arXiv:1212.3254v1 [hep-th] 13 Dec 2012

Imperial/TP/2012/mjd/05 CERN-PH-TH/2012-336

Freudenthal Dual Lagrangians

L. Borsten^1, M. J. Duff^1, S. Ferrara^{2,3} and A. Marrani^4

1 Theoretical Physics, Blackett Laboratory, Imperial College London, London SW7 2AZ, United Kingdom

leron.borsten@imperial.ac.uk
   m.duff@imperial.ac.uk

2 Physics Department, Theory Unit, CERN, CH -1211, Geneva 23, Switzerland

sergio.ferrara@cern.ch

3 INFN - Laboratori Nazionali di Frascati, Via Enrico Fermi 40, I-00044 Frascati, Italy

4 Instituut voor Theoretische Fysica, KU Leuven, Celestijnenlaan 200D, B-3001 Leuven, Belgium

alessio.marrani@fys.kuleuven.be

ABSTRACT

Freudenthal duality (F-duality) was originally introduced as a non-polynomial anti-involution acting on the electromagnetic charges carried by extremal black hole solutions in the broad class of supergravity theories with U-duality groups of type E_7. In this context F-duality is a symmetry of the Bekenstein- Hawking entropy. Here it is shown that, by adopting the doubled Lagrangian formalism, F-duality, defined on the doubled field strengths, is not only a symmetry of the black hole solutions, but also of the equations of motion themselves. A further role for F-duality is introduced in the context of world-sheet actions. The Nambu-Goto world-sheet action in any (t, s) signature spacetime can be written in terms of the F-dual. The corresponding field equations and Bianchi identities are then related by F-duality allowing for an F-dual formulation of Gaillard-Zumino duality on the world-sheet. An equivalent polynomial “Polyakovtype” action is introduced using the so-called black hole potential. Such a construction allows for actions invariant under all groups of type E_7, including E_7 itself, although in this case the stringy interpretation is less clear.

1 Introduction

Freudenthal duality (F̃-duality) was originally conceived as a non-polynomial transformation on the electromagnetic charges x of extremal single-centre large black hole solutions in D = 4 supergravities with U-duality group of type E_7 [1]. It is shown here that the generalised scalar-dependent F̂-duality introduced in [2] is in fact a symmetry of the equations of motion and is not restricted to the extremal black hole solutions. This result holds for any (N ⩾ 2, D = 4) symplectic geometry and thus goes beyond supergravities with U-duality group of type E_7.

The concept of F-duality is also applied here to world-sheet actions. The Nambu-Goto world-sheet action in any (t, s) signature spacetime can be written in terms of the F̃-dual, making F̃-duality a manifest symmetry of the action. The corresponding field equations and Bianchi identities are then related by F̃- duality allowing for an F̃-dual formulation of Gaillard-Zumino duality [3–5] on the world-sheet. Borrowing ideas from black hole physics in supergravity an equivalent quadratic “Polyakov-type” action is introduced using the black hole potential. Such a construction allows for actions invariant under all groups of type E_7, including E_7 itself, although in this case the stringy interpretation is less clear.

Before going into more details let us briefly review the key aspects of F-duality as they stand in the current literature [1, 2, 6].

1.1 Background: F-dual Black Holes

The Freudenthal triple system (FTS) was introduced in 1954 by Hans Freudenthal in order to understand the Lie group E_7, and its non-trivial minuscule representation, in terms of the exceptional simple Jordan algebra [7, 8]. This structure is elegantly captured by the axiomatization of the FTS [9, 10], described below, which may be regarded as defining a class of groups sharing a common structure, as encapsulated in the axioms. Such groups are said to be “of type E_7”. The essential properties of F-duality follow from the algebraic structure underlying the groups of type E_7. From a more physical perspective these features can be traced back to the generalised special geometry underpinning N ≥ 2 supergravity, which subsumes those theories of type E_7 [2].

Axiomatically, a Freudenthal triple system is a vector space F, defined over a field^1 F not of characteristic 2 or 3, equipped with three maps: (i) a non-degenerate bilinear antisymmetric form {x, y} = −{y, x} ∈ F, (ii) a not identically zero four-linear quartic norm Δ(x, y, z, w) ∈ F, (iii) a trilinear triple product T (x, y, z) ∈ F defined^2 by {T (x, y, z), w} = 2Δ(x, y, z, w), where x, y, z, w ∈ F. These are then required to satisfy the defining FTS relation, 3{T (x, x, y), T (y, y, y)} = 2{x, y}Δ(x, y, y, y). (1.1) The automorphism group Aut(F), defined as the set of invertible F-linear transformations preserving the quartic norm Δ and the symplectic form {x, y}, defines a group of type E_7.

The original black hole F̃-dual is defined on an integral FTS [1, 11], an integral structure denoted F_Z corresponding to F_R, which breaks the automorphism group to a discrete subgroup Aut(F_Z), e.g. E_{7(7)}(Z) in the case of N = 8 [12]. It has two particularly interesting features: (a) it is an antiinvolution x̃ = −x, (b) it leaves invariant the leading-order Bekenstein-Hawking entropy. Moreover, in the maximally supersymmetric N = 8 case there is evidence, deriving from an E_{7(7)}(Z)-invariant dyon degeneracy formula valid on a subset of 1/8-BPS states [13], that the entropy is in fact invariant under F̃-duality to all orders [1].

Recently, groups of type E_7, FTS (with F = R, C), and F-duality have also appeared in several related, but not directly, contexts. They have been investigated in relation to minimal coupling of vectors and scalars in cosmology and supergravity [14, 15]. F-duality also recently appeared in Freudenthal

1When needed we will denote an FTS defined over a specific field F by FF.

2For convenience we have rescaled the usual definition of the quartic norm q(x, y, z, w) = 2Δ(x, y, z, w), where {T (x, y, z), w} = q(x, y, z, w).

gauge theory, where the scalar fields are F_R-valued, giving rise to gauge and global symmetries [6]. Another application is in the context of entanglement in quantum information theory [16–21], with Fduality making a particularly important appearance in [22]. This is actually related to its application to black holes via the black-hole/qubit correspondence [23, 24]. Finally, the most general solution to the supersymmetric stabilization equations in N = 8, D = 4 supergravity was expressed in terms of the F-dual of a suitably defined real 56-dimensional vector I, whose components are real harmonic functions in the Euclidean R^3 transverse space [25].

Classically (F = R), the black hole charges x are F-valued and transform linearly under the automorphism group Aut(F), which, modulo its two-element centre, is isomorphic to the corresponding U-duality group. In this language the black hole F-duality (which we will denote by F̃)

F̃ : F_0 → F_0, x → F̃ (x) =: x̃, where F_0 := {x ∈ F | Δ(x, x, x, x) ≠ 0} (1.2)

is defined by

x̃ := sgn(Δ(x)) T (x) √ |Δ(x)| = ∇ √ |Δ(x)|, (1.3)

where T (x) = T (x, x, x) and Δ(x) = Δ(x, x, x, x) and we have introduced the gradient operator

∇ := Ω_{ab} ∂ ∂x_b (1.4)

in a basis {e^a} using the symplectic metric Ω defined by {x, y} as in (2.2). The Bekenstein-Hawking entropy is given by S_{BH} = π √ |Δ(x)| = π √ |Δ(x̃)| (1.5)

Quantum mechanically the charges x are subject to the Dirac-Schwinger quantisation conditions and so lie on a lattice. Consequently, as previously emphasised, they must be assigned to elements of an integral FTS F_Z = F(J_Z) where J_Z is an integral cubic Jordan algebra [1, 11, 26–28]. The corresponding U-duality is given by the discrete automorphism group Aut(F_Z), defined as the set of invertible Z-linear transformations preserving the quartic norm Δ and the symplectic form {x, y}, which are Z-valued in this case. This integral structure introduces several subtleties, in particular, not every charge configuration has a well defined F̃-dual [1]. Moreover, in the classical (F_R) case every F̃-dual pair of charge vectors is also U-dual, whereas in the quantum (F_Z) case this is no longer true. However, these consideration will be largely overlooked here, suffice to say that our results are equally valid in either case, Aut(F_R) vs. Aut(F_Z). The interested reader can refer to [1, 29, 30] for more on the discrete story.

We will refer to the F̃-dual as “critical” in the sense that it is defined in terms of only the charges and is independent of the scalar fields. In [2] an interpolating scalar-dependent “non-critical” formulation of the F-duality (which we will denote by F̂)

F̂ : F_0 → F_0, x → F̂ (x) =: x̂, (1.6)

was introduced using the so-called effective black hole potential [31] V_{BH}(ϕ, x) :

x̂(ϕ) := ∇V_{BH}(ϕ, x), where V_{BH}(ϕ, x) := − 1 2 {x, S(ϕ)x}. (1.7) in the conventional FTS (but unconventional supergravity^3) notation.

For U-duality groups of type E_7 S(ϕ) = ΩM(ϕ) ∈ Aut(F) is a scalar-dependent almost complex structure which may be regarded as the projection onto the adjoint in the symmetric tensor product of the representation carried by F. However, since the F̂-dual is defined in terms of the black hole potential only, it is consistent for any (N ⩾ 2, D = 4) symplectic geometry and thus goes beyond supergravities

3Our conventions are explained in detail in section 2.

with U-duality group of type E_7 [2], as will be explained in section 2.3. The generalised F̂-dual is again an anti-involution x̂ = −x and, moreover, coincides with the scalar-independent definition when evaluated at the black hole horizon, i.e. at the critical points of the black hole potential,

x̂_∗ = x̂(ϕ_∗) = x̃, (1.8)

where ϕ_∗ denotes the horizon value of the moduli. Note, the black hole potential is itself invariant under the generalised F̂-dual [2] V_{BH}(ϕ, x̂) = V_{BH}(ϕ, x), (1.9)

which follows, in the case of groups of type E_7, from {σx, σy} = {x, y}, ∀σ ∈ Aut(F). This implies that while two F̂-dual black holes have generically distinct off-shell effective potentials V (ϕ, x) ≠ V (ϕ, x̃), their entropy is the same despite the fact their (attractor) scalar flows are typically different.

1.2 Beyond Black Hole Solutions

Thus far our discussion of F-duality has been confined to a rather restricted class of black hole solutions, initially focussing on the charges carried by those solutions and then in terms of the effective potential describing their scalar dynamics. This raises the natural question, which we aim to address in the present work: can F-duality be reformulated as a symmetry of the full theory or is it only defined at the level of the extremal black hole solutions?

In response we will show in section 2.5 that, for those theories with U-dualities of type E_7, the scalardependent F̂-dual can be promoted to a symmetry of the theory itself. Since Freudenthal duality relies crucially on the properties of the representation carried by F, formulations of the supergravity (specifically its bosonic sector) which make U-duality manifest are the most convenient set-ups with which to address this question. The doubled Lagrangian framework of [32], in which the Lagrangian is written in terms of doubled gauge potentials treated as independent fields but supplemented by a U-duality invariant constraint equation, provides such a construction. We emphasise that the price one must pay in order to write down a simultaneously Lorentz and U-duality invariant Lagrangian is the need for a constraint, which cannot be derived from the Lagrangian and so must be imposed by hand. As such it is essentially defined only at the classical level and its quantisation remains unclear. For our purposes, however, the doubled Lagrangian formalism simply provides a convenient framework to make F-invariance manifest. Symmetries of the doubled Lagrangian and its constraint are classical symmetries of the corresponding supergravity. Defining the F̂-duality operation on the F-valued doubled field strengths, it is easily seen to be a symmetry of the doubled Lagrangian and of the constraint itself. Hence, we may conclude that F-duality is a symmetry of the supergravity equations of motion and it is not restricted to their black hole solutions^4.

F-duality is actually a symmetry of another class of theories: Nambu-Goto world-sheet actions in a spacetime with signature (t, s). In [34] it was shown that the Nambu-Goto action in (2, 2) signature spacetime could be written as the square root of a quartic norm given by Cayley’s hyperdeterminant [35], which belongs to an FTS. In this context it was used to illustrate a hidden triality invariance that is specific to (2, 2) signature. However, Cayley’s hyperdeterminant is the quartic norm of but one FTS in a countably infinite sequence with automorphism group SL(2, R) × SO(t, s). These are analogously associated with Nambu-Goto world-sheet actions in (t, s) signature, as is made explicit in section 3. Here, the SL(2, R) factor corresponds to a global subgroup of the world-sheet diffeomorphisms. The Nambu- Goto actions can then be written in terms of the world-sheet 1-forms F and their Freudenthal duals F̃ ,

S_{NG} = 1 2 ∫ d^2ξ{F̃ , F } (1.10)

4Recently, in [33] F-duality was enhanced to a continuous and local symmetry acting on the H-variables describing static and extremal black holes of N = 2, D = 4 supergravity. However, the resulting Freudenthal gauge symmetry is unrelated to the one constructed in [6].

which makes F̃-duality manifest. Introducing a set of auxiliary scalar fields, parametrising [SL(2, R) × SO(t, s)]/[SO(2) × SO(t, s)], and using the idea of the black hole potential we can also define the “noncritical” F̂-dual, F → F̂ .

Having described the Nambu-Goto action in (t, s) signature in terms of a specific class of FTS, it is natural ask whether other FTS could be used in this stringy context. Indeed, recalling that Cartan’s quartic E_{7(7)} invariant I_4 reduces to Cayley’s hyperdeterminant in a canonical basis [36], it was already suggested in [34] that I_4 provides a natural generalisation of the Nambu-Goto action in (2, 2) signature with an SO(6, 6) Lorentz group embedded in the larger E_{7(7)} symmetry. Here, this idea is developed in section 3.2. In principle one could consider any FTS, however, we focus on the “maximal” case of F^{Os} , where F ∈ F^{Os} transforms as the fundamental 56 of Aut(F^{Os} ) = E_{7(7)} and Δ(F ) = I_4(F ). The notation F^{Os} refers to the fact that it may be constructed using the Jordan algebra of 3 × 3 Hermitian matrices defined over the split octonions O^s. This gives a manifestly E_{7(7)}-invariant “world-sheet” action. However, in order to clarify its stringy interpretation, we decompose the 56 w.r.t. SL(2, R) × SO(6, 6), yielding a world-sheet 1-form F^a_α in a target space with (6, 6) signature coupled to 32 auxiliary world-sheet scalar densities (a target space Weyl spinor) λ^A. These two fields are mixed by the larger global E_{7(7)} symmetry.

1.3 Plan

In section 2 we review the key properties of Freudenthal triple systems and the three known incarnations of Freudenthal duality (i) the “critical” F̃-duality, which is defined on the black hole charges of supergravities with U-duality groups type E_7, (ii) the “critical” F̆-duality, which is defined on the black hole charges of all N ⩾ 2-extended supergravity theories in D = 4 using the entropy function, (iii) the scalar-dependent “non-critical” F̂-duality, which is defined on the black hole charges of all N ⩾ 2-extended supergravity theories in D = 4 using the black hole potential away from its critical points. Furthermore, in section 2.5 we recall the definition of the doubled Lagrangian formalism, and use it to show F̂-duality is an invariance of the equations of motion.

In section 3 we show that the Nambu-Goto action naturally defines an FTS and that it can therefore be written in terms of the F̃-dual. This yields an F̃-dual formulation of Gaillard-Zumino duality on the world-sheet. We conclude with some more speculative observations on the existence of world-sheet actions with Aut(F)-symmetry for generic F, including the exceptional case of E_7.

2 Freudenthal Duality

2.1 The Freudenthal Triple System

In 1954 Freudenthal [7, 8] found that the 133-dimensional exceptional Lie group E_7 could be understood in terms of the automorphisms of a construction based on the minimal dimensional E_7-module 56 built from the exceptional Jordan algebra of 3 × 3 Hermitian octonionic matrices. Today this construction goes by the name of the Freudenthal triple system, reflecting the special role played by its triple product.

Following Freudenthal, Meyberg [9] and Brown [10] axiomatized the ternary structure underlying the FTS. The E_7-module is just one of a class of modules of “groups of type E_7”. The FTS carries the representation of the dyonic black hole charge vectors for a broad class of 4-dimensional supergravity theories [37–39].

An FTS is axiomatically defined [10] as a finite dimensional vector space F over a field F (not of characteristic 2 or 3), such that:

1. F possesses a non-degenerate antisymmetric bilinear form {x, y}.

2. F possesses a symmetric four-linear form Δ(x, y, z, w) which is not identically zero.

3. If the ternary product T (x, y, z) is defined on F by {T (x, y, z), w} = 2Δ(x, y, z, w), then 3{T (x, x, y), T (y, y, y)} = 2{x, y}Δ(x, y, y, y). (2.1) It will often be notationally convenient to introduce a basis {e^a}, a = 1, . . . dim_F F such that {e^a, e^b} = Ω^{ab}, Δ(e^a, e^b, e^c, e^d) = K^{abcd}. (2.2) Since {x, y} is non-degenerate, we can define the symplectic 2-form Ω_{ab} such that Ω_{ab}Ω^{bc} = δ_a^c. We will raise/lower indices with Ω^{ab}/Ω_{ab}.

The automorphism group of an FTS is defined as the set of invertible F-linear transformations preserving the quartic and quadratic forms: Aut(F) := {σ ∈ Iso_F(F)|{σx, σy} = {x, y}, q(σx) = q(x)}. (2.3) Note, the conditions {σx, σy} = {x, y} and q(σx) = q(x) immediately imply

T (σx) = σT (x). (2.4)

A remarkable result due to Brown [10] and Ferrar [40] implies that every simple reduced^5 FTS F is isomorphic to an FTS F(J), where F(J) := F ⊕ F ⊕ J ⊕ J (2.5)

and J is the Jordan algebra of an admissible cubic form with base point or the Jordan algebra of a nondegenerate quadratic form. The FTS quadratic form, quartic norm and triple product are then defined in terms of the basic Jordan algebra operations [10, 40]; for details, see [41] and Refs. therein. We will not make explicit use of this perspective here, however, it is useful for tabulating the automorphism groups according as the underlying cubic Jordan algebra as we have done in Table 1. From a physical point of view, the underlying Jordan algebra structure originates from the fact that the D = 4 supergravities may be obtained by dimensionally reducing a D = 5 theory whose U-duality is characterised by the reduced structure group of the corresponding Jordan algebra.

For F(J^A_3 ) the automorphism group has a two element centre and its quotient yields the simple groups listed in Table 1, while for F(J_{m,n}) one obtains the semi-simple groups SL(2, R) × SO(m + 1, n + 1) [10, 11, 42]. In all cases F forms a symplectic representation of Aut (F), the dimensions of which are listed in the final column of Table 1. This table covers a number 4-dimensional supergravities: F^{2,n} := F (J_{1,n−1}) and F^{6,n} := F (J_{5,n−1}) respectively correspond to N = 2, 4 Maxwell-Einstein supergravity, while F^A := F ( J^A_3 ) correspond to N = 2 “magic” Maxwell-Einstein supergravity, F^{Os} := F ( J^{Os}_3 ) corresponds to N = 8 maximally supersymmetric supergravity, and F (R) corresponds to the N = 2 t^3 model (see, for example, [1, 23, 30, 37, 38, 43–46]).

2.2 Black Hole F̃-Duality...

The black hole F̃-duality is a non-polynomial transformation on the electromagnetic charges x of extremal single-centre large black hole solutions in D = 4 supergravities with U-duality group of type E_7 [1].

The essential characteristics of the F̃-dual, defined by (1.2) and (1.3), follow from the defining FTS relation (1.1), which, in particular, implies [10]

T (T (x)) = −Δ^2(x)x. (2.6)

5An FTS is simple if and only if {x, y} is non-degenerate, which we assume. An FTS is said to be reduced if it contains a strictly regular element: ∃ u ∈ F such that T (u, u, u) = 0 and u ∈ Range Lu,u where Lx,y : F → F; Lx,y(z) := T (x, y, z). Note that FTS on “degenerate” groups of type E7 (as defined in [15], and Refs. therein) are not reduced and hence cannot be written as F(J); they correspond to theories which cannot be uplifted to D = 5 dimensions consistently reflecting the lack of an underlying J.

Table 1: The automorphism group Aut(F(J)) and the dimension of its representation dim F(J) given by the Freudenthal construction defined over the cubic Jordan algebra J over R (with dimension dim J and reduced structure group Str_0(J)).

Jordan algebra J Str_0(J) dim J Aut(F(J)) dim F(J) R − 1 SL(2, R) 4 R ⊕ R SO(1, 1) 2 SL(2, R) × SL(2, R) 6 R ⊕ R ⊕ R SO(1, 1) × SO(1, 1) 3 SL(2, R) × SL(2, R) × SL(2, R) 8 R ⊕ Γ_{1,n−1} SO(1, 1) × SO(1, n − 1) n + 1 SL(2, R) × SO(2, n) 2(n + 2) R ⊕ Γ_{5,n−1} SO(1, 1) × SO(5, n − 1) n + 5 SL(2, R) × SO(6, n) 2(n + 6) J^R_3 SL(3, R) 6 Sp(6, R) 14 J^C_3 SL(3, C) 9 SU(3, 3) 20 J^{Cs}_3 SL(3, R) × SL(3, R) 9 SL(6, R) 20 J^H_3 SU^⋆(6) 15 SO^⋆(12) 32 J^{Hs}_3 SL(6, R) 15 SO(6, 6) 32 J^O_3 E_{6(−26)} 27 E_{7(−25)} 56 J^{Os}_3 E_{6(6)} 27 E_{7(7)} 56

The invariance of Δ(x) follows by recalling that

2Δ(x) = {T (x), x}. (2.7)

Hence, using (2.6) Δ(T (x)) = Δ(x)^3 (2.8)

one finds Δ(x̃) = Δ(T (x))Δ(x)^{−2} = Δ(x). (2.9)

Moreover, F̃-dual is anti-involutive,

x̃ = T (x̃)|Δ(x)|^{−1/2} = T (T (x))Δ(x)^{−2} = −x. (2.10)

Note in particular, that from the above we have {x̃, x} = 2 √ |Δ(x)|. (2.11)

Since the Bekenstein-Hawking entropy is given by,

S_{BH} = π √ |Δ(x)| = π 2 {x̃, x}, (2.12) it is manifestly invariant under F-duality.

For classical black hole solutions the charges are R-valued, hence F is defined over R. However, quantum mechanically this is no longer the case. The Dirac-Schwinger quantisation condition relating two black holes with charges x and x^′ is given by {x, x^′} ∈ Z. (2.13) Consequently, the black hole charges x must be assigned to elements of an integral FTS F_Z = F(J_Z) where J_Z is an integral cubic Jordan algebra [11, 26–28]. The corresponding U-duality is given by the discrete automorphism group Aut(F_Z), e.g. E_{7(7)}(Z) in the case of N = 8 [12]. In particular, Δ(x) is now quantised:

Δ(x) ∈ {0, 1} mod 4. (2.14)

This integral structure constrains the class of black holes admitting a well-defined F̃-dual. Requiring that x̃ be integral restricts us to that subset of black holes for which |Δ(x)| is a perfect square and for which |Δ(x)|^{1/2} divides T (x):

d_4(x) = [ d_3(x) d_1(x̃)

]_2 , (2.15)

where we have introduced a set of discrete U-duality invariants constructed in terms of the greatest common divisor (gcd) [1, 11, 13]:

d_1(x) = gcd(x) d_2(x) = gcd(3 T (x, x, y) + {x, y} x) ∀ y d_3(x) = gcd(T (x, x, x)) d_4(x) = |Δ(x)| d^′_4(x) = gcd(x ∧ T (x)).

(2.16)

In the classical theory, where the black hole charges are real-valued, any pair of F̃-dual charge vectors are related by U-duality. However, in the quantum theory it is no longer true that any well defined pair of F̃-dual black holes are U-dual [1]. This is most directly confirmed by considering the discrete U-duality invariants listed in (2.16). While d_2(x), d_4(x), and d^′_4(x) are F̃-dual invariant d_1 = gcd(x) and d_3 = gcd(T (x)) need not be. Since corrections to the leading-order Bekenstein-Hawking entropy may depend on the discrete invariants [13, 29, 47–53] it is not clear that F̃-duality is a symmetry to all orders. However, for a subclass, closed under E_{7(7)}(Z) and F-duality, of 1/8-BPS dyons in type II string theory on a 6-torus Sen [13] derived degeneracy formula which is a function of only d_4 and d^′_4 and therefore is F̃-dual invariant.

2.3 ...and its Generalization Beyond Groups of Type E_7: F̆-Duality

The symplectic structure of N ⩾ 2-extended supergravity theories in D = 4 spacetime dimensions [54,55] allows one to generalize the “critical” F̃-duality beyond U-duality groups of type E_7; we will here denote such a generalization F̆-duality. Its action on Sp (2n, R) charge vectors x is defined as [2] (recall definition (1.4)) F̆ : x −→ F̆ (x) =: x̆ := ∇S (x) = −ΩM (ϕ_∗ (x)) x. (2.17)

By indicating with ϕ the set of scalar fields, M denotes the scalar-dependent, symplectic, negative definite, real symmetric matrix made of the vector couplings [54, 56]:

M(ϕ)ΩM(ϕ) = Ω, M^T (ϕ) = M(ϕ). (2.18)

Furthermore, S(x) denotes the Bekenstein-Hawking black hole entropy (homogeneous of degree two in the charges x):

S(x) = πV_{BH}(ϕ_∗(x), x), (2.19)

where ϕ_∗(x) denotes the x-dependent critical values of the scalar fields, defined as

∂_ϕV_{BH} (ϕ, x)|_{ϕ∗(x)} = 0. (2.20)

It can be proved [2] that the critical points ϕ_∗(x) of V_{BH}(ϕ, x) (defined by (2.20)) coincide with the critical points ϕ_∗(x̆) of F̆(V_{BH}(ϕ, x)) := V_{BH}(ϕ, x̆) (defined by (2.20) with x → x̆). It this follows that the symplecticity of M (2.18) (in particular, evaluated at ϕ = ϕ_∗ (x) = ϕ_∗(x̆)), implies the anti-involutivity of F̆-duality (2.17):

F̆^2 : x −→ F̆^2 (x) := F̆ ( F̆ (x) ) = −ΩM (ϕ_∗(x̆))x̆ = ΩM (ϕ_∗(x)) ΩM (ϕ_∗(x)) x = −x. (2.21)

An important consequence of these results is that the Bekenstein-Hawking entropy S (x), which generally is a complicated non-polynomial function homogenous of degree two in the charges x, is F̆-invariant [2]:

S(x) = πV_{BH}(ϕ_∗(x), x) = πV_{BH}(ϕ_∗(x̆), x̆) = S(x̆) ⇔ S(x) = S (∇S (x)) . (2.22)

(2.22) is a general result, which holds in any (N ⩾ 2, d = 4) generalized special geometry [2, 55]. Within this broad class of theories, two F̆-dual black holes (namely, two black holes whose dyonic charge vectors x are related by F̆-duality (2.17)) have generically different effective potentials V_{BH}(ϕ, x) ≠ V_{BH}(ϕ, x̆), which however exhibit the same critical points (ϕ_∗ (x) = ϕ_∗ (x̆)); thus, as yielded by (2.22), two F̆-dual black holes have the same Bekenstein-Hawking entropy, despite the fact their (attractor) scalar flows are generally different.

For those generalized special geometries [55] related to groups of type E_7 [10], F̆-duality (2.17) consistently reduces to the non-polynomial (homogeneity-preserving) F̃-duality defined by (1.2)-(1.3). In particular, S (x) reduces to the (π times) the square root of the (absolute value of) the quartic polynomial Δ (x):

groups of type E_7 : F̆ = F̃ ⇒ S(x) = π √ |Δ (x)|. (2.23)

2.4 Generalised Scalar-Dependent Freudenthal Duality F̂

The scalar-dependent, “non-critical ” F-duality (denoted by F̂) was introduced in [2], and it is defined by (1.6) and (1.7), with

F̂ (x) =: x̂(ϕ) := ∂_xV_{BH}(ϕ, x) = −S(ϕ)x, where S(ϕ) := ΩM (ϕ) . (2.24)

Note that the scalar fields ϕ do not transform under F̂-duality. From its very definition, the real matrix S(ϕ) ∈ Aut(F) is a scalar-dependent almost complex structure which may be regarded as the projection onto the adjoint in the symmetric tensor product of the representation carried by F:

S^2 = −I. (2.25)

As a consequence of (2.18), it is immediate to see that F̂ is anti-involutive: ^x(ϕ) = ΩM (ϕ) ΩM (ϕ) x = −x. (2.26) Furthermore, F̂-duality coincides with F̆-duality when evaluated at the black hole horizon

x̂_∗ = x̂(ϕ_∗) = F̆ (x) , (2.27)

where ϕ_∗ denotes the horizon value of the scalar fields, defined by (2.20).

As given by (1.9) [2], the black hole potential V_{BH} is itself invariant under the generalised F̂-dual; this result is general: it holds in any (N ⩾ 2, d = 4) symplectic geometry [55].

It can also be checked that all definitions and results concerning F̂-duality consistently reduce, when evaluated at the (non-degenerate) critical points of V_{BH}, to the analogous definitions and results for F̆-duality, introduced in section 2.3.

2.5 F̂-Duality in Supergravity

The doubled Lagrangian

L_{double} = R ⋆ 1 + 1 4 tr(dM^{−1} ∧ ⋆dM) − 1 4 H ∧ M ⋆ H (2.28)

and the twisted self-duality constraint H = ΩM ⋆ H (2.29) are equivalent at the level of equations of motion to the standard formulation of supergravity when scalars parametrise a homogeneous symmetric space G_4/H_4 [32]. For the vector equations of motion, the Lagrangian L_{double} should be varied with respect to the doubled gauge potentials (A, B), where H = d(A, B), treated as independent fields; the constraint (2.29) is then applied to the equations of motion. Similarly, for the scalar equations of motion one first varies treating H = (dA, dB) as independent and then applies the constraint (2.29).

The “non-critical ” F̂-duality introduced in section 2.4 may be extended to the doubled field strengths as follows (cfr. (2.24)):

Ĥ := −S(ϕ)H, (2.30)

such that the constraint (2.29) can be rewritten as

H = − ⋆ Ĥ. (2.31)

Since M = −ΩS and S^2 = −1, it is clear that F̂-duality defined on the doubled field strengths leaves L_{double} invariant (note that F̂-duality is inert on the Einstein-Hilbert and non-linear sigma model terms). It is also clear that Ĥ = ΩM ⋆ Ĥ ⇔ H = ΩM ⋆ H, (2.32)

and hence F̂-duality is a symmetry of the full theory, not just of the black hole solutions.

3 Freudenthal-Dual World-Sheet Actions

3.1 The Nambu-Goto Action

We start by considering the Nambu-Goto world-sheet action in a pseudo-Euclidean spacetime with signature (t, s),

S_{NG} = ∫ d^2ξ √ det ∂_αX^a∂_βX^bη_{ab}. (3.1)

where we have gone to tangent-space spacetime indices. We make the simple observation that L is the square root of a homogeneous quartic polynomial. In the case of a spacetime with signature (2, 2), it was shown in [57] that L_{NG} is given by the square root of Cayley’s hyperdeterminant, a quartic invariant of [SL(2, R)]^3,which is the quartic norm of the FTS F(R ⊕ R ⊕ R) appearing in the third row of Table 1. Linearizing the quartic polynomial appearing in (3.1) we can write more generally L = √ |Δ(∂_αX^a, ∂_αX^a, ∂_αX^a, ∂_αX^a)| (3.2)

where Δ is a totally symmetric quartic form defined by

Δ(X^{a1}_{α1} , Y^{a2}_{α2} , Z^{a3}_{α3} , W^{a4}_{α4} ) = 1 12 [ϵ^{α1α3} ϵ^{α2α4} η_{a1a2} η_{a3 a4} + 5 (α_ia_i) pairwise perms.] X^{a1}_{α1} Y^{a2}_{α2} Z^{a3}_{α3} W^{a4}_{α4} . (3.3)

The 6 = 4!/4 distinct terms are generated by permutations modulo those of the form (ij)(kl) under which ϵ^{αiαj} ϵ^{αkαl} η_{aiaj} η_{ak al} is invariant. Taking this as the definition of a quartic norm allows us to define the Nambu-Goto Freudenthal triple system F_{NG} by introducing a carefully chosen anti-symmetric bilinear form. This pair then defines the triple product which must be checked to satisfy the basic FTS identity (2.1).

Let us pick a basis for the string world-sheet derivatives as a vector space,

F = F^a_α e^α ⊗ e_a, where F^a_α = ∂_αX^a, (3.4)

and define,

1. The non-degenerate antisymmetric bilinear form (cfr. [58, 59])

{e^α ⊗ e_a, e^β ⊗ e_b} = ϵ^{αβ}η_{ab} = Ω. (3.5)

2. The not identically zero symmetric quartic norm [59] as determined by the Nambu-Goto Lagrangian,

Δ(e^α ⊗ e_a, e^β ⊗ e_b, e^γ ⊗ e_c, e^δ ⊗ e_d) = 1 12 [ ϵ^{αγ} ϵ^{βδ}η_{ab}η_{cd} + 5 perms. ] = K. (3.6)

Defining the triple product through

{T (e^α ⊗ e_a, e^β ⊗ e_b, e^γ ⊗ e_c), e^δ ⊗ e_d} = 2Δ(e^α ⊗ e_a, e^β ⊗ e_b, e^γ ⊗ e_c, e^δ ⊗ e_d) (3.7)

one finds T (e^α ⊗ e_a, e^β ⊗ e_b, e^γ ⊗ e_c) = T^{αβγd}_{abcδ} e^δ ⊗ e_d (3.8) where T^{αβγd}_{abcδ} = K^{αβγδ′}_{abcd′} ϵ_δ′_δη^{d′d} = 1 12 [ ϵ^{αγ} δ^β_δ η_{ab}δ^d_c + 5 perms. ] . (3.9)

Using, K^{αβγδ}_{abcd} T^{α′β′γ′d} a^′b^′c^′δ = 1 12 [ K^{αβγβ′} abcc^′ ϵ α^′γ^′ η a^′b^′ + 5 perms. ] (3.10)

one obtains 3{T (X, X, Y ), T (Y, Y, Y )} = 1 6 [ K^{αβγβ′} abcc^′ ϵ α^′γ^′ η a^′b^′ + 5 perms. ] X^a_αX^b_β Y^c_γ Y^{a′}_α′ Y^{b′}_β′ Y^{c′}_γ′ (3.11)

which, using (3.6), gives 3{T (X, X, Y ), T (Y, Y, Y )} = 2{X, Y }Δ(X, Y, Y, Y ) (3.12) as required by the third postulate defining a Freudenthal triple system (cfr. (2.1)). Hence, the 2(s + t)- dimensional vector space spanned by {e^α ⊗e_a} forms a Freudenthal triple system F_{NG}. The automorphism group is given by SL(2, R)×SO(t, s) clearly corresponding to the Freudenthal triple system over the semisimple rank-3 Jordan algebra R ⊕ Γ_{s−1,t−1} (of which the fourth and fifth rows in Table 1 are particular cases, see [41] for details), namely:

F_{NG} = F (R ⊕ Γ_{t−1,s−1}) . (3.13) In this context the SL(2, R) factor is just a global subgroup of the world-sheet diffeomorphisms.

Note, this FTS has previously appeared in physics literature [60, 61]. In particular, quasiconformal realisations over these FTS where used to capture the three dimensional U-duality groups as spectrum generating quasiconformal groups in [61].

Consequently, the Nambu-Goto world-sheet action may be written using the F̃-dual,

S_{NG} = 1 2 ∫ d^2ξ{F̃ , F } = ∫ d^2ξ √ |Δ(F )| (3.14)

It is now manifest that the Nambu-Goto action is in fact invariant under F̃-duality since, {F̃ , F } → {−F, F̃ } = {F̃ , F }. (3.15) The equations of motion and Bianchi identities are then simply, d ⋆ (~ F F ) = 0 (3.16) where ⋆ denotes the world-sheet Hodge dual. Hence the equations of motion and Bianchi identities are interchanged by F̃-duality.

Using the idea of the black hole potential we can introduce an equivalent Polyakov-type action of the form, S_{pot} = 1 2 ∫ d^2ξ{F, S(Φ)F } = − 1 2 ∫ d^2ξF M(Φ)F = ∫ d^2ξV_{BH} (Φ, F ) . (3.17)

Here S(Φ) = ΩM(Φ) = ϵ^{αβ}M_{βδ}(φ)η^{ab}M_{bc}(ϕ) ∈ SL(2, R) × SO(t, s) is a function of the auxiliary scalar fields Φ := (φ, ϕ), which parametrise the coset,

SL(2, R) SO(2) × SO(t, s) SO(t) × SO(s)

, (3.18)

and satisfies S(Φ)^2 = −1, M(Φ)^T = M(Φ).

Then, one can then introduce the “non-critical” world-sheet F̂-duality as follows:

F̂ := −S(Φ)F, F̂ = −F. (3.19)

Recalling (3.19), S_{pot} can be rewritten as

S_{pot} = 1 2 ∫ d^2ξ{F̂ , F }, (3.20) which makes F̂-invariance manifest (cfr. section 2.4).

Let, G = F̂ so that d ⋆ ( F G ) = 0. (3.21)

This system of equations is invariant under GL(2(s + t), R), however one must also preserve the definition of G and the invariance of the equations of motion of any other fields present in the theory. As shown in [4], by following the analysis of Gaillard and Zumino [3], in D = 2, and more generally in D = 4k+2, the maximal consistent duality group for n D/2-form field strengths is SO(n, n). It is immediately apparent that the same is true for (3.21) if we treat F, G independently, as they would be in the presence of other interacting fields, but where the spacetime indices play the role of n.

Note that by substituting the equations of motion for the 2 + st auxiliary scalar fields Φ back into S_{pot} (3.20), one obtains S_{NG} (3.14). These equations of motion are nothing but the criticality conditions for V_{BH} (Φ, F )). Indeed, as discussed in section 2, for groups “of type E_7” the “non-critical” F̂ -duality reduces to the “critical” F̃ -duality, when evaluated at the critical points of V_{BH}.

3.2 Beyond Nambu-Goto The Nambu-Goto action in (t, s) signature has been described in terms of a specific class of FTS,

F = ∂_αX^ae^α ⊗ e_a ∈ F_{NG} = F (R ⊕ Γ_{t−1,s−1}) , (3.22)

where ∫ d^2ξ √ |Δ(F )| = ∫ d^2ξ √ det ∂_αX^a∂_β X^bη_{ab}. (3.23)

In this case the automorphism group, Aut(F_{NG}) = SL(2, R)×SO(t, s), has two factors which are naturally identified with the global subgroup of world-sheet diffeomorphisms and the spacetime Lorentz group, respectively.

However, formally we are free to consider the “world-sheet” action

S_F = ∫ d^2ξ √ |Δ(F (τ, σ))|, (3.24) for an arbitrary FTS, where F is an irreducible Aut(F)-module. In fact, recalling that Cartan’s quartic E_{7(7)} invariant I_4 reduces to Cayley’s hyperdeterminant in a canonical basis [36], it was already suggested in [34] that I_4 provides a natural generalisation of the Nambu-Goto action in (2, 2) signature with an SO(6, 6) Lorentz group embedded in the larger E_{7(7)} symmetry. This example corresponds to choosing the final row of Table 1, given by F^{Os} = F(J^{Os}_3 ), the FTS defined over the Jordan algebra of splitoctonionic 3 × 3 Hermitian matrices. Here F (τ, σ) ∈ F^{Os} transforms as the irreducible fundamental 56 of Aut(F^{Os} ) = E_{7(7)} and the quartic norm is given by Cartan’s quartic invariant Δ(F ) = I_4(F ), defining an E_{7(7)}-invariant generalisation of the Nambu-Goto action,

S_{E7(7)} = ∫ d^2ξ √ |I_4(F )| = 1 2 ∫ dτdσ{F̃ , F }. (3.25) As before we can write an equivalent Polyakov-type action (3.20) by using the “non-critical” world-sheet F̂-duality defined by (3.19), where in this case S(Φ) = ΩM(Φ) is a function of 70 auxiliary scalar fields parametrising the coset E_{7(7)}/ SU(8).

As above, by substituting the equations of motion for the 70 auxiliary scalar fields Φ back into S_{pot} (3.20), one obtains S_{E7(7)} (3.25).

When Aut(F) is simple, as in this case, what we had previously treated as the world-sheet and spacetime indices are unified in the irreducible representation carried by F. To facilitate a string action interpretation a covariant split into world-sheet time/space derivatives must be made. Such a split is not necessarily unique, however, drawing on the conventional Nambu-Goto construction, a natural choice is given by the maximal embedding, E_{7(7)} ⊃ SL(2, R) × SO(6, 6) (3.26)

under which, 56 → (2, 12) + (1, 32) (3.27)

so that F = (F^a_α , λ^A) where α = 1, 2 a = 1, . . . , 12 A = 1, . . . , 32. (3.28)

The (2, 12) F^a_α admits the usual interpretation as the world-sheet derivatives of the target space embedding coordinates F^a_α = ∂_αX^a for a string propagating in a spacetime with (6, 6) signature. On the other hand the (1, 32) λ^A is a singlet under the SL(2, R) and a spacetime Weyl spinor. Associating the SL(2, R) indices with world-sheet derivatives, as we have done, implies λ^A is an auxiliary field.

The SL(2, R) representations only determine the transformation properties of the fields under the subgroup of global world-sheet diffeomorphisms. We still need to specify their transformation rules under local world-sheet reparametrisations. Identifying F^a_α with ∂_αX^a fixes it as a world-sheet 1-form as usual. This, coupled with the requirement of world-sheet diffeomorphism invariance, implies that λ^A transforms as a world-sheet scalar density of weight (−1). This follows from the decomposition of I_4(F ) under SL(2, R) × SO(6, 6) which splits into three terms

I_4(F ) = det(F^a_α F^b_βη_{ab}) + αϵ^{αβ}F_{αa}F_{βb}[Γ^{ab}]_{AB}λ^Aλ^B + β[Γ^{ab}]_{AB} λ^Aλ^B [Γ_{ab}]_A′_B′ λ^{A′} λ^{B′} . (3.29) If √ |I_4(F )| is to transform homogeneously as a weight (−2) scalar density as required for diffeomorphism invariance, then each summand in (3.29) must individually transform as a world-sheet scalar density of weight (−4). This is true if and only if λ^A is a scalar density of weight (−1), as claimed. Note that, under the transformations generated by the rank-4 symmetric para-quaternionic 64-dimensional coset algebra e_{7(7)} ⊖ (sl(2, R) ⊕ so(6, 6)), the fields F^a_α and λ^A mix together; this is consistent with the global E_{7(7)} symmetry, which also fixes the real parameters α and β of (3.29).

It is here worth remarking that the Jordan algebras and FTS considered here have previously appeared in physics literature as the basis of generalised spacetimes [60], but from a rather different perspective.

Acknowledgments

SF would like to thank Paolo Aschieri and Armen Yeranyan for useful discussions. The work of LB is supported by an Imperial College Junior Research Fellowship. The work of MJD is supported by the STFC under rolling grant ST/G000743/1. They are both grateful for conversations with Leo Hughes and Silvia Nagy. The work of SF is supported by the ERC Advanced Grant no. 226455 SUPERFIELDS. LB is grateful for hospitality at the CERN theory division (where he was supported by the above ERC Advanced Grant). The work of AM is supported in part by the FWO - Vlaanderen, Project No. G.0651.11, and in part by the Interuniversity Attraction Poles Programme initiated by the Belgian Science Policy (P7/37).

References

[1] L. Borsten, D. Dahanayake, M. J. Duff, and W. Rubens, “Black holes admitting a Freudenthal dual,” Phys. Rev. D80 (2009) no. 2, 026003, arXiv:0903.5517 [hep-th].

[2] S. Ferrara, A. Marrani, and A. Yeranyan, “Freudenthal Duality and Generalized Special Geometry,” Phys.Lett. B701 (2011) 640–645, arXiv:1102.4857 [hep-th].

[3] M. K. Gaillard and B. Zumino, “Duality Rotations for Interacting Fields,”

Nucl. Phys. B193 (1981) 221.

[4] S. Cecotti, S. Ferrara, and L. Girardello, “Hidden Non-Compact Symmetries in String Theory,” Nucl.Phys. B308 (1988) 436.

[5] M. Duff, “Duality Rotations in String Theory,” Nucl.Phys. B335 (1990) 610.

[6] A. Marrani, C.-X. Qiu, S.-Y. D. Shih, A. Tagliaferro, and B. Zumino, “Freudenthal Gauge Theory,”

arXiv:1208.0013 [hep-th].

[7] H. Freudenthal, “Beziehungen der E_7 und E_8 zur oktavenebene I-II,” Nederl. Akad. Wetensch.

Proc. Ser. 57 (1954) 218–230.

[8] H. Freudenthal, “Beziehungen der E_7 und E_8 zur oktavenebene IX,” Nederl. Akad. Wetensch. Proc.

Ser. A62 (1959) 466–474.

[9] K. Meyberg, “Eine theorie der freudenthalschen tripelsysteme. i, ii,” Nederl. Akad. Wetensch. Proc.

Ser. A71 (1968) .

[10] R. B. Brown, “Groups of type E_7,” J. Reine Angew. Math. 236 (1969) 79–102.

[11] S. Krutelevich, “Jordan algebras, exceptional groups, and Bhargava composition,” J. Algebra 314 (2007) no. 2, 924–977, arXiv:math/0411104.

[12] C. M. Hull and P. K. Townsend, “Unity of superstring dualities,”

Nucl. Phys. B438 (1995) 109–137, arXiv:hep-th/9410167.

[13] A. Sen, “U-duality invariant dyon spectrum in type II on T^6,” JHEP 08 (2008) 037,

arXiv:0804.0651 [hep-th].

[14] S. Ferrara and R. Kallosh, “Creation of Matter in the Universe and Groups of Type E7,” JHEP 1112 (2011) 096, arXiv:1110.4048 [hep-th].

[15] S. Ferrara, R. Kallosh, and A. Marrani, “Degeneration of Groups of Type E7 and Minimal Coupling in Supergravity,” JHEP 1206 (2012) 074, arXiv:1202.1290 [hep-th].

[16] L. Borsten, “E_{7(7)} invariant measures of entanglement,”

Fortschr. Phys. 56 (2008) no. 7–9, 842–848.

[17] P. Lévay and P. Vrana, “Three fermions with six single-particle states can be entangled in two inequivalent ways,” Phys. Rev. A78 (2008) no. 2, 022329, arXiv:0806.4076 [quant-ph].

[18] L. Borsten, D. Dahanayake, M. J. Duff, W. Rubens, and H. Ebrahim, “Freudenthal triple classification of three-qubit entanglement,” Phys. Rev. A80 (2009) 032326,

arXiv:0812.3322 [quant-ph].

[19] P. Vrana and P. Lévay, “Special entangled quantum systems and the Freudenthal construction, ”Journal of Physics A Mathematical General 42 (July, 2009) B5303,

arXiv:0902.2269 [quant-ph].

[20] L. Borsten, “Aspects of M-Theory and Quantum Information,”. Ph.D. thesis, Imperial College.

[21] S. Szalay and Z. Kökényesi, “Partial separability revisited: Necessary and sufficient criteria,”Phys.

Rev. A 86 (Sep, 2012) 032341.

[22] P. Levay and G. Sarosi, “Hitchin functionals are related to measures of entanglement,”

arXiv:1206.5066 [hep-th].

[23] L. Borsten, D. Dahanayake, M. J. Duff, H. Ebrahim, and W. Rubens, “Black Holes, Qubits and Octonions,” Phys. Rep. 471 (2009) no. 3–4, 113–219, arXiv:0809.4685 [hep-th].

[24] L. Borsten, M. Duff, and P. Levay, “The black-hole/qubit correspondence: an up-to-date review,” Class.Quant.Grav. 29 (2012) 224008, arXiv:1206.3166 [hep-th].

[25] T. Ortin and C. Shahbazi, “The Supersymmetric black holes of N=8 supergravity,” Phys.Rev. D86 (2012) 061702, arXiv:1206.3190 [hep-th].

[26] N. Elkies and B. H. Gross, “The exceptional cone and the Leech lattice,” Internat. Math. Res.

Notices 14 (1996) 665–698.

[27] B. H. Gross, “Groups over Z,” Invent. Math. 124 (1996) 263–279.

[28] S. Krutelevich, “On a canonical form of a 3 × 3 Hermitian matrix over the ring of integral split octonions,” J. Algebra 253 (2002) no. 2, 276–295.

[29] M. Bianchi, S. Ferrara, and R. Kallosh, “Observations on Arithmetic Invariants and U-Duality Orbits in N =8 Supergravity,” JHEP 03 (2010) 081, arXiv:0912.0057 [hep-th].

[30] L. Borsten, D. Dahanayake, M. Duff, S. Ferrara, A. Marrani, et al., “Observations on Integral and Continuous U-duality Orbits in N=8 Supergravity,” Class.Quant.Grav. 27 (2010) 185003,

arXiv:1002.4223 [hep-th].

[31] G. W. Gibbons, R. Kallosh, and B. Kol, “Moduli, scalar charges, and the first law of black hole thermodynamics,” Phys.Rev.Lett. 77 (1996) 4992–4995, arXiv:hep-th/9607108 [hep-th].

[32] E. Cremmer, B. Julia, H. Lu, and C. Pope, “Dualization of dualities. 1.,”

Nucl.Phys. B523 (1998) 73–144, arXiv:hep-th/9710119 [hep-th].

[33] P. Galli, P. Meessen, and T. Ortin, “The Freudenthal gauge symmetry of the black holes of N=2,d=4 supergravity,” arXiv:1211.7296 [hep-th].

[34] M. J. Duff, “Hidden symmetries of the Nambu-Goto action,” Phys. Lett. B641 (2006) 335–337,

arXiv:hep-th/0602160.

[35] A. Cayley, “On the theory of linear transformations.” Camb. Math. J. 4 (1845) 193–209. [36] R. Kallosh and A. Linde, “Strings, black holes, and quantum information,”

Phys. Rev. D73 (2006) no. 10, 104033, arXiv:hep-th/0602061.

[37] M. Günaydin, G. Sierra, and P. K. Townsend, “The geometry of N = 2 Maxwell-Einstein supergravity and Jordan algebras,” Nucl. Phys. B242 (1984) 244.

[38] M. Günaydin, G. Sierra, and P. K. Townsend, “Exceptional supergravity theories and the magic square,” Phys. Lett. B133 (1983) 72.

[39] S. Ferrara and M. Günaydin, “Orbits of exceptional groups, duality and BPS states in string theory,” Int. J. Mod. Phys. A13 (1998) 2075–2088, arXiv:hep-th/9708025.

[40] C. J. Ferrar, “Strictly Regular Elements in Freudenthal Triple Systems.”

Trans. Amer. Math. Soc. 174 (1972) 313–331.

[41] L. Borsten, M. Duff, S. Ferrara, A. Marrani, and W. Rubens, “Explicit Orbit Classification of Reducible Jordan Algebras and Freudenthal Triple Systems,” arXiv:1108.0908 [math.RA].

[42] M. Gunaydin and O. Pavlyk, “Quasiconformal Realizations of E(6)(6), E(7)(7), E(8)(8) and SO(n + 3, m + 3), N ≥ 4 Supergravity and Spherical Vectors,” Adv.Theor.Math.Phys. 13 (2009) ,

arXiv:0904.0784 [hep-th].

[43] M. Rios, “Jordan algebras and extremal black holes,” arXiv:hep-th/0703238. Talk given at 26th International Colloquium on Group Theoretical Methods in Physics (ICGTMP26), New York City, New York, 26-30 Jun 2006.

[44] M. Rios, “Jordan C*-Algebras and Supergravity,” arXiv:1005.3514 [hep-th]. [45] L. Borsten, M. Duff, S. Ferrara, A. Marrani, and W. Rubens, “Small Orbits,”

Phys.Rev. D85 (2012) 086002, arXiv:1108.0424 [hep-th]. [46] M. Rios, “Extremal Black Holes as Qudits,” arXiv:1102.1193 [hep-th]. [47] J. M. Maldacena, G. W. Moore, and A. Strominger, “Counting BPS black holes in toroidal type II string theory,” arXiv:hep-th/9903163.

[48] A. Dabholkar, D. Gaiotto, and S. Nampuri, “Comments on the spectrum of CHL dyons,” JHEP 01 (2008) 023, arXiv:hep-th/0702150.

[49] A. Sen, “Black Hole Entropy Function, Attractors and Precision Counting of Microstates,” Gen. Rel. Grav. 40 (2008) 2249–2431, arXiv:0708.1270 [hep-th].

[50] S. Banerjee and A. Sen, “Duality Orbits, Dyon Spectrum and Gauge Theory Limit of Heterotic String Theory on T^6,” JHEP 03 (2008) 022, arXiv:0712.0043 [hep-th].

[51] S. Banerjee, A. Sen, and Y. K. Srivastava, “Partition Functions of Torsion > 1 Dyons in Heterotic String Theory on T^6,” JHEP 05 (2008) 098, arXiv:0802.1556 [hep-th].

[52] S. Banerjee and A. Sen, “S-duality Action on Discrete T-duality Invariants,” JHEP 04 (2008) 012,

arXiv:0801.0149 [hep-th].

[53] A. Sen, “N = 8 Dyon Partition Function and Walls of Marginal Stability,” JHEP 07 (2008) 118,

arXiv:0803.1014 [hep-th].

[54] A. Ceresole, R. D’Auria, and S. Ferrara, “The Symplectic structure of N=2 supergravity and its central extension,” Nucl.Phys.Proc.Suppl. 46 (1996) 67–74, arXiv:hep-th/9509160 [hep-th].

[55] S. Ferrara and R. Kallosh, “On N = 8 attractors,” Phys. Rev. D73 (2006) no. 12, 125005,

arXiv:hep-th/0603247.

[56] P. Breitenlohner, D. Maison, and G. W. Gibbons, “Four-Dimensional Black Holes from Kaluza-Klein Theories,” Commun. Math. Phys. 120 (1988) 295.

[57] M. J. Duff, “String triality, black hole entropy and Cayley’s hyperdeterminant,” Phys. Rev. D76 (2007) 025017, arXiv:hep-th/0601134.

[58] B. L. Cerchiai, S. Ferrara, A. Marrani, and B. Zumino, “Duality, Entropy and ADM Mass in Supergravity,” Phys. Rev. D79 (2009) 125010, arXiv:0902.3973 [hep-th].

[59] S. Ferrara, A. Marrani, and A. Yeranyan, “On Invariant Structures of Black Hole Charges,” JHEP 1202 (2012) 071, arXiv:1110.4004 [hep-th].

[60] M. Günaydin and O. Pavlyk, “Generalized spacetimes defined by cubic forms and the minimal unitary realizations of their quasiconformal groups,” JHEP 08 (2005) 101, arXiv:hep-th/0506010.

[61] M. Gunaydin and O. Pavlyk, “Spectrum Generating Conformal and Quasiconformal U-Duality Groups, Supergravity and Spherical Vectors,” JHEP 1004 (2010) 070,

arXiv:0901.1646 [hep-th].