arXiv:1301.0495v2 [hep-ph] 24 Jan 2013

UWThPh-2012-36

Discrete symmetries, roots of unity, and lepton mixing

W. Grimus^∗

University of Vienna, Faculty of Physics Boltzmanngasse 5, A–1090 Vienna, Austria

24 January 2012

Abstract

We investigate the possibility that the first column of the lepton mixing matrix U is given by u_1 = (2, −1, −1)^T / √ 6. In a purely group-theoretical approach, based on residual symmetries in the charged-lepton and neutrino sectors and on a theorem on vanishing sums of roots of unity, we discuss the finite groups which can enforce this. Assuming that there is only one residual symmetry in the Majorana neutrino mass matrix, we find the almost unique solution Z_q × S_4 where the cyclic factor Z_q with q = 1, 2, 3, . . . is irrelevant for obtaining u_1 in U. Our discussion also provides a natural mechanism for achieving this goal. Finally, barring vacuum alignment, we realize this mechanism in a class of renormalizable models.

∗E-mail: walter.grimus@univie.ac.at

1 Introduction

The recent measurements of a rather large reactor mixing angle θ_{13} [1, 2] disfavour tribimaximal mixing [3] and, therefore, also such models—see [4, 5] for reviews on models for neutrino masses and mixing. While the third column of the tri-bimaximal mixing matrix U_{TBM} is now definitively in disagreement with the data, the first or the second column of U_{TBM} could still occur in the mixing matrix U. These cases are denoted by TM_1 and TM_2, respectively, in [6]. However, in the case of TM_2 the solar mixing angle θ_{12} is related to the reactor mixing angle via sin^2 θ_{12}(1 − sin^2 θ_{13}) = 1/3, which creates a tension with the data but is still compatible at the 3σ level. Therefore, it is more interesting to consider TM_1 [7, 8, 9, 10] where the first column in U = (u_1, u_2, u_3) is given by

u_1 = 1 √ 6 2 −1 −1 . (1)

Recently, a purely group-theoretical approach has been developed for the investigation of the effect of finite family symmetry groups on the mixing matrix [11, 12, 13, 14, 15, 16, 17]. Apart from assuming that the left-handed neutrino fields and the left-handed charged lepton fields are in the same gauge doublet of the Standard Model gauge group, no other assumption concerning the interactions in the lepton sector is made. On the one hand, taking into account extant data on lepton mixing, such a general approach allows a systematic investigation of the possible symmetry groups, see for instance the scan of groups performed in [18, 19]. On the other hand, this approach has its limitations since it is not entirely clear how its results relate to concrete models [20]; we will address this point later in this paper.

The goal of the present investigation is to find all possible finite family symmetry groups underlying TM_1, without restricting the other two columns u_2 and u_3 beyond orthonormality. In order to accomplish this task, we will use a theorem on vanishing sums of roots of unity. In the course of this investigation we will also come across a mechanism for the implementation of TM_1. In the following we will use this mechanism to write down a class of models based on S_4 and the type II seesaw mechanism where TM_1 is realized.

The paper is organized as follows. In section 2 the group-theoretical method of [15] is reviewed using our notation. In order to be as clear as possible, some arguments are emphasized by formulating them as propositions. This also applies to section 3 where the symmetry group for TM_1 is determined; some technical points needed in the course of our argumentation are deferred to appendix A. In the same section we also find a mechanism for the implementation of TM_1, which is then used in section 4 for the construction of a class of models. The summary of our findings is presented in section 5. As a supporting material, we provide a set of generators of S_4 and the three-dimensional irreducible representations of this group in appendix B.

2 Residual symmetries in the mass matrices

The class of models we have in mind as an application of the following discussion are extensions of the Standard Model in the scalar and fermion sectors. Typical examples would be several Higgs doublets and right-handed neutrino singlets which facilitate the seesaw mechanism [21], or Higgs triplet extensions with the type II seesaw mechanism [22]. We further assume that before spontaneous symmetry breaking (SSB) the theory is invariant under a finite family symmetry group G and that there are three lepton families. We want to investigate the case that there are residual symmetries in the charged-lepton and Majorana neutrino mass matrices, left over from SSB of G, and study their effect on the lepton mixing matrix U [11, 15].

Such residual symmetries will occur whenever the vacuum expectation values (VEVs) of the neutral components of scalar gauge multiplets are invariant under some transformations of G. However, we are not interested in the full symmetry of the vacuum, which might very well be trivial, but in the symmetries of the vacua in the respective sectors whose VEVs lead to charged-lepton and neutrino masses. It is well known that the mismatch of these symmetries is responsible for predictions in the mixing matrix—see for instance [4, 23]. Therefore, we must distinguish between the symmetries in M_ℓM^†_ℓ where M_ℓ the charged-lepton mass matrix and those in the Majorana neutrino mass matrix M_ν. These symmetries are supposed to generate the subgroups G_ℓ and G_ν of G, pertaining to M_ℓM^†_ℓ and M_ν , respectively. Obviously, we have the relation

G_ℓ ⊆ U(1) × U(1) × U(1), G_ν ⊆ Z_2 × Z_2 × Z_2 (2)

due to the Dirac and Majorana natures of charged and neutral leptons, respectively. The groups G_ℓ and G_ν will be quite small and very often be generated by just one symmetry. In the following we will assume that this is the case for G_ν , but G_ℓ will in principle be allowed to contain several non-trivial elements though the analysis will be phrased in terms of a single matrix T ∈ G_ℓ.

The mass Lagrangian—obtained through SSB—has the form

L_{mass} = −ℓ̄_LM_ℓℓ_R + 1 2 ν^T_L C^{−1}M_ν ν_L + H.c. (3)

with the residual symmetries

T^†M_ℓM^†_ℓ T = M_ℓM^†_ℓ , S^T M_νS = M_ν, (4)

where T and S are unitary matrices and M_ν is symmetric but complex in general. Furthermore, the diagonalizing matrices U_ℓ and U_ν , and the lepton mixing matrix are given

U^†_ℓ M_ℓM^†_ℓ U_ℓ = diag ( m^2_e, m^2_μ, m^2_τ ) , U^T_ν M_νU_ν = diag (m_1, m_2, m_3) , U = U^†_ℓ U_ν , (5)

respectively. We denote the weak basis of M_ℓ and M_ν by basis 1. Since we are interested in the effect of T and S on the lepton mixing matrix, the action of the residual symmetry on right-handed lepton fields is irrelevant for us, which is the reason to consider M_ℓM^†_ℓ instead of M_ℓ.

It is useful to distinguish basis 1 from the weak basis, where the charged-lepton mass matrix is diagonal, in which case we use the phrase basis 2. All matrices in this basis are indicated by a tilde. Usually, basis 1 is the weak basis where the matrices of the representation D(G) on the left-handed lepton gauge doublets have a “nice” form. Depending on the representations of G used in the Lagrangian it can happen that basis 1 coincides with basis 2, but in general the two bases will be different. Because all charged-lepton masses are different, we conclude that T̃ is a diagonal matrix.

In the following analysis we will assume that there are no accidental symmetries in M_ℓM^†_ℓ and M_ν . Then, since S and T are given in a weak basis, they must both belong to D(G), the group of representation matrices of G acting on the left-handed lepton doublets. The matrices S and T generate a group denoted by Ḡ. In this case it is clear that Ḡ is a subgroup of the group D(G) and both are subgroups of U(3), i.e. Ḡ ⊆ D(G) ⊂ U(3). In the simplest case Ḡ is identical with D(G).

Due to equation (2) and assuming det S = 1 without loss of generality, the form of S is given by S = 2uu^† − 1 (6)

with a unit vector u and S^2 = 1.

Proposition 1 If S^T M_ν S = M_ν with S = 2uu^† − 1, then M_νu ∝ u^∗.

Proof: By construction, the matrix S fulfills Su = u, with a unique eigenvalue 1. Therefore, S^T M_νu = M_ν u, and due to the hermiticity of S and S^2 = 1 we find S^∗(M_ν u) = M_νu. Since S^∗ has a unique eigenvalue 1 with corresponding eigenvector u^∗, we conclude that M_ν u is proportional to u^∗. □

In basis 2 the mixing matrix U diagonalizes the neutrino mass matrix:

U^T ~M_ν U = diag (m_1, m_2, m_3). (7)

With column vectors u_j and U = (u_1, u_2, u_3), equation (7) is reformulated as

~M_ν u_j = m_j u^∗_j . (8)

Comparing with proposition 1 and denoting the unit vector associated with S̃ by ũ, we immediately come to the following conclusion.

Proposition 2 If S̃^T ~M_νS̃ = ~M_ν , then, apart from irrelevant phases, ũ is one of column vectors of the lepton mixing matrix U.

This proposition is the basis of all discussions concerning residual symmetries in the mass matrices.

Since we assume that G is a finite group, it is a necessary condition that the matrices T and ST have finite orders:

T^m = (ST )^n = 1 (9)

for some natural numbers m and n. Note that S has order two by construction.^1

1Groups generated by S and T such that the orders of S, T and ST are finite are called von Dyck groups [15]; such groups are not necessarily finite because because finite orders of group generators does in general not imply that the group is finite.

The interesting observation is that equation (9) connects group properties with information on the mixing matrix [11, 15]. In effect, one uses the following proposition.

Proposition 3 Suppose we have a 3 × 3 matrix M which is a function of a set of parameters x = (x_1, . . . , x_r) such that for all values of x M is unitary. Then the values of x where M has the eigenvalues λ_k (k = 1, 2, 3 and |λ_k| = 1) are determined by the two equations Tr M(x) = λ_1 + λ_2 + λ_3 and det M(x) = λ_1λ_2λ_3. (10)

Proof: The characteristic polynomial of M is

P_M (λ) = λ^3 − M_2λ^2 + M_1λ − M_0.

In terms of the eigenvalues of M the coefficients M_i are given by

M_1 = λ_1λ_2 + λ_2λ_3 + λ_3λ_1, M_2 = λ_1 + λ_2 + λ_3, M_0 = λ_1λ_2λ_3.

Unitarity of M means that the eigenvalues are located on the unit circle. Therefore, we find M_1 = M^∗_2 M_0. This means that, as long as equation (10) is satisfied, then automatically M gives the correct coefficient M_2 in P_M (λ) leading to the eigenvalues λ_k. □ We make the identification M = S̃T̃ . With T̃ = diag (e^{iϕ}e , e^{iϕ}μ , e^{iϕ}τ ) and ũ = U_{ei} U_{μi} U_{τ i} (11)

equation (10) reads [15] ∑ α=e,μ,τ ( 2 |U_{αi}|^2 − 1 ) e^{iϕα} = λ_1 + λ_2 + λ_3 and ∏ α e^{iϕα} = λ_1λ_2λ_3, (12)

where the e^{iϕα} are m-th roots and the λ_k are n-th roots of unity. The parameters in M are the mixing angles, the CP phase and the ϕ_α. Equation (12) provides the necessary and sufficient conditions that ST is of order n.

Equation (12) can be used both ways: Given the group Ḡ generated by S and T , relations among the mixing parameters are obtained [15]; vice versa, assuming a specific column vector in U, we can infer the group Ḡ.

3 A symmetry for TM_1

Now we discuss the possible symmetry groups Ḡ leading to TM_1. From the discussion in the previous section we have learned that in this case we have to take ũ ≡ u_1 with u_1 given by equation (1), which leads to

S̃ = 1 3 1 −2 −2 −2 −2 1 −2 1 −2 . (13)

Specifying equation (12) to this case, we obtain

− e^{iϕe} + 2e^{iϕμ} + 2e^{iϕτ} + 3λ_1 + 3λ_2 + 3λ_2 = 0 and e^{iϕe} e^{iϕμ} e^{iϕτ} = λ_1λ_2λ_3. (14)

Our aim is to find all cases of roots of unity e^{iϕα} (α = e, μ, τ) and λ_k (k = 1, 2, 3) which satisfy these two relations. For this purpose we use the following theorem [24].

Theorem 1 For any vanishing sum α_1 + α_2 + · · · + α_k = 0 of k roots of unity there is a decomposition of k into a sum of r prime numbers, k = p_1 + p_2 + · · · + p_r, and a set of r roots of unity, ϵ_i, such that the k roots can be written as

ϵ_1, ϵ_1ξ_1, . . . , ϵ_1ξ^{p1−1}_1 , ϵ_2, ϵ_2ξ_2, . . . , ϵ_2ξ^{p2−1}_2 , . . . , ϵ_r, ϵ_rξ_r, . . . , ϵ_rξ^{pr−1}_r

with ξ_i = exp (2πi/p_i).

In other words, a vanishing sum of roots of unity consists of subsets which are each similar to a complete set of roots of prime order and which, therefore, have themselves a vanishing sum:

ϵ_i + ϵ_iξ_i + · · · + ϵ_iξ^{pi−1}_i = ϵ_i ( 1 + ξ_i + · · · + ξ^{pi−1}_i ) = 0.

The first relation of equation (14) constitutes a vanishing sum of 14 roots of unity in which there are three sets of three equal roots and two sets of two equal roots. According to the theorem we first have to find all decompositions of 14 into a sum of prime numbers. This is done in appendix A where it is also shown that out of a total of ten such decompositions only one physically viable case remains, namely 14 = 3 + 3 + 2 + 2 + 2 + 2, and the 14 roots are written as

ϵ_1, −ϵ_1, ϵ_2, −ϵ_2, ϵ_3, −ϵ_3, ϵ_4, −ϵ_4, ϵ_5(1, ω, ω^2), ϵ_6(1, ω, ω^2) with ω = e^{2πi/3}. (15)

Let us first assume that there are no three equal roots among the ±ϵ_i with i = 1, 2, 3, 4. This means that in order to achieve three sets of three equal roots we have to take, without loss of generality, ϵ_5 = ϵ_6 and choose, for instance, ϵ_1 = ϵ_5, ϵ_2 = ϵ_5ω and ϵ_3 = ϵ_5ω^2. Then only ±ϵ_4 remains at our disposal, but together with −ϵ_i (i = 1, 2, 3) we cannot obtain two sets of two equal roots. Having ruled out this possibility, we find that, without loss of generality, we must require ϵ_1 = ϵ_2 = ϵ_3, which automatically leads to two sets of three equal roots. Then, in order to obtain a third set of three equal roots, we choose for instance ϵ_4 = ϵ_5 = ϵ_6. Thus we end up with the desired set of 14 roots of unity which in a suitable notation reads

ϵ, −ϵ (threefold degenerate), η, −η, η(1, ω, ω^2) (twofold degenerate).

(16)

By comparison with equation (14) we find e^{iϕe} = η, e^{iϕμ} = ηω, e^{iϕτ} = ηω^2, λ_1 = ϵ, λ_2 = −ϵ, λ_3 = η. (17) The second condition of equation (14) yields

η^3 = −ϵ^2η or ϵ = ±iη. (18)

However, this equation will be of no use in the following. As a result of this lengthy consideration we have found T̃ = η diag (1, ω, ω^2) . (19)

Thus T̃ is completely determined up to an unknown root of unity η. We remind the reader that the matrices S̃ of equation (13) and T̃ of equation (19) are given in basis 2.

A suitable basis 1—see appendix B—is given by a basis transformation with

U_ω = 1 √ 3 1 1 1 1 ω ω^2 1 ω^2 ω . (20)

The resulting matrices are

S = U_ωS̃U^†_ω = S_1B =

−1 0 0

0 0 1 0 1 0 and T = U_ωT̃ U^†_ω = ηE = η

0 1 0 0 0 1 1 0 0 , (21)

where S_1 is defined in equation (B1) and E and B in equation (B2).

Let us assume that η is a primitive root of order q. The following proposition determines the group Ḡ.

Proposition 4 The matrix S̃ of equation (13) and T̃ of equation (19) generate the group Ḡ = Z_q × S_4.

Proof: For simplicity of notation we use basis 1. From (ST )^2 = η^2S_3 and T^†η^2S_3T = η^2S_1 we find that η^2S_1S = η^2B ∈ Ḡ and, therefore,

(η^2B)^†T (η^2B) = η diag ( 1, ω^2, ω ) ∈ Ḡ. Eventually, with

T (η^2B)^†T (η^2B) = η^21 ∈ Ḡ and T^3 = η^31 ∈ Ḡ

we conclude η1 ∈ Ḡ. Therefore, Ḡ contains E, S_1 and B, which is a set of generators of S_4—see appendix B. It is then almost trivial to show that every element of g ∈ Ḡ can uniquely be decomposed into g = η^kh with k ∈ {0, 1, . . . , q − 1} and h ∈ S_4. □ In summary, we have found all finite groups which enforce TM_1 in the mixing matrix because we have seen that any T̃ of finite order satisfying equation (14) leads to S_4 times a cyclic factor. In [18] it was stated that S_4 is the smallest such group. Here we have shown that actually S_4 is unique up to a trivial factor with a cyclic group. We formulate our result as a theorem.

Theorem 2 Under the premises that G_ν is a Z_2 generated by S̃ of equation (13) and that G_ℓ contains at least one matrix T̃ which is not proportional to the unit matrix, the only symmetry groups Ḡ generated by the residual symmetries of the mass matrices which are able to enforce TM_1 in the lepton mixing matrix U are Z_q × S_4.

With our derivation of theorem 2 we have also demonstrated that E^† ( M_ℓM^†_ℓ ) E = M_ℓM^†_ℓ . (22)

This has the following consequence.

Proposition 5 For every charged-lepton mass matrix which fulfills equation (22) it follows that U^†_ω ( M_ℓM^†_ℓ ) U_ω is diagonal.

Proof: The eigenvectors of E are identical with the column vectors of U_ω, i.e. U_ω = (x_1, x_2, x_3) and Ex_k = ω^{k−1}x_k. Therefore, we have ( M_ℓM^†_ℓ ) Ex_k = ω^{k−1} ( M_ℓM^†_ℓ ) x_k = E ( M_ℓM^†_ℓ ) x_k, whence we conclude that ( M_ℓM^†_ℓ ) x_k is an eigenvector of E to the eigenvalue ω^{k−1}. Since eigenvectors to non-degenerate eigenvalues are unique up to a multiplicative factor, we arrive at ( M_ℓM^†_ℓ ) x_k = ν_kx_k where the quantities |ν_k| are identical with the chargedlepton masses. □

Turning to the neutrino mass matrix M_ν, we remember that we have started with the requirement that it is invariant under S, i.e. S^T M_ν S = M_ν . In the present discussion S is given by equation (21). By construction, this matrix is an involution—see also equation (6)—with a unique eigenvalue 1:

Su = u = U_ωu_1 with u = 1 √ 2 0 1 1 . (23)

Then we know from proposition 1 that u is also an eigenvector of M_ν . Therefore, in our basis 1 the mechanism for achieving TM_1 boils down to

U^†_ωu = 1 √ 6 2 −1 −1 . (24)

This mechanism has recently been used in [10] for the construction of a model which exhibits TM_1.

4 Realizing TM_1 in a concrete S_4 scheme

Though the mechanism for obtaining TM_1 from the mass matrices is unique, it is not unique how to embed it into an S_4 model. Below we introduce a scheme with the type II seesaw mechanism [22].

Our starting point is the tensor product (see for instance [25])

3 ⊗ 3 = 1 ⊕ 2 ⊕ 3 ⊕ 3^′, (25) where the 1 is the trivial one-dimensional representation and the 3 and 3’ are the two inequivalent irreducible three-dimensional representations of S_4—see appendix B for the generators and the three-dimensional representations. The 3^′ and 3 correspond to the off-diagonal symmetric and antisymmetric parts, respectively, in the tensor product. The 1 and the 2 comprise the diagonal part. If we assign to both the left-handed lepton gauge doublets and the right-handed lepton gauge singlets a 3 of S_4, then the right-hand side of equation (25) shows the possible irreducible S_4 representations of Higgs doublets.

Since we require the validity of equation (22), we need the vacuum to be invariant under s = (123), which is mapped in the 3 and 3^′ into E—see appendix B. However, for the two-dimensional irreducible representation we have

s = (123) → ( ω 0 0 ω^2 ) , (26)

which means that no non-trivial VEV is invariant under this representation of s and the 2 cannot contribute to M_ℓ. For 3 and 3^′, invariance of the VEVs under s means that the VEVs of the three Higgs doublets have to be equal. Eventually, we arrive at the most general M_ℓ, invariant under E and compatible with equation (25):

M_ℓ = a b + c b − c b − c a b + c b + c b − c a . (27)

Indeed, here U_ω diagonalizes not only M_ℓM^†_ℓ but also M_ℓ:

U^†_ωM_ℓU_ω = diag ( a + 2b, a − b + √ 3ic, a − b − √ 3ic ) . (28)

This result shows that M_ℓ of equation (27) is rich enough to accommodate three different charged-lepton masses, albeit with finetuning.

Using equation (25) in the neutrino sector, we note that the antisymmetric part on the right-hand side, the 3, is not allowed according to the assumed Majorana nature of the neutrinos. Dropping also the 2, we have four scalar gauge triplets Δ_k (k = 0, 1, 2, 3) in 1 ⊕ 3^′. From equation (21) we know that M_ν has to be invariant under S_1B. Therefore, the triplet VEVs w_k (k = 0, 1, 2, 3) have to be invariant under the S_4 transformation corresponding to S_1B in the representation of the scalar triplets. Leaving out the trivial case of w_0 and using that S_1B acts as −S_1B on the 3^′, the VEVs w_k (k = 1, 2, 3) are determined by − S_1B w_1 w_2 w_3 = w_1 w_2 w_3

⇒ w_3 = −w_2, (29)

and, therefore, the neutrino mass matrix has the form

M_ν = A B −B B A C −B C A . (30)

The mass matrices M_ℓ and M_ν of this section have recently been obtained in [10] in a different model.

5 Summary

Before we summarize our findings, we want to point out the caveats and limitations attached to the group-theoretical method reviewed in section 2. It is useful to distinguish between three groups: G is the family symmetry group of the Lagrangian, the group D(G) is the U(3) subgroup given by the representation matrices of G on the three left-handed leptonic gauge doublets, and Ḡ is the U(3) subgroup generated by the residual symmetries of the mass matrices M_ℓM^†_ℓ and M_ν . The method of section 2 is a prescription for the determination of Ḡ. How Ḡ is related to G in a specific model and what Ḡ tells us about model building, is another matter. This always has to be kept in mind when assessing results obtained by the group-theoretical method of section 2. Below, whenever we use the phrase “mass matrices,” we mean M_ℓM^†_ℓ and M_ν . Our list of caveats is the following:

• The method of section 2 explicitly assumes that the family symmetry group G of the Lagrangian is finite and that neutrinos have Majorana nature.

• Since this method is purely group-theoretical and uses only information contained in the mass matrices, it can yield at most D(G).

• It is well known that accidental symmetries can occur in the mass matrices, which contribute, therefore, to Ḡ. An accidental symmetry cannot be elevated to a symmetry of the Lagrangian. In this case, Ḡ is not even a subgroup of D(G)—see for instance [20].

• The method does not apply to models where VEVs break G totally.

Note that it is possible that a model is predictive because of an accidental symmetry.^2 Even if G is totally broken and there are no accidental symmetries, the model can be predictive because of the restrictions imposed by G on the Yukawa couplings or because the VEVs have an alignment but this does not correspond to a subgroup of G. For instance, the typical neutrino mass matrix resulting from Δ(27) is a case where the group is completely broken, but has a predictive neutrino mass matrix in specific models [26].

The methods and results of the paper can be summarized as follows:

i) We have used the group-theoretical method of [15], together with theorem 1 on vanishing sums of roots of unity, to determine all possible groups Ḡ which result from the requirement that in the lepton mixing matrix U the first column is given by equation (1), i.e. identical with the first column of the tri-bimaximal mixing matrix. This is called TM_1 in [6].

ii) The result is amazingly simple. Only groups Ḡ of the form Z_q×S_4 with q = 1, 2, 3, . . .

are capable to enforce TM_1 without fixing the columns u_2 and u_3 in U. Note that we have not only shown that all such groups contain S_4 [18], from our investigation

2The typical A_4 models [4] have a Z_2 ×Z_2 symmetry in M_ν , but only one Z_2 is the residual symmetry of A_4.

it follows that any such group larger than S_4 is obtained from S_4 by multiplication with a cyclic factor.^3

iii) Furthermore, in the basis where the Klein four-group, which is a subgroup of S_4—see appendix B, is represented by diagonal matrices, we have found a unique mechanism for achieving TM_1: the first column in U_ν must be the vector u of equation (23), while U_ℓ = U_ω—see equation (20). This mechanism was recently used in [10].

iv) Finally, we have pointed out how to straightforwardly implement the mechanism of the previous item in a class of renormalizable S_4 models with type II seesaw mechanism. It is fair to mention that we have not solved the VEV alignment problem in this context.

Acknowledgments: The author thanks P.O. Ludl for many helpful discussions and L. Lavoura for comments on an early version of the manuscript.

A Roots of unity and the eigenvalues of T and ST

Here we discuss the general solution of equation (14). We conceive the first relation as a vanishing sum of 14 roots of unity in which there are three sets of three equal roots and two sets of two equal roots. Thus, among the 14 roots, at most six of them are different. According to theorem 1 we must first find all possibilities of decomposing 14 into a sum of prime numbers p_i. There are 10 such possibilities:

14 = 2 + 2 + 2 + 2 + 2 + 2 + 2 = 3 + 3 + 2 + 2 + 2 + 2 = 3 + 3 + 3 + 3 + 2 = 5 + 5 + 2 + 2 = 5 + 3 + 3 + 3 = 5 + 3 + 2 + 2 + 2 = 7 + 5 + 2 = 7 + 3 + 2 + 2 = 7 + 7 = 11 + 3.

For the sake of simplicity we call the subsets of p_i roots of unity whose sums vanish by themselves p_i-sets. There are three simple rules. All roots within a p_i-set are different. Furthermore, two p_i-sets are either identical or have no element in common. Finally, a p_i-set and a p_j-set with p_i ≠ p_j have at most one element in common. With the first rule we can exclude all cases which contain 7 or 11, since—as noted above—at most six roots are different. Next we consider the cases which contain 5 + 3. The third rule tells us that

3In [11] S_4 was identified as the minimal group Ḡ for tri-bimaximal mixing, but it is also the group for TM_1 alone [18, 20]; this follows for instance from proposition 4. The reason is that S_4 contains not only S̃_1 of equation (13) but also S̃_i = 2u_iu^†_i − 1 (i = 2, 3) where u_2 and u_3 are the second and third column of U_{TBM}, respectively. When S_4 is the group of TM_1, then S̃_i with i = 2, 3 is broken and not part of G_ν .

all cases with 5 + 3 contain at least seven different roots and are, therefore, excluded. Next we consider the case 5 + 5 + 2 + 2. Here both 5-sets have to be identical, otherwise there are too many different roots. But then it is impossible to accommodate three sets of three identical roots.

The case 3 + 3 + 3 + 3 + 2 is more complicated. Since we must not have more than six different roots, there cannot be three different 3-sets. Thus we assume now that among the four 3-sets there are two different ones: either three 3-sets are identical and the fourth one is different, or two identical 3-sets differ from the other two identical 3-sets. In either case, we have already six different roots. Thus, if we denote the roots of the 2-set by ϵ and −ϵ, then ϵ must be identical with a root of one 3-set and −ϵ must be identical with a root of the other 3-set. It is then easy to check that in this way it is impossible to accommodate at the same time three sets of three identical roots and two sets of two identical roots. The same applies to the remaining case where all four 3-sets are identical.

The remaining two cases need a separate treatment. The second case is the only physically viable one; it is discussed in section 1. The first one will be studied below.

The case 2 + 2 + 2 + 2 + 2 + 2 + 2 allows to accommodate the three sets of three equal roots and the two sets of two equal roots. It turns out that there is a unique way to achieve this, given by the following grouping:

ϵ_1, ϵ_1, ϵ_1, −ϵ_1, −ϵ_1, −ϵ_1, ϵ_2, ϵ_2, ϵ_2, −ϵ_2, −ϵ_2, −ϵ_2, −ϵ_2, ϵ_2.

Comparing with equation (14), we write

−(−ϵ_2) + 2(−ϵ_2) + 2(−ϵ_2) + 3(ϵ_1 − ϵ_1 + ϵ_2) = 0,

whence we deduce e^{iϕe} = e^{iϕμ} = e^{iϕτ} = −ϵ_2, which means that T̃ is proportional to the unit matrix. Therefore, the symmetry transformation pertaining to this case cannot achieve TM_1.

B Generators of S_4

The generators of a finite group are not unique. For our purpose it is useful to consider the Klein four-group, which is an Abelian subgroup of S_4, given by k_1 = (12)(34), k_2 = (14)(23), k_3 = (13)(24) and the unit element. We further need one three-cycle, say s = (123), and one transposition, say t = (12). All elements of S_4 can be obtained as products of these permutations—see for instance [25]. However, what we are really interested in is a faithful three-dimensional irreducible representation of S_4. Here we display the 3 as derived in [25]:

k_1 → S_1 =

1 0 0 0 −1 0 0 0 −1 ,

k_2 → S_2 =

−1 0 0 0 1 0 0 0 −1 , (B1) k_3 → S_3 =

−1 0 0 0 −1 0 0 0 1 and s → E = 0 1 0 0 0 1 1 0 0 , t → B = −1 0 0 0 0 −1 0 −1 0 . (B2) In the spirit of section 2 we call this basis of the 3 of S_4 basis 1. The second threedimensional irreducible representation, 3^′, is obtained is obtained from 3 by a sign change in equation (B2), namely t → −B.

It is also useful to have the above generators in the basis where E is diagonal. With the similarity transformation U^†_ωAU_ω = Ã where U_ω is given by equation (20) we obtain (see for instance [5, 27])

S̃_1 = 1 3 −1 2 2 2 −1 2 2 2 −1

, S̃_2 = 1 3 −1 2ω 2ω^2 2ω^2 −1 2ω 2ω 2ω^2 −1

, S̃_3 = 1 3 −1 2ω^2 2ω 2ω −1 2ω^2 2ω^2 2ω −1 (B3) and Ẽ = diag (1, ω, ω^2) , B̃ = B. (B4)

In the spirit of section 2 this is the 3 given in basis 2.

References

[1] Y. Abe et al. (Double Chooz Coll.), Indication for the disappearance of reactor electron antineutrinos in the Double Chooz experiment, Phys. Rev. Lett. 108 (2012) 131801 [arXiv:1112.6353 [hep-ex]];

F.P. An et al. (Daya Bay Coll.), Observation of electron-antineutrino disappearance at Daya Bay, Phys. Rev. Lett. 108 (2012) 171803 [arXiv:1203.1669 [hep-ex]]; J.K. Ahn et al. (RENO Coll.), Observation of reactor electron antineutrino disappearance in the RENO experiment, Phys. Rev. Lett. 108 (2012) 191802 [arXiv:1204.0626 [hep-ex]].

[2] D.V. Forero, M. Tórtola, and J.W.F. Valle, Global status of neutrino oscillation parameters after recent reactor measurements, Phys. Rev. D 86 (2012) 073012 [arXiv:1205.4018 [hep-ph]];

G.L. Fogli, E. Lisi, A. Marrone, D. Montanino, A. Palazzo, and A.M. Rotunno, Global analysis of neutrino masses, mixings and phases: entering the era of leptonic CP violation searches, Phys. Rev. D 86 (2012) 013012 [arXiv:1205.5254 [hep-ph]]; M.C. Gonzalez-Garcia, M. Maltoni, J. Salvado and T. Schwetz, Global fit to three neutrino mixing: critical look at present precision, arXiv:1209.3023 [hep-ph].

[3] P.F. Harrison, D.H. Perkins and W.G. Scott, Tri-bimaximal mixing and the neutrino oscillation data, Phys. Lett. B 530 (2002) 167 [hep-ph/0202074].

[4] G. Altarelli and F. Feruglio, Discrete flavor symmetries and models of neutrino mixing, Rev. Mod. Phys. 82 (2010) 2701 [arXiv:1002.0211 [hep-ph]]; A.Yu. Smirnov, Discrete symmetries and models of flavor mixing, J. Phys. Conf. Ser. 335 (2011) 012006 [arXiv:1103.3461 [hep-ph]];

G. Altarelli, F. Feruglio, L. Merlo and E. Stamou, Discrete flavour groups, θ_{13} and lepton flavour violation, JHEP 1208 (2012) 021 [arXiv:1205.4670 [hep-ph]].

[5] G. Altarelli, F. Feruglio and L. Merlo, Tri-bimaximal neutrino mixing and discrete flavour symmetries, Fortschr. Phys. (2012) 1-28 [arXiv:1205.5133 [hep-ph]], review written for the special issue on “Flavor Symmetries and Neutrino Oscillations.”

[6] C.H. Albright and W. Rodejohann, Comparing trimaximal mixing and its variants with deviations from tri-bimaximal mixing, Eur. Phys. J. C 62 (2009) 599 [arXiv:0812.0436 [hep-ph]];

C.H. Albright, A. Dueck and W. Rodejohann, Possible alternatives to tri-bimaximal mixing, Eur. Phys. J. C 70 (2010) 1099 [arXiv:1004.2798 [hep-ph]].

[7] S. Antusch, S.F. King, C. Luhn and M. Spinrath, Trimaximal mixing with predicted θ_{13} from a new type of constrained sequential dominance, Nucl. Phys. B 856 (2012) 328 [arXiv:1108.4278 [hep-ph]].

[8] W. Rodejohann and H. Zhang, Simple two parameter description of lepton mixing, Phys. Rev. D 86 (2012) 093008 [arXiv:1207.1225 [hep-ph]].

[9] Ernest Ma, Self-organizing neutrino mixing matrix, Phys. Rev. D 86 (2012) 117301 [arXiv:1209.3374 [hep-ph]].

[10] I. de Medeiros Varzielas and L. Lavoura, Flavour models for TM_1 lepton mixing, arXiv:1212.3247 [hep-ph].

[11] C.S. Lam, Determining horizontal symmetry from neutrino mixing, Phys. Rev. Lett.

101 (2008) 121602 [arXiv:0804.2622 [hep-ph]];

C.S. Lam, The unique horizontal symmetry of leptons, Phys. Rev. D 78 (2008) 073015 [arXiv:0809.1185 [hep-ph]];

C.S. Lam, A bottom-up analysis of horizontal symmetry, arXiv:0907.2206 [hep-ph].

[12] Shao-Feng Ge, D.A. Dicus and W.W. Repko, Z_2 symmetry prediction for the leptonic Dirac CP phase, Phys. Lett. B 702 (2011) 220 [arXiv:1104.0602 [hep-ph]]; Shao-Feng Ge, D.A. Dicus and W.W. Repko, Residual symmetries for neutrino mixing with a large θ_{13} and nearly maximal δ_D, Phys. Rev. Lett. 108 (2012) 041801 [arXiv:1108.0964 [hep-ph]].

[13] Hong-Jian He and Fu-Rong Yin, Common origin of μ−τ and CP breaking in neutrino seesaw, baryon asymmetry, and hidden flavor symmetry, Phys. Rev. D 84 (2011) 033009 [arXiv:1104.2654 [hep-ph]];

Hong-Jian He and Xun-Jie Xu, Octahedral symmetry with geometrical breaking: New prediction for neutrino mixing angle θ_{13} and CP violation, Phys. Rev. D 86 (2012) 111301 (R) [arXiv:1203.2908].

[14] R. de A. Toorop, F. Feruglio and C. Hagedorn, Discrete flavour symmetries in light of T2K, Phys. Lett. B 703 (2011) 447 [arXiv:1107.3486 [hep-ph]]; R. de Adelhart Toorop, F. Feruglio and C. Hagedorn, Finite Modular Groups and Lepton Mixing, Nucl. Phys. B 858 (2012) 437 [arXiv:1112.1340 [hep-ph]].

[15] D. Hernandez and A.Yu. Smirnov, Lepton mixing and discrete symmetries, Phys.

Rev. D 86 (2012) 053014 [arXiv:1204.0445 [hep-ph]].

[16] D. Hernandez and A.Yu. Smirnov, Discrete symmetries and model-independent patterns of lepton mixing, arXiv:1212.2149 [hep-ph].

[17] Bo Hu, Neutrino mixing and discrete symmetries, arXiv:1212.2819 [hep-ph].

[18] C.S. Lam, Finite symmetry of leptonic mass matrices, arXiv:1208.5527 [hep-ph].

[19] M. Holthausen, Kher Sham Lim and M. Lindner, Lepton mixing patterns from a scan of finite discrete groups, arXiv:1212.2411 [hep-ph].

[20] W. Grimus, L. Lavoura and P.O. Ludl, Is S_4 the horizontal symmetry of tri-bimaximal lepton mixing?, J. Phys. G 36 (2009) 115007 [arXiv:0906.2689 [hep-ph]].

[21] P. Minkowski, μ → eγ at a rate of one out of 10^9 muon decays?, Phys. Lett. 67B (1977) 421;

T. Yanagida, Horizontal gauge symmetry and masses of neutrinos, in Proceedings of the workshop on unified theory and baryon number in the universe (Tsukuba, Japan, 1979), O. Sawata and A. Sugamoto eds., KEK report 79-18 (Tsukuba, Japan, 1979); S.L. Glashow, The future of elementary particle physics, in Quarks and leptons, proceedings of the advanced study institute (Cargèse, Corsica, 1979), M. Lévy et al. eds. (Plenum Press, New York, U.S.A., 1980);

M. Gell-Mann, P. Ramond and R. Slansky, Complex spinors and unified theories, in Supergravity, D.Z. Freedman and F. van Nieuwenhuizen eds. (North Holland, Amsterdam, The Netherlands, 1979);

R.N. Mohapatra and G. Senjanović, Neutrino mass and spontaneous parity violation, Phys. Rev. Lett. 44 (1980) 912.

[22] M. Magg and C. Wetterich, Neutrino mass problem and gauge hierarchy, Phys. Lett.

94B (1980) 61;

G. Lazarides, Q. Shafi and C. Wetterich, Proton lifetime and fermion masses in an SO(10) model, Nucl. Phys. B 181 (1981) 287;

R.N. Mohapatra and G. Senjanović, Neutrino masses and mixings in gauge models with spontaneous parity violation, Phys. Rev. D 23 (1981) 165;

R.N. Mohapatra and P. Pal, Massive neutrinos in physics and astrophysics (World Scientific, Singapore, 1991), p. 127;

E. Ma and U. Sarkar, Neutrino masses and leptogenesis with heavy Higgs triplets, Phys. Rev. Lett. 80 (1998) 5716 [hep-ph/9802445].

[23] X.G. He, Y.Y. Keum and R.R. Volkas, A_4 flavour symmetry breaking scheme for understanding quark and neutrino mixing angles, JHEP 0604 (2006) 039

[hep-ph/0601001];

F. Feruglio, C. Hagedorn, Y. Lin and L. Merlo, Tri-bimaximal neutrino mixing and quark masses from a discrete flavour symmetry, Nucl. Phys. B 775 (2007) 120 [hep-ph/0702194];

A. Blum, C. Hagedorn and M. Lindner, Fermion masses and mixings from dihedral flavor symmetries with preserved subgroups, Phys. Rev. D 77 (2008) 076004 [arXiv:0709.3450 [hep-ph]].

[24] G.A. Miller, H.F. Blichfeldt and L.E. Dickson, Theory and applications of finite groups (John Wiley & Sons, New York, 1916), p. 240;

J.H. Conway and A.J. Jones, Trigonometric diophantine equations (On vanishing sums of roots of unity), Acta Arithmetica 30 (1976) 229.

[25] W. Grimus and P.O. Ludl, Finite flavour groups of fermions, J. Phys. A 45 (2012) 233001 [arXiv:1110:6376 [hep-ph]].

[26] Ernest Ma, Neutrino mass matrix from Δ(27) symmetry, Mod. Phys. Lett. A 21 (2006) 1917 [hep-ph/0607056];

Ernest Ma, Near tribimaximal neutrino mixing with Δ(27) symmetry, Phys. Lett. B 660 (2008) 505 [arXiv:0709.0507 [hep-ph]];

P.M. Ferreira, W. Grimus, L. Lavoura and P.O. Ludl, Maximal CP violation in lepton mixing from a model with Delta(27) flavour symmetry, JHEP 1209 (2012) 128 [arXiv:1206.7072 [hep-ph]].

[27] Y. H. Ahn, S. Baek and P. Gondolo, Simple renormalizable flavor symmetry for neutrino oscillations, Phys. Rev. D 86 (2012) 053004 [arXiv:1207.1229 [hep-ph]].