arXiv:1212.3103v2 [gr-qc] 8 Jul 2013

Dirac equation in Kerr-Taub NUT spacetime

Hakan Cebeci^∗

Department of Physics, Anadolu University, 26470 Eskişehir, Turkey

Nülifer Özdemir^†

Department of Mathematics, Anadolu University, 26470 Eskişehir, Turkey

Abstract

We study Dirac equation in Kerr-Taub-NUT spacetime. We use Boyer- Lindquist coordinates and separate the resulting equations into radial and angular parts. We get some exact analytical solutions of the angular equations for some special cases. We also obtain the radial wave equations with an effective potential. Finally we discuss the potentials by plotting them as a function of radial distance in a physically acceptable region.

PACS numbers: 04.62.+v, 95.30.Sf

∗E.mail: hcebeci@anadolu.edu.tr †E.mail: nozdemir@anadolu.edu.tr 1

1 Introduction

The Kerr-Taub-NUT (Newman-Unti-Tamburino) spacetime is obtained by introducing an extra non-trivial magnetic mass parameter called the ”gravitomagnetic monopole moment” in the Kerr metric. It describes the spacetime of a localized stationary and axially symmetric object [1]. The solution contains three physical parameters: The gravitational mass, which is also called gravitoelectric charge; the gravitomagnetic mass that is also identified as the NUT charge; the rotation parameter that is the angular speed per unit mass. The NUT charge produces an asymptotically non-flat spacetime in contrast to Kerr geometry that is asymptotically flat [2]. Although the Kerr-Taub-NUT spacetime has no curvature singularities, there exist conical singularities on the axis of symmetry [3]. One can get rid off conical singularities by taking a periodicity condition over the time coordinate. But, this leads to the emergence of closed time-like curves in the spacetime. It means that, in contrast to Kerr solution interpreted as a regular rotating black hole, the Kerr-Taub-NUT solution cannot be identified as a regular black hole solution due to its singularity structure. An alternative physical interpretation of Kerr-Taub-NUT spacetime can be found in [4] where the NUT metric is interpreted as a semi-infinite massless source of angular momentum. Despite the fact that Kerr-Taub-NUT solution has some unpleasing properties, it is vastly studied for exploring various physical phenomena in general relativity due to its asymptotically non-flat spacetime structure [5, 6, 7, 8, 9].

In the present paper, we study the Dirac equation in Kerr-Taub-NUT spacetime. Dirac equation has been extensively examined in various gravitational spacetimes including Schwarzschild geometry [10], Kerr-spacetime [11, 12, 13, 14], Taub-NUT geometry [15], Kerr-Newman AdS black hole background [16], 4-dimensional constant-curvature black hole spacetime [17], rotating Bertotti-Robinson geometry [18], 4-dimensional Nutku helicoid spacetime [19] and open universe geometry [20]. In some of these background spacetimes, some exact analytical solutions of massive and massless Dirac equation have been presented [15, 17, 18, 19, 20]. In [16], spectral properties of Dirac Hamiltonian are given. However in the background of rotating Kerr spacetime, exact solutions of Dirac equation have been obtained only for some special values of the parameters [13, 14]. In [13], the series solution of angular Dirac equation have been given while in [14], angular solutions have been presented by using spectral decomposition method in which the angular wave functions are expanded in terms of spheroidal harmonics. By this method, a three-term recursion relation is achieved and eigenvalues of the angular equations are solved.

On the other hand, in almost all these works, the separability of the Dirac equation has also been discussed. Separability was first discovered in Hamilton-Jacobi and relativistic wave equations through the pioneering works of Carter [21, 22]. The separability has been shown to be closely related to the existence of second order Stäckel-Killing tensors [22]. Later on, the separability of Hamilton-Jacobi and relativistic field equations has been extended to higher dimensional spacetimes in which the Stäckel-Killing tensors are also given explicitly (see [23, 24, 25] and the references therein). The separability of the Dirac equation however was first noticed by Chandrasekhar [11, 12]. Later, it was shown that separability of Dirac equation has also been connected with the existence of a second order Killing-Yano tensor [26]. In close connection with these tensors, Dirac equation has been proved to be separable in general vacuum type-D spacetimes [27]. In addition, the separability of Dirac equation has been investigated in spherically symmetric spacetimes [28]. In [29], the separability of Dirac equation in Kerr-Newman geometry has been explicitly shown by using Boyer-Lindquist coordinates. In a recent work, authors has demonstrated the separability of massive Dirac equation in AdS-Kerr-Taub-NUT spacetimes [30].

In this work, we obtain the set of equations by employing an axially symmetric ansatz for the Dirac spinor. Equations obtained are separated into radial and angular parts with appropriate substitutions of spinor fields. We try to solve angular equations exactly. But unfortunately, we are unable to get exact analytical solutions to general angular equations for all physical parameters. Under some restrictions implemented on the separation constant, we present some exact solutions of the equations with and without gravitomagnetic mass and rotation parameters. Indeed, they can be solved exactly in terms of hypergeometric functions for the cases where the mass of the Dirac particle is equal to or twice the frequency of the spinor wave function. In the final part, radial equations are discussed. With some transformations on the dependent and independent field variables, wave equations with an effective potential barrier are obtained. To understand the physical behavior of the potentials, they are plotted with changing frequency and gravitomagnetic mass parameter in the physically acceptable regions.

Organization of the paper is as follows: In section 2, we present the general form of Dirac equation in exterior forms. In section 3, we obtain Dirac equation in Kerr-Taub-NUT spacetime. In the subsections, we discuss the separability of the equations, obtain the angular and radial equations. Next, we find some exact analytical solutions of the angular equations. Finally, we study the radial wave equations and examine the behavior of the potential barriers that come out in the transformed radial equations. We end up with some comments and conclusions.

2 Dirac equation in 4-dimensional spacetime

We consider a 4-dimensional spacetime manifold M equipped with a Lorentzian metric g with signature (−, +, +, +) and a metric compatible connection ∇. We assume that our spacetime manifold has a spin structure group Spin_+(3, 1). It is known that the fundamental group of Lorentzian group SO_+(3, 1) is Z_2 so that it has a universal covering group of Spin_+(3, 1) that is the multiplicative subgroup of complex Clifford algebra C l_{3,1} .

In exterior forms, the Dirac equation can be written as [31]

∗ γ ∧ Dψ + μψ ∗ 1 = 0, (2.1)

where γ is C l_{3,1} -valued 1-form γ = γ^ae_a. We choose the units such that c = 1 and ℏ = 1. Here ∗ denotes Hodge-star operator and μ is the mass of the particle. {e_a}’s are the orthonormal co-frame 1-forms such that the metric g = η_{ab}e^a ⊗ e^b. ψ represents C^4 -valued Dirac spinor whose covariant exterior derivative can be written as Dψ = dψ + 1 2 σ^{ab}ω_{ab}ψ, (2.2) where σ^{ab} =^1_4 [γ^a, γ^b] and {γ^a}’s satisfy the relations { γ^a, γ^b } = ( γ^aγ^b + γ^bγ^a ) = 2η^{ab}I_{4×4}.

ω_{ab} are the connection 1-forms that satisfy Cartan structure equations

de^a + ω^a_b ∧ e^b = T^a

where T^a denotes torsion 2-form and metric compatibility implies that ω_{ab} = −ω_{ba}. Since C l_{3,1} is isomorphic to M_4(C ) that is the set of 4 × 4 complex matrices, we can choose the representation

γ^0 = i ( 0 I I 0 ) , γ^1 = i ( 0 σ^1 −σ^1 0 ) , γ^2 = i ( 0 σ^2 −σ^2 0 ) , γ^3 = i ( 0 σ^3 −σ^3 0 ) , where σ^i are the Pauli spin matrices and I is the 2 × 2 identity matrix.

3 Dirac Equation in Kerr-Taub-NUT Spacetime

In this section, we examine the Dirac equation in Kerr-Taub-Nut spacetime. In Boyer-Lindquist coordinates, Kerr-Taub-NUT spacetime can be described by the metric with asymptotically non-flat structure, g = − Δ Σ (dt − χdφ)^2 + Σ ( dr^2 Δ + dθ^2 ) + sin^2 θ Σ ( adt − (r^2 + ℓ^2 + a^2)dφ

)_2

(3.1) where

Σ = r^2 + (ℓ + a cos θ)^2, Δ = r^2 − 2Mr + a^2 − ℓ^2 and χ = a sin^2 θ − 2ℓ cos θ.

Here, M is a parameter related to physical mass of the gravitational source. a is associated with its angular momentum per unit mass and ℓ denotes gravitomagnetic monopole moment of the source. For the metric (3.1), we choose the co-frame 1-forms

e^0 = ( Δ Σ )_{1/2} (dt − χdφ), e^1 = ( Σ Δ )_{1/2} dr, (3.2) e^2 = Σ^{1/2}dθ, e^3 = sin θ Σ^{1/2} ( adt − (r^2 + ℓ^2 + a^2)dφ ) . We consider that the spacetime is Levi-Civita (torsion-free) such that connection 1-forms ω^a_b can be determined from the equation

de^a + ω^a_b ∧ e^b = 0

which has a unique solution

ω^a_b = 1 2 (e^c(ι^a ι_bde_c) + ι_bde^a − ι^ade_b) . (3.3)

Here ι_a = ι_{Xa} are inner-product operators that satisfy ι_b e^a = δ^a_b . From equation (3.3), we can determine connection 1-forms ω^a_b:

ω^0_1 = A_2dt + A_3dφ, ω^0_2 = B_3dφ, ω^0_3 = C_1dr + C_2dθ, ω^1_2 = E_1dr + E_2dθ, ω^1_3 = G_3dφ, ω^2_3 = K_2dt + K_3dφ,

(3.4)

where

A_2 =

Mr^2 + 2ℓ^2r + 2ℓar cos θ − M(ℓ + a cos θ)^2 Σ^2

A_3 = χ {(m − r)Σ − 2ℓ^2r − 2Mr^2} − 2ℓr cos θ(r^2 + ℓ^2 + a^2) Σ^2

B_3 = −

Δ^{1/2} sin θ(ℓ + a cos θ) Σ , C_1 = ar sin θ ΣΔ^{1/2}

, C_2 = −

Δ^{1/2} Σ (ℓ + a cos θ),

E_1 = − a sin θ(ℓ + a cos θ) Δ^{1/2}Σ

, E_2 = − rΔ^{1/2} Σ , G_3 = r sin θΔ^{1/2} Σ , (3.5)

K_2 = ℓr^2 − (ℓ + a cos θ)(2Mr + ℓ^2 + aℓ cos θ) Σ^2 ,

K_3 = cos θ(r^2 + ℓ^2 + a^2)(Σ + 2ℓ(ℓ + a cos θ)) + χ(2Mr + 2ℓ^2)(ℓ + a cos θ) Σ^2 . Since the space-time is axially symmetric, we can take

ψ = e^{−iωt}e^{imφ} ψ_1(r, θ) ψ_2(r, θ) ψ_3(r, θ) ψ_4(r, θ) , (3.6)

where m denotes azimuthal quantum number. Then we substitute (3.4), (3.5) and (3.6) into Dirac equation (2.1) and obtain the following equations: ( ωα_1 + mα_2 Δ^{1/2} sin θ ) ψ_3− iΔ^{1/2} Σ^{1/2} ∂ψ_4 ∂r − 1 Σ^{1/2} ∂ψ_4 ∂θ + i 2 (δ_2+δ_4)ψ_4+ 1 2 (δ_1−δ_3)ψ_4+μψ_1 = 0, (3.7)

( −ωα_3 + mα_4 Δ^{1/2} sin θ ) ψ_4− iΔ^{1/2} Σ^{1/2} ∂ψ_3 ∂r + 1 Σ^{1/2} ∂ψ_3 ∂θ + i 2 (δ_4−δ_2)ψ_3+ 1 2 (δ_1+δ_3)ψ_3+μψ_2 = 0, (3.8) ( −ωα_3 + mα_4 Δ^{1/2} sin θ ) ψ_1+ iΔ^{1/2} Σ^{1/2} ∂ψ_2 ∂r + 1 Σ^{1/2} ∂ψ_2 ∂θ + i 2 (δ_2−δ_4)ψ_2+ 1 2 (δ_1+δ_3)ψ_2+μψ_3 = 0, (3.9) ( ωα_1 + mα_2 Δ^{1/2} sin θ ) ψ_2+ iΔ^{1/2} Σ^{1/2} ∂ψ_1 ∂r − 1 Σ^{1/2} ∂ψ_1 ∂θ − i 2 (δ_2+δ_4)ψ_1+ 1 2 (δ_1−δ_3)ψ_1+μψ_4 = 0, (3.10) where

α_1 = χΔ^{1/2} − (r^2 + a^2 + ℓ^2) sin θ Σ^{1/2}

, α_2 = a sin θ − Δ^{1/2}

Σ^{1/2} ,

α_3 = χΔ^{1/2} + (r^2 + a^2 + ℓ^2) sin θ Σ^{1/2}

, α_4 = a sin θ + Δ^{1/2}

Σ^{1/2} , and δ_1 = −

(l + a cos θ) Σ^{3/2}

Δ^{1/2}, δ_2 = ar sin θ Σ^{3/2} , δ_3 = cos θΣ − a sin^2 θ(l + a cos θ) sin θΣ^{3/2}

, δ_4 = −

(Σ(r − M) + rΔ) Δ^{1/2}Σ^{3/2} . 3.1 Separability of the equations

Although in [27], Dirac equation is proven to be separable in the Carter class of type-D vacuum spacetimes where our Kerr-Taub NUT background also belongs to and the existence of a second order Killing-Yano tensor implies the separability of the Dirac equation, for completeness of the work and also for instructional purposes, it would be useful to discuss and explicitly illustrate the separability work by employing Boyer-Lindquist coordinates. For that purpose, we add and subtract equations (3.7), (3.8), (3.9) and (3.10) and define

F_1 = i (r − i(ℓ + a cos θ))^{1/2} (ψ_1 + ψ_2), F_2 = −i (r − i(ℓ + a cos θ))^{1/2} (ψ_2 − ψ_1), (3.11) F_3 = (r + i(ℓ + a cos θ))^{1/2} (ψ_3 + ψ_4), F_4 = (r + i(ℓ + a cos θ))^{1/2} (ψ_4 − ψ_3).

We then simplify the resulting equations and finally get { ma − ω(r^2 + ℓ^2 + a^2) Δ^{1/2} − D } F_3 + { m − ωχ sin θ − L } F_4

−μ (ir − (ℓ + a cos θ)) F_1 = 0, (3.12) { −m + ωχ sin θ − L } F_3 + { −ma + ω(r^2 + ℓ^2 + a^2)

Δ^{1/2} − D } F_4

−μ (ir − (ℓ + a cos θ)) F_2 = 0, (3.13) { ma − ω(r^2 + ℓ^2 + a^2) Δ^{1/2} + D } F_1 + { m − ωχ sin θ − L } F_2

+μ (ir + (ℓ + a cos θ)) F_3 = 0, (3.14) { m − ωχ sin θ + L } F_1 + { ma − ω(r^2 + ℓ^2 + a^2)

Δ^{1/2} − D } F_2

−μ (ir + (ℓ + a cos θ)) F_4 = 0, (3.15)

where D = i 2 ( r − M Δ^{1/2}

+ Δ^{1/2} ∂ ∂r ) , L = 1 2 cot θ + ∂ ∂θ . Equations (3.12), (3.13), (3.14) and (3.15) imply the separability ansatz

F_1 = R_1(r)S_1(θ), F_2 = R_2(r)S_2(θ), (3.16) F_3 = R_2(r)S_1(θ), F_4 = R_1(r)S_2(θ).

With the ansatz above, equations take the following forms: [{ ma − ω(a^2 + r^2 + ℓ^2) Δ^{1/2} − D } R_2(r) − iμrR_1(r) ] S_1(θ) + [{ m − ωχ sin θ − L } S_2(θ) + μ(ℓ + a cos θ)S_1(θ) ] R_1(r) = 0, (3.17)

[{ −m + ωχ sin θ − L } S_1(θ) + μ(ℓ + a cos θ)S_2(θ) ] R_2(r) + [{ −ma + ω(a^2 + r^2 + ℓ^2) Δ^{1/2} − D } R_1(r) − iμrR_2(r) ] S_2(θ) = 0, (3.18) [{ ma − ω(a^2 + r^2 + ℓ^2) Δ^{1/2} + D } R_1(r) + iμrR_2(r) ] S_1(θ) + [{ m − ωχ sin θ − L } S_2(θ) + μ(ℓ + a cos θ)S_1(θ) ] R_2(r) = 0, (3.19) [{ m − ωχ sin θ + L } S_1(θ) − μ(ℓ + a cos θ)S_2(θ) ] R_1(r) + [{ ma − ω(a^2 + r^2 + ℓ^2) Δ^{1/2} − D } R_2(r) − iμrR_1(r) ] S_2(θ) = 0. (3.20)

These equations further imply that

λ_1R_1(r) = { ma − ω(a^2 + r^2 + ℓ^2) Δ^{1/2} − D } R_2(r) − iμrR_1(r), (3.21)

λ_2R_2(r) = { −ma + ω(a^2 + r^2 + ℓ^2) Δ^{1/2} − D } R_1(r) − iμrR_2(r), (3.22)

λ_3R_2(r) = { ma − ω(a^2 + r^2 + ℓ^2) Δ^{1/2} + D } R_1(r) + iμrR_2(r), (3.23)

λ_4R_1(r) = { ma − ω(a^2 + r^2 + ℓ^2) Δ^{1/2} + D } R_2(r) − iμrR_1(r), (3.24) and λ_1S_1(θ) = { −m + ωχ sin θ + L } S_2(θ) − μ(ℓ + a cos θ)S_1(θ), (3.25)

λ_2S_2(θ) = { m − ωχ sin θ + L } S_1(θ) − μ(ℓ + a cos θ)S_2(θ), (3.26)

λ_3S_1(θ) = { −m + ωχ sin θ + L } S_2(θ) − μ(ℓ + a cos θ)S_1(θ), (3.27)

λ_4S_2(θ) = { −m + ωχ sin θ − L } S_1(θ) + μ(ℓ + a cos θ)S_2(θ). (3.28)

For consistency of the equations (3.21)-(3.28), we choose λ_1 = λ_3 = λ_4 = λ and λ_2 = −λ. Then we obtain following independent radial and angular equations:

λR_1(r) = { ma − ω(a^2 + r^2 + ℓ^2) Δ^{1/2} − D } R_2(r) − iμrR_1(r), (3.29)

λR_2(r) = { ma − ω(a^2 + r^2 + ℓ^2) Δ^{1/2} + D } R_1(r) + iμrR_2(r), (3.30) and λS_2(θ) = { ωχ − m sin θ − L } S_1(θ) + μ(ℓ + a cos θ)S_2(θ), (3.31)

λS_1(θ) = { ωχ − m sin θ + L } S_2(θ) − μ(ℓ + a cos θ)S_1(θ). (3.32)

3.2 Angular equations

Angular equations (3.31) and (3.32) can be arranged as dS_1 dθ + { ( 1 2 + 2ωℓ) cot θ − aω sin θ + m sin θ } S_1(θ) = (μ(ℓ + a cos θ) − λ) S_2(θ), (3.33) and dS_2 dθ + { ( 1 2 − 2ωℓ) cot θ + aω sin θ − m sin θ } S_2(θ) = (μ(ℓ + a cos θ) + λ) S_1(θ). (3.34) At this stage, we affect the transformation

S_1 = cos ( θ 2 ) T_1 + sin ( θ 2 ) T_2

S_2 = − sin ( θ 2 ) T_1 + cos ( θ 2 ) T_2. (3.35)

Then taking x = cos θ and redefining T_1 = T_+ and T_2 = T_−, one can easily see that (3.33) and (3.34) satisfy the following second order differential equations:

(1 − x^2) d^2T_± dx^2 + M_± dT_± dx + N_±T_± = 0 (3.36) where

M_± = ℓ(2ω − μ)(1 − x^2) − 2a(μ − ω)x(1 − x^2) ( ∓ (_1 2 + λ ) − m ) − ℓ(2ω − μ)x + aω + (aμ − aω)x^2 − 2x (3.37) and N_± = − ( m ±^1_2

)_2 + 4ωℓ ( m ±^1_2 ) x + 4ω^2ℓ^2 1 − x^2 + ( ±ℓ(μ − 2ω) + (2ω^2 − μ^2)2ℓa ) x + (±2 − aμ − aω)(aμ − aω)x^2 +(4ω^2 − μ^2)ℓ^2 ∓ (μ − ω)a − a^2ω^2 + 2maω + λ(λ + 1) (3.38)

+ ( (^1_2 ± m)x ± 2ωℓ ± (ℓ(μ − 2ω) + a(μ − ω)x) (1 − x^2) ( ∓(^1_2 + λ) − m ) − ℓ(2ω − μ)x + aω + (aμ − aω)x^2 ) × (2a(μ − ω)x − (2ω − μ)ℓ) . Now we investigate exact solutions to equations (3.36) for some special cases:

i. ℓ = 0, a = 0 :

In that case, equations (3.36) take the simple form, d dx ( (1 − x^2) dT_± dx ) + ( λ(λ + 1) − ( m ±^1_2

)_2

1 − x^2 ) T_± = 0. (3.39)

In general for generic values of λ, the solutions to those equations can be expressed in terms of associated Legendre functions P^{ν±}_λ and Q^{ν±}_λ , with ν_± = m ±^1_2 . When λ and ν_± are integers (ν_± being even), solutions describe associated Legendre polynomials. ii. ℓ = 0, a ≠ 0 and μ = ω:

For that special case, equations (3.36) can be simplified to d dx ( (1 − x^2) dT_± dx ) + ( ~λ(~λ + 1) − ( m ±^1_2

)_2

1 − x^2 ) T_± = 0, (3.40)

where ~λ(~λ + 1) = λ(λ + 1) + 2maω − a^2ω^2. (3.41)

Again the solutions are the same as in the case (i) except that λ is replaced by ~λ. iii. ℓ = 0, a ≠ 0, μ ≠ ω:

In that case, the equations (3.36) can be reduced to

(1 − x^2)^2 d^2T_± dx^2 + ( Cx^4 + D_±x^2 + E_± ) T_± = 0, (3.42)

where we restrict the eigenvalue λ = ±aμ ∓ m − 1 2 . (3.43)

Here

C = a^2μ^2 − a^2ω^2,

D_± = −a^2μ^2 + 2a^2ω^2 ∓ m ∓ aω − λ^2 − 2aωm − 1 2 , (3.44)

E_± = − ( m ± 1 2 )_2 ± aω + λ^2 + 2maω − a^2ω^2 − 1 2 . Equations of the type (3.42) have exact analytical solutions for C = 0, D_± = 0 or C = 0, D_± ≠ 0 [32]. However in our case since μ ≠ ω, C ≠ 0. In fact, when λ is further restricted to be λ = ±μa (which corresponds to m = ∓^1_2 ), equations (3.42) have simple analytical solutions. When the mass of the particle is greater than the frequency of the spinor wave (μ > ω), the solutions describe periodic waves. However if the mass of the particle is smaller than the frequency of the spinor wave (μ < ω), the solutions are exponential.

iv. ℓ ≠ 0, a = 0 and μ = 2ω:

In that case, equations (3.36) can be arranged as

(x^2 − 1)^2 d^2T_± dx^2 + 2x(x^2 − 1) dT_± dx + ( C_± + D_±x − λ(λ + 1)x^2 ) T_± = 0,(3.45)

where

C_± = λ(λ + 1) − ( m ± 1 2 )_2 − 4ω^2ℓ^2, D_± = −4ωℓ ( m ± 1 2 ) . Under the transformation ξ = 1 2 (1 − x), Y_± = (x + 1)^{−p±} (1 − x)^{−q±} T_± (3.46) the equation satisfied by Y_± takes the form ξ(ξ − 1) d^2Y_± dξ^2 + [ξ(α_± + β_± + 1) − γ_±] dY_± dξ + α_± β_± Y_± = 0 (3.47)

whose solution is given by hypergeometric function

Y_±(ξ) = F (α_±, β_±, γ_±; ξ). (3.48)

Hence the solutions are

T_±(x) = (1 + x)^{p±} (1 − x)^{q±} F ( α_±, β_±, γ_±; 1 2 (1 − x) ) . (3.49)

Here q^2_± = 1 4 ( m ± 1 2 + 2ωℓ )_2

, (3.50)

p^2_± = 1 4 ( m ± 1 2 − 2ωℓ )_2

. (3.51)

α_±, β_± and γ_± can be obtained from

α_± + β_± + 1 = 2(p_± + q_± + 1), α_±β_± = (p_± + q_±)^2 − p_± − q_± + 2(p_± + q_±) − λ(λ + 1),(3.52) γ_± = 2q_± + 1.

v. ℓ ≠ 0, a = 0 and μ ≠ 2ω:

In that case, equations (3.36) reduce to

(1 − x^2) d^2T_± dx^2 + ( −2x + ℓ(2ω − μ)(1 − x^2) ( ∓(^1_2 + λ) − m ) − ℓ(2ω − μ)x ) dT_± dx + ( − (m ±^1_2 )^2 + 4ωℓ ( m ±^1_2 ) x + 4ω^2ℓ^2 1 − x^2

± ℓ(μ − 2ω)x + λ(λ + 1) (3.53)

+(4ω^2 − μ^2)ℓ^2 +

(^1_2 ± m)x ± 2ωℓ ± ℓ(μ − 2ω)(1 − x^2) ( ∓(^1_2 + λ) − m ) − ℓ(2ω − μ)x (μ − 2ω)ℓ ) T_± = 0.

As we have done in the case iii., we simplify (3.53) by taking the constraints μℓ − 2ωℓ = ( 1 2 + λ ) ± m (3.54) in the equations satisfied by T_+ and T_− respectively. With these restrictions, equations (3.53) satisfied for T_+ and T_− reduce to

(1 − x^2)^2 d^2T_+ dx^2 + (1 − x)(1 − x^2) dT_+ dx + (¯ C_+x^2 + D̄_+x + Ē_+ ) T_+ = 0, (3.55) and (1 − x^2)^2 d^2T_− dx^2 − (1 + x)(1 − x^2) dT_− dx + (¯ C_−x^2 + D̄_−x + Ē_− ) T_− = 0, (3.56)

respectively, where

C̄_± = ℓ(μ − 2ω)(4ωℓ + 2m ± 1) − (m ± 1 2 )^2, D̄_± = −4ωℓ(m ± 1) − ( m ± 1 2 ) , (3.57) Ē_± = 4ωℓ(ωℓ − μℓ ± m) − ( 1 2 ± m ) (2μℓ + 1).

Equations of the type (3.55) and (3.56) seem harder to obtain for exact analytical solutions. However, with λ = μℓ both equations take the following simple forms:

(1 + x)^2 d^2T_+ dx^2 + (1 + x) dT_+ dx − ( m + 1 2 )_2

T_+ = 0 (3.58) and (x − 1)^2 d^2T_− dx^2 + (x − 1) dT_− dx − ( m − 1 2 )_2

T_− = 0, (3.59)

whose solutions are given by

T_+(x) = c_1(1 + x)^{(m+ 12 )} + c_2(1 + x)^{−(m+ 12 )}, (3.60)

T_−(x) = d_1(1 − x)^{(m− 12 )} + d_2(1 − x)^{−(m− 12 )}, (3.61) where c_1, c_2, d_1 and d_2 are real constants.

vi. ℓ ≠ 0, a ≠ 0 and μ = 2ω:

In that case, equations (3.36) take the following form:

(1 − x^2) d^2T_± dx^2 − ( 2x +

2aωx(1 − x^2) ( ∓(^1_2 + λ) − m ) + aω + aωx^2 ) dT_± dx + ( − (m ±^1_2 )^2 + 4ωℓ ( m ±^1_2 ) x + 4ω^2ℓ^2 1 − x^2

+ λ(λ + 1) (3.62) −4ℓaω^2x + (±2 − 3aω)aωx^2 ∓ aω − a^2ω^2 + 2maω +2aωx (^1_2 ± m)x ± 2ωℓ ± aωx(1 − x^2) ( ∓(^1_2 + λ) − m ) + aω + aωx^2 ) T_± = 0.

Under the constraints 2aω = m ± ( 1 2 + λ ) , (3.63)

equations (3.62) can be simplified as

(1 − x^2)^2 d^2T_+ dx^2 + ( a_0 + a_1x + a_2x^2 + a_3x^3 + a_4x^4 ) T_+ = 0, (3.64) and (1 − x^2)^2 d^2T_− dx^2 + ( ā_0 + ā_1x + ā_2x^2 + ā_3x^3 + ā_4x^4 ) T_− = 0, (3.65)

respectively, where

a_0 = 3a^2ω^2 − 4ω^2ℓ^2 − ( m + 1 2 ) (1 + 2aω) ,

a_1 = −4ℓω ( m + 3 2 + aω ) , a_2 = −6a^2ω^2 + ( m + 1 2 ) ( 2aω − m − 3 2 ) , (3.66)

a_3 = 4aℓω^2, a_4 = 3a^2ω^2, and ā_0 = 3a^2ω^2 − 4ω^2ℓ^2 + ( m − 1 2 ) (1 − 2aω) , ā_1 = −4ℓω ( m + aω − 3 2 ) , ā_2 = −6a^2ω^2 + ( m − 1 2 ) ( 2aω − m + 3 2 ) , (3.67)

ā_3 = 4aℓω^2, ā_4 = 3a^2ω^2.

In order to obtain an exact analytical solution, equation (3.64) can further be simplified when λ = 2aω + 1 (which corresponds to m = −^3_2 ) and ℓ =^1_{2ω} as (1 + x) d^2T_+ dx^2 + ( 3a^2ω^2 + 2aω + 3a^2ω^2x ) T_+ = 0. (3.68)

Then the solution for T_+ can be written as

T_+(x) = e^{i√3ωax}zΦ(ā + 1, 2, z), (3.69)

with z = −2i √ 3ωa(x+1) and ā = −^{i√}_3 . Similarly (3.65) take a simpler form when λ = 2aω − 1 (which corresponds to m =^3_2 ) and ℓ =^1_{2ω} as

(1 − x) d^2T_− dx^2 + ( 3a^2ω^2 − 2aω − 3a^2ω^2x ) T_− = 0, (3.70)

whose solution can be given as

T_−(x) = e^{−i√3ωax}ζΦ(ā + 1, 2, ζ) (3.71)

with ζ = −2i √ 3ωa(x − 1). For both T_+ and T_−, the solutions describe oscillating wave solutions with non-uniform amplitudes.

3.3 Radial equations

Radial equations (3.34), (3.35) can be rearranged as dR_1 dr + ( r − M Δ − i (ma − ω(a^2 + r^2 + ℓ^2)) 2 Δ ) R_1 = − 2 √ Δ (μr + iλ) R_2, (3.72) dR_2 dr + ( r − M Δ + i (ma − ω(a^2 + r^2 + ℓ^2)) 2 Δ ) R_2 = − 2 √ Δ (μr − iλ) R_1. (3.73) To get the radial equations in the form of a wave equation, we follow the method applied in Chandrasekhar’s book [12] but with ℓ ≠ 0. Hence we consider the transformations

P_1 = iΔ^{1/2}R_1, P_2 = Δ^{1/2}R_2. (3.74)

Let Ω = r^2 + a^2 + ℓ^2 −^{ma}_ω . With these transformations, equations (3.72) and (3.73) take the form dP_1 dr + 2i ωΩ Δ P_1 = −2i(μr + iλ) Δ^{1/2}

P_2, (3.75) dP_2 dr − 2i ωΩ Δ P_2 = 2i(μr − iλ) Δ^{1/2}

P_1. (3.76) Let du dr = Ω Δ , β^2 = M^2 − a^2 + ℓ^2. (3.77)

Then in terms of the new independent variable u, we obtain dP_1 du + 2iωP_1 = −2i(μr + iλ) Ω Δ^{1/2}P_2, (3.78) dP_2 du − 2iωP_2 = 2i(μr − iλ) Ω Δ^{1/2}P_1, (3.79)

where

u = r +

2Mr_+ + 2ℓ^2 −^{ma}_ω 2β ln ( r − r_+ r_+ )

− 2Mr_− + 2ℓ^2 −^{ma}_ω 2β ln ( r − r_− r_− ) , (r > r_+) (3.80)

for M^2 > a^2 − ℓ^2. Here r_+ = M + β and r_− = M − β. The relation (3.80) is single-valued for r > r_+ if the inequality

r^2_+ + a^2 + ℓ^2 − ma ω > 0 (3.81)

is satisfied. This requires that in the frequency range

ω_2 < ω < ω_1, (3.82) where ω_2 = ma 2Mr_+ + 2ℓ^2

, ω_1 = ma ℓ^2 + a^2

, m > 0, (3.83)

u becomes single-valued in r in the region where r > r_+. It is seen that as r → ∞, u → ∞ and as r → (r_+)^+, u → −∞. For completeness, we also note that for the critical case when M^2 = a^2 − ℓ^2, u becomes u = r − ( 2ℓ^2 + 2M^2 −^{ma}_ω ) r − M + 2M ln(r − M), (r > M). (3.84)

Concentrating on the case M^2 > a^2 − ℓ^2, let us make another transformation

ϑ = arctan (μr λ ) . (3.85)

With the new definitions

P_1 = ϕ_1e^{− 12 iϑ}, P_2 = ϕ_2e^{12 iϑ}, (3.86)

equations (3.78), (3.79) take the forms dϕ_1 du + 2iω ( 1 − λμΔ 4ω(λ^2 + μ^2r^2)Ω ) ϕ_1 = 2 √ λ^2 + μ^2r^2 Ω Δ^{1/2}ϕ_2, (3.87) dϕ_2 du − 2iω ( 1 − λμΔ 4ω(λ^2 + μ^2r^2)Ω ) ϕ_2 = 2 √ λ^2 + μ^2r^2 Ω Δ^{1/2}ϕ_1. (3.88)

Redefining the independent variable as û = u − 1 4ω arctan (μr λ ) , (3.89)

equations (3.87) and (3.88) can be simplified as dϕ_1 dû + 2iωϕ_1 = W ϕ_2, (3.90) dϕ_2 dû − 2iωϕ_2 = W ϕ_1, (3.91)

where W = 2 (λ^2 + μ^2r^2)^{3/2} Δ^{1/2} (λ^2 + μ^2r^2) Ω −^{λμΔ}_{4ω}

. (3.92)

By further defining Z_1 = ϕ_1 + ϕ_2 and Z_2 = ϕ_1 − ϕ_2, equations (3.90) and (3.91) can be rewritten dZ_1 dû − W Z_1 = −2iωZ_2, (3.93) dZ_2 dû + W Z_2 = −2iωZ_1. (3.94)

From equations (3.93) and (3.94) we obtain one-dimensional wave equations

d^2Z_1 dû^2 + 4ω^2Z_1 = V_+Z_1, (3.95) d^2Z_2 dû^2 + 4ω^2Z_2 = V_−Z_2, (3.96)

where the effective potentials

V_± = W^2 ± dW dû . (3.97)

We calculate the potentials as

V_±(r) =

2 (λ^2 + μ^2r^2)^{3/2} Δ^{1/2} I^2 [ 2 ( λ^2 + μ^2r^2 )_{3/2} Δ^{1/2}

± 3μ^2rΔ ± ( λ^2 + μ^2r^2 ) (r − M) (3.98) ∓ Δ (λ^2 + μ^2r^2) I ( 2μ^2Ωr + 2 ( λ^2 + μ^2r^2 ) r − λμ(r − M) 2ω )] , where I = ( λ^2 + μ^2r^2 ) Ω − λμΔ 4ω . (3.99)

We see that, the effective potentials depend on gravitomagnetic monopole moment ℓ via the functions Δ and Ω, where ℓ = 0 case is discussed in [12]. We also report that, for μ = 0, the potentials take the simple form

V_±(r) =

2Δ^{1/2}λ Ω^2 { 2λΔ^{1/2} ± (r − M) ∓ 2Δr Ω } . (3.100)

4 Discussion

To see the asymptotic behaviour of the potentials and the radial solutions and to expose the effect of gravitomagnetic monopole moment, we can expand the potentials up to order O(^1_{r3} ). At this order, for massive case (i.e for μ ≠ 0), the potentials behave as

V_± ≃ 4μ^2 − 8μ^2M 1 r + η_± 1 r^2

+ O( 1 r^3

), (4.1)

where

η_± = 2 ω (λμ + 4μ^2ma + 2λ^2ω − 2μ^2a^2ω − 6μ^2ℓ^2ω ± Mμω). (4.2)

Here the first term corresponds to constant value of the potential at the asymptotic infinity. The second term represents the monopole-type (or Coulomb type) potential while the third term exhibits a dipole-type potential. As can be seen from the asymptotic expansion of the potentials, the effect of NUT parameter is observed at^1_{r2} order. It means that the effect of NUT charge in the massive case appears in a dipole-type potential at the leading order. In the massless case (μ = 0), the potentials simply take the form

V_± ≃ 4λ^2 1 r^2

(4.3)

up to order O(^1_{r3} ). With the asymptotic form of the potentials given above, radial equations (3.95) and (3.96) take the following forms: d^2Z_1 dr^2 + 4ω^2Z_1 = ( 4μ^2 − 8μ^2M 1 r + η_+ 1 r^2 ) Z_1, (4.4)

d^2Z_2 dr^2 + 4ω^2Z_2 = ( 4μ^2 − 8μ^2M 1 r + η_− 1 r^2 ) Z_2, (4.5)

whose solutions can be given by

Z_{1,2} = r^{s±} e^{2i} √_{ω2−μ2r} Φ(c̄_±, d̄_±; ξ), (4.6)

in terms of confluent hypergeometric functions Φ(c̄_±, d̄_±; ξ), where + corresponds to solution for Z_1, while − corresponds to solution for Z_2. We also consider that ω > μ. Here

s_± = 1 + √ 1 + 4η_± 2 (4.7) and ξ = −4i √ ω^2 − μ^2r, c̄_± = s_± − 2iμ^2M √ ω^2 − μ^2

, d̄_± = 2s_±. (4.8)

For the physically acceptable solutions, the inequality

1 + 4η_± ≥ 0 (4.9)

should also be imposed. At the asymptotic infinity (r → ∞), the behavior of the solutions (4.6) can be represented as

Z_{1,2} ∼ a_1e^{ip(r)} + a_2e^{−ip(r)} + (b_1e^{ip(r)} + b_2e^{−ip(r)}) 1 r (4.10) + ( c_1e^{i(p(r)+ π2 )} + c_2e^{i( π2 −p(r))} ) 1 r^2

+ O( 1 r^3 ), where p(r) = π 2 s_± − 2 ( √ ω^2 − μ^2r + μ^2M √ ω^2 − μ^2 ln(4 √ ω^2 − μ^2r) ) , (4.11)

a_1, a_2, b_1, b_2, c_1 and c_2 are constants coming from the asymptotic expansion of Φ(c̄_±, d̄_±; ξ). The asymptotic behaviour (4.10) represents incident and reflected planar-type waves plus incident and reflected spherical-type waves at infinity.

Interestingly, in the critical case when ω = μ, radial wave equations accept the solution Z_{1,2} = r^{1/2}J_{ν±} (β √ r), (4.12)

where ν_± = 1−2s_± and β = 4μ √ 2M and J_ν (β √ r) represents Bessel functions of order ν.

It would also be interesting to see the behaviour of the potentials graphically. From the expressions (3.98) and (3.100), it is obvious that, the potentials become singular in the massive case (μ ≠ 0) when I = 0 and in the massless case (μ = 0) when Ω = 0. Moreover they possess local extremums when^{dV±}_{dr} = 0 that leads to a very complicated algebraic equation to solve for the extremum distance of r. However, in order to understand the physical behaviour of the potentials V_± in the physical region r > r_+, we make 2-dimensional and 3-dimensional plots of the potentials for massive particles.

Figure 1: Graphs of V_+ (solid curves) and V_− (dashed curves) with M = 1, λ = 1, μ = 0.12, ω = 0.2, m = 0.5, a = 0.95

Figure 2: Graphs of V_+ (solid curves) and V_− (dashed curves) with M = 1, λ = 1, μ = 0.12, ℓ = 0.4, m = 0.5, a = 0.95

Figure 3: 3-dimensional plot of V_+ with M = 1, λ = 1, μ = 0.12, ω = 0.2, m = 0.5, a = 0.95

Figure 4: 3-dimensional plot of V_− with M = 1, λ = 1, μ = 0.12, ω = 0.2, m = 0.5, a = 0.95

It is also clear that the potentials depend on the physical parameters a, M, m and ℓ implicitly in the metric functions. In all plots, we take the physical parameters M = 1, λ = 1, m = 0.5 and a = 0.95.

As can be seen in 2-dimensional graphs, the potentials are plotted as a function of radial distance r. Figure 1 and 2 describe the effective potentials V_± for massive particle with rest mass μ = 0.12 such that μ < ω. In the first graph, also taking the frequency constant (ω = 0.2), we examine the effect of the NUT parameter ℓ by obtaining potential curves for some specific values of the gravitomagnetic monopole moment ℓ. We see that, for sufficiently small values of ℓ including ℓ = 0, potentials have sharp peaks in the physical region r > r_+. When the NUT parameter ℓ = 0, the peak is seen to be maximum. It is also observed that while ℓ increases, the sharpness of the peaks decreases. While the peaks get smaller, potentials still have some maxima. The peaks tend to disappear after a specific value of the NUT parameter. This means that, for small values of the NUT parameter, a massive Dirac particle moving in the region r_+ < r < ∞ may encounter sharp potential barriers resulting in decrease of its kinetic energy, but for sufficiently large values of the gravitomagnetic monopole moment, it may advance in the same region even without encountering any peaks. Potentials become bounded regardless of the value of ℓ and approach a constant value in the sufficiently large values of r (or r → ∞). In the second graph, we keep gravitomagnetic monopole moment ℓ fixed (ℓ = 0.4). In that case, we investigate the behaviour of the potentials by obtaining potential curves for some specific values of the frequency ω that can take values in the range (3.82) for û or u to be single-valued. Again, one can clearly see that potentials have some local maxima in the low frequencies and the peaks are observed. While the frequency increases, the peaks again disappear as in Figure 1 and potentials behave similarly in the sufficiently large distances. We also remark that, in the massless case (μ = 0), 2-dimensional plots of the behaviour of the potentials are similar to figures 1 and 2.

To observe the effect of the NUT parameter ℓ explicitly, we also realize 3-dimensional plots of the potentials with respect to NUT parameter ℓ and radial distance r. As can be seen from the 3-dimensional graphs 3 and 4, we observe 3-dimensional peak for small values of gravitomagnetic moment. As the value of NUT parameter and radial distances increases, potentials level off. Again in the massless case, 3-dimensional plots of the behaviour of the potentials are similar to figures 3 and 4.

5 Conclusion

In this work, we examine the Dirac equation in 4-dimensional Kerr-Taub- NUT spacetime described by the physical parameters, the mass M, angular speed a per unit mass and gravitomagnetic monopole moment ℓ. By taking an axially symmetric ansatz for the spinor field, we obtain massive Dirac equations. By using Boyer-Lindquist coordinates, we explicitly work out the separability of the equations into radial and angular parts. We get angular and radial equations for arbitrary ℓ. We find some exact solutions to the angular equations with and without gravitomagnetic monopole moment ℓ and rotation parameter a. We see that, for massive Dirac equation, when the mass of the particle is equal to or twice the frequency of the spinor wave function, some angular solutions can be represented in terms of hypergeometric functions.

We also discuss the radial equations and get a wave equation with an effective potential. We obtain asymptotic expansion of the potentials to observe the effect of the NUT parameter. We have seen that the effect of NUT charge manifests itself in a dipole-type potential at the leading order. With the asymptotic form of the potentials, we get the solutions of the radial wave equations. We have seen that, the radial wave functions physically represent plane wave-type and spherical wave-type solutions. Moreover, to realize the physical interpretations of the potentials, we make 2 and 3 dimensional plots of them. From the plots, it can be seen that the peak values of the potential barriers decrease and the potential curves level off while NUT charge ℓ increases.

We believe that in order to better understand the physical significance of the NUT charge, Dirac Hamiltonian should be constructed for the Dirac equation [31] and e.g. the effect of NUT parameter on the neutrino oscillations can be examined. As a future work, it can be further suggested that, by using a similar spectral method presented in [14], angular solutions can be represented in terms of spheroidal harmonics and eigenvalues can be solved numerically. Finally, we remark that one can study the massive Dirac equation for a charged Dirac particle in the background of Kerr-Newman-Taub NUT spacetime as well. These are devoted to future research.

Acknowledgments

We would like to thank the anonymous referee whose useful suggestions and comments led us to improve our manuscript.

Appendix A: Derivation of the solutions of (3.68) and (3.70)

Equations (3.68) and (3.70) are of the type (c_2x + b_2) d^2y dx^2 + (c_1x + b_1) dy dx + (c_0x + b_0)y = 0, (5.1) with c_1 = 0, b_1 = 0. Under the transformation [32] y = e^{kx}Ω(z), z = 1 Λ (x − μ̄) (5.2) equation satisfied by Ω(z) takes the form z d^2Ω dz^2 + (b̄ − z) dΩ dz − āΩ = 0, (5.3) where ā = b_2k^2 + b_0 2c_2k

, b̄ = 0. (5.4) Here μ̄ = −^{b2}_{c2} and Λ = −^1_{2k} . k can be calculated from c_2k^2 + c_0 = 0. A particular solution of 5.3 (with b̄ = 0) can be written in terms of confluent hypergeometric function as Ω(z) = zΦ(ā + 1, 2, z). (5.5) In our case, for T_+

c_2 = 1, b_2 = 1, c_0 = 3a^2ω^2, b_0 = 3a^2ω^2 + 2aω. So the solution for T_+ can be written as T_+(x) = e^{i√3ωax}zΦ(ā + 1, 2, z) with z = −2i √ 3ωa(x + 1) and ā = −^{i√}_3 . On the other hand, for T_− c_2 = −1, b_2 = 1, c_0 = −3a^2ω^2, b_0 = 3a^2ω^2 − 2aω.

In that case the solution for T_− can be written as T_−(x) = e^{−i√3ωax}ζΦ(ā + 1, 2, ζ) with ζ = −2i √ 3ωa(x − 1). References

[1] M. Demiański and E. T. Newman, Bull. Acad. Polon. Sci., Ser. Sci., Math., Astron., Phys. 14, 653 (1966).

[2] C. W. Misner, J. Math. Phys. 4, 924 (1963). [3] J.G. Miller, J. Math. Phys. 14, 486 (1973).

[4] W. B. Bonnor, Proc. Cambridge Phil. Soc. 66, 145 (1969). [5] D. Bini, C. Cherubini, R. T. Jantzen, Class. Quant. Grav. 19, 5265 (2002).

[6] A. N. Aliev, Phys. Rev. D 77, 044038 (2008).

[7] C. Liu, S. Chen, C. Ding, J. Jing, Phys. Lett. B 701, 285 (2011). [8] D. Lynden-Bell, M. Nouri-Zonoz, Rev. Mod. Phys. 70, 427 (1998). [9] G. G. L. Nashed, Eur. Phys. J. C 72, 2010, (2012).

[10] B. Mukhopadhyay, S. K. Chakrabarti, Class.Quant.Grav. 16, 3165 (1999).

[11] S. Chandrasekhar, Proc. R. Soc. Lond. A 349, 571 (1976); Proc. R. Soc.

Lond. A 350, 565(E) (1976).

[12] S. Chandrasekhar, The Mathematical Theory of Black Holes (London:

Clarendon Press) (1983).

[13] D. Ranganathan, arXiv:gr-qc/0601057v2.

[14] S. R. Dolan, J. R. Gair, Class. Quant. Grav. 26, 175020 (2009). [15] A. Comtet, P. A. Horváthy, Phys. Lett. B 349, 49 (1995). [16] F. Belgiorno, S. L. Cacciatori, J. Math. Phys. 51, 033517 (2010). [17] B. Mukhopadhyay and K. Ghosh, Class. Quant. Grav. 25, 065006 (2008).

[18] A. Al-Badawi, I. Sakalli, J. Math. Phys. 49, 052501 (2008). [19] T. Birkandan, M. Hortacsu, J. Math. Phys., 48, 092301 (2007). [20] V. M. Villalba, E. I. Catala, J. Math. Phys. 43, 4909 (2002). [21] B. Carter, Commun. Math. Phys. 10, 280 (1968). [22] B. Carter, Phys. Rev. 174, 1559 (1968).

[23] Z.W. Chong, G.W. Gibbons, H. Lu, C.N. Pope, Phys. Lett. B 609, 124 (2005).

[24] V. P. Frolov and D. Kubizňák, Class. Quantum Grav., 25, 154005 (2008); V. P. Frolov, P. Krtous, and D. Kubizňák, J. High Energy Phys. 02, 005 (2007); M. Cariglia, P. Krtouš, D. Kubizňák; Phys. Rev. D 84 024008 (2011).

[25] W. Shuang-Qing, Class. Quant. Grav., 26, 055001 (2009) ; Phys. Rev D 78, 064052 (2008).

[26] B. Carter, R. G. McLenaghan, Phys. Rev. D 19, 1093 (1979). [27] N. Kamran, R. G. McLenaghan, Lett. Math. Phys. 7, 381 (1983); N.

Kamran, R. G. McLenaghan, J. Math. Phys. 25, 1019 (1984); N. Kamran, R. G. McLenaghan, Phys. Rev. D 30, 357 (1984); R. Debever, N. Kamran, R. G. McLenaghan, J. Math. Phys. 25, 1955 (1984).

[28] M. Panahi, R. W. Tucker, J. Math. Phys. 27, 1398 (1986). [29] D.N. Page, Phys. Rev. D 14, 1509 (1976); C.H. Lee, Phys. Lett. B 68, 152 (1977); I. Semiz, Phys. Rev. D 46, 5414 (1992).

[30] M. Pu-Jian, J. Lin-Yu, R. Ji-Rong, Mod. Phys. Lett. A , 26, 1509 (2011).

[31] M. Adak, T. Dereli, L. H. Ryder, Phys. Rev. D 69 123002 (2004). [32] A. D. Polyanin, F. V. Zaitsev, Handbook of Exact Solutions for Ordinary Differential Equations (Florida:CRC Press LLC) (2003).