arXiv:1212.5806v3 [gr-qc] 10 Apr 2013

New asymptotically flat phantom wormhole solutions

Francisco S. N. Lobo^1,^∗ Foad Parsaei^2, and Nematollah Riazi^{2.3†} 1Centro de Astronomia e Astrofísica da Universidade de Lisboa, Campo Grande, Edifício C8 1749-016 Lisboa, Portugal 2Physics Department and Biruni Observatory, Shiraz University, Shiraz 71454, Iran and 3 Physics Department, Shahid Beheshti University, Tehran 19839, Iran (Dated: April 11, 2013)

A possible cause of the late-time cosmic acceleration is an exotic fluid with an equation of state lying within the phantom regime, i.e., w = p/ρ < −1. The latter violates the null energy condition, which is a fundamental ingredient in wormhole physics. Thus, cosmic phantom energy may, in principle, provide a natural fluid to support wormholes. In this work, we find new asymptotically flat wormhole solutions supported by the phantom energy equation of state, consequently extending previous solutions. Thus, there is no need to surgically paste the interior wormhole geometry to an exterior vacuum spacetime. In the first example, we carefully construct a specific shape function, where the energy density and pressures vanish at large distances as ∼ 1/r^n , with n > 0. We also consider the “volume integral quantifier”, which provides useful information regarding the total amount of energy condition violating matter, and show that, in principle, it is possible to construct asymptotically flat wormhole solutions with an arbitrary small amount of energy condition violating matter. In the second example, we analyse two equations of state, i.e., pr = pr(ρ) and pt = pt(ρ), where we consider a specific integrability condition in order to obtain exact asymptotically flat wormhole solutions. In the final example, we postulate a smooth energy density profile, possessing a maximum at the throat and vanishing at spatial infinity.

PACS numbers:

I. INTRODUCTION

One of the most intriguing discoveries in contemporary cosmology is that of the accelerated expansion of the Universe [1]. A dark energy component which dominates the Universe and has an equation of state p = wρ with w < −1/3 is thought to be responsible for this accelerated expansion. The specific case of w < −1 is denoted as the phantom energy equation of state and although exotic in the laboratory context, is by no means excluded by cosmological observations [2]. Phantom energy possesses peculiar features, such as, a divergent cosmic energy density in a finite time [3], it predicts the existence of a new long range force [4], and leads to the appearance of a negative entropy and negative temperature [5]. Indeed, quintessence models which exploit a real scalar field ϕ(t) with a self-interaction potential V (ϕ) could properly play the role of a negative pressure fluid, provided that the time variation rate of the scalar field is much less than the field potential energy (i.e. ϕ̇^2 ≪ V (ϕ))[6].

As the phantom equation of state parameter lies in the region w < −1, it violates the null energy condition, i.e., T_{μν} k^μk^ν ≥ 0, where k^μ is any null vector. A stressenergy tensor T_{μν} that violates the null energy condition is denoted exotic matter. Thus, it seems that phantom energy may in principle provide a means to support traversable wormholes geometries [7, 8]. Indeed, a fundamental ingredient of wormhole geometries is the viola-

∗Electronic address: flobo@cii.fc.ul.pt †Electronic address: riazi@physics.susc.ac.ir

tion of the null energy condition [9], which guarantees the flaring-out of the wormhole throat. In fact, traversable wormholes violate all of the pointwise energy conditions and the averaged energy conditions. In this context, the violation of the pointwise energy conditions led to the averaging of the energy conditions over timelike or null geodesics [10]. The averaged energy conditions permit localized violations of the energy conditions, as long on average the energy conditions hold when integrated along timelike or null geodesics (see [11] for a recent review). The averaged energy conditions involve a line integral, with dimensions (mass)/(area), and not a volume integral, and therefore do not provide useful information regarding the “total amount” of energy-condition violating matter. Therefore, this prompted the proposal of a “volume integral quantifier” which amounts to calculating the following definite integrals: ∫ T_{μν} k^μk^ν dV and ∫ T_{μν} U^μU^ν dV , where U^μ is the four-velocity [12]. The amount of energy condition violations is then the extent that these integrals become negative.

Now, as the violation of the energy conditions is often viewed with some scepticism, this led among other issues [13], at least for some time, to the general opinion that wormholes are physically implausible objects. However, as mentioned above, the recent cosmological evidence for cosmic energies which possibly violate the energy conditions has provided a new motivation for taking wormhole solutions more seriously, at least on theoretical grounds. Thus, the phantom cosmic fluid presents a natural scenario for the existence of these exotic geometries. Indeed, due to the fact of the accelerating Universe, macroscopic wormholes could naturally be grown from the submicroscopic constructions that originally pervaded the quantum foam. One could also imagine an absurdly advanced civilization mining the cosmic fluid for phantom energy necessary to construct and sustain a traversable wormhole [8]. However, many of the papers published on wormholes supported by phantom energy are not asymptotically flat [7, 8]. The interior wormhole metric is glued to a vacuum exterior spacetime at a junction interface [14].

Indeed, as the phantom energy equation of state represents a spatially homogeneous cosmic fluid and is assumed not to cluster, it is also possible that inhomogeneities may arise due to gravitational instabilities. Thus, phantom energy wormholes may have originated from density fluctuations in the cosmological background, resulting in the nucleation through the respective density perturbations. Therefore, the pressure in the equation of state may be regarded as a radial negative pressure, and the tangential pressure is deduced through the Einstein field equations. Once these phantom wormholes arise from the density fluctuations, one can also consider the possibility that these structures be sustained by their own quantum fluctuations [15].

Another interesting possibility analysed in the literature, is to consider a time-dependent dark energy star model [16], with an evolving parameter w crossing the phantom divide [17]. Once in the phantom regime, the null energy condition is violated, which physically implies that the negative radial pressure exceeds the energy density. Therefore, an enormous negative pressure in the center may, in principle, imply a topology change, consequently opening up a tunnel and converting the dark energy star into a wormhole [17]. It is also possible to distinguish wormhole geometries by using astrophysical observations of the emission spectra from accretion disks, as specific signatures appear in the electromagnetic spectrum of accretion disks around wormhole geometries [18].

Recently, an alternative approach to wormhole physics has been explored within the context of modified gravity. It was shown that, in principle, it is possible to impose that the normal matter threading the wormhole satisfies the energy conditions, and it is the higher order curvature terms that support these exotic spacetimes [19]. Note that in modified gravity, the gravitational field equation may be expressed as an effective Einstein field equation, i.e., G_{μν} ≡ R_{μν} −^1_2 R g_{μν} = κ^2T^{eff}_{μν} , where T^{eff}_{μν} is the effective stress-energy tensor, which contains the higher order curvature terms. Therefore, in modified theories of gravity, it is the effective stress-energy tensor that violates the null energy condition, i.e., T^{eff}_{μν} k^μk^ν < 0. Indeed, this approach has been extensively analysed in the literature, namely, in f(R) gravity [20], curvature-matter couplings [21], conformal Weyl gravity [22], in braneworlds [23], and solutions [24] in the recently proposed hybrid metric- Palatini gravitational theory [25], among other contexts.

In this work, we are primarily interested in presenting new asymptotically flat traversable wormholes governed by the phantom energy equation of state. The organization of the paper is as follows: In Section II, the general equations and conditions in wormhole physics are briefly outlined. In Section III, new solutions which are asymptotically flat are presented, the gravitational redshift caused by the specific parameters of the models are analysed, and the “volume integral quantifier” in several of the models is explored. In Section IV, alternative approaches are outlined, in particular, we consider an equation of state relating the tangential pressure and the energy density, and in the second example we postulate a smooth energy density distribution. Finally, in Section V, we present our concluding remarks. Throughout this work, we consider geometrised units, G = c = 1.

II. BASIC FORMULATION OF WORMHOLE THEORY

Wormholes are hypothetical geometrical structures connecting two universes or two distant parts of the same universe [9]. The general static and spherically symmetric line element representing a wormhole is given by

ds^2 = −U(r)dt^2 + [ 1 − b(r) r ]_{−1} dr^2 + r^2 dΩ^2 , (1)

where dΩ^2 = (dθ^2 + sin^2 θdϕ^2). The metric function b(r) is denoted the shape function, as it is related to the shape of the wormhole. The wormhole throat, which connects two asymptotic regions, is located at a minimum radial coordinate r_0, with b(r_0) = r_0. The shape function b(r) must satisfy the so-called flaring-out condition given by (b − b^′r)/2b^2 > 0, which reduces to b^′(r_0) < 1 at the wormhole throat. The condition (1 − b/r) > 0 is also imposed, so that b(r) < r, for r > r_0.

The metric function U(r) > 0 is denoted by the redshift function, as it is related to the gravitational redshift. More specifically, consider the gravitational redshift of a signal emitted at the wormhole throat and detected at an arbitrary large radial coordinate, so that τ(r) τ(r_0) = λ(r) λ(r_0) = √ g_{00}(r) g_{00}(r_0)

, (2)

where τ(r) is the proper time of an observer located at a specific radial coordinate r. Thus, the redshift, as measured by a distant observer is given by λ(r → ∞) λ(r = r_0) = 1 √ U(r_0)

, (3)

or equivalently by z = δλ/λ = 1 − 1/ √ U(r_0).

In this work, we are interested in obtaining asymptotically flat geometries. Thus, the metric functions need to obey the following conditions U(r) → 1 and b(r)/r → 0, at r → ∞. We consider an anisotropic fluid in the form T^μ_ν = diag(−ρ, p_r, p_t, p_t) to be the matter content of the spacetime, where ρ(r) is the energy density, p_r(r) is the radial pressure, and p_t(r) is the lateral pressure measured in the orthogonal direction to the radial direction. The Einstein field equations provide the following distribution of mat- ter b^′ = 8πr^2ρ, (4) U^′ U = 8πp_rr^3 + b r(r − b) , (5)

p_t = p_r + r 2 [ p^′_r + (ρ + p_r) U^′ 2U ] . (6)

Equation (6) may also be obtained using the conservation of the stress-energy tensor, T^{μν}_{;μ} = 0.

It is also very useful to rewrite the above Einstein field equations (4)-(6) in terms of the stress-energy profile, given by by the following relationships ρ(r) = 1 8π b^′ r^2

, (7)

p_r(r) = 1 8π [( 1 − b r ) U^′ U − b r^3 ] , (8)

p_t(r) = 1 16π ( 1 − b r ) [ U^{′′} U + U^′ rU − b^′r − b 2r(r − b) U^′ U − b^′r − b r^2(r − b) ] . (9)

Note that a mass function m(r) can be defined according to m(r) ≡ ∫_r r_0 4πr^2ρ dr, (10) which together with Eq. (4) leads to

b(r) = r_0 + 2m(r). (11)

Thus, in this paper, we will be interested in constructing wormhole solutions using the equation of state p_r(r) = wρ(r), with w < −1. Taking into account the Einstein field equations (4)-(5), we have the following ordinary differential equation U^′ U = b + wrb^′ r^2(1 − b/r) . (12)

It is important to emphasize a subtlety in considering the phantom energy equation of state in the context of an inhomogeneous spherically symmetric spacetime. Note that phantom energy is a homogeneously distributed fluid, with an isotropic pressure, as emphasized in [7, 8]. However, it can be extended to an inhomogeneous wormhole spacetime by assuming that the pressure in the equation of state is a negative radial pressure, and the transverse pressure may be determined from the Einstein field equation (6). This is motivated by the discussion of the inhomogeneities that may arise due to gravitational instabilities, considered in the Introduction, and through the analysis carried out in [26] where a timedependent solution describing a spherically symmetric wormhole in a cosmological setting with a ghost scalar field was explored. More specifically, it was shown that the radial pressure is negative throughout the spacetime, and for large values of the radial coordinate, equals the lateral pressure, which demonstrates that the ghost scalar field behaves essentially as dark energy.

We now have several strategies to solve the field equations. We have four equations, Eqs. (4)-(6) and (12), with five unknown functions, namely, U(r), b(r), ρ(r), p_r(r) and p_t(r). To close the system, one may consider an extra equation of state p_t = p_t(ρ), or alternatively, it is possible to consider specific choices for the distribution of the energy density threading the wormhole, much in the spirit of [7, 27], or in specifying by hand the redshift function or the shape function, i.e., U(r) and b(r), respectively. Another possibility in obtaining a well-defined solution would be in finding an additional (differential) equation, that could be motivated by some appropriate variational principle, as discussed in [28]. It was argued that whether the additional differential equation be an equation of state for the transverse pressure or a variational principle for the total anisotropy, it should be responsible for maintaining stability of the solution over a wide range of total masses and central pressures. Consequently, the closed set of equations must be selfregulating if it is to be physically interesting [28].

In this work, we are primarily motivated in finding asymptotically flat wormhole solutions, and consequently consider a variety of the above approaches. More specifically, first we choose a specific shape function and find asymptotically flat wormhole solutions that are supported by an arbitrary small amount of energy condition violating matter, as provided by the “volume integral quantifier”. In second place, we obtain further asymptotically flat wormhole geometries, by considering two specific approaches, namely, (i) a second equation of state relating the tangential pressure and the energy density, and (ii) by considering a smooth energy density profile, containing a maximum at the throat, and dropping off to zero at spatial infinity.

III. ASYMPTOTICALLY FLAT PHANTOM WORMHOLE SOLUTIONS I: SPECIFYING THE SHAPE FUNCTION

Throughout this section, we consider wormholes with the following shape function b(r) r_0 = a ( r r_0 )_α + C, (13)

where a, α, and C are dimensionless constants.

We will show below that the parameter a will play a fundamental role in determining the gravitational redshift of signals, and in obtaining arbitrary small quantities of energy condition violating matter by evaluating the “volume integral quantifier” [12].

Note that in order to obey the condition b(r)/r → 0, we need to impose that α < 1. Evaluated at the throat, i.e., b(r_0)/r_0 = a + C = 1, one finds that the constant is given by C = 1 − a. Thus, the shape function finally takes the form

b(r) = r_0 + ar_0 [( r r_0 )_α − 1 ] . (14)

Considering a positive energy density yields the imposition aα > 0. In order to satisfy the flaring-out condition at the throat, b^′(r_0) < 1, one deduces the additional constraint aα < 1. In summary, one has the following restrictions for the parameters α < 1, 0 < aα < 1 . (15) The condition of an event-horizon-free spacetime requires that U(r) be finite and non-zero. Thus, due to the finiteness of U(r), the radial pressure evaluated at throat is given by p_r(r_0) = −1/(8πr^2_0) (see Eq. (5)). The latter negative radial pressure at the throat provides the geometry with a repulsive character, preventing the wormhole from collapsing [9]. Now, the equation of state p_r = wρ, at the throat, also imposes the following condition awα = −1. (16) In addition to the conditions imposed above, one also needs to consider that (1 − b/r) > 0, or equivalently b(r) < r. This condition may be expressed by the following inequality H(x, a) ≡ a ( r r_0 )_α − r r_0

+ 1 − a < 0, (17)

where x ≡ r_0/r. The latter parameter range has been defined, in order to define the entire spacetime, and has the range 0 < x ≤ 1. Note that x = 1 corresponds to the wormhole throat, r = r_0, and x → 0 to spatial infinity r → ∞. In order to check this condition for various choices of α and a, we shall plot H(x, a) against x = r_0/r and a for specific choices of the parameter α, for the solutions obtained below.

The strategy that is adopted in this section is the following. Considering the shape function given by Eq. (14), the ordinary differential equation, given by Eq. (12), takes the following form U^′ U = ( r_0 r^2

) 1 + a [(_r r_0 )_α (1 + wα) − 1 ]

1 − (_{r0} r ) { 1 + a [(_r r_0 )_α − 1 ]} , (18)

which does not – in general – yield an exact solution. Thus, in this section, in order to deduce exact wormhole solutions of Eq. (18), we will impose specific choices for the parameters a and α, which will be considered below.

A. Wormholes with vanishing redshift function

The first case of interest is that of a = 1, so that αw = −1, and taking into account Eq. (18), leads to the solution U = U_0 = constant. In this case, all of the wormhole conditions discussed in the previous section are satisfied, provided that α is in the range 0 < α < 1.

For this case, the line element becomes

ds^2 = −dt^2 + dr^2 1 − (r_0/r)^{1−α}

+ r^2dΩ^2 , (19)

where we have absorbed the factor U_0 into the re-scaled time coordinate t.

The stress-energy tensor profile is given by p_r(r) = wρ(r) = − 1 8πr^2_0 (r_0 r )_{3−α} , (20)

p_t(r) = α − 1 2 p_r(r). (21)

This case which represents a simple phantom wormhole with a vanishing redshift function was previously considered in [29], so that we will not discuss it further here.

B. Wormholes with an unbounded mass function

1. Specific case: α = 1/2

For the specific case α = 1/2, the shape function takes the form b(r) r_0 = a √ r r_0

− a + 1 , (22)

so that the mass function reads m(r) = a 2 ( √ rr_0 − r_0) , (23)

which is positive throughout the spacetime, but unbounded as r → ∞.

Taking into account the shape function given by Eq. (22), the ordinary differential equation (18) yields the solution U(r) = k ( 1 + 1 − a √ r/r_0 )_2

, (24)

where k is a constant of integration.

The line element then takes the form

ds^2 = − ( 1 + 1 − a √ r/r_0 )_2

dt^2+ dr^2 1 −^a√_{r/r0} −^{1−a}_{r/r0} +r^2 dΩ^2 ,

(25) where the factor k has been absorbed into a redefinition of the time coordinate.

Note that for this case, we have w = −2/a, and a lies in the range 0 < a < 2. It is seen that the wormhole spacetime is asymptotically flat, and there is no event horizon, since U is finite and non-zero throughout the spacetime.

In order to check the condition (1 − b/r) > 0, or equivalently the inequality (17), we have plotted H(x, a) as a function of x = r_0/r and a in Fig. 1, where it is transparent that H(x, a) is negative throughout the entire range of x.

FIG. 1: The plot depicts the function H(x, a), for α = 1/2 and where the parameter x = r0/r, lying in the range 0 < x ≤ 1, has been defined in order to define the entire spacetime. It is transparent that H(x, a) is negative throughout the entire range of x. See the text for details.

The gravitational redshift of a signal emitted at the wormhole throat and detected by an observer at a large radial coordinate is given by z = δλ λ = 1 − a 2 − a . (26)

The parameter a, therefore, directly affects the redshift of signals originating from the throat or its neighbourhood. Note that the gravitational redshift is zero, for a = 1. If a → 2, then z → ∞ which unveils an event horizon at r → r_0.

The stress-energy tensor profile needed to support this spacetime is give by the following expressions: p_r(r) = wρ(r) = − 1 8πr^2_0 ( r_0 r )_{3−α} , (27)

p_t(r) = − 1 4 p_r(r) + (r_0/r)^{1/2}(2 − 5a − a^3 + 4a^2) + (2 − 3a + a^2) 64πr^2[(r/r_0)^{1/2} + 1 − a]^2

. (28)

Note that although the phantom fluid is anisotropic, it becomes asymptotically isotropic at large r.

2. Specific case: a =^1_3 and α =^1_3

Another case for which we may find U(r) analytically is considering a =^1_3 and α =^1_3 , so that Eq. (18) yields the following solution

U(r) = k [ 3 + 3 (r_0 r ) 1_3 + 2 (r_0 r ) 2_3 ]^32

× exp { 3 √ 15 5 arctan [ √ 15(2(r/r_0)^{13} + 1) 5 ]} .(29)

Thus, the line element becomes

ds^2 = −U(r)dt^2 + dr^2 1 −^1_3 (_{r0} r ) 2_3

−^{2r0}_{3r}

+ r^2dΩ^2 . (30)

The stress-energy tensor components that thread the wormhole, are given by p_r(r) = wρ(r) = − 1 8πr^2_0 ( r_0 r ) 8_3

, (31) and p_t = − 1 3 p_r+ 1 18πr^2(r/r_0)^{2/3} [ 2 + 3(r/r_0)^{2/3} + 3(r/r_0)^{1/3} ] . (32) In order to impose an asymptotically flat spacetime, i.e., with U(r) → 1 for r → +∞, the constant of integra-

tion takes the value k = 3^{−2/3} ( e^{π√15} )_{−3/10} . It is also interesting to evaluate the “volume integral quantifier” [12], referred to in the Introduction, and which is given by I_V ≡ ∫ (ρ + p_r)dV = [ (r − b) ln ( U(r) 1 − b/r )]_∞ r_0 − ∫_∞ r_0

[1 − b^′(r)] [ ln ( U(r) 1 −^b_r )] dr. (33)

The latter provides information about the “total amount” of energy condition violating matter in the spacetime. For the present solution, we verify that an infinite “amount of energy conditions violating matter” is needed in order to have an asymptotically flat wormhole geometry. More specifically, the volume integral quantifier tends to be globally violated, since I_V = (−2 + a)r^{1/2}|^∞_{r0} → −∞. Thus, this motivates the search for a solution where the “volume integral quantifier” is finite, which shall be analysed below.

C. Wormholes with a bounded mass function

An interesting solution corresponds to α = −1. For this value, we verify that aw = 1, so that for the phantom energy equation of state parameter, we have −1 < a < 0. It can be seen from Eq. (14) that for this value of α, there is a mass function with finite value in which the parameter a plays an important role m(r) = ar_0 2 ( r_0 r − 1 ) . (34)

Equation (18) yields the following solution U(r) = k ( 1 + ar_0 r )_{1−1/a} , (35)

where k is an a constant of integration.

In order to check condition (17), the function H(x, a) is depicted as the surface in Fig. 2, which is negative throughout the spacetime, so that the condition 1 − b(r)/r > 0 is satisfied.

FIG. 2: The surface in the plot depicts the function H(x, a) for α = −1. The parameter x = r0/r has been defined and lies in the range 0 < x ≤ 1, in order to define the entire spacetime. It is transparent that H(x, a) is negative throughout the spacetime. See the text for details.

The line element in this case is given by

ds^2 = − ( 1 + ar_0 r )_{1−} 1_a dt^2+ dr^2 1 −^{r0}_r (_{ar0} r + 1 − a ) +r^2 dΩ^2.

(36) where it is transparent that the geometry is asymptotically flat.

The gravitational redshift, as measured by a distant observer is given by λ(r → ∞) λ(r = r_0)

= (1 + a)^{1−a2a} , (37) or z = δλ λ = 1 − (1 + a)^{1−a2a} , (38)

Thus, the parameter a directly affects the redshift of signals originating from the throat or its nearby regions.

The energy density and pressure profile which supports this spacetime is given by the following expressions p_r(r) = wρ(r) = − 1 8πr^2_0 ( r_0 r )_4 , (39)

p_t(r) = − 1 4 p_r + [ r_0(a^2 + 3a − 1) + 3r ] r^2_0 32πr^4(r + ar_0)

. (40)

The “volume integral quantifier” [12], for this case is given by I_V ≡ ∫ (ρ + p_r)dV = 2 ∫_∞ r_0

(ρ + p_r)4πr^2dr = −(1 + a)r_0 .

(41) Note that for a → −1, we have I_V → 0, which reflects arbitrary small quantities of energy condition violating matter. Thus, by carefully constructing the shape function the specific shape function given by Eq. (14), one may in principle construct asymptotically flat spacetimes supported by arbitrary small quantities of exotic matter.

IV. OTHER ASYMPTOTICALLY FLAT PHANTOM WORMHOLE SOLUTIONS II

One may argue that the approach outlined and explored above, namely, in specifying a shape function lacks physical justification and motivation for the stress-energy tensor distribution. Thus, in this section we consider two alternative approaches that provide asymptotically flat wormhole solutions. The first approach consists in specifying a second equation of state relating the tangential pressure and the energy density. In the second example, we consider a physically motivated smooth energy density profile, consisting of a maximum at the throat and decreasing to zero at spatial infinity.

A. Specifying two equations of state

The system of equations (7)-(9) are closed by taking into account two equations of state, namely, p_r = p_r(ρ) and p_t = p_t(ρ). The radial phantom energy equation of state is given by p_r(r) = wρ(r), which using the field equations provides the ordinary differential equation given by Eq. (12).

Now, as we are considering anisotropic pressures, then it is useful to consider the following dimensionless anisotropy parameter Δ = p_t − p_r ρ . (42) considered extensively in [28]. Assuming that ρ > 0, it is interesting to note that ρΔ/r represents a force due to the anisotropic nature of the phantom wormhole model. If Δ > 0, i.e., p_t > p_r, the geometry is repulsive, being outward directed, and attractive if Δ < 0, i.e., p_t < p_r.

Note that for isotropic pressures, p_t = p_r, i.e., Δ = 0, then the system of equations is closed, although one cannot find exact solutions for the resulting differential equation. Thus, as mentioned in [28], in the context of gravastars, in considering anisotropic pressures, it may be efficient in choosing an equation of state depending on Δ. Indeed, it was shown that in order to generically avoid the formation of an event horizon, then the material threading the gravastar should be sensitive to the “compactness” factor b(r)/r, so that the anisotropy equation of state should have the following variable-dependence: Δ = Δ(r, p_r, b/r). In the present context of phantom wormholes, we consider the particular case of Δ = Δ(r), and taking into account Eq. (42) implies an equation of state of the form

p_t = p_t(r, ρ) = β(r)ρ = [Δ(r) + w] ρ , (43)

where the parameter β(r) depends on the dimensionless anisotropy factor and the phantom equation of state parameter, through the definition β(r) = Δ(r) + w. Thus, the parameter β(r) is denoted the dimensionless phantom anisotropy factor, and it will be useful in obtaining exact asymptotically flat phantom wormhole solutions, which is the prime concern of this paper. A similar approach was considered in [30].

The equation of state (43) relating the tangential pressure with energy density, yields the following differential equation 2b^′β(r) r^2 + (b^′r − b)(b + wrb^′) 2r^3(r − b) + b^′r − b r^3 = ( 1 − b r ) [ U^{′′} U + 1 r U^′ U ] , (44)

Taking into account the ordinary differential equation, Eq. (12), provided by the radial phantom energy equation of state and Eq. (44), one arrives at the following nonlinear second order differential equation ( 1 − b r )_{−1} [ 2b^′β(r) r^2 + (b^′r − b)(b + wrb^′) 2r^3(r − b) + b^′r − b r^3 ]

= [ b + wrb^′ r(r − b) ]_′ + ( b + wrb^′ r^2 ) [ b + wrb^′ r(r − b) + 1 r ] .(45)

One cannot find exact analytical solutions for this equation. Even the simplest case of a constant parameter does not yield an exact solution, although numerical solutions may be found. In this context, in order to obtain asymptotically flat phantom wormhole solutions, we consider a novel approach in that the r-dependent phantom anisotropy parameter β(r) provides an extra degree of freedom. This latter feature imposes an integrability condition, which enables us to solve exactly the differential equation (45). A subtle issue is that in introducing an extra unknown function, namely, β(r), the system becomes once again under-determined, however, the imposition of an integrability condition considered below closes once again the system of equations.

In this context, we impose a particular integrability condition given by

2b^′β(r) + (b^′r − b)(b + wrb^′) 2r(r − b) + b^′r − b r = ( 1 − b r ) [ γα^2 (_{r0} r )_α 1 + γ (_{r0} r )_α ] , (46)

so that Eq. (44) provides the following exact solution U(r) = [ 1 + γ (r_0 r )_α] , (47)

with α > 0, so that U → 1 at spatial infinity r → ∞.

From Eq. (12), and considering α = 1, one finally arrives at the following shape function

b(r) = −γr_0 + (r + γr_0)^{−1/w} [r_0(1 + γ)]^{(1+w)/w} . (48)

The radial derivative of the shape function is given by b^′(r) = −(1/w)(r + γr_0)^{−(1+w)/w} [r_0(1 + γ)]^{(1+w)/w}, which evaluated at the throat reduces to b^′(r_0) = −1/w < 1, consequently obeying the flaring out condition at the throat. The condition for b(r)/r < 1 is also satisfied throughout the spacetime and is depicted in Fig. 3, for the specific value of γ = −1/2.

FIG. 3: The condition for b(r)/r < 1 is satisfied throughout the spacetime, as is depicted in the plot. See the text for details.

One may also analyse the attractive/repulsive nature of the geometry through the redshift function. To this effect, consider a static observer, at rest at constant r, θ, ϕ, with the four-velocity given by u^μ = dx^μ/dτ = (u^t, 0, 0, 0) = (1/ √ U(r), 0, 0, 0). The observer’s fouracceleration is a^μ = u^μ_{;ν} u^ν , so that taking into account the wormhole spacetime metric (1), we arrive at a^t = 0 and a^r = (1 − b/r)g, where g = U^′/2U is defined for notational simplicity. Now, from the geodesic equation, a radially moving test particle, which initially starts at rest, obeys the following equation of motion

d^2r dτ^2 = −Γ^r_{tt} ( dt dτ )_2

= −a^r . (49)

The parameter a^r is the radial component of proper acceleration that an observer must maintain in order to remain at rest at constant r, θ, ϕ. The geometry is attractive if a^r > 0, i.e., an observer must maintain an outward-directed radial acceleration to keep from being pulled into the wormhole; and repulsive if a^r < 0, i.e., an observer needs an inward-directed radial acceleration to avoid being pushed away from the wormhole. Note that this distinction depends on the sign of g = U^′/2U. Thus, the convention used is that g is positive for an inwardly gravitational attraction, and negative for an outward gravitational repulsion [31].

For the specific solution obtained in Eq. (47), we have g = U^′(r) 2U(r) = − γα (_{r0} r )_α 2r [ 1 + γ (_{r0} r )_α] (50)

and taking into account the specific values of α = 1 and γ = −1/2, the factor reduces to g = r_0/[4r^2(1−r_0/(2r))], which is positive throughout the spacetime, indicating an inwardly gravitational attractive nature of the geometry.

The stress-energy tensor profile is given by the following relationships p_r = wρ = − 1 8πr^2 (r + γr_0)^{− 1+ww} [r_0(1 + γ)]^{1+ww} , (51)

p_t = 1 16πr^2 { [ 1 − (r + γr_0)^{− 1w} [r_0(1 + γ)]^{1+ww} − γr_0 r ]

[ γr_0 r(1 +^{γr0}_r ) + r_0(1 + γ)(2r + γr_0) 2w(r + γr_0)^2 ×

× γwr(r + γr_0)^{1w} + [r_0(1 + γ)]^{1+ww} [r + w(r + γr_0)]

r_0 [r_0(1 + γ)]^{1+ww} (1 + γ) − (r + γr_0)^{1+ww} ]} .(52)

The stress-energy components tend to zero at spatial infinity; and at the throat, p_r|_{r0} = wρ|_{r0} = −1/(8πr^2_0) and p_t|_{r0} = 3(1 + w)(2 + γ)/[32πwr^2_0 (1 + γ)].

For this specific case, the dimensionless anisotropy parameter, given by Eq. (42), is depicted in Fig. 4 for the values α = 1 and γ = −1/2. It is shown that Δ > 0, which implies a repulsive character of the geometry due to the anisotropy of the system. Thus, one may naively conclude that the latter repulsive character due to the anisotropy compensates the attractive nature of the gravity profile for a specific range of the parameters of the wormhole model. This partially justifies the choice for the second equation of state that was considered. However, we emphasize that a full stability analysis of the system is in order.

FIG. 4: The dimensionless anisotropy parameter is depicted for the values α = 1 and γ = −1/2. It is shown that Δ > 0, which implies a repulsive character of the geometry due to the anisotropy of the system. See the text for details.

B. Smooth phantom energy density distribution

One may also consider a specific energy density (or pressure) profile and close the system with a specific equation of state as done in [7, 27]. In this context, consider the specific case of the energy density profile given by ρ(r) = ρ_0 ( r_0 r )_α , (53)

where α > 0. Note that the energy density possesses a smooth profile with a maximum at the throat, i.e., ρ_0, and drops off to zero at spatial infinity.

From Eq. (4), one deduces the following shape function

b(r) = r_0 −

8πρ_0r^3_0 3 − α [ 1 − (r_0 r )_{α−3}] . (54)

The radial derivative is given by b^′(r) = 8πρ_0r^2(r_0/r)α, and at the throat reduces to b^′(r_0) = 8πρ_0r^2_0 < 1, which implies the following restriction ρ_0 < 1/(8πρ_0). In order to obey the condition b(r)/r → 0 at r → ∞, the condition α > 2 is also imposed. Indeed, the condition for b(r)/r < 1 is also satisfied throughout the spacetime and is depicted in Fig. 5, where we have considered the following values for the parameters α = 5/2 and ρ_0 = −1/(8wπr^2_0).

FIG. 5: The condition for b(r)/r < 1 is satisfied throughout the spacetime, as is depicted in the plot. We have considered the following values for the parameters α = 5/2 and ρ0 = −1/(8wπr^2_0 ). See the text for details.

One cannot find an exact general solution for the redshift function U(r), with an arbitrary α, but consider for simplicity the specific case α = 5/2, so that Eq. (12) yields the following solution U(r) = C [ ρ̄_0 (r_0 r ) ( r^2 − r^2_0 ) + r_0 r − 1 ] ×

exp ρ̄_0r^2_0 (1 + w) arctanh

√_{rr0}^[_{−1+ ρ̄02 r2} (^{r0}_r )^{5/2]} √ 1−ρ̄_0r^2_0 +^{ρ̄20 r40}_4 √ 1 − ρ̄_0r^2_0 +^{ρ̄20 r40}_4

,(55)

where ρ̄_0 = 16πρ_0 is defined for notational convenience. The integration constant C can be absorbed into a redefinition of the time coordinate. The latter function is depicted in Fig. 6, where we have considered the following values for the parameters w = −1.5 and ρ_0 = −1/(8wπr^2_0).

Relative to the stress-energy tensor components, the tangential pressure is not presented as it is extremely messy and lengthy. However, it is possible to show that

FIG. 6: Profile of the redshift function given by Eq. (55), for the spefific values of α = 5/2, w = −1.5 and ρ0 = −1/(8πwr^2_0 . See the text for details.

it is finite throughout the spacetime and does indeed tend to zero at spatial infinity.

V. CONCLUDING REMARKS

The possibility that the accelerated expansion of the Universe may be driven by an exotic fluid with an equation of state given by w = p/ρ < −1, denoted by phantom energy, is not ruled out by cosmological observations. Such a fluid violates the null energy condition, which is a fundamental ingredient to sustain static traversable wormholes. The possibility of phantom energy has therefore brought new life to research in wormhole physics, while opening fascinating observational possibilities through future observations of CMB and distant supernovae. In the present work, we have found new exact wormhole solutions supported by phantom energy. By carefully constructing a specific shape function, we have obtained the metric, as well as the energy density and pressure profile needed to support the wormhole geometries and discussed some of the properties of the resulting spacetime. In particular, the mass function of the wormhole was shown to be finite or infinite depending on the particular choices of the parameters. Despite this, it was also shown that a signal emitted at the throat undergoes a finite redshift as measured by a distant observer, depending on the specific parameters of the theory. Furthermore, we have also explored alternative approaches, in particular, by (i) imposing an equation of state relating the tangential pressure and the energy density and (ii) imposing a smooth energy density distribution.

As compared with many of the solutions previously obtained in the literature, the line elements obtained in this work are asymptotically flat with an energy density and pressures vanishing at large distances from the wormhole as ∼ 1/r^n, with n > 0. The possibility of choosing different values for the parameters of the model, helped us find exact solutions with special mass and redshift values as seen by a distant observer. One important property of the solutions presented in this paper is that there is no need to use surgeries to glue the wormhole to an exterior vacuum geometry. We have also considered the “volume integral quantifier”, which provides useful information regarding the total amount of energy condition violating matter, and we have shown that, in principle, it is possible to construct asymptotically flat wormhole solutions with an arbitrary small amount of energy condition violating matter. As in the previously obtained solutions, these phantom energy traversable wormholes have far-reaching physical implications, such as, absurdly advanced civilizations may use these geometries for interstellar travel and to induce closed timelike curves, consequently violating causality.

Nevertheless, as there is no observational evidence pointing to the existence of wormholes, and as phantom energy represents a spatially homogeneous cosmic fluid and is assumed not to cluster, a qualitative argument regarding the stability of the system is in order. Indeed, as mentioned in the Introduction it is possible that inhomogeneities may arise due to gravitational instabilities, and that phantom energy wormholes may have originated from density fluctuations in the cosmological background, resulting in the nucleation through the respective density perturbations. In this context, a full-fledged stability analysis is in order. In fact, wormholes have been modelled by so-called ghost or phantom scalar fields, involving a simple Lagrangian describing a minimally coupled massless scalar field with a reversed sign kinetic term. The stability issue has been extensively explored in the literature, and in particular, it has been shown that massless non-minimally coupled scalar fields are unstable under linear [32] and nonlinear perturbations [33]. Recently, in order to obtain stable solutions, the study of configurations supported by a ghost scalar field with a self-interaction potential was analysed [34]. In particular, a ghost scalar field with a quartic coupling was analysed, and it was found that all the wormhole systems considered were unstable against linear perturbations. In fact, two serious difficulties seem to stand out, namely, instabilities arise at boundary surfaces separating ghost and normal fields, which generally transform these surfaces into singular ones [35], and in second place, ghost fields are extremely problematic at the quantum level. In the latter feature, the negative kinetic term leads to the possibility that the energy density may become arbitrarily negative for high frequency oscillations [36]. It may be possible that a more general self-interaction potential, or perhaps interacting ghost scalar fields may stabilize the system, and we emphasize that the situation is highly non-trivial. Work along these latter lines is presently underway.

Acknowledgements

FSNL acknowledges financial support of the Fundação para a Ciência e Tecnologia through the grants CERN/FP/123615/2011 and CERN/FP/123618/2011.

[1] A. Riess et al., Astron. J. 116, 1009 (1998);

S.J.Perlmutter et al., Astrophys. J. 517, 565 (1999); C.L. Bennett et al., Astrophys. J. Suppl. Ser. 148, 1 (2003); G. Hinshow et al., Astrophys. J. Suppl. Ser. 148, 135 (2003).

[2] J.L. Tonry et al., Astrophys. J. 594, 1 (2003); U.

Alam, V. Sahni, T.D. Saini, and A.A. Starobinsky, astro-ph/0311364; T.R. Choudhury and T. Padmanabhan, astro-ph/0311622; J.S. Alcaniz, Phys. Rev. D 69, 083521 (2004).

[3] R. R. Caldwell, Phys. Lett. B 545, 23 (2002); R. R. Caldwell, M. Kamionkowski, and N. N. Weinberg, Phys. Rev. Lett. 91, 071301 (2003).

[4] L. Amendola, Phys. Rev. Lett. 93, 181102 (2004). [5] I. Brevik, S. Nojiri, S. D. Odintsov, and L. Vanzo, Phys.

Rev. D 70, 043520 (2004); S. Nojiri and S. D. Odintsov, Phys. Rev. D 70, 103522 (2004).

[6] M. Douspis, A. Riazuelo, Y. Zolnierowski and A. Blanchard, Astophys. J. Suppl. Ser. 148, 135 (2003); L. Wang, R.R. Caldwell, J.P. Ostriker and P.J. Steinhardt, Astophys. J., 530, 17 (2000).

[7] S. V. Sushkov, Phys. Rev. D 71, 043520 (2005). [8] F. S. N. Lobo, Phys. Rev. D 71, 084011 (2005);

F. S. N. Lobo, Phys. Rev. D 71, 124022 (2005); O. B. Zaslavskii, Phys. Rev. D 72, 061303(R), (2005); M. Jamil, P. K. F. Kuhfittig, F. Rahaman and S. .ARakib, Eur. Phys. J. C 67, 513 (2010).

[9] M. S. Morris, K. S. Thorne, Am. J. Phys. 56, 395 (1988); M. Visser, Lorentzian wormholes: From Einstein to Hawking, (AIP Press, New York, 1995).

[10] F. J. Tipler, Energy conditions and spacetime singularities, Phys. Rev. D 17, 2521 (1978).

[11] F. S. N. Lobo, arXiv:0710.4474 [gr-qc].

[12] M. Visser, S. Kar and N. Dadhich, Phys. Rev. Lett. 90, 201102 (2003); S. Kar, N. Dadhich and M. Visser, Pramana 63, 859-864 (2004).

[13] M. S. Morris, K. S. Thorne and U. Yurtsever, Phy. Rev.

Lett. 61, 1446 (1988).

[14] J. P. S. Lemos, F. S. N. Lobo and S. Q. de Oliveira, Phys.

Rev. D 68, 064004 (2003); F. S. N. Lobo, Gen. Rel. Grav. 37 (2005) 2023; F. S. N. Lobo, Class. Quant. Grav. 21 4811 (2004); J. P. S. Lemos and F. S. N. Lobo, Phys. Rev. D 69, 104007 (2004); F. S. N. Lobo, P. Crawford, Class. Quant. Grav. 22, 4869-4886 (2005); J. P. S. Lemos and F. S. N. Lobo, Phys. Rev. D 78, 044030 (2008); N. M. Garcia, F. S. N. Lobo and M. Visser, Phys. Rev. D 86, 044026 (2012).

[15] R. Garattini and F. S. N. Lobo, Class. Quant. Grav. 24, 2401 (2007); R. Garattini, Class. Quant. Grav. 22, 1105 (2005); R. Garattini and F. S. N. Lobo, Phys. Lett. B 671, 146 (2009).

[16] F. S. N. Lobo, Class. Quant. Grav. 23, 1525 (2006). [17] A. DeBenedictis, R. Garattini and F. S. N. Lobo, Phys.

Rev. D 78, 104003 (2008).

[18] T. Harko, Z. Kovacs and F. S. N. Lobo, Phys. Rev. D 78, 084005 (2008); T. Harko, Z. Kovacs and F. S. N. Lobo, Phys. Rev. D 79, 064001 (2009) [19] T. Harko, F. S. N. Lobo, M. K. Mak and S. V. Sushkov, arXiv:1301.6878 [gr-qc].

[20] F. S. N. Lobo, M. A. Oliveira, Phys. Rev. D 80, 104012 (2009).

[21] N. M. Garcia, F. S. N. Lobo, Phys. Rev. D 82, 104018 (2010); N. M. Garcia, F. S. N. Lobo, Class. Quant. Grav. 28, 085018 (2011).

[22] F. S. N. Lobo, Class. Quant. Grav. 25, 175006 (2008). [23] F. S. N. Lobo, Phys. Rev. D 75, 064027 (2007). [24] S. Capozziello, T. Harko, T.S. Koivisto, F.S.N. Lobo and G.J. Olmo, Phys. Rev. D 86, 127504 (2012).

[25] T. Harko, T. S. Koivisto, F. S. N. Lobo and G. J. Olmo, Phys. Rev. D 85, 084016 (2012); S. Capozziello, T. Harko, T. S. Koivisto, F. S. N. Lobo and G. J. Olmo, arXiv:1209.2895 [gr-qc].

[26] S. V. Sushkov and S. W. Kim, Gen. Rel. Grav. 36, 1671 (2004).

[27] I. Dymnikova, Int. J. Mod. Phys. D 12, 1015 (2003). [28] C. Cattoen, T. Faber and M. Visser, Class. Quant. Grav.

22, 4189 (2005) [gr-qc/0505137].

[29] F. Rahaman, M. Kalam, M. Sarker, S. Chakraborty, Acta

Phys. Pol., B40, No. 1, 25, (2009).

[30] W. Hillebrandt and K. O. Steinmetz, Astron. Astrophys.

53, 283-287 (1976).

[31] T. A. Roman, Phys. Rev. D 47, 1370 (1993);

[gr-qc/9211012]. F. S. N. Lobo, Phys. Rev. D 75, 024023 (2007).

[32] K.A. Bronnikov and S. Grinyok, Grav. Cosmol. 7, 297 (2001); K.A. Bronnikov and S.V. Grinyok, Grav. Cosmol. 10, 237 (2004); K. A. Bronnikov and S. V. Grinyok, Grav. Cosmol. 11, 75 (2005); K.A. Bronnikov and A.A. Starobinsky. JETP Lett., 85, 15 (2007); J. A. Gonzalez, F. S. Guzman and O. Sarbach, Class. Quant. Grav. 26, 015010 (2009).

[33] J. A. Gonzalez, F. S. Guzman and O. Sarbach, Class.

Quant. Grav. 26, 015011 (2009) [arXiv:0806.1370 [grqc]].

[34] V. Dzhunushaliev, V. Folomeev, B. Kleihaus and J. Kunz, arXiv:1302.5217 [gr-qc].

[35] K. A. Bronnikov and S. V. Grinyok, Grav. Cosmol. 10, 237 (2004); A. Vikman, Phys. Rev. D 71, 023515 (2005); F. Cannata and A.Yu. Kamenshchik, gr-qc/0603129 (2006).

[36] S. V. Sushkov and Y. -Z. Zhang, Phys. Rev. D 77, 024042 (2008).