arXiv:1212.6214v2 [astro-ph.CO] 4 Apr 2013

Density Perturbation Growth in Teleparallel Cosmology

Chao-Qiang Geng^{a,b,c} Yi-Peng Wu^b aCollege of Mathematics & Physics, Chongqing University of Posts & Telecommunications, Chongqing, 400065, China bDepartment of Physics, National Tsing Hua University, Hsinchu, Taiwan 300 cNational Center for Theoretical Sciences, Hsinchu, Taiwan 300

E-mail: geng@phys.nthu.edu.tw, s9822508@m98.nthu.edu.tw

Abstract: We study the cosmological perturbations in teleparallel dark energy models in which there is a dynamical scalar field with a non-minimal coupling to gravity. We find that the propagating degrees of freedom are the same as in quintessence cosmology despite that variables of the perturbed vierbein field are greater than those in metric theories. We numerically show some evident discrepancy from general relativity in the evolutions of the perturbations on all scales of the universe. We also demonstrate that the gravitational interactions are enhanced during the unique tracker evolutions in these models.

Keywords: Modified gravity, dark energy, cosmological perturbation

Contents

1 Introduction 1

2 Teleparallel Dark Energy 2

3 Cosmological perturbations 4 3.1 Perturbation Equations 4 3.2 Numerical results 7

4 Matter Growth 8 4.1 Purely gravity coupling V = 0 9 4.2 Exponential potential V = V_0 e^{−2κλϕ} 11

5 Conclusions 12

6 Acknowledgements 12

1 Introduction

The dark energy mystery has received much attention in the context beyond simply embedding the cosmological constant in general relativity (GR). To avoid a gigantic fine-tuning issue when the cosmological constant is attributed to the vacuum energy density, a canonical scalar field is introduced with the dynamical behavior known as quintessence [1–6]. Further modification of quintessence has been considered by allowing a non-minimal coupling between the scalar field and gravity [7–15] as well as either using the “wrong” sign phantom field [16–21], or combining a non-canonical extension such as the scalar-tensor theories [22, 23].

Recently, the “teleparallel” description of GR [24, 25] reveals an interesting aspect of gravity to explain the dark energy origin. The late-time cosmic acceleration has been seen from the generalized action of teleparallel equivalence of GR (TEGR) [26], named as f(T ) gravity [27] where T denotes the gravity Lagrangian of TEGR. Although f(T ) gravity shows a clear reference to f(R) gravity, it provides no higher than second-order field equations, and no trivial Einstein frame avalible through conformal transformations [28]. On the other hand, teleparallel gravity incorporating with a dynamical scalar field describes a different scenario to drive the accelerated expansion of the Universe. This class of teleparallel dark energy models [29–31] lies in the framework of TEGR where the simplest quintessence model [1] is recovered if the scalar field is minimally coupled to gravity. Given that the torsion scalar T differs from the Lagrangian density of GR by a total derivative,

– 1 – the presence of a non-minimal coupling between the scalar field and gravity leads to interesting cosmological behaviors [1, 7, 16], while teleparallel cosmology shows compelling results with current observations [32].

However, it is noteworthy that modified teleparallel gravity theories, including both f(T ) gravity and teleparallel dark energy models, do not respect to the Lorentz invariance in the local tangent frame. The Lorentz violation in the teleparallel formalism beyond TEGR inevitably introduces extra degrees of freedom, which are unfamiliar in the framework of GR. This fact is manifestly provided by the field equations, which address the dynamics of all 16 components of the vierbein field [33, 34]. Under the homogeneous and isotropic principles of the background cosmology, those extra degrees of freedom merely involve at perturbation level, but have significant effects on the structure formulation in the Universe [35].

In the present work, we study the cosmological perturbations in teleparallel dark energy models via the perturbed vierbein field, which contains some variables with no reference in metric perturbations [36]. Nevertheless, in the scalar perturbations, we find that only one new degree of freedom involves at linear level, and we obtain one implicit constraint equation to the scalar mode variables from the asymmetric part of the field equations. As a result, the new scalar mode is resolved with a mere algebraic relation to other scalar modes, and thus the propagating degrees of freedom in teleparallel cosmology do not increase. In the potential-less case, we numerically examine the evolution of the cosmological perturbations and show that the anisotropic between the gravitational potentials, addressing the effects of the non-dynamical new degree of freedom, is significant on all scales of the universe.

We also proceed the density perturbations in sub-horizon scales to study the growth behaviors of some specific teleparallel dark energy models. For the simplest tracker solution corresponding to the non-minimal gravity-field coupling [37] (hereafter we denote as “NGF tracker”), we compare the growth rate from the effective gravitational constant to the GR case under an identical evolution background. We find that the NGF tracker always dominates, even in the presence of potentials of the scalar field, if the coupling between gravity and the scalar field is large to the order of unity. In the broader case with a smaller non-minimal coupling, the cosmic acceleration can be driven by the potential or the NGF tracker, depending on the initial composite differences of dark energy. The resulting density perturbation growth indicates that gravitational interactions are stronger if the evolution follows the NGF tracker rather than the usual potential-driven cosmic acceleration case.

This paper is organized as follows. In Sec. II, we review teleparallel dark energy theories. In Sec. III, we demonstrate the perturbation equations and apply the results to study the matter growth in Sec. IV. Finally, conclusions are given in Sec. V.

2 Teleparallel Dark Energy

The teleparallel dark energy model is given by [29]: S = ∫ d^4xe [ T 2κ^2 + 1 2 ( ∂_μϕ∂^μϕ + ξT ϕ^2 ) − V (ϕ) + L_m ] , (2.1)

– 2 – where e ≡ det(e^A_μ ) = √ −g with κ^2 = 8πG, ξ is the non-minimal coupling parameter, and T = 1 4 T^{μν}_ρ T^ρ_{μν} − 1 2 T^{μν}_ρT^ρ_{μν} − T^ρ_{ρμ}T^{ν μ}_ν (2.2)

is the torsion scalar of TEGR specially constructed with the quadratics of the torsion tensor [26]:

T^λ_{μν} = Γ^λ_{νμ} − Γ^λ_{μν} = e^λ_A (∂_μe^A_ν − ∂_ν e^A_μ ). (2.3)

It is noticeable that the connection Γ^λ_{μν} = e^λ_A∂_ν e^A_μ used in TEGR not only describes a curvature-less geometry but also guarantees the independent parallel transformation among the four unit vectors e_A(x^μ), which form an orthonormal basis of the tangent space: e_A · e_B = η_{AB} , where η_{AB} = diag(1, −1, −1, −1) [25]. These vectors, e_A, are commonly addressed by the components e^μ_A in the coordinate basis, i.e. e_A = e^μ_A∂_μ^1, while the metric tensor is given by the dual vierbein as g_{μν} = η_{AB} e^A_μ e^B_ν .

The field equations are obtained from the variation with respect to the vierbein, e^A_μ , which is the dynamical field of teleparallel gravity, given by ( 1 κ^2

+ ξϕ^2 ) G^ν_A − e^ν_A [ 1 2 ∂_μϕ∂^μϕ − V (ϕ) ] + e^μ_A∂^ν ϕ∂_μϕ +4ξS_A^{λν} ϕ (∂_λϕ) = Θ_A^ν , (2.4)

where Θ_A^ν ≡ e^{−1}δL_m/δe^A_ν denotes the energy-momentum tensor of the matter source, and

G^ν_A = 2e^{−1}∂_μ(ee^ρ_AS_ρ^{μν} ) − 2e^λ_AT^ρ_{μλ}S_ρ^{νμ} − 1 2 e^ν_AT is nothing but the equivalent geometrical structure of the Einstein tensor with G_{μν} = e^A_μ G_{Aν} , where S^{μν}_ρ = 1 2 ( K^{μν}_ρ + δ^μ_ρ T^{αν}_α − δ^ν_ρ T^{αμ}_α )

with K^{μν}_ρ = −^1_2 ( T^{μν}_ρ − T^{νμ}_ρ − T^{μν}_ρ ) . We can see that in the minimal limit (ξ = 0), the field equation (2.4) is reduced to the simplest quintessence model.

Torsion in (2.3) is defined by a Lorentz violated formalism for the tangent frame [26], which provides a technically simpler approach to acquire results of the cosmological interest [38]. The lack of Lorentz symmetry in teleparallelism results in extra degrees of freedom [33] as seen from (2.4), which in fact exhibits the equation of motion of all the 16 degrees of freedom of the vierbein field. To be more precise, given that the energy-momentum tensor Θ_{μν} and the Einstein tensor G_{μν} are both symmetric, the anti-symmetrization between indices A and ν in (2.4) leads to a non-trivial constraint 4ξϕ ( g^{μα}S_μ^{λβ} − g^{νβ} S_ν^{λα} ) ∂_λϕ = 0, (2.5)

1We use the notations as follows: Greek indices μ, ν,... and capital Latin indices A, B,... run over all coordinate and tangent space-time 0, 1, 2, 3, while lower case Latin indices (from the middle of the alphabet) i, j, ... and lower case Latin indices (from the beginning of the alphabet) a, b,... run over spatial and tangent space coordinates 1, 2, 3, respectively.

– 3 – which forms a system of 6 equations in addition to the usual 10 equations from the symmetric part of the field equations. Incidentally, this constraint vanishes if ξ = 0 so that TEGR shares the same number of dynamical degrees of freedom as GR.

Nevertheless, we will see in the later discussion that only one extra scalar mode beyond the metric perturbation variables will be involved in the linear perturbations of teleparallel dark energy theories. However, this new degree of freedom is not dynamically independent due to the constraint in (2.5).

The flat Friedmann-Robertson-Walker (FRW) background metric

ds^2 = dt^2 − a^2(t)δ_{ij} dx^idx^j

is conventionally resolved by the background vierbein choice

e^A_μ = diag(1, a, a, a), (2.6)

where a(t) is the scale factor. The Friedmann equations are given by

H^2 = κ^2 3 ( ρ_ϕ + ρ_m ) , (2.7)

Ḣ = −κ^2 2 ( ρ_ϕ + p_ϕ + ρ_m + p_m ) , (2.8)

where

ρ_ϕ = 1 2 ϕ̇^2 + V (ϕ) − 3ξH^2ϕ^2, (2.9)

p_ϕ = 1 2 ϕ̇^2 − V (ϕ) + 4ξHϕϕ̇ + ξ ( 3H^2 + 2Ḣ ) ϕ^2 , (2.10)

with H = ȧ/a the Hubble parameter. The variation of the action with respect to the scalar field yields □ϕ − ξT ϕ + V_ϕ = 0, (2.11) where V_ϕ ≡ dV/dϕ. Consequently, the background equation motion of ϕ is given by

ϕ̈ + 3Hϕ̇ + 6ξH^2ϕ + V_ϕ = 0. (2.12)

The continuity equation ρ̇ + 3H(1 + w)ρ = 0 holds for both ρ_m and ρ_ϕ, where w ≡ p/ρ is the equation of state parameter. It is interesting to note that, due to the lack of trivial Einstein frame available through conformal transformations, the effective equation of state of dark energy w_ϕ = p_ϕ/ρ_ϕ in teleparallel cosmology can exhibit [29] quintessence-like, phantom-like or phantom-divide crossing evolutions, respectively.

3 Cosmological perturbations

3.1 Perturbation Equations The general vierbein field has 16 components, which are dynamical in teleparallel gravity theories. In particular, 6 of the 16 degrees of freedom, arising as a result of the noninvariance of the local Lorentz symmetry, are unfamiliar in the metric perturbation scenario, and shall not appear in the field equation of the minimal TEGR limit. The perturbed

– 4 – vierbein field is given by [36]

e^0_μ = δ^0_μ(1 + ψ) + aδ^i_μ∂_i(F + α) + aδ^i_μ(G_i + α_i), e^a_μ = aδ^a_μ(1 − φ) + aδ^i_μ(∂_i∂^aB + ∂^aC_i + h^a_i) + aδ^i_μB^a_i + δ^0_μ(∂^aα + α^a), (3.1)

where B^a_i is an antisymmetric spatial tensor with B_{ij} + B_{ji} = 0 and B_{ij} ≡ δ^a_i B_{aj} , while C_i, G_i, and α_i are transverse vectors with ∂^iC_i = ∂^iG_i = ∂^iα_i = 0. It is easy to obtain the corresponding metric from (3.1) as:

g_{00} = 1 + 2ψ g_{i0} = a(∂_iF + G_i) g_{ij} = −a^2[(1 − 2φ)δ_{ij} + h_{ij} + ∂_i∂_jB + ∂_j C_i + ∂_iC_j], (3.2)

which show the familiar metric perturbations in GR. Hence, we observe that the unfamiliar modes in the perturbed vierbein (3.1) are the scalar α, the vector α^i and the tensor B^a_i, which comprise 1+2+3 = 6 degrees of freedom. Namely, the 16 components of the vierbein field are illustrated by the 5 scalar modes: ψ, ϕ, B, F and α, 3 vector modes: C_i, G_i and α_i, an antisymmetric tensor B^a_i, and a transverse traceless tensor mode h_{ij} , respectively.

In the following study, we focus on the cosmological implication of the scalar perturbations. To simplify the calculations, it is convenient to eliminate the variables F , B and C_i through the general coordinate transformations x^μ → x^μ + ϵ^μ(x). The vierbein perturbation is provided by [36], given by

e^0_μ = δ^0_μ(1 + ψ) + aδ^i_μ∂_iα e^a_μ = aδ^a_μ(1 − φ) + aδ^i_μB^a_i + δ^0_μ∂^aα, (3.3)

leading to the perturbed metric in terms of the longitudinal gauge form:

ds^2 = (1 + 2ψ)dt^2 − a^2(1 − 2φ)δ_{ij} dx^idx^j .

Subsqeuently, we obtain the torsion tensor and scalar to be

T^0_{0i} = −∂_iψ + a∂_0∂_iα, T^i_{0j} = (H − φ̇)δ^i_j + ∂_0B^i_j − a^{−1}∂_j∂^iα, T^i_{jk} = ∂_k(δ^i_j φ − B^i_j ) − ∂_j (δ^i_kφ − B^i_k), (3.4) and T = −6H^2 + 12H(φ̇ + Hψ) + 4a^{−2}∂^2α_m, (3.5) respectively, where α_m ≡ aHα and ∂^2 ≡ δ_{ij} ∂^i∂^j.

On the other hand, we can also decompose the scalar field to homogeneous and perturbed parts: ϕ → ϕ(t) + δϕ(t, x^i). The scalar perturbations of the matter source Θ^μ_ν are denoted by the perfect fluid perturbations: Θ^0 = −(ρ_m + δρ), Θ^0_i = −(ρ_m + p_m)∂_iδu and Θ^i_j = (p_m + δp)δ^i_j , where δu is the scalar vector potential of the fluid.

– 5 –

After substituting these expressions to the field equation (2.4), we derive the perturbation equations given by the energy density Θ_0^0:

(1 + κ^2ξϕ^2) [ 6H(φ̇ + Hψ) + 2

∂^2 a^2 φ ] + (3.6)

κ^2 ( V_ϕδϕ + ϕ̇δ̇ϕ − ϕ̇^2ψ − 6ξH^2ϕδϕ ) = −κ^2δρ, the energy flux Θ_0^i:

2(1 + κ^2ξϕ^2)∂^i(φ̇ + Hψ) − κ^2ϕ̇∂^iδϕ + 4κ^2ξϕϕ̇ ( ∂^iφ + 1 2 ∂_jB^{ji} )

= −κ^2(ρ_m + p_m)∂^iδu, (3.7)

and the momentum density Θ_i^0:

− 2(1 + κ^2ξϕ^2)∂_i(φ̇ + Hψ) + κ^2ϕ̇∂_iδϕ + 4κ^2ξHϕ∂_iδϕ = κ^2(ρ_m + p_m)∂_iδu, (3.8)

respectively, while the momentum flux Θ_i^j is divided by its diagonal components (i = j):

(1 + κ^2ξϕ^2) [ 6H(φ̇ + Hψ) + 2(φ̈ + Hψ̇ + 2Ḣψ) ] − κ^2ξϕ ( 2Ḣ + 3H^2 ) δϕ −κ^2 [ ϕ̇δϕ̇ − V_ϕδϕ − ϕ̇^2ψ ] + 4κ^2ξϕϕ̇(φ̇ + 2Hψ) − 4κ^2ξH(ϕ̇δϕ + ϕδ̇ϕ) = κ^2δp , (3.9)

as well as its anisotropic parts (i ≠ j): ψ = φ − 2κ^2ξϕϕ̇ H(1 + κ^2ξϕ^2) α_m. (3.10)

Similarly, the perturbed equation of motion for the scalar field (2.11) is given by δ̈ϕ + 3Hδ̇ϕ + ( V_{ϕϕ} − ∂^2 a^2 ) δϕ + 6ξH^2δϕ − 2(ϕ̈ + 3Hϕ̇)ψ − ϕ̇(3φ̇ + ψ̇) −12ξHϕ (φ̇ + Hψ) − 4ξϕ ∂^2 a^2 α_m = 0. (3.11)

To complete the perturbation equations of teleparallel dark energy models, we shall also include equations from the constraint (2.5). In linear perturbations, this constraint yields ϕ̇∂^iφ + 1 2 ϕ̇∂_j B^{ji} + H∂^iδϕ = 0, (3.12)

which is necessary for the consistent relation of the matter source Θ_{0i} = Θ_{i0}, as also indicated from the comparison between (3.7) and (3.8). Given that the antisymmetric tensor B_{ij} satisfies ∂_i∂_j B^{ij} = 0, we find that the gradient of (3.12) leads to φ = − H ϕ̇ δϕ. (3.13)

Note that this equation holds provided that the non-minimal coupling ξ ≠ 0, while the antisymmetric tensor B_{ij} does not couple to other variables.^2

2It has been studied in a recent work [42] that Bij can be attributed to a pseudo-scalar mode and a pseudo-vector mode, which have no dynamical importance in the linear perturbation of f(T ) gravity.

– 6 –

3.2 Numerical results Although teleparallel gravity gives a gravitational concept, which is different from GR, the perturbations of the matter sector shall be treated in the usual manner regardless to the geometrical background. In particular, the equation motion of a particle in the presence of gravity in TEGR is mathematically equivalent to the geodesic equation in GR [26], while the conservation of the energy-momentum ∇^μΘ_{μν} = 0 is the covariant derivative with respect to the GR connection [33, 39]. Thus, the density perturbation of the dust-like source, δ_m ≡ δρ_m/ρ_m, still satisfies the perturbation

δ̈_m + 2Hδ̇_m = ∂^2 a^2 ψ + 3φ̈ + 6Hφ̇, (3.14)

where we have used p_m = δp = 0. The gauge invariant definition Δ ≡ δ_m + 3Hδu is also applied to the new variable Φ ≡ φ + Hδu, and the matter perturbation now takes the form

Δ̈ + 2HΔ̇ = ∂^2 a^2 ψ + 3Φ̈ + 6HΦ̇. (3.15)

For the non-vanished coupling ξ ≠ 0, the constraint (3.13) holds, so that we can replace the perturbation of the scalar field δϕ by the gravitational potential φ. Since α_m is described by the difference between ψ and φ, it is straightforward to rewrite the perturbation equations in terms of the gravitational potentials similar to GR. As a result, we may use, for instance, (3.9) and (3.11) to solve the evolutions of ψ and φ, and obtain the result of the density perturbation δ_m through (3.6). In particular, during the matter dominated epoch where both the scalar field variables ϕ and δϕ are negligible, the equations (3.6)-(3.10) can be reduced to the same forms as those in GR. We can drop all the gradient terms by considering the time earlier than the perturbation modes entering the horizon, leading to the initial conditions of the gravitational potentials as ψ = φ = constant, while (3.6) implies δ_m(z ≫ 1) = −2φ.

We solve the evolutions of the perturbed variables numerically as seen in Figs. 1 and 2. Here, we concentrate on the potential-less teleparallel dark energy model (V = 0) with initial values κϕ_i = 4.03 × 10^{−8} and κϕ̇_i/H_i = 3.5 × 10^{−8}, where we require the current matter density Ω_{m0} = 0.3. It is evident that ψ and φ behave differently when z ≲ 10, in which the energy density of ϕ becomes important. In the right panel of Fig. 2, we illustrate this difference at present and we find that the value of ψ is greater than φ on super-horizon scales but decreases with the scales. The ratio ψ/φ approaches to 0.078 on the small scales, which is consistent to the result (4.4) obtained from the quasi-static approximation in the sub-horizon regime. We note that in the right panel of Fig. 2, we have shown ψ/φ for different values of the non-minimal coupling ξ. It is easy to see that it approaches to the GR limit for the small ξ as expected.

The evolutions of the gravitational potentials with respect to time suggest a nonvanishing part on the right hand side of (3.14) on super-horizon sacles, which generates deviations from the ΛCDM model. In the left panel of Fig. 2, we find that the effect becomes significant around the horizon scale of k ∼ 10^{−4}h Mpc^{−1}. Consequently, the imprint of the non-dynamical new degree of freedom α_m could be strictly challenged by observations on the large scale structure of the potential-less teleparallel dark energy model.

– 7 –

Figure 1. Evolutions of the gravitational potentials ψ (left panel) and φ (right panel) with respect to the redshift z for the potential-less (V = 0) teleparallel dark energy model with ξ = −0.343, where the green, red and blue solid lines correspond to the wavenumber k = 3 × 10^{−4} , 1 × 10^{−3} and 1 × 10^{−2} h Mpc^{−1}, respectively, and the initial value is normalized to unity for z ≫ 1.

Figure 2. Evolutions of the matter density perturbation δ_m (left panel) with respect to the redshift z for various of wavenumbers k (h Mpc^{−1}) with the initial value is normalized to unity for z ≫ 1 and the ratio ψ/φ (right panel) with respect to the wavenumber k at present (z = 0) in the potential-less (V = 0) teleparallel dark energy model. In the right panel, the dashed line corresponds to ψ/φ = 0.078 given by (4.4) in the sub-horizon limit (k ≫ a_0H_0), while the black, blue and red solid ones represent different non-minimal couplings of ξ = −0.343, −0.125 and −0.05, respectively.

4 Matter Growth

In this section, we study the cosmological perturbations on sub-horizon scales k ≫ aH, where the density perturbation obeys the modified equation from GR

δ̈_m + 2Hδ̇_m − 4πG_{eff} ρ_mδ_m = 0. (4.1)

– 8 –

The effective gravitational coupling constant G_{eff} is expected to coincide with the Newton’s constant in the minimal case when ξ = 0.

We proceed a further simplification by adopting the quasi-static approximation |Ẋ| ≲ |HX|, for X = ϕ, ψ, φ, to the perturbation equations (3.6)-(3.11). Hence, the effective gravitational coupling can be obtained from the modified Poisson equation 4πG_{eff} ρ_mδ_m ≃ k^2ψ/a^2. Under this approximation, we have Δ ≃ δ_m, and together with the sub-horizon condition k ≫ aH, we find that (3.11) becomes ( k^2 a^2 + V_{ϕϕ} ) δϕ + 4ξϕ k^2 a^2 α_m ≃ 0, (4.2)

while (3.6) gives

− 2(1 + κ^2ξϕ^2) k^2 a^2 φ + κ^2V_ϕδϕ ≃ −κ^2δρ, (4.3)

where |ξ| is O(10^{−1}) according to the observational constraints [32]. We shall further neglect the contributions of V_ϕ and V_{ϕϕ} as for the general scalar-tensor theory of dark energy [40]. It can be checked that any potential for teleparallel dark energy indeed satisfies k^2 ≫ a^2κV_ϕ and k^2 ≫ a^2V_{ϕϕ} in the sub-horizon regime [32].

From (3.13) and (4.2), we obtain that δϕ = −ϕ̇φ/H ≃ 4ξϕα_m. The relation (3.10) results in ψ = ( 1 − ϵ 1 + κ^2ξϕ^2 ) φ, (4.4)

where ϵ ≡ κ^2ϕ̇^2/2H^2. From (4.3) and (4.4), we finally arrive at

k^2 a^2 ψ = 1 1 + κ^2ξϕ^2 ( 1 − ϵ 1 + κ^2ξϕ^2 ) κ^2 2 δρ, (4.5) which implies G_{eff} = ( 1 − ϵ 1 + κ^2ξϕ^2 ) G 1 + κ^2ξϕ^2

. (4.6)

Note that ϵ is proportional to the kinetic energy density of the scalar field, which is subdominated to the energy density of dark energy Ω_ϕ at the present in teleparallel dark energy models. In the minimal quintessence limit ξ = 0, the cosmic acceleration in fact requires ϵ ≪ Ω_ϕ and the effective gravitational coupling reduces to the expected result, i.e. G_{eff} = (1 − ϵ)G ≃ G.

4.1 Purely gravity coupling V = 0

In the following, we exam the matter growth in teleparallel dark energy models with specific forms of potentials. The simplest tracker behavior has been found in the potential-less case (V = 0) where one can achieve the late-time cosmic acceleration for ξ < 0, while the observational constraints from type Ia supernova (SNIa), baryon acoustic oscillation (BAO) and cosmic microwave background (CMB) data reveal a theoretically viable region

– 9 – of −1 < ξ < −0.125 with the best-fit value at ξ = −0.35 [37]. To analyze the evolution in this case, we re-parametrize two new variables: x = κϕ̇/ √ 6H and y = √ −ξκϕ so that the Friedmann equation (2.7) is rewritten as

1 = Ω_m + x^2 + y^2. (4.7)

The evolutions of x and y with respect to N = ln a are given by dx dN = − ( 3 + Ḣ H^2 ) x + √ −6ξy, dy dN = √ −6ξx. (4.8) Note that (2.8) also provides a useful relation:

(1 − y^2) Ḣ H^2

= −3x^2 + 2 √ −6ξxy − 3 2 Ω_m, (4.9)

to solve the evolutions numerically from some given initial conditions.

By using G ≡ d ln(δ/a)/d ln a to re-parametrize the matter perturbations, the second derivative equation (4.1) is reduced to d G dN + ( 2 + Ḣ H^2 ) (G + 1) + (G + 1)^2 = 3 2 Q Ω_m , (4.10)

where Q ≡ G_{eff} /G. Subsequently, from (4.6) we find that Q = 1 1 − y^2 ( 1 − √ 6x^2 2(1 − y^2) ) . (4.11)

We remark that (4.10) is applicable to the generic modified gravity theories if the effective coupling G_{eff} is given. In the GR case, the contribution of the G^2 term in (4.10) is negligible throughout the growth history from matter domination [41]. Here, we adopt the same approximation given that the present value of G is not smaller than −0.5 for all of the considered cases in this work. As a result, we can have the evolution of G solved simultaneously with the other parameters x and y from given initial conditions. In the left panel of Fig. 3, we show the evolution of the growth rate δ as a function of the redshift z in the purely gravity coupling teleparallel dark energy model (V = 0), where the dotted, redsolid and dot-dashed lines correspond to the observational lower bound, best-fit and upper bound values of ξ = −1, −0.35 and −0.125 respectively, while the green-solid line represents ξ = −0.35 with a fixed value of Q = 1 so that gravitational interaction mimics that of GR. The initial values provided are { Ω_m = 0.999 , y = 1.0 × 10^{−6} , G = 0 } for z ≫ 1.

The results in the left panel of Fig. 3 indicate that the gravitational interaction is in fact enhanced (Q > 1) during the evolution, which ensures a more reasonable approximation by dropping the G^2 term in (4.10).

– 10 –

Figure 3. Growth rate δ as a function of the redshift z in the teleparallel dark energy model with V = 0 (V = V_0 e^{−2κλϕ}) for the left (right) panel. In the left figure, the dotted, red-solid and dot-dashed lines correspond to the lower, best-fit and upper values of ξ = −1, −0.35 and −0.125, respectively, while the green-solid line represents ξ = −0.35 with a fixed value of Q = 1. In the right one, the red-solid, blue-solid and green-solid lines represent ξ = −0.4, −1 and −0.125 with the initial values of { Ω_m = 0.999 , v = 1.0 × 10^{−6} } , and the dotted line depicts ξ = −0.4 with the initial values { Ω_m = 0.990 , v = 6.0 × 10^{−3} } , while λ = 0.5 and the initial values { y = 1.0 × 10^{−6} , G = 0 } for z ≫ 1 are fixed.

4.2 Exponential potential V = V_0 e^{−2κλϕ}

We can extend the scenario to teleparallel dark energy models with non-vanished potentials. As an illustration, we concentrate on the exponential type, V = V_0 e^{−2κλϕ}, which has a constant potential limit V = V_0 if λ = 0. We shall introduce a new parameter, v ≡ κ √ V / √ 3H, to address the evolution of the potential. The Friedmann equation (2.7) is rewritten as 1 = Ω_m + x^2 + y^2 + v^2, (4.12)

where x and y share the same definitions as the previous case. The evolution equations of these components are given by dx dN = − ( 3 + Ḣ H^2 ) x + √ −6ξy + √ 6λv^2, dy dN = √ −6ξx, dv dN = − ( √ 6λx + Ḣ H^2 ) v. (4.13)

We consider the regime of ξ < 0 for the exponential potential since it is favored from SNIa, BAO and CMB observations [32] and solve x, y and v together with the density perturbation G = d ln(δ/a)/d ln a in (4.10). Note that (4.9) is unchanged.

In the case with the non-minimal coupling of ξ ≲ −0.01, the result (refer to the greensolid line in the right panel of Fig. 3) is similar to the quintessence model where the potential dominates during the evolution. However, if ξ is around the best-fit value of ∼ −0.4 [32], the purely gravity coupling tracker behavior appears when the given initial value of v is

– 11 – sufficiently small, as illustrated by the dotted line in the right panel of Fig. 3 with the initial value v ∼ 10^{−6}. The comparison to the red-solid line shows that the gravitational interaction is weaker if the cosmic acceleration is driven by the potential instead of the NGF tracker effect. On the other hand, if the non-minimal coupling ξ is around −1 as described by the blue-solid line in the right panel of Fig. 3, then only NGF tracker behavior is found regardless to the initial values of the potential. Clearly, the parameter y will finally dominate the dark energy density Ω_ϕ at the present.

5 Conclusions

In this work, we have applied the vierbein perturbation scenario to study the cosmological perturbations in teleparallel dark energy models with the non-minimal coupling between the scalar field and gravity. Unfamiliar with the metric perturbations, a new scalar mode, α_m, appears in the linear equations and mainly contributes to the anisotropic between the gravitational potentials ψ and φ. This new scalar degree of freedom is fully suppressed in the sub-horizon scales of f(T ) gravity [36], but has significant contributions in the large scale structures [35]. Nevertheless, the dynamical degrees of freedom of the theory do not increased by α_m given that the constraint in (2.5) provides an additional algebraic relation to the scalar mode variables. We have demonstrated the numerical results for the effects of α_m in terms of the ratio ψ/φ, and found that the discrepancy from GR is significant from sub-horizon scales well up to super-horizon scales.

To study the matter growth in teleparallel cosmology, we have used the quasi-static approximation in the sub-horizon scales. The effective gravitational coupling becomes scale independent in the sub-horizon regime similar to the generic scalar-tensor theories. In the case where the cosmic acceleration is driven by the non-minimal gravity-field coupling term, i.e. the ξH^2ϕ^2 term in (2.9), we have found that the gravitational interaction is enhanced so that matter grows faster than that in GR. In the broader case where the scalar field has a potential, the quintessence behavior recovers with a small coupling limit of ξ, while the non-minimal gravity-field tracker is followed when ξ ∼ −1. In the case with ξ around the best-fit value (∼ −0.4) from observations, we can also observe a faster growth rate if the NGF tracker is followed instead of the usual quintessence-like evolution. These results feature the matter perturbations in teleparallel dark energy models and worth for further investigations to look for the possible deviations from GR.

6 Acknowledgements

We are grateful to helpful comments given by Qing-Guo Huang and Eric Linder as well as Chung-Chi Lee for his technical support. We thank KITPC for the wonderful program “Cosmology and Astroparticle Physics.” The work was supported in part by National Center of Theoretical Science and National Science Council (NSC-98-2112-M-007-008-MY3) of R.O.C.

– 12 –

References

[1] B. Ratra, P. J. E. Peebles, Cosmological Consequences of a Rolling Homogeneous Scalar Field, Phys. Rev. D37, 3406 (1988).

[2] C. Wetterich, Cosmology and the Fate of Dilatation Symmetry, Nucl. Phys. B302, 668 (1988).

[3] A. R. Liddle, R. J. Scherrer, A Classification of scalar field potentials with cosmological scaling solutions, Phys. Rev. D59, 023509 (1999), [arXiv:astro-ph/9809272]. [astro-ph/9809272].

[4] I. Zlatev, L. -M. Wang, P. J. Steinhardt, Quintessence, cosmic coincidence, and the cosmological constant, Phys. Rev. Lett. 82, 896 (1999), [arXiv:astro-ph/9807002].

[5] Z. -K. Guo, N. Ohta, Y. -Z. Zhang, Parametrization of quintessence and its potential, Phys.

Rev. D72, 023504 (2005), [arXiv:astro-ph/0505253].

[6] S. Dutta, E. N. Saridakis, R. J. Scherrer, Dark energy from a quintessence (phantom) field rolling near potential minimum (maximum), Phys. Rev. D79, 103005 (2009), [arXiv:0903.3412].

[7] V. Sahni, S. Habib, Does inflationary particle production suggest Omega(m) less than 1?, Phys. Rev. Lett. 81, 1766 (1998), [arXiv:hep-ph/9808204].

[8] J. -P. Uzan, Cosmological scaling solutions of nonminimally coupled scalar fields, Phys. Rev.

D59, 123510 (1999), [arXiv:gr-qc/9903004].

[9] N. Bartolo, M. Pietroni, Scalar tensor gravity and quintessence, Phys. Rev. D61, 023518 (2000), [arXiv:hep-ph/9908521].

[10] V. Faraoni, Inflation and quintessence with nonminimal coupling, Phys. Rev. D62, 023504 (2000), [arXiv:gr-qc/0002091].

[11] T. D. Saini, S. Raychaudhury, V. Sahni, A. A. Starobinsky, Reconstructing the cosmic equation of state from supernova distances, Phys. Rev. Lett. 85, 1162 (2000), [arXiv:astro-ph/9910231].

[12] E. Elizalde, S. ’i. Nojiri, S. D. Odintsov, Late-time cosmology in (phantom) scalar-tensor theory: Dark energy and the cosmic speed-up, Phys. Rev. D70, 043539 (2004), [arXiv:hep-th/0405034]. [hep-th/0405034].

[13] V. Faraoni, De Sitter attractors in generalized gravity, Phys. Rev. D70, 044037 (2004), [arXiv:gr-qc/0407021].

[14] M. Szydlowski, O. Hrycyna, A. Kurek, Coupling constant constraints in a nonminimally coupled phantom cosmology, Phys. Rev. D77, 027302 (2008), [arXiv:0710.0366].

[15] M. R. Setare, E. N. Saridakis, Non-minimally coupled canonical, phantom and quintom models of holographic dark energy, Phys. Lett. B671, 331 (2009), [arXiv:0810.0645].

[16] R. R. Caldwell, A Phantom menace?, Phys. Lett. B545, 23 (2002),

[arXiv:astro-ph/9908168].

[17] R. R. Caldwell, M. Kamionkowski, N. N. Weinberg, Phantom energy and cosmic doomsday, Phys. Rev. Lett. 91, 071301 (2003), [arXiv:astro-ph/0302506].

[18] S. ’i. Nojiri, S. D. Odintsov, Quantum de Sitter cosmology and phantom matter, Phys. Lett.

B562, 147 (2003), [arXiv:hep-th/0303117]. [hep-th/0303117].

– 13 –

[19] V. K. Onemli, R. P. Woodard, Quantum effects can render w ¡ -1 on cosmological scales, Phys. Rev. D70, 107301 (2004), [arXiv:gr-qc/0406098]. [gr-qc/0406098].

[20] S. Dutta and R. J. Scherrer, Dark Energy from a Phantom Field Near a Local Potential Minimum, Phys. Lett. B 676, 12 (2009), [arXiv:0902.1004].

[21] C. Kaeonikhom, B. Gumjudpai, E. N. Saridakis, Observational constraints on phantom power-law cosmology, Phys. Lett. B695, 45 (2011), [arXiv:1008.2182].

[22] P. G. Bergmann, Comments on the scalar-tensor theory, Int. J. Theor. Phys. 1, 25 (1968);

K. Nordtvedt, Post-Newtonian Metric for a General Class of Scalar-Tensor Gravitational Theories and Observational Consequences, Astrophys. J. 161, 1059 (1970); R. Wagoner, Scalar-tensor theory and gravitational waves, Phys. Rev. D 1, 3209 (1970).

[23] Y. Fujii, K. -i. Maeda, The Scalar-Tensor Theory of Gravitation, Cambridge University Press, UK (2003)

[24] A. Unzicker and T. Case, Translation of Einstein’s attempt of a unified field theory with teleparallelism, [arXiv:physics/0503046].

[25] K. Hayashi and T. Shirafuji, New General Relativity, Phys. Rev. D 19, 3524 (1979), [Addendum-ibid. D 24, 3312 (1982)].

[26] J. W. Maluf, Hamiltonian formulation of the teleparallel description of general relativity, J.

Math. Phys. 35 (1994) 335; H. I. Arcos and J. G. Pereira, Torsion Gravity: a Reappraisal, Int. J. Mod. Phys. D 13, 2193 (2004), [arXiv:gr-qc/0501017].

[27] K. Bamba, C. Q. Geng, C. C. Lee, L. W. Luo, Equation of state for dark energy in f(T ) gravity, JCAP 1101, 021 (2011) [arXiv:1011.0508]; K. Bamba and C. Q. Geng, Thermodynamics of cosmological horizons in f(T ) gravity, JCAP 1111, 008 (2011) [arXiv:1109.1694].

[28] R. J. Yang, Conformal transformation in f(T ) theories, Europhys. Lett. 93, 60001 (2011), [arXiv:1010.1376]. T. P. Sotiriou, B. Li, J. D. Barrow, Generalizations of teleparallel gravity and local Lorentz symmetry, Phys. Rev. D83, 104030 (2011), [arXiv:1012.4039].

[29] C. Q. Geng, C. C. Lee, E. N. Saridakis, Y. P. Wu, ‘Teleparallel’ Dark Energy, Phys. Lett.

B704, 384 (2011), [arXiv:1109.1092].

[30] H. Wei, Dynamic of Teleparallel Dark Energy, Phys. Lett. B712, 430 (2012), [arXiv:1109.6107].

[31] C. Xu, E. N. Saridakis, G. Leon, Phase-Space analysis of Teleparallel Dark Energy, JCAP 07, 005 (2012), [arXiv:1202.3781].

[32] C. Q. Geng, C. C. Lee, E. N. Saridakis, Observational constraints on Teleparallel Dark Energy, JCAP 1201, 002 (2012), [arXiv:1110.0913].

[33] B. Li, T. P. Sotiriou and J. D. Barrow, f(T) gravity and local Lorentz invariance, Phys. Rev.

D83, 064035 (2011), [arXiv:1010.1041].

[34] Y. P Wu and C. Q. Geng, Primordial Fluctuations within Teleparallelism Phys. Rev. D86, 104058 (2012). [arXiv:1110.3099].

[35] B. Li, T. P. Sotiriou, J. D. Barrow, Large-scale Structure in f(T) Gravity, Phys. Rev. D83, 104017 (2011), [arXiv:1103.2786].

[36] Y. P Wu and C. Q. Geng, Matter density perturbations in modified teleparallel theories JHEP 11 (2012) 142, [arXiv:1211.1778].

– 14 –

[37] J. A. Gu, C. C. Lee and C. Q. Geng, Teleparallel Dark Energy with Purely Non-minimal Coupling to Gravity Phys. Lett. B718, 722 (2013), [arXiv:1204.4048]

[38] M. Blagojevic, Gravitation and Gauge Symmetries (Institute of Physics Publishing, Bristol, 2001).

[39] S. Weinberg, Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity (John Wiley & Sons, New York, 1972).

[40] B. Boisseau, G. Esposito-Farèse, D. Polarski and A. A. Starobinsky, Reconstruction of a Scalar-Tensor Theory of Gravity in an Accelerating Universe Phys. Rev. Lett. 85, 2236 (2000). [arXiv:0001066]

[41] E. V. Linder and R. N. Cahn, Parameterized beyond-Einstein growth Astropart. Phys. 28, 481 (2007). [arXiv:0701317]

[42] K. Izumi and Y. C. Ong, [arXiv:1212.5774]

– 15 –