arXiv:1212.4456v2 [gr-qc] 11 Apr 2013

An approximate global solution of Einstein’s equation for a rotating compact source with linear equation of state

J. E. Cuchí,^1 A. Gil-Rivero,^1 A. Molina,^2 and E. Ruiz^1 1Dpto. Física Fundamental, Universidad de Salamanca^∗ 2Dpto. Física Fonamental, Institut de Ciències del Cosmos, Universitat de Barcelona^†

We use analytic perturbation theory to present a new approximate metric for a rigidly rotating perfect fluid source with equation of state (EOS) ϵ+(1−n)p = ϵ_0. This EOS includes the interesting cases of strange matter, constant density and the fluid of the Wahlquist metric. It is fully matched to its approximate asymptotically flat exterior using Lichnerowicz junction conditions and it is shown to be a totally general matching using Darmois-Israel conditions and properties of the harmonic coordinates. Then we analyse the Petrov type of the interior metric and show first that, in accordance with previous results, in the case corresponding to Wahlquist’s metric it can not be matched to the asymptotically flat exterior. Next, that this kind of interior can only be of Petrov types I, D or (in the static case) O and also that the non-static constant density case can only be of type I. Finally, we check that it can not be a source of Kerr’s metric.

PACS numbers: 04.25.Nx, 04.40.Dg

I. Introduction

One of the regrettable facts about General Relativity is that, by now, despite the numerous exact solutions and modern methods to generate them, it has not been able to provide an exact solution describing a rotating stellar model, i. e.a spacetime corresponding to an isolated self-gravitating rotating fluid in equilibrium, other than the rotating disc of dust described by Neugebauer and Meinel in [1] and its generalization for counter-rotating discs [2]. Although this infinitesimally thin disc solutions are useful models for galaxies and accretion discs, they are quite far from describing sources of spheroidal shape which are the most common astrophysical objects.

Stellar models are built matching an interior spacetime describing the source and the exterior spacetime that encloses it. A candidate interior solution should correspond to a stationary axisymmetric perfect fluid without extra symmetries and admit a zero pressure surface. While the Einstein equations for stationary and axisymmetric exteriors form a completely integrable system [3, 4] and then can be dealt with using solution generation methods to get general solutions, interiors are far more complicated. The only case we know to form a completely integrable system is the disc of dust so in any other case one can only try to get particular solutions. In spite of the effort and interest put in the problem, it has proved difficult to obtain non-singular solutions of this kind. To our knowledge, the only candidates have been for a long time the Wahlquist metric [5, 6] and the differentially rotating solution by Chinea and González- Romero [7]. The zeropressure surface of the latter has finite area but can not enclose the symmetry axis, and

∗ J. E. Cuchí(�): jecuchi@usal.es E. Ruiz: eruiz@usal.es

 A. Gil-Rivero: tonipungun@hotmail.com
† A. Molina: alfred.molina@ub.edu

while numerical relativity predicts stationary toroidal sources [8] that can be obtained starting from a spheroidal topology for a sufficiently strong degree of differential rotation, in the case of rigid rotation they are unreachable [9]. Here we will put our focus on rigidly rotating and –since we are interested also in the static limit of our stellar models– spheroidal sources.

Summing to the difficulty of finding suitable interiors, there are the ones arising from the matching with the asymptotically flat exterior. For stellar models it is an overdetermined problem [10] so in general we can not find an exterior that matches a given interior. Such seems to be the case for Wahlquist, where the derivations of the impossibility of matching it with an asymptotically flat exterior [5, 11, 12] come from the analysis of the shape of its surface and involve approximations. This situation leads, if one is to extract information about spheroidal stellar models, to approximate solutions.

Within the field of approximations, one has to choose between the accuracy and closeness to the real physical problem that numerical methods now provide (in fact, some numerical codes like AKM [13, 14] are actually “exact” in the numeric sense, i. e. they reach machine accuracy) and the density of information and greater flexibility for theoretical work that analytic perturbation theory offers. Both fields have successfully treated several important problems along the years in the context of stellar models and binary systems. Among them, the still fresh revolution in the field of coalescence of black holes or compact stars, a problem of fundamental importance for the modern experiments of gravitational waves detection, is actually a collaborative effort of analytic and numerical groups [15–18]. A recent application of numerical and analytic approximations to stellar models can be found in [19].

In [20] (CMMR from now on) some of us presented a new analytic approximation scheme focused on the obtention of stellar models. It is mainly a post-Minkowskian treatment with a secondary “slow rotation”, or –to avoid confusion with the conventional use of the name– more precisely a small deformation approximation. The latter is in general very little restrictive since for the typical densities of compact stars very high (∼ 0.1 kHz) rotation rates are needed to deform sources between one and two solar masses [21, 22], the mass most of these objects seem to have [23]. CMMR is suited to static or rigidly rotating fluids with a barotropic equation of state (EOS) and provides the fully matched exterior and interior spacetimes in harmonic gauge. This is actually the main strength of the scheme. There are methods to obtain analytic approximate exterior metrics (see, e. g. [24]), but the matching with an interior gives two main advantages besides the knowledge of the interior itself. First, a given stellar model interior can only be matched with at most one exterior [10]. This drastic reduction of freedom allows that in CMMR, once the EOS is fixed, the whole global spacetime is characterised by only two parameters which can be chosen or obtained from its physical properties. Second, the matching fully determines the zero-pressure surface of the source. Some of the main relevant properties of the exterior from the observational point of view, such as equatorial and polar redshifts and the existence or height of an innermost stable circular orbit, depend on the surface and thus increase the interest of global models. Finally, in general, the CMMR scheme is quite systematic and can be easily iterated to give better precision.

In this paper we apply CMMR to obtain the global solution for a non-convective fluid with EOS ϵ + (1 − n)p = ϵ_0, where ϵ, p, ϵ_0 and n are energy density, pressure, a constant with units of energy density and a free parameter, respectively. Among the relevant EOS included in this family are the ones corresponding to constant density (n = 1), the Wahlquist and Whittaker fluid (n = −2) and n = 4 which corresponds to the simple MIT bag model EOS that has been frequently used to study the properties of strange quark matter. The latter as constituent of at least a class of compact stars is currently an exciting possibility in astrophysics [23, 25, 26]. We also show that the full matching procedure used in CMMR can be made completely general using Darmois matching conditions [27] instead of Lichnerowicz ones [28], as well as ensuring the generality of the assumptions made on the embeddings of the matching surface. Later, we use the approximate metric to exclude as candidate sources of stellar models those Petrov type II interiors with this EOS that admit a CMMR expansion. This is unexpected. This fact coincides with a lack of exact stationary axisymmetric perfect fluid solutions of that Petrov type [29], what leads us to wonder if this can be the case irrespective of the EOS. The Q matrix of a metric with Papapetrou’s structure like ours rules out Petrov type III, and the combination of its symmetries and EOS discard type N as well [30] and hence we get that the possible Petrov types of matchable rotating interiors with this EOS are I or D. Our analysis, though approximate, shows as well that the stationary (non-static) constant density case can only have Petrov type I. Finally, we obtain the conditions for our interior to correspond to an approximate Wahlquist metric and recover the result that Wahlquist can not be matched with stationary axisymmetric asymptotically flat exteriors [11, 12]. We also show that our interior can not be a source of Kerr metric.

II. Interior Solution

Our objective is to build an approximate stellar model within the context of General Relativity, i. e., a global spacetime (M, g), where M is a differentiable manifold and g a Lorentzian metric, corresponding to a stationary and axisymmetric spacetime containing a compact and rotating perfect fluid surrounded by asymptotically flat vacuum. In practice, this is accomplished obtaining the interior spacetime (V^−, g^−) that contains the perfect fluid and matching it through its boundary with the exterior vacuum solution (V^+, g^+). First, we deal with the solution for the perfect fluid interior (V^−, g^−).

A. Source characterization

In the interior spacetime (V^−, g^−) let us call ξ^− the time-like Killing vector field associated to the stationarity. Let also ζ^− be the space-like Killing vector field corresponding to axisymmetry, i.e., a Killing field with closed orbits and vanishing module on the symmetry axis [31]. These two vector fields commute [32], [ ξ^−, ζ^− ] = 0 . (1)

and thus two coordinates in V^− can be adapted to the symmetries. Let them be {t, ϕ}, so we have

ξ^− = ∂_t and ζ^− = ∂_ϕ. (2)

We assume the fluid flows on the 2-surfaces generated by the Killing vector fields so its 4-velocity is

u = ψ (∂_t + ω∂_ϕ) (3)

with ψ the normalization function and ω its angular velocity as seen by an observer at infinity. If the fluid has no energy flux this is equivalent to absence of convective motion [33]. It also implies the verification of the circularity condition [34, 35] and then the integrability of 2-planes everywhere orthogonal to the transitivity surfaces of the isometry group, what allows the metric to be block diagonal (Papapetrou’s structure) in a certain set of coordinates {t, ϕ, r, θ} [36]. The function ω is taken here constant, so the fluid is rigidly rotating and thus free of expansion and shear.

We will study a fluid with equation of state (EOS) ϵ + (1 − n)p = ϵ_0, where ϵ is energy density, p is pressure, n is a real number and ϵ_0 is a constant with units of energy density. This linear barotropic EOS contains the ones of two significant exact solutions: n = 1 corresponds to constant density of the Schwarzschild interior and n = −2 gives the EOS of the Wahlquist family of metrics [5].

The assumptions of perfect fluid, circularity and rigid rotation allows us to integrate the Euler equation ∇_αT^α_β = 0 [37] to give, for n ≠ 0, ϵ = ϵ_0 n [ (n − 1) ( ψ ψ_Σ )_n + 1 ] and (4) p = ϵ_0 n [( ψ ψ_Σ )_n − 1 ] , (5)

where ψ_Σ is the value of the normalization factor ψ on the surface of zero pressure.

B. Approximations and solution

In the remainder of this section we apply the scheme developed in [20] to the present EOS, summarizing its main ideas.

Assuming that the gravitational field is weak enough, it makes sense to decompose the exact metric g_{αβ} as

g_{αβ} = η_{αβ} + h_{αβ} . (6)

Here, η_{αβ} is the Minkowski metric and h_{αβ} , the deviation from flat geometry, collects all the terms of the expansion

h_{00} = λh^{(1)}_{00} + λ^2h^{(2)}_{00} + · · · (7) h_{ij} = λh^{(1)}_{ij} + λ^2h^{(2)}_{ij} + · · · (8)

h_{0i} = ω(λh^{(1)}_{0i} + λ^2h^{(2)}_{0i} + · · · ) (9)

where λ is a dimensionless parameter related with the strength of the field. We choose it as λ := m/r_0 with m :=^4_3 πϵ_0r^3_0 , where r_0 is the coordinate radius of the static spherical fluid mass, and in the term h_{0i} we have included a global ω factor to get a static metric when ω = 0. Note that even after fixing the gauge, the rescaling freedom in the radial coordinate will affect the possible values of r_0. This does not affect the capacity of CMMR to give explicit values for the metric and other quantities as we will discuss later and has already been done in [22, 38]

This post-Minkowskian approximation will eventually give us a solution metric in terms of a tensor spherical harmonics expansion. To have a cut-off for this expansion, we introduce a slow rotation approximation. We need a rotation-related parameter measuring the degree of deformation of the fluid but it must be noted that, if we want ψ = ψ_Σ to define almost spherical surfaces instead of cylindrical ones, we need ω^2 ∼ λ at least. These two requirements led some of us to introduce in [20]

Ω^2 := r_0ω^2 m/r^2_0 , (10)

the ratio between the classical centrifugal and gravitational energies (also used by e.g. [39]), as the slow-rotation parameter. This kind of relation is expectable if we want to deal with gravitationally bounded systems. It also causes that h_{0i} terms, naturally possessing odd powers of Ω to give the expected behaviour under reversal of rotation direction, have an expansion of the form h_{0i} = λ^{3/2}h^{(1)}_{0i} + λ^{5/2}h^{(2)}_{0i} + O(λ^{7/2}).

We fix the gauge to be harmonic, and label these coordinates as {x^α}. Then, to get h_{αβ} we have to solve the Einstein’s equations and the harmonic conditions system. The post-Minkowskian expansion allows us to solve them iteratively. The i-th iteration gives the O(λ^i) part of the metric deviation, h^{(i)} by solving the system of PDEs

△h^{(i)}_{αβ} = −16πT^{(i)}_{αβ} + 2N^{(i)}_{αβ} − ∂_αK^{(i)}_β − ∂_β K^{(i)}_α , ∂^k [ h^{(i)}_{kα} − 1 2 h^{(i)} η_{kα} ] = −K^{(i)}_α ,

(11)

where △ is the flat Laplacian, T_{αβ} = T_{αβ} −^1_2 g_{αβ} T with T_{αβ} the energy-momentum tensor and N_{αβ} and K_α collect quadratic and higher order terms of the Ricci tensor and the harmonic condition respectively (every rising, lowering of indices and operators is done with Minkowski’s metric).

The general solution of this system can be splitted into a particular solution of the inhomogeneous system plus the general solution of its homogeneous part, which is the same at every order. Therefore, the contribution of the later to the solution up to order i can be written as

h_{hom} = ∑ l=0,2 λΩ^l m_l r^l_0 r^l (T_l + D_l) + ∑ l=1,3 λ^{32} Ω^l j_l r^l_0 r^l Z_l + ∑ l=0,2 λΩ^l a_l r^l_0 r^lE^∗_l + λΩ^2b_2 F^∗_0 + O(Ω^4) . (12)

This expression requires several definitions and comments. First, it must noted that m_l, j_l, a_l and b_2 are, in general, series in λ and Ω (see CMMR for details). Next, T_l := P_l(cos θ) ω^t ⊗ ω^t (l ≥ 0) , D_l := P_l(cos θ) δ_{ij}dx^i⊗ dx^j (l ≥ 0) , Z_l := P^1_l (cos θ) (ω^t ⊗ ω^ϕ + ω^ϕ ⊗ ω^t) (l ≥ 1) ,

(13)

are spherical harmonic tensors; ω^t = dt, ω^r = dr, ω^θ = r dθ, ω^ϕ = r sin θ dϕ is the Euclidean orthonormal cobasis correspoding to the spherical-like coordinates {t, ϕ, r, θ} associated to the Cartesian-like harmonic coordinates {x^α} and P_l(cos θ), P^1_l (cos θ) are associated Legendre polynomials. The tensors

E^∗_l :=

1 + l 6 [(6 + 4l)D_l − lH_l] − 1 2 (H^1_l + H^2_l )

F^∗_l := 1 2 (l + 1)(l + 2)H_l − (l + 2)H^1_l − 1 2 H^2_l

(14)

are convenient combinations of D_l and these other three spherical harmonic tensors^1 H_l := P_l(cos θ) (δ_{ij} − 3e_ie_j )dx^i⊗ dx^j (l ≥ 0) , H^1_l := P^1_l (cos θ) (k_ie_j + k_je_i)dx^i⊗ dx^j (l ≥ 1) , H^2_l := P^2_l (cos θ) (k_ik_j − m_im_j)dx^i⊗ dx^j (l ≥ 2) ,

(15)

where k_i, e_i and m_i stand for Euclidean unit vectors of the standard cylindrical coordinates, dρ = k_i dx^i, dz = e_i dx^i, ρ dϕ = m_i dx^i. The scalar coefficients of the tensors in (12) show a Ω dependance that we chose in the following way. The base dependence in Ω is equal to the degree l of the corresponding tensor, which comes from the associated Legendre polynomials in their definition. An extra Ω factor can be added to ensure that only tensors with spherical symmetry be present when Ω → 0 (e.g. F^∗_0 is not spherically symmetric despite having l = 0). Also, it can be shown that a_0, a_2 and b_2 only parametrize changes of coordinates. Lastly, the equatorial symmetry imposes that every summation runs only over even index l, except the one for Z_l which runs over odd index. We cut the expansion at O(Ω^3).

The first order solution of (11) corresponds to the constant energy density problem already solved in [20]. It is so because from Eqs. (4) and (5) and the definition of λ, the first terms of the energy density and pressure are ϵ ∼ ϵ_0 ∼ O(λ) and p ∼ O(λ)^2. This dependence on λ of ϵ and p is not an assumption but a consequence of the first term of the expression of ψ, i. e. ψ = 1 + O(λ, Ω^2), which in turn comes from the post-Minkowskian expansion of g^− in harmonic coordinates and the parameter choice (10) as well as the fact that we choose ξ^− to be a unit time translation at Minkowskian level. Besides, a relation of this kind also holds for spherical configurations in Newtonian theory [19].

Finally, although working with the E^∗_l , F^∗_l tensors is useful while obtaining the interior, its final expression is more compact when given in terms of^2

E_l := 1 2 l(l − 1) H_l + (l − 1) H^1_l − 1 2 H^2_l (l ≥ 2)

F_l := 1 3 l(2l − 1) D_l − 1 6 l(l + 1) H_l − 1 2 (H^1_l + H^2_l ) (l ≥ 1) ,

(16)

1 Note that the definition of E^∗_l is different from the one used in [20]. Also, E^∗_0 := D0 has now spherical symmetry and the constant b0 has been renamed b2.

2 Note that the definitions from [20] have been modified. Now E2 has spherical symmetry.

and it also makes the matching procedure faster, so, using these and defining η := r/r_0, the interior solution is

g^− = −T_0 + D_0 + λ { ( m_0 − η^2 ) T_0 + ( a_0 + m_0 − η^2 ) D_0 +

+ Ω^2 [ m_2η^2T_2 + (5a_2 + m_2) η^2D_2 + b_2H_0 + a_2η^2F_2 ] }

+ λ^2η^2 {( −a_0 − m_0 2 (n + 2) + (n + 2)S + (2 + 3n) η^2 20 ) T_0 + ( −2a_0 − m_0 2 (n + 2) + (n − 2)S + ( 13 3 + 3n 2 ) η^2 10 ) D_0 + ( − m_0 5 + 2S 5 + 2η^2 21 ) E_2

+ Ω^2 [( − 3 5 − n 10 ) η^2T_0 + ( 1 15 − n 10 ) η^2D_0 + ( 6 7 − 3a_2 + m_2 7 + n 7 − 3 14 m_2n ) η^2T_2 + ( 2 7 − 8a_2 − m_2 + n 7 − 3 14 m_2n ) η^2D_2 − ( b_2 + (1 + m_2) η^2 15 ) H_0 −

2η^2 21 E_2 + ( 1 3 − m_2 2 ) η^2 105 E_4 − ( m_2 5 (2m_0 + a_0) + ( a_2 + 2 21 (2 − m_2) ) η^2 ) F_2 ]}

+ λ^{3/2}Ωη [( j_1 −

6η^2 5 ) Z_1 + Ω^2j_3η^2Z_3 ]

+ λ^{5/2}Ωη^3 1 5 {( j_1 − 12(a_0 + m_0) − 3m_0n + 6nS + ( 27 7 + 15n 14 ) η^2 ) Z_1

+ Ω^2 [ − ( 42b_2 5 + j_1m_2 + ( 4 − 3m_2 − nm_2 2 + 2n − 42a_2 5 ) 3η^2 7 ) Z_1 + ( 4 9 − 48a_2 5 + 5j_3 9 − 4m_2 3 + 2n 9 − m_2n 3 ) η^2Z_3 ]}

+ O(λ^3, Ω^4) (17)

where the constant S comes from the expansion of ψ on the surface, ψ_Σ = 1 + Sλ + O(λ^2), and takes the value

S = m_0 − 1 2 + Ω^2 3 + O(Ω^4). (18)

III. Global Solution

A. Exterior Solution

The approach in V^+ is entirely similar. We have to solve the system (11) for vacuum, i. e., with T_{αβ} = 0. Its general, homogeneous, regular at infinity solution is

h_{hom} = 2 ∑ l=0,2 λΩ^lr^{l+1}_0 M_l r^{l+1} (T_l + D_l) + 2 ∑ l=1,3 λ^{32} Ω^lr^{l+1}_0 J_l r^{l+1} Z_l

+ ∑ l=0,2 λΩ^lr^{l+3}_0 A_l r^{l+3} E_{l+2} + λΩ^2r^3_0

B_2 r^3

F_2 + O(Ω^4) . (19)

Here T_l, D_l and Z_l are defined as in (13), and E_l, F_l were defined in (16). The base dependence on Ω of the scalar coefficients of the harmonic tensors has been assigned following the rules already stated for the interior solution. Its important to note nevertheless that, since we work in spherical coordinates associated to harmonic Cartesian-like ones, M̃_l = λΩlr^{l+1}_0 M_l and J̃_l = λ^3_2 Ωlr^{l+1}_0 J_l are the Thorne-Geroch-Hansen multipole moments [40–42] and A_n and B_n are constants parametrizing changes within this family of coordinates. Notice also that the coordinates have been named as the ones used in V^− but they are not the same in principle. Even after the matching, the coordinates will only be C^0 on the surface. Properly speaking, {t, ϕ, r, θ} should be replaced by {T, Φ, R, Θ} by now.

The general vacuum solution is

g^+ = −T_0 + D_0 + λ 1 η [ 2M_0(T_0 + D_0) +

A_0 η^2

E_2

+ Ω^2 1 η^2 ( 2M_2(T_2 + D_2) + B_2F_2 +

A_2 η^2

E_4 )]

+ λ^2 1 η^2 {( −2M^2_0 −

A_0M_0

η^2 ) T_0 + ( 4M^2_0 3 − A_0M_0

η^2 + 3A_0^2 2η^4 ) D_0 + ( − M_0^2 3 + 2A_0M_0

η^2 − 9A_0^2 4η^4 ) E_2

+ Ω^2 1 η^2 [ A_0 ( 6B_2 5η^2 + 2M_2 5η^2 − 3A_2 2η^4 ) H_0 + ( 2M_0(B_2 − 2M_2) −

3A_2M_0 η^2 − 3A_0M_2 η^2 ) T_2 + ( 2M_0 ( B_2 +

32M_2 21 ) − A_0 7η^2

(12B_2 − 13M_2) −

3A_2M_0 η^2 + 66A_0A_2 7η^4 ) D_2 + ( 2M_0 ( B_2 −

2M_2 21 ) − A_0 7η^2

(15B_2 − 4M_2) +

30A_0A_2 7η^4 ) F_2 + ( − M_0M_2 7 + A_0 35η^2

(33B_2 + 6M_2) +

2A_2M_0

η^2 − 53A_0A_2 14η^4 ) E_4 ]}

+ λ^{3/2}Ω 2 η^2 ( J_1Z_1 + Ω^2

J_3 η^2

Z_3 ) + λ^{5/2}Ω 1 η^3 {( −2J_1M_0 −

A_0J_1 η^2 ) Z_1

+ Ω^2 1 η^2 [( 4B_2J_1 5 + 9A_2J_1 5η^2 ) Z_1 + ( 6B_2J_1 5 − J_3M_0 − J_1M_2 +

A_2J_1 5η^2 − 3A_0J_3 η^2 ) Z_3 ]} + O(λ^3, Ω^4) (20)

B. Matching

The last step to build our global spacetime M is the matching of (V^−, g^−) and (V^+, g^+). It requires first a point to point identification of a hypersurface Σ^− of V^− and another one Σ^+ of V^+. Later, we need to impose some conditions on g^− and g^+ on these surfaces in order to ensure a reasonably smooth behavior of both metrics considered as parts of a solution of Einstein’s equations on M (matching conditions). The above mentioned identification between hypersurfaces can be implemented by looking at Σ^− and Σ^+ as the embeddings into V^− and V^+ of a three dimensional manifold Σ, to which we refer hereafter as the matching surface. Even though several matching conditions have been used in the literature [43], it is widely accepted that those proposed by Darmois are the more general and suitable to the matching problem [27]. They impose the first and second fundamental forms of Σ^− and Σ^+ to be equal, i. e.continuous through the matching surface. In particular, these conditions imply that in the neighborhood of every point of Σ there is a local set of coordinates in which the metric and their first derivatives are continuous [28]. These coordinates are called Lichnerowicz admissible coordinates and to require the metric to be of class C^1 on the matching surface is known as Lichnerowicz matching.

Darmois and Lichnerowicz matching conditions are equivalent in the sense that the latter are the practical realization of the former in a certain set of coordinates. Nevertheless, if one fails to match two metrics written in some definite coordinate systems using Lichnerowicz conditions, it does not imply that the metrics can not be indeed matched.

B.1. Matching surface

Here, we are going to match the exterior and interior solutions given in the previous sections keeping all the free constants they have. First, let us start by discussing how to choose the matching surface. In a general matching of spacetimes the surface, along with its embeddings, is actually part of the solution and can not be given beforehand without risk of losing generality (see [44] and [10] for a discussion of this topic). In our case and in stellar model building, Σ^− is uniquely characterized in V^− as the locus of points where p = 0 and it is the only relevant matching surface. The zero pressure surface r = r_Σ(θ) of our interior metric is defined implicitly by the equation ψ(r, θ) = ψ_Σ (see Eq. (5)). Therefore, we may write

Σ^− = {t = τ, ϕ = φ, r = r_Σ(ϑ), θ = ϑ)}. (21)

where {τ, φ, ϑ} are coordinates of Σ.

To simplify the resolution of the matching, we are interested in using a common expression for Σ^+ and Σ^− in terms of the interior an exterior coordinates, that is to say

Σ^+ = {T = τ, Φ = φ, R_Σ = r_Σ(ϑ), Θ_Σ = ϑ)} , (22)

{T, Φ, R, Θ} being coordinates in V^+. This assumption implies no loss of generality if we prove that the coordinates that verify the above equations for Σ^− and Σ^+ belong to the class of coordinates we use to write the metrics. Then we can go along with the matching using the expressions for the interior and exterior metrics we got in the previous sections.

Let us set up the problem. The following expression for Σ^+,

Σ^+ = {T = τ, Φ = φ, R = R(ϑ), Θ = Θ(ϑ)}. (23)

is well suited to the symmetries of the exterior field and how they have been implemented in the metric (20). Coordinates T and Φ are adapted to the Killing fields, and they have been chosen to ensure that the metric tends to the flat metric in standard spherical coordinates at infinity. They are unique up to an additive constant we can set equal to zero. On the other hand, coordinates R and Θ are not completely set. Any pair of functions F (R, Θ) and H(R, Θ) leading to a set of Cartesian-like harmonic coordinates X^′ = F (R, Θ) cos Φ, Y^′ = F (R, Θ) sin Φ and Z = H(R, Θ) defines implicitly a couple of new coordinates by means of these two equations R^′ cos Θ^′ = F (R, Θ) and R^′ cos Θ^′ = H(R, Θ). Nevertheless, we must impose some conditions on the two functions in order to preserve the good behavior of the coordinates at infinity, namely

F (R, Θ) → R sin Θ , H(R, Θ) → R cos Θ (R → ∞) (24)

This freedom is actually included in our metric (20) by means of the constants A_0, A_2 and B_2.

The harmonic condition requires F (and H) to be a solution of a second order elliptic equation. If we add to the boundary condition at infinity mentioned above this other one on Σ^+,

F ((R_Σ(ϑ), Θ_Σ(ϑ)) = r_Σ(ϑ) sin ϑ , H (R_Σ(ϑ), Θ_Σ(ϑ)) = r_Σ(ϑ) cos ϑ , (25)

we get a Dirichlet problem. We assume by now that it admits a solution. We will later show that this is indeed the case, at least up to the order considered, since we are able to find a solution of the Lichnerowicz matching in these coordinates. The equation of the surface Σ^+ in the new coordinates (we drop out the primes) can then take the form we want, Eq. (22).

There is another problem which should be mentioned here, even though it has no consequences on the equation for the matching surface itself. It has been pointed out that coordinates T and Φ can not be naively identified with t and ϕ on the matching surface as we have done in the precedent paragraph [10]. Anyhow it can be done by making a suitable linear change, t = at^′ and ϕ = ϕ^′ + abt^′ preserving the regularity of the symmetry axis.

In order to make such a change compatible with the approximate interior metric (Eq. (17)), we have to assume an expansion of these two constants in powers of λ as follows, a = 1 + O(λ) and b = O(λ^{1/2}). The first and the lack of a O(λ^0) term in b just take into account that the starting point of our approximation is the flat metric; the reason behind the semi-integer expansion of b is that under this change the angular velocity of the fluid reads ω − b, and within the CMMR scheme this quantity must be of order O(λ^{1/2}). These infinitesimal expansions actually do not keep the structure of the interior metric because g^−_{t′ϕ′} contains a O(λ^{1/2}) term proportional to b which is absent in g^−_{tϕ} (that starts at O(λ^{3/2})). It does not matter. The matching sets it equal to zero because the component g^+_{T Φ} can not have a O(λ^{1/2}) term unless it violates the asymptotic conditions on the coordinates. Moreover, the rest of the contribution of a and b to the metric in the new coordinates can be absorbed into the free constants m_0, a_0 and j_1.

We actually think that the choice of t and ϕ discussed above has already been considered in the CMMR scheme from the very beginning. Dropping out a O(λ^{1/2}) in g^−_{tϕ} at the linear level of the approximation is a way of choosing the inner coordinates t and ϕ, and also the angular velocity ω in a sense, since we asumed g^+_{T Φ} to be proportional to ω in Eq. (9).

These kind of assumptions are meaningful in a perturbation scheme but they can not easily be implemented in a exact matching problem. The continuity of the Killing fields on the surface matching used in [10] is a smart reasonable assumption to make an exhaustive use of the symmetries of the problem. The arguments sketched above show how this point of view has not been forgotten in our scheme. Therefore, we can argue that our approach is in accordance with it.

Lastly, let us simplify a little bit more the matching process by introducing an ansatz for the explicit equation of the surface. Being this an axisymmetric problem, the zero pressure surface can be expanded as a power series in Legendre polynomials, and the reflection symmetry allows us to rule out every odd degree term in the expansion. Coherently with the assignment of dependence on Ω we made for the approximate solutions of the homogeneous linear Einstein equations, we have then

r_Σ(θ) = r_0 { 1 + Ω^2 [σ_0 + σ_2P_2(cos θ)] } + O(Ω^4) (26)

where r_0 is the coordinate radius of the fluid at rest and σ_{0,2} are constants expandable in (λ, Ω) to be determined while matching. This is also coherent with the kind of expression we need for r to solve the implicit equation ψ(r, θ) = ψ_Σ of the surface.

B.2. Darmois matching

First we impose Darmois conditions on the surface (26) to match {V^−, g^−} and {V^+, g^+} up to O(λ^2, Ω^3) in the metrics. They are satisfied when the constants associated to the multipole moments are

M_0 = 1 + λ [ 3a_0 2 + n 5 + 14 5 + 2 15 Ω^2 (4 − n) ] + O(λ^2, Ω^4), (27)

M_2 = − 1 2 + λ ( − 5a_0 4 + n 14 − 37 35 ) + O(λ^2, Ω^2), (28)

J_1 = 2 5 + Ω^2 3 + λ [ a_0 + 2n 35 + 16 7 + Ω^2 ( 5a_0 6 − 3n 35 + 176 105 )] + O(λ^2, Ω^4), (29)

J_3 = − 1 7 + λ ( − a_0 2 + 11n 441 − 496 735 ) + O(λ^2, Ω^2), (30)

while their interior counterparts take the values

m_0 = 3 + λ [ 3a_0 + 3n 4 + 9 2 + Ω^2 ( 1 − n 2 )] + O(λ^2, Ω^4), (31)

m_2 = −1 + λ ( −a_0 + 2b_2 − 3n 14 − 29 35 ) + O(λ^2, Ω^2), (32)

j_1 = 2 +

2Ω^2 3 + λ [ 4a_0 + n 2 + 49 5 + Ω^2 ( 4a_0 3 + 2b_2 − 5n 14 + 289 105 )] + O(λ^2, Ω^4), (33)

j_3 = − 2 7 + λ ( − 4a_0 7 + 2a_2 +

12b_2 25 − 3n 49 − 326 245 ) + O(λ^2, Ω^2) (34)

and finally, the exterior gauge constants are

A_0 = a_0 + λ ( 3a^2_0 4 − 3a_0 − 237 35 − 22Ω^2 35 ) + O(λ^2, Ω^4), (35)

A_2 = − a_0 2 + a_2 + λ ( a_0n 7 − 7a^2_0 8 + a_2a_0 +

139a_0 70 − 3a_2 + 383 90 ) + O(λ^2, Ω^2), (36)

B_2 = a_0 2 + b_2 + λ ( − a_0n 7 + 3a^2_0 8 − 25a_0 14 − 3b_2 − 7 2 ) + O(λ^2, Ω^2) . (37)

The matching surface on which the matching conditions hold is

η_Σ = 1 + P_2(cos θ)Ω^2 [ − 5 6 + λ ( − 3a_2 2 + b_2 + 5n 21 + 10 21 )] + O(λ^2, Ω^4). (38)

These results require some comments. Here, the only free parameters are a_0, a_2 and b_2, (which, as already mentioned, parametrize changes of harmonic coordinates in V^−), r_0 (which depends on the size of the source but also on the coordinates), ϵ_0, ω (which are part of the definitions of λ and Ω) and the EOS parameter n. Then, for a fixed set of source parameters s := {n, ϵ_0, ω} and r_0,^3 the interior metric that can be matched is unique up to changes of coordinates. Since the asymptotically flat exterior of a certain source spacetime in rotation is unique [10] then, given a set of source parameters s and r_0, there is only one possible global spacetime, i. e., only a couple of metrics (ĝ^−, ĝ^+) among the families g^− and g^+ give spacetimes that can be matched. Nevertheless, this could seem contradictory with the apparent fact that the value of mass and angular multipole moments depend on the value of a_0 as Eqs. (27) to (30). This apparent dependence happens because these constants are not the only gauge dependent quantities in the expressions. There is coordinate dependence hidden in λ, which, unlike Ω, depends on r_0.

This problem can be solved finding their expression in terms of physical constants because they are gauge invariant. A convenient way of doing it is using the mass monopole

3 Note that r0 has been excluded from s because of its coordinate dependence. It contains information necessary to fully characterise the source, though.

moment M̃_0 to redefine λ. In CMMR, λ is defined as λ :=^{4π}_3 ϵ_0r^2_0 so that

M̃_0 = − lim_{r→∞} 1 2 g^+_{tt,r}r^2 = λr_0M_0 (39)

and M_0 = 1 + O(λ) reflecting the fact that λ and r_0 were chosen to reproduce the Newtonian mass of the source. Now, if we define {λ^′, r^′_0} to give the general relativistic mass monopole moment M̃_0 and keep the same relation between them, i. e.

λ^′ := 4π 3 ϵ_0r^′_0^2, (40)

λ^′r^′_0 := M̃_0, (41)

inserting Eq. (40) into Eq. (41) and using the expression of M_0 (27) to find M̃_0 = λr_0M_0, we obtain that

λ^′ = λ ( 1 + λ { a_0 + 2 3 [ n 5 + 14 5 + 2 15 Ω^2(4 − n) ]}) + O(λ^3, Ω^4), (42)

r^′_0 = r_0 ( 1 + λ { a_0 2 + 1 3 [ n 5 + 14 5 + 2 15 Ω^2(4 − n) ]}) + O(λ^2, Ω^4). (43)

Using these changes, M_0 = 1 + O(λ^{′2}) as required and the dependence on the gauge constant a_0 of the multipole moments M̃_2, J̃_1 and J̃_3 dissapears. In this way, the set of parameters to completely specify the interior would become ϵ_0, n, ω and M̃_0.

This procedure can be followed as well using the central pressure p_c instead of M̃_0 to characterise the interior as is sometimes done in astrophysics. In this case, the new approximation parameter Λ is

Λ = λ { 1 + λ [ a_0 + 3n 5 + 17 5 + Ω^2 ( 3 5 − n 6 )]} + O(λ^3, Ω^4), (44)

with

Λ := p_c 2 ϵ_0 ( 1 + 2 3 Ω^2 ) + O(Ω^4). (45)

Keeping a relation of the form of Eq. (40), the associated radial coordinate changes as

r_Λ = r_0 { 1 + λ [ a_0 2 + 3n 10 + 17 10 + Ω^2 ( 3 10 − n 12 )]} + O(λ^2, Ω^4). (46)

Again, as one expects, with these changes the expressions for the multipole moments become manifestly coordinate independent.

Thus, with these last results, the exterior (20) and the interior (17) with their constants taking the values Eqs. (27) to (37) give the most general approximate family of global asymptotically flat solutions for the kind of source studied, each of its members characterized only by the values of {n, ϵ_0, ω} and r^′_0 or r_Λ that, with the first three fixed, depend only on M̃_0 and p_c, respectively. Additionally, they also point out the behaviour one intuitively expects as a generalization of the theorem in [45], i. e., that for a stationary axisymmetric singularity free compact rotating perfect fluid, its asymptotically flat exterior is unique once the EOS, central pressure and rotation speed are fixed.

B.3. Lichnerowicz matching

Now we impose Lichnerowicz conditions . The O(λ^2, Ω^3) metric is then matched in the global set of coordinates when its multipole moments and {m_l, j_l} constants take the values

M_0 = 1 + λ [ n 5 + 14 5 + Ω^2 ( 8 15 − 2n 15 )] + O(λ^2, Ω^4), (47)

M_2 = − 1 2 + λ ( n 14 − 37 35 ) + O(λ^2, Ω^2), (48)

J_1 = 2 5 + Ω^2 3 + λ [ 2n 35 + 16 7 + Ω^2 ( 176 105 − 3n 35 )] + O(λ^2, Ω^4), (49)

J_3 = − 1 7 + λ ( 11n 441 − 496 735 ) + O(λ^2, Ω^2), (50)

m_0 = 3 + λ [ 3n 4 + 9 2 + Ω^2 ( 1 − n 2 )] + O(λ^2, Ω^4), (51)

m_2 = −1 + λ ( − 3n 14 − 29 35 ) + O(λ^2, Ω^2), (52)

j_1 = 2 +

2Ω^2 3 + λ [ n 2 + 49 5 + Ω^2 ( 289 105 − 5n 14 )] + O(λ^2, Ω^4), (53)

j_3 = − 2 7 + λ ( − 3n 49 − 326 245 ) + O(λ^2, Ω^2), (54)

and the coordinate-parametrizing constants are

A_0 = 4λ 35 ( 2 + Ω^2 3 ) + O(λ^2, Ω^4),

A_2 = − 4λ 63 + O(λ^2, Ω^2),

B_2 = O(λ^2, Ω^2), a_0 = λ ( 7 + 2Ω^2 3 ) + O(λ^2, Ω^4),

a_2 = − 86λ 105 + O(λ^2, Ω^2),

b_2 = O(λ^2, Ω^2).

(55)

The value of these parameters is unique for each set of parameters {n, ϵ_0, ω, r_0} and verify the relations obtained with Darmois conditions as is to be expected. Nevertheless, it proves the existence of a harmonic and asymptotically Cartesian global system of coordinates up to the approximation order considered.

In spite of the attention drew to Darmois matching before, it is important to remark that the real focus of the approximation scheme is the obtention of totally matched spacetimes in the sense that even the gauge constants are fully fixed and the Lichnerowicz admissible coordinates are found. In fact, only Lichnerowicz conditions were used in [20, 46], although the generality of the results in them can be verified with the same techniques used here. Besides, one needs the fully matched spacetime for many practical purposes, as for example to compare with numerical results for stellar models [22, 38] built using global coordinates.

IV. Petrov classification

We will now analyse the possible Petrov types of the unmatched interior metric. They are given by the possible Jordan canonical forms of the Q^α_β matrix, defined from the Weyl tensor C^α_{βγδ} as

Q^α_β := (C^α_{λβμ} + i^⋆C^α_{λβμ}) u^λu^μ

where ⋆ denotes the left Hodge dual and u^α is a unit timelike vector. We use u^i = 0 for simplicity. Due to the symmetries of the Weyl tensor, Q^α_βu^α = 0. This implies that for the eigenvalue problem

Q^α_βv^α = εv^α (56)

v^αu_α = 0 and thus, for a metric with Papapetrou’s structure, Q^α_β is completely classified studying

Q = Q^r_r Q^r_θ 0 Q^θ_r Q^θ_θ 0 0 0 Q^φ_φ , (57)

that has the greatly simplifying property of possesing two orthogonal blocks, so that we can write all its possible Jordan canonical forms as

J_Q = ε_1 a 0 0 ε_2 0 0 0 ε_3 , (58)

with a = 0 or 1, the latter being a possibility only if ε_1 = ε_2.

The Q matrix is always trace-less and in an orthonormal cobasis also symmetric. For computation convenience we work now in spherical-like coordinates and thus Q^r_θ ≠ Q^θ_r in general. The eigenvalues ε_1 and ε_2 of the r −θ subspace are degenerate iff the discriminant of the roots of its characteristic equation is zero , i. e., ( Q^r_r − Q^θ_θ )_2

+ 4Q^r_θQ^θ_r = 0 (59)

which using the traceless property gives Q^r_rQ^θ_θ − Q^r_θQ^θ_r − 1 4 ( Q^φ_φ )_2

= 0. (60)

The condition for either ε_1 or ε_2 to be degenerate with ε_3 = Q^φ_φ is

Q^r_rQ^θ_θ − Q^r_θQ^θ_r + 2(Q^φ_φ)^2 = 0 , (61)

that has the same expression as Eq. (60) switching the numerical factor. The structure of Q, see (57), allows the following possibilities. First, no degeneracy at all. This is the general case and corresponds to Petrov type I, whose Segrè symbol is {111}.^4 The second, degeneracy in only two eigenvalues. It can come from Eq. (60), in which case it can lead to types D –Segrè symbol {(11)1}– and II –{21}–, or from Eq. (61) that can only give rise to type D because from the structure of (58) we see that the degenerate eigenvalues would then belong to orthogonal subspaces. Last, three degenerate eigenvalues, what happens if both Eqs. (60) and (61) are fulfilled. This can lead only to types N –{(21)}– and O –{(111)}– since type III –{3}– is directly excluded again by the form of (58).

We get the following conditions on the metric parameters (in which the trivial case λ = 0 is not considered) extracting from (60) and (61) the relevant information up to this order of approximation.

We will first analyse the general rotating case separately from the static case for clarity. The relevant condition Eq. (59) for ε_1 = ε_2, even considering only its terms up to O(λ^3, Ω^3)

−iλ^{5/2}Ω^3 54r 5r^5_0 m_2P_1(cos θ) + λ^3Ω^2

3r^2 25r^6_0 × × {5m_2(n − 1) [4P_2(cos θ) − 1] − 108} + O(λ^{7/2}, Ω^4) = 0 (62)

can not be satisfied everywhere unless Ω = 0 and therefore we can not have ε_1 = ε_2 degeneracy out of the static case. The conditions for the other possible degeneracies ε_1 = ε_3 or ε_2 = ε_3 are given by Eq. (61), that yields

− λ^3Ω^2

3r^2 25r^6_0

[P_2(cos θ) − 1] [5m_2(n − 1) + 18] + iλ^{7/2}Ω^3

18r^3 175r^7_0 × × [P_1(cos θ) − P_3(cos θ)] [2 (35j_3 + 3) (n − 1) + m_2(23 − 14n)] + O(λ^4, Ω^4) = 0. (63)

They are satisfied in the static case and, if Ω ≠ 0, when the constants of the metric verify

m_2 = 18 5(1 − n) and j_3 =

3(n + 8)(8 − 5n) 175(n − 1)^2

, (64)

which can never be satisfied in the constant energy density case.

Concerning the static case, equation (59) gives conditions different from Eq. (62). They are satisfied only when n = 1, while the other degeneracy possibility condition (61) is always verified. This can be seen straightaway from the form the Q matrix takes

Q = 1 5 η^2 r^2_0 λ^2

2(n − 1) 0 0 0 1 − n 0 0 0 1 − n

+ O(λ^3) (65)

as well as the fact that the only possible Petrov types are D (n ≠ 1) and O (n = 1) as must be the case for a spherically symmetric spacetime [47, p. 228]. The condition on n for type O is expectable since any conformally flat perfect fluid solution with our symmetries must be Schwarzschild’s interior solution [48]. From the equations (59) and

4 In a Segrè symbol, each number gives the dimension of one of the invariant subspaces. Numbers associated to subspaces with degenerate eigenvalues are written inside parenthesis

(61) alone one can not say whether this behaviour will endure further approximations because extra conditions could impose a more general Petrov type, but these theorems on spherical symmetry and constant energy density give a strong hint about its endurance.

Therefore, collecting the results together from the rotating and static cases, we conclude that

• An invariant subspace of dimension 3 for the eigenvalue problem, which would lead to Petrov type III, is ruled out by the structure of Q associated to the Papapetrou structure of the metric. From our perturbation theory results, we see that the only option for a bidimensional invariant subspace appears in the static limit, where its existence is forbidden by the fact that the spherical symmetry associated imposes types D or O. Accordingly, the Q matrix of our interior spacetime is always diagonalizable.

• In general, the Petrov type is I. Out of the static case, it will only be type D when Eq. (64) are satisfied provided n ≠ 1. In the static case, it will always be type D unless n = 1, in which case the Petrov type is O. Then, the constant energy density case can only be type I(Ω ≠ 0) or O(Ω = 0).

It could be argued that our approximate results do not necessarily hold for exact solutions. Nevertheless, as long as an exact solution for the source we work with exists, a series development of it following the CMMR approach must lead to our results. Because of this, while any property compatible with a truncated series development is not necessarily a property of the exact solution, a behaviour ruled out already in the truncated solution can not be a property of the hypothetical exact solution.

V. Some implications

It has long been suspected that the Kerr metric can not represent the exterior of any stellar model. We can easily check that it is indeed the case here using the kind of analysis that appears in [20].

The first three Kerr multipole moments are [42]^5

M^{Kerr}_0 = m, J^{Kerr}_1 = ma, M^{Kerr}_2 = −ma^2. (66)

If our two first multipole moments were equal to the Kerr ones, M^{Kerr}_2 should have the expression

M^{Kerr}_0 = m = λr_0M_0

J^{Kerr}_1 = ma = λ^{3/2}Ωr^2_0J_1 } −→ −ma^2 = − (λ^{3/2}Ωr^2_0J_1)^2 λr_0M_0

= −λ^2Ω^2r^3_0

J^2_1 M_0

i. e., the first λ-order component of M_2 should vanish. This in in contradiction with Eq. (48) and hence neither our interior nor any exact metric of which it could be an approximation can be a source of Kerr.

5 Here m stands for the Kerr mass parameter.

Now we focus on the Wahlquist family of metrics [5]. That is to say to a stationary axisymmetric rigidly rotating perfect fluid with EOS ϵ + 3p = const. and Petrov type D [49, 50]. In the non-static case, the conditions for Petrov type D for our interior family are given by Eq. (64). Then, in the case when n = −2 and Eq. (64) is satisfied, g^− is of type D and our interior is an approximation to the Wahlquist family.

It must be noted nevertheless that, despite the fact that Wahlquist’s family is a subcase of our general interior solution (as must be expected), the values m_2 and j_3 imposed by the matching with the asymptotically flat exterior do not satisfy Eq. (64). Then, we recover and give an independent derivation of the known result that, within perturbation theory, Wahlquist’s family can not correspond to an isolated source [11, 12].

A last comment. If one looks for stationary axisymmetric perfect fluid solutions with a static limit as candidates to represent the interior of a stellar model, considering the Penrose chart of how a certain Petrov type can lead to another through degeneration, one should then only take into account those metrics whose Petrov type can lead to the types D and O corresponding to spherical symmetry [29]. A type N, rigidly rotating perfect fluid with barotropic EOS and ϵ + p ≠ 0 can not be axisymmetric [30], therefore we must discard types III and N, but all the rest should, to the best of our knowledge, be considered. It seems reasonable that a type II exact metric with the properties we demand can be approximated by our solutions. Nevertheless, the Petrov type II is not included among the possible types of our general interior metric and hence, we conjecture that there is no stationary axisymmetric rigidly rotating perfect fluid metric with EOS ϵ + (1 − n)p = const. of type II possessing a static limit and a surface of zero pressure. This is in accordance with the weird fact that, even dropping the demand of zero pressure surface, it has not been found any type II exact interior metric suitable to be part of a stellar model, while the harder field of type I solutions is not empty [29].

Acknowledgments

The authors would like to thank J. Martín and M. Mars for many helpful discussions. We are also grateful to the reviewers for several improvements to the original manuscript. This work was supported by grants FIS2009-07238 and FIS2012-30926. JEC thanks Junta de Castilla y León for grant EDU/1165/2007. The computation of the Petrov types was checked with the help of the tensor package xAct[51] for Mathematica

A. O(λ^2, Ω^3) metric components after Lichnerowciz matching

Here we give both metrics written in the orthonormal cobasis associated to {t, r, θ, ϕ}. These result from the substitution of Eqs. (47) to (55) in Eqs. (17) and (20). The exterior components are

γ_{tt} = −1 + λ 1 η ( 2 − 1 η^2

Ω^2P_2 ) + λ^2 1 η { 28 5 + 2n 5 − 2 η

+ Ω^2 [ 16 15 − 4n 15 + 1 η^2 ( − 74 35 + n 7 + 2 η ) P_2 ]} , (A1)

γ_{tϕ} = λ^{3/2} 1 η^2 [ 4 5 ΩP^1_1 + Ω^3 ( 2 3 P^1_1 − 2 7η^2

P^1_3 )]

+ λ^{5/2} 1 η^2 {( 32 7 + 4n 35 − 4 5η ) ΩP^1_1 + Ω^3 [( 352 105 − 6n 35 − 2 3η ) P^1_1 + 1 η^2 ( − 992 735 + 22n 441 + 12 35η ) P^1_3 ]} , (A2)

γ_{rr} = 1 + λ 1 η ( 2 − 1 η^2

Ω^2P_2 ) + λ^2 1 η {( 28 5 + 2n 5 ) + 2 1 η − 16 35η^2

+ Ω^2 [ 16 15 − 4n 15 − 8 105η^2 + 1 η^2 ( − 74 35 + n 7 − 2 1 η + 16 21η^2 ) P_2 ]} , (A3)

γ_{θθ} = 1 + λ 1 η ( 2 − 1 η^2

Ω^2P_2 )

+ λ^2 1 η { 28 5 + 2n 5 + 1 η + 8 35η^2

+ Ω^2 [ 16 15 − 4n 15 + 4 105η^2 − 1 6η^3 + 4 63η^4 + 1 η^2 ( − 74 35 + n 7 − 5 6η − 4 9η^2 ) P_2 ]} , (A4)

γ_{rθ} = λ^2Ω^2 1 η^4 ( 1 3 − 16 63η ) P^1_2 (A5)

γ_{ϕϕ} = 1 + λ 1 η ( 2 − 1 η^2

Ω^2P_2 )

+ λ^2 1 η {( 28 5 + 2n 5 ) + 1 η + 8 35η^2

+ Ω^2 [ 16 15 − 4n 15 + 4 105η^2 + 1 6η^3 − 4 63η^4 + 1 η^2 ( − 74 35 + n 7 − 7 6η − 20 63η^2 ) P_2 ]} . (A6)

The results for the interior metric are

γ_{tt} = −1 + λ ( 3 − η^2 − η^2Ω^2P_2 ) + λ^2 { 9 2 + 3n 4 − ( 1 + n 2 ) η^2 + ( 1 10 + 3n 20 ) η^4 + Ω^2 [ 1 − n 2 + (2 + n) η^2 3 + ( − 3 5 − n 10 ) η^4 + η^2 ( − 29 35 − 3n 14 + ( 5 7 + 5n 14 ) η^2 ) P_2 ]} , (A7)

γ_{tϕ} = λ^{3/2}η [ Ω ( 2 − 6η^2 5 ) P^1_1 + Ω^3 ( 2 3 P^1_1 − 2 7 η^2P^1_3 )]

+ λ^{5/2}η {[ 49 5 + n 2 − ( 34 5 + 3n 5 ) η^2 + ( 27 35 + 3n 14 ) η^4 ] ΩP^1_1

+ Ω^3 [( 289 105 − 5n 14 + ( 8 15 + 2n 5 ) η^2 − ( 3 5 + 3n 14 ) η^4 ) P^1_1

+ η^2 ( − 326 245 − 3n 49 + ( 34 105 + n 9 ) η^2 ) P^1_3 ]} , (A8)

γ_{rr} = 1 + λ ( 3 − η^2 − η^2Ω^2P_2 ) + λ^2 { 23 2 + 3n 4 + ( − 23 5 − n 2 ) η^2 + ( 17 70 + 3n 20 ) η^4

+ Ω^2 [ 5 3 − n 2 + ( − 14 15 + n 3 ) η^2 + ( 9 35 − n 10 ) η^4

+ η^2 ( − 17 5 − 3n 14 + ( 1 21 + 5n 14 ) η^2 ) P_2 ]} , (A9)

γ_{θθ} = 1 + λ ( 3 − η^2 − η^2Ω^2P_2 ) + λ^2 { 23 2 + 3n 4 + ( − 26 5 − n 2 ) η^2 + ( 37 70 + 3n 20 ) η^4

+ Ω^2 [ 5 3 − n 2 + ( − 32 35 + n 3 ) η^2 + ( 157 630 − n 10 ) η^4

+ η^2 ( − 437 105 − 3n 14 + ( 97 126 + 5n 14 ) η^2 ) P_2 ]} , (A10)

γ_{rθ} = λ^2Ω^2η^2 ( 4 21 − η^2 9 ) P^1_2 , (A11)

γ_{ϕϕ} = 1 + λ ( 3 − η^2 − η^2Ω^2P_2 ) + λ^2 { 23 2 + 3n 4 − ( 26 5 + n 2 ) η^2 + ( 37 70 + 3n 20 ) η^4

+ Ω^2 [ 5 3 − n 2 + ( − 16 105 + n 3 ) η^2 − ( 193 630 + n 10 ) η^4

+ η^2 ( − 517 105 − 3n 14 + ( 167 126 + 5n 14 ) η^2 ) P_2 ]} . (A12)

[1] Neugebauer, G. and Meinel, R., “General relativistic gravitational field of a rigidly rotating disk of dust: Solution in terms of ultraelliptic functions,” Phys. Rev. Lett. 75, 3046–3047 (1995).

[2] Klein, C., “Exact relativistic treatment of stationary counterrotating dust disks: Boundary value problems and solutions,” Phys. Rev. D 63, 064033 (2001).

[3] Maison, D., “Are the stationary, axially symmetric Einstein equations completely integrable?”

Phys. Rev. Lett. 41, 521–522 (1978).

[4] Maison, D., “On the complete integrability of the stationary, axially symmetric Einstein equations,” J. Math. Phys. 20, 871 (1979).

[5] Wahlquist, H. D., “Interior solution for a finite rotating body of perfect fluid,” Phys. Rev.

172, 1291–1296 (1968).

[6] Wahlquist, H. D., “The problem of exact interior solutions for rotating rigid bodies in general relativity,” J. Math. Phys. 33, 304 (1992).

[7] Chinea, F. J. and González-Romero, L. M., “Interior gravitational field of stationary, axially symmetric perfect fluid in irrotational motion,” Class. Quant. Grav. 7, L99–L102 (1990).

[8] Ansorg, M., Gondek-Rosińska, D., and Villain, L., “On the solution space of differentially rotating neutron stars in general relativity,” Mon. Not. R. Astron. Soc. 396, 2359–2366 (2009).

[9] Ansorg, M., Fischer, T., Kleinwächter, A., Meinel, R., Petroff, D., and Schöbel, K., “Equilibrium configurations of homogeneous fluids in general relativity,” Mon. Not. R. Astron. Soc. 355, 682–688 (2004).

[10] Mars, M. and Senovilla, J. M. M., “On the construction of global models describing rotating bodies; uniqueness of the exterior gravitational field,” Mod. Phys. Lett. A 13, 1509–1519 (1998).

[11] Bradley, M., Fodor, G., Marklund, M., and Perjés, Z., “The Wahlquist metric cannot describe an isolated rotating body,” Class. Quant. Grav. 17, 351–360 (2000).

[12] Sarnobat, P. and Hoenselaers, C. A., “The Wahlquist exterior: second-order analysis,” Class.

Quant. Grav. 23, 5603 (2006).

[13] Ansorg, M., Kleinwächter, A., and Meinel, R., “Highly accurate calculation of rotating neutron stars,” Astron. & Astrophys. 381, L49–L52 (2002).

[14] Ansorg, M., Kleinwächter, A., and Meinel, R., “Highly accurate calculation of rotating neutron stars. Detailed description of the numerical methods,” Astron. & Astrophys. 405, 711–721 (2003).

[15] Stergioulas, N., “Rotating stars in Relativity,” Living Reviews in Relativity 6 (2003), Version:

lrr-2003-3.

[16] Blanchet, L., “Gravitational radiation from post-Newtonian sources and inspiralling compact binaries,” Living Reviews in Relativity 9 (2006), Version: lrr-2006-4.

[17] Futamase, T. and Itoh, Y., “The post-Newtonian approximation for relativistic compact binaries,” Living Reviews in Relativity 10 (2007), Version: lrr-2007-2.

[18] Shibata, M. and Taniguchi, K., “Coalescence of black hole-neutron star binaries,” Living Reviews in Relativity 14 (2011), Version: lrr-2011-6.

[19] Bradley, M. and Fodor, G., “Quadrupole moment of slowly rotating fluid balls,” Phys. Rev. D 79, 044018 (2009).

[20] Cabezas, J. A., Martín, J., Molina, A., and Ruiz, E., “An approximate global solution of Einstein’s equations for a rotating finite body,” Gen. Relativ. Gravit. 39, 707–736 (2007).

[21] Nozawa, T., Stergioulas, N., Gourgoulhon, E., and Eriguchi, Y., “Construction of highly accurate models of rotating neutron stars–comparison of three different numerical schemes,” Astron. & Astrophys. Suppl. Ser. 132, 431–454 (1998).

[22] Cuchí, J. E., Molina, A., and Ruiz, E., “Comparing results for a global metric from analytical perturbation theory and a numerical code,” (2013), arXiv:1301.7423 [gr-qc].

[23] Lattimer, J. M., “Neutron stars and the dense matter equation of state,” Astrophys. Space Sci. 336, 67–74 (2011).

[24] Teichmüller, C., Fröb, M., and Maucher, F., “Analytical approximation of the exterior gravitational field of rotating neutron stars,” Class. Quant. Grav. 28, 155015 (2011).

[25] Weber, F., “Strange quark matter and compact stars,” Prog. Part. Nucl. Phys. 54, 193–288 (2005).

[26] Weissenborn, S., Sagert, I., Pagliara, G., Hempel, M., and Schaffner-Bielich, J., “Quark matter in massive compact stars,” Astrophys. J. 740, L14 (2011).

[27] Darmois, G., Mémorial des Sciences Mathématiques, Vol. XXV (Gauthier-Villars, Paris, 1927) Chapter V.

[28] Lichnerowicz, A., Théories relativistes de la gravitation et de l’électromagnétisme: relativité générale et théories unitaires (Masson, 1955).

[29] Senovilla, J. M. M., “Stationary and axisymmetric perfect-fluid solutions to Einstein’s equations,” in El Escorial Summer School on Gravitation and General Relativity 1992: Rotating Objects and Relativistic Physics, edited by F. J. Chinea and L. M. González-Romero (Springer-

Verlag, Berlin-New York, 1993).

[30] Carminati, J., “Type-N, shear-free, perfect-fluid spacetimes with a barotropic equation of state,” Gen. Relativ. Gravit. 20, 1239–1248 (1988).

[31] Mars, M. and Senovilla, J. M. M., “Axial symmetry and conformal killing vectors,” Class.

Quant. Grav. 10, 1633 (1993).

[32] Carter, B., “The commutation property of a stationary, axisymmetric system,” Comm. Math.

Phys. 17, 233–238 (1970).

[33] Carter, B., “Killing horizons and orthogonally transitive groups in space-time,” J. Math. Phys. 10, 70–81 (1969).

[34] Papapetrou, A., “Champs gravitationnels stationnaires à symetrie axiale,” Ann. Inst. Henri Poincaré, A 4, 83–105 (1966).

[35] Carter, B., “Black hole equilibrium states,” in Black holes - Les astres occlus, Vol. 57, edited by C. DeWitt and B. DeWitt (Gordon and Breach, New York, 1973) pp. 61–124, Golden Oldie republication in http://dx.doi.org/10.1007/s10714-009-0888-5.

[36] Kundt, W. and Trümper, M., “Orthogonal decomposition of axi-symmetric stationary spacetimes,” Z. Phys. A 192, 419–422 (1966).

[37] Boyer, R. H., “Rotating fluid masses in General Relativity,” in Proc. Cambridge Philos. Soc., Vol. 61 (1965).

[38] Cuchí, J. E., Molina, A., and Ruiz, E., “Comparison of metrics obtained with analytic perturbation theory and a numerical code,” in Towards new paradigms: Proceeding of the Spanish Relativity Meeting 2011, Vol. 1458, edited by J. Beltrán Jiménez, J. A. Ruiz Cembranos, A. Dobado, A. López Maroto, and A. De la Cruz Dombriz (Am. Inst. Phys. Conf. Proc., 2012) pp. 371–374, arXiv:1202.6676 [gr-qc].

[39] Hartle, J. B., “Slowly rotating relativistic stars. I. Equations of structure,” Astrophys. J. 150, 1005 (1967).

[40] Thorne, K. S., “Multipole expansions of gravitational radiation,” Rev. Mod. Phys. 52, 299– 339 (1980).

[41] Geroch, R., “Multipole moments. II. Curved space,” J. Math. Phys. 11, 2580–2588 (1970). [42] Hansen, R. O., “Multipole moments of stationary space-times,” J. Math. Phys. 15, 46–52 (1974).

[43] Bonnor, W. B. and Vickers, P. A., “Junction conditions in general relativity,” Gen. Relativ.

Gravit. 13, 29–36 (1981).

[44] Mars, M., Mena, F. C., and Vera, R., “Linear perturbations of matched spacetimes: the gauge problem and background symmetries,” Class. Quant. Grav. 24, 3673 (2007).

[45] Rendall, A. D. and Schmidt, B. G., “Existence and properties of spherically symmetric static fluid bodies with a given equation of state,” Class. Quant. Grav. 8, 985 (1991).

[46] Martín, J., Molina, A., and Ruiz, E., “Can rigidly rotating polytropes be sources of the Kerr metric?” Class. Quant. Grav. 25, 105019 (2008).

[47] Stephani, H., Kramer, D., MacCallum, M., Hoenselaers, C., and Herlt, E., Exact solutions of Einstein’s field equations (Cambridge Univ. Press, 2003).

[48] Collinson, C. D., “The uniqueness of the Schwarzschild interior metric,” Gen. Relativ. Gravit.

7, 419–422 (1976).

[49] Kramer, D., “Rigidly rotating perfect fluids,” Astron. Nachr. 307, 309–312 (1986). [50] Senovilla, J. M. M., “Stationary axisymmetric perfect-fluid metrics with q + 3p = const,” Phys. Lett. A 123, 211–214 (1987).

[51] Martín-García, J. M., “xPerm: fast index canonicalization for tensor computer algebra,” Comp. Phys. Comm. 179, 597–603 (2008), available in http://www.xact.es.