arXiv:1212.5935v1 [hep-th] 24 Dec 2012

WITS-CTP-108

Restricted Schur Polynomials for Fermions and integrability in the su(2|3) sector

Robert de Mello Koch^1, Pablo Diaz^2 and Nkululeko Nokwara^3

National Institute for Theoretical Physics , Department of Physics and Centre for Theoretical Physics University of Witwatersrand, Wits, 2050, South Africa

ABSTRACT

We define restricted Schur polynomials built using both fermionic and bosonic fields which transform in the adjoint of the gauge group U(N). We show that these operators diagonalize the free field two point function to all orders in 1/N. As an application of our new operators, we study the action of the one loop dilatation operator in the su(2|3) sector in a large N but non-planar limit. The restricted Schur polynomials we study are dual to giant gravitons. We find that the one loop dilatation operator can be diagonalized using a double coset ansatz. The resulting spectrum of anomalous dimensions matches the spectrum of a set of decoupled oscillators. Finally, in an Appendix we study the action of the one loop dilatation operator in an sl(2) sector. This action is again diagonalized by a double coset ansatz.

1 robert@neo.phys.wits.ac.za
2 Pablo.DiazBenito@wits.ac.za
3Nkululeko.Nokwara@students.wits.ac.za

Contents

1 Introduction 1

2 Warm up: Single Fermion 3

3 Counting 7 3.1 Warm up: bosons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.2 One fermion, one boson . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.3 Fermions and bosons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

4 Restricted Schurs for su(2|3) 10 4.1 Preliminary Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 4.2 Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

5 Action of Dilatation operator in su(2|3) sector 13

6 Discussion 24

A Action of Dilatation operator in sl(2) sector 24

1 Introduction

There is now convincing evidence that N = 4 super-Yang-Mills theory in four dimensions is equivalent to ten dimensional string theory on AdS_5×S^5[1]. Part of specifying the equivalence entails providing a detailed identification between the quantum states in the N = 4 super Yang-Mills theory and objects in the dual string theory. Roughly, this identification is organized by the R charge J of the operators in the super Yang-Mills theory. For example, operators with J ∼ 1 are identified with pointlike gravitons [2, 3] while operators with J ∼ √ N include operators that are identified with strings[4]. In this article we focus on certain operators with J ∼ N that are identified with giant gravitons[5, 6, 7]. The study of these operators is technically interesting, since for this class of observables, the large N and the planar limits do not coincide[8].

The fact that the large N and the planar limits do not coincide means that summing only the planar diagrams does not produce the correct large N value of the observable being studied - one needs to sum more than just the planar diagrams. This problem can be solved completely by exploiting the group theory of the symmetric and unitary groups, as well as the relations between them. Indeed, using representation theory techniques the problem of computing two point functions can be solved exactly in the free field limit[9, 10, 11, 12, 13,

14, 15, 16, 17, 18, 19, 20]. The next natural step is to start exploring these non-planar large N limits, beyond the free theory.

Studies of the equivalence between gauge theory and gravity have contributed significantly to our understanding of N = 4 super Yang-Mills theory. Integrable structures governing the anomalous dimensions of the theory in the planar limit have been discovered[21, 22, 23]. This allows a complete understanding of planar two point functions and in particular, of their dependence on the coupling constant. Recent progress has started to provide evidence that integrability is present in other large N limits of the theory[24, 25, 26, 27, 28, 29, 30, 32]. Given our experience with the planar limit, one might be optimistic that these new integrable sectors will again allow a detailed understanding, away from the free theory, of nonplanar large N two point functions. At very least, these sectors deserve further study. This is one of the primary motivations for this work.

Recall that operators of the super Yang-Mills theory that are dual to half-BPS giants are products of traces of powers of one matrix Z. A convenient basis for these operators is provided by the Schur polynomials[9]. To obtain open string excitations replace some of the Z matrices with another “impurity” matrix Y [33]. See [34, 35, 36, 37, 38, 39, 40] for more on the construction of states corresponding to strings attached to giants. A natural basis for these operators are the restricted Schur polynomials χ_{R,(r,s)μν} (Z, Y )[41, 10, 15]. The labels of this polynomial are R, a Young diagram specifying an irrep of S_{m+n}, a pair (r, s) of Young diagrams for an irreducible representation (irrep) of S_n × S_m and multiplicity labels μ, ν. The multiplicity labels resolve which (r, s) irrep appears when the irrep R of S_{m+n} is decomposed under the action of the S_n × S_m subgroup. The action of the one-loop dilatation operator when acting on the χ_{R,(r,s)μν} (Z, Y ) simplifies dramatically when lengths of distinct rows of R differ by order N[29, 30]. In this limit, the one loop dilatation operator reduces to systems of harmonic oscillators. In the case that R has p rows, the harmonic oscillator dynamics describes p particles along the real line, with coordinates given by the lengths of the Young diagram R[27]. These particles interact with quadratic two particle interaction potentials. The harmonic oscillator dynamics follows after diagonalization in the space of (s, μ, ν) labels. This diagonalization was first considered in numerical studies of [24, 25] for m = 2, 3, 4 Y s. The numerical results produce a perfect linear spectrum. These numerical studies were then extended by an analytic approach valid when R has 2 rows or columns and m is general for operators built from 2 scalars Z, Y [26] and in [42] for operators built using 3 scalars Z, Y, X. The complete action of the one loop dilatation operator for p rows or columns was computed in [28] and the spectrum was obtained using a numerical approach. The key progress was due to a new Schur-Weyl duality (this is developed further in [30]; for further use of Schur-Weyl in AdS/CFT duality see [31]) which enabled both a simple construction of the restricted Schur polynomials and the evaluation of the action of the one loop dilatation operator. The numerical results for the spectrum provides a concrete realization of the Gauss Law constraints and motivated a very simple conjecture for the spectrum of anomalous dimensions. Using ingredients coming from Fourier transformation on the double coset[12, 13, 14], this conjecture was proved in [32]. At two loops the operators of good scaling dimension are mot modified; the anomalous dimension receives a non-zero correction[43].

The double coset ansatz and the resulting harmonic oscillator dynamics are strong signals of integrability in this large N limit. However, to prove that non-planar integrability is present at one loop in this sector of the theory we need to do more. Apart from the scalar fields that have been considered, one needs to include the fermion fields and the gauge fields. In this article we will provide new technology that fills this important gap. To achieve this, we explain how to construct restricted Schur polynomials which include both fermions and bosons. These new restricted Schur polynomials continue to diagonalize the free field two point function (see equation (4.18)) and the number of these polynomials matches the expected number of multi field-multi trace gauge invariant operators. We also show how to transform between the trace basis and the basis provided by the polynomials we construct (see equation (5.19)).

As a concrete application of our results we study the su(2|3) sector of the theory. The su(2|3) sector consists of operators built using three complex scalars and two complex fermions. This sector is closed to all orders under the action of the dilatation operator. Useful references include [44] where the planar dilatation operator up to three loop level was studied and [45] who studied the coherent state action derived from the one loop dilatation operator. At the one loop level the dilatation operator has a rather simple action in this sector - see formula (2.1) of [45], or the H_2 piece of Table 1 of [44]. In this article (section 5) we explain how to construct restricted Schur polynomials for the su(2|3) sector and compute the action of the dilatation operator in this sector. We then demonstrate that the double coset ansatz of [32] can be used to diagonalize the dilatation operator in this sector of the theory.

In an appendix we show that the action of the one loop dilatation operator in an sl(2) sector is again diagonalized by a double coset ansatz.

2 Warm up: Single Fermion

Consider a single fermion ψ^i_j transforming in the adjoint of the gauge group U(N). The relevant two point function is

⟨ψ^i_j(ψ^†)^k_l ⟩ = δ^i_l δ^k_j (2.1)

The fermionic fields are Grassman valued, so that swapping them costs a minus sign. Our conventions for ordering the fields is as follows

(ψ^{⊗ n})^I_J = ψ^{i1}_{j1} ψ^{i2}_{j2} · · · ψ^{in}_{jn} (2.2)

(ψ^{†⊗ n})^K_L = ψ^{† kn}_{ln} · · · ψ^{† k2}_{l2} ψ^{† k1}_{l1} (2.3)

It is straight forward to see that

⟨(ψ^{⊗ n})^I_J (ψ^{†⊗ n})^K_L ⟩ = ∑ σ∈S_n sgn(σ)σ^I_L(σ^{−1})^K_J (2.4)

where sgn(σ) is the sign of permutation σ. To compute the sign of a permutation decompose it into a product of transpositions; this decomposition is not unique. Then, sgn(σ) = (−1)^m where m is the number of transpositions in the product; sgn(σ) is well defined, i.e. it does not depend on the specific decomposition of σ into transpositions. The ordering in (2.3) is used to ensure that no extra n dependent phases appear in (2.4).

The Grassman nature of ψ implies that the trace of an even number of fields vanishes. For example, consider

Tr(ψ^4) = ψ^i_j ψ^j_kψ^k_l ψ^l_i = −ψ^j_kψ^i_j ψ^k_l ψ^l_i = ψ^j_kψ^k_l ψ^i_j ψ^l_i = −ψ^j_kψ^k_l ψ^l_iψ^i_j = −Tr(ψ^4) (2.5)

Further, the product of two traces with the same number of fields in each trace vanishes. For example

Tr(ψ^3)Tr(ψ^3) = ψ^i_j ψ^j_kψ^k_i Tr(ψ^3) = −ψ^i_j ψ^j_kTr(ψ^3)ψ^k_i = ψ^i_j Tr(ψ^3)ψ^j_kψ^k_i = −Tr(ψ^3)ψ^i_j ψ^j_kψ^k_i = −Tr(ψ^3)Tr(ψ^3) (2.6)

Let us now consider polynomials built from the adjoint fermion. Since we want a gauge invariant operator, consider polynomials built as a linear combination of traces^1 ∑ σ∈S_n C_σTr_V ⊗n (σψ^{⊗ n}) (2.7)

By changing summation variables to γ^{−1}σγ and using the Grassman nature of the fermionic fields we find ∑ σ∈S_n C_σTr_V ⊗n (σψ^{⊗ n}) = ∑ σ∈S_n C_γ−1_{σγ} Tr_V ⊗n (σγψ^{⊗ n}γ^{−1}) = ∑ σ∈S_n C_γ−1_{σγ} sgn(γ)Tr_V ⊗n (σψ^{⊗ n}) (2.8)

Thus, the coefficients used to define our polynomial must obey

C_γ−1_{σγ} = sgn(γ)C_σ (2.9)

A natural way to achieve this is to consider

χ^F_R(ψ) = ∑ α∈S_n S^{[1n] R R}_m′_mΓ^R_{m m}′ (α)Tr_V ⊗n (αψ^{⊗n}) (2.10)

1Of course, each of these single traces in V^{⊗n} can give rise to any multitrace structure involving the n fields. Here V is isomorphic to the carrier space of the fundamental representation of U(N).

where Γ^R_{m m}′ (α) is the matrix representing α ∈ S_n in irrep R and S^{[1n] R R}_{m m}′ is the Clebsch- Gordan coefficient for R × R to couple to the antisymmetric irrep [1^n]. This formula can be viewed, as a “degeneration” of the operators constructed in [12, 13] ∑ σ∈S_n B_{jβ}S^{τ ;Λ RR}_{j p q}Γ^Λ_{pq}(σ)Tr_V ⊗n (σX^{μ ⊗ n}) (2.11)

which provides a basis for M species of complex matrix (different species indexed by μ). The basis thus obtained has good U(M) quantum numbers (see the first formula in section 1.1 of [12]). Since [1^n] appears only once in R ⊗ R the analog of the multiplicity label τ which appears in (2.11) is not needed in (2.10). (2.10) is the simplest way to turn the “counting formula” (eqn. 106 of [12]) into a “construction formula”.

To simplify the notation write the Schur polynomials for fermions as

χ^F_R(ψ) = ∑ σ∈S_n C_σTr_V ⊗n (σψ^{⊗ n}) = ∑ α∈S_n Tr ( OΓ^R(α) ) Tr_V ⊗n (αψ^{⊗n}) (2.12)

where O_{m m}′ = S^{[1n] R R}_{m m}′ . The Clebsch-Gordan coefficients of the symmetric group obey (see formula 7-186 of [46]) Γ^μ_{ij}(σ)Γ^ν_{kl}(σ)S^{λτλ μ ν}_{s j l} = Γ^{λτλ}_s′_s (σ)S^{λτλ μ ν}_s′_{i k} (2.13) Lets specialize this to our problem. Replace μ, ν by R and λ by [1^n]. There is no need for the multiplicity label τ_λ. Also, because [1^n] is 1 dimensional there is no need for indices s, s^′ and we replace Γ^{λτλ}_s′_s (σ) → sgn(σ). The equation for the Clebsch-Gordan coefficients becomes

Γ^R_{ij} (σ)Γ^R_{kl}(σ)S^{[1n] R R}_{j l} = sgn(σ)S^{[1n] R R}_{i k} (2.14)

which, since we may assume without loss of generality that we have an orthogonal representation, implies that

S^{[1n] R R}_{m l} Γ^R_{lk}(σ) = sgn(σ)Γ^R_{mi}(σ)S^{[1n] R R}_{i k} (2.15)

This proves that

Γ^S (σ)O = sgn(σ) OΓ^S(σ) (2.16)

Clearly then, O^2 commutes with every element of the group and is, by Schur’s Lemma, proportional to the identity matrix. Thus, (perhaps after a normalization) we have

O^2 = 1 (2.17)

This immediately implies that characters for all odd elements (those with sign -1) of the symmetric group vanish since

Tr(Γ^R(σ)) = Tr(O^2Γ^R(σ)) = sgn(σ)Tr(OΓ^R(σ)O)

= sgn(σ)Tr(OOΓ^R(σ)) = sgn(σ)Tr(Γ^R(σ)) (2.18) where we used (2.16) and then cyclicity of the trace. The representation s^T which is conjugate to s is defined by flipping the Young diagram as shown

s = s^T = (2.19) O can only be non-zero for self conjugate irreps because it is only for these that the characters of all odd elements vanish. Indeed S^{[1n] R R}_{m m}′ is only non-zero for self conjugate irreps.

Of course, the above observations all follow from C_γ−1_{σγ} = Tr ( OΓ^R(γ^{−1}σγ) ) = Tr ( OΓ^R(γ^{−1})Γ^R(σ)Γ^R(γ) ) = sgn(γ)Tr ( Γ^R(γ^{−1})OΓ^R(σ)Γ^R(γ) ) = sgn(γ)C_σ (2.20) which proves that the coefficients of our polynomials do indeed obey (2.9).

Spelling out index structures, our conventions are

χ_R(ψ) = 1 n! ∑ σ∈S_n Tr(OΓ^R(σ))ψ^{i1}_{iσ(1)} · · · ψ^{in}_{iσ(n)} (2.21)

χ^†_R(ψ) = 1 n! ∑ σ∈S_n Tr(Γ^R(σ)O)ψ^{† in}_{iσ(n)} · · · ψ^{† i1}_{iσ(1)} (2.22)

A difference between working with fermionic variables as opposed to bosonic variables, is that fermionic variables anticommute. Thus different choices of how we populate the slots with fermionic fields can differ by a sign. It is for this reason that we must spell things out. We will now compute the two point function ⟨χ_Rχ^†_S ⟩ = 1 (n!)^2 ∑ σ,ρ,γ∈S_n Tr(OΓ^R(σ))Tr(Γ^S (ρ)O)sgn(γ)Tr_V ⊗n (γσγ^{−1}ρ) = 1 (n!)^2 ∑ β,ρ,γ∈S_n Tr(OΓ^R(γ^{−1}βγ))Tr(Γ^S(ρ)O)sgn(γ)Tr_V ⊗n (βρ) = 1 (n!)^2 ∑ β,ρ,γ∈S_n Tr(OΓ^R(β))Tr(Γ^S (ρ)O)Tr_V ⊗n (βρ) = 1 n! ∑ ψ,ρ∈S_n Tr(OΓ^R(ψ)Γ^R(ρ^{−1}))Tr(Γ^S (ρ)O)Tr_V ⊗n (ψ) = δ_{RS} d_R ∑ ψ∈S_n Tr(Γ^R(ψ))Tr_V ⊗n (ψ)

= δ_{RS} f_R (2.23)

This completes the construction of Schur polynomials for a single fermion. We now want to construct restricted Schur polynomials for an abitrary number of fermionic and bosonic matrix flavors. We will first consider the counting of these operators. For the counting relevant for a single fermionic variable see eqn. 106 of [12]. As we commented above, our construction formula is motivated by this counting and the number of operators we have matches this counting.

3 Counting

We will start with a quick review of counting for bosons in the next subsection[47]. After this warm up we consider the counting of operators built from fermions and bosons.

3.1 Warm up: bosons

We will count the number of operators built with k species of bosonic fields. This should equal the number of restricted Schur polynomials χ_{R,(r1,r2,··· ,rk)}.

Start from the U(N) partition function as quoted in [48], in formula (3.7), for the case of k bosonic fields

Z_{U(N)}(t) = 1 (2πi)^N N! ∮ N∏ i=1 dz_i z_i Δ(z)Δ(z^{−1}) k∏ j=1 N∏ r,s=1 1 1 − t_j z_rz^{−1}_s

(3.1)

Use the Cauchy-Littlewood formula L∏ i=1 M∏ j=1 1 1 − x_iy_j = ∑ r , l(r)≤min(L,M) χ_r(x)χ_r(y) (3.2)

to rewrite (3.1) as

Z_{U(N)}(t) = 1 (2πi)^N N! ∮ N∏ i=1 dz_i z_i Δ(z)Δ(z^{−1}) k∏ j=1 ∑ r_j , l(r_j )≤N χ_{rj} (t_jz)χ_{rj} (z^{−1}) (3.3)

Now, since the Schur polynomial χ_r(z) is a homogeneous polynomial of order |r| ≡ the number of boxes in r, we know that

Z_{U(N)}(t) = 1 (2πi)^N N! ∮ N∏ i=1 dz_i z_i Δ(z)Δ(z^{−1}) k∏ j=1 ∑ r_j , l(r_j )≤N (t_j)^{|rj |}χ_{rj} (z)χ_{rj} (z^{−1}) (3.4)

Using the Littlewood-Richardson rule to perform the product of the Schur polynomials we find Z_{U(N)}(t) = 1 (2πi)^N N! ∑ r_1,...,r_{k+2}, l(r_i)≤N (t_1)^{|r1|}(t_2)^{|r2|} · · · (t_k)^{|rk|}g(r_1, r_2, · · · , r_k, r_{k+1})

×g(r_1, r_2, · · · , r_k, r_{k+2}) ∮ N∏ i=1 dz_i z_i Δ(z)Δ(z^{−1})χ_{rk+1} (z)χ_{rk+2} (z^{−1}) (3.5)

Now, ⟨g, h⟩_N ≡ 1 (2πi)^N N! ∮ N∏ i=1 dz_i z_i Δ(z)Δ(z^{−1})g(z)h(z^{−1}) (3.6)

and ⟨χ_r, χ_t⟩_N = δ_{rt} so that

Z_{U(N)}(t) = ∑ r_1,...,r_k,R, l(r_i)≤N, l(R)≤N (t_1)^{|r1|}(t_2)^{|r2|} · · · (t_k)^{|rk|}(g(r_1, r_2, · · · , r_k, R))^2 (3.7)

From the coefficient of (t_1)^{n1} (t_2)^{n2} · · · (t_k)^{nk} we learn how many operators can be built using n_k fields of species k. This is in turn equal to the number of restricted Schur polynomials χ_{R,(r1,r2,··· ,rk)} with r_i ⊢ n_i and R ⊢ n_1 + n_2 + · · · + n_k[47].

3.2 One fermion, one boson

We will count the number of operators built with one bosonic species and one fermionic species of field. Use r for the bosonic Young diagram and s for the fermionic Young diagram.

Start from the U(N) partition function as quoted in [48], in formula (3.13), for the case of one bosonic field and one fermionic field Z_{U(N)}(f, b) = 1 (2πi)^N N! ∮ N∏ i=1 dz_i z_i Δ(z)Δ(z^{−1}) N∏ r,s=1 1 − fz_rz^{−1}_s 1 − bz_rz^{−1}_s (3.8)

Use the Cauchy-Littlewood formula (3.2) and Littlewood’s formula L∏ i=1 M∏ j=1 (1 + x_iy_j) = ∑ s , l(s)≤L l(s^T )≤M χ_s(x)χ_sT (y) (3.9)

where s^T is conjuagte to s, to rewrite (3.8) as Z_{U(N)}(f, b) = 1 (2πi)^N N! ∮ N∏ i=1 dz_i z_i Δ(z)Δ(z^{−1}) × ∑ r, s, l(r)≤N l(s)≤N l(s^T )≤N χ_r(bz)χ_r(z^{−1})χ_s(fz)χ_sT (z^{−1}) (3.10)

Now, since the Schur polynomial χ_t(z) is a homogeneous polynomial of order |t| ≡ the number of boxes in t, we know that Z_{U(N)}(f, b) = 1 (2πi)^N N! ∮ N∏ i=1 dz_i z_i Δ(z)Δ(z^{−1}) × ∑ r, s, l(r)≤N l(s)≤N l(s^T )≤N b^{|r|}f^{|s|}χ_r(z)χ_r(z^{−1})χ_s(z)χ_sT (z^{−1}) (3.11)

Using the Littlewood-Richardson rule to perform the product of the Schur polynomials we find Z_{U(N)}(f, b) = 1 (2πi)^N N! ∮ N∏ i=1 dz_i z_i Δ(z)Δ(z^{−1}) ∑ r, s, l(r)≤N l(s)≤N l(s^T )≤N × ∑ R_1, R_2 l(R_i)≤N

b^{|r|}f^{|s|}g(r, s, R_1)g(r, s^T , R_2)χ_{R1} (z)χ_{R2} (z^{−1}) (3.12)

Now, again using ⟨χ_r, χ_t⟩_N = δ_{rt} we have Z_{U(N)}(f, b) = ∑ r, s, l(r)≤N l(s)≤N l(s^T )≤N ∑ R l(R)≤N b^{|r|}f^{|s|}g(r, s, R)g(r, s^T , R) (3.13) The fermionic statistics are reflected in this answer. Since the fermionic matrix is a matrix of Grassman variables any product with more than N^2 factors of the fermionic matrix will vanish. Note that since both l(s) ≤ N and l(s^T ) ≤ N, s can have at most N^2 boxes, i.e. we never get operators with a product of more than N^2 factors of the fermionic matrix. Note also that, in general g(r, s, R) ≠ g(r, s^T , R) (3.14) so that this counting is genuinely different to (3.7).

3.3 Fermions and bosons

We will now count the number of operators built with n_b species of bosonic fields and n_f species of fermionic fields.

Start from the U(N) partition function as quoted in [48], in formula (3.13), for the case of n_b bosonic fields and n_f fermionic fields Z_{U(N)}(f, b) = 1 (2πi)^N N! ∮ N∏ i=1 dz_i z_i Δ(z)Δ(z^{−1}) n_f∏

j=1 n_b∏

k=1 N∏ r,s=1 1 − f_j z_rz^{−1}_s 1 − b_kz_rz^{−1}_s (3.15)

Using the Cauchy-Littlewood formula (3.2) and Littlewood’s formula (3.9) we can rewrite (3.15) as Z_{U(N)}(f, b) = 1 (2πi)^N N! ∮ N∏ i=1 dz_i z_i Δ(z)Δ(z^{−1}) n_f∏

j=1 n_b∏

k=1 ∑ r_k,s_j , l(r_k)≤N l(s_j )≤N l(s^T_j )≤N

×χ_{rk} (b_kz)χ_{rk} (z^{−1})χ_{sj} (f_j z)χ_sT_j (z^{−1}) (3.16) Now, again, since the Schur polynomial χ_t(z) is a homogeneous polynomial of order |t| and using the Littlewood-Richardson rule to perform the product of the Schur polynomials we find Z_{U(N)}(f, b) = 1 (2πi)^N N! ∑ r_1,··· ,r_{nb} l(r_a)≤N ∑ s_1,··· ,s_{nf} l(s_b)≤N l(s^T_b )≤N ∑ R_1,R_2 l(R_i)≤N ×(f_1)^{|s1|} · · · (f_{nf} )^{|snf |}(b_1)^{|r1|} · · · (b_{nb} )^{|rnb |} ×g(r_1, · · · , r_{nb} , s_1, · · · , s_{nf} , R_1)g(r_1, · · · , r_{nb} , s^T_1 , · · · , s^T_{nf} , R_2) × ∮ N∏ i=1 dz_i z_i Δ(z)Δ(z^{−1})χ_{R1} (z)χ_{R2} (z^{−1}) (3.17)

Now, again using ⟨χ_t, χ_u⟩_N = δ_{tu} we have Z_{U(N)}(f, b) = ∑ r_1,··· ,r_{nb} l(r_a)≤N ∑ s_1,··· ,s_{nf} l(s_b)≤N l(s^T_b )≤N ∑ R l(R)≤N (f_1)^{|s1|} · · · (f_{nf} )^{|snf |}(b_1)^{|r1|} · · · (b_{nb} )^{|rnb |} ×g(r_1, · · · , r_{nb} , s_1, · · · , s_{nf} , R)g(r_1, · · · , r_{nb} , s^T_1 , · · · , s^T_{nf} , R) (3.18) Note that again, in general g(r_1, · · · , r_{nb} , s_1, · · · , s_{nf} , R) ≠ g(r_1, · · · , r_{nb} , s^T_1 , · · · , s^T_{nf} , R) (3.19) 4 Restricted Schurs for su(2|3)

Having learnt how to count the operators built using both fermionic and bosonic fields, we now consider their construction.

4.1 Preliminary Comments

How many times does [ 1^n ] appear in s ⊗ s^T ? In general we have s ⊗ s^T = ⊕_ta_t t (4.1) To determine the positive integer a_t with t = [1^n] start from the formula for the character of a direct product representation χ_s(g)χ_sT (g) = ∑ t a_t χ_t(g) (4.2) and use the character orthogonality relation 1 |G| ∑ g∈G χ_R(g)χ_S(g^{−1}) = δ_{RS} (4.3) to obtain a_{[1}n_] = 1 |G| ∑ g χ_s(g)χ_sT (g)χ_{[1}n_](g^{−1}) = 1 |G| ∑ g χ_s(g)χ_sT (g)sgn(g) = 1 |G| ∑ g χ_s(g)χ_s(g) = 1 |G| ∑ g χ_s(g^{−1})χ_s(g) = 1 (4.4) Thus, there is no need for a multiplicity label. In the above we used the fact that χ_sT (g)sgn(g) = χ_s(g) and χ_s(g) = χ_s(g^{−1}). In this case Hammermesh’s formula reads Γ^s_{ij} (σ)Γ^{sT}_{kl} (σ)S^{[1n] s sT}_{j l} = sgn(σ)S^{[1n] s sT}_{i k} (4.5) Using the fact that we have an orthogonal rep we find Γ^s_{ij} (σ)Ô_{jp} = sgn(σ)Ô_{ik}Γ^{sT}_{kp} (σ) (4.6) where Ô_{jl} = S^{[1n] s sT}_{j l} (4.7) Ô_{jl} is a map from sT to s. ÔT Ô maps from sT to sT and it commutes with all elements of the group. Thus it is proportional to the identity. ÔÔ^T maps from s to s and it commutes with all elements of the group. Thus it is also proportional to the identity. By normalizing correctly we can choose Ô^T Ô = 1_{sT} ÔÔ^T = 1_s (4.8) In what follows we will subduce two irreps from R, namely (r, sα) and (r, s^T β). α and β are multiplicity labels. The way we build the operators (4.10) that are used in the restricted Schur polynomials is to pull boxes off R leaving r behind. We then assemble the removed boxes to obtain s or s^T , with some multiplicity label. To reflect the fact that the multiplicity “belongs to” s and s^T (and not to [1^n]) in our notation, we will denote Ô_{jl}(sα; s^T β) ≡ S^{[1n] s,α sT ,β}_{j l} (4.9) Making use of the operators (4.9) is the simplest way to turn the counting formula (3.13) into a construction formula.

4.2 Construction

In terms of the operators P_{R,(r,s)αβ} = 1_r ⊗ Ô(sα; s^T β) P^†_{R,(r,s)αβ} = 1_r ⊗ Ô(s^T β; sα) (4.10) we can write the restricted Schur polynomials as χ_{R,(r,s)αβ} (Z, ψ) = 1 n!m! ∑ σ∈S_{n+m} Tr(P_{R,(r,s)αβ} Γ^R(σ))ψ^{i1}_{iσ(1)} · · · ψ^{im}_{iσ(m)} Z^{im+1}_{σ(m+1)} · · · Z^{im+n}_{σ(m+n)} χ^†_{R,(r,s)αβ} (Z, ψ) = 1 n!m! ∑ σ∈S_{n+m} Tr(P^†_{R,(r,s)αβ} Γ^R(σ))ψ^{†im}_{iσ(m)} · · · ψ^{†i1}_{iσ(1)} Z^{im+1}_{σ(m+1)} · · · Z^{im+n}_{σ(m+n)} (4.11) The specific choice of which slots we use for Z or ψ is unimportant - they are related by performing an inner automorphism on S_{n+m} - which is a symmetry of the Schur polynomial. The ordering of the Z fields is completely arbitrary. The ordering of the ψ fields fixes a sign. Note that P_{R,(r,s)αβ} Γ^r(σ_1) ∘ Γ^{sT} (σ_2) = sgn(σ_2)Γ^r(σ_1) ∘ Γ^s(σ_2)P_{R,(r,s)αβ} (4.12) This imples that P_{R,(r,s)αβ} is an intertwining map in the carrier space of R from the subspace (r, s^T ) to the subspace (r, s). Further P_{R,(r,s)αβ} P^†_{T,(t,u)δγ} = δ_{RT} δ_{rt}δ_{su}δ_{βγ}P̄_{R,(r,s)αδ} (4.13) where P̄_{R,(r,s)αγ} = 1_r ⊗ ∑ j |s, α; j⟩⟨s, γ; j| (4.14) It is now straight forward to show that ⟨χ_{R1,(r1,s1)αβ} (Z, ψ)χ^†_{R2,(r2,s2)γδ} (Z, ψ)⟩ = δ_{R1R2} δ_{r1r2} δ_{s1s2} δ_{βδ}δ_{αγ} f_{R1} hooks_{R1} hooks_{r1} hooks_{s1}

(4.15) The generalization to many fermions and bosons is straight forward. For the su(2|3) sector in particular we have P_{R,(⃗r,⃗s)⃗α⃗β} = 1_{r1} ⊗ ∑ j |r_2, α_1; j⟩⟨r_2, β_1; j| ⊗ ∑ k |r_3, α_2; k⟩⟨r_3, β_2; k|⊗ Ô(s_1α_3; s^T_1 β_3) ⊗ Ô(s_2α_4; s^T_2 β_4) (4.16) We have written this with a specific procedure for the construction of P_{R,(⃗r,⃗s)⃗α⃗β} in mind. We imagine that boxes are removed from R until r_1 is obtained. The boxes removed are then assembled to produce the representations r_2, r_3, s_1, s_2. Following this construction, r_1 has no multiplicity, r_2 has multiplicities α_1 and β_1, r_3 has multiplicity α_2 and β_2, s_1 has multiplicity α_3, s^T_1 has multiplicity β_3, s_2 has multiplicity α_4 and s^T_2 has multiplicity β_4. Our conventions for the ordering of the fermionic fields are χ_{R,(⃗r,⃗s)⃗α⃗β}(Z, X, Y, ψ_1, ψ_2) = 1 n_1!n_2!n_3!m_1!m_2! ∑ σ∈S_{n1 +n2+n3+m1+m2} Tr(P_{R,(⃗r,⃗s)⃗α⃗β} Γ^R(σ))× ×ψ^{i1}_{1 iσ(1)} · · · ψ^{im1}_{1 iσ(m1)} ψ^{im1+1}_{2 iσ(m1+1)} · · · ψ^{im1+m2}_{2 iσ(m1+m2)} X^{im1+m2+1}_{σ(m1 +m2+1)} · · · χ^†_{R,(⃗r,⃗s)⃗α⃗β}(Z, X, Y, ψ_1ψ_2) = 1 n_1!n_2!n_3!m_1!m_2! ∑ σ∈S_{n1+n2+n3+m1+m2} Tr(P^†_{R,(⃗r,⃗s)⃗α⃗β}Γ^R(σ)) ψ^{†im1+m2} 2 i_{σ(m1+m2)} · · · ψ †i_{1+m1} 2 i_{σ(1+m1)} ψ †i_{m1} 1 i_{σ(m1)} · · · ψ †i_1 1 i_{σ(1)} X † i_{m1+m2+1} σ(m_1 +m_2+1) · · ·

(4.17)

As far as the bosons go, Xs occupy slots m_1 + m_2 + 1 to m_1 + m_2 + n_2, Y s occupy slots m_1 + m_2 + n_2 + 1 to m_1 + m_2 + n_2 + n_3, while Zs occupy slots m_1 + m_2 + n_2 + n_3 + 1 to m_1 + m_2 + n_2 + n_3 + n_1. The boson slots are not reordered by the †. A straight forward computation now shows that ⟨χ_{R,(⃗r,⃗s)⃗α⃗β}(Z, Y, X, ψ_1, ψ_2)χ^†_{T,(⃗t,⃗u)⃗γ⃗δ}(Z, Y, X, ψ_1, ψ_2)⟩ = δ_{RT} 3∏ i=1 δ_{riti} 2∏ j=1 δ_{sj uj} 4∏ k=1 δ_{αkγk} 4∏ l=1 δ_{βlδl} f_Rhooks_R ∏ m hooks_{rm} ∏ n hooks_{sn}

(4.18)

5 Action of Dilatation operator in su(2|3) sector

To simplify the formula for the one loop dilatation operator, set ϕ_1 ≡ Z, ϕ_2 ≡ X and ϕ_3 ≡ Y . From the formula (2.1) of [45], or the H_2 piece of Table 1 of [44], we find the following one loop dilatation operator D = − g^2_{Y M} (_3 ∑ i>j=1 Tr ( [ϕ_i, ϕ_j] [ ∂_{ϕi} , ∂_{ϕj} ]) + 3∑ i=1 2∑ a=1 Tr ([ϕ_i, ψ_a] [∂_{ϕi} , ∂_{ψa} ])

+ Tr ({ψ_1, ψ_2} {∂_{ψ1} , ∂_{ψ2} }) ) (5.1)

We will study the limit in which the number of ϕ_1s (=n_1) is much greater than the number of ϕ_2s (=n_2), ϕ_3s(=n_3), ψ_1s (=m_1) and ψ_2s (=m_2). In this limit we can simplify the dilatation operator to D = −g^2_{Y M} (_3 ∑ j=2 Tr ( [ϕ_1, ϕ_j] [ ∂_{ϕ1} , ∂_{ϕj} ]) + 2∑ a=1 Tr ([ϕ_1, ψ_a] [∂_{ϕ1} , ∂_{ψa} ]) ) (5.2)

The simpler expression (5.2) is obtained from (5.1) simply by noting that a derivative with respect to ϕ_1 will generate n_1 terms. Since n_1 ≫ n_2, n_3, m_1, m_2, this is a lot more terms than is generated by differentiating with respect to any other field.

The simplest example to start with is when the operator is built using only one fermion ψ_1 and one boson ϕ_1 ≡ Z. One of the terms we need to evaluate is

Z^i_jψ^j_{1 k} d dZ^l_k d dψ^i_{1 l} 1 n!m! ∑ σ∈S_{n+m} Tr_{(r,s)αβ} (Γ^R(σ))ψ^{i1}_{1 iσ(1)} · · · ψ^{im}_{1 iσ(m)} Z^{im+1}_{iσ(m+1)} · · · Z^{im+n}_{iσ(m+n)} (5.3)

To take this derivative we need to use the product rule, and hit each of the m factors of ψ_1 and each of the n factors of Z. We know that the contribution from each Z derivative is the same so that we simply get an overall n multiplied by the term obtained when the derivative hits (say) the Z in slot m + 1. The first thing we want to argue is that the contribution from each ψ_1 derivative is also the same, so that we can write these m terms as m multiplied by the term obtained when the derivative hits (say) the ψ_1 in slot 1. To start, think of ψ^j_{1 k} d dψ^i_{1 l} (5.4)

as our operator. It is Grassman even so it commutes with all other variables. This allows us to move it into any slot, without costing any signs. Now consider ∑ ρ∈S_{n+m} Tr ( P_{R,(r,s)αβ} Γ^R ((1, m + 1)ρ) ) δ^{i1}_{iρ(1)} ψ^{i1 1}_{1 iρ(m+1)} ψ^{i2}_{1 iρ(2)} · · · ψ^{im}_{1 iρ(m)} Z^{im+1}_{iρ(1)} Z^{im+2}_{iρ(m+2)} · · · Z^{im+n}_{iρ(m+n)} = ∑ ρ∈S_{n+m} Tr ( P_{R,(r,s)αβ} Γ^R ((1, m + 1)ρ) ) δ^{i1}_{iρ(1)} Tr_V ⊗ n+m ( ρ(1, m + 1)ψ^{⊗ m}_1 Z^{⊗ n} ) (5.5)

We can now change variables from ρ to γ = (1, l)ρ(1, l) to obtain = ∑ γ∈S_{n+m} Tr ( P_{R,(r,s)αβ} Γ^R ((1, m + 1)(1, l)γ(1, l)) ) δ^{il}_{iγ(l)} Tr_V ⊗ n+m ( (1, l)γ(1, l)(1, m + 1)ψ^{⊗ m}_1 Z^{⊗ n} ) (5.6)

Now,

Tr_V ⊗ n+m ( (1, l)γ(1, l)(1, m + 1)ψ^{⊗ m}_1 Z^{⊗ n} ) = Tr_V ⊗ n+m ( γ(l, m + 1)(1, l)ψ^{⊗ m}_1 Z^{⊗ n}(1, l) ) = ψ^{il}_{1 iγ(m+1)} ψ^{i2}_{1 iγ(2)} · · · ψ^{il−1}_{1 iγ(l−1)} ψ^{i1}_{1 iγ(1)} ψ^{il+1}_{1 iγ(l+1)} · · · ψ^{im}_{1 iγ(m)} Z^{im+1}_{iγ(l)} Z^{im+2}_{iγ(m+2)} · · · Z^{im+n}_{iγ(m+n)} = −ψ^{i1}_{1 iγ(1)} ψ^{i2}_{1 iγ(2)} · · · ψ^{il−1}_{1 iγ(l−1)} ψ^{il}_{1 iγ(m+1)} ψ^{il+1}_{1 iγ(l+1)} · · · ψ^{im}_{1 iγ(m)} Z^{im+1}_{iγ(l)} Z^{im+2}_{iγ(m+2)} · · · Z^{im+n}_{iγ(m+n)} (5.7)

Also, Tr ( P_{R,(r,s)αβ} Γ^R ((1, m + 1)(1, l)γ(1, l)) ) = Tr ( Γ^R ((1, l)) P_{R,(r,s)αβ} Γ^R ((1, l)(l, m + 1)γ) )

= −Tr ( P_{R,(r,s)αβ}Γ^R ((l, m + 1)γ) ) (5.8)

Thus, we find ∑ ρ∈S_{n+m} Tr ( P_{R,(r,s)αβ}Γ^R ((1, m + 1)ρ) ) δ^{i1}_{iρ(1)} ψ^{i1 1}_{1 iρ(m+1)} ψ^{i2}_{1 iρ(2)} · · · ψ^{im}_{1 iρ(m)} Z^{im+1}_{iρ(1)} Z^{im+2}_{iρ(m+2)} · · · Z^{im+n}_{iρ(m+n)} = ∑ γ∈S_{n+m} Tr ( P_{R,(r,s)αβ}Γ^R ((l, m + 1)γ) ) δ^{il}_{iγ(l)} ψ^{i1}_{1 iγ(1)} ψ^{i2}_{1 iγ(2)} · · · ψ^{il−1}_{1 iγ(l−1)} ψ^{il}_{1 iγ(m+1)} ψ^{il+1}_{1 iγ(l+1)} · · · ψ^{im}_{1 iγ(m)} ×Z^{im+1}_{iγ(l)} Z^{im+2}_{iγ(m+2)} · · · Z^{im+n}_{iγ(m+n)} (5.9) The LHS of this last identity is obtained when we differentiate the ψ_1 in slot 1; the RHS when we differentiate ψ_1 in slot l. Thus, this last identity proves that the contribution from each ψ_1 derivative is the same. Thus,

Z^i_jψ^j_{1 k} d dZ^l_k d dψ^i_{1 l} 1 n!m! ∑ σ∈S_{n+m} Tr_{(r,s)αβ} (Γ^R(σ))ψ^{i1}_{1 iσ(1)} · · · ψ^{im}_{1 iσ(m)} Z^{im+1}_{iσ(m+1)} · · · Z^{im+n}_{iσ(m+n)} = 1 (n − 1)!(m − 1)! ∑ ρ∈S_{n+m} Tr ( P_{R,(r,s)αβ} Γ^R ((1, m + 1)ρ) ) δ^{i1}_{iρ(1)} ψ^j_{1 iρ(m+1)} ψ^{i2}_{1 iρ(2)} · · · ψ^{im}_{1 iρ(m)} × Z^{i1}_j Z^{im+2}_{iρ(m+2)} · · · Z^{im+n}_{iρ(m+n)} (5.10) It is now a simple exercise to find Dχ_{R,(r,s)αβ} (ψ_1, Z) = − 2g^2_{Y M} (4π)^2

Tr ([Z, ψ_1] [∂_Z , ∂_{ψ1} ]) χ_{R,(r,s)αβ} (ψ_1, Z) = 2g^2_{Y M} (4π)^2(n − 1)!(m − 1)! ∑ ρ∈S_{n+m} δ^{i1}_{iρ(1)} Tr_{(r,s)αβ} ( Γ^R([(1, m + 1), ρ]) ) × Tr_V ⊗ n+m ( [(1, m + 1), ρ]ψ^{⊗ m}_1 Z^{⊗ n} ) (5.11)

Our next task is to express Tr_V ⊗ n+m ( [(1, m + 1), ρ]ψ^{⊗ m}_1 Z^{⊗ n} ) as a sum over restricted Schur polynomials. We will generalize the argument given in [49] which provides the identity for restricted Schur polynomials built entirely out of bosonic fields. First we need an identity. The irrep (r, s) of S_n × S_m will, in general, be subduced by irrep R of S_{n+m} more than once. Label these different copies with β. It is convenient to switch to a bra-ket notation. In this notation the operators used to define the restricted Schur polynomials we have constructed are [P_{R,(r,s)αβ} ]_{JI} = ∑ a,b,i ⟨R, J|s, b; r, i; α⟩⟨s^T , a; r, i; β|R, I⟩O_{ba} (5.12) We will make use of the identity[12, 49] ∑ β ⟨R, I|r, b; s, i; β⟩⟨r, a; s, j; β|R, J⟩ = d_rd_s n!m! ∑ α_1∈S_m ∑ α_2∈S_n Γ^s(α^{−1}_1 )_{ij}Γ^r(α^{−1}_2 )_{ab}Γ^R(α_1 ∘ α_2)_{IJ}

(5.13)

in what follows. Consider the sum ∑ R,(r,s)αβ d_Rn!m! d_rd_s(n + m)! χ_{R,(r,s)αβ}(τ)χ^†_{R,(r,s)βα}(σ) = ∑ R,(r,s)αβ d_Rn!m! d_rd_s(n + m)! Tr(P_{R,(r,s)αβ}Γ^R(τ))Tr(P^†_{R,(r,s)βα}Γ^R(σ)) = ∑ R,(r,s)αβ d_Rn!m! d_rd_s(n + m)!

[P_{R,(r,s)αβ} ]_{IJ} [Γ^R(τ)]_{JI} [P^†_{R,(r,s)βα}]_{KL}[Γ^R(σ)]_{LK} (5.14)

Now, rewrite both projectors using bra-ket notation to find ∑ R,(r,s)αβ ∑ IJ ∑ KL d_Rn!m! d_rd_s(n + m)! χ_{R,(r,s)αβ} (τ)χ^†_{R,(r,s)βα}(σ) = ∑ R,(r,s)αβ d_Rn!m! d_rd_s(n + m)! ∑ a,b,i,I,J ⟨R, I|s, b; r, i; α⟩⟨s^T , a; r, i; β|R, J⟩O_{ba}[Γ^R(τ)]_{JI} × ∑ c,d,j,K,L ⟨R, L|s^T , d; r, j; β⟩⟨s, c; r, j; α|R, K⟩(O^T )_{dc}[Γ^R(σ)]_{LK} (5.15) The sum over the multiplicity labels can now be performed using (5.13). We find ∑ R,(r,s)αβ d_Rn!m! d_rd_s(n + m)! χ_{R,(r,s)αβ} (τ)χ^†_{R,(r,s)βα}(σ) = ∑ R,(r,s)αβ ∑ γ_1,τ_1∈S_m ∑ γ_2,τ_2∈S_n d_Rd_rd_s (n + m)!n!m! Tr(Γ^r(γ_2τ_2))Tr(Γ^{sT} (γ_1)O^T Γ^s(τ_1)O)

×Tr(Γ^R(τ · γ_1 ∘ γ_2 · σ · τ_1 ∘ τ_2)) (5.16)

In this last expression we recognize the delta function on the group ∑ R d_R |G| χ_R(σ) = δ(σ) (5.17)

where R is a complete set of irreps of group G. Thus, we now have ∑ R,(r,s)αβ d_Rn!m! d_rd_s(n + m)! χ_{R,(r,s)αβ} (τ)χ^†_{R,(r,s)βα}(σ) = ∑ R⊢n+m ∑ τ_1∈S_m ∑ τ_2∈S_n sgn(τ_1) d_R (n + m)!

χ_R(τ · τ^{−1}_1 ∘ τ^{−1}_2 · σ · τ_1 ∘ τ_2) = ∑ τ_1∈S_m ∑ τ_2∈S_n sgn(τ_1)δ(τ · τ^{−1}_1 ∘ τ^{−1}_2 · σ · τ_1 ∘ τ_2) (5.18)

This identity is all that is needed to prove that

Tr_V ⊗ n+m (σψ^{⊗ m}_1 Z^{⊗ n}) = ∑ R,(r,s)αβ d_Rn!m! d_rd_s(n + m)! χ^†_{R,(r,s)αβ} (σ)χ_{R,(r,s)βα}(ψ_1, Z) (5.19)

It is now straight forwards to see that Dχ_{R,(r,s)αβ}(ψ_1, Z) = ∑ T,(t,u)γδ M_{R,(r,s)αβ;T,(t,u)γδ} χ_{T,(t,u)γδ} (ψ_1, Z) (5.20)

where M_{R,(r,s)αβ;T,(t,u)γδ} = −g^2_{Y M} ∑ R^′ c_{RR}′ d_T nm d_R′ d_td_u(n + m) Tr ([ Γ^R((1, m + 1)), P_{R,(r,s)αβ} ] I_R′_T ′ × × [ Γ^T ((1, m + 1)), P_{T,(t,u)δγ} ] I_T ′_R′ ) (5.21)

To obtain the spectrum of anomalous dimensions, it is convenient to consider the action of the dilatation operator on operators with two point functions normalized to 1. The normalized operators can be obtained from χ_{R,(r,s)αβ}(ψ_1, Z) = √ f_R hooks_R hooks_r hooks_s O_{R,(r,s)αβ}(ψ_1, Z) (5.22) In terms of these normalized operators DO_{R,(r,s)αβ}(ψ_1, Z) = ∑ T,(t,u)γδ N_{R,(r,s)αβ;T,(t,u)γδ} O_{T,(t,u)γδ}(ψ_1, Z) (5.23)

where N_{R,(r,s)αβ;T,(t,u)γδ} = −g^2_{Y M} ∑ R^′ c_{RR}′ d_T nm d_R′ d_td_u(n + m) √ f_T hooks_T hooks_r hooks_s f_R hooks_R hooks_t hooks_u × ×Tr_{R⊕T} ([ Γ^R((1, m + 1)), P_{R,(r,s)αβ} ] I_R′_T ′ [ Γ^T ((1, m + 1)), P_{T,(t,u)δγ} ] I_T ′_R′ ) (5.24)

We have explicitly indicated that the last trace is taken over the direct sum of the carrier spaces of R and T . Remarkably, this takes a very similar form as the action of the dilatation operator in the SU(2) sector[25]. Consequently, we know that the operators with a definite scaling dimension can be constructed using the ideas of the double coset ansatz of [32]. A few of the details are different, so it is worth describing some of the steps involved. We will however freely draw on [32], so the reader wanting to follow the details is encouraged to study [32] in detail.

As already described above, we remove boxes from R to produce r. m_i is the number of boxes that must be removed from row i of R to produce r. The m_i can be assembled to produce the vector label ⃗m which, as will become clear, is conserved by the one loop dilatation operator. The subgroup

H = S_{m1} × S_{m2} × · · · × S_{mp} (5.25) will play an important role is what follows. We make use of two types of branching coefficients ∑ μ B^{s→1H}_{kμ} B^{s→1H}_{lμ} = 1 |H| ∑ γ∈H Γ^s(γ)_{kl} (5.26)

∑ μ B^{sT →1m} kμ B^{sT →1m} lμ = 1 |H| ∑ γ∈H sgn(γ)Γ^{sT} (γ)_{kl} (5.27)

The branching coefficients B^{s→1H}_{lμ} resolve the multiplicities that arise when we restrict irrep s of S_m to the identity representation 1_H of H for which Γ^{1H} (γ) = 1 ∀γ. The branching coefficients B^{s→1m}_{lμ} resolve the multiplicities that arise when we restrict irrep s of S_m to the representation 1^m of H for which Γ^{1m} (γ) = sgn(γ) ∀γ. Notice that ∑ μ B^{sT →1m} kμ B^{sT →1m} lμ = 1 |H| ∑ γ∈H sgn(γ)Γ^{sT} (γ)_{kl} = 1 |H| ∑ γ∈H ( O^T Γ^s(γ)O ) kl = O^T_{km} ∑ μ B^{s→1H}_{mμ} B^{s→1H}_{nμ} O_{nl} (5.28)

so that we can identify B^{s→1H}_{nμ} O_{nl} = B^{sT →1m}_{lμ} . This argument suggests that the multiplicity problem of s → 1_H can be identified with the multiplicity problem of s^T → 1^m. It is simple to prove that this is indeed the case as follows: Denote the multiplicity of 1_H in s by n^s_{1H} and the multiplicity of 1^m in s^T by n^{sT}_1m . We have

n^s_{1H} = 1 |H| ∑ χ_s(σ)χ_{1H} (σ) = 1 |H| ∑ χ_s(σ) = 1 |H| ∑ χ_sT (σ)sgn(σ) = 1 |H| ∑ χ_sT (σ)χ_1m (σ)

= n^{sT}_1m (5.29)

which completes the demonstration. Now, following[32] we identify |⃗m, s, μ; i⟩ = ∑ j B^{s→1H}_{jμ} ∑ σ∈S_m Γ^s(σ)_{ij} |v_σ⟩ (5.30)

The components m_i of the vector label ⃗m appearing in the above ket record the number of boxes that must be removed from row i of R to produce r. These are the basis vectors in s that are used to construct the projectors appearing in the restricted Schur polynomials. To construct the projectors, we also need to make use of a basis for s^T . The basis for s^T should be constructed using Ô^T which provides a map from the carrier space of s^T to the carrier space of s. Using Ô^T we find ∑ i (Ô^T )_{ki}|⃗m, s, μ; i⟩ = ∑ j B^{sT →1m} jμ ∑ σ∈S_m sgn(σ)Γ^{sT} (σ)_{ij} |v_σ⟩ (5.31)

Given these bases, it is a simple matter to verify that the projectors appearing in the restricted Schur polynomials can be written as O(sα, s^T β) = d_s m!|H| ∑ σ , τ ∈S_m B^{s→1H}_{cα} Γ^s_{ac}(σ)|v_σ⟩⟨v_τ |B^{sT →1m}_{dβ} sgn(τ)Γ^{sT}_{bd} (τ)O^T_{ba} (5.32) Indeed, using these expressions it is straight forwards to verify that O(sα, s^T β)O(s^T β, sα) = 1_s O(s^T β, sα)O(sα, s^T β) = 1_sT (5.33) In terms of the branching coefficients, introduce the quantities C^{(s)}_{μ1μ2} (τ) = |H| √ d_s m! ( Γ^s(τ)Ô ) km B^{s→1H}_{kμ1} B^{sT →1m}_{mμ2} (5.34) It is simple to verify that these coefficients define an orthogonal transformation

C^{(s)}_{μ1μ2} (τ)C^{(s)}_{μ1μ2} (σ) = ∑ s⊢m ∑ γ_1,γ_2∈H |H|^2 d_s m! sgn(γ_2)Tr(Γ^s(τ)ÔΓ^{sT} (γ_2)Ô^T Γ^s(σ^{−1})Γ^s(γ_1)) = ∑ s⊢m ∑ γ_1 γ_2∈H d_s m! χ_s(τγ_2σ^{−1}γ_1) = ∑ γ_1 γ_2∈H

δ(τγ_2σ^{−1}γ_1) (5.35)

It is then rather natural to build operators dual to Gauss configuration σ by O_{R,r}(σ) = ∑ s⊢m ∑ μ_1,μ_2

C^{(s)}_{μ1μ2} (σ)O_{R,(r,s)μ1μ2} (5.36)

Using (5.35) we easily find ⟨O_{R,r}(σ_1)O^†_{T,t}(σ_2)⟩ = ∑ γ_1,γ_2∈H δ(γ_1σ_1γ_2σ^{−1}_2 ) (5.37)

We ultimately want to evaluate the action of the dilatation operator on the Gauss graph operators (5.36). To do this we need to review the evaluation of the dilatation operator on normalized restricted Shur polynomials O_{R,(r,s)μ1μ2} . For all the details see [28]. Denote the number of rows in the Young diagram labeling the restricted Schur polynomial by p. The one loop dilatation operator given in (5.24) is exact to all order in 1/N. To capture the large N (but not planar!) limit we use the displaced corners approximation. Recall that to subduce r ⊢ n from R ⊢ m + n we remove m boxes from R. Each box in the Young diagram R can be assigned a factor which is equal to N − i + j for the box in row i and column j. The displaced corners approximation applies when the difference between the factors of any two boxes (of the m boxes removed) is of order N whenever the removed boxes come from different rows. The action of the dilatation operator simplifies in this limit because the action of the symmetric group becomes particularly simple[30]. When the displaced corners approximation holds, we associate each removed box with a vector in a p dimensional vector space V_p. In this way the m removed boxes associated with the ψ_1’s define a vector in V^{⊗ m}_p . The trace over R ⊕ T factorizes into a trace over r ⊕ t and a trace over V^{⊗m}_p . The bulk of the work is in evaluating the trace over V^{⊗m}_p . This trace is evaluated using the methods developed in [28] as we now explain. Introduce a basis for the fundamental representation of the Lie algebra u(p) given by (E_{ij} )_{ab} = δ_{ia}δ_{jb}. These Lie algebra elements obey

E_{ij} E_{kl} = δ_{jk}E_{il} (5.38)

If a box is removed from row i it is associated to a vector v_i which is an eigenstate of E_{ii} with eigenvalue 1. The intertwining maps can be written in terms of the E_{ij}. For example, if we remove a box from row i of R and a box from row j of T , assuming that R^′ and T^′ have the same shape, we have

I_T ′_R′ = E^{(1)}_{ji} (5.39)

By realizing the intertwiners in this way, we find a simple result for the product of symmetric group elements with the intertwiners. For example,

(1, m + 1)I_T ′_R′ = E^{(1)}_{kl} E^{(m+1)}_{lk} E^{(1)}_{ji} = E^{(1)}_{ki} E^{(m+1)}_{jk} (5.40)

Using these techniques we find[28] DO_{R,(r,s)μ1μ2} = −g^2_{Y M} ∑ uν_1ν_2 ∑ i<j δ_{⃗m,⃗n}M^{(ij)}_{sμ1μ2;uν1ν2} Δ_{ij} O_{R,(r,u)ν1ν2} (5.41) where Δ_{ij} acts only on the Young diagrams R, r and M^{(ij)}_{sμ1μ2;uν1ν2} = m √ d_sd_u ( Tr ( Ô(sμ_1; s^T μ_2)E^{(1)}_{ii} Ô(u^T ν_2; uν_1)E^{(1)}_{jj} )

+Tr ( Ô(sμ_1; s^T μ_2)E^{(1)}_{jj} Ô(u^T ν_2; uν_1)E^{(1)}_{ii} )) (5.42)

The operator Δ_{ij} splits into three terms

Δ_{ij} = Δ^+_{ij} + Δ^0_{ij} + Δ^−_{ij} (5.43)

To describe the action of these three pieces, we will need a little more notation. Denote the row lengths of r by r_i. The Young diagram r^+_{ij} is obtained by removing a box from row j and adding it to row i and r^−_{ij} is obtained by removing a box from row i and adding it to row j. We now have

Δ^0_{ij} O_{R,(r,s)μ1μ2} = −(2N + r_i + r_j)O_{R,(r,s)μ1μ2} (5.44)

Δ^+_{ij} O_{R,(r,s)μ1μ2} = √ (N + r_i)(N + r_j )O_R+_{ij ,(r}+_{ij ,s)μ1μ2} (5.45)

Δ^−_{ij} O_{R,(r,s)μ1μ2} = √ (N + r_i)(N + r_j )O_R−_{ij ,(r}−_{ij ,s)μ1μ2} (5.46)

It is clear that the dilatation operator factorized into a piece (Δ_{ij} ) that acts only on r (i.e. on Zs) and a piece M^{(ij)}sμ_1μ_2;uν_1ν_2 that acts only on s (the ψ_1s). Further, because R and r change in exactly the same way the vector ⃗m is preserved by the dilatation operator. We are now ready to consider the action of the dilatation operator on the Gauss graph operators (5.36). Towards this end, consider ⟨O^†_{T,t}(σ_2)DO_{R,r}(σ_1)⟩ = |H|^2 m! ∑ s,u⊢m ∑ μ_1μ_2ν_1ν_2 √ d_sd_u ( Γ^s(σ_1)Ô ) k_1m_1 B^{s→1H}_{k1μ1} B^{sT →1m}_{m1μ2} × ( Γ^u(σ_2)Ô ) k_2m_2 B^{u→1H} k_2ν_1 B u^T →1^m m_2ν_2 ⟨O † T,(t,u)ν_1ν_2 D OR,(r,s)μ1μ2 ⟩ = − |H|^2 m! g^2_{Y M} ∑ s,u⊢m ∑ μ_1μ_2ν_1ν_2 ( Γ^s(σ_1)Ô ) k_1m_1 B^{s→1H}_{k1μ1} B^{sT →1m}_{m1μ2} × ( Γ^u(σ_2)Ô ) k_2m_2 B^{u→1H} k_2ν_1 B u^T →1^m m_2ν_2 ∑ i<j Δ^{R,r;T,t} ij m× × ( ⟨⃗m, s^T , μ_2; a|E^{(1)}_{ii} |⃗m, u^T , ν_2; b⟩⟨⃗m, u, ν_1; b|E^{(1)}_{jj} |⃗m, s, μ_1; a⟩+ ⟨⃗m, s^T , μ_2; a|E^{(1)}_{jj} |⃗m, u^T , ν_2; b⟩⟨⃗m, u, ν_1; b|E^{(1)}_{ii} |⃗m, s, μ_1; a⟩ ) (5.47)

Now, focus on the evaluation of ∑ u ∑ ν_1,ν_2 |⃗m, u^T , ν_2; b⟩⟨⃗m, u, ν_1; b| ( Γ^u(σ_2)Ô ) k_2m_2 B^{u→1H} k_2ν_1 B u^T →1^m m_2ν_2 = ∑ u ∑ ν_1,ν_2 ∑ σ,τ ∈S_m d_u |H|m! sgn(τ)B^{uT →1m} dν_2 Γ u^T bd (τ)|v_τ ⟩O_{cb}⟨v_σ|Γ^u_{ce}(σ)B^{u→1H}_{eν1} × ( Γ^u(σ_2)Ô ) k_2m_2 B^{u→1H} k_2ν_1 B u^T →1^m m_2ν_2 = ∑ u ∑ σ,τ ∈S_m ∑ γ_1,γ_2∈H d_u |H|^3m! sgn(τ)sgn(γ_2)|v_τ ⟩⟨v_σ|Tr(Γ^u(γ_1)Γ^u(σ^{−1})ÔΓ^{uT} (τ)Γ^{uT} (γ_2)Ô^T Γ^u(σ^{−1}_2 )) = ∑ γ_1,γ_2∈H ∑ u ∑ σ,τ ∈S_m d_u |H|^3m! |v_τ ⟩⟨v_σ|χ_u(γ_1σ^{−1}τγ_2σ^{−1}_2 ) = ∑ γ_1,γ_2∈H ∑ σ,τ ∈S_m 1 |H|^3 |v_τ ⟩⟨v_σ|δ(γ_1σ^{−1}τγ_2σ^{−1}_2 ) (5.48)

From this point on the evaluation proceeds exactly as in [32]. The result is ⟨O^†_{T,s}(σ_2)DO_{R,r}(σ_1)⟩ = −g^2_{Y M} ∑ γ_1,γ_2

δ(γ_1σ_2γ_2σ^{−1}_1 ) ∑ i<j n_{ij} (σ_1)Δ^{R,r;T,s}_{ij} (5.49)

or, equivalently DO_{R,r}(σ_1) = −g^2_{Y M} ∑ i<j n_{ij}(σ_1)Δ_{ij} O_{R,r}(σ_1) (5.50)

This proves that the operators (5.36) do indeed diagonalize the impurity labels. The remaining eigenproblem that must be solved has been studied in detail in [27]. From the results of [27] we know that the spectrum of D reduces to the spectrum of a set of decoupled oscillators, signaling integrability.

Now consider the general case with multiple bosons ϕ_1, ϕ_2, ϕ_3 and fermions ψ_1, ψ_2. Using the methods and results that have already been established, it is straight forward to find that the dilatation operator (5.2) becomes DO_{R,(⃗r,⃗s)⃗α⃗β} = ∑ T,(⃗t,⃗u)⃗γ⃗δ N_{R,(⃗r,⃗s)⃗α⃗β;T,(⃗t,⃗u)⃗γ⃗δ} O_{T,(⃗t,⃗u)⃗γ⃗δ} (5.51)

where N_{R,(⃗r,⃗s)⃗α⃗β;T,(⃗t,⃗u)⃗γ⃗δ} = −g^2_{Y M} ∑ R^′ c_{RR}′ d_T n_1 d_R′ ∏ n d_{tn} ∏ m d_{um} (n_1 + K) × √ f_T hooks_T ∏ a hooks_{ra} ∏ b hooks_{sb} f_Rhooks_R ∏ c hooks_{tc} ∏ d hooks_{ud} × [ m_1Tr ([ Γ^R(1, K + 1), P_{R,(⃗r,⃗s)⃗α⃗β} ] I_R′_T ′ [ Γ^T (1, K + 1), P_{T,(⃗t,⃗u)⃗γ⃗δ} ] I_T ′_R′ )

+m_2Tr ([ Γ^R(m_1 + 1, K + 1), P_{R,(⃗r,⃗s)⃗α⃗β} ] I_R′_T ′ [ Γ^T (m_1 + 1, K + 1), P_{T,(⃗t,⃗u)⃗γ⃗δ} ] I_T ′_R′ )

+n_2Tr ([ Γ^R(m_1 + m_2 + 1, K + 1), P_{R,(⃗r,⃗s)⃗α⃗β} ] I_R′_T ′ [ Γ^T (m_1 + m_2 + 1, K + 1), P_{T,(⃗t,⃗u)⃗γ⃗δ} ] I_T ′_R′ )

+ n_3Tr ([ Γ^R(K − n_3, K + 1), P_{R,(⃗r,⃗s)⃗α⃗β} ] I_R′_T ′ [ Γ^T (K − n_3, K + 1), P_{T,(⃗t,⃗u)⃗γ⃗δ} ] I_T ′_R′ )] and K = n_2 + n_3 + m_1 + m_2 is the total number of impurities. The projectors P_{R,(⃗r,⃗s)⃗α⃗β} and P_{T,(⃗t,⃗u)⃗γ⃗δ} which appear in the above formula have been defined in (4.16). Notice that these projectors factorize into a product of factors and further, that in each term above the product of all but the Z projector and one other have a trivial action. As an example, consider the trace

T = Tr ([ Γ^R(1, K + 1), P_{R,(⃗r,⃗s)⃗α⃗β} ] I_R′_T ′ [ Γ^T (1, K + 1), P_{T,(⃗t,⃗u)⃗γ⃗δ} ] I_T ′_R′ ) (5.52)

The swap (1, K + 1) only has a non-trivial action on slots 1 and K + 1. Slot 1 is populated by a ψ_1 field and corresponds to representation s_1. Slot K + 1 is populated by a ϕ_1 = Z field and corresponds to representation r_1. The traces over r_2, r_3, s_2 are trivial while the trace over r_1 ⊕ s_1 is performed exactly as described above. In the end we find

T = d_{s2} d_{r2} d_{r3} d_r′_1 δ_{s2u2} δ_{r2t2} δ_{r3t3} δ_r′_{1t}′_1 ( Tr ( Ô(s_1μ_1; s^T_1 μ_2)E^{(1)}_{ii} Ô(u^T_1 ν_2; u_1ν_1)E^{(1)}_{jj} ) +Tr ( Ô(s_1μ_1; s^T_1 μ_2)E^{(1)}_{jj} Ô(u^T_1 ν_2; u_1ν_1)E^{(1)}_{ii} )) (5.53)

Defining the Gauss graph operators in this general case now involves an element of a double coset for each impurity type. Denote the total number of (ϕ_2, ϕ_3, ψ_1, ψ_2) impurities by (n_2, n_3, m_1, m_2) and describe the number of boxes removed from row i of R for each impurity type by the vectors (⃗n_2, ⃗n_3, ⃗m_1, ⃗m_2)^2. By H_{⃗n2} (for example) we mean the following group

H_{⃗n2} = S_{(n2)1} × S_{(n2)2} × · · · × S_{(n2)p} (5.54)

The relevant double cosets are ϕ_2 ↔ σ_{ϕ2} ∈ H_{⃗n2} \ S_{n2} /H_{⃗n2} ϕ_3 ↔ σ_{ϕ3} ∈ H_{⃗n3} \ S_{n3} /H_{⃗n3} ψ_1 ↔ σ_{ψ1} ∈ H_{⃗m1} \ S_{m1} /H_{⃗m1} ψ_2 ↔ σ_{ψ2} ∈ H_{⃗m2} \ S_{m2} /H_{⃗m2} (5.55)

The orthogonal transformation from the restricted Schur basis to the Gauss graph basis uses both the group theoretic coefficients of [32] C^{(ri)}_{μ1μ2} = |H_{⃗ni} | √ d_{ri} n_i! Γ^{(ri)}(τ)_{km}B^{ri→1H⃗ni} kμ_1 B r_i→1_{H⃗ni} mμ_2 (5.56)

to transform the ϕ_2 and ϕ_3 labels, and the group theoretic coefficients we have introduced above C^{(si)}_{μ1μ2} = |H_{⃗mi} | √ d_{si} m_i! ( Γ^{(si)}(τ)Ô ) km B^{si→1H ⃗mi} kμ_1 B s^T_i →1^{mi}_{H ⃗mi} mμ_2 (5.57)

In terms of these coefficients, the Gauss graph operators are O_{R,r1} (⃗σ) = ∑ r_2⊢n_2 ∑ r_3⊢n_3 ∑ s_1⊢m_1 ∑ s_2⊢m_2 ∑ ⃗μ,⃗ν C^{(r2)}_{μ1ν1} (σ_{ϕ2} )C^{(r3)}_{μ2ν2} (σ_{ϕ3} )C^{(s1)}_{μ3ν3} (σ_{ψ1} )C^{(s2)}_{μ4ν4} (σ_{ψ2} )O_{R,(⃗r,⃗s)⃗μ⃗ν}

(5.58)

The dilatation operator in the Gauss graph basis is DO_{R,r1} (σ) = −g^2_{Y M} ∑ i<j (n_{ij}(σ_{ϕ2} ) + n_{ij}(σ_{ϕ3} ) + n_{ij} (σ_{ψ1} ) + n_{ij}(σ_{ψ2} )) Δ_{ij} O_{R,r1} (σ_1) (5.59)

Clearly the result of [27] again imply that the spectrum of D reduces to a set of decoupled oscillators. This is a clear indication of integrability in this large N limit of the su(2|3) sector.

2Thus, ⃗m_2 has components (m_2)_i with i = 1, 2, ..., p and ∑ i(m_2)_i = m_2.

6 Discussion

We have studied the large N limit of the correlation functions of a class of operators that are AdS/CFT dual to systems of excited AdS giant gravitons. This large N limit does not coincide with the planar limit and we are forced to sum non-planar contributions. Our study has included adjoint fermions for the first time. To accomplish this, we have explained how to construct restricted Schur polynomials that include both adjoint bosons and adjoint fermions. These polynomials diagonalize the free field two point functions to all orders in N and are a complete set of local operators. We have explored the one loop anomalous dimensions of these operators. Our study has proved that the action of the one loop dilatation operator acting on a sector that includes fermionic fields, is diagonalized by a natural extension of the double coset ansatz of [32]. The resulting spectrum is identical to the spectrum of a set of decoupled oscillators which is a clear indication of integrability in this large N limit of the su(2|3) sector. In an appendix we have also argued that the double coset ansatz diagonalizes the one loop dilatation operator in the sl(2) sector. Our results suggest that the double coset ansatz of [32] together with the extension described in this article, may diagonalize the complete one loop dilatation operator. It would be nice to verify if this is indeed the case. Acknowledgements: We would like to thank Sanjaye Ramgoolam for extremely helpful discussions and suggestions. This work is based upon research supported by the South African Research Chairs Initiative of the Department of Science and Technology and National Research Foundation. Any opinion, findings and conclusions or recommendations expressed in this material are those of the authors and therefore the NRF and DST do not accept any liability with regard thereto.

A Action of Dilatation operator in sl(2) sector

A restricted Schur polynomial basis for the sl(2) sector was constructed in [29]. The operators are built using n Z’s and m vector “impurities”, that is, m covariant derivatives D_+ act on the n Z fields. These operators do not mix with other operators under the action of the dilatation operator - they form the closed sl(2) subsector[50]. The impurities are Z^{(i)}, i = 0, 1, 2, ..., m where Z^{(n)} = 1 n! D^n_+Z, Z^{(n) †} = 1 n! D^n_−Z^† and Z^{(0)} ≡ Z. Denote the number of Z^{(i)} by n_i. The restricted Schur polynomial is χ_{R,{ri}αβ} (Z^{(0)}, Z^{(1)}, ..., Z^{(m)}) = m∏ k=0 1 n_k! ∑ σ∈S_{nZ} χ_{R,{ri}αβ} (σ)Tr(σ m∏ j=0 (Z^{(j)})^{⊗nj} ) . (A.1)

The label {r_i}αβ specifies an irreducible representation of S_{n0} × S_{n1} × · · · × S_{nm} . It consists of less than m Young diagrams {r_i} together with a pair of multiplicity labels αβ. A given

S_{n0} × S_{n1} × · · · × S_{nm} irreducible representation may be subduced more than once; the multiplicity labels tell us which of the degenerate copies are being used by the restricted character χ_{R,{ri}}(σ). The free two point function is ⟨χ_{R,{ri}αβ} (P )χ^†_{S,{sj }δγ} (Q)⟩ = δ_{RS} δ_{{ri}{sj }}δ_{αγ} δ_{βδ} (hooks)_R (hooks)_{{ri}} f_R . (A.2)

The delta function δ_{{ri}{sj }} is 1 if the two S_{n0} × S_{n1} × · · · × S_{nm} irreducible representations specified by {r_i} and {s_j} are identical; multiplicity labels must also match - see [15] for more details. The number (hooks)_R is the product of the hook lengths for Young diagram R. The number (hooks)_{{ri}} is the product of the (hooks)_{ri} , one factor for each of the r_i appearing in {r_i}. A little work now shows that Dχ_{R,(r,s)αβ}(Z, Z^{(q)}) = ∑ S,(t,u)γδ M_{R,(r,s),αβ S,(t,u)δγ} χ_{S,(t,u)δγ} (Z, Z^{(q)})

where M_{R,(r,s)αβ;S,(t,u)δγ} = 1 q M^{su(2)}_{R,(r,s)αβ;S,(t,u)δγ} + δM_{R,(r,s)αβ;S,(t,u)δγ} M^{su(2)}_{R,(r,s)αβ;S,(t,u)δγ} is identical to the usual action of the dilatation operator in the su(2) sector, while the correction is δM_{R,(r,s)αβ S,(t,u)δγ} = g^2_{Y M} ( 1 q − q∑ i=1 1 i ) δ_{RS} δ_{(r,s)(t,u)} nm d_rd_s × × ( δ_{αδ}χ_{R,(r,s)βγ} ((1, m + 1)) + δ_{βγ} χ_{R,(r,s)αδ} ((1, m + 1)) )

−g^2_{Y M} ( 1 q − q∑ i=1 1 i ) ∑ R^′ c_{RR}′ d_S nm d_td_u(n + m)d_R′ [ Tr(I_S′_R′ P_{R→(r,s)αβ}(1, m + 1)I_R′_S′ (1, m + 1)P_{S→(t,u)γδ}) + Tr(I_S′_R′ (1, m + 1)P_{R→(r,s)αβ}I_R′_S′ P_{S→(t,u)γδ}(1, m + 1)) ] . Since M^{su(2)}_{R,(r,s)αβ;S,(t,u)δγ} is the usual action of the dilatation operator in the su(2) sector, we know that moving to the Gauss graph basis will diagonalize M^{su(2)}_{R,(r,s)αβ;S,(t,u)δγ} on its impurity labels, leaving only the eigenproblem considered in [27]. Denoting the piece of the dilatation that leads to δM_{R,(r,s)αβ;S,(t,u)δγ} by δD we find that, in the Gauss graph basis δDO_{R,r}(σ) = 2g^2_{Y M} Nm (_q ∑ i=1 1 i − 1 q ) O_{R,r}(σ) (A.3)

Thus, the double coset ansatz diagonalizes the one loop dilatation operator in the sl(2) sector.

References

[1] J. M. Maldacena, “The Large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [hepth/9711200].

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from noncritical string theory,” Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109].

[3] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150].

[4] D. Berenstein, J. M. Maldacena and H. Nastase, “Strings in flat space and pp waves from N = 4 super Yang Mills,” JHEP 0204, 013 (2002) [arXiv:hep-th/0202021].

[5] J. McGreevy, L. Susskind and N. Toumbas, “Invasion of the giant gravitons from Anti-de Sitter space,” JHEP 0006 (2000) 008 [hep-th/0003075].

[6] M. T. Grisaru, R. C. Myers and O. Tafjord, “SUSY and goliath,” JHEP 0008 (2000) 040 [hep-th/0008015].

[7] A. Hashimoto, S. Hirano and N. Itzhaki, “Large branes in AdS and their field theory dual,” JHEP 0008 (2000) 051 [hep-th/0008016].

[8] V. Balasubramanian, M. Berkooz, A. Naqvi and M. J. Strassler, “Giant gravitons in conformal field theory,” JHEP 0204, 034 (2002) [arXiv:hep-th/0107119].

[9] S. Corley, A. Jevicki and S. Ramgoolam, “Exact correlators of giant gravitons from dual N=4 SYM theory,” Adv. Theor. Math. Phys. 5 (2002) 809 [hep-th/0111222].

[10] R. de Mello Koch, J. Smolic and M. Smolic, “Giant Gravitons - with Strings Attached (I),” JHEP 0706 (2007) 074 [hep-th/0701066].

[11] Y. Kimura and S. Ramgoolam, “Branes, anti-branes and brauer algebras in gaugegravity duality,” JHEP 0711, 078 (2007) [arXiv:0709.2158 [hep-th]].

[12] T. W. Brown, P. J. Heslop and S. Ramgoolam, “Diagonal multi-matrix correlators and BPS operators in N=4 SYM,” arXiv:0711.0176 [hep-th].

[13] T. W. Brown, P. J. Heslop and S. Ramgoolam, “Diagonal free field matrix correlators, global symmetries and giant gravitons,” arXiv:0806.1911 [hep-th].

[14] J. Pasukonis and S. Ramgoolam, “From counting to construction of BPS states in N=4 SYM,” arXiv:1010.1683 [hep-th].

[15] R. Bhattacharyya, S. Collins and R. d. M. Koch, “Exact Multi-Matrix Correlators,” JHEP 0803, 044 (2008) [arXiv:0801.2061 [hep-th]].

[16] Y. Kimura and S. Ramgoolam, “Enhanced symmetries of gauge theory and resolving the spectrum of local operators,” Phys. Rev. D 78 (2008) 126003 [arXiv:0807.3696 [hep-th]].

[17] Y. Kimura, “Non-holomorphic multi-matrix gauge invariant operators based on Brauer algebra,” JHEP 0912, 044 (2009) [arXiv:0910.2170 [hep-th]].

[18] Y. Kimura, “Quarter BPS classified by Brauer algebra,” JHEP 1005, 103 (2010) [arXiv:1002.2424 [hep-th]].

[19] J. Pasukonis and S. Ramgoolam, “Quantum states to brane geometries via fuzzy moduli spaces of giant gravitons,” arXiv:1201.5588 [hep-th].

[20] Y. Kimura, “Correlation functions and representation bases in free N=4 Super Yang- Mills,” Nucl. Phys. B 865, 568 (2012) [arXiv:1206.4844 [hep-th]].

[21] J. A. Minahan and K. Zarembo, “The Bethe-ansatz for N = 4 super Yang-Mills,” JHEP 0303, 013 (2003) [arXiv:hep-th/0212208].

[22] N. Beisert, C. Kristjansen and M. Staudacher, “The dilatation operator of N = 4 super Yang-Mills theory,” Nucl. Phys. B 664, 131 (2003) [arXiv:hep-th/0303060].

[23] . N. Beisert et al., “Review of AdS/CFT Integrability: An Overview,” Lett. Math. Phys.

99, 3 (2012) [arXiv:1012.3982 [hep-th]].

For material which is very relevant, see in particular:

C. Kristjansen, “Review of AdS/CFT Integrability, Chapter IV.1: Aspects of Non- Planarity,” arXiv:1012.3997 [hep-th], K. Zoubos, “Review of AdS/CFT Integrability, Chapter IV.2: Deformations, Orbifolds and Open Boundaries,” arXiv:1012.3998 [hep-th].

[24] R. d. M. Koch, G. Mashile and N. Park, “Emergent Threebrane Lattices,” Phys. Rev.

D 81 (2010) 106009 [arXiv:1004.1108 [hep-th]].

[25] V. De Comarmond, R. de Mello Koch, K. Jefferies, “Surprisingly Simple Spectra,” JHEP 1102, 006 (2011). [arXiv:1012.3884 [hep-th]].

[26] W. Carlson, R. d. M. Koch, H. Lin, “Nonplanar Integrability,” JHEP 1103, 105 (2011).

[arXiv:1101.5404 [hep-th]].

[27] R. de Mello Koch, G. Kemp, S. Smith, “From Large N Nonplanar Anomalous Dimensions to Open Spring Theory,” [arXiv:1111.1058 [hep-th]].

[28] R. d. M. Koch, M. Dessein, D. Giataganas, C. Mathwin, “Giant Graviton Oscillators,” [arXiv:1108.2761 [hep-th]].

[29] R. de Mello Koch, P. Diaz and H. Soltanpanahi, “Non-planar Anomalous Dimensions in the sl(2) Sector,” arXiv:1111.6385 [hep-th].

[30] R. de Mello Koch, N. Ives and M. Stephanou, “On subgroup adapted bases for representations of the symmetric group,” J. Phys. A A 45, 135204 (2012) [arXiv:1112.4316 [math-ph]].

[31] S. Ramgoolam, “Schur-Weyl duality as an instrument of Gauge-String duality,” AIP Conf. Proc. 1031 (2008) 255 [arXiv:0804.2764 [hep-th]].

[32] R. d. M. Koch and S. Ramgoolam, “A double coset ansatz for integrability in AdS/CFT,” arXiv:1204.2153 [hep-th].

[33] V. Balasubramanian, M. -x. Huang, T. S. Levi and A. Naqvi, “Open strings from N=4 superYang-Mills,” JHEP 0208, 037 (2002) [hep-th/0204196].

[34] O. Aharony, Y. E. Antebi, M. Berkooz and R. Fishman, “’Holey sheets’: Pfaffians and subdeterminants as D-brane operators in large N gauge theories,” JHEP 0212, 069 (2002) [hep-th/0211152].

[35] D. Berenstein, “Shape and holography: Studies of dual operators to giant gravitons,” Nucl. Phys. B 675, 179 (2003) [hep-th/0306090].

[36] D. Sadri and M. M. Sheikh-Jabbari, “Giant hedgehogs: Spikes on giant gravitons,” Nucl. Phys. B 687, 161 (2004) [hep-th/0312155].

[37] D. Berenstein, D. H. Correa and S. E. Vazquez, “Quantizing open spin chains with variable length: An Example from giant gravitons,” Phys. Rev. Lett. 95, 191601 (2005) [hep-th/0502172].

[38] D. Berenstein, D. H. Correa and S. E. Vazquez, “A Study of open strings ending on giant gravitons, spin chains and integrability,” JHEP 0609, 065 (2006) [hep-th/0604123].

[39] R. de Mello Koch, J. Smolic and M. Smolic, “Giant Gravitons - with Strings Attached (II),” JHEP 0709 (2007) 049 [hep-th/0701067].

[40] D. Bekker, R. de Mello Koch and M. Stephanou, “Giant Gravitons - with Strings Attached. III.,” JHEP 0802 (2008) 029 [arXiv:0710.5372 [hep-th]].

[41] V. Balasubramanian, D. Berenstein, B. Feng and M. x. Huang, “D-branes in Yang-Mills theory and emergent gauge symmetry,” JHEP 0503, 006 (2005) [arXiv:hep-th/0411205].

[42] R. d. M. Koch, B. A. E. Mohammed and S. Smith, “Nonplanar Integrability: Beyond the SU(2) Sector,” arXiv:1106.2483 [hep-th].

[43] R. de Mello Koch, G. Kemp, B. A. E. Mohammed and S. Smith, “Nonplanar integrability at two loops,” JHEP 1210, 144 (2012) [arXiv:1206.0813 [hep-th]].

[44] N. Beisert, “The su(2|3) dynamic spin chain,” Nucl. Phys. B 682, 487 (2004) [hepth/0310252].

[45] B. Stefanski, Jr. and A. A. Tseytlin, “Super spin chain coherent state actions and AdS_5 × S^5 superstring,” Nucl. Phys. B 718, 83 (2005) [hep-th/0503185].

[46] M. Hamermesh, “Group Theory and its Applications to Physical Problems,” Addison- Wesley Publishing Company, 1962.

[47] S. Collins, “Restricted Schur Polynomials and Finite N Counting,” Phys. Rev. D 79, 026002 (2009) [arXiv:0810.4217 [hep-th]].

[48] F. A. Dolan, “Counting BPS operators in N=4 SYM,” Nucl. Phys. B 790, 432 (2008) [arXiv:0704.1038 [hep-th]].

[49] R. Bhattacharyya, R. de Mello Koch and M. Stephanou, “Exact Multi-Restricted Schur Polynomial Correlators,” JHEP 0806, 101 (2008) [arXiv:0805.3025 [hep-th]].

[50] N. Beisert, “The complete one loop dilatation operator of N=4 superYang-Mills theory,” Nucl. Phys. B676, 3-42 (2004). [hep-th/0307015].