arXiv:1212.6787v1 [hep-th] 30 Dec 2012

On a path integral representation of the Nekrasov instanton partition function and its Nekrasov–Shatashvili limit

Franco Ferrari^{1∗} and Marcin Pia̧tek^{1,2†} 1 Institute of Physics and CASA*, University of Szczecin, Wielkopolska 15, 70451 Szczecin, Poland 2 Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141980, Dubna, Russia

January 1, 2013

Abstract

In this work we study the Nekrasov–Shatashvili limit of the Nekrasov instanton partition function of Yang–Mills field theories with N = 2 supersymmetry and gauge group S U(N). The theories are coupled with fundamental matter. A path integral expression of the full instanton partition function is derived. It is checked that in the Nekrasov–Shatashvili (thermodynamic) limit the action of the field theory obtained in this way reproduces exactly the equation of motion used in the saddle-point calculations.

1 Introduction

In this letter we derive a path integral expression of the Nekrasov multi– instanton partition function Z_{inst}(q, ϵ_1, ϵ_2) that takes into account the instantonic sector of gauge field theories with N = 2 supersymmetry and gauge group S U(N). Here q denotes an effective scale, while ϵ_1 and ϵ_2 are the

∗e-mail: ferrari@fermi.fiz.univ.szczecin.pl †e-mail: piatek@fermi.fiz.univ.szczecin.pl deformation parameters of the Ω−background in which the N = 2 gauge theory has been embedded before applying the localization procedure. More details on the derivation of Z_{inst}(q, ϵ_1, ϵ_2) can be found in Refs. [1, 2, 3, 4]. The Nekrasov multi–instanton partition function plays a crucial role in the so–called AGT-W [5, 6, 7] and Bethe/gauge correspondences [8, 9, 10].

To provide a representation of Z_{inst}(q, ϵ_1, ϵ_2) in the form of the partition function of scalar fields we apply techniques borrowed from the theory of matrix models [11]. Usually the multi–instanton partition function is given in the form of a sum over k variables ϕ_I , I = 1, . . . , k, called eigenvalues, where the integer k ranges from zero to infinity. In the path integral formulation, one scalar field is related to the density of eigenvalues and the second is a lagrange multiplier. Let us note that matrix models methods have already been applied in the past to investigate the instantonic partition function in different contexts, see for instance [12, 13, 14, 15, 16, 17, 18, 19, 20], but up to now not to the problem of deriving a path integral expression of Z_{inst}(q, ϵ_1, ϵ_2). Starting from this expression we are able to prove in a simple and rigorous way that in the Nekrasov–Shatashvili limit ϵ_2 → 0, performed by keeping ϵ_1 constant, the full multi–instanton partition function reduces to its saddle point approximation given in [21]. This limit is relevant in a wide set of applications, see for example [8, 21, 22, 23, 24, 25, 26, 27]. With the series representation of Z_{inst}(q, ϵ_1, ϵ_2) the computation of the Nekrasov– Shatashvili limit is particularly cumbersome, because it requires to extract from Z_{inst}(q, ϵ_1, ϵ_2) the contribution coming from the tree diagrams, which leads to rather complicated calculations. Within the path integral representation the limiting procedure becomes straightforward since it is performed directly inside the action of the theory.

2 Path integral formulation

The starting point is the instanton partition function of a N = 2 gauge field theory with gauge group S U(N) and matter in the fundamental representation [2, 21]:

Z_{inst}(q, ϵ_1, ϵ_2) = 1 + ∞∑ k=1 q^k k! ( ϵ_1 + ϵ_2 ϵ_1ϵ_2

)_k ∫ R k∏ I=1 dϕ_I 2πi k∏ I�J=1

D(ϕ_I − ϕ_J )

× k∏ I=1 Q(ϕ_I ), (1) where

D(z) = z(z + ϵ_1 + ϵ_2) (z + ϵ_1)(z + ϵ_2)

, Q(z) =

M(z) P(z + ϵ_1 + ϵ_2)P(z) (2) and M(z) =

N_f∏

r=1 (z + m_r), P(z) = N∏ l=1 (z − a_l). (3)

Here the a_l’s, l = 1, . . . , N, are the vacuum expectation values of the adjoint scalar field in the S U(N) vector multiplet, while the m_r’s parametrize the masses of the fundamental matter. N_f can be indentified with the number of flavors of the theory, though a more precise description of its meaning can be found in [1]. Let us note that the integrals over the real line R in Eq. (1) require some form of regularization and should be intended as integrals over a closed contour. The details are explained in [1] and, for generic matrix models, in [11]. Z_{inst}(q, ϵ_1, ϵ_2) can be rewritten in a more appropriate way for our purposes:

Z_{inst}(q, ϵ_1, ϵ_2) = ∞∑ k=0 q^k k! ( ϵ_1 + ϵ_2 ϵ_1ϵ_2

)_k ∫ R k∏ I=1 dϕ_I 2πi e^{Hk} , (4)

where

H_k = k∑ I�J=1

log(D(ϕ_I − ϕ_J )) + k∑ I=1 log(Q(ϕ_I )). (5)

After introducing the density of eigenvalues

ρ(ϕ) = k∑ I=1 ϵ_1ϵ_2 ϵ_1 + ϵ_2 δ(ϕ − ϕ_I) (6)

it is possible to express Z_{inst}(q, ϵ_1, ϵ_2) as follows [11]:

Z_{inst}(q, ϵ_1, ϵ_2) = ∞∑ k=0 q^k k! ( ϵ_1 + ϵ_2 ϵ_1ϵ_2

)_k

× ∫ R k∏ I=1 dϕ_I 2πi ∫ Dρ(ϕ)δ ρ(ϕ) − k∑ I=1 ϵ_1ϵ_2 ϵ_1 + ϵ_2 δ(ϕ − ϕ_I)

×e [_{+∞}� −∞ dϕdϕ^′

(_{ϵ1+ϵ2}

ϵ1ϵ2

)_2

ρ(ϕ) log(D(ϕ−ϕ^′))ρ(ϕ^′)+ +∞� −∞ dϕ (_{ϵ1+ϵ2}

ϵ1ϵ2 ) ρ(ϕ) log(Q(ϕ)) ] . (7)

In the above equation the principal value prescription of the integrals over the variable ϕ is necessary in order to avoid the singularities of log(D(ϕ−ϕ^′)) when ϕ = ϕ^′. This is the analog in the continuous case of the condition I � J in the double discrete sum appearing in H_k. After introducing the Fourier representation of the Dirac delta function appearing in the above equation: δ ρ(ϕ) − k∑ I=1 ϵ_1ϵ_2 ϵ_1 + ϵ_2 δ(ϕ − ϕ_I) = ∫ Dλ exp i +∞∫ −∞ dϕλ(ϕ)

ρ(ϕ) − k∑ I=1 ϵ_1ϵ_2 ϵ_1 + ϵ_2 δ(ϕ − ϕ_σ) (8) we obtain:

Z_{inst}(q, ϵ_1, ϵ_2) = ∞∑ k=0 q^k k! ∫ DρDλ ∫ R dϕ 2πi (ϵ_1 + ϵ_2)

ϵ_1ϵ_2 e^{−i ϵ1ϵ2ϵ}1^{+ϵ}2^{λ(ϕ)} k

×exp +∞� −∞ dϕdϕ^′ ( ϵ_1 + ϵ_2 ϵ_1ϵ_2

)_2

ρ(ϕ) log(D(ϕ − ϕ^′))ρ(ϕ^′)

+ +∞� −∞ dϕ ( iλ(ϕ)ρ(ϕ) +

(ϵ_1 + ϵ_2)

ϵ_1ϵ_2 ρ(ϕ) log(Q(ϕ)) ) . (9)

Let us note that the contour integration over R is now restricted to the integral of the quantity e^{−iλ(ϕ)}. As mentioned in [11], the choice of the contour is not important when performing integrals over densities like ρ(ϕ) or λ(ϕ), so that it is possible to replace in Eq. (9) the contour integration with the integration over the whole real line, i. e.: ∫ R −→

�_{+∞} −∞ .

The summation over the index k in Eq. (9) can be easily performed and gives as a result:

Z_{inst}(q, ϵ_1, ϵ_2) = ∫ DρDλ exp +∞� −∞ dϕdϕ^′ ( ϵ_1 + ϵ_2 ϵ_1ϵ_2

)_2

ρ(ϕ) log ( D(ϕ − ϕ^′) ) ρ(ϕ^′)

+ +∞� −∞ dϕ [ iρ(ϕ)λ(ϕ) + ( ϵ_1 + ϵ_2 ϵ_1ϵ_2 ) ( ρ(ϕ) log(Q(ϕ)) + q e^{−i ϵ1ϵ2ϵ}1^{+ϵ}2^{λ(ϕ)} )] . (10)

For future purposes, it will be convenient to perform in Eq. (10) the following shift of the auxiliary field λ(ϕ):

λ(ϕ) = λ^′(ϕ) − i

(ϵ_1 + ϵ_2) ϵ_1ϵ_2 log(q). (11)

After the above shift, the instanton partition function Z_{inst}(q, ϵ_1, ϵ_2) takes the form:

Z_{inst}(q, ϵ_1, ϵ_2) = ∫ DρDλ^′ exp +∞� −∞ dϕdϕ^′ ( ϵ_1 + ϵ_2 ϵ_1ϵ_2

)_2

ρ(ϕ) log ( D(ϕ − ϕ^′) ) ρ(ϕ^′)

+ +∞� −∞ dϕ [ iρ(ϕ)λ^′(ϕ) +

(_{ϵ1+ϵ2}

ϵ_1ϵ_2 ) ( ρ(ϕ) log(qQ(ϕ)) + e^{−i ϵ1ϵ2ϵ}1^{+ϵ}2^{λ′(ϕ)} )] . (12)

This is the desired path integral expression of the instanton partition function.

Let us note that we could have arrived to Eq. (12) starting from Eq. (7) and performing there the substitution:

q^k = exp ϵ_1 + ϵ_2 ϵ_1ϵ_2 k∑ I=1 ϵ_1ϵ_2 ϵ_1 + ϵ_2 log(q) . (13)

This replacement obviously does not change Eq. (7) because it is easy to prove the following sequence of identities:

q^k = e^{k log(q)} = e^{∑kI=1 log(q)} = e^{ϵ1+ϵ2ϵ}1^ϵ2

∑_k I=1 ϵ1ϵ2 ϵ1+ϵ2 log(q). (14)

Using the condition (6) that is imposed by the Dirac delta function appearing in Eq. (7), we may finally write:

q^k = exp ϵ_1 + ϵ_2 ϵ_1ϵ_2 +∞� −∞ dϕρ(ϕ) log(q) . (15)

In this way Eq. (7) becomes:

Z_{inst}(q, ϵ_1, ϵ_2) = ∞∑ k=0 1 k! ( ϵ_1 + ϵ_2 ϵ_1ϵ_2

)_k

× ∫ R k∏ I=1 dϕ_I 2πi ∫ Dρ(ϕ)δ ρ(ϕ) − k∑ I=1 ϵ_1ϵ_2 ϵ_1 + ϵ_2 δ(ϕ − ϕ_I)

×e [_{+∞}� −∞ dϕdϕ^′

(_{ϵ1+ϵ2}

ϵ1ϵ2

)_2

ρ(ϕ) log(D(ϕ−ϕ^′))ρ(ϕ^′)+ +∞� −∞ dϕ (_{ϵ1+ϵ2}

ϵ1ϵ2 ) ρ(ϕ) log(qQ(ϕ)) ] . (16)

After exploiting the Fourier representation of the Dirac delta function given in Eq. (8), it is possible to obtain Eq. (12) directly from (16) without performing the shift (11). As a matter of fact, the right hand side of Eq. (15) provides exactly the term proportional to log(q) that is present in (16) but is apparently missing in the action of Eq. (10) and has been recovered only after the shift (11).

In order to pass to the limit ϵ_2 → 0 in Eq. (12), the following two formulas will be useful: +∞� −∞ dϕdϕ^′ρ(ϕ) log(D(ϕ − ϕ^′))ρ(ϕ^′) = +∞� −∞ dϕ ϕ� −∞ dϕ^′ρ(ϕ) [ log(D(ϕ − ϕ^′)) − log(D(ϕ^′ − ϕ)) ] ρ(ϕ^′) (17) and lim_{ϵ2→0} [ log(D(ϕ − ϕ^′)) + log(D(ϕ^′ − ϕ)) ϵ_2 ] = 2ϵ_1 ϵ^2_1 − (ϕ − ϕ^′)^2

. (18)

With the help of equations (17) and (18) it is easy to prove that, when ϵ_2 ∼ 0, the expression of Z_{inst}(q, ϵ_1, ϵ_2) given in Eq. (12) may be approximated up to an irrelevant constant as shown below:

Z_{inst}(q, ϵ_1, ϵ_2) ∼ ∫ Dρ(ϕ) exp 1 ϵ_2 1 2 +∞� −∞ dϕ +∞� −∞ dϕ^′ρ(ϕ)G(ϕ − ϕ^′)ρ(ϕ^′)

+ +∞� −∞ dϕρ(ϕ) log(qQ_0(ϕ))

, (19)

where G(ϕ − ϕ^′) =

2ϵ_1 ϵ^2_1 − (ϕ − ϕ^′)^2

. (20)

Let us notice that the dependence on the auxiliary field λ(ϕ) disappeared after the limit ϵ_2 → 0. The above equation is in agreement with the saddle– point approximation that have been derived in the literature, see for example Ref. [21]. In order to derive Eq. (19) we have used the fact that: +∞� −∞ dϕ ϕ� −∞ dϕ^′ρ(ϕ)G(ϕ−ϕ^′)ρ(ϕ^′) = 1 2 +∞� −∞ dϕ +∞� −∞ dϕ^′ρ(ϕ)G(ϕ−ϕ^′)ρ(ϕ^′). (21)

3 Conclusions

In this work a path integral formulation of the full Nekrasov instanton partition function has been derived using the methods of matrix models, see Eq. (12). As a byproduct, it has been shown in a rigorous and simple way that in the semi-classical limit, valid when ϵ_2 is very small, the leading order contribution in the partition function is provided by Eq. (19), in agreement with the argument of [2] and statistical mechanics.

In the future it is planned to study the path integral appearing in Eq. (12) using the method of Ref. [28] that allows to perform analytic calculations in the case of theories with nonpolynomial and complex potentials.

4 Acknowledgments

This research has been supported in part by the Polish National Science Centre under Grant No. N202 326240.

References

[1] N. A. Nekrasov, Seiberg-Witten prepotential from instanton counting, Adv. Theor. Math. Phys. 7 (2003) 831 arXiv:0206161 [hep-th].

[2] N. A. Nekrasov and A. Okounkov, Seiberg-Witten Theory and Random Partitions, The Unity of Mathematics, Progress in Mathematics 244 (2006), 525, arXiv:0306238 [hep-th].

[3] N. A. Nekrasov, S. Shadchin, ABCD of instantons, Commun. Math.

Phys. 252 (2004) 359-391, arXiv:0404225 [hep-th].

[4] A. Marshakov and N. Nekrasov, Extended Seiberg-Witten Theory and Integrable Hierarchy, JHEP 01 (2007) 104, arXiv:0612019 [hep-th] .

[5] L. F. Alday, D. Gaiotto and Y. Tachikawa, Liouville Correlation Functions from Four-dimensional Gauge Theories, Lett. Math. Phys. 91 (2010) 167-197, arXiv:0906.3219 [hep-th].

[6] N. Wyllard, A_{N−1} conformal Toda field theory correlation functions from conformal N = 2 SU(N) quiver gauge theories, JHEP 11 (2009) 002, arXiv:0907.2189 [hep-th].

[7] A. Mironov, A. Morozov, On AGT relation in the case of U(3), Nucl.

Phys. B 825 (2010), 1-37, arXiv:0908.2569 [hep-th].

[8] N. Nekrasov, S. Shatashvili, Quantization of Integrable Systems and Four Dimensional Gauge Theories, arXiv:0908.4052 [hep-th].

[9] N. Nekrasov, S. Shatashvili, Supersymmetric vacua and Bethe ansatz, In “Cargese 2008, Theory and Particle Physics: the LHC perspective and beyond”, arXiv:0901.4744 [hep-th].

[10] N. Nekrasov, S. Shatashvili, Quantum integrability and supersymmetric vacua, Prog. Theor. Phys. Suppl. 177 (2009) 105-119, arXiv:0901.4748 [hep-th].

[11] G. Parisi, Euclidean Random Matrices: Solved and Open Problems, Proceedings of the NATO Advanced Study Institute on Applications of Random Matrices in Physics, Les Houches, France, 6-25 June 2004, (E. Brezin, V. Kazakov, D. Serban, P. Wiegmann and A. Zabrodin Eds.), NATO Science Series II: Mathematics, Physics and Chemistry, Vol. 221, (Springer Verlag, 2006).

[12] R. Dijkgraaf and C. Vafa, Toda Theories, Matrix Models, Topological Strings and N = 2 Gauge Systems, arXiv:0909.2453 [hep-th].

[13] P. Sulkowski, Matrix models for beta-ensembles from Nekrasov partition functions, JHEP 04 (2010) 063, arXiv:0912.5476 [hep-th].

[14] H. Itoyama, T. Oota, Method of Generating q-Expansion Coefficients for Conformal Block and N=2 Nekrasov Function by beta-Deformed Matrix Model, arXiv:1003.2929 [hep-th].

[15] A. Mironov, A. Morozov, Sh. Shakirov, Matrix Model Conjecture for Exact BS Periods and Nekrasov Functions, JHEP 02 (2010) 030, arXiv:0911.5721 [hep-th] .

[16] A.Marshakov, A.Mironov, A.Morozov, On AGT Relations with Surface Operator Insertion and Stationary Limit of Beta-Ensembles, J. Geom. Phys. 61 (2011) 1203-1222, arXiv:1011.4491 [hep-th].

[17] A. Mironov, Al. Morozov and And. Morozov, Matrix model version of AGT conjecture and generalized Selberg integrals, Nucl. Phys. B 843 (2011) 534-557, arXiv:1003.5752 [hep-th].

[18] A.Mironov, A.Morozov, Sh.Shakirov, A direct proof of AGT conjecture at beta = 1, JHEP 02 (2011) 067, arXiv:1012.3137 [hep-th].

[19] A.Mironov, A.Morozov, Sh.Shakirov, Towards a proof of AGT conjecture by methods of matrix models Int. J. of Mod. Phys. A 27 (2012) 1230001, arXiv:1011.5629 [hep-th].

[20] A. Morozov, Challenges of beta-deformation, arXiv:1201.4595 [hep-th].

[21] F. Fucito, J.F. Morales, D.R. Pacifici, R. Poghossian, Gauge theories on Ω-backgrounds from non commutative Seiberg-Witten curves, JHEP 05 (2011) 098, arXiv:1103.4495 [hep-th].

[22] R. Poghossian, Deforming SW curve, JHEP 04 (2011) 033, arXiv:1006.4822 [hep-th].

[23] G. Bonelli, K. Maruyoshi, A. Tanzini, Quantum Hitchin Systems via beta-deformed Matrix Models, arXiv:1104.4016 [hep-th] .

[24] N. Dorey, S. Lee and T.J. Hollowood, Quantization of integrable systems and a 2d/4d duality, JHEP 10 (2011) 77, arXiv:1103.5726 [hep-th].

[25] Heng-Yu Chen, N. Dorey, T.J. Hollowood, S. Lee, A New 2d/4d Duality via Integrability, JHEP 09 (2011) 40, arXiv:1104.3021 [hep-th].

[26] M. Pia̧tek, Classical conformal blocks from TBA for the elliptic Calogero-Moser system, JHEP 06 (2011) 050, arXiv:1102.5403 [hep-th].

[27] F. Ferrari and M. Pia̧tek, Liouville theory, N = 2 gauge theories and accessory parameters, JHEP 05 (2012) 025, arXiv:1202.2149 [hep-th].

[28] F. Ferrari, On a possible approach to general field theories with nonpolynomial interactions, to be published in Adv. Theor. Math. Phys. 15 (3) (2011), arXiv:0912.2361 [hep-th].