arXiv:1301.0258v1 [hep-ph] 30 Dec 2012

Scaling Transformation for Nonlocal Interactions

Hai-Jun Wang Center for Theoretical Physics and School of Physics, Jilin University, Changchun 130012, China

Most of the previous investigations on nonlocal interaction tried to fit certain results from renormalization. Reversely, in this paper we extract an approximate symmetry for nonlocal interaction in the light of the scaling property of renormalized S-Matrix, despite of the running values of charge and mass etc.. The symmetry corresponds to a named scaling transformation. This transformation is responsible for using a local method to study the nonlocal properties, as always did in other nonlocal theories. In order to upgrade the scaling property of S-Matrix up to a kind of symmetry, we presume that the Lagrangian involving nonlocal interaction possesses scaling invariance. In this sense one can impose the scaling symmetry on the nonlocal interaction term by making the scaling transformation reserve it, then a special vertex structure involving axil vector form γ^μγ^5 is obtained, meanwhile an additional generator e^{u2 γ5} appears to the set of spinor representation e^{u2 γμ γν} of Lorentz group. For this reason we call such transformation an extrapolation of Lorentz group. Subsequently we study the new conservation law involving this extrapolation and find out that the usually defined angular momentum is no longer a conservative quantity. This non-conservation suggests a nonperturbative explanation to the difference of measured polarizations between a nucleon and the sum of its constituents, known as spin crisis of nucleons. Also this provides a perturbative understanding for the measured difference between the polarized form factor and the unpolarized one in elastic scattering of electron on nucleons. We present a Gedanken experiment to test our prediction on how an extended particle shows its local vertex structure perturbatively in the polarized cross sections.

I. INTRODUCTION

The nonlocal interaction was born from the attempts to describe the interaction between extended particles, such as hadrons [1]. The earlier study of nonlocal interaction dates back to 1930’s [2] when quantum field theory was still in its infancy. The development afterward purported mainly to give a consistently convergent theory in order to underly the nowadays named ”effective field theory” whereof some appropriate form factors are usually employed[3– 19]. Whereas in such context the unconquerable difficulty is the unitarity and causality in formulating the S matrix using Feldman-Yang [20] method or the conventional canonical quantization method [3]. Over the decades, we now have the consensus that if only using the nonlocal interaction, then the causality problem is unavoidable [21]. Some promising attempts aiming at this problem pointed to a fundamental length [3–11, 17], though anyway the conundrum remains despite of the good behavior for the tree level S-matrix. These attempts mostly in this or other way show their accordance with the renormalization group method.

From the 30’s of last century, every decade there were surges in studying the nonlocal phenomenology with attempts to treat the divergence appearing in the radiation corrections of scattering processes. In 1934, Wataghin was the first who realized that a Lorentz invariant form factor could play the role of cutoff that later was used in renormalizable field theory [2]. This becomes one of the mainstreams in studying nonlocality where one didn’t focus on the finite size of particle itself but instead a form factor to express the spreading interaction between the point-wise particles. Namely, this branch is the nonlocal interaction theory. Another is the nonlocal field theory followed by Yukawa [1] more than one decade later, which encodes a particle (hadrons) with finite size and subsequently discussed the ”internal motion” induced by these degrees of freedom. Based on this presumption, Yukawa inferred that one can take either that a operator U cannot be measured at the point it locates [Thus the field U and the coordinate of the point are not commutative] or that the two space-time points are not commutative. Yukawa took the former and Heisenberg took the latter, and the latter becomes a hot topic nowadays, which encountered in string theory. Yukawa’s idea mainly treated the nonlocal fields and the local interaction between these fields. Whereas the nonlocal interaction theory treats the nonlocal interaction between point fields. Although later one may prove these two methods to some extent are equivalent.

Even later Yukawa’s model was proved not affording description of a extensive particle with finite radii, but just for a two-point system [22][23]. Together with his model, the essence of method ”internal motion” was also abandoned ever since. So most investigations afterward followed the popular model developed by Kristensen-Møller [4] and Bloch [24][5], with a nonlocal scalar interaction using a form factor between fermions in the Lagrangian. The development later mainly focus on giving the form-factor a field theoretical basis based on canonical quantization which firstly advocated by Pauli [6], and soon be extended to fourth orders of scattering matrix S [8]. The main problem is the unitarity and causality of the S-matrix. Hayashi [8] push the problem of non-causality to fourth order by solving the problem order by order using approximations for different orders. Almost the same results is achieved rigorously by Marnelius [3] and Moffat [13][16], the unitary of S-matrix was absent until up to the fourth order and the results were comparable with experiments. Marnelius’ work resulted in that anyway the unitary problem remains there for nonlocal interactions, though in perturbative first several orders we can compare with the conventional quantum field theory. Different from the above progresses, Efimov considered the nonlocal interaction mediated by vector bosons [17][10][9][11]. Under certain conditions the unitary problem was claimed to be resolved, but the condition is bias from the point of view of Marnelius [3]. In Efimov and Moffat papers, a minimal length was manifestly put forward to define a nonlocal region for interaction. Additionally, a weird function is introduced to make the interaction damping fast and thus S-matrix convergent. Though with a minimal length present, the Moffat model seems not unitary to all orders, with additional interactions order by order, though the convergence be satisfied and can be comparable with renormalization result. In short, the causality and unitarity of nonlocal interaction remains a problem in nowadays theories inspired by the string theory and noncommutative gauge theory [25][26][21][27][28][29][30][31][32][33][34][35][36].

As for micro-causality, to the best of my knowledge, it never directly examined to the scales sufficiently small our quantum field theory required. We don’t really know if it has been violated at certain scales. So instead the most important thing is the macro-causality, but not micro-causality. We thus in this paper associate the unknown part, i.e. the micro-causality within the extended spatial region (nonlocal region), with a kind of transformation—the scaling transformation, regardless of the causality owing to the Lorentz invariance, since this transformation ruins the Lorentz invariance. This is based on the proposition of group theory that an ”unknown” links with a symmetry, and thus with some transformation by intuition. With such correspondence, an additional generator is obtained for the spinor representation of Lorentz group. The generator subsequently changes the conservation law of angular momentum, which may attribute to the crisis of nucleon’s spin. This transformation also validates most traditional methods for local quantum fields in calculating scattering S-matrix. And some estimation alike can be done routinely. By this way we on one hand preserve the spell of calculation in local quantum field theory, and on the other hand unravel the deep inconsistency between the nonlocal interaction and local quantum field methods usually used to treat it. The legacy of the transformation also supported by the scaling invariance of form factor in high energy physics, the well known one is Bjorken scaling invariance.

The most recent surge on nonlocal interaction born form the string theory which is actually an extended body [12–16, 29, 36] and the investigation along this line didn’t stop across three decades. The work we cannot neglect are those concerning higher derivatives, which found early in 1950s [37], and recently found to be closely relevant to string theory [12], and nowadays it still keeps as a hot regime for pursuing the solutions belonging to Cauchy initial value problem [38]. All the aforementioned efforts in fact did their best to make the nonlocal interaction to some extent localized then make it a portion of conventional quantum field theory, and to use local quantum field theory to resolve the nonlocal problem.

In retrospect, it can be concluded that the succeeding progresses previously made were just introducing a minimal length l_0 by one way or another into form factor to act as the cutoff parameter equivalent to the one used in renormalization group method [10][3][16]. So convergence is achieved. On the other hand, the casuality or unitarity in the issue are just postponed to orders higher and higher, remaining unresolved. To some extent, we have to confess that the causality in the problem is unresolvable [Ref. [3] gives the last word of the causality] if only we consider the nonlocal interaction. A length has to be introduced on one hand acting as cutoff like in renormalization to make it not so small that induce divergence, on the other hand acting as nonlocal interaction scale to make it not too large as to induce causality problem. It needs a balance. And it needs to be changeable for different questions. So in this context, we first have to treat the length, which lies ahead the unitarity and causality.

Nowadays, the construction of a consistent nonlocal theory is called for. One from the development of string theory, the other from the fact that the detected strong interaction between hadrons truly exists between sizeable particles, and it’s non-perturbative. Whereas this requirement cannot be satisfied by further developing the conventional local field theory. For example, the well know nonlocal Kristensen-Møller’s form, g ∫ F (x_1, x_2, x_3)ψ ∗ (x_1)φ(x_2)ψ(x_3)dx_1dx_2dx_3 cannot be further analytically broken to next level of description physically, i.e. to a smaller elementary particles level, if we assume that the scalar interaction are between shaped fermions. Because if we break the particles further small to make the interaction localized, then we would find the broken shreds are not any longer exert the interaction type when they bounded as a whole, so this broken action becomes meaningless for our motivation. Therefore the above nonlocal integral expression is just an assumption to some extent, no way to test its validity by experiment. One can only see its effect by some derived effects. It’s totally an assumption.

Except the paper of Efimov [10], all others discussions focused on the scalar nonlocal interactions. In this paper, we discuss the vector boson interaction between fermions’ spinors. In fact we have use the Yennie’s spirit [39] expressing the additional degree of freedom appearing in nonlocal interaction with ”internal motion” of spinors. So we must pose our point of view on causality, that is, also as concluded by authors, with a region scaled by the l_0, the causality is permitted to be violated. Since according to quantum physics, assuming that the wavelength of a particle as l_0, then in fact we can say nothing on causality within the wavelength, it is totally quantum things and it makes nonsense to pursue the causality in theory or test it in experiment.

The most recent consideration of the scaling symmetry similar to us is in ref. [40], where the authors discuss the same symmetry as us but in 2-dimension system using the light-cone quantum field method. Also don’t assume Lorentz invariance. But there is no definite example of a quantum field theory which nontrivially satisfies all of the stated assumptions, not as ours is definitely a realistic model for nonlocal interaction.

II. THE SCALING TRANSFORMATION FOR NONLOCAL INTERACTION TERM

Let’s consider the nonlocal interaction as Efimov type,

L_I = g ∫ ∫ dxdyF (x, y)A_μ(x)j^μ(y) (1) which represents the nonlocal interaction vertex between local boson and the local fermion current. According to the discussion in previous literature [3], this integral yields the violation of causality. From another perspective, the integral means we don’t know or don’t need to know some information, therefore they are integrated out. In particular we do not know the details of how interaction happens between the extended particle, for example a proton, and another point-like particle (for example, electron). So we use this integral to interprets the interaction. One may wonder what if we smash the proton into smaller constituents with this point-like particle so that we could know the details of how a point within proton interacting with electron. However the extended micro-particle, like proton, is not like classical counterpart—made of geometric points. Once it is shattered, then the simple summation of its parts is not any more itself. More than our imagination, many other final states (mostly pions) are involved. Thus the summation of parts certainly is not equal to the original extended particle as a whole. To speak alternatively, if we break the extended particles further small to make the interaction localized, then we would find the broken shreds are not any longer exert the interaction type when they bounded as a whole, so this broken action becomes meaningless for our motivation. Therefore there is no way to test the integration’s validity by experiment directly, one can see its effect by some derived effects. It’s an assumption so far. Just for the same reason, we realize that the integral has its raison d’etre in a physical expression, it will not lose its meaning when we have more understanding on the inner structure of extended particle (proton).

With the knowledge that the causality is violated in the integration, we may interpret this knowledge with another manner. It is known that the form factor F (x, y) represents a distribution of certain charge in physics. And further F (x, y) doesn’t vary with transfer momentum square q^2 approximately, while the incident energy is larger than 1GeV . Note that invariance is expressed in momentum space. We call this the scaling invariance. This invariance in fact validates that the extended particle shrinks or swells a little but leaves the form factor F (x, y) invariant. And this kind of shrinkage or swelling should also preserves the integration invariant, that means A_μ(x)j^μ(y) remains invariant under such shape deformation in view of that the integration over whole space such that dxdy is intact. We propose here the shrinkage or swelling corresponds to a coordinate inflation transformation. Usually a spatial transformation for a body has two ways to interpret. For instance, for the rotation of rigid body, we can assume in a way that the body remain still but the coordinate rotate, or equivalently in another way the coordinate system keeps still and the body rotates. Analogously, while considering the inflation (fluctuation) of an extended particle, we may assume that it is the coordinate shrinkage that cause the particle inflating. The coordinate become elastic. We may write the coordinate transformation as t^′ x^′_1 x^′_2 x^′_3 = t x_1 x_2 x_3 + δ 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 t x_1 x_2 x_3

, (2)

where the constant δ is responsible for the scale of inflating. We use here the addition transformation which is formally equivalent to the multiplication form as t^′ x^′_1 x^′_2 x^′_3

= (1 + δ) t x_1 x_2 x_3

, (2)

which is intuitively the inflation transformation. For a point particle locating at the origin or elsewhere, we note that its shape doesn’t change under the above transformation. The realistic micro-particles always have an infinitesimal radii ε, which could be viewed as its wavelength if the particle is truly point-like. According to our statement, the inflation transformation can be written in the form x^′_μ = (δ^ν_μ + ω̄^ν_μ) x_ν , where ω̄^ν_μ stands for the latter part of right hand of eq. (1). By intuition we note this transformation keeps the term A_μ(x)j^μ(y) invariant. In next section we will study how this transformation affect the spinor’s form.

For the parameter δ in eq. (2) is arbitrary and instantaneous changing, so the transformation actually implies the acausal facet of the integral. This facet should also be the quintessential of nonlocal interaction. Different from the effect of SR, where the time scale swelling meanwhile the spatial length shrinking. It is an inherent transformation where the origo of the coordinates locating at just the core of extended particle, so evidently ruins the Lorentz invariance, and thus causality. But this violation happens just within a very small scale, where we have never ascertained whether the micro-causality indeed holds or not. So imposing causality to such small scale of proton may make no sense. There at least exists a small scale violating causality whereof uncertainty relation working.

Just like that F (q^2) doesn’t represent the simple 3-dimensional charge distribution, but rather a complicated meaning in 4-dimension quantity, the aforementioned transformation is also not three dimension swelling or shrinking like that interpreted by special relativity for clock or length.

III. THE NEW SPINOR TRANSFORMATION

Before we perform the new transformation, let’s first recall that how Lorentz transformation keep the term A_μ(x, y)ψ̄(y)γ^μψ(y) invariant. Usually, we carry the Lorentz transformation on the vector A_μ and γ^μ. Certainly they are combined and give the invariant result. But for calculating convenience, usually we use the same set of γ^μs in different coordinate systems, thus we have enlisted the aids of a equivalence transformation S which has the properties

S^{−1}γ^μS = Λ^μ_ν γ^ν , (7)

where the Λ^μ_ν stands for the tensors components of the Lorentz transformation. Substituting the eq. (7) into (6) one notes A^′_μ(x, y)ψ̄(y)S^{−1}γ^μSψ(y) = A^′_μ(x, y)ψ̄^′(y)γ^μψ^′(y) . (8) The equation tells us that if we use the same γ-matrix in different coordinate system, the field ψ(y) should undertake corresponding transformation like ψ^′(y) = Sψ(y). Now let’s go over the explicit form of the eq. (8) and apply the results to eq. (5).

Let’s introduce the explicit form Λ^ν_μ = δ^ν_μ + ω^ν_μ, where ω^ν_μ comes from the generators of Lorentz group and has the expression ω^ν_μ = g^{νλ}ε_{λμ} [41], and ε_{λμ} is an infinitesimal antisymmetric tensor. Substituting this explicit form into Eq. (7) and making some changes, we have

γ_μS − Sγ_μ = [γ_μ, S] = Sω^ν_μγ_ν . (8)

Furthermore if we take into account the infinitesimal parameter for the transformation S

S = 1 + ε_{μν} S^{μν} , (9) then to first order, Eq. (8) can be written

[γ_μ, ε_{ρσ} S^{ρσ}] = ω^ν_μγ_ν , (10)

accordingly we find the solution of Eq. (10) must be S^{μν} = 1 2 γ^μγ^ν . (11)

The above formalism in this section are based on the conventional Lorentz generators. If a generator like matrix (5) appears, then to reserve the vertex form

A^′_μ(x, y)ψ̄(y)Π^μψ(y) , (12)

in which Π^μ is a general form of vertex being the linear combination of γ matrices, its consequence Eq. (10) must be altered correspondingly. Roughly we can rewrite the general form of Eq. (10) analogously

[Π^ν , ε̄_{ρσ}S̄^{ρσ} ] = ω̄^ν_μΠ^μ, (13)

where ω̄^ν_μ now is unit matrix eq.(5), and ε̄_{μν} may not be antisymmetric any longer. Then it is found when

Π^μ = γ^μ(1 + γ_5), ε̄_{μν}S̄^{μν} = ω̄^ν_μ 2 γ_5, (14)

the equation (13) can be satisfied, the selected ω̄^ν_μ could trivially be δ^ν_μ. This means that the vertex form eq. (12) has been extended to include γ_μ(1 + γ_5), and the Lorentz generators in spinor space {^1_2 γ^μγ^ν } have been extended to include γ_5. It corresponds that the explicit form of equivalent transform S can be written with a e^{u2 γ5} additional to e^{u2 γμγν} (u is an infinitesimal constant.). So now the Dirac equation can be written

A^′_μ(x, y)ψ̄(y)γ^μ[(1 + w) + wγ_5]ψ(y) , (15)

where w is a small parameter determined according to specific situation. We note that when e^{u2 γμγν} and e^{− u2 γμγν} act on ψ(y) and ψ̄(y) separately, the both the vertices A_μ(x, y)ψ̄(y)γ^μψ(y) and A_μ(x, y)ψ̄(y)γ^μγ_5ψ(y) seems invariant. But if we use e^{u2 γ5} and e^{− u2 γ5} to act on ψ(y) and ψ̄(y), it ruins the invariance of vertex A_μ(x, y)ψ̄(y)γ^μψ(y) albeit keeps A_μ(x, y)ψ̄(y)γ^μγ_5ψ(y). Or to say alternatively, it plays the role exchanging the vertices, i.e. A_μ(x, y)ψ̄(y)γ^μψ(y) ⇀↽ A_μ(x, y)ψ̄(y)γ^μγ_5ψ(y). We can see its rationale by the infinitesimal manner of using e^{u2 γ5} and e^{− u2 γ5} , i.e. analyzing the vertices e^{− u2 γ5} γ^μe^{u2 γ5} and e^{− u2 γ5} γ^μγ_5e^{u2 γ5} . It yields

e^{− u2 γ5} γ^μe^{u2 γ5} ≃ (1 − u 2 γ_5)γ^μ(1 + u 2 γ_5) ≃ γ^μ + u γ^μγ_5 (16a)

e^{− u2 γ5} γ^μγ_5e^{u2 γ5} ≃ (1 − u 2 γ_5)γ^μγ_5(1 + u 2 γ_5) ≃ γ^μγ_5 + u γ^μ (16b)

We believe that the changes to A_μ(x, y) or ψ̄(y)γ^μψ(y) cover the two cases of ”nonlocal interaction theory” and ”nonlocal field theory”, here we gain the same form as γ^μ + u γ^μγ_5 or γ^μγ_5 + u γ^μ , the two cases are united to one. If the original vertex is γ^μ(1 + γ_5), then after the transformation e^{u2 γ5} and e^{− u2 γ5} , the vertex keeps the same except the constant factor additional to the vertex, as (1 − u γ_5)γ^μ(1 + u γ_5).

It is noted that such a vertex (1 − u γ_5)γ^μ(1 + u γ_5) violates the parity symmetry.

IV. THE ELECTROMAGNETIC FORM FACTORS OF NUCLEONS AND ITS POLARIZED FORM

In the momentum representation, the counter part of g ∫ ∫ dxdyF (x, y)A_μ(x)ψ̄(y)γ^μ(a + b γ_5)ψ(y) is assumed to be F (p)A_μ(k)ψ̄(p)γ^μ(a + b γ_5)ψ(p), and the discussion of this section is based on the latter form. In the scattering of e-p case, the form factor is identified with quantities A, B appearing in vertex ψ̄(p)(Aγ^μ + B σ^{μν} p_ν )ψ(p). Thus we have assumed some corresponding properties of F according to experimental results of e-p scattering. Here we just want to probe what would be if we carry out the cross section reversely from the vertex ψ̄(p)γ^μ(a + b γ_5)ψ(p) following the conventional method and what observables would this vertex lead to?

It is natural so far for us to examine the structure functions owing to the new vertex ψ̄(y)γ^μ(a + b γ_5)ψ(y) (we envisage that the new part of vertex ψ̄(y)γ^μb γ_5ψ(y) is due to nonlocality, but not new interaction, so we do not call this vertex as interaction vertex.) in the sense of perturbation. By simple derivation, it happen that the part b γ_5 contributes nothing to the unpolarized normal amplitude of e-N scattering, so doesn’t change the original structure form of the interaction, if only the interaction is not the weak interaction. However, for the polarized form, there will appear many exceptional terms in addition to the original structure form, this is coincident with the conclusion of the last section. These will be evident in the following.

First let’s carry out the normal derivation of structure function following the customary methods in the text book of Grener. Without losing generality, let’s study the case of electron incident on nucleon. Our concern is the following structure,

W^{(p)}_{μν} = 1 2 Tr[ q_2 + M 2M γ_μ(a + b γ_5) p_2 + M 2M γ_ν (a + b γ_5)] (18)

and for convienence the trace can be separated into four terms apart from the coefficient^1_2 ,

W^{(p)}_{μν} = W^{(1)}_{μν} (a^2) + W^{(2)}_{μν} (a b) + W^{(3)}_{μν} (b a) + W^{(4)}_{μν} (b^2)

a^2 Tr[ q_2 + M 2M γ_μ p_2 + M 2M γ_ν ] + a b Tr[ q_2 + M 2M γ_μ p_2 + M 2M γ_ν γ_5]

b a Tr[ q_2 + M 2M γ_μγ_5 p_2 + M 2M γ_ν ] + b^2 Tr[ q_2 + M 2M γ_μγ_5 p_2 + M 2M γ_ν γ_5] (1)

and the result of the first term is trivial appearing in text book anywhere, yields

W^{(1)}_{μν} (a^2) = a^2 2 M^2

[q_{2μ}p_{2ν} + q_{2ν} p_{2μ} − (q_2 · p_2 − M^2)g_{μν} ] (20a)

the second term is

W^{(2)}_{μν} (a b) = a b M^2 iε_{μνρσ} q^ρ_2 p^σ_2 (20b)

and the third term has the same result

W^{(3)}_{μν} (b a) = a b M^2 iε_{μνρσ} q^ρ_2 p^σ_2 (20c)

And the last term has the same result as the first W^{(1)}_{μν} (a^2) apart from the coefficient

W^{(1)}_{μν} (b^2) = b^2 2 M^2

[q_{2μ} p_{2ν} + q_{2ν} p_{2μ} − (q_2 · p_2 − M^2) g_{μν} ] (20d)

We thus note the effectively additional terms come from eqs. (20b) and (20c), whose contribution however, would vanish since the tensor ε_{μνρσ} are antisymmetric, while the coupled tensor of lepton part L^{μν} is symmetric for indices μν. As for the polarized case, we use method of not fixing the initial or final spin states but just leaving the spin operator in the potential form, by using the Dirac spinors in initial and final states, as follows. Using the same marks as used in fig. 2, we may write the polarized amplitude (potential) in momentum space as follows,

M_{AV} (⃗p, ⃗q, ⃗k) = ψ̄_1γ_{1μ}(a + b γ_5)ψ_1 ψ̄_2γ^μ_2 (a + b γ_5)ψ_2 = a^2 ψ̄_1γ_{1μ}ψ_1 ψ̄_2γ^μ_2 ψ_2 + a b ψ̄_1γ_{1μ}ψ_1 ψ̄_2γ^μ_2 γ_5ψ_2 +b a ψ̄_1γ_{1μ} γ_5ψ_1 ψ̄_2γ^μ_2 ψ_2 + b^2 ψ̄_1γ_{1μ} γ_5ψ_1 ψ̄_2γ^μ_2 γ_5ψ_2 (2)

Only the terms {ab} and {ba} are new, other terms’ results can be found in text book. Now let’s carry out the calculation of term {ab}, substituting the Dirac spinor, it yields

M_{{a b}} = Ū(⃗p_1)γ_{1μ}U(⃗q_1)Ū(⃗p_2)γ^μ_2 γ_5U(⃗q_2) (3) = Ū(⃗p_1)γ_{10}U(⃗q_1)Ū(⃗p_2)γ^0_2 γ_5U(⃗q_2) − Ū(⃗p_1)⃗γ_1U(⃗q_1) · Ū(⃗p_2)⃗γ_2 γ_5U(⃗q_2)

where the indices 1,2 represent separately the first and second particles. Substituting the Dirac spinor ψ(⃗p) = √_{E+m} 2 E ( 1_{⃗σ·⃗p} E+m ) and ψ̄(⃗p) = U^†(⃗p)γ_0 (where E = √ ⃗p^2 + m^2) into the above equation and after lengthy calculation, it yields M_{{a b}} = A{ ⃗σ_2 · ⃗p_2 E(⃗p_2) + m_2 + ⃗σ_2 · ⃗q_2 E(⃗q_2) + m_2 + ⃗σ_1 · ⃗p_1 E(⃗p_1) + m_1 ⃗σ_1 · ⃗q_1 E(⃗q_1) + m_1 ⃗σ_2 · ⃗p_2 E(⃗p_2) + m_2 + ⃗σ_1 · ⃗p_1 E(⃗p_1) + m_1 ⃗σ_1 · ⃗q_1 E(⃗q_1) + m_1 ⃗σ_2 · ⃗q_2 E(⃗q_2) + m_2 − [ ⃗σ_1 · ⃗p_1 E(⃗p_1) + m_1 ⃗σ_1 ⃗σ_2 · ⃗p_2 E(⃗p_2) + m_2 ⃗σ_2 ⃗σ_2 · ⃗q_2 E(⃗q_2) + m_2 + ⃗σ_1 · ⃗p_1 E(⃗p_1) + m_1

⃗σ_1 · ⃗σ_2 + ⃗σ_1 ⃗σ_1 · ⃗q_1 E(⃗q_1) + m_1

⃗σ_2 + ⃗σ_1 ⃗σ_1 · ⃗q_1 E(⃗q_1) + m_1 ⃗σ_2 · ⃗p_2 E(⃗p_2) + m_2 ⃗σ_2 ⃗σ_2 · ⃗q_2 E(⃗q_2) + m_2

]} (4)

here we use underlies to denote the inner product. Further using the approximation E(⃗p_1) ≈ m_1 +^{⃗p21}_{2m1} and to the order of^{⃗p2}_{m2} , one gets M_{{a b}} = A{ 1 2 m_2

⃗σ_2 · (⃗p_2 + ⃗q_2) − 1 2 m_1

[⃗σ_1 · ⃗p_1⃗σ_1 · ⃗σ_2 − ⃗σ_1⃗σ_1 · ⃗q_1⃗σ_2]} = A{ 1 2 m_2

⃗σ_2 · (⃗p_2 + ⃗q_2) − 1 2 m_1

[(⃗p_1 − ⃗q_1) · ⃗σ_2 − i(⃗σ_1 × ⃗σ_2) · (⃗p_1 + ⃗q_1)]} (5)

in the second step of the above equation we have used the following relations

σ_iσ_j = δ_{ij} + iε_{ijk} σ_k (25a) and (⃗σ · ⃗A)(⃗σ · ⃗B) = A_iB_j σ_iσ_j = ⃗A · ⃗B + i( ⃗A × ⃗B) · ⃗σ (25b) Analogously, we get for the M_{{ba}} as follows M_{{a b}} ≃ A{ 1 2 m_1

⃗σ_1 · (⃗p_1 + ⃗q_1) − 1 2 m_2

[(⃗p_2 + ⃗q_2) · ⃗σ_1 + i(⃗σ_1 × ⃗σ_2) · (⃗p_2 − ⃗q_2)]}

V. CONCLUSION AND DISCUSSION

We call the set {γ_5, {^1_2 γ^μγ^ν }} an extended Lorentz group (in spinor representation): the group Closure condition is kept by recognizing that the product of γ_5 with any^1_2 γ^μγ^ν is still in the set {^1_2 γ^μγ^ν }, and their commutator [γ_5,^1_2 γ_μγ_ν ] = 0; γ_5 and {^1_2 γ^μγ^ν } actually form a group, in which γ_5 turns out to be an identity element. And the anti-symmetry of generators’ matrix elements of Lorentz group is lost due to the entering of γ_5.

[1] H. Yukawa, Phys. Rev. 80, 1047 (1950); idid, 77, 849 (1950); idid 76, 300 (1949). [2] G. Wataghin, Z. Phys. 88, 92 (1934).

[3] Robert Marnelius, Phys. Rev. D 10, 3411 (1974);idbd, 8, 2472 (1973). With the pages shown in text. [4] P. Kristensen and C. Mller, K. Dan. Vidensk. Selsk. Mat.-Fys. Medd. 27, No. 7 (1952). [5] C. Bloch, K. Dan. Vidensk. Selsk. Mat.-Fys. Medd. 27, No. 8 (1952). [6] W. Pauli, Nuovo Cimento 10, 648 (1953). [7] T. D. Lee and C. N. Yang, Phys. Rev. 108, 1611 (1950). [8] C. Hayashi, Prog. Theor. Phys. 10, 533 (1953); ibid, 11, 226 (1954). [9] V.A. Alebastrov, G.V. Efimov, Commun.math.phys. 31, 1(1973). [10] G.V. Efimov, Annals of physics, 71, 466 (1972).

[11] V.A. Alebastrov, G.V. Efimov, and Sh. Z. Seltzer, Annals of physics, 76, 251 (1973). [12] D.A. Eliezer and R.P. Woodard, Nucl. Phys. B 325,389 (1989). [13] J. W. Moffat, Phys. Rev. D, 39, 3654 (1989). [14] G. Kleppe, R.P. Woodard, Nucl. Phys. B 388,81 (1992).

[15] D. Evens, J. W. Moffat, G. Kleppe, R. P. Woodard, Phys. Rev. D 43, 499 (1991). [16] J. W. Moffat, Phys. Rev. D 41, 1177 (1990). [17] G.V. Efimov, Commun.math.phys. 5, 42(1967). [18] P. A. M. Dirac, Proc. R. Soc. Lond. A 268, 57 (1962).

[19] D. A. Kirzhnits, Soviet Physics Uspekhi, 9, 692 (1967), translated from Usp. Fiz. Nauk 90, 129-142 (Sep. 1966).

[20] C. N. Yang and D. Feldman, Phys. Rev. 79, 972 (1950). [21] A. Haque and S. D Joglekar, J. Phys. A: Math. Theor. 42 (2009) 065401. [22] M. Fierz, Phys. Rev. 78, 184 (1950).

[23] O. Hara and H. Shimazu, Prog. Theor. Phys. 5, 1055 (1950). [24] C. Bloch, K. Dan. Vidensk. Selsk. Mat.-Fys. Medd. 26, No. 1 (1950). [25] J. W. Moffat, arXiv:1104.5706 [26] N. Barnaby, Nucl. phys. B 845,1 (2011).

[27] E. Di Grezia, G. Esposito, G. Miele, Int. J. Geom. Meth. Mod. Phys., 6,201(2009) . [28] M.A.Soloviev, Theor. Math. Phys. 147,660(2006). [29] M. A. Soloviev, J. Math. Phys. 50, 123519 (2009). [30] M. A. Soloviev, J. Math. Phys. 51, 093520 (2010).

[31] G. Amelino-Camelia, M. Matassa, F. Mercati, and G. Rosati, Phys. Rev. Lett. 106, 071301 (2011). [32] M. J. Neves, C. Farina, and M. V. Cougo-Pinto, Phys. Rev. Lett. 105, 211601 (2010). [33] David Campo, arXiv:1004.5324.

[34] E. Bruning and S. Nagamachi, J. Math. Phys. 45, 2199 (2004). [35] S. Nagamachi and E. Brning, J. Math. Phys. 51, 022305 (2010). [36] M. Znojil, Phys. Rev. D 80, 105004 (2009). [37] A. Pais and G. E. Uhlenbeck, Phys. Rev. 79, 145 (1950).

[38] K. Andrzejewski, J. Gonera, P. Machalski, and P. Maslanka, Phys. Rev. D 82, 045008 (2010), these first two, higher derivatives method.

[39] D. R. Yennie, Phys. Rev. 80, 1053 (1950).

[40] Diego M. Hofman and Andrew Strominger, Phys. Rev. Lett. 107, 161601(2011).

[41] F. Mandl and G. Shaw, Quantum Field Theory, 2nd Edition (Jhon Wiley and Sons Ltd., 2010). page 93, Section 2.4 and Appendix A.7.