arXiv:1212.4316v1 [hep-th] 18 Dec 2012

Preprint typeset in JHEP style - HYPER VERSION

OSp(5|4) Superconformal Symmetry of N = 5 Chern-Simons Theory

Fa-Min Chen

Department of Physics, Beijing Jiaotong Univeristy, Beijing 100044, China E-mail: fmchen@bjtu.edu.cn

Abstract: We demonstrate that the general D = 3, N = 5 Chern-Simons matter theory processes a full OSp(5|4) superconformal symmetry, and construct the corresponding superconformal currents. The closure of the superconformal algebra is verified in detail. We also show that the conserved OSp(6|4) superconformal currents in the general N = 6 theory can be obtained as special cases of the OSp(5|4) currents by enhancing the R-symmetry of the N = 5 theory from USp(4) to SU(4).

Keywords: Superconformal symmetries, Chern-Simons Matter Theories, M2 branes.

Contents

1. Introduction 1

2. OSp(5|4) Superconformal Currents 2 2.1 General Construction 2 2.2 Currents in the N = 5, USp(2N) × SO(M) Theory 5

3. OSp(6|4) Superconformal Currents 6 3.1 General Construction 7 3.2 Currents in the ABJM Theories 9

4. Closure of the OSp(5|4) Superconformal algebra 11

5. Conclusions 15

6. Acknowledgement 15

A. Conventions and Useful Identities 15 A.1 Spinor Algebra 15 A.2 SO(4), SO(5), and SO(6) Gamma Matrices 16 A.2.1 SO(4) Gamma Matrices 16 A.2.2 SO(5) Gamma Matrices 16 A.2.3 SO(6) Gamma Matrices 17

B. A review of the N = 5 theory 17

C. Derivation of the N = 5 Super Poincare Currents 19

1. Introduction

The general N = 5 Chern-Simons matter (CSM) theory, as the dual gauge description of multi M2-branes was first constructed in Ref. [1]. It was also showed that the same physical theory can be built up in terms of the symplectic 3-algebra [2, 3].

According to the gauge/M-theory dual, we expect that the N = 5 theory is not only super poincare invariant but also superconformal invariant^1, i.e. it should have a

1In this paper, the super poincare transformations will be denoted as δϵ, satisfying [δϵ_1 , δϵ_2 ] ∼ Pμ, with Pμ the translations; and the superconformal transformations will be denoted as δη , satisfying [δη_1 , δη_2 ] ∼ Kμ, with Kμ the special conformal transformations. The full super transformations (containing both δϵ and δη ) will be called the OSp(5|4) superconformal transformations.

– 1 – full OSp(5|4) superconformal symmetry, just as that the N = 6 ABJM theory [8] has a complete OSp(6|4) symmetry [4]. However, to our knowledge, only the poincare supersymmetry transformations of the N = 5 theory are given (see [1, 2, 3]) in the literature. Since the super-poincare invariance of the theory does not necessarily imply the superconformal invariance, it is therefore important to derive the law of superconformal transformations of the N = 5 theory, and to verify that the action is invariant under the transformations. This is completed in Section 2. In addition, we derive the explicit expressions of the OSp(5|4) superconformal currents. These currents may be useful in that one can use them to construct the N = 5 M2-brane superconformal algebras, and to study the BPS brane configurations.

We also verify the closure of the OSp(5|4) superconformal algebra. In the literature, only the closure of the N = 5 poincare algebra was verified explicitly [2]. Thus our verification the OSp(5|4) superconformal algebra will fill this gap. The law of transformations generated by the bosonic algebra of OSp(5|4) bosonic transformations can be read off from our calculation of the commutators of two OSp(5|4) superconformal transformations.

On the other hand, since the N = 6 theory is a special case of the N = 5 theory, one should be able to derive the OSp(6|4) superconformal currents from that of N = 5. This is indeed the case: We demonstrate that the OSp(6|4) superconformal currents can be obtained as special cases of the OSp(5|4) ones by enhancing the supersymmetry from N = 5 to N = 6. In particular, we show that if we choose U(N) × U(N) as the gauge group, these OSp(6|4) superconformal currents are in agreement with the previous results derived directly from the ABJM theory [4], as expected.

The OSp(8|4) superconformal currents associated with the N = 8 BLG theory [10, 11] were first constructed in Ref. [12]. We argue that they can be re-derived as special examples of the OSp(6|4) currents associated with the general N = 6 theory, since the N = 6 supersymmetry can be promoted to N = 8 if one chooses the bosonic subalgbra of P SU(2|2), i.e. SU(2) × SU(2), as the Lie algebra of the gauge symmetry [8].

The paper is organized as follows. In Section 2, we verify that the general N = 5 theory has the full OSp(5|4) superconformal symmetry and construct the corresponding conserved supercurrents. In Section 3, we derive the OSp(6|4) superconformal currents by enhancing the R-symmetry from SO(5) to SO(6). In Section 4, the closure of the OSp(5|4) superconformal algebra is verified. Section 5 is devoted to conclusions. Our conventions and some useful identities can be found in Appendix A. In Appendix B, we review the general N = 5 theory. In Appendix C, we present the details of the derivation of the N = 5 super poincare currents associated with the N = 5 theory.

2. OSp(5|4) Superconformal Currents

2.1 General Construction In this section, we prove that the general N = 5 theory has a full OSp(5|4) symmetry, and derive the conserved OSp(5|4) superconformal currents. We begin by considering the poincare supersymmetry transformation of the action (see Appendix B for a review of the N = 5 theory). We denote the set of parameters of the N = 5 poincare supersymmetry

– 2 – transformations as ϵ^I (I = 1, . . . , 5). According to the standard Noether method, if one allows ϵ^I to depend on the spacetime coordinates, the super variation of the action (B.1) must take the form δ_ϵS = ∫ d^3x(−j^I_μ)∂^μϵ^I , (2.1)

since if the action is invariant under the N = 5 poincare supersymmetry transformations (B.5), (2.1) must vanish when ϵ^I are constants. If the equations of motion are obeyed, the right hand side of (2.1) must vanish; integrating by parts, we obtain the conserved currents ∂^μj^I_μ = 0. The details of the calculation of (2.1) will be presented in Appendix C. Writing the super variation of fermionic fields (see (B.5)) as δ_ϵψ^a_A = (δψ)^{Ia}_A ϵ^I , where (δψ)^{Ia}_A ≡ −γ^μD_μZ^a_B Γ^I_A^B − 1 3 k_{mn}τ^{ma}_bω^{BC} Z^b_B μ^n_{CD}Γ^I_A^D + 2 3 k_{mn}τ^{ma}_bω^{BD}Z^b_C μ^n_{DA}Γ^I_B^C , (2.2)

(The quantities appeare in (2.2) are defined in Appendix B.) then the N = 5 poincare supercurrents are given by

j^I_μ = −iψ̄^A_a γ_μ(δψ)^{Ia}_A . (2.3)

As usual, the set of conserved charges are defined as

Q^I = − ∫ d^2xj^I_0 . (2.4)

If we impose the equal-time commutators

{ψ̄^A_a (t, ⃗x^′), ψ^b_B (t, ⃗x)} = −δ^A_B δ^b_aγ^0δ^2(x − x^′), (2.5) [Π^A_a (t, ⃗x^′), Z^b_B (t, ⃗x)] = −iδ^A_B δ^b_aδ^2(x − x^′), (2.6) [Π^μ_m(t, ⃗x^′), A^n_ν (t, ⃗x)] = −iδ^n_mδ^μ_ν δ^2(x − x^′), (2.7)

where Π^A_a (t, ⃗x^′) = ∂_0Z̄^A_a (t, ⃗x^′) and Π^μ_m(t, ⃗x^′) = ϵ^{λ0μ}k_{mp}A^p_λ(t, ⃗x^′), then the variation of an arbitrary field Φ can be defined as

δ_ϵΦ = [−iϵ^I Q^I , Φ]. (2.8)

Here Φ can be a scalar, fermion, or gauge field. It is not difficult to show that (2.8) gives the law of super poincare transformations (B.5) by using the canonical commutators. For instance, if Φ = ψ^b_B (t, ⃗x), using the canonical anti-commutator (2.5), one can easily prove that (2.8) gives the law of the supersymmetry transformations of the fermionic fields (see the second equation of (B.5)).

Without changing the physical content, it is possible to introduce the modified currents

j̃^I_μ = j^I_μ + i 4 [γ_μ, γ_ν ]∂^ν (Z^a_Aψ̄^B_a Γ^I_B^A). (2.9)

The charges remain the same, i.e. Q^I = − ∫ d^2xj̃^I_0 = − ∫ d^2xj^I_0 , since the total derivative term in (2.9) does not contribute to the integral. On the other hand, the modified currents

– 3 – j̃^I_μ are also conserved, i.e. ∂^μj̃^I_μ = 0, on account of that [γ_μ, γ_ν ] is antisymmetric in μ and ν. However, what interests us most is that j̃^I_μ are γ-traceless

γ^μj̃^I_μ = 0. (2.10)

This allows us to define the new currents

s̃^I_μ = γ · xj̃^I_μ. (2.11)

Using (2.10) and ∂^μj̃^I_μ = 0, one can immediately prove that s̃^I_μ are conserved: ∂^μs̃^I_μ = 0.

Dimensional analysis suggests that the conserved charges

S^I = − ∫ d^2xs̃^I_0 (2.12)

generate the superconformal transformations. Indeed, in Section 4, our calculation shows that [δ_{η1} , δ_{η2} ] does generate the special conformal transformation K_μ, where δ_{η1} is the transformation generated by (2.12).

We are now ready to derive the superconformal transformations of the matter fields and gauge fields. Plugging (2.9) into (2.11), we note that (2.11) can be rewritten as

s̃^I_μ = γ · xj^I_μ + iZ^a_B γ_μψ̄^A_a Γ^I_A^B + ∂^ν ( i 4 x · γ[γ_μ, γ_ν ]Z^a_Aψ̄^B_a Γ^I_B^A ) . (2.13)

Notice that the last term is just a total derivative term. As a result, we have the conserved charges

S^I = − ∫ d^2xs̃^I_0 = − ∫ d^2x ( γ · xj^I_0 + iZ^a_B γ_0ψ̄^A_a Γ^I_A^B ) . (2.14)

In analogue to (2.8), we define the superconformal variation an arbitrary field Φ as follows

δ_ηΦ = [−iη^I S^I , Φ], (2.15)

where η^I are a set of parameters, with I = 1, . . . , 5 a fundamental index of SO(5). Using (2.4)−(2.8), (2.14), and (B.5), one can readily derive the N = 5 superconformal transformations δ_ηZ^a_A = iγ · xη_A^B ψ^a_B, δ_ηψ^a_A = (δψ)^{Ia}_A γ · xη^I − η_A^B Z^a_B , (2.16) δ_η A^m_μ = i(γ · xη^{AB} )γ_μJ^m_{AB}, where (δψ)^{Ia}_A is defined by (2.2), and the set of antisymmetric parameters η_A^B = η^I Γ^I_A^B (I = 1, . . . , 5) satisfy the traceless conditions and the reality conditions ω_{AB}η^{AB} = 0, η^∗_{AB} = ω^{AC} ω^{BD}η_{CD}. (2.17) Alternatively, we can derive the N = 5 superconformal transformations (2.16) and currents (2.11) by adopting the method used to construct the N = 6 superconformal

– 4 – transformations and the corresponding currents of the ABJM theory [4]. Replacing ϵ^I in the variation of the action (2.1) by γ · xη^I ,

ϵ^I → γ · xη^I , (2.18)

with η^I independent of x^μ, a short calculation shows that (2.1) becomes ∫ d^2x[(γ^μj^I_μ)η^I ], (2.19)

where j^I_μ are the super poincare currents (2.3). The remaining term (2.19) can be canceled by adding

δ^′_ηψ^a_A = −η_A^BZ^a_B (2.20)

into the transformation of the fermion field. In other words, the action is also invariant under the new transformations, defined by replacing ϵ^I by γ ·xη^I in the N = 5 super poincare transformations (B.5) and adding the additional term (2.20) into the transformation of the fermion field. The new transformations defined in this way are nothing but the N = 5 superconformal transformations (2.16). And the corresponding currents, derived by using the trick ϵ^I → γ · xη^I , are given by

s^I_μ = γ · xj^I_μ + iZ^a_B γ_μψ̄^A_a Γ^I_A^B , (2.21)

which are exactly the same as the first two terms of s̃^I_μ defined by (2.13). However, since the last term of (2.13) is a conserved total derivative term^2, we are led to ∂^μs^I_μ = ∂^μs̃^I_μ = 0 and S^I = − ∫ d^2xs^I_0 = − ∫ d^2xs̃^I_0. Hence the conserved currents s^I_μ are equivalent to s̃^I_μ defined by (2.13) or (2.11).

2.2 Currents in the N = 5, USp(2N) × SO(M) Theory

If one specifies the superalgebra (B.2) as OSp(M|2N), or in other words, if one chooses the bosonic subalgebra of OSp(M|2N) as the Lie algebra of the gauge symmetry, then the gauge group of the N = 5 theory in Appendix B becomes USp(2N) × SO(M) [1]. The same theory was constructed in a 3-algebra framework [2]. The N = 5 theory with USp(2N) × SO(M) gauge group was conjectured to be the gauge description of multi M2- branes in orbifold C^4/D̂_k, where D̂_k is the binary dihedral group [1, 6]; the dual gravity theory was investigated in Ref. [6].

The details of the construction of the N = 5 theory with USp(2N) × SO(M) gauge group can be found in Ref. [1, 2]. In this theory, both the scalar field Z^{kk̂}_A and spinor field ψ^{kk̂}_A take values in the bifundamental representation of USp(2N) × SO(M). (Their complex conjugates are denoted as Z^{†A}_{k̂k} and ψ^{†A}_{k̂k} .) Here k = 1, . . . , M are the SO(M) indices, and k̂ = 1, . . . , 2N the USp(2N) indices. The USp(2N) gauge potential is denoted

2Witting the last term of (2.13) as ∂^ν (Aμν ), we have ∂^μ∂^ν (Aμν ) = 0 immediately, due to the fact that Aμν = −Aνμ.

– 5 – as Â_μ, while the SO(M) gauge potential is denoted as A_μ. In matrix notation, the law of N = 5 super poincare transformations (B.5) now reads [1, 2] δ_ϵZ_A = iϵ_A^Bψ_B δ_ϵψ_A = −γ^μD_μZ_Bϵ_A^B + 2k 3 ϵ_A^C (Z_{[B}Z^{†B} Z_{C]} + Z_B Z^†_C Z^B) − 4k 3 ϵ_B^C (Z_{[C} Z^{†B}Z_{A]} + Z_C Z^†_AZ^B) δ_ϵA_μ = ikϵ^{AB} γ_μ(Z_Aψ^†_B + ψ_B Z^†_A) δ_ϵÂ_μ = −ikϵ^{AB} γ_μ(ψ^†_B Z_A + Z^†_Aψ_B ), (2.22)

where k is a constant.

From the second equation of (2.22), we can immediately read off (δψ)^I_A defined by (2.2):

(δψ)^I_A = −γ^μD_μZ_B Γ^I_A^B + 2k 3 Γ^I_A^C (Z_{[B}Z^{†B} Z_{C]} + Z_B Z^†_C Z^B) − 4k 3 Γ^I_B^C (Z_{[C} Z^{†B} Z_{A]} + Z_C Z^†_AZ^B). (2.23)

And the superconformal transformations (2.16) now become δ_η Z_A = iγ · xη_A^B ψ_B δ_η ψ_A = (δψ)^I_Aγ · xη_A^B − η_A^BZ_B δ_ηA_μ = ik(γ · xη^{AB})γ_μ(Z_Aψ^†_B + ψ_B Z^†_A) δ_ηÂ_μ = −ik(γ · xη^{AB} )γ_μ(ψ^†_B Z_A + Z^†_Aψ_B ). (2.24)

The supercurrents (2.9) and (2.11) now become

j̃^I_μ = −iTr(ψ^{†A}γ_μ(δψ)^I_A) + i 4 [γ_μ, γ_ν ]∂^ν Tr(ψ^{†B} Z_A)Γ^I_B^A, (2.25) s̃^I_μ = γ · xj̃^I_μ, (2.26)

where the trace “Tr” is defined as Tr(ψ^{†B} Z_A) = ψ^{†B}_{k̂k} Z^{kk̂}_A .

3. OSp(6|4) Superconformal Currents

In this section, we will first derive the OSp(6|4) superconformal currents associated with the general N = 6 theory from the OSp(5|4) currents by enhancing the supersymmetry of the N = 5 theory to N = 6. As a check, we then will construct the OSp(6|4) superconformal currents of the ABJM theory [8] by specifying the gauge group as the bosonic part of U(N|N), and show that they are the same as the ones [4] constructed directly from the ABJM theory.

– 6 –

3.1 General Construction In Ref. [1], it has been shown that if the pseudo-real representation of the bosonic subalgebra of (B.2) can be decomposed into (R ⊕ R̄), i.e. a direct sum of complex representation R and its conjugate representation R̄, then the USp(4) R-symmetry of the N = 5 theory will be enhanced to SU(4). As a result, the N = 5 supersymmetry will be promoted to N = 6.

Specifically, the authors of Ref. [1] have been able to derive the N = 6 theory from the N = 5 theory by decomposing the following N = 5 quantities into N = 6 quantities^3:

(Z^a_A)_{N =5} = ( Z̄a_A ω_{AB}Z^B_a ) , (ψ^a_A)_{N =5} = ( ω_{AB}ψ^{Ba} −ψ̄_{Aa} ) , (3.1) and (τ^{ma}_b)_{N =5} = ( τ^{ma}_b 0 0 −τ^{mb}_a ) , (ω_{ab})_{N =5} = ( 0 δ_a^b −δ^a_b 0 ) . (3.2)

The matrix τ^{ma}_b obeys the reality condition τ^{∗ma}_b = −τ^{mb}_a. The reality conditions of the N = 5 theory (B.4) are decomposed into

Z^{∗A}_a = Z̄^a_A, ψ^{∗Aa} = ψ̄_{Aa}, (3.3)

which are in agreement with the expected N = 6 ones. In the N = 6 notation, the “fundamental identity” (B.6) reduces to [1]

k_{mn}τ^{ma}_{[b}τ^{nc}_{d]} = 0. (3.4)

Using the above decompositions and the identity (A.17), the OSp(5|4) superconformal currents (2.9) and (2.11)^4 can be expressed in terms of the N = 6 fields as follows (j̃^{I′}_μ )_{N =5} = −iψ̄_{Aa}γ_μ(δψ)^{I′ Aa} − iψ^{Aa}γ_μ(δψ̄)^{I′}_{Aa} − i 4 [γ_μ, γ_ν ]∂^ν (¯ Z^a_Aψ̄_{Ba}Γ^{I′AB} + Z^A_a ψ^{Ba}Γ^{I′}_{AB} ) , (3.5)

(s̃^{I′}_μ )_{N =5} = γ · x(j̃^{I′}_μ )_{N =5}, (3.6)

where

(δψ̄)^{I′}_{Aa} = γ^μD_μZ^B_a Γ^{I′}_{BA} + k_{mn}M^{mB}_C τ^{nb}_aZ^C_b Γ^{I′}_{BA} + k_{mn}M^{mD}_Aτ^{mb}_aZ^C_b Γ^{I′}_{CD}, (3.7)

and (δψ)^{I′ Aa} is the complex conjugate of (δψ̄)^{I′}_{Aa}. Here we have used I^′ = 1, . . . , 5 to label the fundamental index of SO(5). And we have defined the N = 6 “momentum map” and “current” operators as [1] M^{mA}_B ≡ τ^{ma}_bZ^A_a Z̄^b_B , J^{mAB} ≡ τ^{ma}_bZ^A_a ψ^{bB} , J̄^m_{AB} ≡ τ^{mb}_aZ̄^a_Aψ_{bB} . (3.8) 3To avoid introducing too many indices, we still use a = 1, . . . , L to label an index of N = 6 gauge group, (In the N = 5 formulas, a = 1, . . . , 2L.), and use A = 1, . . . , 4 to label an SU(4) index of R-symmetry in the right hand sides (RHS) of (3.1). We hope this will cause any confusion.

4In Section 2, in particular in Eqs. (2.9) and (2.11), we use I = 1, . . . , 5 to label the SO(5) indices, while in this section, we use I^′ = 1, . . . , 5 to label the SO(5) indices. However, in this section, we use I = 1, . . . , 6 to label the SO(6) indices. We hope this will not cause any confusion.

– 7 –

Let us now try to lift the N = 5 currents (3.5) and (3.6) to N = 6 currents. Using the above decompositions (3.1)−(3.4), and the USp(4) identity (A.17), one can lift the N = 5 action (B.1) to an N = 6 action with manifest SU(4) R-symmetry (see Ref. [1] for details). Specifically, the N = 6 action is invariant if we apply the SU(4) R-symmetry transformations to the N = 6 fields: δ_Rψ^{Aa} = − 1 2 ϵ_{IJ} Σ^{IJA}_B ψ^{Ba}, δ_Rψ̄_{Aa} = 1 2 ϵ_{IJ} Σ^{IJB}_A ψ̄_{Ba}, δ_RZ^A_a = − 1 2 ϵ_{IJ} Σ^{IJA}_B Z^B_a , δ_RZ̄^a_A = 1 2 ϵ_{IJ} Σ^{IJB}_A Z̄^a_B , (3.9)

where ϵ_{IJ} = −ϵ_{JI} are set of parameters (I, J = 1, . . . , 6), and Σ^{IJA}_B are the SU(4) generators (see Appendix A.2.3). As a result, the currents j̃^{I′}_μ → j̃^{I′}_μ + δ_Rj̃^{I′}_μ must be also conserved, namely,

∂^μ(j̃^{I′}_μ + δ_Rj̃^{I′}_μ ) = ∂^μ(δ_Rj̃^{I′}_μ ) = 0. (3.10)

Notice that under the SU(4) R-symmetry transformations (3.9), the currents (3.5) transform as δ_Rj̃^{I′}_μ = − 1 2 ϵ_{KL}(τ^{KL})^{I′}_Jj̃^J_μ , (3.11)

where (τ^{KL})^{I′}_J = δ^{LI′} δ^K_J − δ^{KI′} δ^L_J are a set of SO(6) matrices, and j̃^J_μ are defined by replacing the SO(5) gamma matrices Γ^{J ′}_{AB} in j̃^{J ′}_μ (see (3.5)) by the SO(6) gamma matrices Γ^J_{AB} = (Γ^{J ′}_{AB} , iω_{AB} )^5. Combining (3.10) and (3.11), one obtains

∂^μj̃^J_μ = 0. (3.12)

In other words, we now have six copies of conserved currents j̃^J_μ ; they take values in the 6 of SU(4). So (3.5) and (3.6) can be promoted to the OSp(6|4) currents of the N = 6 theory: (j̃^I_μ)_{N =6} = −iψ̄_{Aa}γ_μ(δψ)^{IAa} − iψ^{Aa}γ_μ(δψ̄)^I_{Aa} − i 4 [γ_μ, γ_ν ]∂^ν (¯ Z^a_Aψ̄_{Ba}Γ^{IAB} + Z^A_a ψ^{Ba}Γ^I_{AB} ) , (3.13)

(s̃^I_μ)_{N =6} = γ · x(j̃^I_μ)_{N =6}, (3.14)

where

(δψ̄)^I_{Aa} = γ^μD_μZ^B_a Γ^I_{BA} + k_{mn}M^{mB}_C τ^{nb}_aZ^C_b Γ^I_{BA} + k_{mn}M^{mD}_Aτ^{mb}_aZ^C_b Γ^I_{CD} (3.15)

is defined via the second equation of (3.16), i.e. δ_ϵψ̄_{Aa} ≡ (δψ̄)^I_{Aa}ϵ^I ; And (δψ)^{IAa} is the complex conjugate of (δψ̄)^I_{Aa}.

Since there are six conserved currents j̃^I_μ, one can also lift the N = 5 super poincare transformations (B.5) to the N = 6 transformations [1] δ_ϵZ^A_d = −iϵ^{AB}ψ̄_{Bd}, δ_ϵψ̄_{Bd} = γ^μD_μZ^A_d ϵ_{AB} + k_{mn}M^{mA}_C τ^{na}_dZ^C_a ϵ_{AB} + k_{mn}M^{mD}_B τ^{ma}_dZ^C_a ϵ_{CD}, δ_ϵA^m_μ = −iϵ_{AB}γ_μJ^{mAB} + iϵ^{AB} γ_μJ̄^m_{AB} . (3.16) 5The SO(6) gamma matrices Γ^I_{AB} are defined in Appendix A.2.3.

– 8 –

The parameters ϵ_{AB} = ϵ^I Γ^I_{AB} (I = 1, . . . , 6) satisfy ϵ_{AB} = −ϵ_{BA}, ϵ^∗_{AB} = ϵ^{AB} = 1 2 ε^{ABCD}ϵ_{CD}. (3.17) Similarly, one can lift the N = 5 superconformal transformations (2.16) to the N = 6 superconformal transformations: δ_η Z^A_d = −iγ · xη^{AB} ψ_{Bd}, δ_ηψ̄_{Bd} = (δψ̄)^I_{Bd}γ · xη^I + η_{BA}Z^A_d , δ_η A^m_μ = −i(γ · xη_{AB})γ_μJ^{mAB} + i(γ · xη^{AB} )γ_μJ̄^m_{AB} . (3.18) The set of parameters η_{AB} = η^I Γ^I_{AB} (I = 1, . . . , 6) obey the anti-symmetry and reality conditions: η_{AB} = −η_{BA}, η^∗_{AB} = η^{AB} = 1 2 ε^{ABCD}η_{CD}. (3.19) Finally, we would like to comment on the fundamental identity (3.4). It can be understood as the QQ̄Q or Q̄QQ̄ Jacobi identity of the superalgebra [7]:

[M^m, M^n] = C^{mn}_sM^s, [M^m, Q^a] = −τ^{ma}_bQ^b, [M^m, Q̄_a] = τ^{mb}_aQ̄_b, {Q^a, Q̄_b} = τ^{ma}_bk_{mn}M^n, {Q̄_a, Q̄_b} = {Q^a, Q^b} = 0. (3.20) So we must select the bosonic subalgebra of (3.20) as the Lie algebra of the gauge group. One can specify (3.20) as one of the superalgebras [1] OSp(2|2N), U(M|N), SU(M|N), P SU(M|N). (3.21) For instance, if we select the bosonic subalgebra of U(N|N) as the Lie algebra of the gauge symmetry, then the theory will become the well known N = 6 ABJM theory [8]. In particular, if we specify (3.20) as P SU(2|2), whose bosonic part is SU(2) × SU(2), the supersymmetry will be enhanced to N = 8 [9, 8], and the theory will become the well known N = 8 BLG theory [10, 11]. So the OSp(8|4) superconformal currents, which were first constructed by studying the N = 8 BLG theory directly [12], should be also derived as specific examples of the currents (3.5) and (3.6) associated with the general N = 6 theory.

3.2 Currents in the ABJM Theories

The N = 6 super poincare and superconformal currents of the ABJM theory were first derived in Ref. [4], by studying the ABJM theory derictly. In this section, we will show that they can be re-derived as specific examples of the OSp(6|4) currents (3.5) and (3.6) associated with the general N = 6 theory. To see this, let us first specify the superalgebra (3.20) as U(M|N). Or in other words, we choose the bosonic subalgebra of U(M|N) as the Lie algebra of the gauge symmetry. So the gauge group is U(M) × U(N). If M = N, it becomes the well-known ABJM theory [8]. The ABJM theory has been conjectured to be the gauge description of M2-branes probing a C^4/Z_k singularity.

– 9 –

We denote the scalar field its complex conjugate as Z^A_{nn̂} and Z̄^{n̂n}_A , respectively. Here n = 1, ..., M is a fundamental index of U(M), n̂ = 1, ..., N an anti-fundamental index of U(N). The fermionic field and its complex conjugate are denoted as ψ^{An̂n} and ψ̄_{Ann̂}, respectively. The U(M) and U(N) parts of the gauge potential are defined as Â_μ^{k̂}_{n̂} and A_μ^k_n, respectively. With these notations, the hermitian inner product of two matter fields can be written as a trace:

X̄^{n̂n}Y_{nn̂} ≡ Tr(X̄Y ). (3.22) In order to compare our results with that of Ref. [4], from now on, we assume that both n and n̂ run from 1 to N.

In matrix notation, the N = 6 super poincare transformations (3.16) for the U(N) × U(N) theory are given by^6: δ_ϵZ^A = −iϵ^{AB}ψ̄_B , δ_ϵψ̄_B = γ^μD_μZ^Aϵ_{AB} + k(Z^CZ̄_C Z^A − Z^AZ̄_C Z^C )ϵ_{AB} + 2kZ^CZ̄_B Z^Dϵ_{CD}, δ_ϵÂ_μ = −ikϵ_{AB}γ_μψ^B Z^A + ikϵ^{AB} γ_μZ̄_Aψ̄_B , (3.23) δ_ϵA_μ = ikϵ_{AB} γ_μZ^Aψ^B − ikϵ^{AB} γ_μψ̄_BZ̄_A, where k is a constant. Writting the second equation as δ_ϵψ̄_B = (δψ̄)^I_B ϵ^I , with (δψ̄)^I_B = γ^μD_μZ^AΓ^I_{AB} + k(Z^CZ̄_C Z^A − Z^AZ̄_C Z^C )Γ^I_{AB} + 2kZ^CZ̄_B Z^DΓ^I_{CD}, (3.24) the superconformal transformations (3.18) now read: δ_ηZ^A = −iγ · xη^{AB} ψ_B , δ_ηψ̄_B = (δψ̄)^I_{Bd}γ · xη^I + η_{BA}Z^A, δ_ηÂ_μ = −ik(γ · xη_{AB} )γ_μψ^B Z^A + ik(γ · xη^{AB} )γ_μZ̄_Aψ̄_B , (3.25) δ_ηA_μ = ik(γ · xη_{AB})γ_μZ^Aψ^B − ik(γ · xη^{AB} )γ_μψ̄_BZ̄_A. And the currents (3.5) and (3.6) now become

(j̃^I_μ)_{ABJM} = −iTr[ψ̄_Aγ_μ(δψ)^{IA}] − iTr[ψ^Aγ_μ(δψ̄)^I_A] − i 4 [γ_μ, γ_ν ]∂^ν [ Tr(Z̄_Aψ̄_B )Γ^{IAB} + Tr(Z^Aψ^B )Γ^I_{AB} ] , (3.26) (s̃^I_μ)_{ABJM} = γ · x(j̃^I_μ)_{ABJM} , (3.27) Define (j^I_μ)_{ABJM} = −iTr[ψ̄_Aγ_μ(δψ)^{IA}] − iTr[ψ^Aγ_μ(δψ̄)^I_A], (3.28) B_{μν} ≡ − i 4 [γ_μ, γ_ν ] [ Tr(Z̄_Aψ̄_B)Γ^{IAB} + Tr(Z^Aψ^B )Γ^I_{AB} ] = −B_{νμ}, (3.29) then (3.26) and (3.27) can be written as

(j̃^I_μ)_{ABJM} = (j^I_μ)_{ABJM} + ∂^ν (B_{μν} ) (3.30) (s̃^I_μ)_{ABJM} = γ · x(j^I_μ)_{ABJM} − i [ Tr(Z̄_Aγ_μψ̄_B)Γ^{IAB} + Tr(Z^Aγ_μψ^B )Γ^I_{AB} ] +∂^ν (γ · xB_{μν} ). (3.31)

6We refer the reader to Ref. [1] for the computational details.

– 10 –

The above OSp(6|4) currents for the ABJM theory are in agreement^7 with the ones constructed in Ref. [4], since they are only up conserved total derivative terms. Indeed, both the last term of (3.30) and the last term of (3.27) are total derivative terms, and satisfy ∂^μ∂^ν (B_{μν} ) = ∂^μ∂^ν (γ · xB_{μν} ) = 0 on account of the fact that B_{μν} = −B_{νμ}.

Similarly, one can also derive the OSp(6|4) currents associated with the N = 6, Sp(2N)× U(1) theory [1, 13].

4. Closure of the OSp(5|4) Superconformal algebra

The closure of the N = 5 super poincare algebra was checked in our previous work [2]. In this section we will check the closure of the full OSp(5|4) superconformal algebra.

Let us begin by considering the scalar fields. In Ref. [2], it was shown that^8

[δ_{ϵ1} , δ_{ϵ2} ]Z^a_A = v^μ_1 D_μZ^a_A + Λ̃^a_{1b}Z^b_A, (4.1)

where δ_{ϵ1} and δ_{ϵ2} are two super poincare transformations, and

v^μ_1 ≡ − i 2 ϵ^{BD}_2 γ^μϵ_{1BD} = −2iϵ^I_2γ^μϵ^I_1, (4.2) Λ̃^a_{1b} ≡ Λ^{cd}_1 k_{mn}τ^m_{cd} τ^{na}_b, (4.3)

Λ^{cd}_1 ≡ − i 2 Z^c_DZ^d_C (ϵ^{CE}_1 ϵ_{2E}^D − ϵ^{CE}_2 ϵ_{1E}^D) = −2iZ^c_DZ^d_C Γ^{IJCD}ϵ^I_2ϵ^J_1 (4.4)

where I = 1, . . . , 5 is a fundamental index of SO(5), and Γ^{IJCD} = 1 4 (Γ^{ICA}Γ^J_A^D − Γ^{JCA}Γ^I_A^D) (4.5)

are a set of USp(4) generators, with the SO(5) matrices Γ^J_A^D defined in Appendix A.2.2. Notice that the first term of Eq. (4.1) is the gauge covariant translation, while the second term is a gauge transformation.

Having (4.1), it is much easier to evaluate the commutator

[δ_{η1} , δ_{ϵ2} ]Z^a_A, (4.6)

where δ_{η1} is an N = 5 superconformal transformation defined by (2.16). If fact, following the idea of Ref. [4], we have shown that the superconformal transformations (2.16) can be obtained from the poincare transformations (B.5) by replacing the parameters ϵ with γ · xη and adding

δ^′_ηψ^a_A = −η_A^BZ^a_B (4.7)

7Notice that our reality condition is ϵ^∗_{AB} = ϵ^{AB} =^1_2 ε^{ABCD} ϵCD , while in [4], it is defined by ϵ^†_{AB} = ϵ^{AB} =^1_2 ε^{ABCD} ϵCD .

8In Ref. [2], we worked in the symplectic 3-algebra framework. Here we present a Lie algebra version of the closure of the super poincare algebra, by converting the 3-algebra description into the conventional Lie algebra, using the method described in Ref. [3]. The key point is that the 3-algebra structure constants f_{abc}^d can be constructed in terms of the tensor product on the superalgebra (B.2): f_{abc}^d = kmnτ^m_{ab} τ^{nd}c [3].

– 11 – into the variation of the fermion fields (see Section 2.1). Using this idea and Eq. (4.1), we have immediately [δ_{η1} , δ_{ϵ2} ]Z^a_A = v^μ_2 D_μZ^a_A + Λ̃^a_{2b}Z^b_A − iϵ_{2A}^B η_{1B}^C Z^a_C . (4.8) Here v_2 is obtained from v_1 by the replacing ϵ_1 in v_1 with γ · xη_1, and Λ̃^a_{2b} is obtained from Λ̃a_{1b} by the replacing ϵ_1 in Λ̃a_{1b} with γ · xη_1, i.e.

v^μ_2 ≡ −2iϵ^I_2γ^μ(γ · xη^I_1 ) (4.9) Λ̃^a_{2b} ≡ Λ^{cd}_2 k_{mn}τ^m_{cd} τ^{na}_b = Λ^m_2 k_{mn}τ^{na}_b, (4.10) Λ^{cd}_2 ≡ −2iZ^c_DZ^d_C Γ^{IJCD}ϵ^I_2(γ · xη^J_1 ). (4.11) The last term of (4.8) is a direct consequence of (4.7). Notice that Eq. (4.8) is a gauge covariant equation. On the other hand, after some algebra, we find that (4.7) can be written as

[δ_{η1} , δ_{ϵ2} ]Z^a_A = −2i(ϵ^I_2η^I_1 )(x^μ∂_μ + 1 2 )Z^a_A − 2(ϵ^I_2γ^{μν} η^I_1 )(x_μ∂_ν − x_ν ∂_μ)Z^a_A −2i(ϵ^I_2η^J_1 )Γ^{IJ}_A^BZ^a_B + (Λ̃^a_{2b} + v^μ_2 A^m_μ τ_m^a_b)Z^b_A, (4.12) where γ^{μν} = − i 4 [γ^μ, γ^ν ]. (4.13)

The first three terms are scale, Lorentz, and USp(4) R-symmetry transformations, respectively; the last term is a gauge transformation by the parameter (Λ̃^a_{2b} + v^μ_2 A^m_μ τ_m^a_b). In particular, the first term indicates that the dimension of Z^a_A is^1_2 .

Similarly, applying the replacement ϵ_2 → γ · xη_2 to the RHS of (4.8), and taking account of (4.7), we obtain

[δ_{η1} , δ_{η2} ]Z^a_A = v^μ_3 D_μZ^a_A + Λ̃^a_{3b}Z^b_A − i(γ · xη_{2A}^B )η_{1B}^C Z^a_C + i(γ · xη_{1A}^B)η_{2B}^C Z^a_C , (4.14) where v^μ_3 ≡ −2i[(γ · xη^I_2 )γ^μ(γ · xη^I_1 )] (4.15) Λ̃^a_{3b} ≡ Λ^{cd}_3 k_{mn}τ^m_{cd} τ^{na}_b = Λ^m_3 k_{mn}τ^{na}_b, (4.16) Λ^{cd}_3 ≡ −2iZ^c_DZ^d_C Γ^{IJCD}[(γ · xη^I_2 )(γ · xη^J_1 )]. (4.17) Notice that Eq. (4.14) is manifestly gauge covariant. Also, after some work, we obtain [δ_{η1} , δ_{η2} ]Z^a_A = 2(η^I_1 γ^ν η^I_2 )[(−2ix_ν x^μ∂_μ + ix^2∂_ν )Z^a_A − ix_ν Z^a_A] +(Λ̃^a_{3b} + v^μ_3 Ã^a_{μb})Z^b_A. (4.18) We see that the first line is the standard special superconformal transformation, while the second line is just a gauge transformation.

– 12 –

Let us now check the gauge fields. In Ref. [2], it was shown that

[δ_{ϵ1} , δ_{ϵ2} ]A^m_μ = v^ν_1 F^m_{νμ} − D_μΛ^m_1 +v^ν_1 [F^m_{μν} − ε_{μνλ}(Z^a_AD^λZ^{Ab} − i 2 ψ̄^{Ba}γ^λψ^b_B)τ^m_{ab} ], (4.19)

where Λ^m_1 = Λ^{ab}_1 τ^m_{ab} , and Λ^{ab}_1 is defined by (4.4). The second term of the first line is a gauge transformation. And the second line is the equations of motion for the gauge fields. In order to use the ϵ_1 → γ · xη_1 trick, we must rewrite (4.19) as

[δ_{ϵ1} , δ_{ϵ2} ]A^m_μ = v^ν_1 F^m_{νμ} − (ϵ^I_2ϵ^J_1 )D_μ(−2iZ^a_AZ^b_B Γ^{IJAB}τ^m_{ab} ) + EOM, (4.20)

since ϵ^I_2 and ϵ^J_1 are constant parameters. (“EOM” stands for “equations of motion”.) Applying the replacement ϵ_1 → γ · xη_1 to the RHS of (4.20), and tacking account of (4.7), one obtains

[δ_{η1} , δ_{ϵ2} ]A^m_μ = v^ν_2 F^m_{νμ} − (ϵ^I_2γ · xη^J_1 )D_μ(−2iZ^a_AZ^b_B Γ^{IJAB}τ^m_{ab} ) +i[ϵ^{AB}_2 γ_μ(−η_{1B}^C Z^b_C )]Z^a_Aτ^m_{ab} + EOM = v^ν_2 F^m_{νμ} − D_μΛ^m_2 + EOM, (4.21)

where Λ^m_2 is defined by (4.10). It can be recast into the form

[δ_{η1} , δ_{ϵ2} ]A^m_μ = −2i(ϵ^I_2η^I_1 )(x^μ∂_μ + 1)A^m_μ −2i(ϵ^I_2γ^{ρσ}η^I_1 )[−i(x_ρ∂_σ − x_σ∂_ρ)A^m_μ + (S_{ρσ})_μ^ν A^m_ν ] −D_μ(Λ^m_2 + v^ν_2 A^m_ν ) + EOM, (4.22)

where

(S_{ρσ})_μ^ν = i(η_{σμ}δ^ν_ρ − η_{ρμ}δ^ν_σ). (4.23)

The first and second lines are scale and Lorentz transformations respectively, while the first term of the third line is a gauge transformation by the parameter (Λ^m_2 + v^ν_2 A^m_ν ), as expected. The first line indicates that the dimension of A^m_μ is 1.

Similarly, after writing −D_μΛ^m_2 in (4.21) as

−D_μΛ^m_2 = −(ϵ^I_2γ_ν η^J_1 )D_μ(−2ix^ν Z^c_DZ^d_C Γ^{IJCD}), (4.24)

one can calculate [δ_{η1} , δ_{η2} ]A^m_μ by applying the replacement ϵ_2 → γ · xη_2 to the RHS of (4.21), while taking account of (4.7). After some algebraic steps, we obtain the desired results

[δ_{η1} , δ_{η2} ]A^m_μ = v^ν_3 F^m_{νμ} − D_μΛ^m_3 (4.25) = 2(η^I_1 γ^ν η^I_2 )[(−2ix_ν x^ρ∂_ρ + ix^2∂_ν )A^m_μ − 2ix_ν A^m_μ − 2x^ρ(S_{ρν} )_μ^σA^m_σ )] (4.26) −D_μ(Λ^m_3 + v^ν_3 A^m_μ ) + EOM,

– 13 – where v^ν_3 , Λ^m_3 , and (S_{ρν} )_μ^σ are defined by (4.15), (4.16), and (4.23), respectively. It can be seen that the first line of (4.26) is the standard special conformal transformation.

Finally, we examine the fermion fields. In Ref. [2], it has been checked that [δ_{ϵ1} , δ_{ϵ2} ]ψ^a_A = v^μ_1 D_μψ^a_A + Λ̃^a_{1b}ψ^b_A + i 2 (ϵ^{BC}_1 ϵ_{2BA} − ϵ^{BC}_2 ϵ_{1BA})E^a_C − 1 2 v^ν_1 γ_ν E^a_A. (4.27) The last two lines are the equations of motion for fermionic fields, i.e. E^a_A = 0, where E^a_A = γ^μD_μψ^a_A − k_{mn}τ^m_{cd} τ^{na}_bZ^b_B Z^{Bc}ψ^d_A + 2k_{mn}τ^m_{cd} τ^{na}_bZ^b_B Z^c_Aψ^{Bd}. (4.28) One can examine [δ_{η1} , δ_{ϵ2} ]ψ^a_A and [δ_{η1} , δ_{η2} ]ψ^a_A, using the same strategy applied to the scalar and gauge fields. First, we have [δ_{η1} , δ_{ϵ2} ]ψ^a_A = v^μ_2 D_μψ^a_A + Λ̃^a_{2b}ψ^b_A −i(ψ^a_C γ^μη_{1B}^C )(γ_μϵ_{2A}^B ) + iη_{1A}^B(ϵ_{2B}^C ψ^a_C ) (4.29) +EOM Using the Fierz transformations (A.5), one can recast the above equation as [δ_{η1} , δ_{ϵ2} ]ψ^a_A = −2i(ϵ^I_2η^I_1 )(x^μ∂_μ + 1)ψ^a_A −2(ϵ^I_2γ^{μν} η^I_1 )(x_μ∂_ν − x_ν ∂_μ + iγ_{μν} )ψ^a_A −2i(ϵ^I_2η^J_1 )Γ^{IJ}_A^B ψ^a_B +(Λ̃^a_{2b} + v^μ_2 A^m_μ τ_m^a_b)ψ^b_A + EOM. (4.30) The first three lines are scale, Lorentz, and USp(4) R-symmetry transformations, while the last line is a gauge transformation and the equations of motion. The first line indicates that the dimension of the fermion field is 1.

Finally, we have [δ_{η1} , δ_{η2} ]ψ^a_A = 2(η^I_1 γ^ν η^I_2 )[(−2ix_ν x^μ∂_μ + ix^2∂_ν )Z^a_A + (−2ix_ν − 2x^μγ_{μν} )ψ^a_A] +(Λ̃^a_{3b} + v^μ_3 Ã^a_{μb})ψ^b_A +EOM. (4.31) It can be seen that the first line is the special conformal transformation, while the second line is a gauge transformation. Using the fact that v^μ_3 can be written as v^μ_3 = −4i(η^I_1 γ^ν η^I_2 )x_ν x^μ + 2i(η^I_1 γ^μη^I_2 )x^2, (4.32) Eq. (4.31) can be convert into the manifestly covariant form: [δ_{η1} , δ_{η2} ]ψ^a_A = 2(η^I_1 γ^ν η^I_2 )[(−2ix_ν x^μD_μ + ix^2D_ν )Z^a_A + (−2ix_ν − 2x^μγ_{μν} )ψ^a_A] +Λ̃^a_{3b}ψ^b_A +EOM. (4.33)

– 14 –

5. Conclusions

In this paper, we have verified that the general N = 5 theory has a complete OSp(5|4) superconformal symmetry, and constructed the corresponding conserved supercurrents; we have also derived the super currents in the N = 5, USp(2N)×SO(M) as special examples. The OSp(5|4) superconformal algebra was shown to be closed on shell. These OSp(5|4) superconformal currents may be useful in constructing the M2-brane superconformal algebras, and in studying the BPS brane configurations.

We have demonstrated that the OSp(6|4) superconformal currents associated with the general N = 6 theory can be obtained as special cases of the OSp(5|4) superconformal currents by promoting the USp(4) R-symmetry to SU(4). Specifying the gauge group as U(N) × U(N), we have been able to rederive the OSp(6|4) superconformal currents associated with the ABJM theory which were first constructed in Ref .[4].

We have also argued that the OSp(8|4) superconformal currents associated with the N = 8 BLG theory [12] can be re-derived as the special cases of the general OSp(6|4) currents by enhancing the SU(4) R-symmetry to SO(8). However, it would be nice to prove this relation explicitly.

In this paper, we have worked in an ordinary Lie algebra framework. However, it would be nice to construct all these supercurrents in a 3-algebra framework.

6. Acknowledgement

We thank for the Korea Institute for Advanced Study for warm hospitality during the beginning stage of this work. This work is supported by the China Postdoctoral Science Foundation through Grant No. 2012M510244.

A. Conventions and Useful Identities

The conventions and identities of this appendix are mainly adopted from Ref. [3].

A.1 Spinor Algebra

In 1 + 2 dimensions, the gamma matrices are defined as

(γ_μ)_α^γ (γ_ν )_γ^β + (γ_ν )_α^γ (γ_μ)_γ^β = 2η_{μν} δ_α^β. (A.1)

For the metric we use the (−, +, +) convention. The gamma matrices in the Majorana representation can be defined in terms of Pauli matrices: (γ_μ)_α^β = (iσ_2, σ_1, σ_3), satisfying the important identity

(γ_μ)_α^γ (γ_ν )_γ^β = η_{μν} δ_α^β + ε_{μνλ}(γ^λ)_α^β. (A.2)

We also define ε^{μνλ} = −ε_{μνλ}. So ε_{μνλ}ε^{ρνλ} = −2δ_μ^ρ. We raise and lower spinor indices with an antisymmetric matrix ϵ_{αβ} = −ϵ^{αβ}, with ϵ_{12} = −1. For example, ψ^α = ϵ^{αβ} ψ_β

– 15 – and γ^μ_{αβ} = ϵ_{βγ} (γ^μ)_α^γ , where ψ_β is a Majorana spinor. Notice that γ^μ_{αβ} = (l, −σ^3, σ^1) are symmetric in αβ. A vector can be represented by a symmetric bispinor and vice versa: A_{αβ} = A_μγ^μ_{αβ} , A_μ = − 1 2 γ^{αβ}_μ A_{αβ} . (A.3) We use the following spinor summation convention: ψχ = ψ^αχ_α, ψγ_μχ = ψ^α(γ_μ)_α^βχ_β, (A.4) where ψ and χ are anti-commuting Majorana spinors. In 1 + 2 dimensions the Fierz transformations are (λχ)ψ = − 1 2 (λψ)χ − 1 2 (λγ_ν ψ)γ^ν χ. (A.5) Finally, we define γ^{μν} = − i 4 [γ^μ, γ^ν ]. (A.6) A.2 SO(4), SO(5), and SO(6) Gamma Matrices A.2.1 SO(4) Gamma Matrices We define the 4 sigma matrices as σ^a_A^Ḃ = (σ^1, σ^2, σ^3, il), (A.7) by which one can establish a connection between the SU(2) × SU(2) and SO(4) group. These sigma matrices satisfy the following Clifford algebra: σ^a_A^Ċ σ^{b†}_Ċ^B + σ^b_A^Ċ σ^{a†}_Ċ^B = 2δ^{ab}δ_A^B, (A.8) σ^{a†}_Ȧ^C σ^b_C^Ḃ + σ^{b†}_Ȧ^C σ^a_C^Ḃ = 2δ^{ab}δ_Ȧ^Ḃ . (A.9) We use antisymmetric matrices ϵ_{AB} = −ϵ^{AB} = ( 0 −1 1 0 ) and ϵ_{ȦḂ} = −ϵ^{ȦḂ} = ( 0 1 −1 0 ) (A.10)

to raise or lower un-dotted and dotted indices, respectively. For example, σ^{a†ȦB} = ϵ^{ȦḂ} σ^{a†}_Ḃ^B and σ^{aBȦ} = ϵ^{BC} σ^a_C^Ȧ. The sigma matrix σ^a satisfies a reality condition σ^{a†}_Ȧ^B = −ϵ^{BC} ϵ_{ȦḂ}σ^a_C^Ḃ , or σ^{a†ȦB} = −σ^{aBȦ}. (A.11) A.2.2 SO(5) Gamma Matrices We define the SO(5) gamma matrices as^9

Γ^a_A^B = ( 0 σ^a σ^{a†} 0 ) , Γ^5_A^B = (γ^1γ^2γ^3γ^4)_A^B. (A.12)

9To avoid introducing too many indices, we still use the capital letters A, B, . . . to label the USp(4) indices. We hope this will not cause any confusion.

– 16 –

Notice that Γ^I_A^B (I = 1, . . . , 5) are Hermitian, satisfying the Clifford algebra Γ^I_A^C Γ^J_C^B + Γ^J_A^C Γ^I_C^B = 2δ^{IJ} δ_A^B. (A.13) We use an antisymmetric matrix ω_{AB} = −ω^{AB} to lower and raise indices; for instance Γ^{IAB} = ω^{AC} Γ^I_C^B . (A.14) It can be chosen as the charge conjugate matrix: ω^{AB} = ( ϵ^{AB} 0 0 ϵ^{ȦḂ} ) . (A.15)

(Recall that A and Ḃ of the RHS run from 1 to 2.)

By the definition (A.12) and the convention (A.14), the gamma matrix Γ^I is antisymmetric and traceless, and satisfies a reality condition

Γ^{IAB} = −Γ^{IBA} , Γ^I_A^A = 0 and Γ^{I∗}_{AB} = Γ^{IAB} = ω^{AC} ω^{BD}Γ^I_{CD}. (A.16) There is a useful USp(4) identity ε^{ABCD} = −ω^{AB}ω^{CD} + ω^{AC} ω^{BD} − ω^{AD}ω^{BC} . (A.17) A.2.3 SO(6) Gamma Matrices Define the first five gamma matrices as the SO(5) gamma matrices (A.13), and define Γ^6_{AB} = iω_{AB} and Γ^{6AB} = iω^{AB} (see (A.15) for the definition of ω^{AB} ), we then have the Clifford algebra^{10} Γ^I_{AB} Γ^{JBC} + Γ^J_{AB}Γ^{IBC} = −2δ^{IJ} δ^C_A , (A.18) where I, J = 1, . . . , 6. The gamma matrices Γ^I_{AB} satisfy the antisymmetry and reality conditions Γ^{IAB} = −Γ^{IBA}, Γ^{I∗}_{AB} = Γ^{IAB} = 1 2 ε^{ABCD}Γ^I_{CD}. (A.19) The SU(4) generators are defined as Σ^{IJ}_A^B = 1 4 (Γ^I_{AC} Γ^{JCB} − Γ^J_{AC} Γ^{ICB} ). (A.20) B. A review of the N = 5 theory The N = 5 action is given by [1, 3] L = 1 2 (−D_μZ̄^A_a D^μZ^a_A + iψ̄^A_a γ_μD^μψ^a_A) − i 2 ω^{AB}ω^{CD}k_{mn}(J^m_{AC} J^n_{BD} − 2J^m_{AC} J^n_{DB}) + 1 2 ϵ^{μνλ}(k_{mn}A^m_μ ∂_ν A^n_λ + 1 3 C_{mnp}A^m_μ A^n_ν A^p_λ) (B.1) + 1 30 C_{mnp}μ^{mA}_Bμ^{nB}_C μ^{pC}_A + 3 20 k_{mp}k_{ns}(τ^mτ^n)_{ab}Z^{Aa}Z^b_Aμ^{pB}_C μ^{sC}_B. 10In order to avoid introducing too many indices, here we still use I to label the SO(6) indices, while in Appendix A.2.2, we use it to label the SO(5) indices. We hope this will not cause any confusion.

– 17 –

Here A = 1, . . . , 4 is a fundamental index of the USp(4) R-symmetry group, and ω_{AB} is the antisymmetric form of USp(4), satisfying ω_{AB} ω^{BC} = δ^C_A . The gauge group index a runs from 1 to 2L, and the algebra of the gauge group must be chosen as the bosonic subalgebra of the superalgebra,

[M^m, M^n] = C^{mn}_sM^s, [M^m, Q_a] = −τ^m_{ab} ω^{bc}Q_c, {Q_a, Q_b} = τ^m_{ab} k_{mn}M^n, (B.2)

where k_{mn} = k_{nm} and ω_{ab} = −ω_{ba} are invariant forms on the superalgebra. The inverse of ω_{ab} is denoted as ω^{bc}, satisfying ω_{ab}ω^{bc} = δ^c_a; and we use ω to lower or raise indices (for instance, τ^m_{ab} = ω_{ac}τ^{mc}_b). We also use k_{mn} to lower indices; for instance, C_{mnp} = k_{mq}k_{ns}C^{qs}_p. Following Ref. [5], in (B.1), we have defined the “momentum map” and “current” operators as

μ^m_{AB} ≡ τ^m_{ab} Z^a_AZ^b_B , J^m_{AB} ≡ τ^m_{ab} Z^a_Aψ^b_B . (B.3)

The matter fields satisfy the reality conditions

Z̄^A_a = Z^{∗a}_A = ω^{AB}ω_{ab}Z^b_B, ψ̄^A_a = ψ^{∗a}_A = ω^{AB}ω_{ab}ψ^b_B . (B.4)

The N = 5 super poincare symmetry transformations are given by

δ_ϵZ^a_A = iϵ_A^B ψ^a_B ,

δ_ϵψ^a_A = −γ^μD_μZ^a_B ϵ_A^B − 1 3 k_{mn}τ^{ma}_bω^{BC} Z^b_B μ^n_{CD}ϵ_A^D + 2 3 k_{mn}τ^{ma}_bω^{BD}Z^b_C μ^n_{DA}ϵ_B^C , δ_ϵA^m_μ = iϵ^{AB} γ_μJ^m_{AB}. (B.5)

The set of antisymmetric parameters ϵ_A^B = ϵ^I Γ^I_A^B (I = 1, . . . , 5) are required to obey the traceless conditions and the reality conditions ω_{AB}ϵ^{AB} = 0, ϵ^∗_{AB} = ω^{AC} ω^{BD}ϵ_{CD}. (The SO(5) gamma matrices Γ^I_A^B are defined in Appendix A.2.2.)

The reason for choosing the bosonic subalgebra of (B.2) as the algebra of gauge symmetry is the following: In constructing the N = 4 theory of Gaiotto and Witten (GW) [5], GW showed that in order to promote the supersymmetry from N = 1 to N = 4, the representation matrices of the algebra of gauge symmetry must satisfy the “fundamental identity”

k_{mn}τ^m_{(ab}τ^n_{c)d} = 0. (B.6)

GW [5] solved the above equation by converting it into the QQQ Jacobi identity of the superalgebra (B.2). Eq. (B.6) must also hold in the N = 5 theory, since the N = 5 theory can be derived as a special case of the N = 4 theory [1]. The superalgebra (B.2) can be specified as one of the superalgebras U(M|N), OSp(M|2N), OSp(2|2N), F (4), G(3), D(2|1; α), (B.7) where α is a continuous parameter.

– 18 –

C. Derivation of the N = 5 Super Poincare Currents In this Appendix, we will construct the N = 5 super poincare currents by using the Noether method. According to our discussion in Section 2.1, we expect that under the super poincare transformations (B.5), the variation of the N = 5 action (B.1) takes the form δ_ϵS = ∫ d^3x(−j^I_μ)∂^μϵ^I , (C.1) where the set of parameters ϵ^I (I = 1, . . . , 5) are allowed to dependent on the spacetime coordinates x^μ. Let us begin by calculating the variations of the kinematic terms of matter fields. They are given by δ_ϵ(− 1 2 D_μZ̄^A_a D^μZ^a_A) = −∂^μ(D_μZ̄^A_a δ_ϵZ^a_A) +iϵ_A^B ψ^a_B D^2Z̄^A_a +iϵ_A^B γ_μJ^{mA}_B D_μZ̄^C_a τ_m^a_bZ^b_C (C.2) and δ_ϵ( i 2 ψ̄^A_a γ_μD^μψ^a_A) = − i 2 ∂_μ(ψ̄^A_a γ^μδ_ϵψ^a_A) +iψ̄^A_a γ^μ(δψ)^{Ia}_A ∂_μϵ^I −iϵ_A^Bψ̄^A_a D^2Z^a_B + ϵ_A^B γ^{μν} J_{mB}^AF^m_{μν} + i 3 (ϵ_A^Bγ^μψ̄^A_a )τ^{ma}_bD_μ(Z^b_C μ^C_{mB} ) − 2i 3 (ϵ_A^B γ^μψ̄^C_a )τ^{ma}_bD_μ(Z^b_B μ^A_{mC} ) −(ϵ_A^B τ_m^a_bψ^b_C )(ψ̄^C_a J^{mA}_B), (C.3) where γ^{μν} is defined by (A.6), and (δψ)^{Ia}_A is defined via the δ_ϵψ^a_A = (δψ)^{Ia}_A ϵ^I , i.e. (δψ)^{Ia}_A ≡ −γ^μD_μZ^a_B Γ^I_A^B − 1 3 k_{mn}τ^{ma}_bω^{BC} Z^b_B μ^n_{CD}Γ^I_A^D + 2 3 k_{mn}τ^{ma}_bω^{BD}Z^b_C μ^n_{DA}Γ^I_B^C . (C.4) The super poincare variation of the Chern-Simons term is given by δ_ϵL_{CS} = 1 2 ϵ^{μνλ}k_{mn}∂_ν (A^m_μ δ_ϵA^n_λ) +ϵ_A^Bγ^{μν} k_{mn}J^{mA}_BF^n_{μν} . (C.5) Writing the Yukawa terms in (B.1) as L_Y = i 2 J^A_{m C} J^m_A^C − iJ^A_{m C} J^{mC}_A, (C.6) then

δ_ϵL_Y = τ^m_{ab} (ϵ_A^B ψ^a_B )(J^{AC}_m ψ^b_C − 2ψ^b_C J^{CA}_m ) +iτ^m_{ab} (ϵ_A^B γ^μJ_{mC}^A)Z^{Ca}D_μZ^b_B − 2iτ^m_{ab} (ϵ_A^Bγ^μJ^{mA}_C )Z^{Ca}D_μZ^b_B + i 3 (τ_mτ_n)_{ab}ϵ_{AB} ( J^{mCB} Z^a_C Z^b_Dμ^{nDA} − 2J^{mBC} Z^a_C Z^b_Dμ^{nDA} +2J^{mCD}Z^a_C Z^{Bb}μ^n_D^A − 4J^{mCD}Z^a_DZ^{Bb}μ^n_C^A ) , (C.7)

– 19 – with

(τ_mτ_n)_{ab} = τ_{mac}τ_n^c_b = 1 2 ({τ_m, τ_n}_{ab} + [τ_m, τ_n]_{ab}) = (τ_mτ_n)_{[ab]} + 1 2 C_{mnp}τ^p_{ab}. (C.8) Finally, the super variation of the potential reads

δ_ϵL_{pot} = i 10 C_{mnp}ϵ_{AB} J^{mCB} μ^{nA}_Dμ^{pD}_C − 3i 5 (τ_mτ_n)_{[ab]}ϵ_{AB}J^{mCB} (Z^a_DZ^{Ab}μ^{nD}_C + Z^{Da}Z^b_Dμ^{nA}_C ). (C.9) Dropping the total derivative terms, and adding everything together, we obtain δ_ϵS = ∫ d^3x [ iψ̄^A_a γ^μ(δψ)^{Ia}_A ∂_μϵ^I +(ψ^3Z terms)+(ψ(DZ)Z^2 terms)+(ψZ^5 terms) ] . (C.10) Here we use “ψ^3Z terms” to represent all terms that are third order in ψ and first order in Z, and “ψZ^5 terms” has a similar meaning. And we use “ψ(DZ)Z^2 terms” to present all terms that are proportional to ψ(DZ)Z^2, with D the covariant derivative.

We will prove that 0 = (ψ^3Z terms) = (ψ(DZ)Z^2 terms) = (ψZ^5 terms). (C.11) Let us first prove that all the ψ^3Z terms cancel; they are given by (see the last line of (C.3) and the first line of (C.7)) − (ϵ_A^B τ_m^a_bψ^b_C )(ψ̄^C_a J^{mA}_B) + τ^m_{ab} (ϵ_A^Bψ^a_B )(J^{AC}_m ψ^b_C − 2ψ^b_C J^{CA}_m ). (C.12) To prove that (C.12) vanishes, we need the following two key identities ω_{[AB}ω_{CD}ω_{EF ]} = 0, (C.13) ϵ_{[αβ}ϵ_{γδ]} = 0. (C.14) Using the USp(4) identity (A.17), one can show that (C.13) is equivalent to the well-known identity:

ε_{GABC} ε^{GDEF} = 3!δ^{[A}_D δ^B_E δ^{C]}_F . (C.15) Also, notice that (C.14) is equivalent to (ψ_1ψ_2)ψ_3 + (ψ_2ψ_3)ψ_1 + (ψ_3ψ_1)ψ_2 = 0, (C.16) where ψ_1, ψ_2, and ψ_3 are arbitrary spinors.

Multiplying both sides of (C.13) by the parameters ϵ^{EF} , one obtains the identity ω_{[AB}ϵ_{CD]} = 0. (C.17) Multiplying both sides of (C.17) by τ^m_{ab} ψ^{Ba}(ψ^{Db}J^{CA}_m ), we have 0 = −τ^m_{ab} (ϵ_{AB} ψ^{Ca})(ψ^{Bb}J^A_{m C} − ψ^b_C J^{AB}_m − ψ^{Bb}J_{mC}^A) +τ^m_{ab} (ϵ_{AB} ψ^{Ba})(ψ^{Ab}J_{mC}^C + ψ^b_C J^{CA}_m + ψ^{Cb}J^A_{m C} ). (C.18)

– 20 –

Using (C.16), the last term of the first line of (C.18) can be converted into: τ^m_{ab} (ϵ_{AB} ψ^{Ca})ψ^{Bb}J_{mC}^A = −τ^m_{ab} (ϵ_{AB} ψ^{Bb})(ψ^{Ca}J_{mC}^A) − τ^m_{ab} (ϵ_{AB} J_{mC}^A)(ψ^{Bb}ψ^{Ca}) (C.19) Using the fundamental identity k_{mn}τ^m_{(ab}τ^n_{c)d} = 0 (see (B.6)), the second term of the RHS of (C.19) can be decomposed into two terms: −τ^m_{ab} (ϵ_{AB} J_{mC}^A)(ψ^{Bb}ψ^{Ca}) = −τ^m_{ab} (ϵ_{AB} ψ^{Ba})(ψ^{Ab}J_{mC}^C + ψ^{Cb}J_{mC}^A). (C.20) Combining (C.18)−(C.20) gives

τ^m_{ab} [(ϵ_{AB} ψ^{Ca})(ψ^b_C J^{AB}_m − ψ^{Bb}J^A_{m C} ) + (ϵ_{AB}ψ^{Bb})(3ψ^a_C J^{CA}_m + ψ^{Cb}J^A_{m C} )] = 0. (C.21) Notice that the second term of (C.21) has the two different expressions:

− τ^m_{ab} (ϵ_{AB} ψ^{Ca})(ψ^{Bb}J^A_{m C} ) = τ^m_{ab} [(ϵ_{AB} J^{AC}_m )(ψ^{Ba}ψ^b_C ) + (ϵ_{AB} ψ^{Ca})(ψ^b_C J^{AB}_m )] (C.22) = −τ^m_{ab} [(ϵ_{AB} J^{AC}_m )(ψ^{Ba}ψ^b_C ) − (ϵ_{AB}ψ^{Ba})(ψ^b_C J^{AC}_m )].

We have used (B.6) and (C.16) to derive the first line and the second line, respectively. Taking the average of the two lines of (C.22) gives −τ^m_{ab} (ϵ_{AB} ψ^{Ca})(ψ^{Bb}J^A_{m C} ) = 1 2 τ^m_{ab} [(ϵ_{AB} ψ^{Ca})(ψ^b_C J^{AB}_m ) + (ϵ_{AB}ψ^{Ba})(ψ^b_C J^{AC}_m )]. (C.23) Plugging (C.23) into (C.21), one obtains 3 2 τ^m_{ab} [(ϵ_{AB} ψ^{Bb})(2ψ^a_C J^{CA}_m + ψ^{Cb}J^A_{m C} ) + (ϵ_{AB}ψ^{Ca})(ψ^b_C J^{AB}_m )] = 0. (C.24) Notice that the left hand side is proportional to (C.12), so (C.12) does vanish, i.e. all ψ^3Z terms cancel.

Let us now try to prove that the ψ(DZ)Z^2 terms cancel; they are given by the last line of (C.2), the fourth line of (C.3), and the second line of (C.7): +iϵ_A^Bγ_μJ^{mA}_B D_μZ̄^C_a τ_m^a_bZ^b_C + i 3 (ϵ_A^B γ^μψ̄^A_a )τ^{ma}_bD_μ(Z^b_C μ^C_{mB}) − 2i 3 (ϵ_A^Bγ^μψ̄^C_a )τ^{ma}_bD_μ(Z^b_B μ^A_{mC} ) +iτ^m_{ab} (ϵ_A^Bγ^μJ_{mC}^A)Z^{Ca}D_μZ^b_B − 2iτ^m_{ab} (ϵ_A^B γ^μJ^{mA}_C )Z^{Ca}D_μZ^b_B . (C.25) Using the fundamental identity k_{mn}τ^m_{(ab}τ^n_{c)d} = 0, (C.25) can be recast as 2i 3 ( ω_{[CD}ϵ_{AB]}γ^μJ^{AB}_m ) τ^m_{ab} (D_μZ^{Ca})Z^{Db}, (C.26) which vanishes on account of the identity (C.17).

Finally, we need to take care of the ψZ^5 terms; they are given by (C.9) and the last two lines of (C.7): (We denote them as O(Z^5).)

O(Z^5) ≡ i 10 C_{mnp}ϵ_{AB} J^{mCB} μ^{nA}_Dμ^{pD}_C − 3i 5 (τ_mτ_n)_{[ab]}ϵ_{AB}J^{mCB} (Z^a_DZ^{Ab}μ^{nD}_C + Z^{Da}Z^b_Dμ^{nA}_C ). + i 3 [(τ_mτ_n)_{[ab]} + 1 2 C_{mnp}τ^p_{ab}]ϵ_{AB} ( J^{mCB} Z^a_C Z^b_Dμ^{nDA} − 2J^{mBC} Z^a_C Z^b_Dμ^{nDA} +2J^{mCD}Z^a_C Z^{Bb}μ^n_D^A − 4J^{mCD}Z^a_DZ^{Bb}μ^n_C^A ) . (C.27)

– 21 –

Notice that some terms are proportional to (τ_mτ_n)_{[ab]}, while the rest are proportional to C_{mnp}τ^p_{ab}. However, using the identity^{11}

C_{mnp}τ^n_{cd}τ^p_{ab} = (τ_mτ_n)_{[ca]}τ^n_{bd} + (τ_mτ_n)_{[da]}τ^n_{cb} + (τ_mτ_n)_{[db]}τ^n_{ac} + (τ_mτ_n)_{[cb]}τ^n_{ad}, (C.28) we are able to recast (C.27) so that every term is proportional to (τ_mτ_n)_{[ab]}:

O(Z^5) = 2i 15 (ϵ_{AB} J^{mCB} )(τ_mτ_n)_{[ab]}(3Z^a_C Z^b_Dμ^{nDA} + 4Z^a_DZ^{Db}μ^{nA}_C + 5Z^{Aa}Z^b_Dμ^{nD}_C ) + i 3 (ϵ_{AB} J^{mBC} )(τ_mτ_n)_{[ab]}(−3Z^a_C Z^b_Dμ^{nDA} + Z^a_DZ^{Db}μ^{nA}_C − Z^{Aa}Z^b_Dμ^{nD}_C ) + i 3 (ϵ_{AB} J^{mCD})(τ_mτ_n)_{[ab]}(Z^{Aa}Z^b_C μ^{nB}_D − 5Z^{Aa}Z^b_Dμ^{nB}_C − Z^{Aa}Z^{Bb}μ^n_{CD}). (C.29) We now have to prove that (C.29) vanishes. To simplify the task, let us introduce some shorthands X_1 ≡ (ϵ_{AB} J^{mCB} )(τ_mτ_n)_{[ab]}Z^a_C Z^b_Dμ^{nDA}, X_2 ≡ −(ϵ_{AB} J^{mCB} )(τ_mτ_n)_{[ab]}Z^a_DZ^{Db}μ^{nA}_C , X_3 ≡ (ϵ_{AB} J^{mCB} )(τ_mτ_n)_{[ab]}Z^{Aa}Z^b_Dμ^{nD}_C , Y_1 ≡ (ϵ_{AB} J^m_C^C )(τ_mτ_n)_{[ab]}Z^a_DZ^{Bb}μ^{nDA}, Y_2 ≡ (ϵ_{AB} J^{mBC} )(τ_mτ_n)_{[ab]}Z^{Aa}Z^b_Dμ^{nD}_C , Y_3 ≡ (ϵ_{AB} J^{mBC} )(τ_mτ_n)_{[ab]}Z^a_DZ^{Db}μ^{nA}_C , Y_4 ≡ (ϵ_{AB} J^{mBC} )(τ_mτ_n)_{[ab]}Z^a_C Z^b_Dμ^{nDA}, Y_5 ≡ (ϵ_{AB} J^{mCD})(τ_mτ_n)_{[ab]}Z^{Ba}Z^b_Dμ^{nA}_C , Y_6 ≡ (ϵ_{AB} J^{mCD})(τ_mτ_n)_{[ab]}Z^{Aa}Z^{Bb}μ^n_{CD}, Y_7 ≡ (ϵ_{AB} J^{mCD})(τ_mτ_n)_{[ab]}Z^{Aa}Z^b_C μ^{nB}_D. (C.30) In terms of the shorthands, (C.29) reads

O(Z^5) = 2i 15 (3X_1 − 4X_2 + 5X_3) + i 3 (−3Y_4 + Y_3 − Y_2) + i 3 (Y_7 + 5Y_5 − Y_6). (C.31) To prove that (C.31) vanishes, we need to establish some connections between the quantities defined in (C.30). Taking account of the identity (C.13) and (C.17), we have 0 = ω_{[BE} ω_{CF} ω_{DG]}(ϵ_A^E J^{mCB} )(τ_mτ_n)_{[ab]}Z^{F a}Z^{Gb}μ^{nDA}, (C.32) 0 = (ω_{[CD}ϵ_{AB]}J^{mDB} )(τ_mτ_n)_{[ab]}Z^{Ca}Z^b_Eμ^{nEA}, (C.33) 0 = (ω_{[CD}ϵ_{AB]}J^{mCE} )(τ_mτ_n)_{[ab]}Z^{Aa}Z^{Bb}μ^{nD}_E , (C.34)

11This identity can be proved as follows: Cmnpτ^n_{cd}τ^p_{ab} = [τm, τn]_{ab}τ^n_{cd} = τmaeτn^e_bτ^n_{cd} − τnaeτm^e_bτ^n_{cd} = −(τmτn)acτ^n_{bd} − (τmτn)_{ad}τ^n_{cb} + (τnτm)_{db}τ^n_{ac} + (τnτm)_{cb}τ^n_{ad}. In the third line, we have used the fundamental identity kmnτ^m_{(ab}τ^n_{c)d} = 0. Substituting (τmτn)_{ab} = (τmτn)_{[ab]} +^1_2 Cmnpτ^p_{ab} (see (C.8)) into the last line, and simplifying the expression, one obtains the identity (C.28).

– 22 – which can be simplified to give

0 = (2X_1 − X_2) + (−2Y_1 − Y_3 − 2Y_4 + 2Y_5 + 2Y_7), (C.35) 0 = (X_1 − X_3) + (−Y_1 + Y_2 − Y_4), (C.36) 0 = 2Y_2 + Y_3 + Y_6 − 2Y_7, (C.37)

respectively. On the other hand, using (B.6), (C.8), and (C.28), we are able to decompose Y_1 as follows

2Y_1 = Y_2 − 3Y_3 + 3Y_4 − 3Y_5 + 3Y_6 + Y_7. (C.38)

Combining (C.35), (C.36), and (C.31), one obtains

O(Z^5) = i 15 (6Y_1 + 5Y_2 + 13Y_3 − 9Y_4 + 9Y_5 − 5Y_6 − 11Y_7). (C.39)

Plugging (C.38) into the above equation gives

O(Z^5) = 4i 15 (2Y_2 + Y_3 + Y_6 − 2Y_7) = 0, (C.40)

which is nothing but the identity (C.37). This completes the proof that all ψZ^5 terms cancel.

In summary, we have δ_ϵS = ∫ d^3x(iψ̄^A_a γ^μ(δψ)^{Ia}_A ∂_μϵ^I ). (C.41)

Hence the N = 5 super poincare currents are given by

j^I_μ = −iψ̄^A_a γ_μ(δψ)^{Ia}_A . (C.42)

References

[1] K. Hosomichi, K. M. Lee, S. Lee, S. Lee and J. Park, “N=5,6 Superconformal Chern-Simons Theories and M2-branes on Orbifolds,” J. High Energy Phys. 09 (2008) 002, arXiv:0806.4977 [hep-th].

[2] Fa-Min Chen, “Symplectic Three-Algebra Unifying N = 5, 6 Superconformal Chern-Simons-Matter Theories,” J. High Energy Phys. 08 (2010) 077, arXiv:0908.2618 [hep-th].

[3] Fa-Min Chen, Yong-Shi Wu, “Superspace Formulation in a Three-Algebra Approach to D = 3, N = 4, 5 Superconformal Chern-Simons Matter Theories,” Phys. Rev. D, Volume 82, Issue 10, arXiv: 1007.5157 [hep-th].

[4] M. Bandres, A. Lipstein and J. Schwarz “Studies of the ABJM Theory in Formulation with Manifest SU(4) R-Symmetry,” J. High Energy Phys. 09 (2008) 027, arXiv:0807.0880 [hep-th].

[5] D. Gaiotto and E. Witten, “Janus Configurations, Chern-Simons Couplings, And The Theta-Angle in N=4 Super Yang-Mills Theory,” J. High Energy Phys. 06 (2010) 097, arXiv:0804.2907 [hep-th].

– 23 –

[6] O. Aharony, O. Bergman and D. L. Jafferis, “Fractional M2-branes,” J. High Energy Phys.

11 (2008) 043, arXiv:0807.4924 [hep-th].

[7] Fa-Min Chen, “Superalgebra Realization of the 3-algebras in N=6, 8 Chern-Simons-matter Theories,” J. Math. Phys. 53, 012301 (2012); arXiv:1012.0904. [hep-th].

[8] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, “N=6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals,” J. High Energy Phys. 10 (2008) 091, arXiv:0806.1218 [hep-th].

[9] K. Hosomichi, K. M. Lee, S. Lee, S. Lee and J. Park, “N=4 Superconformal Chern-Simons Theories with Hyper and Twisted Hyper Multiplets,” J. High Energy Phys. 07 (2008) 091, arXiv:0805.3662 [hep-th].

[10] J. Bagger and N. Lambert, “Modeling multiple M2’s,” Phys. Rev. D 75, 045020 (2007), arXiv:hep-th/0611108; “Gauge Symmetry and Supersymmetry of Multiple M2-Branes,” Phys. Rev. D 77, 065008 (2008), arXiv:0711.0955 [hep-th]; J. Bagger and N. Lambert, “Comments On Multiple M2-branes,” JHEP 0802, 105 (2008), arXiv:0712.3738 [hep-th].

[11] A. Gustavsson, “Algebraic structures on parallel M2-branes,” Nucl. Phys. 811B, 66 (2009), arXiv:0709.1260 [hep-th]; “Selfdual strings and loop space Nahm equations,” JHEP 0804, 083 (2008), arXiv:0802.3456 [hep-th].

[12] M. Bandres, A. Lipstein and J. Schwarz “N = 8 Superconformal Chern–Simons Theories,” JHEP 0805: 025, 2008, arXiv:0803.3242 [hep-th].

[13] Fa-Min Chen, Yong-Shi Wu, “Symplectic Three-Algebra and N = 6, Sp(2N) × U(1) Superconformal Chern-Simons-Matter Theory ,” European Physics Journal C (2010), 69: 305-314, arXiv:0902.3454 [hep-th].

– 24 –