arXiv:1212.5458v2 [astro-ph.CO] 28 Feb 2013

Exact Scale-Invariant Background of Gravitational Waves from Cosmic Defects

Daniel G. Figueroa,^{1, 2} Mark Hindmarsh,^{2, 3} and Jon Urrestilla^{4, 3} 1Département de Physique Théorique and Center for Astroparticle Physics, Université de Genève, 24 quai Ernest Ansermet, CH–1211 Genève 4, Switzerland 2Physics Department, University of Helsinki and Helsinki Institute of Physics, P.O. Box 64, FI-00014, Helsinki, Finland 3Department of Physics and Astronomy, University of Sussex, Brighton BN1 9QH, U.K.

4Department of Theoretical Physics, University of the Basque Country UPV/EHU, 48080 Bilbao, Spain (Dated: March 1, 2013)

We demonstrate that any scaling source in the radiation era produces a background of gravitational waves with an exact scale-invariant power spectrum. Cosmic defects, created after a phase transition in the early Universe, are such a scaling source. We emphasise that the result is independent of the topology of the cosmic defects, the order of phase transition, and the nature of the symmetry broken, global or gauged. As an example, using large-scale numerical simulations, we calculate the scale invariant gravitational wave power spectrum generated by the dynamics of a global O(N) scalar theory. The result approaches the large N theoretical prediction as N^{−2}, albeit with a large coefficient. The signal from global cosmic strings is O(100) times larger than the large N prediction.

PACS numbers: 98.80.-k, 98.80.Cq, 04.30.-w, 11.27.+d

Information about new physics in the very early universe is directly accessible through weakly-interacting relics. The weakest of all interactions is gravity, and sufficiently energetic processes leave behind characteristic signatures in relic gravitational waves (GW). New GW observatories are under construction or have been proposed [1, 2]. These are very likely to detect astrophysical sources soon, and have the potential to detect cosmological sources or strongly constrain early universe scenarios.

Gravitational waves are produced whenever there is an energy-momentum tensor with a transverse-traceless (TT) part [1]. In the absence of any source, GW are also generated quantum mechanically during inflation [3]. In this paper we study the GW background generated by a scaling source, whose energy-momentum tensor is proportional to the square of the Hubble parameter.

Scaling is exhibited by cosmic defects, products of a phase transition in the early universe [4]. If the vacuum manifold M is topologically non-trivial, i.e. has a nontrivial homotopy group π_n(M) ≠ I, topological field configurations arise: strings for n = 1, monopoles for n = 2, and textures for n=3. For higher n, non-topological field configurations are created. When the spontaneously broken symmetry is global, the defects generated are termed global. When the broken symmetry is gauged, local defects appear. Global defects (independently of their topology), as well as cosmic strings (global or gauged) exhibit scaling behaviour, sufficiently long after the phase transition that created them [5–10]. All cases, topological or not, local or global, are termed cosmic defects.

Based on dimensional grounds and causality, it was argued in [11] that global phase transitions generate an approximately scale-invariant GW background. The amplitude was estimated with the quadrupole approximation for GWs, without any reference to the number N of components of the symmetry breaking field. In the context of the large N limit of a global phase transition [5, 6] and using a full treatment of the tensor metric perturbation representing GWs (i.e. not resorting to the quadrupole approximation), it was demonstrated in [12, 13] that indeed an exact scale-invariant background of GW is generated by the self-ordering process of the non-topological global textures arising after the phase transition.

In this letter we generalize these results. We demonstrate that any scaling source in the radiation era produces a background of GWs with a scale-invariant energy density power spectrum. In the case of defects, we emphasise that the result is not related to their topology, the order of phase transition or the global/local nature of the symmetry-breaking process; it is just a consequence of scaling. As an example, using lattice simulations as an input, we calculate numerically the GW amplitude from a system of global O(N) defects. We consider simulations with N = 2, 3, 4, 8, 12 and 20, thus probing both topological and non-topological global defect scenarios. We provide evidence that the numerical results converge to the large N calculation [Eq. (1) below] as N^{−2}, albeit with a large coefficient. The GW power from global strings (N = 2) is significantly above the trend, around 100 times greater than the large N prediction.

On the numerical side, our present work is complementary to that recently presented in [14], where numerical simulations are also performed and qualitative agreement with the large N result is obtained. There, the authors conclude that global defects created after a second-order phase transition generate a scale-invariant GW background. Such a conclusion, however correct, is not fully supported by their numerical spectra: their GW spectra could be consistent with scale invariance, but there are large fluctuations. Our aim in this letter is precisely to demonstrate that scale-invariance is indeed exact for any scaling source, and that this is not related to the type of phase transition.

In the global O(N) theory, although the field equations are non-linear, analytic calculations are possible in the limit of large N [5, 6], which show that the self-ordering dynamics of the non-topological defects exhibits scaling. It is also possible to calculate analytically the GW power spectrum [13], (see also [27]), as

Ω_{GW}(f) ≡ 1 ρ_c dρ_{GW} d log f (f) ≃ 650 N Ω_{rad} ( v M_P )_4 , (1)

where ρ_c is the critical energy density today, and M_P ≈ 1.22 × 10^{19} GeV is the Planck mass. The parameter v is the vacuum expectation value (vev) of the scalar field and Ω_{rad} ≃ 4 × 10^{−5} is the radiation-to-critical energy density ratio today. The amplitude of this background does not depend on the frequency f, it is an exact scaleinvariant background. There is no dependence either on the self-coupling λ of the symmetry-breaking field. This is because the effective theory of the Goldstone modes, responsible for the creation of the GWs, is a non-linear σ-model, and the coupling disappears when the scalar field mode is integrated out.

Important questions are raised, which we address in this letter. How does the scale-invariant GW spectrum come about? How does the GW spectrum look in the case of topological defects? How does the true GW signal from global non-topological textures approach the large N result? The last two questions are particularly relevant in string-inspired models such as [15, 16], which can have (approximate) global symmetries with low N.

In the following we shall assume that the total energymomentum tensor T_{μν} has contributions from ideal radiation, matter, and defects, so that we can split it as T_{μν} = T^{rad}_{μν} + T^{mat}_{μν} + T^{def}_{μν} . Unlike radiation and matter, the energy-momentum tensor of defects is not a perfect fluid, and supports anisotropic stresses.

We assume that the defects create a small perturbation on a homogenous and isotropic cosmological background. The metric may be written as a small departure from the Friedmann-Lemaître-Robertson-Walker (FLRW) form

ds^2 = a^2(t)(η_{μν} + h_{μν} )dx^μdx^ν , (2)

with dx^0 = dt the conformal time and a(t) the scale factor. GWs are represented by the transverse and traceless (TT) parts of the metric perturbations h^{TT}_{ij} , satisfying ∂_ih^{TT}_{ij} = h^{TT}_{ii} = 0. Expanding the Einstein equations to first order in h^{TT}_{ij} , we obtain

¨h̄TT_{ij} − ( ∇^2 + ä a ) h̄^{TT}_{ij} = 16πa(t) M^2_P

Π^{TT}_{ij} , (3)

where h̄^{TT}_{ij} ≡ ah^{TT}_{ij} , and Π^{TT}_{ij} is the TT part of T_{ij} . The spectrum of energy density of a stochastic GW background in comoving momentum k is given by dρ_{GW} d log k (k, t) = M^2_P k^3|ḣ_k(t)|^2 64π^3a^2(t)

, (4) with |ḣ_k(t)|^2 the power spectrum of ḣ^{TT}_{ij} . The solution in Fourier space to Eq. (3) is

h^{TT}_{ij} (k, t) = 16π a(t) M^2_P ∫_t t_i dt^′a(t^′)G(k, t, t^′)Π^{TT}_{ij} (k, t^′) (5)

with t_i the initial time of GW production, i.e. h^{TT}_{ij} (t_i) = ḣTT_{ij} (t_i) = 0, and G(k, t, t′) the retarded Green’s function associated to the differential operator in the left hand side of Eq. (3). At sub-horizon scales (kt, kt^′ ≫ 1), G(k, t, t^′) = k^{−1} sin(k(t − t^′)). Averaging over a time δt = 2π/k, the GW spectrum becomes dρ_{GW} d log k (k, t) = 2k^3 πM^2_P 1 a^4(t) ∫_t t_i dt^′ ∫_t t_i dt^{′′}a(t^′)a(t^{′′}) × cos(k(t^′ − t^{′′})) Π^2(k, t^′, t^{′′}), (6)

where Π^2 is the unequal time correlator (UETC) of Π^{TT}_{ij} ,

⟨Π^{TT}_{ij} (k, t)Π^{TT}_{ij}^∗(k^′, t^′)⟩=(2π)^3Π^2(k, t, t^′)δ_D(k − k^′) . (7)

The correlator Π^2(k, t_1, t_2) can be obtained in general from field theory simulations. If the source is scaling, then the UETC can only depend on k through the variables x_1 = kt_1 and x_2 = kt_2. From dimensional analysis

Π^2(k, t_1, t_2) =

4v^4 √ t_1t_2

C^T (x_1, x_2), (8)

with the factor 4 chosen so that C^T agrees with the tensor UETC of Ref. [17]. Using this form of the correlator and the fact that in a radiation background the scale factor normalized to unity today can be written as a(t) = √ Ω_{rad}H_0 t, we obtain at sub-horizon scales x ≡ kt ≫ 1, that the spectrum of GW becomes dρ_{GW} d log k

(x, t) = Ω_{rad} 4 π M^2_P H^2_0 a(t)^4 ( v M_P )_4

F^T (x) (9)

F^T(x) ≡ 2 ∫_x dx_1 ∫_x dx_2 √ x_1x_2 cos(x_1 − x_2) C^T(x_1, x_2)(10)

At subhorizon scales C^T (x_1, x_2) is peaked near x_1 = x_2, and decays along the diagonal as a power law (see e.g. [7]). It also decays away from the diagonal due to the lack of time coherence of the source [18]. Hence the convergence of the integration is guaranteed for fast enough decays. That implies that F^T (x) becomes more and more insensitive to its upper bound of integration, approaching asymptotically a constant value for x ≫ 1. In other words, F^T_∞ = F^T (x → ∞) is a constant. As a consequence of this, the GW spectrum at subhorizon scales becomes scale-invariant.

For every type of defect there is indeed a function C^T (x_1, x_2), and thus a well-determined value F^T_∞, which characterizes the amplitude of the GW background. In particular, redshifting the amplitude today and using 3H^2_0 M^2_P = 8πρ_c, we obtain

Ω_{GW}(k) ≡ 1 ρ_c ( dρ_{GW} d log k ) = 32 3 Ω_{rad} ( v M_P )_4 F^T_∞ . (11)

That is, the background of GWs produced during the radiation era by the evolution of any network of defects in scaling regime, is exactly scale-invariant. The amplitude is supressed by the fraction Ω_{rad}, and it depends on the vev as (v/M_P )^4, and on the shape of the UETC, which ultimately modulates the amplitude through F^T_∞. We can identify the value of F^T_∞ in the large N analytical calculation [13] as (32/3)F^T_∞(N) ≃ 650/N.

The method of calculating UETCs from lattice field theory simulations is well-documented [17, 19–21]. We consider a model with a global O(N) symmetry, spontaneously broken to O(N − 1) in the ground state. We take a scalar field Φ with N (real) components, Φ = (φ_1, ..., φ_N )^T/ √ 2. The lagrangian of the model and the energy-momentum tensor are given by

L(Φ) = ∂_μΦ^T∂_μΦ − λ ( Φ^TΦ − v^2/2

)_2 (12)

T_{μν} (x, t) = 2∂_μΦ^T∂_ν Φ − g_{μν} L(Φ) (13)

where Φ^TΦ ≡ 1/2 ∑ m φ^2_m. After symmetry breaking the scalar is very close to its vacuum expectation value.

Taking the spatial Fourier transform of T_{ij} , the two tensor polarizations (A = 1, 2) contributing to the GW source are defined as

S^T_A (k, t) = √ t 2 ∑ i,j M^A_{ij} T_{ij} (k, t), (14)

where the projectors M^A_{ij} obey ∑ A M^A_{ij} M^A_{lm} = Λ_{ij,lm} ≡ P_{il}P_{jm} − 1/2P_{ij} P_{lm}, with P_{ij} = δ_{ij} − k̂_ik̂_j . Here Λ_{ij,lm} is the projector onto the TT part of T_{ij} . The UETC is

C^T (x_1, x_2) = 1 2 ∑ A ⟨ S^T_A (k, t_1)S^T_A (k, t_2)^∗ ⟩ , (15)

where the average is taken over a set of numerical simulations and a shell in Fourier space. The UETC obeys the symmetry C^T (x_1, x_2) = C^T (x_2, x_1).

The algorithm for the numerical simulations solves the Klein-Gordon field equations obtained from the lagrangian above, on a periodic Cartesian grid and using a 7-point stencil for the 3D-Laplacian and a leapfrog for the time evolution. We keep a^2λ constant to maintain a constant comoving scalar mass m = √ λv, with λ = 1 and v = 1 [17, 21]. The grid size was 1024^3, the spacing was Δx = 0.5, and the timestep Δt = 0.2Δx. The fields are typically initialised at conformal time t = 1 with independent random values constrained to lie on the (N − 1)-sphere Φ^TΦ = v^2/2, and with Φ̇ = 0. The system is evolved initially with a period of variable diffusion or dissipation, so that it relaxes quickly to scaling. The UETCs are constructed by multiplying the Fourier transforms from 50 logarithmically spaced times in the range t_{ref} ≤ t_1 < t_{end}, with the one taken at a reference time t_2 = t_{ref} . For N > 2, (t_{ref} , t_{end}) = (64, 232). Strings need more time to reach scaling, so for N = 2, (t_{ref} , t_{end}) = (150, 300). To obtain the power spectra we

FIG. 1: ETCs from simulations, NE^T_{num}(x) (solid black), evaluated at t = 64 (t = 150 for N = 2). From highest to lowest, we give N = 2, 3, 4, 8, 12 and 20. Lowest of all is NE^T_{th}(x) (dashed). For N = 4 we also show the ETCs at t = 232, and times in between in grey, to demonstrate the excellent scaling (for N = 2, due to later onset of scaling, we plot from x ≥ 1.84). The error bars on the numerical curves give the 1σ variation over all runs, and are barely visible.

average over a shell of width Δk = 2π/L, where L is the side length of the simulation volume.

To compare the dynamics in our lattice with the large N analytical calculation, we computed the equal time correlator (ETC) E^T (x) = C^T (x, x) for each of N = 2, 3, 4, 8, 12 and 20. The theoretical ETC in the large N limit scales as E^T_{th}(x) ∝ 1/N. Thus, in Fig. 1 we plot NE^T_{num}(x) at t_{ref} , obtained (averaging over 20 realizations) for each N, with NE^T_{th}(x) for comparison.

Computing the numerical to theoretical ratio of ETCs at the scale x = π when one full wavelength enters the horizon, Υ_N ≡ E^T_{num}(π)/E^T_{th}(π), we find the values exhibited in Table I. The numerical ETC approaches the theoretical prediction as N grows, as shown by the approach of Υ_N to unity as N increases. For the case of cosmic strings (N = 2) the numerical ETC is a factor ∼ 40 bigger than the theoretical one, signalling the breakdown of the large N approximation. We do not expect the large N approximation to apply for N = 2: not only is N small, but there are string defects which invalidate the mean-field analysis from the start. The reason that the scaling density is so much larger than the large N value is however unclear to us.

In Fig. 2 we compare the GW amplitude today Ω^{th}_{GW} given by the large N theoretical calculation Eq. (1), versus the amplitude Ω^{num}_{GW} obtained from Eq. (11), with F^T_∞ calculated from the numerical UETC for each scenario. We see that Ω^{num}_{GW} /Ω^{th}_{GW} approaches unity as N grows, showing that the numerical amplitudes converge to the large N analytical result. Today’s amplitudes for each different N considered are summarized in Table I. If we

FIG. 2: Ratio of the numerical GW amplitude Ω^{num}_{GW} to the large N analytical calculation Ω^{th}_{GW} (see Table I) and a fit to 1.1+45/N^2. The error bars give the 1σ variation over all runs.

parametrize the numerical amplitude for N ≥ 4 as

Ω^{num}_{GW} = Ω^{th}_{GW} ( a_0 + a_1 N + a_2 N^2 + ... ) , (16)

we find a good approximation with a_0 ≃ 1.1, a_2 ≃ 45 (see Fig. 2) with negligible a_1. We believe that the 10% deviation from unity of a_0 is due to a systematic uncertainty in our numerics, most likely a finite volume effect. Thus, the numerical GW amplitude approaches the large N result faster than naively expected, as ∝ 1/N^2, albeit with a large coefficient. The convergence reflects the behaviour of the overall scale of the UETCs, as measured by Υ_N , although we see some N-dependence in the UETC width, which we shall report on in the future. Strings are well above this trend, by a factor of about 100. We cannot be more precise at this stage, as there is a systematic uncertainty arising from the extrapolation of the UETC to x = 0. We estimate this to be of order 50%.

N 2 3 4 8 12 20 ΥN 36 4.5 3.1 1.7 1.4 1.3 Ω^{num}_{GW} /Ω^{th}_{GW} 130 7.3 3.9 1.8 1.4 1.3

TABLE I: Values of the numerical ETCs at x = π, and GW amplitudes today, normalized to the large N calculation. The fluctuation in the amplitudes over the 20 realizations is less than 10%, except for N = 2 where it is ∼ 20%.

In this letter we have clarified the origin of the scaleinvariance of the GW background calculated in [12, 13] for the case of non-topological global textures. More importantly, we have generalized the result: a scale invariant background of GW is expected from any scaling cosmological source during the radiation era. In particular, global defects, independent of their topology, and cosmic gauged strings (local or semi-local), enter into a scaling regime, and produce a scale-invariant (i.e. frequencyindependent) GW power spectrum according to Eq. (11), whose amplitude depends on the defect type.

We performed numerical simulations of the selfordering dynamics of an O(N) scalar field, showing that the GW power spectrum approaches the large N prediction at a rate consistent with N^{−2} (with a surprisingly big coefficient). For example, for N = 4 the GW power spectrum is approximately four times larger than the large N prediction. For strings, the factor is of order 100.

We note that global strings (N = 2) decay by emission of massless [22] and massive scalar radiation, both from infinite strings and loops, at a rate proportional to (v/M_P )^2. Hence the GW emission, whose power is proportional to (v/M_P )^4, is not a significant source of energy loss. Global strings therefore do not behave like local strings in the Nambu-Goto approximation, which decay into GWs alone, via emission from sub-horizon size string loops. The amplitude of this background depends sensitively on the as-yet uncertain loop size distribution (see [23, 24] for a recent well-referenced investigation). We emphasise that the background we predict arises from long strings and short-lived horizon-size loops, and has not been considered before. While subdominant for Nambu-Goto strings, it forms an irreducible minimum for strings decaying by particle emission.

It will be interesting to calculate the GW power spectrum from gauge cosmic strings, where numerical simulations show that the ETC decays much more slowly. The GWs can contribute appreciably to the relativistic energy density, with important implications for the cosmic microwave background power spectrum [25].

We are very grateful to Valerie Domcke for pointing out to us an important typo in the first version of the manuscript. DGF is supported by the Swiss National Science Foundation. MH acknowledges support from the Science and Technology Facilities Council (grant number ST/J000477/1). JU acknowledges support from the Basque Government (IT-559-10), the Spanish Ministry (FPA2009-10612) and the Consolider-Ingenio Programme CPAN (CSD2007-00042). Numerical calculations were performed using the UK National Cosmology Supercomputer (supported by SGI/Intel, HEFCE, and STFC).

[1] M. Maggiore, Gravitational Waves. Vol. 1: Theory and Experiments (Oxford University Press, 2007).

[2] B. Sathyaprakash et al., Class.Quant.Grav. 29, 124013 (2012).

[3] A. A. Starobinsky, JETP Lett. 30, 682 (1979). [4] T. Kibble, J.Phys. A9, 1387 (1976).

[5] N. Turok and D. N. Spergel, Phys.Rev.Lett. 66, 3093 (1991).

[6] D. Boyanovsky and H. de Vega, Phys.Rev. D61, 105014 (2000), hep-ph/9911521.

[7] R. Durrer, M. Kunz, and A. Melchiorri, Phys. Rept. 364, 1 (2002), astro-ph/0110348.

[8] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and Other Topological Defects (Cambridge University Press, Cambridge, 1994).

[9] M. Hindmarsh and T. Kibble, Rept.Prog.Phys. 58, 477 (1995), hep-ph/9411342.

[10] M. Hindmarsh, Prog.Theor.Phys.Suppl. 190, 197 (2011), 1106.0391.

[11] L. M. Krauss, Phys.Lett. B284, 229 (1992). [12] K. Jones-Smith, L. M. Krauss, and H. Mathur, Phys.Rev.Lett. 100, 131302 (2008), 0712.0778.

[13] E. Fenu, D. G. Figueroa, R. Durrer, and J. Garcia- Bellido, JCAP 0910, 005 (2009), 0908.0425.

[14] J. Giblin, John T., L. R. Price, X. Siemens, and B. Vlcek, JCAP 1211, 006 (2012), 1111.4014.

[15] K. Dasgupta, J. P. Hsu, R. Kallosh, A. D. Linde, and M. Zagermann, JHEP 0408, 030 (2004), hepth/0405247.

[16] C. Burgess, J. Conlon, L.-Y. Hung, C. Kom, A. Maharana, et al., JHEP 0807, 073 (2008), 0805.4037.

[17] N. Bevis, M. Hindmarsh, M. Kunz, and J. Urrestilla,

Phys.Rev. D82, 065004 (2010), 1005.2663.

[18] A. Albrecht, D. Coulson, P. Ferreira, and J. Magueijo, Phys.Rev.Lett. 76, 1413 (1996), astro-ph/9505030.

[19] U.-L. Pen, D. N. Spergel, and N. Turok, Phys. Rev. D49, 692 (1994).

[20] U.-L. Pen, U. Seljak, and N. Turok, Phys. Rev. Lett. 79, 1611 (1997), astro-ph/9704165.

[21] N. Bevis, M. Hindmarsh, M. Kunz, and J. Urrestilla, Phys.Rev. D75, 065015 (2007), astro-ph/0605018.

[22] T. Hiramatsu, M. Kawasaki, T. Sekiguchi, M. Yamaguchi, and J. Yokoyama, Phys.Rev. D83, 123531 (2011), 1012.5502.

[23] S. Sanidas, R. Battye, and B. Stappers, Phys.Rev. D85, 122003 (2012), 1201.2419.

[24] S. A. Sanidas, R. A. Battye, and B. W. Stappers (2012), 1211.5042.

[25] J. Lizarraga, I. Sendra, and J. Urrestilla, Phys.Rev. D86, 123014 (2012), 1207.6266.

[26] D. G. Figueroa, Ph.D. thesis, Universidad Autónoma de Madrid (2010).

[27] Note that actual dimensionless number characterizing the amplitude given in [13] is 511. An improved numerical integration in [26] gives 650.