arXiv:1212.2577v2 [hep-th] 24 Jun 2013

On the Functional Renormalization Group approach for Yang-Mills fields

Peter M. Lavrov^{a,b} and Ilya L. Shapiro^{b,a}

aTomsk State Pedagogical University, Kievskaya St. 60, 634061 Tomsk, Russia

bDepartamento de Física, ICE, Universidade Federal de Juiz de Fora, Juiz de Fora, CEP: 36036-330, MG, Brazil

Abstract

We explore the gauge dependence of the effective average action within the functional renormalization group (FRG) approach. It is shown that in the framework of standard definitions of FRG for the Yang-Mills theory, the effective average action remains gauge-dependent on-shell, independent on the use of truncation scheme. Furthermore, we propose a new formulation of the FRG, based on the use of composite operators. In this case one can provide on-shell gauge-invariance for the effective average action and universality of S-matrix.

Keywords: Renormalization group, Effective Average Action, Yang-Mills theories, Gauge dependence, BRST symmetry, Slavnov-Taylor identity, Composite fields. PACS: 11.10.Gh, 11.10.Hi, 11.15.-q, 11.15.Bt, 11.15.Tk MSC-AMS: 81T15, 81T13 81T16 81T17

E-mails: lavrov@tspu.edu.ru, shapiro@fisica.ufjf.br

1 Introduction

The recent development of Quantum Field Theory is greatly related to the non-perturbative aspects of quantum theories. The request for such a non-perturbative treatment is related to the triviality problem of scalar field theory, non-perturbative nature of low-energy QCD and also an expectation to achieve a consistent theory of Quantum Gravity. One of the most promising approaches is related to different versions of Wilson renormalization group approach [1]. An important advance towards the use of the non-perturbative renormalization group has been done in the paper [2]. The qualitative idea of this work can be formulated as follows: regardless we do not know how to sum up the perturbative series, in some sense there is a good qualitative understanding of the final output of such a summation for the propagator of the quantum field. An exact propagator is supposed to have a singe pole and also provide some smooth behavior in both UV and IR regions. It is possible to write a cutoff dependent propagator which satisfies these requirements. Then the cut-off dependence of the vertices can be established from the general scale-dependence of the theory which can be established by means of the functional methods. The method proved to be very helpful, in particular, for understanding the perturbative renormalization of the theory.

A compact and elegant formulation of the non-perturbative renormalization group has been proposed in [3, 4] in terms of effective action. The method was called functional renormalization group (we shall use abbreviation FRG) for the effective average action, it is nowadays one of the most popular and developed QFT methods, which can be seen from the review papers on the FRG method [5, 6, 7, 8, 9, 10, 11].

As far as some of important applications of the FRG approach is related to QCD and Quantum Gravity, the special attention has been paid to the study of effective average action in gauge theories [12, 13] (see also [14, 15, 16, 17, 8, 19, 18, 20, 21] and a very clear and complete review [22]). Many aspects of gauge theories in the framework of FRG has been discussed with success, but there is still one important question which remains unsolved. The consistent quantum description of gauge theories has to provide the onshell independence on the choice of the gauge fixing condition. In a consistent formulation, such an independence should hold for the S-matrix elements and, equivalently, for the onshell effective action. There is a good general understanding that this point represents a difficulty for the FRW approach [13, 15, 16, 17, 19, 21, 22], because the construction of FRG starts from the propagator, which is not a gauge invariant object and, in particular, always depends on the choice of gauge fixing condition. However, as far as we could see, the complete analysis of whether this general difficulty leads to problems at the level of S-matrix, was not done. The first purpose of the present work is to fill this gap, so we present a formal consideration of gauge dependence for the case of pure Yang-Mills theory.

The method of analysis employed here is based on a standard (albeit not really simple) use of BRST symmetry [23] which plays a fundamental role in Quantum Gauge Field Theory [24], and local form of Slavnov-Taylor identities [25, 26]. As we shall see in what follows, the regulator functions which emerge in the modified propagators do violate BRST symmetry and this leads, eventually, to the on-shell gauge dependence of the effective average action and, consequently, to the ambiguous S-matrix.

The existing attempts to solve the problem of gauge invariant formulation of FRG can be classified into two different types. The first one is based on reformulating the Yang-Mills theory with the help of a gauge-invariant cut-off-dependent regulator function introduced as a covariant form factor into the action of Yang-Mills fields, so that the regulated action is gauge invariant [27], [28] (see also earlier work [29]). Then the renormalization group equation is formulated. As far as there are no gauge fixing, one is free from the ambiguity related to the choice of the gauge condition. It is supposed that the infinite integral over the gauge group is absorbed into vacuum functional renormalization. It is not clear for us to which extent this approach for implementing covariant cut-off has relation to the effective average action of [12, 13]. An obvious deviation from the “canonical” method is that inserting the covariant form factor into the action of Yang-Mills fields means that the vertices also become cut-off dependent. According to [22], from the viewpoint of applications this, very interesting, approach requires dealing with complicated non-local structures. Also, the divergences which remain after integrating over the gauge group in the non-Abelian theory can depend on the Yang-Mills fields and, therefore, their removal without usual renormalisation procedure may be a difficult task.

The second approach [30, 31] is based on the use of Vilkovisky unique effective action [32] (see also [33] and [34] for further developments). The unique effective action provides gauge independence not only for the S-matrix, but even for the off-shell effective action. The price one has to pay is that this construction has its own ambiguities connected. It would be certainly interesting to have an alternative formulation of the effective average action, which would possess, in part of gauge dependence, the same properties as the conventional effective action in QFT. Namely, it may be gauge dependent off-shell, but should be gauge independent on-shell, such that the S-matrix would be unitary and well-defined.

As far as the source of the problem with gauge non-invariance is the introduction of the cut-off (or, better say, scale-dependent) propagator, it is clear that this is the aspect of the theory which should be reconsidered first. The known theorems about gauge-invariant renormalizability [35, 36] tell us that the exact effective action should be BRST-invariant. As far as the regulator functions which modify the propagator are supposed to mimic the all-loop quantum corrections, they must be taken in the BRST-invariant form. Therefore, the problem is just to find the way to implement this invariance when one takes into account the regulator functions. The proposal which we present here is to use an old idea of [37] about introduction of composite operators in gauge theories. Following this line, we will introduce the regulator functions as composite operators and show that, in this case, the BRST symmetry is maintained at quantum level and, as a consequence, the S-matrix in the theory is gauge invariant and well defined.

The paper is organized as follows. The main features of the Faddeev-Popov method [38] for Yang-Mills fields are described in Section 2. For the pedagogical purposes we also include the demonstration of the gauge invariance of the vacuum functional and the on-shell invariance of effective action. Let us note that the rest of the paper relies on this important section in many respects, including definitions and notations. In Section 3, the FRG approach for Yang-Mills fields [4, 13] is briefly reviewed. In Section 4, the gauge dependence of vacuum functional in the FRG approach is investigated. In Section 5, the gauge dependence of effective average action of the FRG approach is explored. In Section 6 we present the new approach to the quantization of Yang-Mills fields with the regulator functions introduced by means of composite operators. Finally, Section 7 consists of concluding remarks and final discussions.

We use the standard condensed notation of DeWitt [39]. Derivatives with respect to sources and antifields are taken from the left, while those with respect to fields are taken from the right. Left derivatives with respect to fields are labeled by a subscript l. The Grassmann parity of a quantity F is denoted as ε(F ).

2 Yang-Mills theories within the Faddeev-Popov quantization

In this section we shall present some basic facts about Yang-Mills fields within the Faddeev- Popov quantization method [38]. Up to some extent, these considerations are general, but we restrict our attention to the Yang-Mills case only, just to stay within the scope of the present work. Our main purpose is to discuss the gauge independence of vacuum functional and, consequently, the gauge independence of the generating functional of the vertex functions (effective action) on-shell. Despite this material has not been presented earlier in exactly this form, the section has introductory purpose, and is intended to serve as a reference for the consequent consideration of the same issues in the framework of functional renormalization group approach to Yang-Mills theory which will be dealt with in the next sections.

The Yang-Mills fields A^a_μ(x) belong to the adjoint representation of the SU(n) group, such that a = 1, . . . , n^2−1. The initial classical action S_0 has the standard form,

S_0(A) = − 1 4 ∫ d^Dx F^a_{μν} F^{μν a} , with F^a_{μν} = ∂_μA^a_ν − ∂_ν A^a_μ + f^{abc}A^b_μA^c_ν , (2.1) where μ, ν = 0, 1, . . . , D−1 and f^{abc} denote the (totally antisymmetric) structure constants of the Lie algebra SU(n). We assume that Minkowski space has the signature (−, +, ... , +). The action (2.1) is invariant under gauge transformations δA^a_μ = D^{ab}_μ ξ^b with D^{ab}_μ = δ^{ab}∂_μ + f^{acb}A^c_μ (2.2) being generators of these transformations. After the Faddeev-Popov quantization, the field configuration space of Yang-Mills theory

Φ^A = {A^a_μ, C^a, C̄^a, B^a} , with ε(C^a) = ε(C̄)^a = 1 , ε(A^a_μ) = ε(B^a) = 0 (2.3) includes the (scalar) Faddeev-Popov ghost and antighost fields C^a and C̄^a, respectively, as well as the Nakanishi-Lautrup auxiliary fields B^a. Choosing gauge fixing condition χ^a(A, B) = 0 , (2.4) the Faddeev-Popov action, S_{F P} , is constructed in the form S_{F P} (Φ) = S_0(A) + C̄^aM^{ab}(A, B)C^b + χ^a(A, B)B^a , (2.5) with M^{ab}(A, B) = δχ^a(A, B) δA^c_μ D^{cb}_μ . (2.6) The most popular gauge functions χ^a in the Yang-Mills theory are the Landau gauge, χ^a = ∂^μA^a_μ , (2.7) and the R_ξ gauge, defined by χ^a = ∂^μA^a_μ + ξ 2 B^a , (2.8) where ξ is an arbitrary gauge parameter. For these two cases the Faddeev-Popov matrices M^{ab} have the same form M^{ab} = ∂^μD^{ab}_μ . (2.9) The action (2.5) is invariant under the BRST transformation [23]

δ_B A^a_μ = D^{ab}_μ C^bθ , δ_BC̄^a = B^aθ , δ_BB^a = 0 , δ_BC^a =^1_2 f^{abc}C^bC^cθ , (2.10) where θ is a constant Grassmann parameter. This transformation possesses a very important property of nilpotency. Let the BRST transformation be presented in the form δ_B Φ^A = ŝΦ^Aθ , ε(Φ^A) = ε_A , (2.11) then one can verify the nilpotency of BRST transformation

ŝ^2A^a_μ = ŝD^{ab}_μ C^b = 0, ŝ^2C̄^a = ŝB^a = 0, ŝ^2B^a = 0, ŝ^2C^a = ŝ^1_2 f^{abc}C^bC^c = 0. (2.12)

The generating functional of the Green’s functions, which is sufficient to calculate all processes with Yang-Mills fields is given by the Faddeev-Popov formula [38] Z(j) = ∫ DΦ exp { i ℏ [ S_{F P} (Φ) + jA ]} , (2.13)

where j = {j^a_μ(x)} are sources of the fields A = {A^{aμ}(x)}.

Thanks to the gauge invariance of the Yang-Mills action (2.1) and to the BRST invariance of the extended action (2.5), the Green’s functions of the theory obey the relations known as the Slavnov- Taylor identities [25, 26]. These identities can be derived from (2.13) by means of the change of integration variables A^a_μ, in the form of infinitesimal gauge transformations (2.2). The Jacobian of these transformations is equal to unity. Then the basic Slavnov- Taylor identities for Yang-Mills fields can be written in the form j^a_μ⟨D^{μab}⟩_j + ⟨B^a∂^μD^{ab}_μ ⟩_j + f^{acb}⟨C̄^a∂^μD^{cd}_μ C^d⟩_j ≡ 0 , (2.14) where the symbol ⟨G⟩_j means vacuum expectation value of the quantity G in the presence of external sources j^a_μ, ⟨G⟩_j = ∫ DΦ G exp { i ℏ [ S_{F P} (Φ) + jA ]} . The generating functional Z(j) contains information about all Green’s functions of the theory, which can be obtained by taking variational derivatives with respect to the sources. Similarly, the Slavnov-Taylor identities represent an infinite set of relations obtained from (2.14) by taking derivatives with respect to external sources j^a_μ.

The form of the Slavnov-Taylor identities can be greatly simplified by introducing extra sources to the ghost, antighost and auxiliary fields. In this case one has to deal with the extended generating functional of the theory Z(j, η̄, η, σ) = ∫ DΦ exp { i ℏ [ S_{F P} (Φ) + jA + η̄C + ηC̄ + σB ]} . (2.15)

It is clear that the relation to the conventional generating functional (2.13) performs as follows: Z(j) = Z(j, η̄, η, σ) | |_{η=η̄=σ=0} . (2.16)

The generating functional of connected Green’s functions, W (j, η̄, η, σ), is defined by the relation Z(j, η̄, η, σ) = exp { i ℏ W (j, η̄, η, σ) } . (2.17)

Finally, the generating functional of vertex Green’s functions (effective action) is defined through the Legendre transformation of W , Γ(A, C, C̄, B) = W (j, η̄, η, σ) − jA − η̄C − ηC̄ − σB , (2.18) where the source fields j, η̄, η, σ are solutions of the equations A^{aμ}(x) = δW δj^a_μ(x) , C^a(x) = δW δη̄^a(x) , C̄^a(x) = δW δη^a(x) , B^a(x) = δW δσ^a(x) . (2.19)

By means of (2.18) and (2.19) one can easily arrive at the relations δΓ δA^{aμ}(x) = −j^a_μ(x) , δΓ δB^a(x) = −σ^a(x), δΓ δC^a(x) = −η̄^a(x) , δΓ δC̄^a(x) = −η^a(x) . (2.20)

The functional Γ satisfies the following functional integro-differential equation exp { i ℏ Γ(Φ) } = ∫ Dφ exp { i ℏ [ S_{F P} (Φ + φ) − δΓ(Φ) δΦ φ ]} . (2.21)

The last equation is a good starting point to perform the loop expansion, corresponding representation in form of the series in ℏ,

Γ(Φ) = ∞∑ k=0 ℏ^k Γ^{(k)}(Φ) . (2.22)

The solution can be immediately found in the tree approximation,

Γ^{(0)}(Φ) = S_{F P} (Φ) .

The Slavnov-Taylor identities which are consequences of gauge symmetry of initial action can be rewritten with the help of BRST symmetry of the Faddeev-Popov action. For this end we make use of the change of variables in the functional integral (2.15) of the form (2.10). Because of the antisymmetry property of structure coefficients f^{abc} and nilpotency of θ, the Jacobian of this transformation is equal to 1. Using the invariance of the functional integral under change of integration variables, the following identity holds ∫ DΦ ( jδ_BA + η̄δ_B C + ηδ_BC̄ ) exp { i ℏ [ S_{F P} (Φ) + jA + η̄C + ηC̄ + σB ]} ≡ 0 . (2.23)

Here the nilpotency of BRST transformation and the consequent exact relation exp { i ℏ ( jδ_BA + η̄δ_B C + ηδ_BC̄ )} = 1 + i ℏ ( jδ_B A + η̄δ_B C + ηδ_BC̄ ) (2.24)

has been used.

Using the invariance (2.23), one can easily arrive at the Slavnov-Taylor identity for Z, j^a_μ ∂^μ δZ δη̄^a + η^a δZ δσ^a + ℏ i f^{acb} ( J^a_μ δ^2Z δj^c_μδη̄^b + 1 2 η̄^a δ^2Z δη̄^cδη̄^b ) ≡ 0 . (2.25)

Due to the presence of the second-order variational derivatives of Z, the last identity has a non-local form. Fortunately, there exists a possibility to present the Slavnov-Taylor identity in the local form using the Zinn-Justin trick [40]. For the sake of symmetry and compactness of notations, we introduce the set of sources

J_A = (j^a_μ, η̄^a, η^a, σ^a) , ε(J_A) = ε(Φ^A) = ε_A ,

the set of external sources

K_A = (K^a_μ, L̄^a, L^a, N^a) ε(K_A) = ε_A + 1

to the BRST transformation, ŝΦ^A, and the extended generating functional of Green’s functions Z(J, K) = ∫ DΦ exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ ]} , (2.26)

where we used the notation for BRST transformations, which was previously introduced in (2.11). It is clear that Z(J, K) | | K=0 = Z(j, η̄, η, σ). (2.27) Making use of the change of variables (2.10) in Eq. (2.27) and taking into account the nilpotency of BRST transformation (2.12), we obtain ∫ DΦ J_A ŝΦ^A exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ ]} ≡ 0 (2.28)

or, equivalently, J_A δZ(J, K) δK_A ≡ 0 . (2.29)

The last relation (2.29) represents the Slavnov- Taylor identity for Yang-Mills theory in the local form.

The Faddeev-Popov quantization of Yang-Mills theories provides a very important property of physical S-matrix being gauge independent. Let us discuss this aspect of the theory. As a first step, consider the vacuum functional Z(0) ≡ Z_χ constructed for a given choice of gauge χ^a = 0,

Z_χ = ∫ DΦ exp { i ℏ S_{F P} (Φ) } . (2.30)

Consider an infinitesimal change of the gauge fixing function χ^a → χ^a + δχ^a, corresponding to the new gauge fixing condition χ^a + δχ^a = 0. We have Z_{χ+δχ} = ∫ DΦ exp { i ℏ [ S_{F P} (Φ) + C̄^a δ δχ^a δA^c_μ D^{cb}_μ C^b + δχ^aB^a ]} . (2.31)

Let us perform the change of variables according to Eqs. (2.10) in the functional integral (2.31), but with a functional Λ = Λ(Φ) instead of the constant Grassmann odd variable θ. Here Λ(Φ) is supposed to be a Grassmann-odd quantity. Of course, the Faddeev- Popov action, S_{F P} , is invariant under such change of variables. The contributions come only from the integration measure, resulting in the corresponding Jacobian. Restricting our attention to the terms of the first order in the Grassmann-odd quantity Λ(ϕ) and in the small quantity δχ_α(A), one can rewrite the Jacobian according to the usual relation sDet (I + M) = exp(sTrM), where M^A_B ≡ δ(δΦ^A)/δΦ^B . In this way we arrive at Z_{χ+δχ} = ∫ DΦ exp { i ℏ [ S_{F P} (Φ) + C̄^a δδχ^a δA^c_μ D^{cb}_μ C^b + δχ^aB^a (2.32) + iℏ δΛ δA^a_μ D^{ab}_μ C^b − iℏ 2 f^{abc} C^bC^c δΛ δC^a + iℏ δΛ δC̄^a B^a ]} . By choosing the functional Λ(ϕ) according to Λ = i ℏ C̄^aδχ^a , it is easy to see from (2.32), that the vacuum functional does not depend on the choice of gauge, namely

Z_{χ+δχ} = Z_χ . (2.33)

Starting from this relation, one can prove the gauge independence of the S - matrix [41, 42].

The next part of our consideration concerns gauge independence on-shell for the effective action. We start by introducing the generalized generating functional of connected Green’s functions

Z(J, K) = exp { i ℏ W(J, K) } . (2.34)

Now one can rewrite the Slavnov-Taylor identity (2.29) in terms of W as J_A δW(J, K) δK_A ≡ 0 . (2.35)

The effective action, Γ, is introduced through the Legendre transformation of W,

Γ(Φ, K) = W(J, K) − J_AΦ^A , where Φ^A = δW δJ_A . (2.36)

From (2.36) it follows that δΓ δΦ^A = −J_A and δΓ δK_A = δW δK_A . (2.37)

By performing a shift of the integration variable, one can show that the functional Γ satisfies the equation exp { i ℏ Γ(Φ, K) } = ∫ Dφ exp { i ℏ [ S_{F P} (Φ + φ) − δΓ(Φ, K) δΦ φ + Kŝ(Φ + φ) ]} . (2.38)

From (2.38) in tree approximation it follows

Γ^{(0)}(Φ, K) = S_{F P} (Φ) + KŝΦ. (2.39)

Now we are in a position to write down the Slavnov-Taylor identity in terms of Γ, δΓ δΦ^A δΓ δK_A ≡ 0 . (2.40)

The effective action Γ is the main object of study in quantum theory of Yang-Mills fields, which contains all information about Green functions of the theory. By construction, Γ depends on gauge but this dependence has a very special form. Let us investigate this dependence. Consider infinitesimal variation of the gauge function χ^a → χ^a + δχ^a in the generating functional of the Green functions, Z = Z(J, K), δZ = i ℏ ∫ DΦ ( C̄^a δ δχ^a δA^c_μ D^{cb}_μ C^b + B^aδχ^a ) exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ ] ) } (2.41) = i ℏ ∫ DΦ [ C̄^a δ δχ^a δA^{bμ} δ(KŝΦ) δK^b_μ + δχ^a δ(KŝΦ) δL^a ] exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ ]} . Introducing the functional

δψ = δψ(Φ) = C̄^aδχ^a, ε(δψ) = 1 (2.42)

we can rewrite (2.41) in the form δZ = i ℏ ∫ DΦ [ δδψ δA^{aμ} δ(KŝΦ) δK^a_μ + δ δψ δC̄^a δ(KŝΦ) δL^a ] exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ ]} . (2.43)

Taking into account that δ δψ δC^a = 0 , δ(KŝΦ) δN^a = 0 , (2.44)

we can present the gauge dependence of generalized generating functional Z (2.43) by the following relation δZ = i ℏ ∫ DΦ δ δψ δΦ^A δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ ]} . (2.45)

It is assumed that the functional integral of total variational derivative is zero. In this way we arrive at the relation ∫ DΦ δ δΦ^A [ δψ δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ ]} ] = 0 . (2.46)

After a small algebra it can be presented in the form ∫ DΦ δ δψ δΦ^A δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ ]}

= − i ℏ ∫ DΦ δψ [ J_A δ(KŝΦ) δK_A + δS_{F P} δΦ^A δ(KŝΦ) δK_A + δ(KŝΦ) δΦ^A δ(KŝΦ) δK_A + δ^2(KŝΦ) δK_AδΦ^A ] exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ ]} . (2.47)

By means of the BRST symmetry of the Faddeev-Popov action δS_{F P} δΦ^A δ(KŝΦ) δK_A = δS_{F P} δΦ^A ŝΦ^A = 0 , (2.48)

using the nilpotency of the BRST transformations δ(KŝΦ) δΦ^A δ(KŝΦ) δK_A = K_Bŝδ^B_AŝΦ^A = K_Aŝ^2Φ^A = 0 (2.49)

and the equality δ^2(KŝΦ) δK_A δΦ^A = δ δK_A [δ(KŝΦ) δΦ^A ] = δ δK_A K_Aŝ · 1 = 0 , (2.50)

one can reduce the relation (2.47) to the form ∫ DΦ δδψ δΦ^A δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ ]}

= − i ℏ ∫ DΦ δψ(Φ) J_A δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ ]} . (2.51)

With the help of (2.51), the gauge dependence of generalized generating functional Z (2.45) can be rewritten in the form δZ = − ( i ℏ )_2 ∫ DΦ δψ(Φ) J_A δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ ]} (2.52) and furthermore as δZ(J, K) = i ℏ J_A δ δK_A δψ (ℏ i δ δJ ) Z(J, K) . (2.53)

This equation can be rewritten also in terms of the generating functional of connected Green’s functions, W, as δW(J, K) = J_A ( i ℏ δW δK_A + δ δK_A ) δψ (δW δJ + ℏ i δ δJ ) . (2.54)

Taken together with the Slavnov-Taylor identity for W (2.35), the identity (2.54) can be presented as δW(J, K) = J_A δ δK_A δψ (δW δJ + ℏ i δ δJ ) . (2.55)

Finally, after making Legendre transformation, one can arrive at the equation describing the gauge dependence of the effective action, δΓ(Φ, K) = − δΓ(Φ, K) δΦ^A δ δK_A δψ(Φ̂) , (2.56)

where the notation

Φ̂^A = Φ^A + iℏ (Γ^{′′−1})^{AB} δ^l δΦ^B (2.57)

has been used. The matrix (Γ^{′′−1}) is inverse to the matrix Γ^{′′} , the last has elements

(Γ^{′′} )_{AB} = δ_l δΦ^A ( δΓ δΦ^B ) , i.e., ( Γ^{′′−1} )_{AC} · ( Γ^{′′} ) CB = δ^A_B . (2.58)

The main meaning of Eq. (2.56) is that the effective action does not depend on the choice of gauge function on-shell, which is defined by the effective equations of motion, δΓ(Φ, K) δΦ^A = 0 =⇒ δΓ(Φ, K) = 0 . (2.59)

Of course, the same statement is valid for any physically relevant quantity, in particular the elements of the S-matrix are gauge independent in the same sense. This relevant feature can not be underestimated. Only due to the gauge independence one can interpret a calculated physical quantity as being independent on the method of calculation and, finally, consider the result being well defined. Let us stress that the relations (2.56) and (2.59) are not related to some approximation, such as, for instance, certain order of the loop expansion. Much on the contrary, those are very general non-perturbative relations, which must be provided in a well-defined quantum theory. The general property of the on-shell gauge independence can be, therefore, used as a natural test for a few method of deriving quantum corrections, in both perturbative and non-perturbative approaches.

3 Functional RG approach for Yang-Mills theories

In this section we are going to briefly present an approach to the calculation of effective action, Γ, proposed in paper [3, 12, 13] (for a review of the method see [22] and references therein), based on the concept of functional renormalization group (FRG). The main idea of the FRW is to use instead of Γ an effective average action, Γ_k, with a momentum-shell parameter k, such that

lim_{k→0} Γ_k = Γ . (3.1)

For the Yang-Mills theories it was suggested to modify the Faddeev-Popov action with the help of the specially designed regulator action S_k S_k(A, C, C̄) = ∫ d^Dx {1 2 A^{aμ}(x)(R_{k,A})^{ab}_{μν} (x)A^{bν} (x) + C̄^a(x)(R_{k,gh})^{ab}(x)C^b(x) } . (3.2)

In what follows we will use the condensed notations, S_k(A, C, C̄) = 1 2 A^{aμ}(R_{k,A})^{ab}_{μν} A^{bν} + C̄^a(R_{k,gh})^{ab}C^b , (3.3) where regulator functions R_{k,A} and R_{k,gh} do not depend on the fields and obey the properties

lim_{k→0}(R_{k,A})^{ab}_{μν} = 0 , lim_{k→0}(R_{k,gh})^{ab} = 0 .

It is assumed that the regulator functions model the non-perturbative contributions to the self-energy part of the diagrams, such that the dependence on the parameter k enables one to get some relevant information about the scale dependence of the theory beyond the loop expansion [2]. The application of the FRG method lead to many interesting achievements in many areas of Quantum Field Theory, Statistical Mechanics and related areas (see, e.g., the recent reviews [5, 6, 7, 8, 10, 11] and references therein).

Our immediate purpose is to check the consistency of the FRW method based on the introduction of (3.3), by exploring the gauge dependence of the effective average action, including the on-shell (in)dependence of this special version of effective action. As in the previous section, we shall restrict consideration by the pure Yang-Mills theory.

As a starting point, one has to note that the on-shell gauge independence which we have demonstrated in the previous section, is essentially dependent on the BRST invariance of the Faddeev-Popov action (2.5). Therefore, the first issue to check in the new FRG formulation is whether the BRST invariance holds in the presence of regulator functions. It is an easy exercise to verify that this is not the case, namely, the action (3.2) is not invariant under BRST transformations,

δ_B S_k(A, C, C̄) ≠ 0 . (3.4)

Let us note that in the limit k → 0 the BRST invariance gets restored, but our interest is to use the concept of effective average action along the FRG trajectory and not only in its final point. In this case the output (3.4) should be seen as a warning signal, requesting a careful investigation of the issue of gauge dependence. The next step is to see whether this fact leads or not to the on-shell gauge dependence in this case. This task is much more complicated than the one described in section 2, hence we divide it between this and the next two sections.

The generating functional of Green’s functions, Z_k, is constructed in the form of the functional integral [13] Z_k(J, K) = ∫ DΦ exp { i ℏ [ S_{F P} (Φ) + S_k(Φ) + JΦ + KŝΦ ]} , (3.5)

where, for the sake of uniformity, we used notation S_k(Φ) instead S_k(A, C, C̄), despite S_k does not depend on fields B^a. In the limit k → 0 this functional coincides with the generating functional (2.26).

The Slavnov-Taylor identity can be seen as a consequence of BRST invariance of the Faddeev-Popov action. In the case of the functional (3.5) this identity can be presented in the form J_A δZ_k δK_A − iℏ { (R_{k,A})^{ab}_{μν} δ^2Z_k δj^b_ν δK^a_μ + (R_{k,gh})^{ab} δ^2Z_k δη^aδL̄^b − (R_{k,gh})^{ab} δ^2Z_k δη̄^bδL^a } ≡ 0 . (3.6)

In the limit k → 0 the last identity reduces to (2.29). In terms of generating functional of connected Green’s functions, W_k = W_k(J, K), the Slavnov-Taylor identity can be written in the form J_A δW_k δK_A + { (R_{k,A})^{ab}_{μν} δW_k δj^b_ν δW_k δK^a_μ + (R_{k,gh})^{ab} δW_k δη^a δW_k δL̄^b − (R_{k,gh})^{ab} δW_k δη̄^b δW_k δL^a }

− iℏ { (R_{k,A})^{ab}_{μν} δ^2W_k δj^b_ν δK^a_μ + (R_{k,gh})^{ab} δ^2W_k δη^aδL̄^b − (R_{k,gh})^{ab} δ^2W_k δη̄^bδL^a } ≡ 0 . (3.7)

Finally, we introduce the generating functional of vertex functions in the presence of regulators (the effective average action), Γ_k = Γ_k(Φ, K), as

Γ_k(Φ, K) = W_k(J, K) − JΦ , Φ^A = δW_k δJ_A . (3.8)

In the last expression the source J_A is regarded as a function of the mean field Φ^A. Then δΓ_k δΦ^A = −J_A , δΓ_k δK_A = δW_k δK_A . (3.9)

The functional Γ_k satisfies the functional integro-differential equation exp { i ℏ Γ_k(Φ, K) } (3.10) = ∫ Dφ exp { i ℏ [ S_{F P} (Φ + φ) + S_k(Φ + φ) + Kŝ(Φ + φ) − δΓ_k(Φ, K) δΦ φ ]} . The tree-level (zero-loop) approximation of (3.10) corresponds to

Γ^{(0)}_k (Φ, K) = S_{F P} (Φ) + S_k(Φ) + KŝΦ . (3.11)

It proves useful to introduce another version of effective action, which does not depend on external sources K_A, such that the modified version of equation (3.10) gets simplified. For this end we define the functional Γ̄_k according to

Γ̄_k = Γ_k − KŝΦ . (3.12)

One can immediately find that Γ̄_k does not depend on K and satisfies the equation exp { i ℏ Γ̄_k(Φ) } = ∫ Dφ exp { i ℏ [ S_{F P} (Φ + φ) + S_k(Φ + φ) − δΓ̄_k(Φ) δΦ φ ]} . (3.13)

The derivation of the Slavnov-Taylor identity from the the BRST symmetry follows the same steps which we described in details in the previous section, so we can present just the final form of this identity in terms of Γ_k = Γ_k(Φ, K). The result reads δΓ_k δΦ^A δΓ_k δK_A − { (R_{k,A})^{ab}_{μν} A^{bν} δΓ_k δK^a_μ + (R_{k,gh})^{ab} C̄^a δΓ_k δL̄^b − (R_{k,gh})^{ab} C^b δΓ_k δL^a }

− iℏ { (R_{k,A})^{ab}_{μν} ( Γ^{′′−1} )_{bν A} δ^2_l Γ_k δΦ^A δK^a_μ + (R_{k,gh})^{ab} ( Γ^{′′−1}_k )_{aA} δ^2_l Γ_k δΦ^A δL̄^b − (R_{k,gh})^{ab} ( Γ^{′′−1}_k )¯_{bA} δ^2_l Γ_k δΦ^A δL^a } ≡ 0 . (3.14)

The matrix (Γ^{′′−1}_k ) is inverse to the matrix Γ^{′′}_k with elements

(Γ^{′′}_k )_{AB} = δ_l δΦ^A ( δΓ_k δΦ^B ) , i.e., ( Γ^{′′−1}_k )_{AC} ( Γ^{′′}_k ) CB = δ^A_B . (3.15)

In the last expressions we have used the following notation for indices: A = ( (aμ), a, ā, ã ) , corresponding to the fields Φ^A = ( A^{aμ}, C^a, C̄^a, B^a ) . In the zero-loop approximation, Γ_k(Φ, K) = Γ^{(0)}_k (Φ, K), then the identity (3.14) reduces to the Zinn-Justin equation [40] for the action S_{ext}(Φ, K) = S_{F P} (Φ) + KŝΦ, namely to δS_{ext} δΦ^A δS_{ext} δK_A = 0 , that corresponds to the BRST symmetry of the Faddeev-Popov action. Note that the Slavnov-Taylor identity in momentum space for the FRG approach was previously considered in the work [43].

The FRG flow equation written for the generating functional W_k = W_k(J, K) can be written in detailed form as follows:

∂_tW_k = 1 2 ∂_t(R_{k,A})^{ab}_{μν} δW_k δj^a_μ δW_k δj^b_ν + ∂_t(R_{k,gh})^{ab} δW_k δη^a δW_k δη̄^b − iℏ {1 2 ∂_t(R_{k,A})^{ab}_{μν} δ^2W_k δj^a_μ δj^b_ν + ∂_t(R_{k,gh})^{ab} δ^2W_k δη^a δη̄^b } , (3.16)

where we used a standard notation ∂_t = k d dk and took into account that the dependence on k comes only from the corresponding dependence of the regulator functions (3.2).

Consider the FRG flow equation for the effective average action, Γ_k. From the definition of Φ in (3.8) one can see that it is dependent on the parameter k, that means ∂_tΦ^A ≠ 0. Therefore, one has to be very careful in calculations and take into account all ways of k-dependence. We have

∂_tΓ_k | |_{Φ,K} + δΓ_k δΦ^A | |_{k,K}∂tΦ^A = ∂tWk | |_{J,K} − JA∂tΦ^A | |_{J,K} , (3.17)

where the index | |_X after partial or variational derivative means that the quantity X is kept constant. Due to the properties of the Legendre transformations (3.9), we obtain

∂_tΓ_k | | |_{Φ,K} = ∂tWk | | |_{J,K} . (3.18)

As far as the FRG parameter k is not physical, we can not expect that it will emerge in the final physical output of the theory. Therefore, summing up all types of k-dependence we always get zero. The application of the renormalization group method implies that we take into account only part of k-dependence, e.g., find how the effective action depends on k and then trade it for some physical parameter corresponding to the problem of our interest (see detailed discussion of this issue in [44]). Therefore, in the FRG flow equation for Γ_k, only the explicit dependence on k should be taken into account, so we get

∂_tΓ_k = ∂_tS_k + iℏ {1 2 ∂_t(R_{k,A})^{ab}_{μν} ( Γ^{′′−1}_k )_{(aμ)(bν)} + ∂_t(R_{k,gh})^{ab} ( Γ^{′′−1}_k )_{ab}} . (3.19)

Usually the functional RG approach is formulated in terms of the functional which does not depend on sources K. Since the equation (3.19) does not contain derivatives with respect to K, we can just put K_A = 0 and arrive at

∂_tΓ̄_k = ∂_tS_k + iℏ {1 2 ∂_t(R_{k,A})^{ab}_{μν} (¯ Γ^{′′−1}_k )_{(aμ)(bν)} + ∂_t(R_{k,gh})^{ab} (¯ Γ^{′′−1}_k )_{ab}} , (3.20) where Γ̄_k = Γ̄_k(Φ) = Γ_k(Φ, K = 0) .

Γ̄_k(Φ) satisfies equation (3.13). In the condensed notations we can write down the equation (3.20) in the form

∂_tΓ̄_k = ∂_tS_k + iℏ {1 2 Tr [ ∂_t(R_{k,A}) (¯ Γ^{′′−1}_k )] A − Tr [ ∂_t(R_{k,gh}) (¯ Γ^{′′−1}_k )] C } , (3.21)

where we took into account the anticommuting nature of the ghost fields C^A and defined Tr [ ∂_t(R_{k,gh}) (¯ Γ^{′′−1}_k )] C = − ∂_t(R_{k,gh})^{ab} (¯ Γ^{′′−1}_k )_{ab} , Tr [ ∂_t(R_{k,A}) (¯ Γ^{′′−1}_k )] A = ∂_t(R_{k,A})^{ab}_{μν} ( Γ^{′′−1}_k )_{(aμ)(bν)} . (3.22)

In the tree-level approximation we have Γ̄_k = S_{F P} + S_k and the equation (3.21) is satisfied because the Faddeev-Popov action does not depend on k. The conventional presentation of the FRG flow equation is in terms of the functional Γ_k = Γ̄_k − S_k, which satisfies the equation

∂_tΓ_k = iℏ {1 2 Tr [ ∂_tR_{k,A} ( Γ^{′′}_k + R_{k,A} )_{−1}] A − Tr [ ∂_t(R_{k,gh}) ( Γ^{′′}_k + R_{k,gh} )_{−1}] C } . (3.23)

The last representation uses symbolic notations of inverse matrices (Γ^{′′}_k + R_{k,A})^{−1} and (Γ^{′′}_k + R_{k,gh})^{−1}, which are in fact components of the following inverse matrix ( Γ_k + S_k )′′ AB = δ_l δΦ^A [δ(Γ_k + S_k) δΦ^B ] (3.24)

in the sectors of vector and ghost fields, respectively.

4 Vacuum functional in the FRG for Yang-Mills field

Let us explore the vacuum functional in the FRG approach. We introduce the notation Z_{k,χ} for the vacuum functional, corresponding to the given gauge function χ^a in the Faddeev- Popov action

Z_{k,χ} = Z_k(0, 0) = ∫ DΦ exp { i ℏ ( S_{F P} + S_k )} . (4.1)

By construction, the regulator functions in the FRG approach do not depend on gauge χ^a and therefore the action S_k is gauge independent. Let us consider an infinitesimal variation of gauge χ → χ + δχ and construct the vacuum functional corresponding to this gauge. We have Z_{k,χ+δχ} = ∫ DΦ exp { i ℏ ( S_{F P} + S_k + C̄^a δ δχ^a δA^c_μ D^{cb}_μ C^b + δχ^aB^a )} . (4.2)

In the functional integral (4.2) we make a change of variables in the form of the BRST transformations (2.10), but trading the constant Grassmann-odd parameter θ to a functional Λ = Λ(Φ). The Faddeev-Popov action, S_{F P} , is invariant under such change of variables but S_k is not invariant, with the variation given by δS_k = A^{aμ}(R_{k,A})^{ab}_{μν} D^{νbc}C^cΛ + 1 2 C̄^a(R_{k,gh})^{ab} f^{bcd} C^cC^dΛ − B^a(R_{k,gh})^{ab} C^bΛ. (4.3) The contributions which come from the measure of functional integral have the form^1 iℏ ( δΛ δA^a_μ D^{ab}_μ C^b − 1 2 f^{abc} C^bC^c δΛ δC^a + δΛ δC̄^a B^a ) . (4.4)

Let us discuss the possibility to compensate the variation (4.3) by choosing a special form of the functional Λ. The transformed value of the generating functional can be obtained by combining the formulas (4.2), (4.3) and (4.4), Z_{k,χ+δχ} = ∫ DΦ exp { i ℏ [ S_{F P} (Φ) + S_k + C̄^a δ δχ^a δA^c_μ D^{cb}_μ C^b − B^a ( R_{k,gh} )_{ab} C^bΛ + 1 2 C̄^a (R_{k,gh})^{ab} f^{bcd} C^cC^d Λ + A^{aμ} (R_{k,A})^{ab}_{μν} D^{ν bc} C^cΛ + δχ^aB^a − iℏ 2 f^{abc} C^bC^c δΛ δC^a + iℏ δΛ δA^a_μ D^{ab}_μ C^b + iℏ δΛ δC̄^a B^a ]} . (4.5)

In order to provide compensation of all new terms in Z_{k,χ+δχ}, such that it becomes equal to Z_{k,χ}, one has to satisfy the following equations: iℏ δΛ δA^a_μ − A^{bν} ( R_{k,A} )_{ba} νμ Λ + C̄^b δ δχ^b δA^a_μ = 0 , iℏ δΛ δC̄^a + δχ^a − ( R_{k,gh} )_{ab} C^bΛ = 0 , (4.6) iℏ δΛ δC^a + 1 2 C̄^b (R_{k,gh})^{ba}Λ = 0 . (4.7)

It is easy to see that the solution of the last equation, δΛ δC^a = 1 2 iℏ C̄^b (R_{k,gh})^{ba}Λ , (4.8) has the form Λ = 1 2 iℏ C̄^a (R_{k,gh})^{ab} C^b + Λ_1(C̄, B, A) . (4.9)

At the same time, the first of the equations (4.7) can be cast into the form iℏ δΛ_1 δA^a_μ + C̄^b δ δχ^b δA^a_μ − A^{bν} ( R_{k,A} )_{ba} νμ Λ_1 − 1 2 iℏ A^{bν} ( R_{k,A} )_{ba} νμ C̄^d (R_{k,gh})^{dc} C^c = 0 (4.10)

1Compare to the considerations leading to Eq. (2.32).

and its solution should be dependent on the field C^a as well. One can conclude that this contradicts the (4.9) and, therefore, it is not possible to compensate the variation (4.3) by choosing a special form of the functional Λ.

For instance, if we choose Λ in a natural way, Λ = i ℏ C̄^a δχ^a , then Z_{k,χ+δχ} = ∫ DΦ exp { i ℏ ( S_{F P} + S_k + δS_k )} . (4.11)

Then, for any value k ≠ 0, one has Z_{k,χ+δχ} ≠ Z_{k,χ}. (4.12) Therefore the vacuum functional Z_{k,χ} (and therefore S-matrix) depends on gauge.

One might think that situation with gauge dependence within the FRG approach can be improved if we propose gauge dependence of regulators (R_{k,A})^{ab}_{μν} and (R_{k,gh})^{ab}, such that the gauge variation of S_k gives additional contributions 1 2 A^{aμ}δ(R_{k,A})^{ab}_{μν} A^{bν} + C̄^a δ(R_{k,gh})^{ab} C^b . (4.13) Unfortunately, one can easily verify that the terms appearing in the exponent inside the functional integral cannot be compensated by choosing the functional Λ. Therefore, the possible generalization (4.13) can not solve the problem of gauge dependence of vacuum functional within the FRW approach.

5 Gauge dependence of Γ_k

Let us explore the gauge dependence of the generating functionals Z_k, W_k and Γ_k for Yang-Mills theory in the framework of the FRG approach. We shall follow the general methods from the papers [35, 45]. The derivation of this dependence is based on a variation of the gauge-fixing function, χ^a → χ^a + δχ^a, which leads to the variation of the Faddeev- Popov action S_{F P} (2.5) and consequently of the generating functional Z_k = Z_k(J, K) (3.5). Introducing the functional δψ = C̄^aδχ^a, the gauge dependence can be presented in the form δZ_k = i ℏ ∫ DΦ δ δψ δΦ^A δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + S_k + JΦ + KŝΦ ]} . (5.1)

Let us consider an obvious relation ∫ DΦ δ δΦ^A { δψ δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + S_k + JΦ + KŝΦ ]} } = 0 . (5.2)

It is not difficult to obtain its extended form, ∫ DΦ δ δψ δΦ^A δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + S_k + JΦ + KŝΦ ]} (5.3) = − i ℏ ∫ DΦ δψ(Φ) ( J_A + δS_k δΦ^A ) δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + S_k + JΦ + KŝΦ ]} . Using the last formula, we can rewrite gauge dependence of the functional Z_k in the form δZ_k = − ( i ℏ )_2 ∫ DΦ δψ(Φ) ( J_A + δS_k δΦ^A )δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + S_k + JΦ + KŝΦ ]} . Taking into account the explicit structure of S_k (3.3) one can get the relation δS_k δΦ^A δ(KŝΦ) δK_A = A^{aμ}(R_{k,A})^{ab}_{μν} δ(KŝΦ) δj^b_ν + C̄^a(R_{k,gh})^{ab} δ(KŝΦ) δL̄^b − C^a(R_{k,gh})^{ba} δ(KŝΦ) δL^b . (5.4)

For the final form of gauge dependence of generating functional Z_k = Z_k(J, K) we obtain the relation δZ_k = i ℏ J_A δ δK_A δψ (ℏ i δ δJ ) Z_k + (5.5) + [ (R_{k,A})^{ab}_{μν} δ^2 δj^a_μδj^b_ν + (R_{k,gh})^{ab} δ^2 δη^aδL̄^b − (R_{k,gh})^{ba} δ^2 δη̄^aδL^b ] δψ (ℏ i δ δJ ) Z_k . The last equation can be rewritten in terms of the generating functional of the connected Green’s functions, W_k = W_k(J, K), to give δW_k = J_A δ δK_A δψ (δW_k δJ + ℏ i δ δJ ) − iℏ [ (R_{k,A})^{ab}_{μν} δ^2 δj^a_μ δj^b_ν (5.6) + (R_{k,gh})^{ab} δ^2 δη^aδL̄^b − (R_{k,gh})^{ba} δ^2 δη̄^aδL^b ] δψ (δW_k δJ + ℏ i δ δJ ) , where the identity (3.7) was used.

The next step is to write the corresponding equation for the effective average action. It proves convenient to introduce the following notation:

S_{k;A}(Φ) = δS_k(Φ) δΦ^A . (5.7)

Then the equation (5.6) reads δW_k = { J_A − iℏS_{k;A} ( δ δJ )} δ δK_A δψ (δW_k δJ + ℏ i δ δJ ) . (5.8)

In terms of the effective average action this equation becomes

δΓ_k = − δΓ_k δΦ^A δ δK_A δψ (^ Φ ) − iℏ S_{k;A} ( i ℏ (Φ − Φ̂) ) δ δK_A δψ (^ Φ ) , (5.9)

where Φ̂^A is defined as

Φ̂^A = Φ^A + iℏ (Γ^{′′−1}_k )^{AB} δ^l δΦ^B . (5.10)

The inverse matrix (Γ^{′′−1}_k )^{AB} was introduced in (3.15). We see that if on-shell is defined in the usual way, δΓ_k δΦ^A = 0 , (5.11)

then even on-shell the effective average action Γ_k depends on gauge, δΓ_k ≠ 0. This result confirms the one of the previous section and shows that the gauge dependence represents a serious problem for the FRG approach in the standard conventional formulation.

6 An alternative approach with composite operators

In this section we are going to suggest an approach in spirit of the FRG, which is free of the gauge dependence problem for Yang-Mills theory. This new approach is based on implementing regulator functions by means of composite fields.

Effective action for composite fields in Quantum Field Theory was introduced in [46]^2. Later on, effective action for composite fields in gauge theories was introduced and studied in the papers [37, 49, 50]. In the case of gauge theories this effective action depends on gauge. It was shown that this dependence has a very special form and that there is a possibility to define a theory with composite fields in such a way that the effective action of these fields becomes gauge independent on-shell.

Let us see how the composite fields idea can be used in the FRG framework for gauge theories. The idea is to use such a fields to implement regulator functions. Consider the regulator functions

L^1_k(x) = 1 2 A^{aμ}(x)(R_{k,A})^{ab}_{μν} (x)A^{bν} (x) , (6.1) L^2_k(x) = C̄^a(x)(R_{k,gh})^{ab}(x)C^b(x) . (6.2)

2Recently, there were interesting publications discussing the 2PI and nPI effective actions, related to composite fields, to the exact renormalization group [31, 47, 48, 9] (see also further references therein). In what follows we develop qualitatively distinct approach to the FRG, but also using ideas of composite fields.

Now we introduce external scalar sources Σ_1(x) and Σ_2(x) and construct the generating functional of Green’s functions for Yang-Mills theories with composite fields

Z_k(J, K; Σ) = ∫ DΦ exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ + ΣL_k(Φ) ]} . (6.3)

where ΣL_k = Σ_1L^1_k + Σ_2L^2_k.

The generating functional (6.3) may be regarded as a generalization of the generating functionals discussed previously, the difference is related to the new sources Σ_1(x) and Σ_2(x) and to the corresponding composite fields. By choosing the sources Σ to have zero values, Σ_1(x) = Σ_2(x) = 0, the functional (6.3) boils down to the generating functional for Yang- Mills theories described in Sect. 2. At the same time, when Σ_1(x) = Σ_2(x) = 1, the functional (6.3) corresponds to the generating functional in the FRG approach introduced in Sect. 3.

One can note that at least one advantage of the proposal (6.3) is quite evident from the very beginning. If we define the vacuum functional where all the sources are switched off, J = K = Σ = 0, then it coincides with the vacuum functional for Yang-Mills theory and hence does not depend on the gauge fixing. Let us now see how this feature concerns vacuum functional and effective action.

Consider the FRG flow equations in the approach with composite operators, based on the new generating functional (6.3). Starting from (6.3) one can repeat the considerations of Sect. 3 and arrive at the new version of the FRG flow equation for the generating functional Z_k = Z_k(J, K; Σ),

∂_tZ_k = ℏ i {1 2 Σ_1 ∂_t(R_{k,A})^{ab}_{μν} δ^2Z_k δj^a_μ δj^b_ν + Σ_2 ∂_t(R_{k,gh})^{ab} δ^2Z_k δη^a δη̄^b } . (6.4)

As usual, we should rewite it in terms of W_k = W_k(J, K; Σ),

∂_tW_k = 1 2 Σ_1 ∂_t(R_{k,A})^{ab}_{μν} δW_k δj^a_μ δW_k δj^b_ν + Σ_2 ∂_t(R_{k,gh})^{ab} δW_k δη^a δW_k δη̄^b − iℏ { 1 2 Σ_1∂_t(R_{k,A})^{ab}_{μν} δ^2W_k δj^a_μ δj^b_ν + Σ_2 ∂_t(R_{k,gh})^{ab} δ^2W_k δη^a δη̄^b } . (6.5)

The effective average action with composite fields, Γ_k = Γ_k(Φ, K; F ), can be introduced by means of the following double Legendre transformations (see [46] for the details in case of usual effective action):

Γ_k(Φ, K; F ) = W_k(J, K; Σ) − J_AΦ^A − Σ_i [ L^i_k(Φ) + ℏF^i ] , (6.6)

where

Φ^A = δW_k δJ_A , ℏF^i = δW_k δΣ_i − L^i_k (δW_k δJ ) , i = 1, 2. (6.7)

From (6.6) and (6.7) follows that δΓ_k δΦ^A = −J_A − Σ_i δL^i_k(Φ) δΦ^A , δΓ_k δF^i = −ℏΣ_i . (6.8)

Let us introduce the full sets of fields F^A and sources J_A according to

F^A = (Φ^A, ℏF^i) , J_A = (J_A, ℏΣ_i). (6.9)

From the condition of solvability of equations (6.8) with respect to the sources J and Σ, it follows that δF^C(J ) δJ_B δ_lJ_A(F) δF^C = δ^B_A . (6.10)

One can express J_A as a function of the fields in the form

J_A = ( − δΓ_k δΦ^A − δΓ_k δF^i δL^i_k(Φ) δΦ^A , − δΓ_k δF^i ) (6.11)

and, therefore, δ_lJ_B(F) δF^A = −(G^{′′}_k )_{AB} , δF^B(J ) δJ_A = −(G^{′′−1}_k )^{AB} . (6.12)

Now we are in a position to derive the FRW equation for Γ_k = Γ_k(Φ, K; F ) and see that it gains more complicated form due to the presence of composite fields. The expression for the generating functional of connected Green’s functions can be obtained from (6.3), exp { i ℏ W_k(J, K; Σ) } = ∫ DΦ^′ exp { i ℏ [ S_{F P} (Φ^′ ) + JΦ^′ + KŝΦ^′ + ΣL_k(Φ^′ ) ]} . (6.13)

Taking into account Eq. (6.6), the equation (6.13) in terms of Γ_k reads exp { i ℏ [ Γ_k(Φ, K; F ) + JΦ + Σ ( L_k(Φ) + ℏF )]} = ∫ DΦ^′ exp { i ℏ [ S_{F P} (Φ^′ ) + JΦ^′ + KŝΦ^′ + ΣL_k(Φ^′ ) ]} . An equivalent form of this equation is exp { i ℏ [ Γ_k(Φ, K; F ) + ℏΣF ]}

= ∫ DΦ^′ exp { i ℏ [ S_{F P} (Φ^′ ) + J(Φ^′ − Φ) + KŝΦ^′ + Σ ( L_k(Φ^′ ) − L_k(Φ) )]} . Making shift of the variables of integration in the functional integral, Φ^′ − Φ = φ, and using (6.8), we obtain the equation for the effective action Γ_k = Γ_k(Φ, K; F ), exp { i ℏ [ Γ_k − δΓ_k δF F ]} = ∫ Dφ exp { i ℏ [ S_{F P} (Φ + φ) − δΓ_k δΦ φ + Kŝ (Φ + φ) − 1 ℏ δΓ_k δF ( L_k(Φ + φ) − L_k(Φ) − δL_k(Φ) δΦ φ )]} . (6.14)

The solution of this equation in the tree-level approximation has the form

Γ^{(0)}_k (Φ, K; F ) = S_{F P} (Φ) + KŝΦ , (6.15)

which does not depend on the fields F^i and parameter k. The next step is to define loop corrections to (6.15), so we assume that

Γ_k(Φ, K; F ) = S_{F P} (Φ) + KŝΦ + ℏΓ̄_k(Φ; F ) . (6.16)

By taking into account the explicit structure of regulator functions we obtain the equation which can be, for example, a basis for deriving the loop expansion of Γ̄_k = Γ̄_k(Φ; F ), exp { i [ Γ̄_k − δ

Γ̄_k δF F ]} = ∫ Dφ exp { i ℏ [ S_{F P} (Φ + φ) − S_{F P} (Φ) − δS_{F P} (Φ) δΦ φ − ℏ δΓ̄_k δΦ φ − δΓ̄_k δF L_k(φ) ]} . (6.17)

Using the properties of the Legendre transformation, one can arrive at the relation

∂_tW_k = ∂_tΓ_k − 1 ℏ δΓ_k δF^i ∂_tL^i_k(Φ) , (6.18)

where the derivatives ∂_t are calculated with respect to the explicit dependence of Γ_k, W_k and L^i_k(Φ) on the regulator parameter k.

Finally, the FRG flow equation, in terms of the functional Γ_k, is cast into the form

∂_tΓ_k = − i {1 2 δΓ_k δF^1 ∂_t(R_{k,A})^{ab}_{μν} ( G^{′′−1}_k )_{(aμ)(bν)} + δΓ_k δF^2 ∂_t(R_{k,gh}) ( G^{′′−1}_k )_{ab}}

= − i 2 Tr { δΓ_k δF^1 ∂_t(R_{k,A})(G^{′′−1}_k ) } A + i Tr { δΓ_k δF^2 ∂_t(R_{k,gh}) (G^{′′−1}_k ) } C , (6.19)

when we used usual traces in the sectors of vector A^{aμ} and ghost C^a fields while the Grassmann parity of quantum fields is taken into account explicitly.

Consider now a consequence of the BRST invariance of S_{F P} for the generating functional (6.3). Making use of the change of variables (2.10) in (6.3) and taking into account the nilpotency of BRST transformation (2.12), we arrive at the identity ∫ DΦ { J_Aŝ Φ^A + Σ_1(R_{k,A})^{ab}_{μν} A^{bν} ŝA^{aμ} + Σ_2C̄^a(R_{k,gh})^{ab} ŝC^a − Σ_2(R_{k,gh})^{ab} C^b ŝC̄^a } exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ + ΣL_k ]} ≡ 0 . (6.20)

The same equation can be written in terms of the generating functional (6.3), J_A δZ_k δK_A + ℏ i { Σ_1(R_{k,A})^{ab}_{μν} δ^2Z_k δj^b_ν δK^a_μ + Σ_2(R_{k,gh})^{ab} δ^2Z_k δη^aδL̄^a − Σ_2(R_{k,gh})^{ab} δ^2Z_k δη̄^bδL^a } ≡ 0 . (6.21)

The identity (6.21) can be considered as the generalized Slavnov-Taylor identity in the presence of composite fields. In the limits of Σ_1(x) = Σ_2(x) = 0 and Σ_1(x) = Σ_2(x) = 1 this identity coincides with the previously considered ideintities (2.29) and (3.6), respectively.

Let us explore the gauge dependence of generating functional of Green’s functions in the presence of composite fields, (6.3). As before, one can consider an infinitesimal variation of gauge function, χ^a → χ^a + δχ^a. Taking into account the results obtained in Sect. 2, we arrive at the following variation of Z_k = Z_k(J, K; Σ): δZ_k = i ℏ ∫ DΦ δ δψ δΦ^A δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ + ΣL_k ]} , (6.22)

where the Grassmann-odd functional δψ = C̄^aδχ^a has been introduced. Starting from the identity ∫ DΦ δ δΦ^A [ δψ δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ + ΣL_k ]}] = 0 , (6.23)

one can derive the relation ∫ DΦ δ δψ δΦ^A δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ + ΣL_k ]} (6.24) = − i ℏ ∫ DΦ δψ ( J_A + Σ δL_k δΦ^A ) δ(KŝΦ) δK_A exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ + ΣL_k ]} . Using the last formula together with Eq. (6.22), one can show that the gauge dependence of Z_k is described by the equation δZ_k = − ( i ℏ )_2 ∫ DΦ δψ ( J_A + Σ δL_k δΦ^A ) δ(KŝΦ) δK_A × × exp { i ℏ [ S_{F P} (Φ) + JΦ + KŝΦ + ΣL_k ]} . (6.25)

Taking into account the explicit structure of regulator functions L^i_k(Φ) in Eqs. (6.1) and (6.2), one can rewrite the second term in the integrand of (6.25) as Σ δL_k δΦ^A δ(KŝΦ) δK_A = Σ_1A^{aμ}(R_{k,A})^{ab}_{μν} δ(KŝΦ) δj^b_ν + Σ_2 C̄^a(R_{k,gh})^{ab} δ(KŝΦ) δL̄^b − Σ_2 C^a(R_{k,gh})^{ba} δ(KŝΦ) δL^b . (6.26)

Using this relation, we obtain the final equation, describing the gauge dependence of the generating functional Z_k = Z_k(J, K; Σ), δZ_k = i ℏ J_A δ δK_A δψ (ℏ i δ δJ ) Z_k + { Σ_1(R_{k,A})^{ab}_{μν} δ^2Z_k δj^a_μδj^b_ν + Σ_2(R_{k,gh})^{ab} δ^2Z_k δη^aδL̄^b − Σ_2(R_{k,gh})^{ba} δ^2Z_k δη̄^aδL^b } δψ (ℏ i δ δJ ) Z_k . (6.27)

In the limits Σ_1(x) = Σ_2(x) = 0 and Σ_1(x) = Σ_2(x) = 1, this equation coincides with Eqs. (2.53) and (5.5), respectively.

In terms of generating functional of connected Green’s functions, W_k = W_k(J, K), the equation (6.27) can be written as δW_k = J_A δ δK_A δψ (δW_k δJ + ℏ i δ δJ ) − iℏ { Σ_1(R_{k,A})^{ab}_{μν} δ^2 δj^a_μδj^b_ν + Σ_2(R_{k,gh})^{ab} δ^2 δη^aδL̄^b − Σ_2(R_{k,gh})^{ba} δ^2 δη̄^a δL^b } δψ (δW_k δJ + ℏ i δ δJ ) , (6.28)

where the identity (3.7) was used. If we introduce the notations

L^i_{k,A}(Φ) =

∂L^i_k(Φ) ∂Φ^A , i = 1, 2 , (6.29)

the equation (6.28) can be cast in the compact form, δW_k = { J_A − iℏ Σ_i L^i_{k,A} (ℏ i δ δJ )} δ δK_A δψ (δW_k δJ + ℏ i δ δJ ) . (6.30)

Finally, the gauge dependence of the effective average action follows from (6.30) after one performs the Legendre transform. It is described by the equation

δΓ_k = − δΓ_k δΦ^A δ δK_A δψ (^ Φ ) − 1 ℏ δΓ_k δF^i L^i_{k,A} (Φ − Φ̂) δ δK_A δψ (^ Φ ) . (6.31)

Let us define the mass-shell of the quantum theory by the equations δΓ_k δΦ^A = 0 , δΓ_k δF^i = 0 . (6.32)

Then from (6.31) immediately follows the gauge independence of the effective action Γ_k = Γ_k(Φ, K; F ) on-shell. Namely, when the relations (6.32) are satisfied, we have δΓ_k = 0. Moreover, all physical quantities calculated on the basis of the modified version of the effective average action do not depend on gauge and on the parameter k. The last feature is common for the renormalization group based on the abstract scale parameters (such as cutoff, k or μ), which require an additional identification of scale to be applied to one or another physical problem. For example, we know that the S-matrix elements in usual Quantum Field Theory do not depend on μ in the Minimal Subtraction scheme of renormalization. This does not mean that there is no running, of course (see [44] for detailed discussion of this issue). In our case, after the evaluation of Γ_k is completed in a given approximation (including, perhaps, the truncation scheme) one has to identify k with some physical quantity and only after that go on-shell and calculate physical quantities, such as S-matrix elements^3.

3In most complicated cases, such as Quantum (or semiclassical) Gravity, when direct comparison with the physical renormalization scheme (like momentum subtraction) is not possible, the scale-setting is tricky, but still admits a regular procedure which works well in different physical situations [51, 52].

7 Conclusions and final discussions

We investigated, in much more details than it was done before, the problem of gauge dependence in the functional renormalization group (FRG) approach. The consideration was performed for the generating functional of the Green functions and effective action, but the main target was the universality of the definition of S-matrix and, more general, on-shell gauge dependence of the effective action.

The regulator functions which are introduced in the FRG formalism to model the behavior of exact Green’s functions lead to the breakdown of the BRST symmetry. As a result, the effective average action depends on the choice of gauge fixing even on-shell. The situation is qualitatively similar to the Gribov-Zwanziger theory [53, 54, 55], where the restrictions on the domain of integration in functional integral, which is due to the Gribov horizon, violates the BRST symmetry and consequently leads to on-shell gauge dependence of the effective average action [56, 57]. As another example of this sort we can mention the situation with the theory possessing global supersymmetry (modified BRST symmetry) [58]. When the nilpotency of the global supersymmetry is violated, one meets a problem of gauge dependence for the relevant physical quantities. One can suppose that the gauge fixing dependence will affect both perturbative and non-perturbative results within the FRG approach, because it concerns the effective average action before the truncation scheme is chosen. Of course, one can hope that the physical relevance of the results will be restored in the non-perturbative regime, but there are no explicit reasons to see why should this occur.

One can consider the situation with gauge dependence of S-matrix and on-shell effective action in two different ways. The first one implies that we consider the effective average action as an approximation to the real effective action in a given theory. As far as the last is gauge independent on-shell and leads to the well-defined physical predictions, one may think that the effective average action produces an approximation to the invariant quantities in a given gauge, which should be taken as granted. This kind of consideration is, in some sense, the unique option if we do not invent an alternative gauge-invariant formulation of the FRG approach. However, it is obvious that the second way, that is constructing a gauge-invariant formulation, would mean a much better approximation.

As a first step forward in formulating the gauge-invariant version of the FRG, we propose the new formulation of the theory with cut-off dependent regulator functions. It was shown that if these functions are introduced by means of the special composite fields, the BRST symmetry is preserved at quantum level, vacuum functional does not depend on the choice of gauge and, finally, the new theory is free from the on-shell gauge dependence. It would be very interesting to compare this new approach to the standard one. For example, it looks interesting to verify the gauge independence for the approximate higher-loop β-function of the theory in the new and traditional approaches. The derivation of such a β-functions and, in general, the loop expansion within the FRG theory with composite fields, lies beyond the scope of the present work. Indeed, we expect to deal with these and other related subjects in the next publications.

Acknowledgments

I.Sh. is grateful to Roberto Percacci and Andreas Wipf for stimulating discussions on the functional renormalization group. The present work was completed during the visit of P.M.L. to Juiz de Fora in the framework of the program PVE of CAPES and we wish to acknowledge CAPES for supporting this visit. The work of P.M.L. is also partially supported by the LRSS grant 224.2012.2, as well as by the RFBR grant 12-02-00121, by the Ministry of Education and Science of Russian Federation, project 14.B37.21.0774 and by the RFBR- Ukraine grant 13-02-90430. I.Sh. is thankful to CNPq, CAPES, FAPEMIG and ICTP for partial support of his work.

References

[1] K.G. Wilson and J. Kogut, The renormalization group and the ε-expansion, Phys. Rep.

12C (1974) 77.

[2] J. Polchinski, Renormalization and effective lagrangians, Nucl. Phys. B231, 269 (1984). [3] C. Wetterich, Average Action And The Renormalization Group Equations. Nucl. Phys.

B352 (1991) 529.

[4] C. Wetterich, Exact evolution equation for the effective potential, Phys. Lett. B301 (1993) 90.

[5] J. Berges, N. Tetradis and C. Wetterich, Non-perturbative renormalization flow in quantum field theory and statistical physics. Phys. Rept. 363 (2002) 223.

[6] C. Bagnuls and C. Bervillier, Exact renormalization group equations: an introductory review. Phys. Rept. 348 (2001) 91.

[7] J. Polonyi, Lectures on the functional renormalization group method. Central Eur. J.

Phys. 1 (2003) 1; [hep-th/0110026].

[8] J. M. Pawlowski, Aspects of the functional renormalisation group. Annals Phys. 322 (2007) 2831; hep-th/0512261.

[9] Y. Igarashi, K. Itoh and H. Sonoda, Realization of Symmetry in the ERG Approach to Quantum Field Theory, Prog. Theor. Phys. Suppl. 181 (2010) 1, arXiv:0909.0327.

[10] B. Delamotte, An introduction to the nonperturbative renormalization group. Lect.Notes Phys. 852 (2012) 49;cond-mat/0702365.

[11] O. J. Rosten, Fundamentals of the Exact Renormalization Group. Phys. Repts. 511 (2012) 177; arXiv:1003.1366 [hep-th].

[12] M. Reuter and C. Wetterich, Average action for the Higgs model with abelian gauge symmetry, Nucl. Phys. B391 (1993) 147.

[13] M. Reuter and C. Wetterich, Effective average action for gauge theories and exact evolution equations, Nucl. Phys. B417 (1994) 181.

[14] C. Becchi On the construction of renormalized gauge theories using renormalization group techniques Published in: Elementary Particle, Field Theory and Statistical Mechanics, Eds. M. Bonini, G. Marchesini and E. Onofri, Parma University 1993, GEF- TH/96-11; arXiv:hep-th/9607188.

[15] M. Bonini, M. D’Attanasio and G. Marchesini, Ward identities and Wilson renormalization group for QED, Nucl. Phys. B418 (1994) 81;

Renormalization group flow for SU(2) Yang-Mills theory and gauge invariance, Nucl. Phys. B421 (1994) 429;

BRS symmetry for Yang-Mills theory with exact renormalization group, Nucl. Phys. B437 (1995) 163.

[16] U. Ellwanger, Gauge invariance, the quantum action principle, and the renormalization group, Phys. Lett. B 335 (1994) 364;

U. Ellwanger, M. Hirsch and A. Weber, Flow equations for the relevant part of the pure Yang-Mills action. Z.Phys. C69 (1996) 687; hep-th/9506019.

[17] M. D’Attanasio and T. R. Morris, Gauge invariance, the quantum action principle, and the renormalization group, Phys. Lett. B378 (1996) 213.

[18] M. Reuter and C. Wetterich, Gluon condensation in nonperturbative flow equations, Phys. Rev. D56 (1997) 7893, hep-th/9708051.

[19] D.F. Litim and J.M. Pawlowski, Flow equations for Yang-Mills theories in general axial gauges, Phys. Lett. B435 (1998) 181.

[20] F. Freire, D.F. Litim and J.M. Pawlowski, Gauge invariance and background field formalism in the exact renormalisation group, Phys. Lett. B495 (2000) 256.

[21] Y. Igarashi, K. Itoh and H. So, Regularized Quantum Master Equation in the Wilsonian Renormalization Group, JHEP 0110 (2001) 032, hep-th/0109202; BRS Symmetry, the Quantum Master Equation and the Wilsonian Renormalization Group, Prog. Theor. Phys. 106 (2001) 149.

[22] H. Gies, Introduction to the functional RG and applications to gauge theories, Published in Lect. Notes Phys. 852 (2012) 287-348; hep-th/0611146.

[23] C. Becchi, A. Rouet and R. Stora, Renormalization of the abelian Higgs-Kibble model, Commun. Math. Phys. 42 (1975) 127;

I.V. Tyutin, Gauge invariance in field theory and statistical physics in operator formalism, Lebedev Inst. preprint N 39 (1975), arXiv:0812.0580.

[24] L.D. Faddeev and A.A. Slavnov, Gauge fields: Introduction to quantum theory, The Benjamin/Cummings Publishing Company, Inc., 1980;

D.M. Gitman and I.V. Tyutin, Quantization of fields with constraints, Springer, Berlin, 1990;

M. Henneaux and C. Teitelboim, Quantization of gauge systems, Princeton U.P., Princeton, 1992;

S. Weinberg, The quantum theory of fields, Vol. II, Cambridge University Press, 1996. [25] A.A. Slavnov, Ward identities in gauge theories, Theor. Math. Phys. 10 (1972) 99. [26] J.C. Taylor, Ward identities and charge renormalization of the Yang-Mills field, Nucl.

Phys. B33 (1971) 436.

[27] T.R. Morris, A Gauge invariant exact renormalization group. 2, JHEP 0012 (2000) 012;

S. Arnone, T.R. Morris and O.J. Rosten, A Generalised Manifestly Gauge Invariant Exact Renormalisation Group for SU(N) Yang-Mills, Eur. Phys. J. C50 (2007) 467; hep-th/0507154.

[28] O.J. Rosten, The Manifestly gauge invariant exact renormalisation group, Ph.D. Thesis, hep-th/0506162;

A Manifestly Gauge Invariant and Universal Calculus for SU(N) Yang-Mills, Int. J. Mod. Phys. A21 (2006) 4627; hep-th/0602229.

[29] S. Arnone, Yu.A. Kubyshin, T.R. Morris and J.F. Tighe, Gauge invariant regularisation via SU(N|N), Int. J. Mod. Phys. A17 (2002) 2283; hep-th/0106258.

[30] V. Branchina, K. A. Meissner and G. Veneziano, The Price of an exact, gauge invariant RG flow equation, Phys. Lett. B 574 (2003) 319; hep-th/0309234.

[31] J. M. Pawlowski, Geometrical effective action and Wilsonian flows, hep-th/0310018. [32] G.A. Vilkovisky, in: S. Christensen (Ed.), B.S. DeWitt Sixtieth Aniversary Volume, Hilger, Bristol, 1983; G.A. Vilkovisky, Nucl. Phys. B 234 (1984) 125.

[33] B. De Witt, in: I.A. Batalin, C.J. Isham, G.A. Vilkovisky (Eds.), Quantum Field Theory and Quantum Statistics, Essays in Honor of the 60th Birthday of E.S. Fradkin, Institute of Physics, Bristol, 1987, p. 191;

B. De Witt, The Global Approach to Quantum Field Theory, Oxford Univ. Press, Oxford, 2003.

[34] E.S. Fradkin and A. A. Tseytlin, On The New Definition Of Off-shell Effective Action, Nucl. Phys. B234 (1984) 509.

[35] B.L. Voronov, P.M. Lavrov, and I.V. Tyutin, Canonical Transformations And The Gauge Dependence In General Gauge Theories, Yad. Fiz. 36, 498 (1982) [Sov. J. Nucl. Phys. 36, 292 (1982)].

[36] J. Gomis and S. Weinberg, Are nonrenormalizable gauge theories renormalizable?, Nucl.

Phys. B469, 473 (1996).

[37] P.M. Lavrov, Effective action for composite fields in gauge theories, Theor. Math. Phys.

82 (1990) 282.

[38] L.D. Faddeev and V.N. Popov, Feynman diagrams for the Yang-Mills field, Phys. Lett.

B25 (1967) 29.

[39] B.S. DeWitt, Dynamical Theory of Groups and Fields, Gordon and Breach, New York, 1965.

[40] J. Zinn-Justin, Renormalization of gauge theories, in Trends in Elementary Particle Theory , Lecture Notes in Physics, Vol. 37, ed. H.Rollnik and K.Dietz (Springer-Verlag, Berlin, 1975).

[41] K.E. Kallosh and I.V. Tyutin, The equivalence theorem and gauge invariance in renormalizable theories, Sov. J. Nucl. Phys. 17 (1973) 98.

[42] I.V. Tyutin, Once again on the equivalence theorem, Phys. Atom. Nucl. 65 (2002) 194. [43] U. Ellwanger, Flow equations and BRS invariance for Yang-Mills theories, Phys. Lett.

B335 (1994) 364.

[44] I.L. Shapiro and J. Solà, On the possible running of the cosmological “constant”, Phys.

Lett. B682 (2009) 105, arXiv:0910.4925 [hep-th];

See also Can the cosmological “constant” run? - It may run, arXiv:0808.0315. [45] P.M. Lavrov, Sp(2) covariant quantization of gauge theories, Mod. Phys. Lett. A6 (1991) 2051.

[46] J.M. Cornwell, R. Jackiw and E. Tomboulis, Effective action for composite operators, Phys. Rev. D10 (1974) 2428.

[47] J.-P. Blaizot, J.M. Pawlowski, U. Reinosa, Exact renormalization group and ϕ-derivable approximations, Phys. Lett. B696 (2011) 523, arXiv:1009.6048 [hep-ph].

[48] M.E. Carrington, Renormalization group flow equations connected to the nPI effective action, arXive:1211.4127.

[49] P.M. Lavrov and S.D. Odintsov, The gauge dependence of the effective action of composite fields in general gauge theories, Int. J. Mod. Phys. A4 (1989) 5205.

[50] P.M. Lavrov, S.D. Odintsov and A.A. Reshetnyak, Effective action of composite fields for general gauge theories in BLT covariant formalism, J. Math. Phys. 38 (1997) 3466.

[51] A. Babic, B. Guberina, R. Horvat, H. Štefančić, Renormalization group running cosmologies - a scale-setting procedure, Phys. Rev. D71 (2005) 124041; astro-ph/0407572.

[52] S. Domazet and H. Štefančić, Renormalization group scale-setting in astrophysical systems, Phys. Lett. B703 (2011) 1; arXiv:1010.3585.

[53] V.N. Gribov, Quantization of Nonabelian Gauge Theories, Nucl. Phys. B139 (1978) 1. [54] D. Zwanziger, Action from the Gribov horizon, Nucl. Phys. B321 (1989) 591. [55] D. Zwanziger, Local and renormalizable action from the Gribov horizon, Nucl. Phys.

B323 (1989) 513.

[56] P. Lavrov, O. Lechtenfeld and A. Reshetnyak, Is soft breaking of BRST symmetry consistent?, JHEP 1110 (2011) 043.

[57] P.M. Lavrov, O.V. Radchenko and A.A. Reshetnyak, Soft breaking of BRST symmetry and gauge dependence, Mod. Phys. Lett. A27 (2012) 1250067.

[58] P.M. Lavrov, Remarks on the Curci-Ferrari model, Mod. Phys. Lett. A27 (2012) 1250132.