arXiv:1212.4519v1 [math-ph] 18 Dec 2012

Soliton dynamics in coupled system of scalar fields with broken U(1) symmetry

Nematollah Riazi^{1∗} and Marzieh Peyravi^{2†} 1. Physics Department, Shahid Beheshti University, Tehran 19839, Iran. 2. Physics Department, School of Sciences, Ferdowsi University of Mashhad, Mashhad 91775-436, Iran.

We construct a U(1)-breaking nonlinear system which bears topological solitons with interesting properties. The symmetry is broken both spontaneously and explicitly. The model presented has TWO degenerate pairs of kinks and antikinks which can be transformed into each other by perturbations induced via external triggers and/or collisions. We calculate both the single soliton solutions and collision processes. These include simple scattering, pair annihilation, pair capture, and excitation-de-excitation processes.

PACS: 05.45.Yv, 03.50.-z, 11.10.Kk

Keywords: Solitons, soliton molecules, soliton dynamics

I. INTRODUCTION

There are some noticeable similarities between relativistic solitons and classical particles. For instance,interacting with each other via short range forces and collide without losing their identities [1–5], also they are localized and do not disperse while propagating in medium. Because of their field nature, they do tunnel a barrier in certain cases, although this tunnelling is different from the well-known quantum version [2, 6].Topological solitons are stable, due to the boundary conditions at spatial infinity. Their existence, therefore, is essentially dependent on the presence of degenerate vacua [2, 7].

Topology provides an elegant way of classifying solitons in various sectors according to the mappings between the degenerate vacua of the field and the points at spatial infinity. For the Sine- Gordon system in 1 + 1 dimensions, these mappings are between ϕ = 2nπ, n ∈ Z and x = ±∞, which correspond to kinks and antikinks of the SG system. More complicated mappings occur in solitons in higher dimensions [3]. Coupled systems of scalar fields with soliton solutions have found interesting applications in double-strand, long molecules like the DNA molecules [8–11] and bi-dimensional QCD [12].

∗ email: riazi@physics.susc.ac.ir, on leave from the Physics Department of Shiraz University. † email: Marziyeh.Peyravi@stu-mail.um.ac.ir

Systems of two coupled real scalar fields with particular self-interaction potentials were investigated by Bazeia et al [13] and Riazi et al [2, 14] . Inspired by the coupled system introduced in [2, 15], we propose a new coupled system of two real scalar fields which shows interesting types of solitons with well-defined topological charges and rest energies (masses). The present model may be applied to the dynamics of domain walls in the hybrid inflationary cosmology[16].

In this paper, we focus on a system with the double scalar field potential

V (ϕ, ψ) = (ϕ^2 + ψ^2 − 1)^2 + 1 2 λψ^2, (1)

in which ϕ and ψ are real scalar fields, and λ is a constant and the explicit symmetry breaking parameter as well. This potential which is similar, but not quite the same as that of the hybrid inflationary model[16], is plotted in Fig. 1 for λ = 1. Note that the potential along the ϕ axis has always two degenerate vacua at ϕ = ±1, while the potential along the ψ axis has minima at ψ = ±1 only if λ < 4. For λ ≥ 4, the potential has only an absolute minimum at ψ = 0 (see Figure 2).

FIG. 1: The self-interaction potential (1) is shown as a contour map on the (ϕ, ψ) plane. The two bluish sites indicate the degenerate minima of the potential.

II. LAGRANGIAN, FIELD EQUATIONS AND SYMMETRIES

Within a relativistic formulation, the Lagrangian density of our proposed system is given by: L = 1 2 ∂^μϕ∂_μϕ + 1 2 ∂^μψ∂_μψ − [(ϕ^2 + ψ^2 − 1)^2 + 1 2 λψ^2], (2)

FIG. 2: Plots showing V (ϕ, 0) and V (0, ψ) for λ = 0, 1, 10 (from bottom to top). in which λ is the U(1) explicit symmetry breaking parameter. One can write this Lagrangian in terms of the complex scalar field Φ, where Φ = ϕ + iψ, (3) In terms of this complex scalar field the Lagrangian density of system reads L = 1 2 ∂^μΦ^†∂_μΦ − (Φ^†Φ − 1)^2 + 1 2 λ(ImΦ)^2. (4) From either of these two forms of the Lagrangian density, the following field equations for ϕ and ψ are obtained:

□ϕ = −4ϕ(ϕ^2 + ψ^2 − 1); (5) and □ψ = −4ψ(ϕ^2 + ψ^2 − 1) + λψ. (6) It is obvious that if λ = 0, the Lagrangian density (2) or (4) is both Lorentz invariant and also invariant under a global U(1) symmetry Φ → Φ^′ = e^{iθ}Φ, (7) or ϕ^′ = ϕ cos θ − ψ sin θ, ψ^′ = ϕ sin θ + ψ cos θ. (8)

The corresponding energy-momentum tensor[17, 18] of the system is: T_{μν} = ∂_μϕ∂_ν ϕ + ∂_μψ∂_ν ψ − g_{μν} L; (9) which satisfies the conservation law

∂_μT^{μν} = 0. (10)

In Equation (9), g_{μν} = diag(1, −1) is the metric of the (1 + 1)-dimensional spacetime. The Hamiltonian (energy) density is obtained from Eq.(11) according to

H = T^{00} = 1 2 ( ∂ϕ ∂t )_2 + 1 2 ( ∂ψ ∂t )_2 + 1 2 ( ∂ϕ ∂x )_2 + 1 2 ( ∂ψ ∂x )_2 + V (ϕ, ψ). (11)

Like other systems bearing topological solitons, the present system also has the following topological current:

J^μ = 1 2 ϵ^{μν} ∂_ν ϕ (12)

which is locally coserved:

∂_μJ^μ = 0. (13)

The corresponding topological charge is given by: Q = ∫_{+∞} −∞ J^0dx = 1 2 [ϕ(+∞) − ϕ(−∞)]. (14) Note that since the vacua of the system reside at (ϕ, ψ) = (±1, 0), only the ϕ-field is responsible for the topological charge.

According to the Goldstone theorem, if a continuous global symmetry is broken spontaneously, there appears a massless (Goldstone) particle for each broken group parameter[19, 20]. However, in the case of the Lagrangian density (4), in addition to the spontaneous breaking of the U(1) symmetry for λ = 0, the symmetry is broken explicitly by the λ-term. If we expand the potential around either of the vacua (ϕ = ±1, ψ = 0), there appears the following mass terms: V (χ, ψ) ≃ 1 2 m_χχ^2 + 1 2 m_ψψ^2, (15)

where m_χ ≡ ∂^2V ∂ϕ^2 |_{(ϕ=±1,ψ=0)} = 8, (16) and m_ψ ≡ ∂^2V ∂ψ^2 |_{(ϕ=±1,ψ=0)} = λ, (17)

where χ ≡ ϕ−1. It is seen that due to the explicit symmetry breaking term, the massless Goldstone boson (ψ) which is normally massless, has acquired a mass (λ).

Let us consider the U(1)-symmetric case λ = 0. The potential reduces to the well-known complex φ^4 model and we have the global U(1) symmetry Φ −→ Φ́ = e^{iθ}Φ, Ĺ = L. (18)

This symmetry leads to the following conserved current and charge, as deduced from the celebrated Noether’s theorem[18]

J^μ_N = i(Φ^∗∂^μΦ − Φ∂^μΦ^∗). (19)

Q_N = ∫ J^0_N dx. (20)

Writing the complex scalar field Φ in the form Φ = Re^{iξ}, the current (19) and the charge (20) take the following simple forms:

J^μ_N = 2R^2∂^μξ, (21) and Q_N = 2 ∫_{+∞} −∞ R^2∂^0ξdx. (22)

It is obvious that the Noether charge vanishes for all static solutions, including the static kinks and antikinks to be introduced shortly. For a time-varying field like Φ = R(x)e^{iωt}, however, we have the non-vanishing Noether charge Q_N = 2ω ∫ R^2(x)dx. By using the dynamical equations, it can be easily shown that the U(1) current is partially conserved and we have

∂_μJ^μ_N = 2λϕψ, (23)

which is proportional to λ, like the situation arising in PCAC (=partially conserved axial current), although in PCAC the explicit symmetry breaking term in the Lagrangian is usually assumed to be linear in ψ[18].

III. KINK AND ANTIKINK SOLUTIONS

In order to find the static kink and antikink solutions, we have employed the following numerical procedure within the MATLAB environment. The program starts with an approximate solution which is the exact solution of the U(1)-symmetric system (λ = 0). The solution is then perturbed via small changes in the field values and the total energy of the system, as given by E = ∫ Hdx (24) is calculated at each step. The small changes in the field values is accepted if the total energy is reduced in each step, otherwise it is rejected. This procedure is iterated repeatedly, until the program reaches a minimum energy configuration. Kink and anti-kink solutions obtained in this way are shown in Figures 3. The corresponding orbits on the (ϕ, ψ)-plane are shown in Figure 4.

FIG. 3: Minimum energy, static solutions. The solid curves represent ϕ and the dash-dotted curves are for ψ.

IV. BOGOMOLNY CONDITION

It is well known that in many nonlinear equations bearing topological solitons, static solutions satisfy the so-called Bogomolny condition. This condition puts a lower bound on the total energy of the system which is proportional to the topological charge[21, 22].

In this section, the Bogomolny bound is calculated and its proportionality to the topological charge is checked.

FIG. 4: The minimum energy, static solutions mapped on the (ϕ,ψ) plane.

Multiplying equation (5) by ϕ^′ and adding it to equation (6) multiplied by ψ^′, we obtain

ϕ^′ϕ^{′′} + ψ^′ψ^{′′} = ( 1 2 (ϕ^′)^2 + 1 2 (ψ^′)^2 )_′ = ∂V ∂ϕ ϕ^′ + ∂V ∂ψ ψ^′ = dV dx . (25)

Here, prime means derivative with respect to x. We thus obtain the following first integral of the

static field equations: 1 2 (ϕ^′)^2 + 1 2 (ψ^′)^2 − V (ϕ, ψ) = C, (26)

where C is a constant of integration. For localized field equations, this constant should be zero,

since the fields rest on their vacuum values at x → ±∞.

The above result can also be obtained from the following Bogomolny-type argument. One starts

with ( 1 √ 2 ϕ^′ + 1 √ 2 ψ^′ ± √ V )_2

≥ 0. (27)

Squaring and integrating over x, we obtain ∫_{+∞} −∞ ( 1 2 (ϕ^′)^2 + 1 2 (ψ^′)^2 + V (ϕ, ψ) ) dx ≥ | | | ∫_{(ϕ,ψ)+} (ϕ,ψ)_− √ 2V (dϕ + dψ) | | | . (28) Introducing a superpotential W (ϕ, ψ) such that dW = ∂W ∂ϕ dϕ + ∂W ∂ψ dψ ≡ √ 2V (dϕ + dψ), (29) we obtain E ≥ |W_+ − W_−|, (30) where W_± ≡ W (ϕ(±∞), ψ(±∞)). The Bogomolny bound is saturated for the equality sign in (27).

Since the vacua of the system under consideration reside on ϕ = ±1 and ψ = 0, it is the ϕ field

which is responsible for the topological charge.

V. INTERACTION BETWEEN KINKS AND ANTIKINKS

As in other kink-bearing systems, an important question is the form of the inter-kink potential and the behavior of the solitons in collisions with each other. Kinks and antikinks of different nonlinear systems behave differently in collisions. In most cases, the following situations arise: 1) A pair of kinks or antikinks which have the same topological charge repel each other. They retain their original shape after the collision. In the sine-Gordon system which is integrable, the pair retain their original speeds after the collision. In non-integrable systems like the ϕ^4 system, part of the energy is converted into small amplitude waves which are radiated away and the final speed of the solitons is less than their initial speed. 2) In the sine-Gordon system, the collision between a kink and an antikink does not lead to their destruction and the pair retain their initial speeds after the collision. The force between the pair is velocity-dependent[27]. It is attractive at relatively large distances and repulsive at short distances. In non-integrable systems like ϕ^4 or double-sine- Gordon system, the collision process between a kink and an antikink is more complicated and interesting phenomena happen. For example, the pair annihilate each other when their relative velocity is smaller than a first threshold v_1. For velocities larger than v_1 and smaller than a second threshold v_2, there appear scattering windows in which the pair leave the interaction region with a smaller speed than their initial speed. Some small amplitude waves are radiated away in this process. Velocities larger than v_2 lead to the scattering of the pair and emission of radiation. 3) In the sine-Gordon system, there is a bound state solution in which a kink and an antikink oscillate around the center of mass of the system indefinitely. Breather solutions in non-integrable systems like ϕ^4 are unstable and lead to the annihilation of the pair after transient oscillations.

In this section, we are interested in studying the above possibilities in the system under investigation. Since analytical calculations are not possible here, we employ the finite-difference method described in [2].

Figure 5 shows simple scattering of a kink and antikink. The velocity of each soliton (in units of the speed of light) is 0.6 for this process. Figures 6-8 show examples of some interesting interactions for the system considered in this paper. In Figure 6, the pair annihilate each other into a pair of neutral wave packets which leave the interaction area with larger velocities. Figure 7 shows the formation of a bound pair (or soliton molecule), emitting the residual energy in the form of lower amplitude waves. In Figure 8, the collision leads to the excitation of each soliton and the excited soliton relaxes into its lower energy state, emitting a neutral wave packet within a short time. In these plots, positive topological charge density is shown in red and negative charge in blue in order to better illustrate the fate of charged objects.

FIG. 5: Kink-antikink simple scattering at v = 0.6. Topological charge density is plotted on the (x, t) plane. Reddish color indicates positive and bluish indicates negative topological charge.

FIG. 6: Annihilation of a kink-antikink pair into a pair of neutral wave packets at v = 0.36. Reddish color indicates positive and bluish indicates negative topological charge.

Let us consider the soliton molecule in more detail. If there is a stable kink-antikink bound state, then one should be able to obtain it via an energy-minimization procedure. To this end, we have written an energy-minimization program in the MATLAB environment, which produces a minimum-energy solution, starting with a trial pair of functions which satisfy the boundary conditions and the general functional form of the soliton molecule. The initial guess functions read ϕ(x) = 2 1 + x^2

− 1, (31) and ψ(x) = x 1 + x^2

. (32)

FIG. 7: Formation of a soliton molecule via kink-antikink capture at v = 0.5. Note that the surplus energy is radiated away. Reddish color indicates positive and bluish indicates negative topological charge.

FIG. 8: Kink-antikink interaction, leading to the excitation and subsequent de-excitation and recoil of the kink and antikink (v = 0.7). Reddish color indicates positive and bluish indicates negative topological charge.

It is obvious that this trial equation has zero total topological charge, comprising equal negative and positive charge densities of the kink and antikink constituents. The initial guess, together with the minimum energy solution are shown in Figure 9. This minimum-energy bound state of the kink and antikink closely resemble the pair formed in the numerical experiment shown in Figure 7.

VI. CONCLUSION

Kink-bearing systems show very interesting phenomena both in numerical calculations and in the real world[1–6]. A complex scalar field with U(1) symmetry is well known and worked out

FIG. 9: Initial guess functions (31) and (32) shown as dashed curves, together with the minimum energy kink-antikink bound state solution (solid lines).

thoroughly in field theory[18]. When the global U(1) symmetry is made local, it leads to the appearance of electric charge and electromagnetic interactions. Motivated by these interesting properties, we constructed a double-real-field Lagrangian with a U(1)-breaking term. We obtained static kink and antikink solutions and showed that there are two degenerate pairs of kinks and antikinks in the system. Several numerical experiments were performed to explore what happens in the kink-antikink collision at various relative velocities. It was observed that different interesting phenomena may happen. Examples include simple scattering, pair annihilation into neutral wave packets, formation of soliton molecule (bound kink-antikink pair), and excitation-decay process. The soliton molecule formed in some kink-antikink collisions approximately conforms with the solution obtained via minimizing the energy of a pair of guess functions adapted to the required topological charge and boundary conditions. In order to distinguish charged solitons from neutral wave packets and follow the evolution of each charged soliton, we preferred to plot charge density rather than the fields or energy densities which is usually practiced in the literature.

One final observation to be pointed out is that in many examples, the resulting dynamics is not symmetrical about the pair center of mass. In other words, there is a left-right asymmetry which constitute yet another difference with other well-known non-integrable systems.

The results presented in this paper could probably be applied to the dynamics of domain walls in hybrid inflationary models with modified potentials[16].

Acknowledgments

N. Riazi acknowledges the support of Shahid Beheshti University Research Council.

[1] G.L. Lamb, Jr., Elements of Soliton Theory, John Wiley and Sons, NewYork(1980). [2] N. Riazi, A. Azizi and S. M. Zebarjad, Phys. Rev. D 66, 065003 (2002). [3] T. Dauxois and M. Peyrard, Physics of Solitons, Cambridge University Press (2006). [4] M. Peyravi, A. Montakhab, N. Riazi and A. Gharaati, Eur. Phys. J. B 72, 269-277 (2009). [5] M. Peyravi, N. Riazi and A. Montakhab, Eur. Phys. J. B 76, 547555 (2010). [6] N. Riazi, Int. J. Theor. Phys. 35, 101 (1996).

[7] T.D. Lee, Particle Physics and Introduction to field Theory, Harwood, Chur, Switzerland (1981). [8] L.V. Yakushevich, Nonlinear Physics of DNA, Wiley,(2004).

[9] L. V. Yakushevich, A. V. Savin and L. I. Manevitch, Phys. Rev. E 66, 016614 (2002). [10] S. Cuenda, A. Sanchez, and N.R. Quintero, Physica D 223, 214221 (2006). [11] M. Peyrard, Nonlinearity 17, R1-R40, (2004). [12] H. Blas, JHEP, 0703, 055, (2007).

[13] D. Bazeia, J. R. S. Nascimento, R. F. Ribeiro, and D. Toledo, J. Phys. A 30, 8157 (1997). [14] N. Riazi, M. M. Golshan, and K. Mansuri, Int. J. Theor. Phys. Group Theor. Non. Opt. 7, 91 ((2001). [15] N. Riazi and M. Peyravi, IJMPA. 27, No.2, 125006, (2012). [16] A. Linde, Phys. Rev. D., 49, 748, (1994).

[17] L.H. Ryder, Quantum Field Theory, Cambridge University Press (1985).

[18] M. Guidray, Gauge Field Theories, An Introduction with Application, John Wiley and Sons, NewYork(1991).

[19] Y. Nambo, Phys. Rev. Lett., 4, 380, (1960). [20] J. Goldstone, Nouvo Cim., 19, 154, (1961).

[21] E. B. Bogomolny, Soviet Journal of Nuclear Physics, 24, 449, (1976).

[22] N. Manton and P. Sutcliffe, Topological Solitons, Cambridge University Press, Cambridge, (2004). [23] R. H. Goodman and R. Haberman, Siam J. Applied Dynamical Systems 4, No. 4, 1195, (2005). [24] S. Hoseinmardy and N. Riazi, IJMPA. 25, 3261, (2010).

[25] D. Bazeia, M.J. dos Santos, and R.F. Ribeiro, Phys. Lett. A, 208, 84, (1995). [26] R. Rajaraman, Soltions and Instantons, Elsevier, B.V. (1989). [27] N. Riazi and A. Gharaati, Int. J. Theor. Phys., 37, No. 3, 1081, (1998).