arXiv:1212.5131v2 [hep-th] 14 Mar 2013

Noncommutative field theories on R^3_λ:

Towards UV/IR mixing freedom

Patrizia Vitale^{a,b,c} and Jean-Christophe Wallet^c

aDipartimento di Scienze Fisiche Università di Napoli Federico II bINFN, Sezione di Napoli, Via Cintia 80126 Napoli, Italy cLaboratoire de Physique Théorique, Bât. 210 CNRS and Université Paris-Sud 11, 91405 Orsay Cedex, France

e-mail: patrizia.vitale@na.infn.it, jean-christophe.wallet@th.u-psud.fr

Abstract

We consider the noncommutative space R^3_λ , a deformation of the algebra of functions on R^3 which yields a “foliation” of R^3 into fuzzy spheres. We first construct a natural matrix base adapted to R^3_λ . We then apply this general framework to the one-loop study of a twoparameter family of real-valued scalar noncommutative field theories with quartic polynomial interaction, which becomes a non-local matrix model when expressed in the above matrix base. The kinetic operator involves a part related to dynamics on the fuzzy sphere supplemented by a term reproducing radial dynamics. We then compute the planar and non-planar 1-loop contributions to the 2-point correlation function. We find that these diagrams are both finite in the matrix base. We find no singularity of IR type, which signals very likely the absence of UV/IR mixing. We also consider the case of a kinetic operator with only the radial part. We find that the resulting theory is finite to all orders in perturbation expansion.

Keywords: Noncommutative quantum field theory, UV/IR mixing, Wick-Voros product

1 Introduction.

Noncommutative Geometry (NCG) [1] provides a generalization of topology, differential geometry and index theory. The starting idea is to set-up a duality between spaces and associative algebras in a way to obtain an algebraic description of the structural properties of the space, in particular the topological, metric, differential properties [2]. Besides, many of the building blocks of fundamental physics fit well with concepts of NCG which may lead to a more accurate understanding of spacetime at short distance and/or possibly of what could be a quantum theory of gravity. For instance, NCG offers a possible way to treat the physical obstructions to the existence of a continuous space-time and commuting coordinates at the Planck scale [3]. Once the noncommutative nature of spacetime postulated, it is natural to consider field theories on noncommutative manifolds, the so called Noncommutative Field Theories (NCFT).

The first prototypes of NCFT appeared in 1986 within String field theory [4]. Field theories defined on the fuzzy sphere, a simple finite dimensional noncommutative geometry [5, 6, 7], were introduced at the beginning of the 90’s in [8] and actively studied since then. See for example [9] for a review. In1998 NCFT on the Moyal space, the simplest noncommutative geometry modeled on the phase-space of quantum mechanics, was shown to occur in effective regimes of String theory [10]. This observation triggered a huge activity. Noncommutative field theory of Moyal type was also shown to describe quite accurately quantum Hall physics [11]. For a review on NCFT on Moyal spaces see [12, 13] and references therein.

The renormalization study of NCQFT (Noncommutative Quantum Field Theory) is in general difficult, a part from the case of finite noncommutative geometries, and is often complicated by the Ultraviolet/Infrared (UV/IR) mixing. This phenomenon occurs for instance within the simplest noncommutative real-valued φ^4 model on the 4-dimensional Moyal space, as pointed out and analyzed in [14]. The phenomenon persists in Moyal-noncommutative gauge models and represents one of the main open problems of Moyal-based field theory. In [15] noncommutative differential structures relevant to Moyal-noncommutative gauge theories were studied, precisely to tackle such a problem. A first solution for scalar field theory was proposed in 2003 [16]. It amounts to modify the initial action with a harmonic oscillator term leading to a fully renormalisable NCQFT. This is the so called Grosse-Wulkenhaar model. Various of its properties have been explored, among which classical and/or geometrical ones [17], the 2-d fermionic extension [18] as well as the generalization to gauge theory (matrix) models [19], [20], [21], [22]. The Grosse-Wulkenhaar model has interesting properties such as the vanishing of the β-function to all orders [23] when the action is self-dual under the so-called Langmann-Szabo duality [24]. Its 4-d version is very likely to be non-perturbatively solvable, as shown in [25]. Besides, this model together with its gauge theory counterpart seems to be related to an interesting noncommutative structure, namely a finite volume spectral triple [26] whose relation to the Moyal (metric) geometries has been analyzed in [27, 28].

This paper deals with a different kind of noncommutativity, said of “Lie algebra” type, because the ⋆-commutator of coordinate functions is not constant and reproduces the Lie bracket of classical Lie algebras. We shall follow ref. [29] where many ⋆-products were proposed, reproducing at the level of coordinate functions all three-dimensional Lie algebras, and in particular ref. [30], where the specific case of a su(2) based star product giving rise to the noncommutative space R^3_λ was first introduced. The purpose of this paper is twofold. The first goal is to set-up a general framework that can be used to study the quantum (i.e renormalisability) behaviour of matter NCFT as well as gauge NCFT [31] defined on R^3_λ . The second goal is to apply this framework to a class of natural scalar NCQFT on R^3_λ in order to capture salient information related to its one-loop behaviour. There are important differences between R^3_λ and the popular Moyal space. First of all, the ⋆-commutator between the coordinates of R^3_λ is no longer constant and the relevant algebra of functions coding the R^3_λ NCG is equipped with an associative but not translation-invariant product. Moreover, the popular tracial property of the Moyal algebra [32] does not hold true, which complicates the treatment of the kinetic part of the action. This difficulty can be handled by using a suitable matrix base. This is one of the results of the paper. We construct a natural matrix base adapted to R^3_λ which can be obtained as a reduction of the matrix base of the Moyal space R^4_θ [32]^∗. We then consider a family of real-valued scalar actions on R^3_λ with quartic polynomial interactions. The family of kinetic operators, indexed by two real parameters, involves a natural Laplacian-type operator which contains the square of the angular momentum and an additional term related (but not equal) to the Casimir operator of su(2), which is necessary in order to generate some radial dynamics. When re-expressed in the natural matrix base, the action is the one for a non-local matrix model with diagonal interaction term^† and non-diagonal kinetic operator being of Jacobi type. The action can be split as an infinite sum of scalar actions defined on the successive fuzzy spheres that “foliate” the noncommutative space R^3_λ . The additional term in the Laplacian encodes radial dynamics.

Another matrix base, largely used in the literature on the fuzzy sphere, is built from the symbols of the fuzzy spherical harmonic operators and related to the natural base of R^3_λ . This leaves diagonal the kinetic operator with however a complicated interaction term^‡. Upon diagonalizing the kinetic term, the computation of the propagator in the natural base can then be performed and we end up with a tractable expression together with a purely diagonal interaction term. We then compute the planar and non-planar 1-loop contributions to the 2-point correlation function. We find that they are both finite in the natural matrix base. The computation of the corresponding amplitudes in the propagation base, when only the angular momentum part of the kinetic operator is involved, shows consistency with previous work on the fuzzy sphere [33, 34]. We find no IR singularities, which signals very likely the absence of the UV/IR mixing phenomenon at the perturbative level.

We also consider the limit situation where the Laplacian is only given by the term related to the Casimir operator. This leads to a big simplification for the action and for the general power counting of the ribbon diagrams of arbitrary orders. We find that the resulting theory is finite to all orders in perturbation.

The paper is organized as follows. In section 2 we summarize the general properties of the noncommutative R^3_λ that will be used in this paper together with some features related to the Wick-Voros product. In section 3 we construct a natural matrix base adapted to R^3_λ . In section 4 we construct a family of real-valued scalar actions on R^3_λ with quartic polynomial interactions. The relationship with the base built from the fuzzy spherical harmonics is also introduced. The subsection 4.3 involves the computation of the propagator expressed in the natural matrix base for R^3_λ , which is rather easily carried out, once a suitable combination of the change of base of subsection 4.2 with properties of fuzzy spherical harmonics is done. Nevertheless, we find interesting to provide in the appendix the general computation of the propagator that takes advantage of the Jacobi nature of the kinetic operator. This is based on the determination of a suitable family of orthogonal polynomials that gives rise to diagonalization. We find in the present case that the relevant orthogonal polynomials are the dual Hahn polynomials, the counterpart of the Meixner polynomials underlying the computation of the Grosse-Wulkenhaar propagator. This, as a byproduct, provides explicit relations between fuzzy spherical harmonics, Wigner 3j-symbols and dual Hahn polynomials. In section 5 we compute and discuss the planar and non-planar 1-loop

∗As we shall see in detail the starting matrix base in R^4_θ is actually a slight modification of the Moyal matrix base which was introduced in [32]. We shall use a matrix base adapted to the Wick-Voros product.

†In physical language, the natural base is nothing but the interaction base.

‡This other base is physically the so-called propagation base. See the previous footnote. We will use this terminology when appropriate in the paper.

contribution to the 2-point correlation function, respectively in the subsections 5.1 and 5.2. In the subsection 5.3 we consider the limit case of a kinetic operator with no angular momentum term, for which we find finitude to all orders in perturbation. We finally summarize the results and conclude.

2 The noncommutative space R^3_λ

The noncommutative space R^3_λ has been first introduced in [30]. A generalization has been studied in [29]. It is a subalgebra of R^4_θ , the noncommutative algebra of functions on R^4 ≃ C^2 endowed with the Wick-Voros product [35] ϕ ⋆ ψ (z_a, z̄_a) = ϕ(z, z̄) exp(θ ←− ∂_{za} −→ ∂_{z̄a} )ψ(z, z̄), a = 1, 2 (2.1)

This is an asymptotic expansion; a proper definition, based on the dequantization map associated to normal ordered quantization,will be given in sect. 3.1 where it is actually needed to introduce a matrix base. For coordinate functions we have the ⋆-commutator

[z_a, z̄_b]_⋆ = θδ_{ab} (2.2)

with θ a constant, real parameter. Resorting to real coordinates q_a = z_a +z̄_a, p_a = i(z_a −z̄_a), a = 1, 2 we recover the usual ⋆-commutator of (two copies of) the Moyal plane, the two products differing by symmetric terms.^§ The crucial step to obtain star products on F(R^3 ), hence to deform F(R^3 ) into a noncommutative algebra, is to identify R^3 with the dual, g^∗, of some chosen three dimensional Lie algebra g. We choose here to work with the su(2) Lie algebra, because of the connection with other results already present in the literature (for example the fuzzy sphere) but other choices can be made. This identification induces on F(R^3 ) the Kirillov Poisson bracket, which, for coordinate functions reads {x_i, x_j } = c^k_{ij} x_k (2.3)

with i = 1, .., 3 and c^k_{ij} the structure constants of su(2). On the other hand, it is well known that this (Poisson) Lie algebra may be regarded as a subalgebra of the symplectic algebra sp(4), which is classically realized as the Poisson algebra of quadratic functions on R^4 (C^2 with our choices) with canonical Poisson bracket {z^a, z̄^b} = i. (2.4) Indeed it is possible to find quadratic functions

π^∗(x_i) = π^∗(x_i)(z^a, z̄^a) (2.5)

which obey (2.3).We have indicated with π^∗ the pull-back map π^∗ : F(R^3 ) → F(R^4 ). This is nothing but the classical counterpart of the Jordan-Schwinger map realization of Lie algebra generators in terms of creation and annihilation operators [41]. Then one can show that this Poisson subalgebra is also a Wick-Voros subalgebra, that is

π^∗(x_i)(z^a, z̄^a) ⋆ π^∗(x_j )(z^a, z̄^a) − π^∗(x_j )(z^a, z̄^a) ⋆ π^∗(x_i)(z^a, z̄^a) = λc^k_{ij} π^∗(x_k)(z^a, z̄^a) (2.6)

where the noncommutative parameter λ shall be adjusted according to the physical dimension of the coordinate functions x_i. We shall indicate with R^3_λ the noncommutative algebra (F(R^3 ), ⋆). Eq. (2.6) induces a star product on polynomial functions on R^3 generated by the coordinate functions

§The Moyal and Wick-Voros algebras are isomorphic [36], there is however a debate on the physical meaning of the equivalence between them, which we will not address here (see for example [37, 38, 39, 40]).

x_i, which may be expressed in closed form in terms of differential operators on R^3 . Here we will consider quadratic realizations of the kind

π^∗(x_μ) = λ θ z̄^ae^{ab}_μ z^b, μ = 0, .., 3 (2.7)

with λ a constant, real parameter of length dimension equal to one; e_i =^1_2 σ_i, i = 1, .., 3 are the SU(2) generators in the defining representation with σ_i the Pauli matrices, while e_0 =^1_2 1. We shall omit the pull-back map from now on, unless necessary. Notice that

x_0 = λ 2θ z̄_az_a (2.8)

commutes with x_i so that we can alternatively define R^3_λ as the commutant of x_0; x_0 generates the center of the algebra. We also have x^2_0 = ∑ i x^2_i . (2.9)

It is easily verified that the induced ⋆-product reads

ϕ ⋆ ψ (x) = exp [ λ 2 ( δ_{ij} x_0 + iϵ^k_{ij} x_k ) ∂ ∂u_i ∂ ∂v_j ] ϕ(u)ψ(v)|_{u=v=x} (2.10)

which implies, for coordinate functions

x_i ⋆ x_j = x_ix_j + λ 2 ( x_0δ_{ij} + iϵ^{ij}_k x^k ) (2.11)

x_0 ⋆ x_i = x_i ⋆ x_0 = x_0x_i + λ 2 x_i (2.12)

x_0 ⋆ x_0 = = x_0(x_0 + λ 2 ) = ∑ i x_i ⋆ x_i − λx_0 (2.13)

where Eq. (2.9) has been used, together with the equality ∑ i x_i ⋆ x_i = ∑ i x^2_i + 3/2 λ x_0 descending from Eq. (2.11). The product is associative, since it is nothing but the Wick-Voros product expressed in different variables. As for the ⋆ commutator we have

[x_i, x_j ]_⋆ = iλϵ^k_{ij} x_k. (2.14)

On introducing the parameter κ = λ/θ, the commutative limit is achieved with λ, θ → 0. κ = const.

We have thus realized the announced isomorphism between the algebra of linear functions on R^3 ≃ su(2)^∗ endowed with the ⋆ commutator (2.14) and the su(2) Lie algebra. Thus, the algebra R^3_λ can be defined as R^3_λ = C [x_μ ]/I_{R1,R2} , i.e the quotient of the free algebra generated by the coordinate functions (x_i)_{i=1,2,3}, x_0, by the two-sided ideal generated by the relation R_1 : [x_i, x_j ]_⋆ = iλϵ_{ijk}x_k, together with R_2 : x_0 ⋆ x_0 + λx_0 = ∑ i x_i ⋆ x_i. Notice that, because of the presence of x_0 R^3_{λ≠0} is not isomorphic to U(su(2)).

For a comparison with the Moyal induced product we refer to [29].

3 The matrix base

The matrix base we shall define for R^3_λ is obtained through a suitable reduction of the matrix base of the Wick-Voros algebra R^4_θ , which was introduced in [42]. The latter is in turn a slight modification of the well known matrix base for the Moyal algebra defined in [32] by Gracia-Bondìa and Varilly.

3.1 The matrix base for the Wick-Voros R^4_θ

Let us first review the matrix base adapted to the Wick-Voros algebra R^4_θ . Our convention, all over the paper, will be to use hatted letters to indicate operators and un-hatted ones to indicate their noncommutative symbols.

It is well known that the Wick-Voros product is introduced through a weighted quantization map which, in two dimensions, associates to functions on the complex plane the operator

ϕ̂ = Ŵ_V (ϕ) = 1 (2π)^2 ∫ d^2z Ω̂(z, z̄)ϕ(z, z̄) (3.1)

where Ω̂(z, z̄) = ∫ d^2η e^{−(ηz̄−η̄z)}e^{θηa†} e^{−θη̄a} (3.2) is the so called quantizer and a, a^† are the usual (configuration space) creation and annihilation operators, with commutation relations [a, a^†] = θ. (3.3)

A word of caution is in order, concerning the domain and the range of the weighted Weyl map in Eq. (3.1). While the standard Weyl map maps Schwarzian functions into Hilbert Schmidt operators, for the weighted Weyl map (3.1) this is not always the case. An exhaustive analysis is lacking in the literature, up to our knowledge. Explicit counterexamples are discussed in [42].

The inverse map which is the analogue of the Wigner map is represented by: ϕ(z, z̄) = W^{−1}_V (ϕ̂) = ⟨z|ϕ̂|z⟩ (3.4) with |z⟩ the coherent states defined by a|z⟩ = z|z⟩. Notice that, differently from the Weyl-Wigner- Moyal case, the quantizer and dequantizer operators do not coincide, meaning that this quantization/dequantization procedure is not self-dual (see [32, 43] for details).

The Wick-Voros product, whose asymptotic form has been already given in (2.1), is then defined as ϕ ⋆ ψ := W^{−1}_V ( Ŵ_V (ϕ)Ŵ_V (ψ) ) = ⟨z|ϕ̂ ψ̂|z⟩ (3.5) It can be seen that, for analytic functions, a very convenient way to reformulate the quantization map (3.1) is to consider their analytic expansion ϕ(z̄, z) = ∑ pq ϕ̃_{pq}z̄^pz^q , p, q ∈ N (3.6)

with ϕ̃_{pq} ∈ C . The quantization map (3.1) will then produce the normal ordered operator

ϕ̂ = Ŵ_V (ϕ) = ∑ pq ϕ̃_{pq}a^{†p}a^q (3.7)

We will therefore assume analyticity all over the paper and use (3.6), (3.7).

This construction may be easily extended to R^{2n} . We will consider n = 2 from now on. Each a_a, a = 1, 2, acts on H_0 ∼= ℓ^2(N), a copy of the Hilbert space of the one dimensional harmonic oscillator with canonical orthonormal base (|n⟩)_{n∈N} . We set

|N⟩ = |n_1, n_2⟩ := |n_1⟩ ⊗ |n_2⟩ (3.8) the canonical orthonormal base for H = H_0 ⊗ H_0, also called in the physics literature the number base. The action of the a_a, a^†_a’s on H is given by

a_1|n_1, n_2⟩ = √ θ √ n_1|n_1 − 1, n_2⟩, a^†_1|n⟩ = √ θ √ n_1 + 1|n_1 + 1, n_2⟩, a_2|n_1, n_2⟩ = √ θ √ n_2|n_1, n_2 − 1⟩, a^†_2|n⟩ = √ θ √ n_2 + 1|n_1, n_2 + 1⟩. (3.9)

For further use, we also define for any a = 1, 2 the number operators N_a = a^†_aa_a satisfying N_a|n⟩ = θn|n⟩ ∀|n⟩ ∈ H_0. (3.10) To functions on R^4 we associate via the quantization map (3.7) normal ordered operators. On using the number base (3.8) together with (3.9) we may rewrite (3.7) as

ϕ̂ = ∑ P,Q∈N^2 ϕ_{P Q}|P ⟩⟨Q| ϕ_{MN} ∈ C (3.11)

with ϕ̃_{P Q}, ϕ_{LK} related by a change of base. We have indeed |P ⟩ = a^{†p1}_1 a^{†p2}_2 [P !θ^{|P |}]^{1/2}

|0⟩, ∀P = (p_1, p_2) ∈ N^2 , (3.12)

with P ! := p_1!p_2!, |P | := p_1 + p_2, and |0⟩ = |0, 0⟩ a Fock vacuum state. This implies ⟨z_1, z_2|P ⟩ = ⟨P |z_1, z_2⟩ = e^{− z̄1z1+z̄2z22θ} z̄^{p1}_1 z̄^{p2}_2 P !θ^{|P |} . (3.13)

Thus ϕ_{LK} = min (l_1,k_1) ∑ q_1=0 min (l_2,k_2) ∑ q_2=0 ϕ̃_{l2−q2,k2−q2} √ L!K!θ^{|L|+|K|} θ^{|Q|}Q! . (3.14)

On applying the dequantization map we obtain a function in the noncommutative Wick-Voros algebra ϕ(z, z̄) = ∑ P Q ϕ_{P Q}f_{P Q}(z, z̄) (3.15)

with

f_{P Q}(z, z̄) = ⟨z_1, z_2|f̂_{P Q}|z_1, z_2⟩ = e^{− z̄1z1+z̄2z2}θ √ P !Q!θ^{|P +Q|} z̄^{p1}_1 z̄^{p2}_2 z^{q1}_1 z^{q2}_2 (3.16)

and we have introduced the notation f̂_{P Q} = |P ⟩⟨Q|. Here we have used (3.13).

The base operators f̂_{P Q} fulfill the following fusion rule, approximation of the identity and trace property respectively given by:

f̂_{MN} f̂_{P Q} = δ_{NP} f̂_{MQ}, 1 = ∑ M∈N^2 |M⟩⟨M|, T r(f̂_{MN} ) = δ_{MN} , ∀M, N, P, Q ∈ N^2 . (3.17)

These properties descend to the symbol functions of the base f̂_{MN} , defining an orthogonal matrix base for R^4_θ with a simple rule for the star product

f_{MN} ⋆ f_{P Q}(z, z̄) = ⟨z_1, z_2|f̂_{MN} f̂_{P Q}|z_1, z_2⟩ = δ_{NP} f_{MQ}(z, z̄) (3.18) and analogous expressions for the other relations. In particular, on using the decomposition of the identity in terms of coherent states 1 = 1 (πθ)^2 ∫ d^2z_1d^2z_2|z_1, z_2⟩⟨z_1, z_2| (3.19)

and the last identity in (3.17), we arrive at ∫ d^2z_1d^2z_2 f_{P Q}(z, z̄) = (πθ)^2δ_{P Q}. (3.20)

The same result can be obtained by direct calculation on using (2.1) and (3.16).

The existence of an orthogonal matrix base for R^4_θ allows to rewrite the Wick-Voros product in (2.1) as a matrix multiplication. To this we introduce the notation Φ := {ϕ_{P K} }_{P,K∈N}2 for the infinite matrix whose entries are the fields components. We have then ϕ ⋆ ψ (z, z̄) = ∑ P Q ∑ LK ϕ_{P Q}ψ_{LK} (f_{P Q} ⋆ f_{LK} )(z, z̄) = ∑ P K (Φ · Ψ)_{P K} f_{P K} (z, z̄) (3.21)

with ( · ) the matrix product. As already noticed, this is a slight modification, adapted to the Wick-Voros product, of the matrix base defined in [32] for the Moyal algebra. It was introduced in [42] and already used in [44] in the context of renormalizable scalar field theories on the Wick-Voros plane. In the context of quantum field theories approximated with fuzzy geometries the Wick-Voros base has been recently used in [45].

3.2 The matrix base of R^3_λ

In order to obtain a matrix base in three dimensions, compatible with the product (2.10), we resort to the Schwinger-Jordan realization of the su(2) Lie algebra in terms of creation and annihilation operators, which was given in (2.7). The derivation is identical to the one performed in [46] except for the fact that the starting point, the matrix base on R^4_θ is here the Wick-Voros one.

It is known that H = H_0 ⊗ H_0 admits the natural decomposition H = ⨁ j∈^N_2 Vj where V_j = span{|j, m⟩}_{−j≤m≤j} , |j, m⟩ := |j + m⟩ ⊗ |j − m⟩ (3.22) is the linear space carrying the irreducible representation of SU(2) with dimension 2j + 1 and for any j ∈^N_2 , the system {|j, m⟩}_{−j≤m≤j} is orthonormal. From this, it can be realized that another natural base for R^4_θ is provided by {v̂^{jj̃}_{mm̃} := |j, m⟩⟨j̃, m̃|}, j, j̃ ∈ N 2 , −j ≤ m ≤ j , −j̃ ≤ m̃ ≤ j̃ . (3.23) The two bases are related as follows. We observe that the eigenvalues of the number operators N̂_1 = a^†_1a_1, N̂_2 = a^†_2a_2, say p_1, p_2, are related to the eigenvalues of X̂2, X̂_3, respectively j(j + 1) and m, by p_1 + p_2 = 2j p_1 − p_2 = 2m (3.24)

with p_i ∈ N, j ∈ N/2, −j ≤ m ≤ j, so to have |p_1p_2⟩ = |j + m, j − m⟩ ≡ |jm⟩ = (a^†_1)^{j+m}(a^†_2)^{j−m} √ (j + m)!(j − m)!θ^{2j} |00⟩ (3.25) where X̂_i, i = 1, .., 3 are the standard angular momentum operators representing the su(2) Lie algebra in terms of selfadjoint operators on the Hilbert space V_j spanned by |j, m⟩. Thus we may identify f̂_{MN} → v̂^{jj̃}_{mm̃}, (3.26) and, for their symbols f_{MN} (z, z̄) → v^{jj̃}_{mm̃}(z, z̄) = ⟨z_1, z_2|v̂^{jj̃}_{mm̃}|z_1, z_2⟩ (3.27) so to have, for ϕ ∈ R^4_θ

ϕ(z_a, z̄_a) = ∑ j,j̃∈N/2 j∑ m=−j j̃∑ m̃=−j̃ ϕ^{jj̃}_{mm̃}v^{jj̃}_{mm̃}(z_a, z̄_a) (3.28)

We further observe that, for ϕ(z, z̄) to be in the subalgebra R^3_λ we must impose j = j̃. To this it suffices to compute x_0 ⋆ v^{jj̃}_{mm̃}(z, z̄) − v^{jj̃}_{mm̃} ⋆ x_0(z, z̄) = λ(j − j̃)v^{jj̃}_{mm̃} (3.29) with x_0(z, z̄) = λ/(2θ)z̄_az_a and the ⋆ product defined in (2.10). Then we recall that R^3_λ may be alternatively defined as the ⋆-commutant of x_0. This imposes j = j̃ (3.30) We have then ϕ(x_i, x_0) = ∑ j j∑ m,m̃=−j ϕ^j_{mm̃}v^j_{mm̃} (3.31)

with v^j_{mm̃} := v^{jj}_{mm̃} = e^{− z̄azaθ} z̄^{j+m}_1 z^{j+m̃}_1 z̄^{j−m}_2 z^{j−m̃}_2 √ (j + m)!(j − m)!(j + m̃)!(j − m̃)!θ^{4j}

(3.32)

and we recall its expression in terms of the dequantization map v^j_{mm̃}(z, z̄) = ⟨z_1, z_2|j m⟩⟨j m̃|z_1, z_2⟩. (3.33) As for the normalization we have ∫ d^2z_1d^2z_2 v^j_{mm̃}(z, z̄) = π^2θ^2δ_{mm̃}. (3.34)

Let us notice that the base elements v^j_{mm̃}(z, z̄) can be reexpressed solely in terms of the coordinate functions x_i, x_0 although the expression is not unique. A possible choice is

v^j_{mm̃}(x_i, x_0) = e^{−2 x0}λ λ^{2j} (x_0 + x_3)^{j+m}(x_0 − x_3)^{j−m̃} (x_1 − ix_2)^{m̃−m} √ (j + m)!(j − m)!(j + m̃)!(j − m̃)!

. (3.35)

The star product acquires the simple form v^j_{mm̃} ⋆ v^{j̃}_{nñ} = δ^{jj̃}δ_{m̃n}v^j_{mñ} (3.36) which implies the orthogonality property ∫ v^j_{mm̃} ⋆ v^{j̃}_{nñ} = π^2θ^2δ^{jj̃}δ_{m̃n}δ_{mñ}. (3.37)

These properties may be either directly verified or derived from the dequantization map starting from the operator relations

v̂^{j1}_{m1,m2}v̂^{j2}_{n1,n2} = δ_{j1j2} δ_{m2 n1}v̂^{j1}_{m1,n2} , (v̂^j_{m1,m2} )^† = v̂^j_{m2,m1} , (3.38)

⟨v̂^{j1}_{m1,m2} , v̂^{j2}_{n1,n2} ⟩ = δ_{j1j2} δ_{m1 n1} δ_{m2 n2} 1 = ∑ j∈^N_2 j∑ m=−j v̂^j_{mm}, Tr (v̂^j_{m1,m2} ) = δ_{m1 m2} (3.39)

where ⟨v̂^{j1}_{m1,m2} , v̂^{j2}_{n1,n2} ⟩ := Tr (v̂^{j1}_{m1,m2} )^†v̂^{j2}_{n1,n2} is the scalar product.

Notice that, for any j ∈^N_2 , the set {v̂^j_{m1 ,m2} }, −j ≤ m_1, m_2 ≤ j of (2j + 1)^2 linear maps v^j_{m1,m2} : V^j → V^j simply describes the canonical base of the algebra of endomorphisms of V^j , orthonormal with respect to the scalar product introduced above. From this it follows that the direct sum decomposition R^3_λ ≃ ⨁ j∈^N_2 End(V^j ) ≃ ⨁ j∈^N_2 S^j (3.40)

holds true, where End(V^j ) denotes the algebra of endomorphisms of V^j , ∀j ∈^N_2 , which actually describe the so-called fuzzy spheres of different radii, S^j.

The star product in R^3_λ becomes a block-diagonal matrix product

ϕ ⋆ ψ(x_i, x_0) = ∑ ϕ^j_{m1m̃1} ψ^j_{m2m̃2} v^j_{m1m̃1} ⋆ v^j_{m2m̃2} = ∑ ϕ^j_{m1m̃1} ψ^j_{m2m̃2} v^j_{m1m̃2} δ_{m̃1 m2} = ∑ j,m_1,m̃_2 (Φ^j · Ψ^j)_{m1m̃2} v^j_{m1m̃2} (3.41)

where the infinite matrix Φ gets rearranged into a block-diagonal form, each block being the (2j + 1)×(2j +1) matrix Φ^j = {ϕ^j_{mn}}, −j ≤ m, n ≤ j. The integral may be defined through the pullback to R^4_θ ∫

R^3_λ

ϕ := κ^3 π^2θ^2 ∫ R^4_θ

π^⋆(ϕ) = κ^3 ∑ j Tr_j Φ^j (3.42)

with Tr_j the trace in the (2j + 1) × (2j + 1) subspace^¶. We have also ∫ R^3_λ ϕ ⋆ ψ := κ^3 π^2θ^2 ∫ R^4_θ

π^⋆(ϕ) ⋆ π^∗(ψ) = κ^3 ∑ j Tr_j Φ^jΨ^j. (3.43)

4 The scalar actions

In this section we consider a family of scalar field theories on R^3_λ indexed by two real parameters α, β. We assume the fields ϕ ∈ R^3_λ to be real. Upon rewriting the action in the matrix base we perform one loop calculations and discuss the divergences. Some comments on the renormalization of the theory are given at the end.

¶ If we were to perform our analysis in the coordinate base, without recurring to the matrix base, we should use a differential calculus adapted to R^3_λ as the one introduced in [47] .

4.1 General properties Let S[ϕ] = ∫ ϕ ⋆ (Δ + μ^2)ϕ + g 4! ϕ ⋆ ϕ ⋆ ϕ ⋆ ϕ (4.1) where Δ is the Laplacian defined as Δϕ = α ∑ i D^2_i ϕ + β κ^4 x_0 ⋆ x_0 ⋆ ϕ (4.2)

and D_i = κ^{−2}[x_i, · ]_⋆, i = 1, .., 3 are inner derivations of R^3_λ . The mass dimensions are [ϕ] = 1 2 , [g] = 1, [D_i] = 1. α and β are dimensionless parameters.

The second term in the Laplacian has been added in order to introduce radial dynamics. From (2.10) we have indeed [x_i, ϕ]_⋆ = −iλϵ_{ijk}x_j∂_kϕ (4.3) so that the first term, that is [x_i, [x_i, ϕ]_⋆]⋆ can only reproduce tangent dynamics on fuzzy spheres; this is indeed the Laplacian usually introduced for quantum field theories on the fuzzy sphere. Whereas x_0 ⋆ ϕ = x_0ϕ + λ 2 x_i∂_iϕ (4.4)

contains the dilation operator in the radial direction.

Therefore, the highest derivative term of the Laplacian defined in (4.2) can be made into the ordinary Laplacian on R^3 multiplied by x^2_0, for the parameters α and β appropriately chosen. We have indeed ∑ i [x_i, [x_i, ϕ]_⋆]_⋆ = λ^2 [ x^i∂_i(x^j ∂_jϕ + x^i∂_iϕ) ] − λ^2x^2_0∂^2ϕ (4.5)

x_0 ⋆ x_0 ⋆ ϕ + λ 2 x_0 ⋆ ϕ = λ^2 4 ( x^i∂_i(x^j ∂_j ϕ) + x^i∂_iϕ ) + λx_0(x^i∂_iϕ + ϕ) + x^2_0ϕ (4.6)

where, in order to have homogeneous terms in the noncommutative parameter, we have added to the radial part the optional contribution λ 2 x_0 ⋆ ϕ. (4.7)

With this choice, and α/β = −1/4, we obtain a term proportional to the ordinary Laplacian, multiplied by x^2_0, plus lower derivatives.

The term (4.7) is not relevant for our subsequent analysis, therefore we will ignore it in the rest of the paper, as it only produces a shift in the spectrum of the radial operator from j^2 to j(j +1/2). Nor it is really relevant for the homogeneity in λ of the various terms of the Laplacian coming form (4.6): we shall see below, on expanding the noncommutative field ϕ in the matrix base, that the different order in λ of the various terms in (4.6) is only a fictitious one, which does not take into account the dependence on the noncommutative parameter of the field itself . Indeed, as will be clear from Eqs. (4.14)-(4.16), the whole term Δϕ is of order λ^2 . For simplicity, in the rest of the paper we restrict the analysis to α, β positive, which is a sufficient condition for the spectrum to be positive.

A rigorous analysis of the commutative limit should be performed in terms of observables and correlation functions. We have not addressed this issue in the present work and plan to study it elsewhere, in connection with the problem of introducing a Laplacian operator without the rescaling factor x^2_0. This is an interesting point; our Laplacian is a natural one for R^3_λ : it is constructed in terms of derivations of the algebra supplemented by multiplicative operators. We signal the reference [48] where a different Laplacian is proposed for R^3_λ in the context of noncommutative quantum mechanics, to study the hydrogen atom. It would be interesting to apply such proposal to QFT. However, that operator is not based on derivations of R^3_λ . There might be other candidates; this issue is under investigation.

To rewrite the action in the matrix base {v^j_{mm̃}} we first express the coordinate functions in such a base. On using the expression of the generators in terms of z̄_a, z_a, (2.7) and the base transformations (3.14) we find

x_+ = λ θ z̄_1z_2 = λ ∑ j,m √ (j + m)(j − m + 1)v^j_{m m−1} (4.8)

x_− = λ θ z̄_2z_1 = λ ∑ j,m √ (j − m)(j + m + 1)v^j_{m m+1} (4.9)

x_3 = λ 2θ (z̄_1z_1 − z̄_2z_2) = λ ∑ j,m mv^j_{m m} (4.10)

x_0 = λ 2θ (z̄_1z_1 + z̄_2z_2) = λ ∑ j,m jv^j_{m m} (4.11)

were we have introduced x_± := x_1 ± ix_2. (4.12) Thus we compute

x_+ ⋆ v^j_{mm̃} = λ √ (j + m + 1)(j − m)v^j_{m+1 m̃} v^j_{mm̃} ⋆ x_+ = λ √ (j − m̃ + 1)(j + m̃)v^j_{m m̃−1} x_− ⋆ v^j_{mm̃} = λ √ (j − m + 1)(j + m)v^j_{m−1 m̃} v^j_{mm̃} ⋆ x_− = λ √ (j + m̃ + 1)(j − m̃)v^j_{m m̃+1} x_3 ⋆ v^j_{mm̃} = λ m v^j_{mm̃} v^j_{mm̃} ⋆ x_3 = λ m̃ v^j_{mm̃} x_0 ⋆ v^j_{mm̃} = λ j v^j_{mm̃} v^j_{mm̃} ⋆ x_0 = λ j v^j_{mm̃} (4.13) which yield

[x_+, [x_−, v^j_{mm̃}]_⋆]_⋆ = λ^2 {( (j + m)(j − m + 1) + (j + m̃ + 1)(j − m̃) ) v^j_{mm̃} + − √ (j + m)(j − m + 1)(j + m̃)(j − m̃ + 1)v^j_{m−1m̃−1} + − √ (j + m + 1)(j − m)(j + m̃ + 1)(j − m̃)v^j_{m+1m̃+1} } (4.14)

[x_−, [x_+, v^j_{mm̃}]_⋆]_⋆ = λ^2 {( (j + m + 1)(j − m) + (j + m̃)(j − m̃ + 1) ) v^j_{mm̃} + − √ (j + m)(j − m + 1)(j + m̃)(j − m̃ + 1)v^j_{m−1m̃−1} + − √ (j + m + 1)(j − m)(j + m̃ + 1)(j − m̃)v^j_{m+1m̃+1} } (4.15)

[x_3, [x_3, v^j_{mm̃}]_⋆]_⋆ = λ^2(m − m̃)^2v^j_{mm̃} x_0 ⋆ x_0 ⋆ v^j_{mm̃} = λ^2j^2v^j_{mm̃} (4.16)

These relations allow to compute Δ(α, β)v^j_{mm̃} = α κ^4 (1 2 ([x_+, [x_−, v^j_{mm̃}]_⋆]_⋆ + [x_−, [x_+, v^j_{mm̃}]_⋆]_⋆) + x_3, [x_3, v^j_{mm̃}]_⋆]_⋆ )

+ β κ^4 x_0 ⋆ x_0 ⋆ v^j_{mm̃}. (4.17)

On using the expansion of the fields in the matrix base and the multiplication rule for the base elements, already introduced in the previous section, respectively ϕ = ∑ j,mm̃ ϕ^j_{mm̃}v^j_{mm̃} (4.18)

and v^j_{mm̃} ⋆ v^{j̃}_{nñ} = δ^{jj̃}δ_{m̃n}v^j_{mñ} (4.19)

we obtain the action in (4.1) as a matrix model action

S[ϕ] = κ^3 { ∑ ϕ^{j1}_{m1m̃1} ( Δ(α, β) + μ^21 )_{j1j2} m_1m̃_1;m_2m̃_2 ϕ j_2 m_2m̃_2 + g 4! ∑ ϕ^{j1}_{mn}ϕ^{j2}_{np}ϕ^{j3}_{pq}ϕ^{j4}_{qm}δ_{j1j2} δ_{j2j3} δ_{j3j4} } = κ^3 { Tr (Φ(Δ(α, β) + μ^21)Φ) + g 4! Tr (ΦΦΦΦ) } (4.20)

where sums are understood over all the indices and Tr := ∑ j Tr_j . The matrix elements of the identity operator are 1^{j1j2}_{m1m̃1m2m̃2} = δ^{j1j2} δ_{m̃1 m2} δ_{m1m̃2} (4.21)

The kinetic operator may be verified to be

(Δ(α, β) + μ^21)^{j1j2}_{m1m̃1;m2m̃2} := 1 π^2θ^2 ∫ v^{j1}_{m1m̃1} ⋆ (Δ(α, β) + μ^21)v^{j2}_{m2m̃2} = λ^2 κ^4 δ^{j1j2} { δ_{m̃1 m2} δ_{m1m̃2} D^{j2}_{m2m̃2} − δ_{m̃1,m2+1}δ_{m1 ,m̃2+1}B^{j2}_{m2,m̃2} − δ_{m̃1 ,m2−1}δ_{m1,m̃2−1}H^{j2}_{m2,m̃2} } (4.22)

with

D^j_{m2m̃2} = [(2α + β)j^2 + 2α(j_2 − m_2m̃_2)] + λ^2μ^2 (4.23) B^j_{m2m̃2} = α √ (j + m_2 + 1)(j − m_2)(j + m̃_2 + 1)(j − m̃_2) (4.24) H^j_{m2m̃2} = α √ (j + m_2)(j − m_2 + 1)(j + m̃_2)(j − m̃_2 + 1). (4.25)

At this stage, some comments are in order.

i) The use of the matrix base for R^3_λ yields an interaction term which is diagonal (i.e a simple trace of product of matrices built from the coefficients of the fields expansion) whereas the kinetic term is not diagonal. Had we used the expansion of ϕ in the so called fuzzy harmonics base (Y^j_{lk}), j ∈^N_2 , l ∈ N, 0 ≤ l ≤ 2j, −l ≤ k ≤ l (see below), then we would have obtained a diagonal kinetic term with a complicated interaction term. Notice that this remark holds for any polynomial interaction term. We will come back to this point in a while.

ii) We observe that the action (4.20) is expressed as an infinite sum of contributions, namely S[Φ] = ∑ j∈^N_2 S

(j)[Φ], where the expression for S^{(j)} can be read off from (4.20) and describes a scalar action on the fuzzy sphere S^j ≃ End(V^j ).

A lot of information about the short and long distance behaviour of a matrix model with diagonal interaction term, regarding renormalization properties, is encoded into the propagator. The computation of this latter amounts to the determination of the inverse of the kinetic operator in Eq.

(4.20) operator which, because of the remark ii) above, is expressible into a block diagonal form. Explicitly S_{Kin}[Φ] = κ^3 ∑ j ∑ m,m̃ ϕ^{j1}_{m1m̃1} (Δ + μ^21)^{j1j2}_{m1m̃1;m2m̃2} ϕ^{j2}_{m2m̃2} , (4.26)

with Δ^{j1j2}_{m1m̃1;m2m̃2} defined in (4.22). Since the mass term is diagonal, let us put it to zero for the moment. We shall restore it at the end. One has the following ”law of indices conservation”

Δ^{j1j2}_{mn;kl} ≠ 0 =⇒ j_1 = j_2, m + k = n + l (4.27)

We denote by P^{j1j2}_{mn;kl}(α, β) the inverse of Δ^{j1j2}_{mn;kl}(α, β) which is defined by

j_2∑

k,l=−j_2 Δ^{j1j2}_{mn;lk}P^{j2j3}_{lk;rs} = δ^{j1j3} δ_{ms}δ_{nr}, j_2∑

m,n=−j_2 P^{j1j2}_{rs;mn}Δ^{j2j3}_{mn;kl} = δ^{j1j3} δ_{rl}δ_{sk}, (4.28) for which the law of indices conservation still holds true as

P^{j1j2}_{mn;kl} ≠ 0 =⇒ j_1 = j_2 m + k = n + l. (4.29)

To determine P^{j1j2}_{mn;kl} one has to diagonalize Δ^{j1j2}_{mn;kl}. This can be done by direct calculation, as in [16] for the case of noncommutative scalar theories on the Moyal spaces R^{2n}_θ , by first exploiting the implications of (4.27), (4.29) to turn, at fixed j = j_1 = j_2, the multi-indices quantities Δ^j_{mn;kl} and P^j_{mn;kl} into two sets (indexed by, say, m − n = l − k, see (4.27), (4.29)) of matrices with two indices, then by looking for a set of unitary transformations diagonalising the set of matrices stemming from Δ^j_{mn;kl}(α, β). Then, each of these unitary transformations is found to be a solution of a 3-terms recursive equation defining a particular class of orthogonal polynomials. In the case of the scalar noncommutative field theories considered in [16], the above recursive equations are solved by a specific family of Meixner polynomials [49]. Having diagonalized the kinetic operator, the expression for the propagator follows. In the present case, a similar direct calculation can be performed and gives rise after some calculations to a family of 3-term recursive equations, solved by a particular family of polynomials, the so called dual Hahn polynomials [49]. Details of this derivation are given in Appendix.

However the whole computation of the propagator can be considerably simplified observing that, as already mentioned, we already know an alternative orthogonal base for End(V^j ) where the kinetic part of the action can be shown to be diagonal. These are the so called fuzzy spherical harmonics. We show in the appendix that the two methods are equivalent, and we exhibit the proportionality relation between dual Hahn polynomials and the fuzzy spherical harmonics.

4.2 The kinetic action in the fuzzy spherical harmonics base

It is well known and largely exploited in the literature on the fuzzy sphere, that End(V^j ) is spanned by the so called Fuzzy Spherical Harmonics Operators, or, up to normalization factors, irreducible tensor operators. We shall indicate them as Ŷ^j_{lk} ∈ End(V^j ), l ∈ N, 0 ≤ l ≤ 2j, −l ≤ k ≤ l, (4.30) whereas the unhatted objects Y^j_{lk} are their symbols and are sometimes referred to as fuzzy spherical harmonics with no other specification (notice however that the functional form of the symbols does depend on the dequantization map that has been chosen). Concerning the definition and normalization of the fuzzy spherical harmonics operators, we use the following conventions [50]. We set J_± = x̂_± λ . (4.31) We have, for l = m, Ŷ^j_{ll} := (−1)^l √ 2j + 1 l! √ (2l + 1)!(2j − l)! (2j + l + 1)!

(J_+)^l (4.32) while the others are defined recursively through the action of J_− Ŷ^j_{lk} := [(l + k + 1)(l − k)]^{− 1}_2 [J_−, Ŷ^j_{l,k+1}], (4.33)

and satisfy

(Ŷ^j_{lk})^† = (−1)^{k−2j}Ŷ^j_{l,−k}, ⟨Ŷ^j_{l1k1} , Ŷ^j_{l2k2} ⟩ = Tr ((Ŷ^j_{l1k1} )^†Ŷ^j_{l2k2} ) = (2j + 1)δ_{l1 l2} δ_{k1k2} . (4.34) The symbols are defined through the dequantization map (3.4) Y^j_{lk} := ⟨z| Ŷ^j_{lk} |z⟩. (4.35) From (4.33), (4.34) and the Lie algebra relation [J_+, J_−] = 2J_3 it is straightforward to check the usual properties [J_−, Ŷ^j_{lk}] = √ (l + k)(l − k + 1)Ŷ^j_{l k−1} (4.36) [J_+, Ŷ^j_{lk}] = √ (l − k)(l + k + 1)Ŷ^j_{l k+1} (4.37) [J_3, Ŷ^j_{lk}] = k Ŷ^j_{lk} (4.38) [J_i, [J_i, Ŷ^j_{lk}]] = l(l + 1)Ŷ^j_{lk} (4.39) which imply for the symbols [x_−, Y^j_{lk}]_⋆ = λ < z|[J_−, Ŷ^j_{lk}]|z >= λ √ (l + k)(l − k + 1)Y^j_{l k−1} [x_+, Y^j_{lk}]_⋆ = λ < z|[J_+, Ŷ^j_{lk}]|z >= λ √ (l − k)(l + k + 1)Y^j_{l k+1} [x_3, Y^j_{lk}]_⋆ = λ < z|[J_3, Ŷ^j_{lk}]|z >= λ k Y^j_{lk} (4.40) and in particular [x_i, [x_i, Y^j_{lk}]_⋆]_⋆ = λ^2 < z|[J_i, [J_i, Ŷ^j_{lk}]]|z >= λ^2 l(l + 1) Y^j_{lk}. (4.41) In order to evaluate the action of the full Laplacian (4.2) on the fuzzy spherical harmonics we need to compute x_0 ⋆ Y^j_{lk}. To this we express the fuzzy spherical harmonics in the canonical base v^j_{mm̃}

Y^j_{lk} = ∑ −j≤m,m̃≤j (Y^j_{lk})_{mm̃}v^j_{mm̃}, (4.42)

where the coefficients are given in terms of Clebsch-Gordan coefficients by [50]

(Y^j_{lk})_{mm̃} = ⟨v̂^j_{mm̃}|Ŷ^j_{lk}⟩ = √ 2j + 1(−1)^{j−m̃} ( j j l m −m̃ k ) , −j ≤ m, m̃ ≤ j , (4.43)

(Y^j_{lk}^†)_{mm̃} = (−1)^{−2j} (Y^j_{lk})_{m̃m}. (4.44)

On using Eq. (4.42), and the orthogonality relation of Clebsch-Gordan coefficients ∑ mm̃ ( j j l_1 m m̃ k_1 ) ( j j l_2 m m̃ k_2 ) = δ_{l1l2} δ_{k1k2} (4.45)

together with the star product (3.37) it is straightforward to check that ∫ Y^{j1}_{l1k1} ⋆ Y^{j2}_{l2k2} = κ^3(−1)^{k1+2j1} (2j_1 + 1)δ^{j1 j2} δ_{l1l2} δ_{−k1k2} (4.46) ∫ Y^{j1 †}_{l1k1} ⋆ Y^{j2}_{l2k2} = κ^3(2j_1 + 1)δ^{j1j2} δ_{l1l2} δ_{k1k2} (4.47)

in accordance with the second of relations (4.34). Eq. (4.42), and last of Eqs. (4.13) imply

x_0 ⋆ Y^j_{lk} = ∑ −j≤m,m̃≤j (Y^j_{lk})_{mm̃} x_0 ⋆ v^j_{mm̃} = λjY^j_{lk}. (4.48)

Thus, from the definition of the Laplacian (4.2) and Eqs. (4.41), (4.48), we verify that in the fuzzy spherical harmonics base the whole kinetic term is diagonal, Δ(α, β)Y^j_{lk} = λ^2 κ^4 ( αl(l + 1) + βj^2 ) Y^j_{lk} j ∈ N 2 , 0 ≤ l ≤ 2j, l ∈ N, −l ≤ k ≤ l (4.49) with eigenvalues λ^2 κ^4 γ(j, l; α, β) := λ^2 κ^4 ( αl(l + 1) + βj^2 ) . (4.50)

Note that (4.49), (4.50), with our choice for the dimensionality of the parameters λ, κ, single out a natural choice for the UV and IR regimes, which correspond respectively to large or small values of γ(j, l; α, β). We can expand the fields ϕ ∈ R^3_λ in the fuzzy harmonics base ϕ = ∑ j∈^N_2 2j∑ l=0 l∑ k=−l φ^j_{lk}Y^j_{lk}, (4.51)

and comparing with their expression in the canonical base, (4.18), we readily obtain

ϕ^j_{mm̃} = 2j∑ l=0 l∑ k=−l (Y^j_{lκ})_{mm̃}φ^j_{lk} = 2j∑ l=0 l∑ k=−l √ 2j + 1(−1)^{j−m2} ( j j l m −m̃ k ) φ^j_{lk}, (4.52)

which relates the propagating degree of freedom φ^j_{lk}, for which the kinetic term of the action is diagonal, to the interacting degree of freedom ϕ^j_{mm̃} for which the interaction term is diagonal.

From (4.51) and the properties of the fuzzy harmonics we derive, for a Hermitian field ϕ, ϕ^† = ϕ ⇒ φ^j_{lk} = (−1)^{−k−2j} φ^{j∗}_{l,−k}, j ∈ N 2 , l ∈ N, 0 ≤ l ≤ 2j, −l ≤ k ≤ l. (4.53) Therefore, upon restoring the mass term, we can compute the kinetic action in the fuzzy harmonics base ∫ ϕ ⋆ (Δ + μ^2)ϕ = λ^2 κ^4 ∑ φ^j_{l1k1} φ^j_{l2k2} ( γ(j, l_2; α, β) + κ^4 λ^2 μ^2 ) ∫ Y^j_{l1k1} ⋆ Y^j_{l2k2} (4.54) = λ^2 κ^4 ∑ φ^{j∗}_{l1k1} φ^j_{l2k2} ( γ(j, l_2; α, β) + κ^4 λ^2 μ^2 ) ∫ Y^{j†}_{l1k1} ⋆ Y^j_{l2k2} = λ^2 κ ∑ |φ^j_{lk}|^2(2j + 1)(γ(j, l; α, β) + κ^4 λ^2 μ^2) (4.55) which is positive for α, β ≥ 0. We define for further convenience

(Δ_{diag})^{j1j2}_{l1k1l2k2} = 1 λ^3 ∫ Y^{j1}_{l1k1} ⋆ Δ(α, β)Y^{j2}_{l2 k2} = 1 λ^2

(−1)^{k1+2j1} (2j_1 + 1)γ(j_1, l_1; α, β)δ^{j1 j2} δ_{l1l2} δ_{−k1k2} . (4.56)

4.3 The propagator We can now state the following Lemma

Lemma 1 Let R^3_λ be the noncommutative algebra defined in (3.40), with canonical base {v^j_{mm̃}}, j ∈^N_2 , −j ≤ m, m̃ ≤ j, together with the fuzzy spherical harmonics base {Y^j_{lk}}, j ∈^N_2 , 0 ≤ l ≤ 2j, −j ≤ m ≤ j. The inverse of the kinetic operator, in the canonical base, ( Δ(α, β) + μ^21 )_{j1j2} m_1m̃_1;m_2m̃_2 = 1 π^2θ^2 ∫ v^{j1}_{m1m̃1} ⋆ ( Δ(α, β) + μ^21 ) v^{j2}_{m2m̃2} (4.57)

is given by

(P (α, β))^{j1 j2}_{p1 ,p̃1;p2p̃2} = δ^{j1j2}

2j_1∑

l=0 l∑ k=−l ∫_∞ 0 dt e^{−t(2j1 +1)( λ} 2 κ4 γ(j,_1l;α,β)+μ^2)(Y j_1 lk † )_{p1p̃1} (Y^{j2}_{lk} )_{p2p̃2} , (4.58)

where γ(j, l; α, β), the eigenvalues of the Laplacian operator, have been given in (4.50).

Proof It is based on the so called Schwinger parametrization. For each positive operator A we can write 1 A = ∫_∞ 0 dt e^{−tA} (4.59) This applies to the matrix elements of the kinetic operator in the diagonal (propagation) base [ (Δ_{diag} + μ^21)^{−1} ]_{j1j2} l_1k_1l_2k_2 = ∫ dt e^{−t(Δdiag +μ21)j1 j2l}1^k1^l2^k2 = (−1)^{k1+2j1} ∫ dte^{−t(2j1 +1)( λ} 2 κ4 γ(j_1,l_2;αβ)+μ^2) δj_1j_2 δ l_1l_2 δ−k_1k_2 (4.60)

Let us perform a change of base from the diagonal to the interaction (canonical) base. We have ∫ ϕ ⋆ Δϕ = κ^3 ∑ ϕ^{j1}_{m1m̃1} Δ^{j1j2}_{m1m̃1m2m̃2} ϕ^{j2}_{m2m̃2}

= κ^3 ∑ φ^{j1}_{l1k1} (Y^{j1}_{l1k1} )_{m1m̃1} Δ^{j1j2}_{m1m̃1m2m̃2} φ^{j2}_{l2k2} (Y^{j2}_{l2k2} )_{m2m̃2} (4.61)

By comparing with the expression in the diagonal base (4.54) we obtain

(Δ^{j1j2}_{diag})_{l1k1l2k2} = (Y^{j1}_{l1k1} )_{m1m̃1} Δ^{j1j2}_{m1m̃1m2m̃2} (Y^{j2}_{l2k2} )_{m2m̃2} (4.62)

with inverse transformation

Δ^{j1j2}_{m1m̃1m2m̃2} = 1 (2j_1 + 1)^2

(Y^{j1}_{l1k1} )_{m1m̃1} (Δ^{j1j2}_{diag})_{l1k1l2k2} (Y^{j2}_{l2k2} )_{m2m̃2} (4.63)

The (massless) propagator is then

[Δ^{j1j2} )^{−1}]_{m1m̃1m2m̃2} = (Y^{j1}_{l1k1} )_{m1m̃1} [(Δ^{j1j2}_{diag} )^{−1}]_{l1k1l2k2} (Y^{j2}_{l2k2} )_{m2m̃2} (4.64)

On replacing the expression for the diagonal inverse (4.60) and on using the first of Eqs. (4.34) we arrive at

[Δ + μ^21)^{−1}]^{j1j2}_{m1m̃1m2m̃2} = (−1)^{−k+2j1} δ^{j1j2}

2j_1∑

l=0 l∑ k=−l ∫ dte^{−t(2j1 +1)} (_{λ2} κ4 γ(j_1,l;α,β)+μ^2 ) (Y^{j1}_{l−k})_{m1m̃1} (Y^{j2}_{lk} )_{m2m̃2}

= δ^{j1j2} 2j_1∑

l=0 l∑ k=−l ∫ dte^{−t(2j1+1)} (_{λ2} κ4 γ(j_1,l;α,β)+μ^2 ) (Y^{j1†}_{lk} )_{m1m̃1} (Y^{j2}_{lk} )_{m2m̃2} (4.65)

which completes the proof. The result can be verified directly, by using the orthogonality properties of the fuzzy harmonics. ■

5 One-loop calculations

Once we have established the form of the propagator in the matrix base,

P^{j1j2}_{m1m̃1m2m̃2} = δ^{j1j2} 2j∑ l=0 l∑ k=−l ∫ dte^{−t(2j1+1)} (_{λ2} κ4 γ(j_1,l;α,β)+μ^2 ) (Y^{j1†}_{lk} )_{m1m̃1} (Y^{j2}_{lk} )_{m2m̃2} (5.1)

and of the vertex V^{j1j2j3j4} p_1p̃_1;p_2p̃_2;p_3p̃_3;p_4p̃_4 = g 4! δ^{j1j2} δ^{j2j3} δ^{j3j4} δ_{p̃1p2} δ_{p̃2p3} δ_{p̃3p4} δ_{p̃4p1} (5.2)

the computation of Feynman graphs (ribbon graphs) of every order is fairly easy: it is just a matter of gluing together the appropriate number of propagators, which are represented by a double-line, while contracting them with the diagonal vertex (see Fig. 1). Being independent on the details of

j_1

m̃_1 j_2 m_2 m_1 m̃_2

j_1 p_1

p̃_1 j_2 p_2 p̃_2 j_3 p̃_3

p_3 j_4 p_4

p̃_4

(5.3)

Figure 1: The propagator and the vertex.

the propagator, they can be obtained within a path-integral approach as for example in [23], where the generating functional for connected correlation functions is explicitly computed for non-local matrix models (i.e. with non-diagonal propagator) with quartic interaction, up to second order in the coupling constant. In the following we explicitly compute typical one-loop planar and non planar contributions to the connected two and four point correlation functions.

5.1 Planar two-point Green function A typical diagram contributing to the 2-point connected correlation function is depicted on Fig. 2. Its amplitude is given by

A^{j1j2P}_{p1p̃1;p2p̃2} = ∞∑ j_3j_4=0 ∑ p_3p̃_3p_4p̃_4 V^{j1j2j3j4} p_1p̃_1;p_2p̃_2;p_3p̃_3;p_4p̃_4 P j_3j_4 p_4p̃_4p_3p̃_3 = δ j_1j_2 δ p̃_1p_2 ∑ p_3 P^{j1j2}_{p1p3p3p̃2}

= κ^4 λ^2 δ^{j1j2} 2j_1∑

l=0 1 (2j_1 + 1) ( γ(j_1, l, α, β) +^{κ4}_{λ2} μ^2 ) ∑ p_3 ∑ k (Y^{j1†}_{lk} )_{p1p3} (Y^{j2}_{lk} )_{p3p̃2} (5.4)

By using the expression of the fuzzy harmonics in the canonical matrix base, (4.43), (4.44), together with the relation ( j_1 j_2 l m_1 m_2 k ) = (−1)^{j1−m1} √ 2l + 1 2j_2 + 1 ( j_1 l j_2 m_1 −k −m_2 ) (5.5)

the sums over p_3 and k can be entirely performed. From the relation 1 2j + 1

(Y^{j†}_{lk} )_{p1p3} (Y^j_{lk})_{p3p̃2} = (−1)^{−p1−p̃2} ( j j l p_3 −p_1 k ) ( j j l p_3 −p̃_2 k )

we obtain

A^{j1j2P}_{p1p̃1;p2p̃2} = κ^4 λ^2 δ^{j1j2} δ_{p̃1p2} δ_{p1p̃2}

2j_1∑

l=0 (−1)^{2j1}

2l + 1 (2j_1 + 1)(γ(j_1, l; αβ) +^{κ4}_{λ2} μ^2)

(5.6)

It can be verified that A^{j1j2 P}_{p1p̃1;p2p̃2} (5.6) is finite, including the case j → ∞. Indeed, let us pose j_1 = j_2 = j and let us assume first that β = 0. By a standard result of analysis, one can write lim_{j→∞} |A^{jP (β=0)} p_1p̃_1;p_2p̃_2 | =

κ^4 λ^2 δ_{p̃1p2} δ_{p1p̃2} lim_{j→∞} 1 2j + 1 2j∑ l=0 2l + 1 (αl(l + 1) +^{κ4}_{λ2} μ^2) = κ^4 λ^2 δ_{p̃1p2} δ_{p1p̃2} lim_{j→∞} 1 2j + 1 ∫_{2j} 0 dx 2x + 1 (αx(x + 1) +^{κ4}_{λ2} μ^2)

= 0, (5.7)

showing finitude of A^{jP (β=0)}_{p1p̃1;p2p̃2} . This extends to A^{jP}_{p1p̃1;p2p̃2} since |A^{jP}_{p1p̃1;p2p̃2} | ≤ |A^{jP (β=0)}_{p1p̃1;p2p̃2} | holds true.

p_1

p̃_1 p_2 p̃_2

Figure 2: Planar diagram contributing to the 2-point correlation function

In order to compare with known results on the fuzzy sphere we look for an expression of the planar amplitude in the fuzzy harmonics base. To this, we write the contribution of the planar two-point amplitude to the quadratic part of the effective action. At one loop we have, up to multiplicative combinatorial factors (see [23])

Γ^{(2)P} = ∑ j_i,p_i,p̃_i ϕ^{j1}_{p1p̃1} A^{j1j2 P}_{p1p̃1;p2p̃2} ϕ^{j2}_{p2p̃2} = ∑ j_i,l_i,k_i φ^{j1}_{l1 k1} ( ∑ p_i,p̃_i, (Y^{j1}_{l1k1} )_{p1p̃1} A^{j1j2 P}_{p1p̃1;p2p̃2} (Y^{j2}_{l2k2} )_{p2p̃2} ) φ^{j2}_{l2k2} = ∑ j_i;l_i,k_i φ^{j1}_{l1k1}Ã^{j1j2 P}_{l1k1;l2k2} φ^{j2}_{l2k2} i = 1, 2 (5.8)

where we used ϕ^j_{mn} = ∑ l,k φ^j_{lk}(Y^j_{lk})_{mn} to obtain the middle equality in (5.8), while the rightmost equality defines Ã^{j1j2 P}_{l1k1;l2k2} , the amplitude in fuzzy harmonics base. We have Ã^{j1j2 P} l_1k_1;l_2k_2 =

κ^4 λ^2 δ^{j1j2} j_i∑

p_ip̃_i=−j_i δ_{p̃1p2} δ_{p1p̃2}

(−1)^{2j1} 2j_1 + 1

2j_1∑

l=0 2l + 1 αl(l + 1) + βj^2_1 +^{κ4}_{λ2} μ^2

(Y^{j1}_{l1k1} )_{p1p̃1} (Y^{j2}_{l2k2} )_{p2p̃2} .

(5.9)

The sum over p_i, p̃_i can be performed thanks to the Kronecker delta symbols, giving rise to Ã^{j1j2 P} l_1k_1;l_2k_2 =

κ^4 λ^2 δ^{j1j2} 2j_1∑

l=0 2l + 1 αl(l + 1) + βj^2_1 +^{κ4}_{λ2} μ^2

(−1)^{k2} δ_{−k1k2} δ_{l1l2} . (5.10)

In order to establish a connection with the results which have been obtained in the literature on the fuzzy sphere [33, 34], we fix j_1 = j_2 = j and β = 0 so that our kinetic operator reproduces the Laplacian mostly considered within fuzzy sphere studies. We obtain

Ã^{j P (β=0)}

l_1k_1;l_2k_2 =

κ^4 λ^2 2j∑ l=0 2l + 1 αl(l + 1) +^{κ4}_{λ2} μ^2

(−1)^{k2} δ_{−k1k2} δ_{l1l2} (5.11)

which coincides with the result found in [33, 34].

Let us notice that, unlike the result in the canonical base, Eq. (5.7), this amplitude is logarithmically divergent with j → ∞. Indeed, its behaviour is ruled by the behaviour of the sum P = n∑ l=0 2l + 1 l(l + 1) + ν^2

, ν^2 := κ^4 λ^2 μ^2 α n = 2j (5.12)

We assume ν > 0. It can be readily observed that (5.12) is divergent for n → ∞. Indeed, let us introduce the following positive function on [0, +∞[, f(x) =^{2x+1}_{x(x+1)+ν2} . One can check that it is monotonically decreasing on [0, +∞[ provided ν^2 ≤^1_2 . Then, from an elementary result of analysis, lim_{n→∞} ∑_n l=0 2l+1 l(l+1)+ν^2 behaves as ∫_∞ 0 dx f(x). But ∫_∞ 0 dx f(x) = [log(x(x + 1) + ν^2)]^∞_0 which diverges and so does (5.12). When ν^2 ≥^1_2 , the above analysis holds true provided one replaces the domain of f(x) by the domain on which f(x) is decreasing and modifies accordingly the lowest value in the summation of the series.

The divergence developed in the propagating base is however only an apparent one, as can be seen inverting the relation (5.10) for the amplitude in the canonical matrix base. Let us consider this in detail. Eq. (4.42) and the orthogonality of Clebsch-Gordan imply

v^j_{mm̃} =

(−1)^{2j} 2j + 1 ∑ lk (Y^j_{lk})_{mm̃}Y^j_{lk} (5.13)

so that, inverting Eq. (3.14) we obtain φ^j_{lk} = (−1)^{2j} 2j + 1 ∑ mm̃ ϕ^j_{mm̃}(Y^j_{lk})_{mm̃} (5.14)

Thus, from (5.8) we obtain the two-point planar amplitude in the canonical matrix base, in terms of the one in the fuzzy harmonics base

A^{j1j2 P}_{m1m̃1;m2m̃2} =

(−1)^{2(j1 +j2)} (2j_1 + 1)(2j_2 + 1) ∑ l_ik_i (Y^{j1}_{l1k1} )_{m1m̃1}Ã^{j1j2 P}_{l1k1;l2k2} (Y^{j2}_{l2k2} )_{m2m̃2} . (5.15)

The latter being proportional to (−1)^{k2} , the former becomes an alternating sum, which explains our results.

p̃_1 p_1 p_3 p̃_3

Figure 3: Nonplanar diagram contributing to the two-point function

5.2 Non-planar two-point graph

A typical non-planar contribution to the connected 2-point correlation function at one loop is represented in Fig. 3. The amplitude is given by A^{j1j3 NP}_{p1p̃1;p3p̃3} = ∑ j_2j_4∈^N_2 ∑ p_2p̃_2p_4p̃_4 V^{j1j2j3j4} p_1p̃_1;p_2p̃_2;p_3p̃_3;p_4p̃_4 P j p̃_4p_4p̃_2p_2 = δ j_1j_3 P j1j3 p_1p̃_3p_3p̃_1

= κ^4 λ^2 δ^{j1j3} 2j_1∑

l=0 1 (2j_1 + 1) ( γ(j_1, l, α, β) +^{κ4}_{λ2} μ^2 ) ∑ k (Y^{j1†}_{lk} )_{p1p̃3} (Y^{j3}_{lk} )_{p3p̃1}

= κ^4 λ^2 δ^{j1j3} 2j_1∑

l=0 1 ( γ(j_1, l, α, β) +^{κ4}_{λ2} μ^2 ) × ∑ k (−1)^{p1+p̃1} ( j_1 j_1 l p̃_3 −p_1 k ) ( j_1 j_1 l p_3 −p̃_1 k ) (5.16)

We first consider the simpler case with p_1 = p̃_1, p_3 = p̃_3 and assume for a while that the dimensionless parameter m^2 :=^{κ4}_{λ2} μ^2 satisfies m^2 ≥ 1. Then, the following estimate holds true

2j_1∑

l=0 l∑ k=−l 1 ( αl(l + 1) + βj^2_1 +^{κ4}_{λ2} μ^2 ) ( j_1 j_1 l p_3 −p_1 k ) ( j_1 j_1 l p_3 −p_1 k )

≤ 2j_1∑

l=0 l∑ k=−l ( j_1 j_1 l p_3 −p_1 k ) ( j_1 j_1 l p_3 −p_1 k ) = 1 (5.17)

so that |A^{j1j3}_{p1,p1;p3p3} | satisfies |A^{j1j3}_{p1,p1;p3p3} | ≤ κ^4 λ^2 δ^{j1j3} ∀j_i ∈ N 2 , −j_i ≤ p_i ≤ j_i. (5.18)

From (5.16), (5.17) and (5.18), one concludes that A^{jNP}_{p1p1;p3p3} is always finite for any value of the external indices. Relaxing now the above assumption of equality among the external indices, one notices that the eigenvalues in the spectrum of the operator describing the propagator vanish at large j and are of finite degeneracy, signaling a compact operator, hence bounded. From the very definition of the operator norm, the 2nd equality in (5.16) implies that the nonplanar amplitude is finite.

The relevant expression for the amplitude in the propagation basis can be computed in a way similar to the one of subsection 5.1. We obtain Ã^{j1j2 NP} l_1k_1;l_2k_2 = ∑ p_i,p̃_i A^{j1j2 NP} p_1p̃_1p_2p̃_2 (Y j_1 l_1k_1 )p1p̃1 (Y j_2 l_2k_2 )p2p̃2 =

κ^4 λ^2 δ^{j1j2} 2j_1∑

l=0 2j_1 + 1 ( αl(l + 1) + βj^2_1 +^{κ4}_{λ2} μ^2 ) × l∑ k=−l j_i∑

p_i,p̃_i=−j_i (−1)^k ( j_1 j_2 l p̃_2 −p_1 k ) ( j j l p_2 −p̃_1 k ) ( j_1 j_1 l_1 p_1 −p̃_1 k_1 ) ( j_1 j_1 l_2 p_2 −p̃_2 k_2 )

= κ^4 λ^2 δ^{j1j2} 2j_1∑

l=0 (2j_1 + 1)(2l + 1) ( αl(l + 1) + βj^2_1 +^{κ4}_{λ2} μ^2 )(−1)^{l1+l+2j1−k1} δ_{l1l2} δ_{k1,−k2} { j_1 j_1 l_1 j_1 j_1 l } (5.19)

where the last term is a Wigner 6j-symbol. To obtain the rightmost equation, we have used the relation between Clebsch-Gordan coefficients and Wigner 3j-symbols ( j_1 j_2 l p_1 p_2 k ) = √ 2l + 1(−1)^{j1−j2+k} ( j_1 j_2 l p_1 p_2 −k ) (5.20)

and the summation formula for the product of four Wigner 3j-symbols, as given for example in [51]. For β = 0, j_1 = j_2 = j (5.19) agrees with the expression found in [33, 34] for the fuzzy sphere.

Let us notice that the analysis of the IR behavior of the two-point non-planar graph we are considering is more complicated in the propagating base. This has already been considered in [34] for the fuzzy sphere, and their analysis extends trivially to our case. We shortly review it for completeness. Note first that when l_1 = 0, the Wigner 6j-symbol in (5.19) can be simplified into { j_1 j_1 0 j_1 j_1 l } = 1 2j_1 + 1

(−1)^{2j1 +l} (5.21)

which, combined with (5.19) yields Ã^{j1,j2, NP (β=0)} l_1=0 := Ã j_1,j_2, NP (β=0) 0,0;0,0 =

κ^4 λ^2 δ^{j1j2} 2j_1∑

l=0 (2l + 1) ( αl(l + 1) +^{κ4}_{λ2} μ^2

) = Ã^{j1j2 P (β=0)}

0,0;0,0 (5.22)

where Ã^{j1j2P (β=0)}

0,0;0,0 can be read off from (5.10). Notice that this relation extends obviously to the

case β ≠ 0. From (5.22), one deduces that both planar and non-planar contributions for zero external momentum, l_1 = 0, have the same behavior. It is finite for finite j while a logarithmic divergence appears at large j since lim_{j→∞} ∑_{2j} l=l_0 2l+1 l(l+1)+ν^2 ∼ limj→∞ ∫_j l_0 dx (2x+1) (_{αx(x+1)+ κ4} λ2 μ^2

) ∼ lim_{j→∞} log(j).

A rigorous analysis of the general case l_1 ≪ j would require to make use of asymptotic for the Wigner 6j-symbols. Nevertheless, a reliable approximation can be obtained by using the Racah approximation for the Wigner 6j-symbols coefficients, as already used in [34] { j j l_1 j j l } ≈ (−1)^{l1+l+2j} 2j P_{l1} (1 − l^2 2j^2

) (5.23)

where P_l(x) denotes the Legendre polynomial of order l. This approximation is accurate provided l_1 ≪ j and j ≫ 1. This yields Ã^{j,NP, (β=0)} l_1k_1;l_2k_2 − Ã j,P (β=0) l_1k_1;l_2k_2 ≈ (−1)^{k1} δ_{k1,k2} δ_{l1,l2} κ^4 λ^2 2j∑ l=0 (2l + 1) ( αl(l + 1) +^{κ4}_{λ2} μ^2 )( 2j + 1 2j P_{l1} (1 − l^2 2j^2

) − 1)

≈ (−1)^{k1} δ_{k1,k2} δ_{l1,l2} κ^4 λ^2 2j∑ l=0 (2l + 1) ( αl(l + 1) +^{κ4}_{λ2} μ^2

)(P_{l1} (1 − l^2 2j^2

) − 1). (5.24)

By further assuming that^{κ2μ}_λ ≪ j, the sum in (5.24) can be approximated by (ε :=^1_j ) 2j∑ l=0 (2l + 1) ( αl(l + 1) +^{κ4}_{λ2} μ^2

)(P_{l1} (1 − l^2 2j^2

) − 1) ≈ 1 αj ∫_2 0 du 2u + ε u(u + ε) +^{m2}_{j2} ( P_{l1} (1 − u^2 2 ) − 1 )

≈ 1 2αj ∫_1 −1 dx 1 − x (P_{l1} (x) − 1) = − 1 αj h(l_1) (5.25)

where h(n) := ∑_n k=1 k^{−1}, h(0) = 0 denotes the harmonic number. Eqn. (5.25) can be interpreted as the counterpart of the apparent logarithmic divergence appearing in the planar amplitude in the harmonic base. .

5.3 A class of finite scalars models at α = 0 In this subsection, we set α = 0, β ≠ 0 in (4.2) and assume ρ^2 :=^{κ4μ2}_{λ2β} > 0. Then, the propagator (4.58) simplifies into

P (β)^{j1j2}_{p1,p̃1;p2p̃2} := (P (0, β))^{j1 j2}_{p1 ,p̃1;p2p̃2} = κ^4 λ^2β

(−1)^{2j1} j^2_1 + ρ^2 δ^{j1j2} δ_{p̃1p2} δ_{p̃2p1} , ∀j_i ∈ N 2 (5.26)

which can be easily obtained by using the properties of the fuzzy harmonics. This expression simplifies the computation of the amplitude of any diagram of arbitrary order since each sum over internal indices simply results in an overall factor 2j + 1. This will accordingly simplify the power counting analysis.

In order to prepare the ensuing discussion, we first consider the amplitude of the planar diagram for the 2-point function. From (5.4) and (5.26), we find that the corresponding amplitude can be cast into the form

A^{j1j2P}_{p1p̃1;p2p̃2} (α = 0) = δ^{j1j2} δ_{p̃1p2} ∑ p̃_3

P (β)^{j1}_{p1p̃3p̃3p̃2} = κ^4 λ^2β δ^{j1j2} δ_{p̃1p2} δ_{p1p̃2} (

j_1∑

p̃_3=−j_1

δ_{p̃3p̃3} )

(−1)^{2j1} j^2_1 + ρ^2 = κ^4 λ^2β δ^{j1j2} δ_{p̃1p2} δ_{p1p̃2}

(−1)^{2j1} (2j_1 + 1) j^2_1 + ρ^2

. (5.27)

In the same way, the amplitude for the nonplanar diagram is A^{j1j2NP} p_1p̃_1;p_2p̃_2 ( α = 0) =

κ^4 λ^2β δ^{j1j2} δ_{p1p̃1} δ_{p2p̃2}

(−1)^{2j1} j^2_1 + ρ^2

, (5.28)

which differs from (5.27) by a factor 2j_1 + 1 stemming from the sum over an internal index, that is an inner loop occurring in the planar amplitude. It can be readily verified that A^{j1j2P}_{p1p̃1;p2p̃2} (α = 0) and A^{j1j2 NP}_{p1p̃1;p2p̃2} ; (α = 0) are finite both for j = 0 and j → ∞ (recall ρ^2 ≠ 0).

For this class of models the analysis of the degree of divergence may be carried out for a generic graph^‖. Let A^j_D denote the amplitude for an arbitrary ribbon diagram D with genus g (g is the genus of the Riemann surface related to the diagram) and given j, the momentum circulating in the diagram, which is conserved,. Recall that a ribbon graph is built from 2 lines (see e.g

‖We are indebted to F. Vignes-Tourneret for this observation.

Fig.1). The relevant topological properties of D are characterized (see e.g [16]) by a set of integer numbers (V, I, F, B) where V and I denote respectively the number of vertices and internal ribbon lines (counting the number of double lines propagators), F denotes the number of faces (it can be determined simply by closing the external legs of D and counting the number of closed single lines) and the Euler characteristics χ of the related Riemann surface is

χ := 2 − 2g = V − I + F (5.29)

Finally, B is the number of boundary components which counts the number of closed lines having external legs. By noting that F − B counts the number of internal summations, i.e inner loops, we can write (dropping the unessential overall constants) |A^j_D| ≤ ( 1 j^2 + ρ^2

)^I (2j + 1)^{F −B} . (5.30)

Since ρ^2 ≠ 0, there is no singularity at j = 0 while the finitude of A^j_D (5.30) at j → ∞ depends on the sign of ω(D) := 2I + B − F = (I + B + V ) + 2g − 2 (5.31)

where (5.29) has been used. This defines the power counting for the noncommutative scalar field theory at α = 0. Therefore the amplitude A^j_D is finite provided

ω(D) ≥ 0, (5.32)

which holds true. This implies that the theory at α = 0 is finite.

6 Discussion and conclusion

Let us first summarize the main results of this paper. We have examined a family of scalar NCFT on the noncommutative R^3_λ , a deformation of the Euclidean R^3 through a noncommutative associative product of Lie algebra type. We have constructed a natural matrix base adapted to R^3_λ . It involves the Wick-Voros symbols of the operators of the canonical base of ⨁ j∈^N_2 Sj. We have then considered

a family of real-valued scalar actions with quartic interaction on R^3_λ whose kinetic operator can be written as a linear combination of the square of the angular momentum and a part related to the Casimir operator of su(2). Working in the natural matrix base, the action can be expressed as an infinite sum of scalar actions defined on the successive fuzzy spheres S_j that “foliate” the noncommutative space R^3_λ , with kinetic operator of Jacobi type. The computation of the propagator in this base, for which the interaction is diagonal, has been done and gives rise to a rather simple expression.

We have computed the planar and non-planar 1-loop contributions to the 2-point correlation function and examined their behavior. We find that they are finite for positive α, β. Moreover no singularities are found in the external momenta (indices). This signals very likely the absence of UV/IR mixing that would destroy the perturbative renormalizability. In the limit situation α = 0 we find that the resulting theory is finite to all orders in perturbation.

From the dimensional properties of the kinetic operator (see remark below (4.50)), the region with low external indices considered in the subsection 5.2 corresponds naturally to the IR region (i.e low energy excitations from the kinetic operator). As a conclusion, we do not expect that UV/IR mixing spoiling perturbative renormalizability shows up in the corresponding NCFT.

There are various potentially interesting directions which should be investigated. First, it is well known that the commutative ϕ^4 model is super-renormalizable in three dimensions. It would therefore be worthwhile to study within the same scheme and with the same kinetic term as in this article, a model which is just renormalizable in the commutative framework, like the scalar ϕ^6 model. Moreover, as we notice in the paper, the Laplacian we propose is proportional to the ordinary Laplacian times a factor of x^2_0 plus lower derivative terms. This is a natural one for R^3_λ : it is constructed in terms of derivations of the algebra, which are all inner, supplemented by a well defined multiplicative operator. A different proposal is suggested in [48] which is not based on derivations of the algebra. This issue is presently under investigation, together with the analysis of the commutative limit.

The present analysis can be extended to the case of noncommutative gauge theories on R^3_λ stemming from suitable versions of noncommutative differential calculus on R^3_λ . The resulting gauge-fixed actions have some features in common (but not all) with the scalar NCFT considered here. This is currently under study [31].

We remark finally that the associative product equipping R^3_λ is rotationally but not translationally invariant. This, combined with the conclusion of this paper about the absence of dangerous UV/IR mixing seems to support the conjecture made in [38], [37] relating translational invariance of the associative product to the possible occurrence of troublesome UV/IR mixing. This point must of course be clarified and deserves further investigation.

A Dual Hahn polynomials

Dual Hahn polynomials are in the present framework the counterpart of the Meixner polynomials at the root of the diagonalisation in [16].

Let us consider the expression of the kinetic action in the interaction base (4.22) which we report here for convenience

(Δ(α, β) + μ^21)^j_{m1m̃1;m2m̃2} = 1 λ^2 { δ_{m̃1 m2} δ_{m1m̃2} D^j_{m2m̃2} − δ_{m̃1,m2+1}δ_{m1 ,m̃2+1}B^j_{m2,m̃2} − δ_{m̃1,m2−1}δ_{m1 ,m̃2−1}H^j_{m2,m̃2} } (A.1)

with

D^j_{m2m̃2} = [(2α + β)j^2 + 2α(j − m_2m̃_2)] + λ^2μ^2 (A.2)

B^j_{m2m̃2} = α √ (j + m_2 + 1)(j − m_2)(j + m̃_2 + 1)(j − m̃_2) (A.3)

H^j_{m2m̃2} = α √ (j + m_2)(j − m_2 + 1)(j + m̃_2)(j − m̃_2 + 1). (A.4)

To find the inverse of (A.1) we go back to the R^4 notation v^j_{mim̃i} → v^j_{pip̃i} with j + m_i = p_i, j + m̃_i = p̃_i, j − m_i = q_i, j − m̃_i = q̃_i and i = 1, 2, p_i ≥ 0 (so that the indices are all positive numbers). The kinetic operator is then represented as

(Δ(α, β) + μ^21)^j_{p1p̃1;p2p̃2} = { δ_{p̃1p2} δ_{p1p̃2} D^j_{p2p̃2} − δ_{p̃1,p2+1}δ_{p1,p̃2+1}B^j_{p2,p̃2} − δ_{p̃1,p2−1}δ_{p1,p̃2−1}H^j_{p2,p̃2} } (A.5)

with

D^j_{p2p̃2} = βj^2 + 2αj(1 + p_2 + p̃_2) − 2αp_2p̃_2 + λ^2μ^2 (A.6)

B^j_{p2p̃2} = α √ (p_2 + 1)(2j − p_2)(j + p̃_2 + 1)(2j − p̃_2) (A.7)

H^j_{p2p̃2} = α √ p_2(2j − p_2 + 1)p̃_2(2j − p̃_2 + 1). (A.8)

We look for orthogonal polynomials which diagonalize the kinetic operator. We pose p̃_1 − p_1 = p_2 − p̃_2 = k so that

(Δ(α, β) + μ^21)^j_{p1p̃1;p2p̃2} = (Δ(α, β) + μ^21)^j_{p1,p1+k;p̃2+k,p̃2} (A.9)

and we look for U^{(j,k)}_{mi} such that

(Δ(α, β) + μ^21)^j_{p1,p1+k;p̃2+k,p̃2} = ∑ i U^k_{p1i} ( v_i + μ^2 ) U^k_{ip̃2} (A.10)

with v_i + μ^2 the eigenvalues of the kinetic operator and ∑ U^{(j,k)}_{mi} U^{(j,k)}_{il} = δ_{ml}. (A.11)

On multiplying on the left by U^{(j,k)}_{pp1} and summing over p_1 we arrive at

U^{(j,k)}_{pp̃2} (v_p)(D_{p̃2 ,k+p̃2} − v_p − μ^2) − U^{(j,k)}_{pp̃2+1}(v_p)B_{p̃2+1,k+p̃2+1} − U^{(j,k)}_{pp̃2−1}(v_p)H_{p̃2−1,k+p̃2−1} = 0 (A.12)

We redefine U^{(j,k)}_{pp̃2} (v_p) = f(p, k, N) √ (N − p_2)!p_2! p̃_2!(N − p̃_2)! V^{(N,k)} p̃_2 (vp) (A.13)

with N = 2j and f a normalization factor. We arrive at

(D_{p̃2−}v_p − μ^2)V_{p̃2} (v_p) − α(N − p̃_2)(p_2 + 1)V_{p̃2+1}(v_p) − αp̃_2(N − p_2 + 1)V_{p̃2−1}(v_p) = 0 (A.14)

On introducing B_{p̃2} = −α(N − p̃_2)(p_2 + 1) C_{p̃2} = −α p̃_2 (N − p_2 + 1) (A.15) we have B_{p̃2} + C_{p̃2} = −D_{p̃2} + β 4! N^2 + μ^2 (A.16)

On redefining ṽ_p = v_p − β 4! N^2 − μ^2 (A.17)

we finally obtain ( −(B_{p̃2} + C_{p̃2} ) − ṽ_p ) V_{p̃2} (v_p) + B_{p̃2} V_{p̃2+1}(v_p) + C_{p̃2} V_{p̃2−1}(v_p) = 0 (A.18)

This is the equation satisfied by a special class of orthogonal polynomials, the so called dual Hahn polynomials [49] V_{p̃2} (v_p) ≡ R_{p̃2} (λ(p); γ, δ, N) (A.19) with the identification ṽ_p = λ(p) = p(p + γ + δ + 1), γ = k, δ = −k.

The dual Hahn polynomials are given in terms of hypergeometric functions as

R_n(λ(x); γ, δ, N) =_3F_2(−n, −x, x + γ + δ + 1; γ + 1, −N; 1) 0 ≤ n ≤ N (A.20)

which are in turn defined in terms of Pochhammer-symbols. When one of the parameters in the first argument of the hypergeometric series is equal to a negative integer −n the series becomes a finite sum, which is our case. We refer to [49] for more details.

We have therefore obtained that the dual Hahn polynomials are the orthogonal polynomials which diagonalize the kinetic part of the action for our scalar model on R^3_λ .

Dual Hahn polynomials and fuzzy harmonics are indeed proportional. They are actually well known in nuclear physics and quantum chemistry, were they are also referred to as ”discrete spherical harmonics” (see for example [52]).

To clarify the relationship between dual Hahn polynomials and fuzzy harmonics let us reconsider Eq. (4.63) where we map the kinetic action from the interaction to the propagating base, and let us multiply it by (Y^j_{lk})_{m1m̃1} . For the sake of clarity we ignore the mass term. Upon summing over m_1, m̃_1 we obtain

Δ^j_{m1m̃1m2m̃2} (Y^j_{lk})_{m1m̃1} = 1 2j + 1

(−1)^{2j} δ_{ll1} δ_{kk1} (Δ^j_{diag})_{l1k1l2k2} (Y^j_{l2k2} )_{m2m̃2} = 1 λ^2 γ(j, l; α, β)(Y^j_{lk} )_{m̃2 m2} (A.21)

which, on inserting the explicit form of Δ^j_{m1m̃1m2m̃2} , and recalling the relation (4.43), can be verified to be the standard recurrence relation for Clebsch-Gordan coefficients

[(j − m_2)(j − m̃_2)(j + m_2 + 1)(j + m̃_2 + 1)]^{12} (Y^j_{lk})_{m2+1,m̃2+1}

+[(j + m_2)(j + m̃_2)(j − m_2 + 1)(j − m̃_2 + 1)]^{12} (Y^j_{lk})_{m2−1,m̃2−1}

= [2j(j + 1) − l(l + 1) − 2m_2m̃_2](Y^j_{lk})_{m2 ,m̃2} , ∀j ∈ N 2 , −j ≤ m_2, m̃_2 ≤ j. (A.22)

But, as we have seen in Eq. (A.12), this is also, up to the redefinition (A.13), the recurrence relation for dual Hahn polynomials. To our knowledge this result has first appeared in [53]. The precise relation depends on the normalization chosen for the Hahn polynomials. Up to a normalization function which depends on N, l, k we have R_n(λ(l); k, −k, δ, N) = (−1)^{j−m̃2} √ (j + m̃_2)!(j − m̃_2)! (j + m_2)!(j − m_2)!

(Y^j_{lk})_{m2m̃2} (A.23)

with n = p̃_2 = j + m̃_2, k = m_2 − m̃_2, N = 2j.

Acknowledgments: We thank M. Dubois-Violette, H. Grosse, F. Lizzi and F. Vignes-Tourneret for discussions and constructive comments. J.-C. W. thanks D. Blaschke and D. Perrot for discussions. P.V. is grateful to V. Rivasseau for exchanges at various stages of this work and for kind hospitality at LPT. She also acknowledges a grant from the European Science Foundation under the research networking project Quantum Geometry and Quantum Gravity, and partial support by GDRE GREFI GENCO.

References

[1] A. Connes, Noncommutative Geometry, Academic Press Inc., San Diego (1994), available at http://www.alainconnes.org/downloads.html.

[2] For reviews see e.g: A. Connes and M. Marcolli, ”A walk in the noncommutative garden”, (2006), available at http://www.alainconnes.org/downloads.html; G. Landi, ”An introduction to noncommutative spaces and their geometries”, Lectures notes in physics, Springer-Verlag (Berlin, Heidelberg) (1997); J. M. Gracia-Bondía, J. C. Várilly and H. Figueroa, ”Elements of Noncommutative Geometry”, Birkhaüser Advanced Texts, Birkhaüser Boston, Basel, Berlin (2001).

[3] S. Dopplicher, K. Fredenhagen and J. E. Roberts, ”Space-time quantization induced by classical gravity ”Phys. Lett. B331 (1994) 39.

[4] E. Witten, ”Noncommutative Geometry And String Field Theory”, Nucl. Phys. B268 (1986) 253. [5] J. Hoppe “Quantum theory of a massless relativistic surface and a two-dimensional bound state problem”, Ph.D. thesis, MIT, 1982; published in Soryushiron Kenkyu 80, 145-202 (1989).

[6] R. L. Stratonovich, “On distributions in representation space”. Sov. Phys. JETP 4, 891 (1957). [7] J. C. Várilly and J. M. Gracia-Bondía, “ The Moyal representation for spin”, Ann. Phys. 190, 107 (1989).

[8] J. Madore, Journ. Math. Phys. 32 (1991) 332; H. Grosse and J. Madore, Phys. Lett. B283 (1992) 218. [9] For a review see e.g A. P. Balachandran, S. Kurkcuoglu, S. Vaidya, ”Lectures on Fuzzy and Fuzzy SUSY Physics”, arXiv:hep-th/0511114 (2005) and references therein.

[10] V. Schomerus, JHEP 9906, 030 (1999); N. Seiberg and E. Witten, String theory and noncommutative geometry,” JHEP 9909 (1999) 032.

[11] L. Susskind, ”The Quantum Hall Fluid and Non-Commutative Chern Simons Theory”, arXiv:hepth/ 0101029 (2001); S. Hellerman, M. Van Raamsdonk, ”Quantum Hall physics equals noncommutative field theory,” JHEP 10, 39-51 (2001); F. Chandelier, Y. Georgelin, T. Masson, J.-C. Wallet, ”Quantum Hall conductivity in a Landau type model with a realistic geometry”, Ann. Phys. 305 (2003) 60; F. Chandelier, Y. Georgelin, T. Masson, J.-C. Wallet, ”Quantum Hall conductivity in a Landau type model with a realistic geometry II”, Ann. Phys. 314 (2004) 476.

[12] M. R. Douglas and N. A. Nekrasov, “Noncommutative field theory,” Rev. Mod. Phys. 73, 977 (2001) [hep-th/0106048].

[13] R. J. Szabo, “Quantum field theory on noncommutative spaces,” Phys. Rept. 378, 207 (2003) [hepth/0109162].

[14] S. Minwalla, M. Van Raamsdonk and N. Seiberg, “Noncommutative perturbative dynamics,” JHEP 0002 (2000) 020 [arXiv:hep-th/9912072]; A. Matusis, L. Susskind and N. Toumbas, “The IR/UV connection in the non-commutative gauge theories,” JHEP 0012 (2000) 002 [arXiv:hep-th/0002075]; I. Chepelev and R. Roiban, “Renormalization of quantum field theories on noncommutative R^d . I: Scalars,” JHEP 0005 (2000) 037 [arXiv:hep-th/9911098].

[15] J.-C. Wallet, ”Derivations of the Moyal algebra and Noncommutative gauge theories”, SIGMA 5 (2009) 013; E. Cagnache, T. Masson and J-C. Wallet, ”Noncommutative Yang-Mills-Higgs actions from derivation based differential calculus“, J. Noncommut. Geom. 5 (2011) 39. A. de Goursac, T. Masson, J.-C. Wallet, ”Noncommutative ε-graded connections”, J. Noncommut. Geom 6 (2012) 343. For general BRS algebraic algorithms relevant to gauge theories, see e.g J.-C. Wallet, Phys. Lett. B 235 (1990) 71.

[16] H. Grosse and R. Wulkenhaar, ”Power-counting theorem for non-local matrix models and renormalisation”, Commun. Math. Phys. 254 (2005) 91; H. Grosse and R. Wulkenhaar, ”Renormalisation of ϕ^4-theory on noncommutative R^2 in the matrix base”, JHEP 0312 (2003) 019; H. Grosse and R. Wulkenhaar, ”Renormalisation of ϕ^4-theory on noncommutative R^4 in the matrix base”, Commun. Math. Phys. 256 (2005) 305.

[17] M. Buric, J. Madore, “Geometry of the Grosse-Wulkenhaar model”, JHEP 1003 (2010) 053. A. Fischer, R. J. Szabo, ” Duality covariant quatum field theory on noncommutative Minkowski space”, JHEP 0902 (2009) 031. A. de Goursac, A. Tanasa, J.-C. Wallet, ”Vacuum configurations for renormalizable noncommutative scalar models”, Eur. Phys.J. C53(2008)459. A. de Goursac, J.-C. Wallet, ”Symmetries of noncommutative scalar field theory”, J. Phys. A: Math. Theor. 44 (2011) 055401, [arxiv:0911.2645].

[18] F. Vignes-Tourneret, “Renormalization of the orientable non-commutative Gross-Neveu model,” Ann.

H. Poincaré 8 (2007) 427. A. Lakhoua, F. Vignes-Tourneret and J. C. Wallet, “One-loop beta functions for the orientable non-commutative Gross-Neveu model,” Eur. Phys. J. C 52, 735 (2007) [arXiv:hepth/0701170].

[19] C. P. Martin, F. Ruiz Ruiz, “Paramagnetic dominance, the sign of the beta function and UV/IR mixing in non-commutative U(1)”, Nucl. Phys. B597 (2001) 197. M. Attems et al., “Gauge independence of IR singularities in Non-Commutative QFT and interpolating gauges, JHEP 0507 (25) 071. D. N. Baschke, S. Hohenegger and H. Grosse, ”Divergences in Non-Commutative gauge theories with Slavnov term“, JHEP 0511 (2005) 041. D. N. Blaschke, H. Grosse, Manfred Schweda, ”Non-Commutative U(1) gauge theory on R ∗ ∗4 with oscillator term and BRST symmetry”, Europhys. Lett. 79 (2007) 61002.

[20] A. de Goursac, J. C. Wallet and R. Wulkenhaar, “Noncommutative induced gauge theory,” Eur. Phys.

J. C 51, 977 (2007), [arXiv:hep-th/0703075]. H. Grosse and M. Wohlgenannt, “Induced Gauge Theory on a Noncommutative Space,” Eur. Phys. J. C 52, 435 (2007), [arXiv:hep-th/0703169]. A. de Goursac, J.-C. Wallet, R. Wulkenhaar, ”On the vacuum states for noncommutative gauge theory”, Eur. Phys. J. C 56 (2008) 293, [arxiv:0803.3035].

[21] D. N. Blaschke, A. Rofner, R. I. P Sedmik, M. Wohlgenannt, “On Non-Commutative U*(1) gauge models and renormalisability”, J. Phys. A.: Math. Theor. 43 (2010) 425401. D. N. Blaschke, H. Grosse, E. Kronberger, M. Schweda, M. Wohlgenannt,“Loop calculations for the Non-Commutative U(1) gauge field model with oscillator term”, Eur. Phys. J. C67 (2010) 575.

[22] For reviews and references therein , see e.g, J.-C. Wallet, ”Noncommutative Induced Gauge Theories on Moyal Spaces,” J. Phys. Conf. Ser. 103 (2008) 012007, arXiv:0708.2471 [hep-th]; D. N. Blaschke et al., “On the problem of renormalisability in Non-Commutative gauge field models - A critical review”, Fortschr. Phys. 58 (2010) 364.

[23] H. Grosse and R. Wulkenhaar, ”The beta-function in duality-covariant noncommutative phi**4 theory”, Eur. Phys. J. C 35, 277 (2004); M. Disertori, R. Gurau, J. Magnen and V. Rivasseau, ”Vanishing of beta function of non commutative phi(4)**4 theory to all orders”, Phys. Lett. B 649, 95 (2007).

[24] E. Langmann and R. J. Szabo, ”Duality in scalar field theory on noncommutative phase spaces”, Phys.

Lett. B 533 (2002) 168.

[25] H. Grosse and R. Wulkenhaar, ”Self-dual noncommutative φ^4-theory in four dimensions is a nonperturbatively solvable and non-trivial quantum field theory ”, arXiv:1205.0465 (2012).

[26] H. Grosse and R. Wulkenhaar, ”8D-spectral triple on 4D-Moyal space and the vacuum of noncommutative gauge theory,” J.Geom.Phys. 62 (2012) 1583; V. Gayral and R. Wulkenhaar, ”Spectral geometry of the Moyal plane with harmonic propagation”, arxiv:1108.2184 (2011).

[27] J.-C. Wallet, ”Connes distance by examples: Homothetic spectral metric spaces”, Rev. Math. Phys. 24 (2012) 1250027, [arxiv:1112.3285]. See also E. Cagnache, J.-C. Wallet, ”Spectral Distances: Results for Moyal plane and Noncommutative Torus”, SIGMA 6 (2010) 026, [arxiv:0912.4185]; E. Cagnache, F. D’Andrea, P. Martinetti, J.-C. Wallet, ”The spectral distance on the Moyal plane”, J. Geom. Phys. 61 (2011) 1881, [arxiv:0912.0906].

[28] F. D’Andrea, F. Lizzi, J. C. Várilly, “Metric properties of the fuzzy sphere” In press on Lett. Math.

Phys. arXiv:1209.0108 [math-ph].

[29] J. M. Gracia-Bondía, F. Lizzi, G. Marmo and P. Vitale, “Infinitely many star products to play with,” JHEP 0204, 026 (2002) [arXiv:hep-th/0112092];

[30] A. B. Hammou, M. Lagraa and M. M. Sheikh-Jabbari, “Coherent state induced star product on R**3(lambda) and the fuzzy sphere,” Phys. Rev. D 66, 025025 (2002) [arXiv:hep-th/0110291].

[31] P. Vitale, P. Martinetti, J.-C. Wallet, On noncommutative gauge theories on R^3_λ , in preparation. [32] J. M. Gracia-Bondía and J. C. Várilly, “Algebras of distributions suitable for phase space quantum mechanics. I,” J. Math. Phys. 29 (1988) 869; “Algebras of distributions suitable for phase-space quantum mechanics. II. Topologies on the Moyal algebra,” J. Math. Phys. 29 (1988) 880.

[33] S. Vaidya, “Perturbative dynamics on the fuzzy S**2 and RP**2,” Phys. Lett. B 512, 403 (2001) [hep-th/0102212].

[34] C. -S. Chu, J. Madore and H. Steinacker, “Scaling limits of the fuzzy sphere at one loop,” JHEP 0108, 038 (2001) [hep-th/0106205].

[35] A. Wick-Voros, “Wentzel-Kramers-Brillouin method in the Bargmann representation”, Phys. Rev. A 40 6814 (1989).

[36] C. K. Zachos, ”Geometrical evaluation of star products”, J. Math. Phys. 41 (2000) 5129 [arXiv:hepth/9912238]. G. Alexanian, A. Pinzul and A. Stern, ”Generalized Coherent State Approach to Star Products and Applications to the Fuzzy Sphere,” Nucl. Phys. B600 (2001) 531 [arXiv:hep-th/0010187].

[37] S. Galluccio, F. Lizzi and P. Vitale, “Twisted Noncommutative Field Theory with the Wick-Voros and Moyal Products,” Phys. Rev. D 78 (2008) 085007 [arXiv:0810.2095 [hep-th]].

[38] S. Galluccio, F. Lizzi and P. Vitale, “Translation Invariance, Commutation Relations and Ultraviolet/Infrared Mixing,” JHEP 0909 (2009) 054 [arXiv:0907.3640 [hep-th]].

[39] A. P. Balachandran, A. Ibort, G. Marmo and M. Martone, “Inequivalence of QFT’s on Noncommutative Spacetimes: Moyal versus Wick-Voros,” Phys. Rev. D 81, 085017 (2010) [arXiv:0910.4779 [hep-th]]. A. P. Balachandran and M. Martone, “Twisted Quantum Fields on Moyal and Wick-Voros Planes are Inequivalent,” Mod. Phys. Lett. A 24, 1721 (2009) [arXiv:0902.1247 [hep-th]].

[40] P. Basu, B. Chakraborty and F. G. Scholtz, “A Unifying perspective on the Moyal and Wick-Voros products and their physical meanings,” J. Phys. A A 44, 285204 (2011) [arXiv:1101.2495 [hep-th]].

[41] V. I. Manko, G. Marmo, P. Vitale and F. Zaccaria, “A Generalization of the Jordan-Schwinger map:

Classical version and its q deformation,” Int. J. Mod. Phys. A 9, 5541 (1994) [hep-th/9310053]. For ealier use of Jordan-Schwinger map in various versions of equivariant noncommutative differential calculus, see e.g L.K. Hadjiivanov, R.R. Paunov and I.T. Todorov, J. Math. Phys. 33 (1992) 1379; J.-C. Wallet, J. Phys. A.: Math. Gen. 25 (1992) L1159; Y. Leblanc, J.-C. Wallet, Phys. Lett. B304 (1993) 89; F. Thuillier, J.-C. Wallet, Phys. Lett. B323 (1994) 153.

[42] F. Lizzi, P. Vitale and A. Zampini, “The Fuzzy disc,” JHEP 0308 (2003) 057 [hep-th/0306247]. “The Beat of a fuzzy drum: Fuzzy Bessel functions for the disc,” JHEP 0509 (2005) 080 [hep-th/0506008]. “From the fuzzy disc to edge currents in Chern-Simons theory,” Mod. Phys. Lett. A 18, 2381 (2003) [hep-th/0309128].

[43] V. I. Man’ko, G. Marmo and P. Vitale, “Phase space distributions and a duality symmetry for star products” Phys. Lett. A 334, 1 (2005) [hep-th/0407131]. O. V. Man’ko, V. I. Man’ko, G. Marmo and P. Vitale, “Star products, duality and double Lie algebras,” Phys. Lett. A 360, 522 (2007) [quantph/0609041].

[44] A. Tanasa and P. Vitale, “Curing the UV/IR mixing for field theories with translation-invariant ⋆ products,” Phys. Rev. D 81, 065008 (2010) [arXiv:0912.0200 [hep-th]].

[45] F. Lizzi and B. Spisso, “Noncommutative Field Theory: Numerical Analysis with the Fuzzy Disc,” Int.

J. Mod. Phys. A 27 (2012) 1250137 [arXiv:1207.4998 [hep-th]].

[46] L. Rosa and P. Vitale, “On the ⋆-product quantization and the Duflo map in three dimensions,” Mod.

Phys. Lett. A 27, 1250207 (2012) [arXiv:1209.2941 [hep-th]].

[47] G. Marmo, P. Vitale and A. Zampini, “Noncommutative differential calculus for Moyal subalgebras,” J. Geom. Phys. 56, 611 (2006) [hep-th/0411223].

[48] V. Galikova and P. Presnajder, “Coulomb problem in non-commutative quantum mechanics - Exact solution,” arXiv:1112.4643 [math-ph].

“Coulomb problem in NC quantum mechanics: Exact solution and non-perturbative aspects,” arXiv:1302.4623 [math-ph].

[49] R. Koekoek, P. A. Lesky, R. F. Swarttouw, ”Hypergeometric orthogonal polynomials and their qanalogues” , Springer Monographs in Mathematics, Berlin, New York (2010) doi:10.1007/978-3-642- 05014-5 [50] S. R. Das, J. Michelson and A. D. Shapere, “Fuzzy spheres in pp wave matrix string theory,” Phys.

Rev. D 70 (2004) 026004 [hep-th/0306270]. [51] http://functions.wolfram.com/07.39.23.0014.01 [52] V. Aquilanti, S. Cavalli, G. Grossi ”Discrete analogs of spherical harmonics and their use in quantum mechanics: the hyperquatization algoritm” Theor. Chim. Acta 79 283 (1991)

[53] Yu F. Smirnov, S. K. Suslov, A. M. Shirokov, ”Clebsch-Gordan coefficients and Racah coefficients for the SU(2) and SU(1,1) groups as the discrete analogues of the Pöschl-Teller potential wavefunctions” J. Phys. A: Math. Gen. 17, 2157 (1984)