arXiv:1212.2155v1 [gr-qc] 24 Nov 2012

Cosmology of F(T) gravity and k-essence

Ratbay Myrzakulov^∗ Eurasian International Center for Theoretical Physics and Department of General & Theoretical Physics, Eurasian National University, Astana 010008, Kazakhstan

Abstract

This a brief review on F (T ) gravity and its relation with k-essence. Modified teleparallel gravity theory with the torsion scalar has recently gained a lot of attention as a possible explanation of dark energy. We perform a thorough reconstruction analysis on the so-called F (T ) models, where F (T ) is some general function of the torsion term, and deduce the required conditions for the equivalence between of F (T ) models with pure kinetic k-essence models. We present a new class of models of F (T )-gravity and k-essence.

Contents

1 Introduction 2

2 General aspects of F (T ) gravity 3

3 The FRW space-time 4

4 Specific models of F (T ) gravity in FRW universe 5 4.1 Example 1: The M_{13} - model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 4.2 Example 2: The M_{21} - model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 4.3 Example 3: The M_{22} - model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 4.4 Example 4: The M_{25} - model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

5 Noether symmetry in F (T ) gravity 7

6 The torsion-scalar model 9 6.1 Example 1: a = δ sinh^m[μt] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 6.2 Example 2: a = a_0e^{βtm} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 6.3 Example 3: a = a_0t^n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

7 The k-essence 11

8 Models of k-essence for FRW universe 11 8.1 Example 1: The M_{12} - model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 8.2 Example 2: The M_1 - model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 8.3 Example 3: The M_{24} - model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

∗Email: rmyrzakulov@gmail.com; rmyrzakulov@csufresno.edu

9 The relation between F (T )-gravity and k-essence in the FRW universe 13 9.1 General case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 9.1.1 Version-I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 9.1.2 Version-II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 9.2 Specific case case: ϕ = ϕ_0 + ln a^{±√12} . . . . . . . . . . . . . . . . . . . . . . . . . . 14

10 F (R, T ) gravity 15 10.1 The M_{37} - model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 10.2 The M_{43} - model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

11 Conclusion 19

1 Introduction

Recent astrophysical data imply that the current expansion of the universe is accelerating [1]. There exist different candidates for this acceleration phase. The simplest one is the introduction of the Cosmological Constant Λ in the framework of General Relativity (ΛCDM model), namely an exotic form of energy (the dark energy) whose Equation of State (EoS) parameter w is equal to minus one and dynamically remains near this value, but in principle quintessence/phantom-fluid description is not excluded. Despite the fact that the ΛCDM is a good candidate to describe our universe, the finite but very small value of the Λ causes some well-known problems, like the difference between the order of Λ predicted by quantum field theory which is so called by fine-tuning, another problem is the time where such acceleration happen which is the coincidence problem. Further, the origin of dark energy is an unsolved question. Also, the existence of an early accelerated epoch, namely the inflation, introduces a new problem to the standard cosmology, and various proposals to construct acceptable inflationary model which exist like the scalar, spinor SU(2), (non-)abelian vector theory (SU(2)) U(1) and so on.

Another alternative approach to the dark energy puzzle is the modified gravity theories. A typical modified gravity is a generalization of Einstein’s gravity, where some combination of curvature invariants is added into the classical Hilbert-Einstein action of General Relativity. This modification may lead to an accelerated era without invoking the dark energy. The simplest theory of modified gravity is the F (R) one, where the modification is given by a function of the Ricci scalar only. Another popular modification is given by the string-inspired Gauss-Bonnet modified theories, where a modification via the topological invariant four dimensional Gauss Bonnet G appears (see the recent reviews [2]-[13]). Also it can be represented by the f(R, T ) models where T is the trace of the energy-momentum tensor [14]-[16]. The field equations of these theories are much more complicated with respect to the case of General Relativity, since they are 4th order differential equations and it is so difficult to obtain the exact solutions.

Recently a new type of gravity model, the F (T )-gravity, has been proposed. Its field equations are 2nd order [17]-[18]. These models are based on the ”teleparallel” equivalent of General Relativity (TEGR) [19]-[25], which, instead of using the curvature defined via the Levi-Civita connection, uses the Weitzenböck connection that has no curvature but only torsion (see Refs. [24]-[25] for applications to inflation). The fact that the field equations of F (T ) gravity are 2nd order makes these theories simpler than the ones where modification is via curvature invariants and it is of extreme interest a deeper investigation on this kind of models (see Refs. [26]-[40] for recent developments).

In this paper we give a brief review on F (T ) gravity and its relation with k-essence. We study some F (T ) -models and models of k-essence. In the following sections 2 and 3 we present some basic facts on F (T ) gravity. In the section 4, we study some models of F (T ) gravity for the FRW spacetime. Noether symmetry in F (T ) gravity was considered in the section 5. In Sec. 5, we consider the torsion-scalar model. We investigate k-essence and its models in Sec. 7 and in Sec. 8. Sec. 9 is devoted to the study of the relation between F (T ) gravity and k-essence and in Sec. 10 we present some generalizations of F (T ) gravity. In the last section we give conclusions and general remarks.

2 General aspects of F (T ) gravity

The action of F (T ) - gravity reads [17, 18, 26] S = ∫ eLd^4x, (1) where L = 1 2κ^2

F (T ) + L_m. (2)

Here T is the torsion scalar, e = det (e^i_μ) = √ −g and L_m is the matter Lagrangian. Here e^i_μ are the components of the vierbein vector field e_A in the coordinate basis e_A ≡ e^μ_A∂_μ. Note that in the teleparallel gravity, the dynamical variable is the vierbein field e_A(x^μ). To derive the equations of motion we consider the metric

ds^2 = g_{μν} dx^μdx^ν = η_{ab}θ^aθ^b, (3)

where θ^a = e^a_μdx^μ , dx^μ = e^μ_a θ^a, (4) g_{μν} being the metric of space-time, η_{ab} the Minkowski’s metric, θ^a the tetrads and e^a_μ and their inverses e^μ_a the tetrads basis. We note that the tetrad basis satisfy the relations

e^a_μe^ν_a = δ^ν_μ, e^a_μe^μ_b = δ^a_b . (5)

The root of the metric determinant is given by e = √ −g = det[e^a_μ]. (6) The standard Weitzenbok’s connection reads

Γ^α_{μν} = e^α_i ∂_ν e^i_μ = −e^i_μ∂_ν e^α_i . (7)

As a result, the covariant derivative, denoted by D_μ, satisfies the equation

D_μe^i_ν = ∂_μe^i_ν − Γ^λ_{νμ}e^i_λ = 0. (8)

Then the components of the torsion and the contorsion are given by

T^α_{μν} = Γ^α_{νμ} − Γ^α_{μν} = e^α_i ( ∂_μe^i_ν − ∂_ν e^i_μ ) , (9) K^{μν}_α = − 1 2 (T^{μν}_α − T^{νμ}_α − T^{μν}_α ) . (10)

Now we define another tensor from the components of torsion and the contorsion as

S^{μν}_α = 1 2 ( K^{μν}_α + δ^μ_αT^{βν}_β − δ^ν_αT^{βμ}_β ) . (11)

Finally, we define the torsion scalar as usual

T = T^α_{μν} S^{μν}_α , (12)

Let us derive the equations of motion from the Euler-Lagrange equations. In order to use these equations we first write the quantities ∂L ∂e^a_μ = F (T )ee^μ_a + eF_T (T )4e^α_a T^σ_{να}S^{μν}_σ + ∂L_m ∂e^a_μ , (13) and ∂_α [ ∂L ∂(∂_αe^a_μ) ] = −4F_T (T )∂_α (ee^σ_a S^{μν}_σ ) − 4ee^σ_a S^{μα}_σ ∂_αT F_{T T} (T ) + ∂_α [ ∂L_m ∂(∂_αe^a_μ) ] , (14) where F_T (T ) = dF (T )/dT and F_{T T} (T ) = d^2F (T )/dT^2. Now we use the Euler-Lagrange equation ∂L ∂e^a_μ − ∂_α [ ∂L ∂(∂_αe^a_μ) ] = 0 . (15)

Substituting the expressions (13) and (14) into the later equation we get the equations of motion of the F (T ) gravity (after mulltiplying by e^{−1}e^a_β /4)

S^{μα}_β ∂_αT F_{T T} (T ) + [ e^{−1}e^a_β ∂_α (ee^σ_a S^{μα}_σ ) + T^σ_{νβ}S^{μν}_σ ] F_T (T ) + 1 4 δ^μ_β F (T ) = 4πT^μ_β , (16)

where

T^μ_β = − e^{−1}e^a_β 16π { ∂L_{Matter} ∂e^a_μ − ∂_α [ ∂L_{Matter} ∂(∂_αe^a_μ) ]} (17)

is the gravitational energy momentum tensor. Of course, if we consider the TG case that is F (T ) = T then the gravitional equations reduce to

T − 2e^{−1}∂_σ (eT_ρ^{ρσ} ) = κ^2T^μ_μ , (18)

which shows an equivalence between GR and TG since

− R = T − 2e^{−1}∂_σ (eT_ρ^{ρσ} ). (19)

3 The FRW space-time

We will assume a flat homogeneous and isotropic FRW universe with the metric

ds^2 = −dt^2 + a(t)^2 3∑ i=1 (dx^i)^2, (20)

where t is cosmic time and a(t) is the scale factor. Then the modified Friedmann equations and the continuity equation read (see, e.g. [17], [18], [26])

− 2T F_T + F = 2κ^2ρ_m, (21) −8ḢT F_{T T} + (2T − 4Ḣ)F_T − F = 2κ^2p_m, (22) ρ̇_m + 3H(ρ_m + p_m) = 0. (23)

This set can be rewritten as

− T − 2T f_T + f = 2κ^2ρ_m, (24) −8ḢT f_{T T} + (2T − 4Ḣ)(1 + f_T ) − T − f = 2κ^2p_m, (25) ρ̇_m + 3H(ρ_m + p_m) = 0, (26)

if we consider the following equivalent form of the action S = ∫ d^4xe[ 1 2κ^2

(T + f(T )) + L_m], (27)

where f = F − T. Some properties of F (T ) - gravity were studied in [18]-[36]. The field equations (24)-(26) are equivalent to M̂_1F = 2κ^2ρ_m, (28) M̂_2F = −M̂_3M̂_1F = 2κ^2p_m, (29) M̂_3ρ_m = −p_m, (30) where

M̂_1 = −2T ∂_T + 1, (31) M̂_2 = −8ḢT ∂^2_{T T} + (2T − 4Ḣ)∂_T − 1 = (4Ḣ∂_T − 1)M̂_1 = −( 1 3H ∂_t + 1)M̂_1 = −M̂_3M̂_1, (32) M̂_3 = 1 3H ∂_t + 1. (33) By using these equations we may construct high hierarchy of F (T ) gravity. For the case ρ_m = p_m = 0 such hierarchy is written as M̂^n_1 F_n = 0, (34) where F_1 = F and (for n = 1, 2, 3) − 2T F_{1T} + F_1 = 0, (35) 4T^2F_{2T T} + F_2 = 0, (36) −8T^3F_{3T T T} − 12T^2F_{3T T} − 2T F_{3T} + F_3 = 0, (37) and so on. From the system (2.16)-(2.18) one has that any solution of the equation (2.16) automatically solves the equations (2.17)-(2.18). It means that by solving the equation (2.16), we have also a solution for the equations (2.17) and (2.18). Finally we introduce the effective EoS parameter w_{ef f} = −1 − 3^{−1}H^{−1}[ln (M̂_1F )]_t = −1 − 3^{−1}[ln (M̂_1F )]_N . (38)

4 Specific models of F (T ) gravity in FRW universe

Some explicit models of F (T ) gravity have recently appeared in the literature (see, e.g. [17], [18], [26], [27], [30], [31], [34], [37]). Here, we would like to present some new models of modified teleparallel gravity.

4.1 Example 1: The M_{13} - model

Let us consider the M_{13} - model. Its Lagrangian is

F (T ) = n∑ j=−m ν_j (t)T^j = ν_{−m}(t)T^{−m} + ... + ν_{−1}(t)T^{−1} + ν_0(t) + ν_1(t)T + ... + ν_n(t)T^n. (39)

We consider the particular case where m = n = 1 and ν_j = consts. Thus, F = ν_{−1}T^{−1} + ν_0 + ν_1T, F_T = −ν_{−1}T^{−2} + ν_1, F_{T T} = 2ν_{−1}T^{−3}. (40) By substituting these expressions into (2.9)-(2.10) we obtain 3κ^{−2}H^2 = ρ_{ef f} + ρ_m, (41)

−κ^{−2}(2Ḣ + 3H^2) = p_{ef f} + p_m, (42) where ρ_{ef f} = κ^{−2}[3H^2 − 1.5ν_{−1}T^{−1} + 0.5ν_1T − 0.5ν_0], (43)

p_{ef f} = κ^{−2}[6ν_{−1}ḢT^{−2} + 1.5ν_{−1}T^{−1} − 0.5ν_1T + 0.5ν_0 + 2(ν_1 − 1)Ḣ − 3H^2]. (44) The effective EoS parameter is given by w_{ef f} = p_{ef f} ρ_{ef f} = 6ν_{−1}ḢT^{−2} + 1.5ν_{−1}T^{−1} − 0.5ν_1T + 0.5ν_0 + 2(ν_1 − 1)Ḣ − 3H^2 3H^2 − 1.5ν_{−1}T^{−1} + 0.5ν_1T − 0.5ν_0

. (45)

Let us set ν_1 = 1. Thus,

ρ_{ef f} = κ^{−2}[−1.5ν_{−1}T^{−1} − 0.5ν_0], p_{ef f} = κ^{−2}[6ν_{−1}ḢT^{−2} + 1.5ν_{−1}T^{−1} + 0.5ν_0] (46) and w_{ef f} = p_{ef f} ρ_{ef f} = 6ν_{−1}ḢT^{−2} + 1.5ν_{−1}T^{−1} + 0.5ν_0 −1.5ν_{−1}T^{−1} − 0.5ν_0 = −1 − 6ν_{−1}ḢT^{−2} 1.5ν_{−1}T^{−1} + 0.5ν_0

. (47)

4.2 Example 2: The M_{21} - model

Our next example is the M_{21} - model F = T + αT^δ ln T. (48) Now F_T = 1 + αδT^{δ−1} ln T + αT^{δ−1}, F_{T T} = αδ(δ − 1)T^{δ−2} ln T + α(2δ − 1)T^{δ−2}. (49) As a consequence, Eqs.(2.9)-(2.10) take the form −T − 2αT^δ − α(2δ − 1)T^δ ln T = 2κ^2ρ_m, (50)

α(2δ − 1)(T − 4δḢ)T^{δ−1} ln T + T − 4Ḣ + 2αT^δ − 4αḢ(4δ − 1)T^{δ−1} = 2κ^2p_m. (51) One has ρ_{ef f} = 0.5κ^{−2}[2αT^δ + α(2δ − 1)T^δ ln T ], (52)

p_{ef f} = −0.5κ^{−2}αT^{δ−1}[(2δ − 1)(T − 4δḢ) ln T + 2T − 4(4δ − 1)Ḣ]. (53) The special case δ = 1/2 deserves a separate consideration. In this case the above equations take a simpler form −T − 2αT^{0.5} = 2κ^2ρ_m, T − 4Ḣ + 2αT^{0.5} − 4αḢT^{−0.5} = 2κ^2p_m. (54) For the effective energy density and pressure we get ρ_{ef f} = κ^{−2}αT^{0.5}, p_{ef f} = −κ^{−2}αT^{−0.5}(T − 2Ḣ). (55)

4.3 Example 3: The M_{22} - model

Now we consider the M_{22} - model F = T + f(y), y = tanh[T ]. (56) Thus F_T = 1 + f_y(1 − y^2), F_{T T} = f_{yy}(1 − y^2)^2 − 2y(1 − y^2)f_y (57) so that Eqs.(2.9)-(2.10) take the form −T − 2(1 − y^2)T f_y + f = 2κ^2ρ_m, (58)

T − 4Ḣ − 8(1 − y^2)^2T Ḣf_{yy} + (16yḢT + 2T − 4Ḣ)(1 − y^2)f_y − f = 2κ^2p_m. (59) We have ρ_{ef f} = 0.5κ^{−2}[2(1 − y^2)T f_y − f], (60)

p_{ef f} = 0.5κ^{−2}[8(1 − y^2)^2T Ḣf_{yy} − (16yḢT + 2T − 4Ḣ)(1 − y^2)f_y + f]. (61) The EoS parameter reads w_{ef f} = 8(1 − y^2)^2T Ḣf_{yy} − (16yḢT + 2T − 4Ḣ)(1 − y^2)f_y + f 2(1 − y^2)T f_y − f =

= −1 +

8(1 − y^2)^2T Ḣf_{yy} − (16yḢT − 4Ḣ)(1 − y^2)f_y + f 2(1 − y^2)T f_y − f

. (62)

4.4 Example 4: The M_{25} - model

In this subsection we will consider the M_{25} - model F = n∑ −m ν_j (t)ξ^j , (63)

where ξ = ln T . We take the case m = n = 1 and ν_j = consts, namely

F = ν_{−1}ξ^{−1} + ν_0 + ν_1ξ. (64)

Thus F_ξ = −ν_{−1}ξ^{−2} + ν_1, F_{ξξ} = 2ν_{−1}ξ^{−3} (65) and F_T = (−ν_{−1}ξ^{−2} + ν_1)e^{−ξ}, F_{T T} = (2ν_{−1}ξ^{−3} + ν_{−1}ξ^{−2} − ν_1)e^{−2ξ}. (66) In this case, Eqs.(2.9)-(2.10) lead to

2ν_{−1}ξ^{−2} + ν_{−1}ξ^{−1} + ν_0 − 2ν_1 + ν_1ξ = 2κ^2ρ_m, (67)

− 4Ḣ(4ν_{−1}ξ^{−3} + ν_{−1}ξ^{−2} − ν_1)e^{−ξ} − 2ν_{−1}ξ^{−2} − ν_{−1}ξ^{−1} + 2ν_1 − ν_0 − ν_1ξ = 2κ^2p_m. (68)

5 Noether symmetry in F (T ) gravity

In this section we want to present a brief review on Noether symmetry in F (T ) gravity following to the paper [48]. Generally speaking, Noether symmetry is a power method to select models motivated at a fundamental level. It also allows to construct the exact solution of the model. We start from the point-like Lagrangian of F (T ) gravity:

L(a, ȧ, T, Ṫ ) = a^3 (f − f_T T ) − 6f_T aȧ^2 − ρ_{m0}. (69)

We now use the Euler-Lagrange equation: d dt ( ∂L ∂q̇_i ) − ∂L ∂q_i = 0 , (70)

where q_i are the generalized coordinates of the phase space and q_i = a and T . Then we have a^3f_{T T} ( T + 6 ȧ^2 a^2 ) = 0 , (71)

f − f_T T + 2f_T H^2 + 4 ( f_T ä a + Hf_{T T} Ṫ ) = 0 . (72)

Hence as f_{T T} ≠ 0 we obtain T = −6 ȧ^2 a^2

= −6H^2 (73)

that is the Euler constraint of the dynamics. Next using ä/a = H^2 + Ḣ, we obtain

48H^2f_{T T} Ḣ − 4f_T ( 3H^2 + Ḣ ) − f = 0 , (74)

i.e., the modified second Friedmann equation. Now let us consider the Hamiltonian corresponding to Lagrangian L [48]: H = ∑ i ∂L ∂q̇_i q̇_i − L (75)

so that H(a, ȧ, T, Ṫ ) = a^3 ( −6f_T ȧ^2 a^2

− f + f_T T + ρ_{m0} a^3 ) . (76)

Assuming that the total energy H = 0 (Hamiltonian constraint) and from Eq. (73), we get

12H^2f_T + f = ρ_{m0} a^3

(77)

that is nothing but the first Friedmann equation.

Now we want to present the Noether symmetry for F (T ) gravity in the FRW metric case. To do it, we introduce the generator of Noether symmetry as [48]

X = α ∂ ∂a + β ∂ ∂T + α̇ ∂ ∂ȧ + β̇ ∂ ∂Ṫ , (78)

where α = α(a, T ) and β = β(a, T ). As is well known, Noether symmetry exists if the equation

L_XL = XL = α ∂L ∂a + β ∂L ∂T + α̇ ∂L ∂ȧ + β̇ ∂L ∂Ṫ = 0 (79)

has solution. Here L_XL is the Lie derivative of the Lagrangian L with respect to the vector X. The corresponding Noether charge reads as [48]

Q_0 = ∑ i α_i ∂L ∂q̇_i = α ∂L ∂ȧ + β ∂L ∂Ṫ = const. (80)

From Eq. (79) and using the relations α̇ = (∂α/∂a) ȧ + (∂α/∂T ) Ṫ, β̇ = (∂β/∂a) ȧ + (∂β/∂T ) Ṫ , we come to the equation [48]

3αa^2 (f − f_T T ) − βa^3f_{T T} T − 6ȧ^2 ( αf_T + βaf_{T T} + 2af_T ∂α ∂a ) − 12aȧṪ ∂α ∂T = 0 . (81)

Now we impose that the coefficients of ȧ^2, Ṫ^2 and ȧṪ in Eq. (81) to be zero. Then we get [48] a ∂α ∂T = 0 , (82) αf_T + βaf_{T T} + 2af_T ∂α ∂a = 0 , (83)

3αa^2 (f − f_T T ) − βa^3f_{T T} T = 0 . (84)

As is known, the constraint (84) is sometimes called Noether condition. The corresponding Noether charge looks like [48] Q_0 = −12αf_T aȧ = const. (85) From Eq. (82) it follows that α = α(a). On the other hand, Eq. (84) gives us

βaf_{T T} T = 3α (f − f_T T ) . (86)

Hence we have f_T T ( 2a dα da − 2α ) + 3αf = 0, (87)

which we recast as 1 − a α dα da = 3f 2f_T T . (88)

The last equations we split into two equations write as [48]

nf − f_T T = 0, (89) 1 − a α dα da − 3 2n = 0. (90)

These equations have the solutions [48]

f(T ) = μT^n , (91) α(a) = α_0 a^{1−3/(2n)} , (92) where μ and α_0 are real constants. So from Eq. (86), we get β(a, T ) = − 3α_0 n a^{−3/(2n)} T . (93) Finally we can conclude that the explicit non-zero solutions of f(T ), α and β exists that means Noether symmetry exists. Note that Noether symmetry allows us to construct the exact solution of a(t) for the given f(T ) model. For example, from Eq. (85) follows [48] a^{c1} ȧ = c_2 , (94) where c_1 = 3 2n − 1 , c_2 = [ Q_0 −12α_0μn(−6)^{n−1} ]_{1/(2n−1)} . (95) Its solution reads as a(t) = −(1 + c_1)(c_3 − c_2t)^{1/(1+c1)} = (−1)^{1+2n/3} · 3 2n (c_2t − c_3)^{2n/3} , (96) where c_3 = conts. This solution describes the accelerated expansion of the universe as a(t) ∼ t^{2n/3} , (97) where its prefactor (−1)^{1+2n/3} ·^3_{2n} c^{2n/3}_2 is not important. As is well-known, in order to get the expanding universe, the constraint n > 0 is required [48].

6 The torsion-scalar model

In this section we would like to study the F (T ) gravity in the presence of matter whose lagrangian is L_m = 1 2 ϵϕ̇^2 − V (ϕ), (98) where ϕ is a scalar field and V (ϕ) the potential depending on ϕ. The equations of motion assume the form −2T F_T + F = 2κ^2[ 1 2 ϵϕ̇^2 + V ], (99)

−8ḢT F_{T T} + (2T − 4Ḣ)F_T − F = 2κ^2[ 1 2 ϵϕ̇^2 − V ], (100)

ϕ̈ + 3Hϕ̇ + ϵ ∂V ∂ϕ = 0, (101) where ϵ = 1 for the usual case and ϵ = −1 for the phantom case. From this system we get ϵϕ̇^2 = −8ḢT F_{T T} − 4ḢF_T , V = 4ḢT F_{T T} − 2(T − Ḣ)F_T + F, (102) where dot denotes the derivative with respect to the time. If we compare these equations with (2.14)-(2.16) we have ρ = 1 2 ϵϕ̇^2 + V, p = 1 2 ϵϕ̇^2 − V. (103) For simplicity we restrict ourself to the case F = αT + βT^{0.5}. Thus, ϵϕ̇^2 = −4αḢ, V = −αT + 2αḢ. (104) and w = −1 + 4 Ḣ T . (105) Let us consider some examples.

6.1 Example 1: a = δ sinh^m[μt]

In our first example we consider the following form for the scale factor a = δ sinh^m[μt]. (106) As a consequence H = μm coth[μt], Ḣ = − μ^2m sinh^2[μt]

, ϕ̇^2 = 4αμ^2m ϵ sinh^2[μt]

. (107)

So we obtain

ϕ = ϕ_0 ± 2 √ αμ^2m ϵ log[tanh[ μt 2 ]], V = 6αm^2μ^2 coth^2[μt] − 2αμ^2m sinh^2[μt]

, (108)

and the potential takes the form ( tanh[^{μt}_2 ] = e^± ϕ−ϕ0 2 √_{αμ2 mϵ−1} )

V = 3αm^2μ^2[

1 + e^± ϕ−ϕ0 √_{αμ2 mϵ−1} e^± ϕ−ϕ0 2 √_{αμ2mϵ−1} ] − αμ^2m(1 − e^± ϕ−ϕ0 √_{αμ2mϵ−1} )^2 2e^± ϕ−ϕ0 √_{αμ2mϵ−1} . (109) 6.2 Example 2: a = a_0e^{βtm}

Let us consider the case a = a_0e^{δm+1 tm+1} . Thus, H = δt^m and we have

t = [

(ϕ − ϕ_0)(m + 1) ±4 √ −αmδϵ^{−1} ]^{2m+1} , ϵϕ̇^2 = −4αmδt^{m−1}, (110)

such that

ϕ = ϕ_0 ± 4 √ −αmδϵ^{−1} m + 1 t^{m+12} , V = 6αδ^2t^{2m} + 2αmδt^{m−1}. (111)

We finally get

V = 6αδ^2[

(ϕ − ϕ_0)(m + 1) ±4 √ −αmδϵ^{−1} ]^{4mm+1} + 2αmδ[

(ϕ − ϕ_0)(m + 1) ±4 √ −αmδ ]^{2(m−1)m+1} . (112)

6.3 Example 3: a = a_0t^n

The next example is given by a = a_0t^n , (113) for which H = n t , Ḣ = − n t^2

, ϵϕ̇^2 = 4αn t^2

, ϕ − ϕ_0 = ±2 √ αnϵ^{−1} ln[t], t = e^± ϕ−ϕ0 2 √_{αnϵ−1} (114) and V = 2αn(3n − 1)t^{−2}. (115) The potential assumes the final form V = 2αn(3n − 1)e^∓ ϕ−ϕ0 √_{αnϵ−1} . (116)

7 The k-essence

The action of k-essence reads [41]-[43] S = ∫ d^4x √ −g[ 1 2κ^2

R + K(X, ϕ) + L_m]. (117) The corresponding (closed) set of equations for FRW metric (2.8) is 3κ^{−2}H^2 = 2XK_X − K + ρ_m, (118) − κ^{−2}(2Ḣ + 3H^2) = K + p_m, (119) (K_X + 2XK_{XX} )Ẋ + 6HXK_X − K_ϕ = 0, (120) ρ̇_m + 3H(ρ_m + p_m) = 0, (121) where X = −(1/2)ϕ̇^2. The equation for the scalar field ϕ is given by − (a^3ϕ̇K_X )_t = a^3K_ϕ, (122) which corresponds to the equation (3.4). In the pure kinetic k-essence case we have K_ϕ = 0 and from the last equation one has (see, e.g. [44]) a^3ϕ̇K_X = a^3 √ −2XK_X = √ κ = const. (123) 8 Models of k-essence for FRW universe

In what follows we will present some new models of k-essence. All of they may give rise to cosmic acceleration.

8.1 Example 1: The M_{12} - model

Let us consider the M_{12} - model with the following Lagrangian

K = ν_{−m}(N)N^{−m} + ... + ν_{−1}(N)N^{−1} + ν_0(N) + ν_1(N)N + ... + ν_n(N)N^n, (124) where in general ν_j = ν_j (ϕ) = ν_j (N) and N = ln (aa^{−1}_0 ). We study the case m = 0, n = 2, ν_j = const. The M_{12} - model becomes K = ν_0 + ν_1N + ν_2N^2. (125) To find ν_j and X we look for H in the form H = μ_0 + μ_1N, (126) where μ_j = consts [in general μ_j = μ_j (t)]. This solution corresponds to the scale factor a = a_0e^N . (127) Finally, we obtain the following parametric form of the M_{12} - model (parametric pure kinetic k-essence) K = −(2μ_0μ_1 + 3μ^2_0) − 2μ_1(μ_1 + 3μ_0)N − 3μ^2_1N^2, (128)

X = k^{−1}a^6_0μ^2_1(μ_0 + μ_1N)^2e^{6N} . (129)

8.2 Example 2: The M_1 - model

Our next example is the M_1 - model, whose Lagrangian assumes the form K = ν_{−m}(t)t^{−m} + ... + ν_{−1}(t)t^{−1} + ν_0(t) + ν_1(t)t + ... + ν_n(t)t^n, (130) where in general ν_j = ν_j (ϕ) = ν_j (t). Let us explore this model for the case: m = 0, n = 2 and ν_j = consts. In this case the M_1 - model takes the form K = ν_0 + ν_1t + ν_2t^2. (131) To find ν_j and X we look for the following form of H, H = μ_0 + μ_1t (132) so that a = a_0e^{μ0t+0.5μ1 t2} , (133) where μ_j = consts [in general μ_j = μ_j (t)]. As a consequence, we obtain the following explicit form of the k-essence Lagrangian K = −(2μ_1 + 3μ^2_0) − 6μ_0μ_1t − 3μ^2_1t^2. (134) We also have 2XK_X = 3H^2 + K = −2Ḣ = −2μ_1. (135) For X we get the following expression X = γ^{−1}_2 e^{6μ0t+3μ1 t2} , γ^{−1}_2 = κ^{−1}a^6_0μ^2_1 , (136) from which t = 1 3μ_1

[−3μ_0 ± √ 9μ^2_0 + 3μ_1 ln (γ_2X)]. (137) Finally, we reconstruct the M_{23} - model K = −2μ_1 − 3μ^2_0 − μ_1 ln[γ_2X] = ν_0 + ν_1 ln X. (138) [We recall that in general the M_{23}-model is read as K = ν_{−m}(t)ζ^{−m} + ... + ν_{−1}(t)ζ^{−1} + ν_0(t) + ν_1(t)ζ + ... + ν_n(t)ζ^n, (139) where ζ = ln X.]

8.3 Example 3: The M_{24} - model

Here we present the M_{24} - model K = 2mλσ^2(−2βv + λv^2 + λ)(1 − v^2) (β − λv)^2 − 3[n − mλσ(1 − v^2) β − λv ]^2, (140)

X = γ_3(2βv − λv^2 − λ)^2(1 − v^2)^2(β − λv)^{6m−4}, (141) where γ_3 = κ^{−1}α^6m^2λ^2σ^6, v = tanh[σt] and λ, σ, α, β, n, m are some constants. Solving the equation (3.3) we obtain H = n − mλσ(1 − v^2) β − λv (142) from which we derive the scale factor as a = α[β − λv]^me^{nt}. (143) Note that Ḣ = mλσ^2(2βv − λv^2 − λ)(1 − v^2) (β − λv)^2 . (144)

9 The relation between F (T )-gravity and k-essence in the FRW universe

In this section, we want to analyze the relation between modified teleparallel gravity and pure kinetic k-essence. In Appendix C, we will consider this relation in the context of general modified gravity theories.

9.1 General case

9.1.1 Version-I Let us consider the following transformation K = 8ḢT f_{T T} − 2(T − 2Ḣ)f_T + f, (145) X = κ^{−1}k^{−4}a^6[Ḣ + 0.5k^2(ρ_m + p_m)]^2, (146) where T = −6H^2. Thus Eqs.(2.12)-(2.14) take the form 0 = −3κ^{−2}H^2 + 2XK_X − K + ρ_m, (147) 0 = κ^{−2}(2Ḣ + 3H^2) + K + p_m, (148) (K_X + 2XK_{XX} )Ẋ + 6HXK_X = 0, (149) ρ̇_m + 3H(ρ_m + p_m) = 0. (150) These are the equations of motion of pure kinetic k-essence. This result shows that the field equations of modified teleparallel gravity and pure kinetic k-essence are equivalent to each other. This equivalence permits to construct a new class of pure kinetic k-essence models starting from some models of modified teleparallel gravity. Let us see it for the following modified teleparallel gravity model: f(T ) = αT^n [17]-[18]. In this case, we have f_T = αnT^{n−1}, f_{T T} = αn(n − 1)T^{n−2}. (151) Substituting these expressions into the equations (4.1)-(4.2) we get K = 8αn(n − 1)ḢT^{n−1} − 2αn(T − 2Ḣ)T^{n−1} + αT^n, (152) X = κ^{−1}k^{−4}a^6[Ḣ + 0.5k^2(ρ_m + p_m)]^2. (153) Let us consider some specific case.

i) If the scale factor behaves as a = a_0e^{g(t)} so that H = ġ, Ḣ = g̈, K and X take the form K = 8αn(n − 1)g̈(−6)^{n−1}ġ^{2(n−1)} − 2αn(−6ġ^2 − 2g̈)(−6)^{n−1}ġ^{2(n−1)} + α(−6)^nġ^{2n}, (154) X = κ^{−1}k^{−4}a^6g̈^2. (155) If we now consider the simplest case g = t (it means, ġ = 1, g̈ = 0), we get K = −2αn(−6)^n + α(−6)^n = (1 − 2n)α(−6)^n, (156) X = 0. (157) ii) A non-trivial model may be obtained from a = a_0t^m. In this case H = mt^{−1}, Ḣ = −mt^{−2}, T =^{−6m2}_{t2} and K and X take the form K = 8αn(n − 1)Ḣ( −6m^2 t^2 )^{n−1} − 2αn( −6m^2 t^2

− 2Ḣ)( −6m^2 t^2

)^{n−1} + α( −6m^2 t^2

)^n, (158)

X = κ^{−1}k^{−4}a^6_0m^2t^{6m−4} (159) or K = 2αm(−6m^2)^{n−1}[−4n(n − 1) + 2n(1 − 3m) + 3m]t^{−2n}, (160) X = κ^{−1}k^{−4}a^6_0m^2t^{6m−4} = γ^{−1}_5 t^{6m−4}. (161) Since t = (γ_5X)^{16m−4} we finally get the following pure kinetic k-essence model K = 2αm(−6m^2)^{n−1}[−4n(n − 1) + 2n(1 − 3m) + 3m](γ_5X)^{n2−3m} . (162)

9.1.2 Version-II Let us rewrite Eqs.(2.12)-(2.14) as 3k^{−2}H^2 = ρ_{ef f} + ρ_m, (163) − κ^{−2}(2Ḣ + 3H^2 = p_{ef f} + p_m, (164) ρ̇_m + 3H(ρ_m + p_m) = 0, (165) where ρ_{ef f} = 2T f_T − f, p_{ef f} = 8ḢT f_{T T} − 2(T − 2Ḣ)f_T + f. (166) We introduce the following two functions K and X, K = 8ḢT f_{T T} − 2(T − 2Ḣ)f_T + f, X = 4Ḣ^2(2T f_{T T} + f_T )^2 κa^{−6} . (167) These functions belongs to the system of the equations (4.3)-(4.6).

9.2 Specific case case: ϕ = ϕ_0 + ln a^{±√12}

One specific interesting case is given by ϕ = ϕ_0 + ln a^{±√12}. (168) It deserves separate investigation. In fact for this case ϕ̇ = ± √ 12H so that X = −0.5ϕ̇^2 = −6H^2 = T . The corresponding continuity equation is ϕ̈(f_T − ϕ̇^2f_{T T} ) + 3Hϕ̇f_T = 0 (169) or, in terms of T , (f_T + 2T f_{T T} )Ṫ + 6HT f_T = 0, (170) where ρ^′ = 2T f_T − f, p^′ = f and ρ̇^′ + 3H(ρ^′ + p^′) = 0. Let us split the equation (2.13) into two separate equations, 4ḢT f_{T T} − (T − 2Ḣ)f_T = 0 (171) and −4Ḣ + T − f = 2κ^2p_m. (172) Eq.(4.27) is automatically satisfied since it is just an another form for the continuity equation (4.26). So we finally obtain the equation system for F (T ) - gravity, which takes the form −T − 2T f_T + f = 2κ^2ρ_m, (173)

−4Ḣ + T − f = 2κ^2p_m, (174)

(f_T + 2T f_{T T} )Ṫ + 6HT f_T = 0, (175)

ρ̇_m + 3H(ρ_m + p_m) = 0. (176) After the identification T = X = −6H^2 and f = 2κ^2K, we recover equations (4.3)-(4.6) . So we can conclude that for the special case (4.24) both F (T ) - gravity and pure kinetic k-essence are equivalent to each other at least at the level of the dynamical equations. Some remarks can be observed from the continuity equation (4.25) [=(4.26)=(4.27)]. Two integrals of motion (I_{jT} = 0) appear:

I_1 = a^{−3}_0 a^3T^{0.5}f_T , I_2 = f − a^3T^{0.5}f_T ∂^{−1}_T (a^{−3}T^{−0.5}). (177)

Their general solution is given by

f = C_2 + iC_1a^2_0∂^{−1}_T (a^{−3}T^{−0.5}), C_j = const. (178)

Finally we would like to present an exact solution for both F (T )-gravity and pure kinetic k-essence. Let us consider the ΛCDM model for which a^{−3} = −^1_{2ρ0} (T + 2Λ) = −^1_{2ρ0} (X + 2Λ) so that

f = f(X) = f(T ) = C_2 − iC_1a^3_0 3ρ_0

(T^{1.5} + 6ΛT^{0.5}) = C_2 − iC_1a^3_0 3ρ_0

(X^{1.5} + 6ΛX^{0.5}), (179)

which is the M_{32} - model. This is the exact solution of the equations of motion of pure kinetic k-essence and F (T ) - gravity simultaneously.

10 F (R, T ) gravity

We have just considered one generalization of F (T ) in the presence of scalar field. In this section we would like to present another possible generalization of F (T ) gravity, namely the so-called F (R, T ) gravity.

10.1 The M_{37} - model

The action of M_{37} - gravity is given by [36]

S_{37} = ∫ d^4x √ −g[F (R, T ) + L_m], (180)

where L_m is the matter Lagrangian, ϵ_i = ±1 (signature) and

R = u + ϵ_1g^{μν} R_{μν} , (181) T = v + ϵ_2S_ρ^{μν} T^ρ_{μν} , (182)

Here u = u(x_i; g_{ij} , ġ_{ij} , g̈_{ij} , ...; f_j ) and v = v(x_i; g_{ij} , ġ_{ij} , g̈_{ij} , ...; g_j ) are some functions to be defined. Now we work in the FRW universe with the metric (2.9). In this case the curvature and torsion scalars can be written as

R = u + 6ϵ_1(Ḣ + 2H^2), (183) T = v + 6ϵ_2H^2, (184) where, u = u(t, a, ȧ, ä, ...a , ...; f_i) and v = v(t, a, ȧ, ä, ...a , ...; g_i) are some real functions, H = (ln a)_t, while f_i and g_i are some unknown functions related with the geometry of the spacetime. By introducing the Lagrangian multipliers we can now rewrite the action (224) as

S_{37} = ∫ dt a^3 { F (R, T ) − λ [ T − v − 6ϵ_2 ȧ^2 a^2 ] − γ [ R − u − 6ϵ_1 ( ä a + ȧ^2 a^2 )] + L_m } , (185)

where λ and γ are Lagrange multipliers. If we take the variations with respect to T and R of this action we get λ = F_T , γ = F_R. (186) Therefore, the action (185) can be rewritten as

S_{37} = ∫ dt a^3 { F (R, T ) − F_T [ T − v − 6ϵ_2 ȧ^2 a^2 ] − F_R [ R − u − 6ϵ_1 ( ä a + ȧ^2 a^2 )] + L_m } . (187)

Then the corresponding point-like Lagrangian reads as L_{37} = a^3[F − (T − v)F_T − (R − u)F_R + L_m] − 6(ϵ_1F_R − ϵ_2F_T )aȧ^2 − 6ϵ_1(F_{RR}Ṙ + F_{RT} Ṫ )a^2ȧ. (188) We finally obtain the following equations of the M_{37} - model [36]: D_2F_{RR} + D_1F_R + JF_{RT} + E_1F_T + KF = −2a^3ρ, U + B_2F_{T T} + B_1F_T + C_2F_{RRT} + C_1F_{RT T} + C_0F_{RT} + MF = 6a^2p, (189) ρ̇ + 3H(ρ + p) = 0.

Here D_2 = −6ϵ_1Ṙa^2ȧ, (190) D_1 = 6ϵ_1a^2ä + a^3u_ȧȧ, (191) J = −6ϵ_1a^2ȧṪ , (192) E_1 = 12ϵ_2aȧ^2 + a^3v_ȧȧ, (193) K = −a^3 (194) and U = A_3F_{RRR} + A_2F_{RR} + A_1F_R, (195) A_3 = −6ϵ_1Ṙ^2a^2, (196) A_2 = −12ϵ_1Ṙaȧ − 6ϵ_1R̈a^2 + a^3Ṙu_ȧ, (197) A_1 = 12ϵ_1ȧ^2 + 6ϵ_1aä + 3a^2ȧu_ȧ + a^3u̇_ȧ − a^3u_a, (198) B_2 = 12ϵ_2Ṫ aȧ + a^3Ṫ v_ȧ, (199) B_1 = 24ϵ_2ȧ^2 + 12ϵ_2aä + 3a^2ȧv_ȧ + a^3v̇_ȧ − a^3v_a, (200) C_2 = −12ϵ_1a^2ṘṪ , (201) C_1 = −6ϵ_1a^2Ṫ^2, (202) C_0 = −12ϵ_1Ṫ aȧ + 12ϵ_2Ṙaȧ − 6ϵ_1a^2T̈ + a^3Ṙv_ȧ + a^3Ṫ u_ȧ, (203) M = −3a^2. (204) The M_{37} - model (224) admits some interesting particular and physically important cases. Let us see some example.

i) F (R) - gravity. If the model is independent of the torsion, namely F = F (R, T ) = F (R), and we assume that u = 0, the action (224) takes the form

S_R = ∫ d^4xe[F (R) + L_m], (205)

where R = ϵ_1g^{μν} R_{μν} , (206) is the curvature scalar. We work with the FRW metric (225). In this case R assumes the form R = 6(Ḣ + 2H^2). (207) We rewrite the action as S_R = ∫ dtL_R, (208) where the Lagrangian is given by L_R = a^3(F − RF_R + L_m) − 6ϵ_1F_Raȧ^2 − 6ϵ_1F_{RR}Ṙa^2ȧ. (209) The corresponding field equations of F (R) gravity read 6ṘHF_{RR} − (R − 6H^2)F_R + F = ρ, (210) −2Ṙ^2F_{RRR} + [−4ṘH − 2R̈]F_{RR} + [−2H^2 − 4a^{−1}ä + R]F_R − F = p, (211) ρ̇ + 3H(ρ + p) = 0. (212) ii) F (T ) - gravity. Now we assume that the function F = F (R, T ) is independent of the curvature scalar R and v = 0. In this case we get the modified teleparallel gravity - F (T ) gravity. Its gravitational action is S_T = ∫ d^4xe[F (T ) + L_m], (213)

where e = det (e^i_μ) = √ −g. The torsion scalar T is defined as

T = ϵ_2S_ρ^{μν} T^ρ_{μν} , (214)

where T^ρ_{μν} ≡ −e^ρ_i ( ∂_μe^i_ν − ∂_ν e^i_μ ) , (215) K^{μν}_ρ ≡ − 1 2 (T^{μν}_ρ − T^{νμ}_ρ − T_ρ^{μν} ) , (216) S_ρ^{μν} ≡ 1 2 ( K^{μν}_ρ + δ^μ_ρ T^{θν}_θ − δ^ν_ρ T^{θμ}_θ ) . (217)

For a spatially flat FRW metric (225), we have that the torsion scalar assumes the form

T = T_s = −6H^2. (218)

The action (213) can be written as S_T = ∫ dtL_T , (219)

where the point-like Lagrangian reads

L_T = a^3 (F − F_T T ) − 6F_T aȧ^2 − a^3L_m. (220)

The equations of F(T) gravity look like

12H^2F_T + F = ρ, (221) 48H^2F_{T T} Ḣ − F_T ( 12H^2 + 4Ḣ ) − F = p, (222) ρ̇ + 3H(ρ + p) = 0. (223)

10.2 The M_{43} - model

In this subsection we consider the M_{43} - model which is one of the representatives of F (R, T ) gravity. The action of M_{43} - model reads as

S_{43} = ∫ d^4x √ −g[F (R, T ) + L_m], R = R_s = ϵ_1g^{μν} R_{μν} , (224) T = T_s = ϵ_2S_ρ^{μν} T^ρ_{μν} ,

where L_m is the matter Lagrangian, ϵ_i = ±1 (signature), R is the curvature scalar, T is the torsion scalar. Let us consider the spacetime where the curvature and torsion are written by using the connection G^λ_{μν} as a sum of the curvature and torsion, namely

G^λ_{μν} = e_i^λ∂_μe^i_ν + e_j^λe^i_ν ω^j_{iμ} = Γ^λ_{μν} + K^λ_{μν} . (225)

Here Γ^j_{iμ} is the Levi-Civita connection and K^j_{iμ} is the contorsion. The quantities Γ^j_{iμ} and K^j_{iμ} are defined as Γ^l_{jk} = 1 2 g^{lr}{∂_kg_{rj} + ∂_j g_{rk} − ∂_rg_{jk}}, (226) and K^λ_{μν} = − 1 2 ( T^λ_{μν} + T_{μν}^λ + T_{νμ}^λ ) , (227) respectively. Here the components of the torsion tensor are given by T^λ_{μν} = e_i^λT^i_{μν} = Γ^λ_{μν} − Γ^λ_{νμ}, (228) T^i_{μν} = ∂_μe^i_ν − ∂_ν e^i_μ + Γ^i_{jμ}e^j_ν − Γ^i_{jν} e^j_μ. (229) The curvature R^ρ_{σμν} is defined as R^ρ_{σμν} = e_i^ρe^j_σR^i_{jμν} = ∂_μG^ρ_{σν} − ∂_ν G^ρ_{σμ} + G^ρ_{λμ}G^λ_{σν} − G^ρ_{λν} G^λ_{σμ} = R̄^ρ_{σμν} + ∂_μK^ρ_{σν} − ∂_ν K^ρ_{σμ} + K^ρ_{λμ}K^λ_{σν} − K^ρ_{λν} K^λ_{σμ} +Γ^ρ_{λμ}K^λ_{σν} − Γ^ρ_{λν} K^λ_{σμ} + Γ^λ_{σν} K^ρ_{λμ} − Γ^λ_{σμ}K^ρ_{λν} , (230) where the Riemann curvature is defined in the standard way R̄^ρ_{σμν} = ∂_μΓ^ρ_{σν} − ∂_ν Γ^ρ_{σμ} + Γ^ρ_{λμ}Γ^λ_{σν} − Γ^ρ_{λν} Γ^λ_{σμ}. (231)

Now we introduce the curvature and torsion scalars, R = g^{ij} R_{ij} , (232) T = S^{μν}_ρ T^ρ_{μν} , (233) where S^{μν}_ρ = 1 2 ( K^{μν}_ρ + δ^μ_ρ T^{θν}_θ − δ^ν_ρ T^{θμ}_θ ) . (234) Now the M_{43} - model is written in the form of (224).

Now we want to present the M_{43} - model for the spatially flat FRW spacetime. In this case the metric assumes the form ds^2 = −dt^2 + a^2(t)(dx^2 + dy^2 + dz^2), (235) where a(t) is the scale factor. In this case, the non-vanishing components of the Levi-Civita connection are Γ^0_0 = Γ^0_i = Γ^0_{i0} = Γ^i_{00} = Γ^i_{jk} = 0, Γ^0_{ij} = a^2Hδ_{ij} , (236) Γ^i_{jo} = Γ^i_{0j} = Hδ^i_j , where H = (ln a)_t and i, j, k, ... = 1, 2, 3. Let us calculate the components of torsion tensor. The non-vanishing components are given by: T_{110} = T_{220} = T_{330} = a^2h, T_{123} = T_{231} = T_{312} = 2a^3f, (237) where h and f are some real functions. Note that the indices of the torsion tensor are raised and lowered with the metric, namely T_{ijk} = g_{kl}T_{ij}^l. (238) Now we can find the contortion components. We get K^1_{10} = K^2_{20} = K^3_{30} = 0, K^1_{01} = K^2_{02} = K^3_{03} = h, K^0_{11} = K^0_{22} = K^0_{22} = a^2h, (239) K^1_{23} = K^2_{31} = K^3_{12} = −af, K^1_{32} = K^2_{13} = K^3_{21} = af.

The non-vanishing components of the curvature R^ρ_{σμν} are given by

R^0_{101} = R^0_{202} = R^0_{303} = a^2(Ḣ + H^2 + Hh + ḣ), R^0_{123} = −R^0_{213} = R^0_{312} = 2a^3f(H + h), R^1_{203} = −R^1_{302} = R^2_{301} = −a(Hf + ḟ), R^1_{212} = R^1_{313} = R^2_{323} = a^2[(H + h)^2 − f^2]. (240)

Similarly, we write the non-vanishing components of the Ricci curvature tensor R_{μν} as

R_{00} = −3Ḣ − 3ḣ − 3H^2 − 3Hh, R_{11} = R_{22} = R_{33} = a^2(Ḣ + ḣ + 3H^2 + 5Hh + 2h^2 − f^2). (241)

The non-vanishing components of the tensor S^{μν}_ρ are

S^{10}_1 = 1 2 ( K^{10}_1 + δ^1 T^{θ0}_θ − δ^0_1 T^{θν}_θ ) = 1 2 (h + 2h) = h, (242)

S^{10}_1 = S^{20}_2 = S_3^30 = 2h, (243)

S^{23}_1 = 1 2 ( K^{23}_1 + δ^2_1 + δ^3_1 ) = − f 2a , (244)

S^{23}_1 = S^{31}_2 = S^{21}_3 = − f 2a (245) and T = T^1_{10}S^{10}_1 + T^2_{20}S^{20}_2 + T^3_{30}S^{30}_3 + T^{23}_1 S^1_{23} + T^2_{31}S^{31}_2 + T^3_{12}S^{12}_3 . (246)

Now we can write the explicit forms of the curvature and torsion scalars. One has

R = 6(Ḣ + 2H^2) + 6ḣ + 18Hh + 6h^2 − 3f^2 (247) T = 6h^2 − a^{−2}f^2. (248)

For FRW metric, the M_{43} - model takes the form

S_{43} = ∫ d^4x √ −g[F (R, T ) + L_m], R = 6(Ḣ + 2H^2) + 6ḣ + 18Hh + 6h^2 − 3f^2, (249) T = 6(h^2 − f^2).

In this way, we have derived the M_{43} - model as one of geometrical realizations of F (R, T ) gravity by starting from the pure geometrical point of view.

11 Conclusion

In this work we have presented a brief review on F (T ) gravity. We have investigated generalized F (T ) modified torsion models, that is, models in which the torsion gravity equations are extended to scalar fields. This study is a continuation of our investigation program of F (T ) gravity [31]. We note that the GR case corresponds not only to the model F (T ) = T , but also to our specific model F (T ) = αT + βT^{1/2}, for which we obtain the same results.

We also considered the recently developed F (T ) gravity, which is a new modified gravity capable of accounting for the present cosmic accelerating expansion. In particular, we presented some new models of F (T ) gravity and k-essence. We analyzed the relation between F (T ) gravity and k-essence. We also studied some new parametric models of pure kinetic k-essence. We also presented a short review on Noether symmetry of F (T ) gravity. Finally we have considered some generalizations of F (T ) gravity.

References

[1] Perlmutter S. et al., Bull. Am. Astron. Soc. 29, 1351 (1997); Astrophys. J. 517, 565 (1999);

Riess A.G. et al. Astron. J. 116, 1009 (1998).

[2] Nojiri S., Odintsov S.D., eConf C0602061, 06 (2006) [Int. J. Geom. Meth. Mod. Phys. 4, 115 (2007)]. [arXiv:hep-th/0601213].

[3] S. Nojiri, S.D. Odintsov. J.Phys.Conf.Ser.66 012005 (2007). [arXiv:hep-th/0611071]

[4] S. Nojiri, S.D. Odintsov. Phys.Rev.D 74 086005 (2006) [arXiv:hep-th/0608008] [5] S. Capozziello, S. Nojiri, S.D. Odintsov, Phys. Lett. B 632 597 (2006) [arXiv:hep-th/0507182] [6] Nojiri S., Odintsov S.D. Unifying phantom inflation with late-time acceleration:

scalar phantom-non-phantom transition model and generalized holographic dark energy, [arXiv:hep-th/0506212] [7] Elizalde E., Nojiri S., Odintsov S.D., Saez-Gomez D., Faraoni V. Reconstructing the universe history, from inflation to acceleration, with phantom and canonical scalar fields, Phys. Rev. D 77, 106005 (2008).

[8] Elizalde E., Myrzakulov R., Obukhov V.V., Saez-Gomez D. Class. Quantum Grav. 27 095007 (2010) [arXiv:1001.3636] [9] Myrzakulov R., Saez-Gomez D., Tureanu A. On the ΛCDM Universe in f(G) gravity.

[arXiv:1009.0902] [10] Sotiriou T.P., Faraoni V. Rev. Mod. Phys. 82 451 (2010) [arXiv:0805.1726] [11] Durrer R., Maartens R. Dark Energy and Modified Gravity . [arXiv:0811.4132] [12] De Felice A., Tsujikawa S. Living Rev. Rel. 13 3 (2010) [arXiv:1002.4928] [13] Copeland E.J., Sami M., Tsujikawa S. Int. J. Mod. Phys. D. 15 1753 (2006) [arXiv:hep-th/0603057] [14] Harko T,Lobo F S N, Nojiri S, Odintsov S D ,Phys Rev D 84 024020(2011). [15] Jamil M, Momeni D, Raza M,Myrzakulov R , Eur Phys J C 72 1999 (2012). [16] Jamil M, Momeni D, Myrzakulov R , Chin. Phys. Lett 29,10,109801(2012). [17] Bengochea G.R., Ferraro R. Phys. Rev. D 79, 124019 (2009) [arXiv:0812.1205] [18] Linder E.V. Phys. Rev. D 81, 127301 (2010) [arXiv:1005.3039] [19] Einstein A. Sitzungsber. Preuss. Akad. Wiss. Phys. Math. Kl., 217 (1928); 401 (1930); A.

Einstein, Math. Ann. 102 (1930) 685.

[20] Weitzenböck R. Invarianten Theorie (Nordhoff, Groningen, 1923) [21] Hayashi K., Shirafuji T. Phys. Rev. D 19, 3524 (1979); Hayashi K., Shirafuji T. Phys. Rev.

D 24, 3312 (1981) [22] Maluf J.W. J. Math. Phys. 35, 335 (1994) [23] Arcos H., Pereira J. Int. J. Mod. Phys. D 13, 2193 (2004) [24] Ferraro R., Fiorini F. Phys. Rev. D 75, 084031 (2007) [25] Ferraro R., Fiorini F. Phys. Rev. D 78, 124019 (2008) [26] Myrzakulov R. Accelerating universe from F (T ) gravities. [arXiv:1006.1120] [27] Yerzhanov K.K., Myrzakul Sh.R., Kulnazarov I.I., Myrzakulov R. Accelerating cosmology in F (T ) gravity with scalar field. [arXiv:1006.3879] [28] Wu P., Yu H. Observational constraints on f(T ) theory. [arXiv:1006.0674] [29] Wu P., Yu H. The dynamical behavior of f(T ) theory. [arXiv:1007.2348] [30] Yang R.-J. New types of f(T ) gravities. [arXiv:1007.3571] [31] Tsyba P.Yu., Kulnazarov I.I., Yerzhanov K.K., Myrzakulov R. Pure kinetic k-essence as the cosmic speed-up and F (T ) - gravity. [arXiv:1008.0779]

[32] Dent J.B., Dutta S., Saridakis E.N. Cosmological perturbations in f(T ) gravity.

[arXiv:1008.1250] [33] Bengochea G.R. Observational information for f(T ) theories and Dark Torsion.

[arXiv:1008.3188] [34] Wu P., Yu H. f(T ) models with phantom divide line crossing. [arXiv:1008.3669] [35] Bamba K., Geng C.-Q., Lee C.-C. [arXiv:1008.4036] [36] Myrzakulov R. F(T) gravity and k-essence. [arXiv:1008.4486]. [37] Jamil M, Momeni D, Myrzakulov R, Eur. Phys. J. C (2012) 72:1959. [38] Jamil M, Momeni D, Myrzakulov R,Eur. Phys. J. C (2012) 72:2075.

[39] Jamil M,Yesmakhanova K, Momeni D, Myrzakulov R,Cent. Eur. J. Phys. DOI:

10.2478/s11534-012-0103-2.

[40] Jamil M, Momeni D, Myrzakulov R,Eur. Phys. J. C (2012) 72:2122.

[41] Armendariz-Picon C., Mukhanov V., Steinhardt P.J. Phys. Rev. Lett. 85 (2000) 4438 [arXiv:astro-ph/0004134].

[42] Armendariz-Picon C., Damour T., Mukhanov V. Phys. Lett. B 458 (1999) 209 [arXiv:hep-th/9904075].

[43] Garriga J., Mukhanov V. F. Phys. Lett. B 458 (1999) 219 [arXiv:hep-th/9904176]. [44] De Putter R., Linder E.V., Astropart. Phys. 28 263 (2007) [arXiv:0705.0400]. [45] Sur S., Das S. JCAP 0901:007 (2009) [arXiv:0806.4368].

[46] Myrzakulov R. Knot Universes in Bianchi Type I Cosmology, [arXiv:1204.1093] [47] Yesmakhanova K.R., Myrzakulov N.A., Yerzhanov K.K., Nugmanova G.N., Serikbayaev N.S., Myrzakulov R. Some Models of Cyclic and Knot Universes, [arXiv:1201.4360] [48] Hao Wei, Xiao-Jiao Guo, Long-Fei Wang. Phys. Lett. B, 707, 298-304 (2012)