [22]. In addition to this, A^′_5 was used to construct a flavour model explaining cosmic-ray anomalies [23].

Unfortunately the measurement of the reactor angle also excludes the GR lepton mixing pattern in Eq.(4) in which the atmospheric angle is maximal, the reactor angle vanishes, and the solar mixing angle is given by θ_{12} = tan^{−1}(1/ϕ_g) ≈ 31.7^∘, corresponding to r = a = 0 and s ≈ −0.09. These all lie outside the 1σ ranges in Eq.(3), especially the reactor parameter r, but also the atmospheric deviation parameter a, and even the solar parameter s is too negative. In the face of this disagreement, we shall interpret the GR prediction as the LO prediction and then try to achieve consistency with the data at next-to-leading order (NLO). This is analogous to a recent strategy that was developed for dealing with the TB prediction in the light of a non-zero reactor angle [24], where the LO Klein symmetry based on the S_4 generators S, U was broken at NLO but the generator S was preserved in order to maintain the successful tri-maximal solar prediction s = 0, leading to an atmospheric sum rule relation a = −(r/2) cos δ. However, in the present case, since we also wish to correct the solar angle prediction, we do not

1It is important to note that Ref. [16] laid a large portion of the group theoretics of A_5 used in the exploration of Ref. [15].

2With the exception of Ref. [18] constructing a quark model by extending A_5 to its double cover, A^′_5, with their golden ratio prediction of Ref. [15] in mind.

wish to preserve any of the original LO Klein symmetry, and so we shall break both S and U at NLO. For a general NLO correction, this would imply arbitrary values for the deviation parameters r, s, a. However we shall consider a minimal NLO correction leading to restricted and correlated ranges of these parameters.

In the present paper, then, we propose a new A_5 model of leptons which corrects the LO prediction of GR mixing via a minimal NLO Majorana mass correction that completely breaks the original Klein symmetry generators, S and U, thereby correcting all three mixing angles and allowing agreement to be achieved with the global fits. Although there is no remaining mixing angle sum rule prediction, the minimal nature of the assumed NLO correction leads to a restricted and correlated range of the resulting deviation parameters r, s, a which encompasses the 1σ ranges of these parameters from the recent global fits. The minimal NLO Majorana mass correction also has the feature that it preserves a LO inverse neutrino mass sum rule even at NLO, leading to a quasi-degenerate neutrino mass spectrum. This, in turn, severely constrains the parameter space of neutrinoless double beta decay, allowing the model to be tested by next generation neutrinoless double beta decay experiments.

The layout of the remainder of the paper is as follows. In Section 2, the Golden Lepton Flavour Model is constructed by defining its fields and transformation properties under A_5 as well as an additional U(1) symmetry. The resulting LO and NLO mass matrices are constructed after electroweak and flavour symmetry breaking and diagonalised to reveal the lepton mass and mixing parameters. In Section 3, the vacuum alignment of the model is analysed by explicit construction and minimisation of the model’s flavon potential. Section 4 contains a detailed analysis of the phenomenological implications of the NLO correction on the TB deviations parameters (r, s, and a) and the effective Majorana mass scale of neutrinoless double beta decay. In Section 5, the discussion of the A_5 × U(1) model is concluded. The relevant group theory of A_5 can be found in Appendix A, and a basis for the contractions of the NLO correction to GR mixing in Appendix B. In Appendix C, the breaking of the low-energy Golden Ratio Klein symmetry is discussed.

2 The Model

2.1 Fields, Symmetries, and Yukawa Superpotentials

In this section, we present an A_5 model of leptons as a framework in which to study the generation of a non-zero θ_{13} from A_5. We begin this discussion by noting that the left-handed lepton doublets L = (l_e, l_μ, l_τ ), the right-handed charged lepton singlets E = (e^c_R, μ^c_R, τ^c_R), and the right-handed neutrinos N = ((ν^c_R)_e, (ν^c_R)_μ, (ν^c_R)_τ ) all transform under the 3-dimensional irreducible representation of A_5. Furthermore, the upand down-type Higgs doublet fields h_u and h_d are assumed to be blind to the flavour symmetry. As a result of this minimal field content and its transformation properties h_uLN, NN, and h_dLE are the only allowed terms in the Yukawa superpotential because 3 ⊗ 3 = 1_s + 3_a + 5_s contains a singlet (see Appendix A for the group theory of A_5). However, these terms lead to undesirable phenomenological predictions, namely degenerate charged lepton and neutrino masses as well as no leptonic mixing.

To fix the problematic predictions of the simplest LO terms (h_uLN, NN, and h_dLE), it is necessary to introduce additional scalar fields (i.e. flavon fields) which will couple to the existing matter fields, as well as an additional U(1) symmetry to forbid problematic operators which lead to un-phenomenological results. The U(1) symmetry will not be gauged, in order to avoid constraints associated with anomaly cancellation. Yet, it will be spontaneously broken by the flavon fields acquiring vacuum expectation values (VEVs). In general, this will lead to massless Goldstone bosons, unless the symmetry is also explicitly broken. Therefore, the U(1) symmetry is assumed to be explicitly broken in the hidden sector of the theory, so that that Goldstone bosons become Pseudo- Goldstone bosons with mass around 1 TeV. The additional fields, as well as the original matter fields, and their transformation properties under A_5 × U(1) can be found in Table 1. Using these transformation properties, the Yukawa operators invariant under the A_5 × U(1) symmetry can be constructed. Field L E N h_{u,d} χ ϕ θ λ φ A_5 3 3 3 1 5 5 1 3 5 U(1) −y 5x + y y 0 −5x −3x −x −y −2y Table 1: The field content of the A_5 × U(1) model where x and y are integers.

The construction of the A_5 × U(1) invariant Yukawa superpotential is begun in the neutrino sector. Using the fields and transformation properties defined in Table 1, the neutrino Yukawa superpotential may be schematically written to NLO as

W_ν = yLNh_u + y_2NNφ + ΔW_ν , (5)

where ΔW_ν denotes the NLO correction to the superpotential which will generate a nonzero θ_{13} and a correction to θ_{23} and θ_{12}; it will be discussed more fully in Section 2.4. Proceeding to the charged lepton sector, the superpotential resulting in the generation of the charged lepton masses and mixings can be schematically expressed as

W_l = y_4 Λ LEχh_d + y_5 Λ^3 LEθ^2ϕh_d + y_6 Λ^5

LEθ^5h_d. (6)

With the charged lepton and neutrino superpotentials in hand, we now turn to the construction of the charged lepton and neutrino mass matrices after electroweak and flavour symmetry breaking.

Flavon VEV VEV alignment ⟨ϕ⟩ (0, 0, 0, v_ϕ, 0)^T ⟨χ⟩ (0, 0, v_χ, 0, 0)^T ⟨λ⟩ (0, 0, a_3)^T ⟨φ⟩ ( √_2

3 (v_2 + v_3) , v_2, v_3, v_3, v_2)^T

Table 2: The vacuum alignments of the flavons used in the model in terms of complex VEVs. Justification of the flavon alignments follows from a detailed discussion of the minimisation of the flavon potential in Section 3.

2.2 The Charged Lepton Mass Matrix and its Predictions

Using the superpotential in Eq. (6), the charged lepton mass matrix, after electroweak and flavour symmetry breaking, can be constructed. This is done by utilising the Clebsch-Gordan Coefficients of Appendix A to appropriately contract the flavon fields, thereby extracting the singlets from the product representations. Then, the VEVs of ϕ and χ given in Table 2, as well as ⟨θ⟩ = v_θ are applied to reveal the charged lepton mass matrix, M_e, after electroweak and flavour symmetry breaking, to be

M_e = v_d

y_6 Λ^5 v 5 θ 0 0 0 √ 6^{y5}_{Λ3} v^2_θ v_ϕ^{y6}_{Λ5} v^5_θ 0^{y6}_{Λ5} v^5_θ √ 6^{y4}_Λ v_χ . (7)

By assuming all flavon field VEVs are of the same order, i.e.^{vi}_Λ ∼ ϵ, and absorbing factors of √ 6 into y_4 and y_5, a charged lepton hierarchy of ϵ^4 : ϵ^2 : 1 is obtained. With the added assumption that ϵ ∼ 0.15, a phenomenologically viable charged lepton mass spectrum is obtained. Furthermore, the associated charged lepton mixing matrix is the identity to O(ϵ^4). Therefore, charged lepton mixing may be neglected with respect to the mixing originating from the neutrino sector, as will be seen.

2.3 The Leading Order Neutrino Mass Matrix

In the case of A_5 (c.f. a similar situation in A_4 [24]) a non-zero value for θ_{13} can be generated by not restricting a model to particular group representations but instead “trusting” the symmetry by adding all relevant irreducible representations. Since we choose to couple all of our flavons to NN, where N ∼ 3 and 3 ⊗ 3 = 1_s ⊕ 3_a ⊕ 5_s, (naively) three flavons should be added transforming under the corresponding 1_s, 3_a, and 5_s representations. Yet the 3_a contained in 3 ⊗ 3 is antisymmetric (as denoted by the subscript “a”), and hence vanishes at LO from the tensor product of the two identical N fields. One could include the 1_s from 3 ⊗ 3 as well, as in Ref. [20], but it will not add any additional structure to the remaining 5_s in 3 ⊗ 3; indeed, the singlet contributes to the same Yukawa matrix elements as the first component of φ.^3 Therefore a trusting LO minimal GR model will contain only a single flavon φ ∼ 5 which assumes a VEV (up to basis transformations) ⟨φ⟩ = (

√_2

3 (v_2 + v_3) , v_2, v_3, v_3, v_2)^T , where v_2 and v_3 are left unspecified by A_5. This VEV alignment is preserved by the five dimensional representations of the S and U generators in Appendix A, and hence respects the corresponding Z^S_2 × Z^U_2 Klein symmetry of the LO neutrino Majorana mass matrix,

M^{LO}_R = y_2 2 √_2 3 (v_2 + v_3) − √ 3v_2 − √ 3v_2 − √ 3v_2 √ 6v_3 −

√_2 3 (v_2 + v_3) − √ 3v_2 −

√_2 3 (v_2 + v_3) √ 6v_3

. (8)

It is straightforward to see that

U^T_{GR}M^{LO}_R U_{GR} = Diag(M^{LO}_1 , M^{LO}_2 , M^{LO}_3 ), (9)

where

M^{LO}_1 =^{y2(v2(6ϕg −2)+4v3 )} √ 6 , M^{LO}_2 =^{y2} ( 4v_3−v_2

(_6 ϕg +2 )) √ 6 , M^{LO}_3 =^{y2} √ 2(v_2+4v_3) √ 3 . (10)

It is clear the above masses obey the sum rule

M^{LO}_1 + M^{LO}_2 = M^{LO}_3 . (11)

Having constructed and diagonalised M^{LO}_R , it is trivial to construct the LO Dirac mass matrix, as it is just the 1_s in 3 ⊗ 3 resulting from the yLNh_u operator in the superpotential (c.f. Eq. (5)). After the spontaneous breaking of electroweak and flavour symmetries, the LO Dirac mass matrix has the form m_D = yv_u 1 0 0 0 0 1 0 1 0 . (12)

Applying the Seesaw Mechanism [25] to m_D and M^{LO}_R generates the light neutrino mass matrix,

M^{LO}_ν = 3 √ 3y^2v^2_u 11v^2 − 2v_3v_2 − 4v^2_3

v_2−2v_3 3 √ 2y_2 − v_2 2y_2 − v_2 2y_2

−^{v2}_{2y2}^{(v2−2v3)(3v2+2v3)} 2 √ 2(v_2+4v_3)y_2 −

13v^2 +8v_3v_2+4v^2_3 6 √ 2(v_2+4v_3)y_2

−^{v2}_{2y2} −^{13v2 +8v3v2+4v23} 6 √ 2(v_2+4v_3)y_2

(v_2−2v_3)(3v_2+2v_3) 2 √ 2(v_2+4v_3)y_2 , (13)

3Also, the singlet does not break the S or U symmetries and therefore will not generate non-zero θ_{13}.

that is diagonalised by

U_{GR} = P^′ √_{ϕg} √ 5 √_1 ϕ_g √ 5 0 − √_1 2ϕ_g √ 5 √_{ϕg} 2 √ 5 1√ 2 √_1 2ϕ_g √ 5 − √_{ϕg} 2 √ 5 1√ 2 P_0 (14)

where P^′ = Diag(1, 1, −1) is a matrix of unphysical phases and P_0 = Diag(1, e^{iα} 0 2 2 , e^{iα} 0 3 2 ) is the matrix of Majorana phases required to bring U_{GR} to the PDG convention [1] of Eq. (4). However, to diagonalise M^{LO}_ν we must use the mixing matrix given in Eq. (14) and not Eq. (4), as absorbing the unphysical phases into the charged leptons will interfere with the diagonalisation of M^{LO}_ν . With this in mind, U^T_{GR}M^{LO}_ν U_{GR} = m^{LO}_1 0 0 0 m^{LO}_2 0 0 0 m^{LO}_3

(15)

with complex masses

m^{LO}_1 = √ 6y^2v^2_u y_2(v_2(6ϕ_g −2)+4v_3 ) , m LO 2 = √ 6y^2v^2_u y_2 ( 4v_3−v_2

(_6 ϕg +2 )) , m^{LO}_3 = √_{32 y2v2u} (v_2+4v_3)y_2 . (16)

Notice that these complex masses obey the inverse neutrino mass sum rule [20] 1 m^{LO}_1 + 1 m^{LO}_2 = 1 m^{LO}_3 . (17)

For the remainder of this work, it is useful to re-express the complex neutrino masses in terms of new parameters β, ξ, and δ such that

m_1 =^β_{6ϕg −2+4eiδ ξ} , m_2 =^β_{4eiδ ξ−( 6ϕg +2)} , m_3 =^β_2(_{1+4eiδ ξ}). (18)

To arrive at the above forms of the complex neutrino masses, let v_2 = |v_2|e^{iθ2} and v_3 = |v_3|e^{iθ3} . Then, define ξ = |v_3|/|v_2| and δ = θ_3 − θ_2. Then, it is clear β =^{v2uy2} √ 6 y_2v_2 . Notice

that ξ and δ are real parameters, but β is complex. Furthermore, it is interesting to note that the phase associated with β and is irrelevant when comparing to the experimentally measured parameters, |Δm_{ij} |^2.

The re-parametrisation of the complex neutrino masses in terms β, ξ, and δ concludes the construction of the LO lepton model. Notice that this model yields a zero reactor angle, maximal atmospheric mixing, and a solar mixing angle given by θ_{12} = tan^{−1}(1/ϕ_g) ≈ 31.7^∘ which are all in conflict recent global fits. Therefore, it is necessary to consider the NLO corrections to the existing minimal LO GR model resulting from the addition of operators which will break the S and U generators of the low-energy Z^S_2 ×Z^U_2 , providing a correction to the problematic leading order predictions.

2.4 The Neutrino Sector at NLO

In order to generate a non-zero reactor mixing angle in the context of A_5, a flavon field must be added which breaks the U generator of the Z^S_2 × Z^U_2 Klein symmetry. To do this, an additional flavon field λ transforming as a 3 under A_5 is introduced. Recall that a flavon field transforming as a 3 necessarily vanishes when coupled linearly to NN due to the anti-symmetry of the 3_a contained in 3 ⊗ 3. Thus, we allow for a quadratic coupling of λ to NN. As a result, the superpotential receives a next-to-leading-order correction of^4

ΔW_ν = y_A Λ (NN)_{1s} (λλ)_{1s} + y_C Λ ( (NN)_{5s} (λλ)_{5s} ) 1_s . (19)

This corrects the LO Majorana mass matrix in Eq. (8) to yield

M_R = M^{LO}_R + ΔM_R, (20)

where M^{LO}_R is defined in Eq. (8). Before proceeding to calculate ΔM_R, it is useful to note that the coefficient y_A will not enter the eigenvectors of the corrected/perturbed mass matrix. Therefore, it will not affect the corrected mixing.^5 Thus, we choose an alignment for ⟨λ⟩ = (a_1, a_2, a_3)^T such that the operator associated with y_A vanishes. This will require a_1 = 0 and either a_2 or a_3 to be zero. We choose a_2 = 0 implying ⟨λ⟩ = (0, 0, a_3)^T . This choice will be justified in the detailed discussion of the minimisation of the flavon potential in Section 3.

Having assumed λ develops VEV ⟨λ⟩ = (0, 0, a_3)^T , the correction ΔM_R takes the rather simple form

ΔM_R =

0 0 0 0 6y_C v_4 0 0 0 0 , (21)

where v_4 ≡ a^2_3/Λ. As discussed in Appendix C, this correction turns out to be sufficient to break both the S and U Klein symmetry generators associated with the unsuccessful LO Golden Ratio predictions.

Recall that the LO Golden Ratio mixing matrix is given by the usual GR form as in Eq. (4), up to charged lepton corrections (which are small as can be seen in Eq. (7)), where U_{GR} has been brought into the PDG convention [1]. Notice that the P^′ of Eq. (14) has been absorbed into the charged lepton fields. In the presence of λ, the PMNS mixing matrix is given as U^′_{P MNS} = U_{GR} + ΔU, (22)

4The pair of contractions given here form a basis for all possible contractions, see Appendix B. Appendix B also makes clear the choice of notation for the Yukawa couplings y_A and y_C .

5However, its existence will shift the neutrino masses depending on the alignment of ⟨λ⟩.

where the prime on U^′_{P MNS} indicates that it is not yet in standard PDG form due to the correction. Assuming v_4 ≡ a^2_3 Λ ≪ v_2, v_3 (23) enables a perturbative calculation of the correction ΔU. To first order in v_4/v_{2,3}, the corrections to the columns of the PMNS matrix are

ΔU_{11} ≈ − ϵ 5 √ 3 2ϕ_g √ 5 , (24)

ΔU_{12} ≈ ϵ 5 √ 3ϕ_g 2 √ 5 , (25)

ΔU_{13} ≈ 18ϵ √ 3D^{−1}_1 , (26) ΔU_{21} ≈ ϵ √ 3ϕ_g(2ϕξe^{iδ} − ϕ_g + 12)D^{−1}_2 , (27)

ΔU_{22} ≈ ϵ √ 3 ϕ_g (12ϕ_g + 1 − 2ξe^{iδ})D^{−1}_3 , (28)

ΔU_{23} ≈ 3ϵ √ 6(1 − 2ξe^{iδ})D^{−1}_1 , (29) ΔU_{31} ≈ ϵ √ 3ϕ_g(2ϕ_gξe^{iδ} − ϕ_g − 18)D^{−1}_2 , (30)

ΔU_{32} ≈ ϵ √ 3 ϕ_g (1 − 18ϕ_g − 2ξe^{iδ})D^{−1}_3 , (31)

ΔU_{33} ≈ 3ϵ √ 6(1 − 2ξe^{iδ})D^{−1}_1 , (32) where D_1 = 2 √ 2(4ξ^2e^{2iδ} + 2ξe^{iδ} − 11) (33) D_2 = 10 × 5^{1/4}(ϕ_g + 3 − 2ϕ_gξe^{iδ}), (34) D_3 = 10 × 5^{1/4}(3ϕ_g − 1 + 2ξe^{iδ}), and (35) ϵ = y_C v_4 v_2y_2

. (36)

Therefore the correction to the PMNS matrix is ΔU = ( ΔU_{i1} ΔU_{i2} ΔU_{i3} ) . (37) As noted in Section 1, a general lepton mixing matrix can be expressed in terms of the TB deviation parameters r, s, and a. Doing so allows one to write the lepton mixing matrix as [9]

U_{PMNS} ≈ 2√ 6 (1 −^1_2 s)^{1√}_3 (1 + s)^{1√}_2 re^{−iδ} −^{1√}_6 (1 + s − a + re^{iδ})^{1√}_3 (1 −^1_2 s − a −^1_2 re^{iδ})^{1√}_2 (1 + a) 1√ 6 (1 + s + a − re^{iδ}) −^{1√}_3 (1 −^1_2 s + a +^1_2 re^{iδ})^{1√}_2 (1 − a) P . (38) where the diagonal matrix P = Diag(1, e^{iα2}2 , e^{iα3}2 ) contains the usual two Majorana phases in the PDG convention [1]. The result of Eq. (38) can be compared to the corrected GR matrix to show how the breaking of the S and U generators corrects the leading order prediction of r, s, and a. However before we make this comparison, phase conventions must be matched. Again, we use the freedom to multiply unphysical phases from the left since they may be absorbed into charged lepton rotations. Multiplying phases from the right corresponds to a redefinition of the Majorana phases. Once this redefinition has been made, the NLO PMNS matrix is in the PDG convention. Then, we may identify the deviation parameters r, a and s resulting from the corrected U_{GR} mixing matrix. They are r = √ 2 |ΔU_{13}| , (39) a = √ 2Re ( ΔU_{23} exp ( −iα_3 2 )) , (40) s = 3 2ϕ_g √ 5 − 1 2 + 3 √ 1 ϕ_g √ 5 Re ( ΔU_{12} exp ( −iα_2 2 )) , (41)

where α_2 and α_3 are the redefined Majorana phases in the PDG convention [1].

We pause here to comment on the lack of a concrete prediction even though we have only introduced one parameter. Notice that the LO neutrino mass matrices given in Eqs. (8) and (12) respect Form Dominance [27] because in the basis that the Majorana mass matrix is diagonal, the columns of the Dirac mass matrix are proportional to the columns of U_{P MNS} . As such the GR mixing matrix of Eq. (14) contains no free parameters. By adding the correction, ΔM_R (c.f. Eq. (21)) to M_R, “one” additional free parameter is introduced (y_C v_4). However because of the way that the parameter enters, i.e. only in the (22) entry of M_R, the Majorana mass matrix can no longer be diagonalised with a transformation independent of parameters of the model, and the resulting U_{P MNS} will no longer be parameter free. Hence, at NLO the mixing angles will depend on parameters in the model, as Form Dominance has been broken.

A similar (slightly easier) perturbative exercise may be performed to calculate the NLO corrections to the light neutrino masses. Performing this calculation reveals the light, complex masses at NLO to be

m^{NLO}_1 ≈ m^{LO}_1 −^{9β} 2ϕ √ 30(1−3ϕ−2ξe^{iδ} )^2 ϵ, m^{NLO}_2 ≈ m^{LO}_2 −^{9βϕ} 2 √ 30(2−3ϕ+2ξe^{iδ} )^2 ϵ, m^{NLO}_3 ≈ m^{LO}_3 −^{9β}_2^√_{6(1+4ξeiδ )2} ϵ,

(42)

where the m^{LO}_i are as defined in Eq. (16). Notice that the LO sum rule still exists at

NLO, i.e. 1 m^{NLO}_1 + 1 m^{NLO}_2 = 1 m^{NLO}_3 . (43)

This surprising result can be explained by first observing that the NLO correction to the heavy, right-handed neutrino masses will be given by the corresponding diagonal element of the matrix U^T_{GR}ΔM_RU_{GR}. A calculation of these corrections reveals

M^{NLO}_1 = M^{LO}_1 +^{3v4yC√}_{5ϕ} , M^{NLO}_2 = M^{LO}_2 +^{3v4ϕyC√}_5 , M^{NLO}_3 = M^{LO}_3 + 3v_4y_C . (44)

for the corrected heavy neutrino masses. Clearly M^{NLO}_1 + M^{NLO}_2 = M^{NLO}_3 , preserving the LO sum rule for the heavy right handed neutrino masses of Eq. (11). Furthermore, because of the form of m_D, it can be shown that,

m_i = v^2_uy^2M^{−1}_i . (45)

Hence, M^{NLO}_1 + M^{NLO}_2 = M^{NLO}_3 implies 1/m^{NLO}_1 + 1/m^{NLO}_2 = 1/m^{NLO}_3 . In summary, due to the form of the correction to ΔM_R (c.f. Eq. (21)), the resulting matrix which governs the corrections to the heavy neutrino masses, U^T_{GR}ΔM_RU_{GR}, also shares the same sum rule between its diagonal elements, allowing for the preservation of the sum rule for the heavy neutrino masses at NLO. Then, because of the form of m_D (c.f. Eq. (12)), it is possible to deduce that the heavy neutrino masses, M_i are inversely proportional to m_i, preserving the light neutrino mass sum rule to O(v_4/v_{2,3}).

3 Vacuum Alignment

Field ϕ^′ ω ϕ^0 ρ^0 χ^0 φ^0 λ^0 ξ^0 ψ^0 A_5 5 4 5 3 4 3^′ 1 3^′ 5 U(1) −6x z 6x 11x 8x 2y − z 2y 5x + y −2z U(1)_R 0 0 2 2 2 2 2 2 2

Table 3: Auxiliary flavon and driving fields of the A_5 × U(1) model where x, y, and z are integers.

Flavour models of this type must have the alignment of the VEVs of the flavon fields justified by minimising a flavon potential. Therefore, the explicit VEVs quoted in Section 2 must be derived from a flavon potential. Herein lies the goal of the present section.

To properly align the VEVs of the flavon fields of the A_5 × U(1) Golden Model, a set of auxiliary flavon fields will be added as well as a set of “driving fields”. Driving fields are similar to flavons in that they are gauge singlets and transform in a nontrivial way under A_5 × U(1). However, their difference becomes apparent when an additional U(1)_R symmetry is introduced.^6 Under this symmetry, we define all chiral superfields containining Standard Model fermions to have a U(1)_R charge of +1. Then, all chiral superfields containing Higgs and flavon fields have a U(1)_R charge of 0. Driving fields will have a U(1)_R charge of +2. Since the superpotential carries a +2 U(1)_R under these conventions, the driving fields may only couple linearly to flavon fields. With the further assumption that the driving fields develop positive soft supersymmetric breaking scalar mass squared parameters at the symmetry breaking scale, the driving fields do not develop VEVs. Therefore, to minimise the flavon potential it is only necessary to enforce that the F -terms of the driving fields vanish identically. These so-called F -term conditions will give rise to the vacuum alignments. The driving fields, additional flavon fields, and their transformation properties under A_5 × U(1) × U(1)_R can be found in Table 3.

To begin the minimisation of the flavon potential, the first step is the construction of the the flavon superpotential from the fields’ transformation properties given in Tables 1 and 3. A straightforward calculation shows the “LO” flavon superpotential may be constructed from contractions of the operators ϕ^′ϕ^0, ϕϕϕ^0, θχϕ^0, ϕ^′χρ^0, ϕχχ^0, ωωψ^0 , ωφφ_0 , λλλ^0, and λχξ^0. (46) Because some of these operators have multiple independent contractions that can result from them, it is necessary to explicitly write the flavon superpotential in terms of the relevant contractions. Doing this yields

W_d = M ( ϕ^′ϕ^0 ) 1_s + g1 ( (ϕϕ)_{51,s} ϕ^0 ) 1_s

+ g_2 ( (ϕϕ)_{52,s} ϕ^0 ) 1_s

+ g_3 ( θ ( χϕ^0 ) 1_s ) 1_s

+ g_4 ( (ϕ^′χ)_{3a} ρ^0 ) 1_s + g5 ( (ϕχ)_{4s} χ^0 ) 1_s + g6 ( (ϕχ)_{4a} χ^0 ) 1_s + g7 ( (ωω)_{5s} ψ^0 ) 1_s

+ g_8 ((ωφ)_3′ φ_0)_{1s} + +g_9 ( (λλ)_{1s} λ^0 ) 1_s + g10 ( (λχ)_3′ ξ^0 ) 1_s .

(47)

As previously discussed, the superpotential can be used to construct the driving fields’ F -terms, that when vanish, minimise the flavon potential. The vanishing F -term of ρ^0

6U(1)_R is broken to R-parity when supersymmetry breaking terms are included.

and χ^0 that provide the alignment for the VEVs of ϕ, ϕ^′, and χ are ∂W_d ∂ρ^0_1

= g_4 (−ϕ^′_5χ_2 − 2ϕ^′_4χ_3 + 2ϕ^′_3χ_4 + ϕ^′_2χ_5) = 0 ∂W_d ∂ρ^0_2

= g_4 ( − √ 3ϕ^′_5χ_1 − √ 2ϕ^′_4χ_2 + √ 2ϕ^′_2χ_4 + √ 3ϕ^′_1χ_5 ) = 0 ∂W_d ∂ρ^0_3

= g_4 (√ 3ϕ^′_2χ_1 − √ 3ϕ^′_1χ_2 − √ 2ϕ^′_5χ_3 + √ 2ϕ^′_3χ_5 ) = 0 ∂W_d ∂χ^0_1

= g_5 ( 3 √ 2χ_1ϕ_5 − √ 3χ_2ϕ_4 + 4 √ 3χ_3ϕ_3 − √ 3χ_4ϕ_2 + 3 √ 2χ_5ϕ_1 )

+ g_6 ( − √ 2χ_1ϕ_5 + √ 3χ_2ϕ_4 − √ 3χ_4ϕ_2 + √ 2χ_5ϕ_1 ) = 0 ∂W_d ∂χ^0_2

= g_5 ( 3 √ 2χ_1ϕ_4 − √ 3χ_2ϕ_3 − √ 3χ_3ϕ_2 + 3 √ 2χ_4ϕ_1 + 4 √ 3χ_5ϕ_5 )

+ g_6 (√ 2χ_1ϕ_4 + √ 3χ_2ϕ_3 − √ 3χ_3ϕ_2 − √ 2χ_4ϕ_1 ) = 0 ∂W_d ∂χ^0_3

= g_5 ( 3 √ 2χ_1ϕ_3 + 4 √ 3χ_2ϕ_2 + 3 √ 2χ_3ϕ_1 − √ 3 (χ_4ϕ_5 + χ_5ϕ_4) )

+ g_6 (√ 2χ_1ϕ_3 − √ 2χ_3ϕ_1 + √ 3 (χ_5ϕ_4 − χ_4ϕ_5) ) = 0 ∂W_d ∂χ^0_4

= g_5 ( 3 √ 2χ_1ϕ_2 + 3 √ 2χ_2ϕ_1 − √ 3 (χ_3ϕ_5 − 4χ_4ϕ_4 + χ_5ϕ_3) )

+ g_6 ( − √ 2χ_1ϕ_2 + √ 2χ_2ϕ_1 + √ 3 (χ_5ϕ_3 − χ_3ϕ_5) ) = 0

(48)

which admit the solutions

⟨χ⟩ = (0, 0, v_χ, 0, 0) , ⟨ϕ⟩ = (0, 0, 0, v_ϕ, 0) and ⟨ϕ^′⟩ = (0, v_ϕ′ , v_ϕ′ , 0, 0) . (49)

Furthermore, it has been verified that 17 other A_5 group elements acting on the preceding

VEV alignments also minimise the potential, providing a complete set of solutions.^7 We

7These solutions can be obtained by the action of T , T^2, T^3, T^4, S, U, ST , T S, UT , T U, SU, T^2S,

T^2U, UT^2, T^3S, T^3ST^3, or T^3ST^4 on the VEV alignments in Eq. (49).

turn now to the F -term conditions resulting from ϕ^0. These are found to be ∂W_d ∂ϕ^0_1

= Mϕ^′_1 + 2g_1 ( ϕ^2_1 + ϕ_2ϕ_5 − 2ϕ_3ϕ_4 ) + 2g_2 ( ϕ^2_1 − 2ϕ_2ϕ_5 + ϕ_3ϕ_4 ) + g_3θχ_1 = 0, ∂W_d ∂ϕ^0_2

= Mϕ^′_5 + 2g_1 ( ϕ_1ϕ_5 + √ 6ϕ_2ϕ_4 ) + g_2 ( −4ϕ_1ϕ_5 + √ 6ϕ^2_3 ) + g_3θχ_5 = 0, ∂W_d ∂ϕ^0_3

= Mϕ^′_4 + g_1 ( −4ϕ_1ϕ_4 + √ 6ϕ^2_5 ) + 2g_2 ( ϕ_1ϕ_4 + √ 6ϕ_2ϕ_3 ) + g_3θχ_4 = 0, ∂W_d ∂ϕ^0_4

= Mϕ^′_3 + g_1 ( −4ϕ_1ϕ_3 + √ 6ϕ^2 ) + 2g_2 ( ϕ_1ϕ_3 + √ 6ϕ_4ϕ_5 ) + g_3θχ_3 = 0, ∂W_d ∂ϕ^0_5

= Mϕ^′_2 + 2g_1 ( ϕ_1ϕ_2 + √ 6ϕ_3ϕ_5 ) + g_2 ( −4ϕ_1ϕ_2 + √ 6ϕ^2_4 ) + g_3θχ_2 = 0.

(50)

Applying the previous results for the alignments of ⟨χ⟩, ⟨ϕ⟩, and ⟨ϕ^′⟩, collapses these equations to the rather simple constraints

Mv_ϕ′ + g_3v_θv_χ = 0 and Mv_ϕ′ + √ 6g_2v^2_ϕ = 0 (51)

which together imply v^2_ϕ =^{g3√}_{6g2} v_θv_χ. Notice that since v_χ ≠ 0 and v_ϕ ≠ 0, then v_θ ≠ 0. With the justification of the alignment of ⟨χ⟩, ⟨ϕ⟩, and ⟨θ⟩, we turn ourselves to aligning the flavons associated with the neutrino sector.

Aligning the flavons associated with the neutrino sector is begun by minimising the F -terms associated with ψ^0. We find the following conditions on the alignment of the auxiliary field ω: ∂W_d ∂ψ^0_1

= g_7 ( 2 √ 3ω_1ω_4 − 2 √ 3ω_2ω_3 ) = 0, ∂W_d ∂ψ^0_2

= g_7 ( 2 √ 2ω^2 − 2 √ 2ω_1ω_3 ) = 0, ∂W_d ∂ψ^0_3

= g_7 ( 2 √ 2ω_1ω_2 − 2 √ 2ω^2_4 ) = 0, ∂W_d ∂ψ^0_4

= g_7 ( 2 √ 2ω_3ω_4 − 2 √ 2ω^2_1 ) = 0, ∂W_d ∂ψ^0_5

= g_7 ( 2 √ 2ω^2_3 − 2 √ 2ω_2ω_4 ) = 0.

(52)

which have solutions of the form

⟨ω⟩ ∝ ρ^mT^n_4 1 1 1 1 = ρ^m ρ 0 0 0 0 ρ^2 0 0 0 0 ρ^3 0 0 0 0 ρ^4 n 1 1 1 1 (53) in which ρ = e^{2πi}5 and m, n = 0, 1, 2, 3, 4. For the rest of this work, we take m = n = 0 such that ⟨ω⟩ = v_ω(1, 1, 1, 1)^T .

With the alignment for ⟨ω⟩ calculated, we turn now to the F -terms associated with φ^0 and find the following F -term conditions: ∂W_d ∂φ^0_1

= g_8 (√ 2φ_5ω_1 + 2 √ 2φ_4ω_2 − 2 √ 2φ_3ω_3 − √ 2φ_2ω_4 ) = 0, ∂W_d ∂φ^0_2

= g_8 ( −2φ_3ω_1 + φ_2ω_2 + √ 6φ_1ω_3 − 3φ_5ω_4 ) = 0, ∂W_d ∂φ^0_3

= g_8 ( 3φ_2ω_1 − √ 6φ_1ω_2 − φ_5ω_3 + 2φ_4ω_4 ) = 0,

(54)

By assuming the previous solution for ⟨ω⟩, the above equations reduce to ∂W_d ∂φ^0_1 = − √ 2g_8 (φ_2 + 2φ_3 − 2φ_4 − φ_5) v_ω = 0, ∂W_d ∂φ^0_2

= g_8 (√ 6φ_1 + φ_2 − 2φ_3 − 3φ_5 ) v_ω = 0, ∂W_d ∂φ^0_3

= −g_8 (√ 6φ_1 − 3φ_2 − 2φ_4 + φ_5 ) v_ω = 0.

(55)

Since v_ω ≠ 0, the above equations may be simplified to

φ_2 + 2φ_3 − 2φ_4 − φ_5 = 0, √ 6φ_1 + φ_2 − 2φ_3 − 3φ_5 = 0, √ 6φ_1 − 3φ_2 − 2φ_4 + φ_5 = 0.

(56)

These equations yield, up to action by T_4, the solution ⟨φ⟩ = (√ 2 3 (v_2 + v_3) , v_2, v_3, v_3, v_2 ) . (57)

The remaining set of F -terms to analyse belong to λ^0 and ξ^0. They are ∂W_d ∂λ^0 = g_9 ( λ^2_1 + 2λ_2λ_3 ) , ∂W_d ∂ξ^0_1

= g_{10} (√ 3λ_1χ_1 + λ_3χ_2 + λ_2χ_5 ) ∂W_d ∂ξ^0_2

= g_{10} ( − √ 2λ_2χ_3 + λ_1χ_4 − √ 2λ_3χ_5 ) ∂W_d ∂ξ^0_3

= g_{10} ( − √ 2λ_2χ_2 + λ_1χ_3 − √ 2λ_3χ_4 ) (58)

Upon applying the previously found alignment for ⟨χ⟩ (i.e. ⟨χ⟩ ∝ (0, 0, 1, 0, 0)^T ), these F -terms vanish when ⟨λ⟩ is aligned as

⟨λ⟩ ∝ 0 0 1 , (59)

the Z^S_2 × Z^U_2 breaking alignment for ⟨λ⟩ used in Section 2.4. Before concluding the discussion of the flavon potential, we pause to comment on the generality of the A_5×U(1) model’s vacuum solutions.

In the preceding section’s discussion of the alignment of the VEVs of χ, ϕ, and ϕ^′, it was noted that there exist 17 additional A_5 group elements that, when acting on the reported VEV alignments, will also satisfy the relevant F -term conditions. As such, the 18 group elements represent the complete set of 18 solutions, up to proportionality. Without loss of generality, we can choose the solution given in Eq. (49). Having made this choice, the VEVs of θ and λ are determined uniquely. Next, the VEV of ω may be brought to the form (1, 1, 1, 1) by action of T transformations, which in turn uniquely determines the alignment of ⟨φ⟩. Yet, having done this we must check that T transformations do not change any of the previously aligned solutions. Action by the T generator on the VEVs χ, ϕ, and ϕ^′ introduces irrelevant factors of ρ on all of the VEVs with the exception of ⟨ϕ^′⟩, where action by T introduces a relative phase between the two non-vanishing components. One could argue that because this is an auxiliary field, only introduced to aid in the minimisation of the potential, there is no problem since all five solution yield the same physical results for lepton masses and mixings. However before this claim is made, it is insightful to look at the previous argument in “reverse”.

Because the alignment of ⟨ω⟩ was not dependent on the results of the alignments for ⟨χ⟩, ⟨ϕ⟩, and ⟨ϕ^′⟩ it is possible to begin the consideration of possible A_5 vacua by considering the alignment of ⟨ω⟩, which may be brought to the desired (1, 1, 1, 1) by action of the T generator. Then, having properly aligned ⟨ω⟩, the VEV alignment of ⟨φ⟩ is determined uniquely. Then, the VEVs of the flavons associated with the charged leptons (i.e. χ, ϕ, and ϕ^′) may be brought to the desired form by application of relevant powers of S, T , and U matrices. In general, these transformations will change the already aligned ⟨ω⟩ by multiples of T . This in turn will force ⟨φ⟩ out of the alignment needed for GR mixing. Therefore, Nature is required to choose one of five vacua necessary for the Golden Model. This is a mild assumption.

4 Phenomenological Predictions

In this section of the paper, we study the phenomenological implications of the complex mass sum rule of Eqs. (17) and (43). Although this sum rule has been studied before [28], this work was done in the era of a small reactor angle. There has been some mass sum rule studies after the advent the measurement of a large value for θ_{13} [29], but this work did not go into great detail for the inverse mass sum rule we have generated in our model. Hence, we are motivated to perform our own analysis.

We begin the analysis of the phenomenological implications of the Golden Model by re-expressing the complex mass sum rules of Eqs. (17) and (43) in terms of the physical neutrino masses, |m_i|, and Majorana phases, α_2 and α_3 (note the sign convention change on α_i): 1 |m_1| + e^{−iα2} |m_2| = e^{−iα3} |m_3| (60)

where the superscripts “LO” and “NLO” have been dropped on m_i. From the above formula, it is easy to see that Eq. (60) implies that 1 |m_1|^2 = 1 |m_2|^2 + 1 |m_3|^2 − 2 cos Δ |m_2||m_3| , (61)

where Δ = α_2 − α_3. With the realisation of this form, it becomes clear that together with the two experimentally measured values of the neutrino mass squared differences Δm^2_1 and |Δm^2_3|, where Δm^2_{ij} = |m_i|^2 − |m_j |^2, it is possible to numerically calculate the individual neutrino masses for a specified value of Δ. The results of this analysis can be found in Figure 1.

Figure 1: mass (eV) vs. cos(Δ) for the normal and inverted neutrino mass orderings

The plot of Figure 1 contains many interesting features. The first of which is the discontinuity at cos(Δ) ≈ .5. Namely, given the experimentally measured values for Δm^2_{ij} and the neutrino sum rule from Eq. (61) no solution exists. The second interesting feature is that only normal ordered neutrino masses can only exist below cos(Δ) ≈ .5, and inverted only above cos(Δ) ≈ .5. This implies that varying Δ provides a transition between normal and inverted neutrino mass orderings, the justification of why there is no solution for neutrino masses at cos(Δ) ≈ .5.

The physical masses as a function of cos(Δ) serve as a stepping stone for numerically calculating the values of ξ, δ, and |β| (c.f. Eq. (18)) for a fixed value of cos(Δ). To correctly calculate these parameters to NLO, it is necessary to use the NLO masses of Eq. (42). However, notice that these masses include an additional complex parameter ϵ = |ϵ|e^{iθϵ} . We find |ϵ| by demanding that the TB deviation parameter r (c.f. Eq. (39)) matches the corresponding value derived from the central value of the reactor angle given in Ref. [10], i.e. r = .22. Then, |ϵ| may be solved for as a function of the ξ, δ, |β| parameters and removed from the NLO masses of Eq. (42) leaving 4 unknown real parameters. θ_ϵ can be eliminated by minimising and maximising the masses with respect to θ_ϵ. After this, the maximised and minimised NLO masses may be expressed in terms of only ξ, δ, and |β|. Setting these analytic forms for the maximised and minimised NLO neutrino masses equal to their corresponding values found in Figure 1 reveals the values of the parameters ξ, δ, and |β| as a function of cos(Δ).^8 Notice that the parameters entering in the masses also appear in the analytic forms of the corrected mixing matrix elements, c.f. Eqs. (24)-(36). Therefore, it is possible to numerically calculate the elements of the PMNS matrix and find the TB deviation parameters s and a of Eqs. (40)-(41) as a function of cos(Δ).

4.1 NLO Corrections to s and a

In this section, we report the results obtained from using the previously discussed method for determining |ϵ|, |β|, ξ, and δ to calculate the TB deviation parameters s and a to NLO. Notice that in the definitions of a and s in Eqs. (40)-(41), the unknown Majorana phases α_2 and α_3 appear. s and a are minimised and maximised with respect to these phases to remove their dependence on them. Then, the calculation of how the s and a parameters vary as a function of cos(Δ) is straightforward. The plots resulting from parameter scans ranging over values of cos(Δ) ∈ [−1, 1] for the s and a parameters can be found in Figures 2 and 3, respectively.

The plots in Figures 2 and 3 show some interesting features. The first feature to notice is that the LO GR prediction is contained in the allowed region predicted by the NLO Golden Model. This is due to the fact that if ΔU_{12}e^{−i α2}2 and ΔU_{23}e^{−i α3}2 are

8Numerical instabilities in some of the solutions for the ξ, δ, and |β| results of the minimised NLO neutrino masses urged us to use the maximised results in our analysis. Although, the stable results show little difference between the two cases.

Figure 2: s vs. cos(Δ) for fixed r = .22: The region between the red lines represents the possible values the s parameter can take for normal ordered neutrino masses, and the region between the light blue lines represents the possible values for the inverted ordering. The thickness of the lines takes into account the 1σ ranges for the Δm^2_{ij} used in producing the plot, and the grey area represents the experimentally allowed 1σ range from Eq. (3). The LO Golden Ratio Prediction is given by the dashed line.

purely imaginary then the corrections to s and a vanish, respectively, as can be seen from Eqs. (40)-(41). The second slightly more interesting feature to notice is that the at cos(Δ) = .5 there exists no solution, a relic of the mass vs. cos(Δ) analysis.^9 Yet, the most intriguing result of this analysis is that the values for s and a can actually lie within the 1σ band of Eq. (3). Clearly, the NLO corrections provide the needed adjustment to the Golden Model’s problematic LO predictions of r = a = 0 and s = −.09, by allowing them to be shifted to agree with current experimental bounds.

Having calculated the allowed ranges which s and a can take (as a function of cos(Δ)), there still exists another plot which needs to be generated to further probe the predictions of the Golden Model, a vs. s. The plot of a vs. s will further restrict our parameter space of the Golden Model through the correlation of a and s. The method for generating this plot is straightforward because all relevant parameters are known with the exception of the Majorana phases, α_2 and α_3, and the phase of ϵ, θ_ϵ. Unfortunately Δ = α_2 − α_3 does not enter in either of the forms of the a or s parameters in Eqs. (40)-(41), so the method of taking the maximum and minimum values cannot be used

9It should be noted that in the graph of a vs. cos(Δ), the value of a in the inverted hierarchy takes larger values which begin to break down the r, s, a, perturbative expansion for the PMNS matrix in a.

Figure 3: a vs. cos(Δ) for fixed r = .22: The region between the red lines represents the possible values the “a” parameter can take for the normal ordered neutrino masses, and the region between the light blue lines represents the possible values for the inverted ordering. The thickness of the lines takes into account the 1σ ranges for the Δm^2_{ij} used in producing the plot, and the grey area represents the experimentally allowed 1σ range from Eq. (3). The LO Golden Ratio Prediction is given by the dashed line.

here because we want a value of a for each s. Thus, it is necessary to introduce another parameter Σ=α_2 + α_3, so that the parameter Δ may be utilised when analysing how s and a vary with each other. Doing this enables α_2 and α_3 to be re-expressed as α_2 = 1/2(Δ + Σ) and α_3 = 1/2(Σ − Δ). Since all parameters are known for each value of Δ, all that is left unknown is Σ and θ_ϵ. Generating random values for Σ,θ_ϵ ∈ [0, 2π], while keeping the consistency of the definition of the Majorana phases, yields the plot found in Figure 4. As can be seen, this plot further constrains the parameter space of the Golden Model, as it contains a subset of the values displayed in the plots of Figures 2 and 3, through the correlation of a and s. Yet even though the correlation of a and s further reduces the Golden Model’s parameter space, the experimentally determined values for a and s can be still accommodated by the Golden Model, providing consistent phenomenological predictions which are able to match the bounds of Eq. (3). However, to further analyse the phenomenology of this model, we next consider the Golden Model’s predictions for neutrinoless double beta decay.

Figure 4: a vs. s for fixed r = .22: Purple represents predictions from normally ordered neutrino masses and the light blue points from inverted neutrino masses. The purple region is also where they overlap. The black rectangle designates the allowed 1σ region of Eq. (3) and the black cross is the LO Golden Ratio prediction.

4.2 Neutrinoless Double Beta Decay

From the plots in Figures 2 and 3, it is seen that as the parameter Δ varies, a transition between normal ordered and inverted ordered neutrino masses occurs. Therefore, it is interesting to analyse the behaviour of the effective Majorana mass parameter, m_{ββ}, as a function of cos(Δ), where

m_{ββ} = ||m_1|U^2_{11} + |m_2|U^2_{12}e^{−iα2} + |m_3|U^2_{13}e^{−iα3} |. (62)

This analysis is preformed by utilising the previously discussed parameters Δ = α_2 − α_3 and Σ = α_2 + α_3, so that Eq. (62) may be re-expressed in terms of Σ and Δ, instead of α_2 and α_3. Then, it is possible to invoke the work from previous sections to numerically generate a plot revealing how m_{ββ} changes as cos(Δ) varies. The results from this analysis can be found in Figure 5. Notice that (as postulated), cos(Δ) “disentangles” degenerate neutrino orderings, as can be seen from the transition at cos(Δ) = .5. Also, the results are consistent with the experimental upper bounds on m_{ββ} reported by EXO- 200 [30]. Yet the most important conclusion one can draw from Figure 5 is that the Golden Model is testable in the near future. Due to the neutrino mass sum rule of Eqs. (17) and (43), the normal neutrino mass ordering’s prediction for m_{ββ} cannot be arbitrarily small. Hence, the model has the capability of being tested by the next generation of neutrinoless double beta decay experiments.

We conclude the analysis of the Golden Model’s phenomenology by constructing, m_{ββ} vs. m_{lightest}. This is possible to do since the neutrino masses and m_{ββ} are known

Figure 5: m_{ββ} vs. cos(Δ): The red region corresponds to the values that m_{ββ} can take in the normal neutrino mass ordering, the light blue region corresponds in the inverted ordering, and the grey region is the experimental range of upper bounds that m_{ββ} can take from EXO- 200 [30].

for each value of cos(Δ). Thus, it is straightforward to find the maximum and minimum values of m_{ββ} as well as the value of the lightest neutrino mass (i.e. m_1 in the normal ordering and m_3 in the inverted ordering) for each value of cos(Δ). These results can then be combined to produce the gold regions of the plot found in Figure 6. The plot in Figure 6 also contains blue and red regions corresponding to the normal and inverted neutrino mass orderings if there was no neutrino mass sum rule. The different shades of the blue and red regions correspond to the the different ranges obtained when taking into account the best fit and 1σ deviations away from the best fit.^{10} It should be clear from Figure 6 that the Golden Model’s inverse mass sum rule severely restricts the allowed values that m_{ββ} can take, leading to a lower bound of m_{lightest}^>_∼ 0.01 eV and m_{ββ}^>_∼ 0.005 eV for the normal mass ordering, with the mass spectrum extending into the quasi-degenerate region. As previously discussed, this allows the Golden Model to be tested by near future neutrinoless double beta decay experiments.

10It is important to note that in order to generate the model independent case of Figure 6, we have used the code developed in Ref. [31] with the global fit values of Ref. [10].

Figure 6: m_{ββ} vs. m_{lightest}: The red and light red regions represent the model independent values that the inverted neutrino mass ordering can take based on the central value and 1σ deviation of Ref. [10], respectively. The blue and light blue regions are the analogue of this for the normal neutrino mass ordering. The gold regions correspond to the Golden Model’s prediction for m_{ββ} in both the normal and inverted orderings.

5 Conclusions

The Golden Ratio mixing prediction of a zero reactor angle means that this model, along with other simple schemes such as TB mixing, is no longer viable. Similarly, there is increasing evidence that the atmospheric angle lies in the first octant, and so the prediction of maximal atmospheric mixing, also shared by TB mixing, is also disfavoured. However, while the TB prediction for the solar angle remains viable, the Golden Ratio solar angle prediction is also disfavoured. This provides a motivation for considering the Golden Ratio predictions at NLO. Unlike the case of TB mixing, however, where the LO solar angle prediction is viable, and so one may preserve a subgroup of the Klein symmetry, in the case of the Golden Ratio predictions there is a strong motivation to completely break the original Klein symmetry at the NLO.

In this paper we have proposed a new A_5 model of leptons which corrects the LO predictions of Golden Ratio mixing via a minimal NLO Majorana mass correction which completely breaks the original Klein symmetry of the neutrino mass matrix. The minimal nature of the NLO correction leads to a restricted and correlated range of the mixing angles allowing agreement within the one sigma range of recent global fits. Remarkably, the minimal NLO correction also preserves the LO inverse neutrino mass sum rule, implying a neutrino mass spectrum which extends into the quasi-degenerate region, allowing the model to be accessible to the current and future neutrinoless double beta decay experiments.

Acknowledgments

We would like to thank C. Luhn, A. Lytle, A. Merle for useful discussions, and A. Merle for his code for generating m_{ββ} vs. m_{lightest}. The authors acknowledge partial support from the European Union FP7 ITN INVISIBLES (Marie Curie Actions, PITN- GA- 2011- 289442), and EU ITN grant UNILHC 237920 (Unification in the LHC era), as well as the STFC Consolidated ST/J000396/1 .

Appendix A: The Group Theory of A_5

A_5 is a simple group.^{11} By definition, it is the group of all even permutations of a set of five elements. As such, it has 5!/2 = 60 elements. In fact, it can be shown to be isomorphic to the Icosahedral Symmetry Group, I, the group of all rotations of an icosahedron which preserve the icosahedron’s orientation. This isomorphism turns out to be insightful when considering the conjugacy classes of A_5 ∼= I, as one can express the conjugacy classes in terms of Schoenflies notation where they are denoted by C^k_n and represent rotations by^{2πk}_n . With the further definition that the number in front of C^k_n is the number of elements contained in a conjugacy class, the conjugacy classes of A_5 can be written as: I (the conjugacy class consisting solely of the identity), 15C^1_2 , 20C^1_3 , 12C^1_5 and 12C^2_5 . Using these conjugacy classes and the theorems that posit that the number of elements of a group is equal to the sum of the squares of the dimensions of the irreducible representations and that the number of irreducible representations of a group is equal to the number of conjugacy classes, it is easy to see that A_5 has a one dimensional irreducible representation (1), two three dimensional irreducible representations (3 and 3^′), one four dimensional representation (4), and one five dimensional irreducible representation (5) because

1 + 15 + 20 + 12 + 12 = 60 = 1^2 + 3^2 + 3^2 + 4^2 + 5^2. (A.1)

Yet in order to do anything physically useful with these five irreducible representations, an explicit matrix representation for each irreducible representation of A_5 must be calculated/found. To do this it is helpful to find a set of generators and rules defining their multiplication (i.e. a presentation) which generate A_5. We choose to work in the basis given in Ref. [20] in which A_5 is generated by two generators, S and T , satisfying the presentation rules S^2 = T^5 = (ST )^3 = 1. (A.2)

The explicit forms of S and T can be found in Ref. [20]. For completeness, we choose to list them again here along with another element of A_5, U = T^3ST^2ST^3S. Notice that the S and U elements generate a Z^S_2 × Z^U_2 Klein subgroup of A_5. Recall that in Section 2.3 of this work, spontaneously breaking A_5 to this Klein subgroup (in the neutrino sector) was used to generate Golden Ratio mixing. The explicit forms of S, T and U for each irreducible representation can be found in Table 4.

Each of the elements in Table 4 will leave invariant a different flavon VEV alignment (up to proportionality), i.e. G⟨ϕ⟩ = ⟨ϕ⟩ where G = S, T or U and ⟨ϕ⟩ is the VEV of a flavon field preserved by the action of the group element G. These alignments are crucial when considering the spontaneous breaking of A_5 to Z^S_2 × Z^U_2 , as having flavons develop VEVs invariant under the action of the S and U preserves the Klein subgroup. A listing of these “invariant” alignments is given in Table 5.

11A_5 contains no nontrivial normal subgroups.

S T U

1 : 1 1 1

3 :^{1√}_5 1 − √ 2 − √ 2 − √ 2 −ϕ_g^1_{ϕg} − √ 2^1_{ϕg} −ϕ_g

1 0 0 0 ρ 0 0 0 ρ^4

−1 0 0 0 0 −1 0 −1 0

3^′ :^{1√}_5 −1 √ 2 √ 2 √ 2 −^1_{ϕg} ϕ_g √ 2 ϕ_g −^1_{ϕg}

1 0 0 0 ρ^2 0 0 0 ρ^3

−1 0 0 0 0 −1 0 −1 0

4 :^{1√}_5

1^1_{ϕg} ϕ_g −1 1 ϕ_g −1 1 ϕg ϕ_g 1 −1^1_{ϕg} −1 ϕ_g^1_{ϕg} 1 ρ 0 0 0 0 ρ^2 0 0 0 0 ρ^3 0 0 0 0 ρ^4

0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0

5 :^1_5 −1 √ 6 √ 6 √ 6 √ 6 √ 6^1_{ϕ2g} −2ϕ_g^2_{ϕg} ϕ^2_g √ 6 −2ϕ_g ϕ^2_g^1_{ϕ2g}^2_{ϕg} √ 6^2_{ϕg}^1_{ϕ2g} ϕ^2_g −2ϕ_g √ 6 ϕ^2_g^2_{ϕg} −2ϕ_g^1_{ϕ2g}

1 0 0 0 0 0 ρ 0 0 0 0 0 ρ^2 0 0 0 0 0 ρ^3 0 0 0 0 0 ρ^4

1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0

Table 4: The S, T , and U elements of A_5 for the 1-, 3-, 3^′-, 4-, and 5-dimensional irreducible representations in which ρ = e^{2πi}5 and ϕ_g = (1 + √ 5)/2 is the Golden Ratio.

S T U

3 1 −^{1√}_{2ϕg} −^{1√}_{2ϕg} 1 0 0 0 1 −1

3^′ 1_{ϕg} √ 2 ϕ_g√ 2 1 0 0 0 1 −1

4 w_3ϕ^2_g − w_2ϕ_g w_2 w_3 w_2ϕ^2_g − w_3ϕ_g - w_1 w_2 w_2 w_1

5 v_4 √ 6ϕ^2_g + v_3ϕ_g√ 6 + √_2 3 v_2 v_2 v_3 v_4

v_3 ϕ_g − v_4 ϕ_g + v2

1 0 0 0 0 v_1 v_2 v_3 v_3 v_2

Table 5: The Invariant VEV Alignments for one and only one of the S, T , and U elements. The w_i and v_i represent components of the 4- and 5-dimensional flavon VEVs left unspecified by S and U, respectively. Notice that there exists no non-trivial VEV invariant under the action of T_4.

Notice that if both S and U generators are unbroken, such that the Klein symmetry exists at low energies, then the only nontrivial alignments that exist are for the 4- and 5-dimensional irreducible representations. The VEV which preserves both S_4 and U_4 is given by 1 1 1 1 , (A.3)

whereas the VEV which preserves S_5 and U_5 is given by √_2 3 (v_2 + v_3) v_2 v_3 v_3 v_2

. (A.4)

Recall that the five dimensional VEV given above was crucial in constructing the LO Golden Model of Section 2.3. In addition to constructing these invariant VEVs the S and T elements/generators can also be used to calculate the Clebsch-Gordan coefficients associated with the particular irreducible representations of A_5. This is the goal of the remainder of this appendix.

Appendix A.1: The Kronecker Products and Clebsch-Gordan

Coefficients of A_5

From the matrix representations of the S and T elements/generators of A_5 given in the

previous section, it is straightforward to calculate the Clebsch-Gordan coefficients for

the decomposition of the product representations, which we now list for this basis in

detail. We use a_i to denote the elements of the first representation, b_i to indicate those

of the second representation of the product, and the subscripts “a” and “s” to indicate

a representation which is antisymmetric or symmetric, respectively.

3 ⊗ 3 = 1_s ⊕ 3_a ⊕ 5_s 3^′ ⊗ 3^′ = 1_s ⊕ 3^′_a ⊕ 5_s

1_s ∼ a_1b_1 + a_2b_3 + a_3b_2 1_s ∼ a_1b_1 + a_2b_3 + a_3b_2

3_a ∼ a_2b_3 − a_3b_2

a_1b_2 − a_2b_1

a_3b_1 − a_1b_3

3^′_a ∼ a_2b_3 − a_3b_2

a_1b_2 − a_2b_1

a_3b_1 − a_1b_3

5_s ∼

2a_1b_1 − a_2b_3 − a_3b_2 − √ 3a_1b_2 − √ 3a_2b_1 √ 6a_2b_2 √ 6a_3b_3 − √ 3a_1b_3 − √ 3a_3b_1

5_s ∼

2a_1b_1 − a_2b_3 − a_3b_2 √ 6a_3b_3 − √ 3a_1b_2 − √ 3a_2b_1 − √ 3a_1b_3 − √ 3a_3b_1 √ 6a_2b_2

3 ⊗ 3^′ = 4 ⊕ 5

4 ∼ √ 2a_2b_1 + a_3b_2 − √ 2a_1b_2 − a_3b_3 − √ 2a_1b_3 − a_2b_2 √ 2a_3b_1 + a_2b_3 5 ∼

√ 3a_1b_1

a_2b_1 − √ 2a_3b_2

a_1b_2 − √ 2a_3b_3

a_1b_3 − √ 2a_2b_2

a_3b_1 − √ 2a_2b_3

3 ⊗ 4 = 3^′ ⊕ 4 ⊕ 5 3^′ ⊗ 4 = 3 ⊕ 4 ⊕ 5

3^′ ∼ − √ 2a_2b_4 − √ 2a_3b_1 √ 2a_1b_2 − a_2b_1 + a_3b_3 √ 2a_1b_3 + a_2b_2 − a_3b_4 3 ∼ − √ 2a_2b_3 − √ 2a_3b_2 √ 2a_1b_1 + a_2b_4 − a_3b_3 √ 2a_1b_4 − a_2b_2 + a_3b_1

4 ∼ a_1b_1 − √ 2a_3b_2

−a_1b_2 − √ 2a_2b_1

a_1b_3 + √ 2a_3b_4

−a_1b_4 + √ 2a_2b_3 4 ∼ a_1b_1 + √ 2a_3b_3

a_1b_2 − √ 2a_3b_4

−a_1b_3 + √ 2a_2b_1

−a_1b_4 − √ 2a_2b_2

5 ∼

√ 6a_2b_4 − √ 6a_3b_1 2 √ 2a_1b_1 + 2a_3b_2 − √ 2a_1b_2 + a_2b_1 + 3a_3b_3 √ 2a_1b_3 − 3a_2b_2 − a_3b_4 −2 √ 2a_1b_4 − 2a_2b_3 5 ∼

√ 6a_2b_3 − √ 6a_3b_2 √ 2a_1b_1 − 3a_2b_4 − a_3b_3 2 √ 2a_1b_2 + 2a_3b_4 −2 √ 2a_1b_3 − 2a_2b_1 − √ 2a_1b_4 + a_2b_2 + 3a_3b_1

3 ⊗ 5 = 3 ⊕ 3^′ ⊕ 4 ⊕ 5 3^′ ⊗ 5 = 3 ⊕ 3^′ ⊕ 4 ⊕ 5

3 ∼ −2a_1b_1 + √ 3a_2b_5 + √ 3a_3b_2 √ 3a_1b_2 + a_2b_1 − √ 6a_3b_3 √ 3a_1b_5 − √ 6a_2b_4 + a_3b_1 3 ∼ √ 3a_1b_1 + a_2b_4 + a_3b_3

a_1b_2 − √ 2a_2b_5 − √ 2a_3b_4

a_1b_5 − √ 2a_2b_3 − √ 2a_3b_2

3^′ ∼ √ 3a_1b_1 + a_2b_5 + a_3b_2

a_1b_3 − √ 2a_2b_2 − √ 2a_3b_4

a_1b_4 − √ 2a_2b_3 − √ 2a_3b_5 3^′ ∼ −2a_1b_1 + √ 3a_2b_4 + √ 3a_3b_3 √ 3a_1b_3 + a_2b_1 − √ 6a_3b_5 √ 3a_1b_4 − √ 6a_2b_2 + a_3b_1

4 ∼ 2 √ 2a_1b_2 − √ 6a_2b_1 + a_3b_3 − √ 2a_1b_3 + 2a_2b_2 − 3a_3b_4 √ 2a_1b_4 + 3a_2b_3 − 2a_3b_5 −2 √ 2a_1b_5 − a_2b_4 + √ 6a_3b_1 4 ∼ √ 2a_1b_2 + 3a_2b_5 − 2a_3b_4 2 √ 2a_1b_3 − √ 6a_2b_1 + a_3b_5 −2 √ 2a_1b_4 − a_2b_2 + √ 6a_3b_1 − √ 2a_1b_5 + 2a_2b_3 − 3a_3b_2

5 ∼

√ 3a_2b_5 − √ 3a_3b_2

−a_1b_2 − √ 3a_2b_1 − √ 2a_3b_3

−2a_1b_3 − √ 2a_2b_2

2a_1b_4 + √ 2a_3b_5

a_1b_5 + √ 2a_2b_4 + √ 3a_3b_1 5 ∼

√ 3a_2b_4 − √ 3a_3b_3

2a_1b_2 + √ 2a_3b_4

−a_1b_3 − √ 3a_2b_1 − √ 2a_3b_5

a_1b_4 + √ 2a_2b_2 + √ 3a_3b_1

−2a_1b_5 − √ 2a_2b_3

4 ⊗ 4 = 1_s ⊕ 3_a ⊕ 3^′_a ⊕ 4_s ⊕ 5_s 4 ⊗ 5 = 3 ⊕ 3^′ ⊕ 4 ⊕ 5_1 ⊕ 5_2

1_s ∼ a_1b_4 + a_2b_3 + a_3b_2 + a_4b_1 3 ∼ 2 √ 2a_1b_5 − √ 2a_2b_4 + √ 2a_3b_3 − 2 √ 2a_4b_2 − √ 6a_1b_1 + 2a_2b_5 + 3a_3b_4 − a_4b_3

a_1b_4 − 3a_2b_3 − 2a_3b_2 + √ 6a_4b_1

3_a ∼

−a_1b_4 + a_2b_3 − a_3b_2 + a_4b_1 √ 2a_2b_4 − √ 2a_4b_2 √ 2a_1b_3 − √ 2a_3b_1 3^′ ∼ √ 2a_1b_5 + 2 √ 2a_2b_4 − 2 √ 2a_3b_3 − √ 2a_4b_2

3a_1b_2 − √ 6a_2b_1 − a_3b_5 + 2a_4b_4

−2a_1b_3 + a_2b_2 + √ 6a_3b_1 − 3a_4b_5

3^′_a ∼ a_1b_4 + a_2b_3 − a_3b_2 − a_4b_1 √ 2a_3b_4 − √ 2a_4b_3 √ 2a_1b_2 − √ 2a_2b_1 4 ∼ √ 3a_1b_1 − √ 2a_2b_5 + √ 2a_3b_4 − 2 √ 2a_4b_3 − √ 2a_1b_2 − √ 3a_2b_1 + 2 √ 2a_3b_5 + √ 2a_4b_4 √ 2a_1b_3 + 2 √ 2a_2b_2 − √ 3a_3b_1 − √ 2a_4b_5 −2 √ 2a_1b_4 + √ 2a_2b_3 − √ 2a_3b_2 + √ 3a_4b_1

4_s ∼ a_2b_4 + a_3b_3 + a_4b_2

a_1b_1 + a_3b_4 + a_4b_3

a_1b_2 + a_2b_1 + a_4b_4

a_1b_3 + a_2b_2 + a_3b_1

5^1 ∼

√ 2a_1b_5 − √ 2a_2b_4 − √ 2a_3b_3 + √ 2a_4b_2 − √ 2a_1b_1 − √ 3a_3b_4 − √ 3a_4b_3 √ 3a_1b_2 + √ 2a_2b_1 + √ 3a_3b_5 √ 3a_2b_2 + √ 2a_3b_1 + √ 3a_4b_5 − √ 3a_1b_4 − √ 3a_2b_3 − √ 2a_4b_1

5_s ∼

√ 3a_1b_4 − √ 3a_2b_3 − √ 3a_3b_2 + √ 3a_4b_1 − √ 2a_2b_4 + 2 √ 2a_3b_3 − √ 2a_4b_2 −2 √ 2a_1b_1 + √ 2a_3b_4 + √ 2a_4b_3 √ 2a_1b_2 + √ 2a_2b_1 − 2 √ 2a_4b_4 − √ 2a_1b_3 + 2 √ 2a_2b_2 − √ 2a_3b_1

5_2 ∼

2a_1b_5 + 4a_2b_4 + 4a_3b_3 + 2a_4b_2

4a_1b_1 + 2 √ 6a_2b_5 − √ 6a_1b_2 + 2a_2b_1 − √ 6a_3b_5 + 2 √ 6a_4b_4 2 √ 6a_1b_3 − √ 6a_2b_2 + 2a_3b_1 − √ 6a_4b_5 2 √ 6a_3b_2 + 4a_4b_1

5 ⊗ 5 = 1_s ⊕ 3_a ⊕ 3^′_a ⊕ 4_s ⊕ 4_a ⊕ 5_{1,s} ⊕ 5_{2,s}

1_s ∼ a_1b_1 + a_2b_5 + a_3b_4 + a_4b_3 + a_5b_2

3_a ∼ a_2b_5 + 2a_3b_4 − 2a_4b_3 − a_5b_2 − √ 3a_1b_2 + √ 3a_2b_1 + √ 2a_3b_5 − √ 2a_5b_3 √ 3a_1b_5 + √ 2a_2b_4 − √ 2a_4b_2 − √ 3a_5b_1

3^′_a ∼

2a_2b_5 − a_3b_4 + a_4b_3 − 2a_5b_2 √ 3a_1b_3 − √ 3a_3b_1 + √ 2a_4b_5 − √ 2a_5b_4 − √ 3a_1b_4 + √ 2a_2b_3 − √ 2a_3b_2 + √ 3a_4b_1

4_s ∼ 3 √ 2a_1b_2 + 3 √ 2a_2b_1 − √ 3a_3b_5 + 4 √ 3a_4b_4 − √ 3a_5b_3 3 √ 2a_1b_3 + 4 √ 3a_2b_2 + 3 √ 2a_3b_1 − √ 3a_4b_5 − √ 3a_5b_4 3 √ 2a_1b_4 − √ 3a_2b_3 − √ 3a_3b_2 + 3 √ 2a_4b_1 + 4 √ 3a_5b_5 3 √ 2a_1b_5 − √ 3a_2b_4 + 4 √ 3a_3b_3 − √ 3a_4b_2 + 3 √ 2a_5b_1

4_a ∼ √ 2a_1b_2 − √ 2a_2b_1 + √ 3a_3b_5 − √ 3a_5b_3 − √ 2a_1b_3 + √ 2a_3b_1 + √ 3a_4b_5 − √ 3a_5b_4 − √ 2a_1b_4 − √ 3a_2b_3 + √ 3a_3b_2 + √ 2a_4b_1 √ 2a_1b_5 − √ 3a_2b_4 + √ 3a_4b_2 − √ 2a_5b_1

5_{1,s} ∼

2a_1b_1 + a_2b_5 − 2a_3b_4 − 2a_4b_3 + a_5b_2

a_1b_2 + a_2b_1 + √ 6a_3b_5 + √ 6a_5b_3

−2a_1b_3 + √ 6a_2b_2 − 2a_3b_1

−2a_1b_4 − 2a_4b_1 + √ 6a_5b_5

a_1b_5 + √ 6a_2b_4 + √ 6a_4b_2 + a_5b_1

5_{2,s} ∼

2a_1b_1 − 2a_2b_5 + a_3b_4 + a_4b_3 − 2a_5b_2

−2a_1b_2 − 2a_2b_1 + √ 6a_4b_4

a_1b_3 + a_3b_1 + √ 6a_4b_5 + √ 6a_5b_4

a_1b_4 + √ 6a_2b_3 + √ 6a_3b_2 + a_4b_1

−2a_1b_5 + √ 6a_3b_3 − 2a_5b_1

Appendix B: A Basis of Contractions for ΔW_ν

In what follows, we present a basis for the contractions of the NLO corrections to the Majorana neutrino mass matrix dictated by the NLO correction to the superpotential ΔW_ν = λλNN. In Eq. (19), we presented the NLO PMNS correction arising from the specific contractions

ΔW_ν = y_A Λ (NN)_{1s} (λλ)_{1s} + y_C Λ ( (NN)_{5s} (λλ)_{5s} ) 1_s . (B.1)

In order to justify this minimal set of contractions used, we will construct all possible other contractions and show that these two contractions form a basis for the set. We begin this by noting that there are two possible pairwise contractions which one can construct that contain a singlet:

((NN) (λλ)) and ((Nλ) (Nλ)) . (B.2)

Then, using the fact that 3 ⊗ 3 = 1_s ⊕ 3_a ⊕ 5_s, there are only 6 possible contractions, 3 for each pairwise object because the singlet is contained in the Kronecker product of identical irreducible representations in A_5. These contractions are (labelling components of λ as a_i and presenting the Majorana matrix arising from each contraction):

A = (NN)_{1s} (λλ)_{1s} = a^2_1 + 2a_2a_3 0 0

0 0 a^2_1 + 2a_2a_3 0 a^2_1 + 2a_2a_3 0

, (B.3)

B = ( (NN)_{3a} (λλ)_{3a} ) 1_s =

0 0 0 0 0 0 0 0 0

, (B.4)

C = ( (NN)_{5s} (λλ)_{5s} ) 1_s =

4 (a^2_1 − a_2a_3) 6a_1a_3 6a_1a_2 6a_1a_3 6a^2_3 −2a^2_1 + 2a_2a_3 6a_1a_2 −2a^2_1 + 2a_2a_3 6a^2

, (B.5)

D = (Nλ)_{1s} (Nλ)_{1s} = a^2_1 a_1a_3 a_1a_2 a_1a_3 a^2_3 a_2a_3 a_1a_2 a_2a_3 a^2

, (B.6)

E = ( (Nλ)_{3a} (Nλ)_{3a} ) 1_s =

−2a_2a_3 a_1a_3 a_1a_2 a_1a_3 a^2_3 −a^2_1 − a_2a_3 a_1a_2 −a^2_1 − a_2a_3 a^2

, (B.7)

F = ( (Nλ)_{5s} (Nλ)_{5s} ) 1_s =

4a^2_1 + 6a_2a_3 a_1a_3 a_1a_2 a_1a_3 a^2_3 3a_1 + 7a_2a_3 a_1a_2 3a_1 + 7a_2a_3 a^2

. (B.8)

From the above results, it becomes clear that A and C form a basis for the other contractions presented because

B = 0D + 0A, (B.9) D = C 6 + A 3 , (B.10) E = C 6 − 2A 3 , (B.11) F = C 6 + 10A 3 . (B.12)

Going beyond pairwise contractions and considering contractions such as (( (NN)_{5s} λ ) 3 λ ) 1_s

, (B.13)

gives nothing new; in this case, we simply obtain C. The full list of contractions of this type is as follows (there are 12, up to obvious symmetric or antisymmetric permutation): (( (NN)_{1s} λ ) 3 λ ) 1_s = A (( (Nλ)_{1s} λ ) 3 N ) 1_s

= D, (B.14) (( (NN)_{3a} λ ) 3_a λ ) 1_s = B (( (Nλ)_{3a} N ) 3_a λ ) 1_s

= E, (B.15) (( (NN)_{5s} λ ) 3 λ ) 1_s = −C (( (Nλ)_{5s} λ ) 3 N ) 1_s

= −F, (B.16) (( (λλ)_{1s} N ) 3 N ) 1_s = A (( (Nλ)_{1s} N ) 3 λ ) 1_s

= D, (B.17) (( (λλ)_{3a} N ) 3_a N ) 1_s = B (( (Nλ)_{3a} λ ) 3_a N ) 1_s

= −E, (B.18) (( (λλ)_{5s} N ) 3 N ) 1_s = −C (( (Nλ)_{5s} N ) 3 λ ) 1_s

= −F. (B.19)

Therefore, it is sufficient to only consider contractions arising from A and C, justifying the original assumption of Eq. (19).

Appendix C: Breaking the GR Klein Symmetry

In this appendix we show that the assumed correction to the superpotential (c.f. Eq. (19)), ΔW_ν = y_A Λ (NN)_{1s} (λλ)_{1s} + y_C Λ ( (NN)_{5s} (λλ)_{5s} ) 1_s , (C.1)

is sufficient to completely break the Klein symmetry associated with the unsuccessful LO Golden ratio prediction. We begin by first noting that so long as a_1 ≠ 0 and/or a_2 ≠ −a_3, a non-zero value of θ_{13} will be obtained because a VEV proportional to (0, 1, −1)^T will be preserved by

U_3 =

−1 0 0 0 0 −1 0 −1 0

. (C.2)

Furthermore, by construction, any representation formed from the combination of two triplet fields preserving U_3 will preserve said representation’s corresponding U. For example, the 5 constructed from two λ fields where the a_i are left arbitrary is

⟨(λλ)_{5s} ⟩ ∼ 2a^2_1 − 2a_2a_3 −2 √ 3a_1a_2 √ 6a^2 √ 6a^2_3 −2 √ 3a_1a_3

. (C.3)

In the above result, the subscript “5_s” on (λλ) denotes that we are selecting the 5_s from the tensor product 3 ⊗ 3 = 1_s ⊕ 3_a ⊕ 5_s. Since

U_5 =

1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0

, (C.4)

it is clear to see that only two solutions exist which leave U_5 invariant (i.e. satisfy U_5⟨(λλ)_{5s} ⟩ = ⟨(λλ)_{5s} ⟩): { a_1 = 0 and a_2 = −a_3 a_2 = a_3 and a_1 arbitrary (C.5)

From these two solutions, the latter may be interpreted as resulting from general invariance of a VEV acted upon by U_5 and the former existing because the 5_s was constructed from two 3- dimensional irreducible representations. In either case, the assumed VEV of ⟨λ⟩ = (0, 0, a_3)^T breaks U_3 and the corresponding ⟨(λλ)_{5s} ⟩ breaks U_5 providing a correction to the problematic vanishing reactor mixing angle. Next, we turn to the invariance of ⟨(λλ)_{5s} ⟩ under the S generator.

Since

S_3 = 1 √ 5 1 − √ 2 − √ 2 − √ 2 −ϕ_g^1_{ϕg} − √ 2^1_{ϕg} −ϕ_g

, (C.6) it is straightforward to see a ⟨λ⟩ ∝ (− √ 2ϕ_g, 1, 1)^T is left unchanged by the action of S_3 (c.f. Table 5). This, in turn, implies the conditions for the invariance of a triplet VEV under the 3- dimensional S generator:

a_1 = − √ 2ϕ_ga_3 and a_2 = a_3. (C.7)

Then, acting

S_5 = 1 5

−1 √ 6 √ 6 √ 6 √ 6 √ 6^1_{ϕ2g} −2ϕ_g^2_{ϕg} ϕ^2_g √ 6 −2ϕ_g ϕ^2_g^1_{ϕ2g}^2_{ϕg} √ 6^2_{ϕg}^1_{ϕ2g} ϕ^2_g −2ϕ_g √ 6 ϕ^2_g^2_{ϕg} −2ϕ_g^1_{ϕ2g}

(C.8)

on ⟨(λλ)_5⟩ implies S_5 is preserved by the ⟨(λλ)_5⟩ VEVs constructed from

⟨λ⟩ ∝ −ϕ_g √ 2 1 1 , √ 2(ϕ_g − 1) 1 1 , ϕ_g √ 2 (2ϕ_g + 1) −1 , a_3+1 √ 2ϕ_g 1 a_3

. (C.9)

Notice that the first two solutions preserve S_3 and S_3′ , respectively. The final two alignments preserve S_5 (when it acts on their corresponding ⟨(λλ)_5⟩ contraction). From these S-preserving alignments it is easy to see ⟨λ⟩ = (0, 0, a_3)^T will also break the S generator. Furthermore, it is interesting to see that, as noted in Ref. [20], it is impossible to preserve both S_3 and U_3 simultaneously by any VEV given to a flavon field transforming under the 3-dimensional irreducible representation. However, this is exactly what is needed to correct the problematic predictions of LO golden ratio mixing given in Eq. (14).

References

[1] J. Beringer et al. [Particle Data Group Collaboration], Phys. Rev. D 86 (2012) 010001.

[2] K. Abe et al. [T2K Collaboration], Phys. Rev. Lett. 107 (2011) 041801 [arXiv:1106.2822].

[3] P. Adamson et al. [MINOS Collaboration], Phys. Rev. Lett. 107 (2011) 181802 [arXiv:1108.0015].

[4] Y. Abe et al. [DOUBLE-CHOOZ Collaboration], Phys. Rev. Lett. 108 (2012) 131801 [arXiv:1112.6353].

[5] F. P. An et al. [DAYA-BAY Collaboration], Phys. Rev. Lett. 108 (2012) 171803 [arXiv:1203.1669]; Y. Wang, talk at What is ν? INVISIBLES12 and Alexei Smirnov Fest (Galileo Galilei Institute for Theoretical Physics, Italy, 2012); available at http://indico.cern.ch/conferenceTimeTable.py?confId=195985.

[6] J. K. Ahn et al. [RENO Collaboration], Phys. Rev. Lett. 108 (2012) 191802 [arXiv:1204.0626].

[7] M. Ishitsuka, talk at Neutrino 2012 (Kyoto TERRSA, Japan, 2012); available at http://kds.kek.jp/conferenceTimeTable.py?confId=9151.

[8] P. F. Harrison, D. H. Perkins and W. G. Scott, Phys. Lett. B 530 (2002) 167 [hep-ph/0202074]; P. F. Harrison and W. G. Scott, Phys. Lett. B 535 (2002) 163 [hep-ph/0203209]; Z. -z. Xing, Phys. Lett. B 533 (2002) 85 [hep-ph/0204049].

[9] S. F. King, Phys. Lett. B 659 (2008) 244 [arXiv:0710.0530]; S. Pakvasa, W. Rodejohann and T. J. Weiler, Phys. Rev. Lett. 100 (2008) 111801 [arXiv:0711.0052].

[10] G. L. Fogli, E. Lisi, A. Marrone, D. Montanino, A. Palazzo and A. M. Rotunno, Phys. Rev. D 86 (2012) 013012 [arXiv:1205.5254 [hep-ph]].

[11] D. V. Forero, M. Tortola and J. W. F. Valle, arXiv:1205.4018 [hep-ph].

[12] M. C. Gonzalez-Garcia, M. Maltoni, J. Salvado and T. Schwetz, arXiv:1209.3023 [hep-ph].

[13] A. Datta, F. -S. Ling and P. Ramond, Nucl. Phys. B 671 (2003) 383 [hep-ph/0306002].

[14] Y. Kajiyama, M. Raidal and A. Strumia, Phys. Rev. D 76 (2007) 117301 [arXiv:0705.4559 [hep-ph]];

[15] L. L. Everett and A. J. Stuart, Phys. Rev. D 79 (2009) 085005 [arXiv:0812.1057 [hep-ph]];

[16] C. J. Cummins and J. Patera, J. Math. Phys. 29 (1988) 1736; C. Luhn, S. Nasri and P. Ramond, J. Math. Phys. 48 (2007) 123519 [arXiv:0709.1447 [hep-th]]; C. Luhn and P. Ramond, J. Math. Phys. 49 (2008) 053525 [arXiv:0803.0526 [hep-th]].

[17] A. Adulpravitchai, A. Blum and W. Rodejohann, New J. Phys. 11 (2009) 063026 [arXiv:0903.0531 [hep-ph]].

[18] L. L. Everett and A. J. Stuart, Phys. Lett. B 698 (2011) 131 [arXiv:1011.4928 [hep-ph]].

[19] F. Feruglio and A. Paris, JHEP 1103 (2011) 101 [arXiv:1101.0393 [hep-ph]].

[20] G. -J. Ding, L. L. Everett and A. J. Stuart, Nucl. Phys. B 857 (2012) 219 [arXiv:1110.1688 [hep-ph]].

[21] C. -S. Chen, T. W. Kephart and T. -C. Yuan, JHEP 1104 (2011) 015 [arXiv:1011.3199 [hep-ph]].

[22] C. -S. Chen, T. W. Kephart and T. -C. Yuan, arXiv:1110.6233 [hep-ph].

[23] K. Hashimoto and H. Okada, arXiv:1110.3640 [hep-ph].

[24] S. F. King and C. Luhn, JHEP 1109 (2011) 042 [arXiv:1107.5332 [hep-ph]].

[25] P. Minkowski, Phys. Lett. B 67 (1977) 421. P. Ramond, hep-ph/9809459; M. Gell- Mann, P. Ramond, and R. Slansky, Complex spinors and unified theories, in Supergravity (P. van Nieuwenhuizen and D. Z. Freedman, eds.), North Holland, Amsterdam, 1979, p. 315; T. Yanagida, in Proceedings of the Workshop on the Unified Theory and the Baryon Number in the Universe (O. Sawada and A. Sugamoto, eds.), KEK, Tsukuba, Japan, 1979, p. 95; S.L. Glashow, in Quarks and Leptons, Cargèse, eds. M. Lévy, et al., (Plenum, 1980, New York), p. 707; R. N. Mohapatra and G. Senjanovic, Phys. Rev. Lett. 44 (1980) 912.

[26] S. Antusch, S. F. King and M. Malinsky, Phys. Lett. B 671 (2009) 263 [arXiv:0711.4727 [hep-ph]]; S. Antusch, S. F. King and M. Malinsky, JHEP 0805 (2008) 066 [arXiv:0712.3759 [hep-ph]]. S. Boudjemaa and S. F. King, Phys. Rev. D 79 (2009) 033001 [arXiv:0808.2782 [hep-ph]]. S. Antusch, S. F. King and M. Malinsky, Nucl. Phys. B 820 (2009) 32 [arXiv:0810.3863 [hep-ph]].

[27] M. -C. Chen and S. F. King, JHEP 0906 (2009) 072 [arXiv:0903.0125 [hep-ph]].

[28] F. Bazzocchi, L. Merlo and S. Morisi, Phys. Rev. D 80 (2009) 053003 [arXiv:0902.2849 [hep-ph]]; J. Barry and W. Rodejohann, Phys. Rev. D 81 (2010) 093002 [Erratum-ibid. D 81 (2010) 119901] [arXiv:1003.2385 [hep-ph]]; G. -J. Ding, Nucl. Phys. B 846 (2011) 394 [arXiv:1006.4800 [hep-ph]].

[29] L. Dorame, D. Meloni, S. Morisi, E. Peinado and J. W. F. Valle, Nucl. Phys. B 861 (2012) 259 [arXiv:1111.5614 [hep-ph]].

[30] M. Auger et al. [EXO Collaboration], Phys. Rev. Lett. 109 (2012) 032505 [arXiv:1205.5608 [hep-ex]].

[31] M. Lindner, A. Merle and W. Rodejohann, Phys. Rev. D 73 (2006) 053005 [hep-ph/0512143]; A. Merle and W. Rodejohann, Phys. Rev. D 73 (2006) 073012 [hep-ph/0603111]; W. Maneschg, A. Merle and W. Rodejohann, Europhys. Lett. 85 (2009) 51002 [arXiv:0812.0479 [hep-ph]].