arXiv:1212.4065v1 [nucl-th] 17 Dec 2012

The B = 2 system in the chiral quark-soliton model with broken scale invariance

Valentina Mantovani Sarti^1, Byung-Yoon Park^2, Vicente Vento^3 (1) Department of Physics, University of Ferrara and INFN Ferrara, (2) Department of Physics, Chungam National University, Korea, (3) Department of Theoretical Physics and IFIC, University of Valencia.

We study the interaction between two B = 1 states in the Chiral-Dilaton Model with scale invariance where baryons are described as non-topological solitons arising from the interaction of chiral mesons and quarks. By using the hedgehog solution for the B = 1 states we construct, via a product ansatz, three possible B = 2 configurations to analyse the role of the relative orientation of the hedgehog quills in the dynamics. We investigate the behaviour of these solutions in the range of long and intermediate distances between the two solitons. Since the product ansatz breaks down as the two solitons get close, we explore the short range distances regime by building up a six quarks bag and by evaluating the interaction energy as a function of the inter-soliton separation. We calculate the interaction energy as a function of the inter-soliton distance for the B = 2 system and we show that for small separations the six quarks bag, assuming a hedgehog structure, provides a stable bound state that at large separations connects with a special configuration coming from the product ansatz.

I. INTRODUCTION

The study of properties of nuclear matter under extreme conditions, at high temperature in relativistic heavy-ion physics and/or at high density as in compact stars, is one of the most challenging issues in hadronic physics. At the moment the phase diagram of hadronic matter is far away from being completely defined; in fact the regime of moderate temperatures and high densities, where the non-perturbative aspects of QCD dominate, seems to present a rich set of scenarios and phases [1]. Because of the well-known “sign problem” in Lattice QCD [2] one cannot explore the whole phase space by the direct calculations from the fundamental theory with quark and gluon degrees of freedom. Thus, we must rely on effective field theories which are defined in terms of hadronic fields [3] and that include the degrees of freedom and the symmetries relevant to the energy scale under study. In particular, chiral Lagrangians have been used in the past to describe the properties of the nucleons [4–6] and these models succeed in providing a reasonable description of the hadronic properties in the vacuum. On the other hand, the problem of studying nuclear matter at finite density by using these chiral Lagrangians does not lead to successful results. The failure of models based for instance on the linear σ-model is due to the constraints on the scalar field dynamics imposed by the mexican hat potential [7]. The solution to this problem, within models with a linear realization of chiral symmetry, is to modify the meson potential, by incorporating another fundamental symmetry of QCD, namely scale invariance [8–11]. It has been already shown that with hadronic degrees of freedom, the Chiral-Dilaton Model (CDM) provides a good description of nuclear physics at densities around ρ_0 and it describes the gradual restoration of chiral symmetry at higher densities [12]. In [13] the authors used this model interpreting the fermions not as nucleons, but as quarks and applying the Wigner-Seitz approach [14], showed that the new potential allows to reach densities higher than the ones obtained in the linear σ-model.

The Wigner-Seitz approximation [14], coming from solid state physics, has been used as a useful tool to mimic a dense system for both non-topological soliton models [15–17], chiral soliton models [17–20] and Skyrme models [21, 22]. Specifically the Wigner-Seitz method consists in replacing a cubic lattice by a spherical symmetric one where each soliton sits on a spherical cell of radius R with specific boundary conditions imposed on fields at the surface of the sphere. The configuration of the meson fields, centered at each lattice point, generates a periodic potential in which the fermions move. The Wigner-Seitz lattice represents a group of static field configurations with a precise symmetry connected to the boundary conditions imposed on the edge of each cell. Since the soliton solution contains also isospin degrees of freedom, it would be interesting to check if rotating the relative isospin orientation of the solitons we obtain a lower energy configuration, a study for which the Wigner-Seitz approximation is not well suited.

In this work we present a first attempt to go beyond the Wigner-Seitz approximation and to study the behaviour of the baryon number B = 2 system using the CDM. We study the interaction energy of the system, defined as V_{int} = E_{B=2} − 2E_{B=1}, as a function of the distance d between the two solitons and discuss its behavior looking for the possibility of finding bound states. To develop this analysis we proceed by constructing a B = 2 solution which describes well the long range behavior of the interaction. At the same time we build another solution which instead describes the intermediate/short range behavior of the interaction. By matching these two solutions at the intermediate range we construct the B = 2 interaction valid over the whole range.

When the two solitons are very far apart we use the product ansatz and we study the interaction of the two solitons by changing the relative orientation of the hedgehog quills. The product ansatz approach has been used in the past in the Skyrme model to describe the deuteron [23–26]. All these works start from the hedgehog solution in the B = 1 sector and then the product ansatz is used to build different diskyrmions configurations where the isospin configuration plays a crucial role in providing the lowest energy state. The results given by the Skyrme model in this scheme are quite satisfactory and lead to a suitable description, concerning the quantum numbers, of the deuteron as a skyrmion. Nevertheless, it has been shown that using a more elaborate ansatz in which the two skyrmions merge in a toroidal configuration, the minimal energy state has axial symmetry [25–27]. More sophisticated approaches, including specific symmetries of the lattice, have been adopted to build skyrmionic matter and to describe on one side multi-baryon systems [28] and on the other to study hot and dense baryonic matter [29, 30].

The main difference of our approach with respect to the latter is the inclusion in the model of quark degrees of freedom which produce a repulsion at short distances associated to the Pauli principle. In order to overcome this problem here we build a six quarks bag where quarks are free to fill also the excited states. In soliton models including quark degrees of freedom, the B = 2 system has been studied starting from the self-consistent solution of field equations for six quarks, both assuming a hedgehog structure [31, 32] and a more sophisticated ansatz [33]. In these works [32, 33] the authors focused on a semi-bosonized version (similar to NJL models) of the chiral soliton model and they searched for topological solutions. The self-consistent solution of the field equations assuming a hedgehog configuration does not lead to a bound state in the B = 2 system and to avoid this problem the analysis is extended to an axially symmetric configuration of the meson fields leading to a stable system.

In here instead we are looking for non-topological solutions of a CDM which explicitly includes quarks [31]. Hence, first of all we evaluate the energy for the CDM with six quarks at zero separation; the exact solution provides a stable solution with V_{int} ≈ −8 MeV. Next we apply a variational calculation to the total energy of the bag in order to obtain an energy functional which varies with the distance d. This approach permits to join the results obtained in the long distances regime and the ones coming from this short distance calculation.

The structure of the paper is the following. In Sec. II we describe the model we are using, in Sec. III we present the calculations for the B = 2 system. In particular in Sec. III A we show the long distances calculation method with the product ansatz, while in Sec. III B we present the results for the six quarks bag in the short range regime. Finally, in Sec. IV we present our conclusions and future outlooks.

II. THE MODEL

The Lagrangian we are using, besides chiral symmetry, contains another fundamental symmetry in QCD, namely scale invariance. This invariance under dilatation is spontaneously broken in QCD because of the presence of the parameter Λ_{QCD} coming from the renormalization process. Formally, the non conservation of the dilatation current is directly connected to a not vanishing gluon condensate: ⟨∂_μj^μ_{QCD}⟩ = β(g) 2g ⟨F^a_{μν} (x)F^{aμν} (x)⟩. (1) In the papers of Schechter [34], and Migdal and Shifman [35] they introduced a scalar field representing the gluon condensate, and whose dynamics is regulated by a potential chosen so that it reproduces (at mean-field level) the divergence of the scale current that in QCD is given by Eq. (1). The potential of the dilaton field is hence determined by the equation: θ^μ = 4V (ϕ) − ϕ ∂V ∂ϕ = 4ϵ_{vac} ( ϕ ϕ_0

)_4 (2) where the parameter ϵ_{vac} represents the vacuum energy. The inclusion of massless quarks leads to a generalization, proposed in Ref. [36], where also chiral fields contribute to the trace anomaly. In this way the single scalar field of Eq. (2) is replaced by a set of scalar and pseudoscalar fields {σ, π, ϕ}.

In our analysis we use, following Refs. [8–12], a simplified chiral Lagrangian which contains only chiral fields coupled to quarks: L = ψ̄[iγ^μ∂_μ − g_π(σ + iπ · τ γ_5)]ψ + 1 2 (∂_μσ∂^μσ + ∂_μπ · ∂^μπ) − V (ϕ_0, σ, π). (3) The potential is given by:

V (σ, π) = λ^2_1(σ^2 + π^2) − λ^2 ln(σ^2 + π^2) − σ_0m^2_πσ (4) where:

λ^2_1 = 1 2 Bδϕ^4_0 + ϵ_1 σ^2_0 = 1 4 (m^2_σ + m^2_π) (5)

λ^2 = 1 2 Bδϕ^4_0 = σ^2_0 4 (m^2_σ − m^2_π) (6)

ϵ_1 = m^2_πσ^2_0 . (7)

Here σ is the scalar-isoscalar field, π is the pseudoscalar-isotriplet meson field, ϕ is the dilaton field which, in the present calculation, is kept frozen at its vacuum value ϕ_0 and ψ describes the isodoublet quark fields. The decision to keep the dilaton field frozen is based on the results obtained in [9, 12], where it has been shown that at low temperatures the dilaton remains close to its vacuum value even at large densities. The vacuum state is chosen, as usually, at σ_v = f_π and π = 0. In the following calculations we use: g_π = 5, m_σ = 550 MeV, m_π = 139 MeV and f_π = 93 MeV.

The self-consistent B = 1 solution for the Lagrangian in eq. (3) has been obtained by adopting the hedgehog ansatz, namely: σ_{B=1}(⃗r) = σ_h(r) , ⃗π_{B=1}(⃗r) = h(r)r̂ , ψ_{B=1}(r) = 1 √ 4π ( u(r) iσ · r̂v(r) ) 1 √ 2 (|u ↓⟩ − |d ↑⟩). (8) The field equations for the Dirac components become: du dr = g_πhu + (−ϵ − g_πσ_h) v , (9) dv dr = − 2 r v − g_πhv + (ϵ − g_πσ_h) u , (10) while for the chiral fields, the equations become:

d^2σ_h dr^2 = − 2 r dσ_h dr + 3g_π 4π (u^2 − v^2) + ∂V ∂σ_h (11)

d^2h dr^2 = − 2 r dh dr + 2 r^2 h + 3g_π 2π uv + ∂V ∂h . (12)

The solution has been obtained by imposing the following boundary conditions at r = 0:

u^′(0) = v(0) = 0, σ^′_h(0) = h(0) = 0, (13)

and at infinity:

σ_h(∞) = f_π, h(∞) = 0, v(∞) u(∞) = √ −gf_π + ϵ −gf_π − ϵ (14)

where ϵ is the quark eigenvalue.

The energy of the soliton in the hedgehog configuration reads:

E_{B=1} = 4π ∫ r^2dr(E_{int}(r) + E_{kin,Q}(r) + E_σ (r) + E_π (r) + E_{pot}(r)) (15)

where the quark-mesons interaction and the quark kinetic energies are: E_{int}(r) = 3 4π [ g_πσ_h(u^2 − v^2) + 2g_πhuv ] (16) E_{kin,Q}(r) = 3 4π ( u dv dr − v du dr + 2 r uv ) (17) and the energy density of the meson fields and of the potential read:

E_σ (r) = 1 2 ( − dσ_h dr )_2 (18)

E_π(r) = [( dh dr )_2 + 2 r^2 h^2 ] (19)

E_{pot}(r) = V (ϕ_0, σ_h, h) (20)

In Table I we show all the contributions to the total energy of the soliton, coming from mesons and quarks, for the set of parameters: m_σ = 550 MeV, m_π = 139 MeV and g = 5.

Table I. Contributions to the soliton total energy at mean-field level. All quantities are in MeV.

Quantity Our Model

Quark eigenvalue 83.1 Quark kinetic energy 1138.0 Eσ (mass+kin.) 334.5 Eπ (mass+kin.) 486.0 Potential energy σ − π 88.0 Eqσ −101.4 Eqπ −787.0 Total energy 1157.8

III. THE B = 2 SYSTEM

To study the soliton-soliton interaction as a function of the distance d between solitons we proceed to construct a system with baryon number B = 2. At the moment, within the CDM, the finity density analysis of the chiral Lagrangian in eq.( 3) has been developed only using the Wigner-Seitz approximation in Ref. [13], where the authors also included the vector mesons.The Wigner-Seitz approach, besides representing a first step in the study of dense matter, nevertheless implies the analysis of a lattice configuration of static solitons with a precise symmetry imposed by the boundary conditions on the surface of the spherical cell.

To study the behaviour of the energy functional as a function of the separation distance between solitons, we proceed as follows. We construct a product ansatz solution valid for long distances; next we construct a B = 2 hedgehog solution which holds at short distances. Finally we match the two solutions in the intermediate region by keeping that with minimal energy.

A. Long and intermediate distances: the product ansatz approach

The hedgehog configuration of the fields in eqs.( 8) also contains isospin degrees of freedom and in principle different configurations of solitons in the isospin space can lead to lower energy states in the lattice. Firstly we focus on the study of the interaction of the two solitons by changing the relative orientation of the hedgehog quills in the regime of long distances, through the use of the product ansatz. This approach permits to describe the soliton-soliton interaction in the range of long/intermediate distances, namely as long as the two B = 1 solitons do not strongly overlap.

Assume we have two solitons, each a B = 1 hedgehog solution, whose centers are at r_1 and r_2. For simplicity we place the centers of the two hedgehogs symmetrically along the ẑ axis at a distance d, hence the explicit expressions for the centers becomes:

r_1 = (0, 0, − d 2 ) (21)

r_2 = (0, 0, d 2 ). (22)

In the product ansatz scheme the new meson fields configurations read: ( σ_{B=2}(r) + iτ · π_{B=2}(r) f_π )

= ( σ_1(r − r_1) + iτ · π_1(r − r_1) f_π ) A ( σ_2(r − r_2) + iτ · π_2(r − r_2) f_π ) A^† (23)

where f_π is introduced in order to have the proper dimensions and to recover the correct asymptotic behaviour. The operator A is a SU(2) matrix inserted to take into account the relative orientation in the isospin space of one of the solitons with respect to the other. More explicitly the meson fields for the B = 2 system are given by:

σ_{B=2}(r_1, r_2) = 1 f_π [σ(r_1)σ(r_2) + π(r_1) · π(r_2)]

π_{B=2}(r_1, r_2) = 1 f_π [σ(r_1)π(r_2) + σ(r_2)π(r_1) + π(r_1) × π(r_2)] (24)

In the Skyrme model, taking the product of two B = 1 soliton solutions is one of the most convenient ways to obtain the B = 2 intersoliton dynamics [29]. The relevant difference between the CDM and Skyrme model is the presence of quark degrees of freedom, that also needs to be taken into account in the new fields configuration. At zeroth order, since the meson background configuration shows a reflection symmetry except for an isospin rotation, the quark fields can be expressed as a linear combination given by:

ψ_±(r) = 1 √ 2 (ψ_L(r) ± ψ_R(r)) , (25)

where the left and right spinors read:

ψ_L(r) = ψ_1(r − r_1) , ψ_R(r) = Aψ_2(r − r_2). (26)

In order to study the soliton-soliton interaction as a function of the isospin, we decide to keep one soliton fixed and rotate the other, namely the one centred in r_2. We will consider three different configurations, shown in Fig. 1:

1. Configuration A: A = I, i.e. the two solitons are unrotated (panel A in Fig. 1).

2. Configuration B: A = e^{i τz2 π} = iτ_z , which corresponds to rotating the second soliton by an angle π about the axis parallel to the line joining the two centers (panel B in Fig. 1).

3. Configuration C:A = e^{i τx2 π} = iτ_x, leading to a rotation of 180 degrees around the axis perpendicular to the line joining the two solitons, in our case the x axis (panel C in Fig. 1).

In the three configurations A, B and C just one pion is rotated, so we can interpret this transformation as a changing in the isospin orientation of the pion. The quantum numbers of the pion are S = 0, I = 1 and intrinsic parity P = −1, leading to a grand-spin G^P = 1^− which admits three different projections G_3 = −1, 0, 1. Hence by rotating the pion field we obtain a linear combination of G_3 projections.

The total grand-spin for the B = 2 system is given by the sum of the grand-spin G_1 for the soliton placed in r_1 and of G_2 for the one centred in r_2. Moreover we have to take into account the total parity P_{tot} of the system. For the quark state, since all quarks lie in the 0^+ state, they possess positive parity. The pion couples to the spinor through the γ_5 matrix, which under parity changes sign, thus the globally parity carried by the pion coupling will again be positive. This leads to a total parity P_{tot} equal to +1. The total grand-spin will follow from:

G^{P1}_1 = G^+_{1,quarks} + G^+_{1,pion} = 1^+ =⇒ G^{Ptot}_{tot} = 0^+, 1^+, 2^+ (27) G^{P2}_2 = G^+_{2,quarks} + G^+_{2,pion} = 1^+

Figure 1. The three configurations A, B, and C corresponding to the different orientation in the isospin space.

In particular, from eqs. (24), it can be seen that the product ansatz represents a possible way to write the pion component of the B = 2 solution as a vector which is associated to the quantum number G = 1. The difference between the three configurations lies in the different spatial-isospin arrangement of the fields. For instance the only configuration that keeps unaltered the hedgehog structure when the two solitons are on top of each other is the A configuration (for which G_{3,tot} = 0). The remaining configurations B and C, due to the rotations, will generate a disposition of the chiral fields which will give a different correnspondance between spatial and isospin degrees of freedom.

For each isospin configuration (A,B,C) we calculate the energy of the B = 2 soliton using the approximated field expressions given in (23) and evaluating the expectation value of the Hamiltonian on the new B = 2 state where the valence quarks fill the levels provided by eq. (25). The energy hence reads:

E_{B=2} = E_{σ,B=2} + E_{π,B=2} + E_{pot,B=2} + E_{Q,B=2} (28)

where the meson and potential energy are given by: E_{σ,B=2} = 1 2 ∫ d^3r∇σ_{B=2} · ∇σ_{B=2} , (29) E_{π,B=2} = 1 2 ∫ d^3r∇π_{B=2} · ∇π_{B=2} , (30) E_{pot,B=2} = ∫ d^3rV (σ_{B=2}, π_{B=2}) , (31)

while the quark energy reads: E_{Q,B=2} = ⟨B = 2| ∫ d^3rψ[iα · ∇ + g_π(σ_{B=2} + iτ · π_{B=2})]ψ|B = 2⟩ (32)

The soliton-soliton interaction energy as a function of the intersoliton separation d is defined as:

V_{int}(d) = E_{B=2} − 2E_{B=1} (33)

where the energy for the B = 1 system is given by eq.( 15).

In Fig. 2 we present the total interaction energy for the three configurations. There is no significant difference in shape between the three cases but the three curves show very different behaviours as d decreases. First of all we notice that at large and intermediate distances the B = 1 case is recovered, as expected since the two solitons are well localized and far apart. As the separation reduces the quark Pauli repulsion starts acting and at d ≲ 1 fm all the configurations show a strong repulsive trend. The A configuration is basically repulsive, showing only a small attraction of a few MeV around d = 1.5 fm. The B configuration is also fundamentally repulsive except for a small attraction at smaller distances, d = 1.2fm. Finally the C configuration is strongly attractive above d = 1.4 fm allowing for a strongly deformed bound state.

Figure 2. Soliton-soliton interaction energy as a function of the distance d for the three configurations A, B and C.

The contribution of the quark fields plays a crucial role at short separation. The large repulsion is due to the fact that we are forcing the six quarks to stay in a Grand-Spin G^P = 0^+ and does not allow to get a clear insight in the short range regime. This area should be explored by using a different approach which allows to deal with the fermionic degrees of freedom, by including also the excited states for the quarks.

B. Short distances: the six-quarks bag approach

In order to take into account the effect of Fermi statistics, we need to include the possibility that quarks fill excited states. As the distance between the two solitons reduces, we can imagine that the system would preferably fall into a lowest energy configuration in which the six quarks fill the appropriate excited states. At zero separation the B = 2 system is given by the self-consistent solution of the Lagrangian in eq. (3) with six quarks. The exact solution of this six quarks bag provides the energy of the B = 2 system when d = 0.

Following [31], we solved self-consistently the field equations for the model with six quarks by assuming the hedgehog ansatz for the fields. The hedgehog structure requires a symmetric occupation of the third components of the Grand-Spin G; from this constraint the source terms for the σ and the pion field are invariant and the field equations will differ from the three quarks case just for some multiplying constants. From these considerations, we can anticipate that, in order to preserve the hedgehog configuration, the matching between the short and the long range interactions will only involve the A configuration of the product ansatz.

The filling of the quark states requires a brief explanation. The ground state of the hedgehog solution is given by:

|G^P = 0^+⟩ = |G = G_3 = 0, j = 1 2 , l = 0, k = −1⟩ where j, l, k are respectively the total angular momentum, the orbital angular momentum and the Dirac quantum number. Here we can put three quarks since we include the colour quantum number.

The next level is the state |G^P = 0^−⟩ = |G = G_3 = 0, j =^1_2 , l = 1, k = 1⟩ and again here we can put the other three quarks. The next state in energy available will be the |G^P = 1^+⟩ which can accept up to nine quarks since G_3 = −1, 0, 1. So we will have two possibilities to place six quarks:

1. First configuration: 0^+, 0^− with total grand-spin G^{Ptot}_{tot} = 0^−;

2. Second configuration: 0^+, 1^+ with total grand-spin G^{Ptot}_{tot} = 1^+.

As already shown in [31]the set that provides the lowest energy state is the second one, where we place three quarks in 1^+ [37] and the others three quarks in 0^+. The total energy for the six quarks bag reads: E = N_{G=0}ϵ_0 + N_{G=1}ϵ_1 + E_σ + E_π + E_{pot} = 3(ϵ_0 + ϵ_1) + E_σ + E_π + E_{pot} (34) where ϵ_0, ϵ_1 are respectively the quark eigenvalues for the 0^+ and 1^+ states. In Table II we show the results for the values m_σ = 550 MeV and g = 5. we also present the interaction energy V_{int} = E_{6quarks} − 2E_{B=1}

Table II. Contributions to the total energy. All quantities are in MeV.

Quantity Our Model ϵ0 −30.6 ϵ1 344.8 Eσ (mass+kin.) 470.6 Eπ (mass+kin.) 643.8 Potential energy σ − π 251 Total energy 2308.2 Total energy B = 1 1157.8 Vint −7.4

The next step is to connect the result at d = 0 with the results coming from the product ansatz at large distances. We showed that the B = 2 system, written through the product ansatz, admits G^{Ptot}_{tot} = 1^+; in addition the solution given by the A configuration is the only one that keeps a hedgehog structure. Hence we can expect that as d decreases the system will move from the configuration A in the product ansatz to the state provided by the six quarks bag.

In order to obtain the energy of the six quarks bag as a function of the intersoliton separation, we adopt a variational approach, namely we use the exact solutions for the six quarks problem as initial ansatze and evaluate the total energy at each value of d. The trial wave functions (following [38]) for the meson fields read:

σ(r, R_c) = −f_π cos [ π tanh ( log 3 2R_c r )] , π(r, R_c) = −f_π sin [ π tanh ( log 3 2R_c r )] , (35)

where the variational parameter R_c is related to the range of action of the attractive potential of the chiral fields. The appropriately normalized Dirac components are given by the following expressions: u(r, R_D ) = 1 √ N(R_D ) u_0 exp [ − r^2 R^2_D ] , v(r, R_D) = 1 √ N(R_D ) v_0r exp [ − r^2 R^2_D ] . (36)

Here the parameter R_D is strictly connected to the size of the bag, and hence to the distance d, through the relation:

d = (< r^2_{bag} >)^{1/2}(R_D) = (∫ r^4(u^2(r, R_D ) + v^2(r, R_D ))dr )_{1/2} . (37)

The total energy of the bag depends on the variational parameter R_c, R_D and on the quark-chiral fields coupling g and is given by: E(R_c, R_D, g) = E_{int}(R_c, R_D, g) + E_{kin.quarks} (R_D ) + E_σ (R_c) + E_π (R_c) + E_{pot}(R_c) where E_{int}(R_0, R_D , g) represents the quark-meson interaction energy. As already mentioned previously, the interaction energy for the six quarks bag as a function of the distance is defined as: V_{int,6}(d) = E(R_c, d(R_D ), g) − 2E_{B=1}. (38) The variational method adopted to calculate V_{int,6} consists in fixing g = 5 and varying R_c to minimize the energy functional in eq.( 38) at each value of R_d.

IV. RESULTS

In this section we present the results obtained by studying the interaction energy of the B = 2 system at large distances by using the product ansatz and at shorter distances by adopting the description of the six quarks bag. In Fig. 3 we present the interaction energy as a function of the distance d between the two solitons. The behavior of the B = 2 system moving from large to small separations, is as follows:

• at distances d ≳ 1.5 fm, the A configuration, as expected, provides a solution close to summing up the two solitons B = 1; at large separation the behaviour of the soliton interaction seems to be similar to that obtained in the Skyrme model since when two solitons are far apart, the interaction between them is mediated by the chiral fields;

• as d is reduced the quark repulsion of the product ansatz makes the interaction repulsive until it matches that of the six quark bag, thereafter the system undergoes a transition from A to the six quarks bag configuration at roughly d_{A6} ≈ 1 fm and the system becomes bound.

Figure 3. Interaction energies as function of the intersoliton distance; here we show the A configuration obtained with the product ansatz approach (dashed lines) and the results from the six quarks bag for Rs = Rp = 1.04 (black solid line)

In the intermediate distances range, around d ≈ 1.5 fm, the A is lightly attractive by a few MeV, but as d gets smaller the quark repulsion increases and the interaction energy starts to rise until a crossing between the A configuration and the solution of the six quarks bag occurs. This takes place for d ∼ 1 fm. For lower values of d the systems goes into a stable configuration of six quarks with R_c ≈ 1 fm. From then on the B = 1 hedgehogs are captured to form a quasi bound state leading at zero separation to the local minimum given by the self-consistent solution in Sec. III B. Thus as the inter-soliton separation shrinks the system falls into a six quarks bag bound state where the inclusion of excited states for the quarks has produced an attractive configuration. It should be noted that the optimal value of the variational parameter R_c, around 1 fm, is compatible with the usual size of a soliton; moreover, since the transition to the six quarks bag occurs at a value of d compatible with R_c, we notice that the overlapping of chiral fields does not affect strongly the short range behaviour, which is completely determined by the quarks contribution.

V. CONCLUSIONS

We have used a Lagrangian with quark degrees of freedom based on chiral and scale invariance to study the system with baryonic number B = 2 and have gone beyond the Wigner-Seitz approximation. We have described how the interaction energy behaves as a function of the distance d between the two solitons. When the two solitons are very far apart, we have adopted a product ansatz solution. This method allows to take into account the isospin degrees of freedom of the fields and allows an evaluation of the energy of the B = 2 system for different isospin configurations. In the long distances regime, the system admits a strongly attractive configuration (C) when one soliton is rotated of π along an axis orthogonal to the line joining the two centers of the B = 1 hedgehogs. The other two configurations are very slightly attractive to allow for bound states at large hedgehog separations. In the product ansatz calculation, by reducing the inter-soliton distance we are actually forcing six quarks to lie in the ground state with Grand-Spin G^P = 0^+. Since this state allows to accommodate only three quarks as the two solitons approach each other all the three configurations develop a repulsive core associated to the overlap of the B = 1 solutions and due to the action of the Pauli principle on quarks. To overcome this problem, we have studied the formation of a stable six quarks bag at shorter distances. More specifically, we have found the exact solution for the six quarks bag at zero separation by solving self-consistently the field equations and by assuming a hedgehog ansatz for the fields. We have found a stable six quarks bag bound state at d = 0 with a binding energy of ≈ −8 MeV. Starting from these exact field configuration, we have built an energy functional V_{int,6}(d) and extended the results to finite values of d in order to reach the intermediate interaction range ( d ≈ 1 fm) where the product ansatz description still holds. In order to maintain the hedgehog structure of the fields, used in the six quarks bag approach, the only configuration at large distances which admits hedgehog structure is the A state, with no relative isospin orientation between the two solitons.

We have presented the full description of the interaction energy as a function of the inter-soliton separation. The B = 2 system, starting at large values of d in configuration A, increases its energy as the distance shortens and the repulsion of the quarks becomes dominant. Around d ∼ 1 fm it becomes favorable for the quarks to jump into excited states leading to a six quarks bag which provides the most stable configuration and finally the two solitons are captured forming a six quark hedgehog state.

The work presented here can be improved in several ways. The analysis of the B = 2 system, still in this simplified version, can be extended to include configurations beyond the hedgehog ansatz, which could lead to lower energy state configurations, as already pointed out in previous works [33]. The study of the B = 2 system and more in general of a multi-soliton can be performed by building a three dimensional lattice with specific symmetries that leads to lower energy configurations [28]. Moreover, since at the moment we are performing calculation at zero temperature, the next step would be to include the dynamics of the dilaton in the model and perhaps also include the vector mesons in the calculation in order to perform the study at finite density and temperature, as in Ref. [29, 30].

ACKNOWLEDGMENTS

We would like to thank Alessandro Drago for useful discussions regarding hadron structure and dense matter. This work was supported by the INFN-MINECO agreement ”Hadron structure in hot and dense medium”. Professor B.Y. Park was partially supported by the WCU project of Korean Ministry of Education, Science and Technology (R33-2008-000-10087-0). B.Y. Park, V. Vento and V. Mantovani Sarti have been also funded by the Ministerio de Economa y Competitividad and EU FEDER under contract FPA2010-21750-C02-01, by Consolider Ingenio 2010 CPAN (CSD2007-00042) and by Generalitat Valenciana: Prometeo/2009/129. V. Mantovani Sarti was also partially supported by the IDAPP Program.

[1] L. McLerran and R. D. Pisarski, Nucl. Phys. A796, 83 (2007). [2] F. Karsch, Prog.Theor.Phys.Suppl. 168, 237 (2007). [3] S. Weinberg, Physica A96, 327 (1979).

[4] M. C. Birse and M. K. Banerjee, Phys. Lett. B136, 284 (1984). [5] S. Kahana and G. Ripka, Nucl.Phys. A429, 462 (1984). [6] S. Kahana, G. Ripka, and V. Soni, Nucl.Phys. A415, 351 (1984). [7] R. J. Furnstahl and B. D. Serot, Phys. Rev. C47, 2338 (1993). [8] E. K. Heide, S. Rudaz, and P. J. Ellis, Nucl. Phys. A571, 713 (1994). [9] G. W. Carter and P. J. Ellis, Nucl. Phys. A628, 325 (1998). [10] G. W. Carter, P. J. Ellis, and S. Rudaz, Nucl. Phys. A618, 317 (1997). [11] G. W. Carter, P. J. Ellis, and S. Rudaz, Nucl. Phys. A603, 367 (1996). [12] L. Bonanno and A. Drago, Phys.Rev. C79, 045801 (2009). [13] A. Drago and V. M. Sarti, Phys.Rev. C86, 015211 (2012). [14] E. Wigner and F. Seitz, Phys.Rev. 43, 804 (1933). [15] M. Birse, J. Rehr, and L. Wilets, Phys.Rev. C38, 359 (1988). [16] H. Reinhardt, B. V. Dang, and H. Schulz, Phys. Lett. B159, 161 (1985). [17] U. Weber and J. A. McGovern, Phys. Rev. C57, 3376 (1998).

[18] N. K. Glendenning and B. Banerjee, Lawrence Berkeley Lab. - LBL-20281 (85,REC.MAR.86) 20p.

[19] D. Hahn and N. K. Glendenning, Phys. Rev. C36, 1181 (1987). [20] P. Amore and A. De Pace, Phys. Rev. C61, 055201 (2000). [21] E. Wuest, G. E. Brown, and A. D. Jackson, Nucl. Phys. A468, 450 (1987). [22] P. Amore, Nuovo Cim. A111, 493 (1998).

[23] E. Braaten and L. Carson, Phys. Rev. Lett. 56, 1897 (1986). [24] J. J. M. Verbaarschot, Phys. Lett. B195, 235 (1987). [25] A. J. Schramm, Phys. Rev. C37, 1799 (1988). [26] E. Braaten and L. Carson, Phys. Rev. D38, 3525 (1988). [27] N. Manton, Phys.Lett. B192, 177 (1987). [28] G. E. Brown and M. Rho, (2009), nucl-th/0907.1963.

[29] H.-J. Lee, B.-Y. Park, D.-P. Min, M. Rho, and V. Vento, Nucl. Phys. A723, 427 (2003), hep-ph/0302019. [30] B.-Y. Park and V. Vento, (2009), hep-ph/0906.3263.

[31] B. Blattel, J. Kunz, U. Mosel, and T. Reitz, Nucl. Phys. A466, 560 (1987). [32] D. Diakonov, V. Y. Petrov, and P. V. Pobylitsa, Nucl. Phys. B306, 809 (1988). [33] N. Sawado and S. Oryu, Phys. Rev. C58, 3046 (1998), hep-ph/0211399. [34] J. Schechter, Phys. Rev. D21, 3393 (1980).

[35] M. A. Migdal, Alexander A. Shifman, Phys.Lett. B114, 445 (1982). [36] E. K. Heide, S. Rudaz, and P. J. Ellis, Phys. Lett. B293, 259 (1992).

[37] As already anticipated, to maintain the hedgehog structure we place one quark in each one of the states G3 = 1, 0, −1. [38] M. C. Birse and M. K. Banerjee, Phys.Rev. D31, 118 (1985).