arXiv:1212.4238v1 [gr-qc] 18 Dec 2012

Trivial symmetries in a 3D topological torsion model of gravity

Rabin Banerjee^{a,1} and Debraj Roy^{a,2}

aSN Bose National Centre for Basic Sciences, Salt Lake, Blk JD, Sec 3, Kolkata - 700098.

E-mail:^1rabin@bose.res.in,^2debraj@bose.res.in

Abstract. We study the gauge symmetries in a Mielke-Baekler type model of gravity in 2+1 dimensions. The model is built in a Poincare gauge theory framework where localisation of Poincare symmetries lead to gravity. However, explicit construction of gauge symmetries in the model through a Hamiltonian procedure yields an apparently different set of symmetries, as has been noted by various authors. Here, we show that the two sets of symmetries are actually equivalent in a canonical sense, their difference being just a set of trivial symmetries.

1. Introduction Gauge symmetries and their systematic construction, while being of great significance, is fraught with subtleties. They must be off-shell, i.e. the action should remain invariant under them without use of any equations of motion and there are systematic algorithms for construction of such off-shell symmetries [1, 2, 3]. In models of gravity obtained by gauging Poincare symmetries, it is however seen that such systematic approaches yield the Poincare symmetries only on-shell. So, at the off-shell level, it appears that there are two independent set of symmetries. This is unsettling. We would then be required to find additional independent first-class constraints to support these symmetries. However, physically the only independent symmetries present are the space-time translations and Lorentz boosts, i.e. the Poincare symmetries.

We set up the model in the Poincare gauge theory (PGT) formalism [4, 5, 6]. The global Poincare symmetries on a set of global coordinates x^μ are localised at every spacetime point by introducing local frames having coordinates x^i. Both sets are 3-dimensional for our model, though the construction can be carried out in any dimensions. To change physical variables from one set of coordinates to another, triad fields are introduced, which are defined through g_{μν} = b^i_μ b^j_ν η_{ij} . Here ‘g’ and ‘η’ are the metrics of the global and local sets of coordinates, respectively and ‘η’ is the standard Minkowskian metric with signature (+, −, −). Now, to keep the invariance of the theory, a gauge connection field ‘ω^i_μ’ is introduced through a newly defined gauge covariant derivative. For an arbitrary vector A^i, the derivative is written as

∇_μA^i = ∂_μA^i + ϵ^i_{jk}ω^j_μA^k .

The corresponding field strengths give rise to gravitational fields

[∇_μ, ∇_ν ] b^i_ρ = ϵ^i_{jk}R^j_{μν} b^k_ρ , where R^i_{μν} = ∂_μω^i_ν − ∂_μω^i_ν + ϵ^i_{jk} ω^j_μω^k_ν defines the Riemann. Similarly, the commutator of ∇_i derivatives give rise to the torsion T^i_{μν} = ∇_μb^i_ν − ∇_ν b^i_μ. It must be emphasised that this is a setting in the Riemann-Cartan spacetime rather than the Riemann spacetime of usual general relativity. In general it contains torsion, which goes to zero only after imposition of the connection variable’s equation of motion, giving back the torsion free Riemannian manifold of general relativity. The Poincare symmetries of the basic fields are [7] δ_{P GT} b^i_μ = −ϵ^i_{jk}b^j_μθ^k − ∂_μξ^ρ b^i_ρ − ξ^ρ ∂_ρb^i_μ δ_{P GT} ω^i_μ = −∂_μθ^i − ϵ^i_{jk}ω^j_μθ^k − ∂_μξ^ρ ω^i_ρ − ξ^ρ ∂_ρω^i_μ , (1) where θ^i parametrizes local Lorentz rotations and ξ^ρ local coordinate translations. They together constitute the 3 + 3 = 6 independent Poincare symmetries in 3D. These symmetries are independent of the particular action being considered, so long as they are constructed in a proper tensorial manner.

Now, symmetries of an action can be constructed via a Hamiltonian analysis through completely off-shell procedures, as stated before. After this is carried out, we find the symmetries which keeps the action invariant, as expected. However they cannot be identified with the Poincare symmetries (1), even after an appropriate field-dependent redefinition of the symmetry parameters. The clue of identification, as we show, lies in ‘trivial’ gauge symmetries [8, 9]. They are symmetries of the form δq_i = Λ_{ij} δS δq_j (Λ_{ij} = −Λ_{ji}) , (2)

which keep any action off-shell invariant due to antisymmetry in the coefficients Λ_{ij} . Thus δS = δS δq_i δq_i = δS δq_i Λ_{ij} δS δq_j = 0 (3)

without depending on the form of the Euler derivatives^{δS}_{δqi} and without requiring the imposition of the equations of motion^{δS}_{δqi} = 0 .

In what follows, we take up the Mielke-Baekler model, summarise its Hamiltonian constraints, outline construction of an off-shell gauge generator^1 and generate gauge symmetries. These are then compared with the Poincare symmetries to see how the two may actually be equivalent.

2. Hamiltonain analysis and construction of a gauge generator The Mielke-Baekler 3D topological gravity model with torsion [11] along with a cosmological term is described by S = ∫ d^3x ϵ^{μνρ} [ ab^i_μR_{iνρ} − Λ 3 ϵ_{ijk}b^i_μb^j_ν b^k_ρ + α_3 ( ω^i_μ∂_ν ω_{iρ} + 1 3 ϵ_{ijk} ω^i_μω^j_ν ω^k_ρ ) + α_4 2 b^i_μT_{iνρ} ] (4) whose equations of motion are found by setting the Euler derivatives to zero δS δb^i_μ = ϵ^{μνρ} [ a R_{iνρ} + α_4 T_{iνρ} − Λ ϵ_{ijk}b^j_ν b^k_ρ ] = 0 δS δω^i_μ = ϵ^{μνρ} [ α_3 R_{iνρ} + a T_{iνρ} + α_4 ϵ_{ijk}b^j_ν b^k_ρ ] = 0. (5)

The constraints in the above model are [12] listed in Table 1 with the definitions

1 Note that there exist methods [10] which construct symmetries of fields that keep the equations of motion invariant. We are using a different approach.

Table 1. Constraints of the theory.

First Class ψ Second class χ

Primary ϕ^0_i , Φ^0_i ϕ^α_i , Φ^α_i Secondary H̄_i , K̄_i

ϕ^μ_i = π^μ_i − α_4 ϵ^{0αβ} b_{iβ} δ^μ_α

Φ^μ_i = Π^μ_i − ϵ^{0αβ} (2a b_{iβ} + α_3 ω_{iβ}) δ^μ_α

H̄_i = − [ ϵ^{0αβ} ( a R_{iαβ} + α_4 T_{iαβ} − Λϵ_{ijk}b^j_αb^k_β )] − ∇_αϕ^α_i + ϵ_{ijk} b^j_α ( p ϕ^{kα} + q Φ^{kα} ) K̄_i = − [ ϵ^{0αβ} ( a T_{iαβ} + α_3 R_{iαβ} + α_4 ϵ_{ijk}b^j_αb^k_β )] − ∇_αΦ^α_i − ϵ_{ijk} b^j_αϕ^{kα} p = α_3Λ + α_4a α_3α_4 − a^2

; q = − α^2_4 + aΛ α_3α_4 − a^2 .

(6)

The gauge generator G which generates gauge symmetries is, by the Dirac principle, a linear combination of all first class constraints G = ε_Aψ_A , the sum in A running over the complete first-class sector. The symmetries of the basic variables are then obtained through δq = {q, G}^∗ = ε_A{q, ψ_A}^∗ where { , }^∗ indicates Dirac brackets obtained through elimination of the second class sector χ [7].

Now, we know that all the gauge parameters ε_A are not independent, as the number of independent gauge parameters must equal the number of independent primary first-class constraints. In the off-shell method that we adopt [1, 2, 3], the restriction on ε_A is obtained from the commutativity of gauge variations and time evolution δ•^d_{dt} ≡^d_{dt} •δ . Explicit calculations [7] yield the generator G = ∫ d^2x ( τ̇^i π^0_i + τ^i [ H̄_i − ε_{ijk}(ω^j_0 − p b^j_0)π^{k0} + q ε_{ijk} b^j_0Π^{k0} ]

+σ̇^iΠ^0_i + σ^i [ K̄_i − ε_{ijk}(b^j_0 π^{k0} + ω^j_0 Π^{k0}) ]) (7)

where τ^i and σ^i are six independent gauge parameters. We are now ready to study the gauge symmetries of the model utilising this generator.

3. Hamiltonian and Poincare gauge: role of trivial symmetries The generator (7) yields the following symmetries of the basic fields

δ_H b^i_μ = ∇_μτ^i − p ϵ^i_{jk} b^j_μτ^k + ϵ^i_{jk} b^j_μσ^k,

δ_H ω^i_μ = ∇_μσ^i − q ϵ^i_{jk} b^j_μτ^k. (8) A first comparison of the two sets of symmetries (1) and (8) reveals that the Hamiltonian symmetries are explicitly dependant on the coupling parameters of the various terms in the action (4), in contrast to the PGT symmetries. Also, we note that the gauge parameters of the two symmetries are different. So we need to map the gauge parameters of (8) into the PGT gauge parameters. This is achieved through the field dependent map^2 [12]

τ^i = −ξ^ρ b^i_ρ & σ^i = −θ^i − ξ^ρω^i_ρ . (9)

Using this map, the Hamiltonian symmetries can be written in the form

δ_H ∼ δ_{P GT} + equations of motion .

It may seem that the two symmetries are thus equivalent only on-shell. To show that this is not the case, we write out their form explicitly

δ_H b^i_μ = δ_{P GT} b^i_μ + α_3 2(α_3α_4 − a^2) η^{ij} ξ^ρ ϵ_{μνρ} δS δb^j_ν − a 2(α_3α_4 − a^2) η^{ij} ξ^ρ ϵ_{μνρ} δS δω^j_ν δ_H ω^i_μ = δ_{P GT} ω^i_μ − a 2(α_3α_4 − a^2) η^{ij} ξ^ρ ϵ_{μνρ} δS δb^j_ν + α_4 2(α_3α_4 − a^2) η^{ij} ξ^ρ ϵ_{μνρ} δS δω^j_ν (10)

To cast the balance terms of δ ≡ δ_H −δ_{P GT} into the form (2), we first write down the appropriate Λ matrix:

Λ(_{bi μ, b}j_ν ) = α_3 2(α_3α_4 − a^2) η^{ij} ξ^ρϵ_{μνρ} Λ(_{bi μ, ω}j_ν ) = −a 2(α_3α_4 − a^2) η^{ij} ξ^ρϵ_{μνρ} Λ(_{ωi μ, b}j_ν ) = −a 2(α_3α_4 − a^2) η^{ij} ξ^ρϵ_{μνρ} Λ(_{ωi μ, ω}j_ν ) = α_4 2(α_3α_4 − a^2) η^{ij} ξ^ρϵ_{μνρ} . (11)

The anti-symmetry of the above structure can now be easily demonstrated. As an example,

Λ(_{bi μ, ω}j_ν ) = −a 2(α_3α_4 − a^2) η^{ij} ξ^ρϵ_{μνρ} = − −a 2(α_3α_4 − a^2) η^{ji} ξ^ρϵ_{νμρ} = −Λ(_ωj_{ν , bi μ}) . So, we see that indeed ‘δ’ is of the required form (2) for trivial gauge symmetries. Thus the invariance of the action can now be achieved under these ‘balance’ symmetries δ ≡ δ_H − δ_{P GT} without the use of any equations of motion. Hence we see, that from a canonical point of view, δ_H ≡ δ_{P GT} as their difference is just an un-physical ‘trivial’ symmetry.

References

[1] Henneaux M, Teitelboim C and Zanelli J 1990 Nucl. Phys. B 332, 169-188. [2] Banerjee R, Rothe H J and Rothe K D 1999 Phys. Lett. B 463 248. [3] Banerjee R, Rothe H J and Rothe K D 2000 Phys. Lett. B 479, 429. [4] Utiyama R 1956 Phys. Rev. 101 1597. [5] Kibble T W B 1961 J. Math. Phys. 2 212.

[6] Sciama D W 1962 Recent Developments in General Relativity, Festschrift for Leopold Infeld (New York:

Pergamon Press) p 415.

[7] Banerjee R, Gangopadhyay S, Mukherjee P and Roy D 2010 J. High Energy Phys. JHEP 1002, 075 (2010) [8] Henneaux M and Teitelboim C 1992 Quantization of gauge systems (Princeton, USA: Univ. Pr.) [9] Henneaux M, Kleinschmidt A and Gomez G L 2010 Phys. Rev. D 81, 064002. [10] Castellani L 1982 Annals Phys. 143, 357.

[11] Baekler P, Mielke E W and Hehl F W 1992 Nuovo Cim. B 107 91.

[12] Blagojevic M and Cvetkovic B 2006 Trends in GR and QC 2 ed Ch Benton (New York: Nova Science) 103. [13] Banerjee R and Roy D 2011 Phys. Rev. D 84, 124034.

2 For a construction of the map, using Noether identities corresponding to the two sets of symmetries, see [13].