arXiv:1301.1480v1 [gr-qc] 8 Jan 2013

The spherical perfect fluid collapse in the cosmological background

Rahim Moradi Department of Physics, Shahid Beheshti University, Evin, Tehran, Iran^∗

J. T. Firouzjaee School of Physics and School of Astronomy, Institute for Research in Fundamental Sciences (IPM), Tehran, Iran^†

Reza Mansouri Department of Physics, Sharif University of Technology, Tehran, Iran and School of Astronomy, Institute for Research in Fundamental Sciences (IPM), Tehran, Iran^‡

Abstract

We have constructed a spherically symmetric structure model within an otherwise FRW universe filled with perfect fluid and studied its quasi-local characteristics. This is done by using the Lemaître solution of the Einstein equations and by suggesting an algorithm to integrate it numerically. The result shows how a dynamical black hole evolves within the FRW universe, its decoupling from the expanding parts of the model, the structure of its space-like apparent horizon, the limiting case of the dynamical horizon tending to a slowly evolving horizon, and the decreasing mass in-fall to the black hole. The quasi-local features of this cosmological black hole may not be inferred from the Newtonian approximation although the gravity outside the structure is very weak.

PACS numbers: 95.30.Sf,98.80.-k, 98.62.Js, 98.65.-r

∗Electronic address: Ra˙Moradi@sbu.ac.ir †Electronic address: j.taghizadeh.f@ipm.ir ‡Electronic address: mansouri@ipm.ir

I. INTRODUCTION

The term cosmological black hole is used to describe a collapsing structure within an otherwise expanding universe. Since the early beginning of the discovery of the expansion of the universe people have been looking for models describing an overdense region in a cosmological background ([1], see also [2]). Such an overdense region, whcih may be expanding at the beginning, will finally decouple from the expanding regions of the universe and collapses to a dynamical black hole different from the familiar Schwarzschild one despite the very weak gravitational field outside the structure. Therefore, such cosmological structures, if based on exact solutions of general relativity and not produced by a cut-and-paste technology, are very interesting laboratories to study not only general relativistic structures, their quasi-local features such as mass and horizons [3], but also the validity of the Newtonian approximation in the presence of the very weak gravitational fields related to non-local concepts within general relativity. After all, the universe is evolving and one needs to have a dynamical model for a black hole to be compared with the familiar results in the literature on black holes within a stationary and asymptotically flat space-time [4], where global concepts such as event horizon are not defined. The need for a local definition of black holes and their horizons has led us to concepts such as Hayward’s trapping horizon [5], isolated horizon [6], Ashtekar and Krishnan’s dynamical horizon (DH) [7], and Booth and Fairhurst’s slowly evolving horizon [8].

Now, a widely used metric to describe the gravitational collapse of a spherically symmetric dust cloud is the so-called Tolman-Bondi-Lemaître(LTB) metric [9]. It was pointed out in [3, 10] that the model admits cosmological black holes. These models may be extended to a perfect fluid with a non zero pressure [14]. Our interest is now using these cosmological solutions to construct dynamical black holes within a FRW expanding universe, and study their characteristics. To do this, we have to avoid any cut-and-paste method of finding the solution. Section II is an introduction to these inhomogeneous prefect fluid cosmological models and how numerically integrate the field equations leading to a dynamical structure within an otherwise FRW universe. In section III the result of numerical integration is reported expressing the main characteristics of our models assuming different pressure profiles. We will then discuss the result in section IV. Throughout the paper we assume 8πG = c = 1.

II. GENERAL SPHERICALLY SYMMETRIC SOLUTION

Consider a general inhomogeneous spherically symmetric spacetime filled with a perfect fluid and a metric expressed in the comoving coordinates, x^μ = (t, r, θ, ϕ):

ds^2 = −e^{2σ} dt^2 + e^λ dr^2 + R^2 dΩ^2 , (1)

where σ = σ(t, r), λ = λ(t, r) are functions to be determined, R = R(t, r) is the physical radius, and dΩ^2 = dθ^2 + sin^2 θ dϕ^2 is the metric of the unit 2-sphere. The energy momentum tensor of the perfect fluid is given by

T^{μν} = (ρ + p) u^μ u^ν + g^{μν} p , (2)

where ρ = ρ(t, r) is the mass-energy density, p = p(t, r) is the pressure, and u^μ = (e^{−σ}, 0, 0, 0) is the perfect fluid four-velocity.

A. Field Equations

In addition to the Einstein field equations, G^{μν} = κ T^{μν} − g^{μν} Λ, we will use the conservation equations in the form 2e^{2σ} (ρ + p)

∇_μT^{tμ} = λ̇ + 2ρ̇ (ρ + p) + 4Ṙ R = 0 (3) e^λ (ρ + p)

∇_μT^{rμ} = σ^′ + p^′ p + ρ = 0, (4) where the dot means the derivative with respect to t, and the prime means the derivative with respect to r. The Einstein equations lead finally to the two following equations ∂ ∂r [ R + RṘ^2e^{−2σ} − RR^{′2}e^{−λ} − 1 3 ΛR^3 ] = κρR^2R^′, (5) and ∂ ∂t [ R + RṘ^2e^{−2σ} − RR^{′2}e^{−λ} − 1 3 ΛR^3 ] = −κpR^2Ṙ. (6) The term in the brackets is related to the Misner-Sharp mass, M, defined by 2M R = Ṙ^2e^{−2σ} − R^{′2}e^{−λ} + 1 − 1 3 ΛR^2 . (7)

Eqs (5) and (6) may now be written as κρ = 2M^′ R^2R^′ , κp = − 2Ṁ R^2Ṙ

. (8)

We may write Eq (7) in the form of an evolution equation of the model: Ṙ = ±e^σ √ 2M R + f +

ΛR^2 3 , (9)

where f(t, r) = R^{′2}e^{−λ} − 1 (10) is the curvature term, or twice the total energy of test particles at r (analogous to f(r) in the LTB model). Note that R(t, r) can not be directly obtained from this equation because of the unknown functions λ, σ, and M.

The metric functions g_{tt} and g_{rr} may be obtained by integrating (3) and (4): σ = c(t) − ∫_r r_0 p^′ dr (ρ + p) |_{t=const} = σ_0 − ∫_ρ ρ_0

(^{∂p}_{∂ρ} ) (ρ + p(ρ)) dρ |_{t=const}, (11) and λ = λ_0(r) − 2 ∫_ρ ρ_0 dρ (ρ + p(ρ))

− 4 ln ( R R_0 ) |_{t=const}, (12) where (¸t) and λ_0(r) are arbitrary functions of integration. In the case of c(t) it is easily seen that requiring our coordinates to lead to the LTB synchronous ones for p = 0 leads to c(t) = 0. We notice also that according to (10) and the LTB coordinate conditions, the choice of λ_0(r) is equivalent to the choice of f(t_0, r) = f_0(r). One may prefer to choose f_0(r) and then calculate λ_0(r) from e^{λ0} = R^{′2}_0 /(1 + f_0).

We have therefore 5 unknowns p, ρ, σ, λ, and R, four dynamical equations ρ̇, Ṁ, λ̇, and Ṙ, in addition to an equation of state p = p(ρ), and the definition of the mass M (7). This defines a numerical algorithm to find solutions for the dynamics of our spherical structure after assuming some initial conditions.

B. Construction of the Lemaître Model

To generate a Lemaître model in the general case we need a numerical procedure. We first specify the arbitrary initial functions, R_0(r) = R(t_0, r), ρ_0(r) = ρ(t_0, r), λ_0(r) = λ(t_0, r) , σ_0(r) = σ(t_0, r), and the equation of state p(ρ). We then integrate the dynamical equations for constant t or r in the following order:

1. Choose an initial time t_0, and specify R(t_0, r) = R_0(r); R^′_0 is then also known form the derivative of (13) with respect to r at t = t_0;

2. Specify M(t_0, r) = M_0(r) at t = t_0;

3. Once M_0(r) and R_0(r) are specified, ρ_0(r) may be determined from (8);

4. Select an equation of state, p = p(ρ);

5. Choose λ(t_0, r), or choose first f(t_0, r) = f_0(r) and then calculate λ_0(r) from e^{λ0} = R^{′2}_0 /(1 + f_0);

6. σ(t_0, r) can then be obtained by integrating (11) along t = t_0.

We have now specified how to determine all the needed initial functions at the time t_0. Therefore, their r−derivatives are also known. The time evolution of the metric functions along the worldlines of constant r may then be calculated. This is done in the following way:

1. From equation (13) we obtain Ṙ: Ṙ = ±e^σ √ 2M R + f +

ΛR^2 3 ; (13)

2. Eq (8) then give us Ṁ: Ṁ = −κp ṘR2 2 ; (14)

3. Combining Eq (3) and G_{01} allow us to eliminate σ^′. Then substituting λ̇ from (4), we arrives at ρ̇: ρ̇ = −p^′ Ṙ R^′ − (ρ + p) [ Ṙ′ R^′ + 2Ṙ R ] ; (15)

4. From the equation of state p = p(ρ) we obtain ṗ:

ṗ = dp dρ ρ̇ ; (16)

5. Eq (4) may be combined with (15) to give

λ̇ = 2 R^′ ( p^′Ṙ (ρ + p) + Ṙ^′ ) ; (17)

6. Using the initial values for t = t_0, we then are in a position to solve the above 5 differential equations numerically to obtain R(t, r), M(t, r), ρ(t, r), p(t, r) and λ(t, r) for every t and r. Note that in each step the spatial derivatives Ṙ^′, p^′ and M^′ needs to be determined;

7. Finally, σ(t, r) is obtained from Eq (11) by integrating along constant t. Notice that we have chosen 4 initial functions, R_0(r), ρ_0(r), λ_0(r) and σ_0(t), as well as the equation of state p(ρ).

III. INITIAL PROFILES AND THE RESULTS

We are now ready to specify the equation of state and integrate the model to see its characteristics. We consider two types of fluid which helps us to have a comparative discussion of the result: a perfect fluid with a constant of state function, p = wρ, and the more general case with the equation of state p = ws(r)ρ matching our needs of a structure with pressure inside and a pressure-less matter dominated universe far from the structure. We may then choose the function s(r) in the way that the pressure become zero at infinity, r >> 1. A suitable choice is s(r) = e^{− rr}0 . This is a more realistic model to describe a black hole collapse in the FRW universe and see the effect of the inside pressure while the universe outside is matter dominated with no pressure.

The model we envisage starts from a small inhomogeneity within a FRW universe. The density profile should be such that the metric outside the structure tends to FRW all the times while the central overdensity region shows a collapse after the initial expansion. At the initial conditions, where the density contrast of the overdensity region is still too small, we may assume that the metric is almost FRW or LTB; the density contrast and the pressure does not play a significant role. The dynamics of Lemaître universe will give us anyhow the expected structure at late times. To choose the initial conditions at the time t_0, we therefore will then use a LTB solution with a negative curvature function. We have in fact tried both examples of LTB or FRW initial data and received no significant difference between the final Lemaître solution.

Now, let us choose the the two initial functions f(r) = f(t_0, r) and M(r) = M(t_0, r) in the following way to achieve an asymtotically FRW final solution:

f(r) = − 1 b re^{−r}, (18) M(r) = 1 a r^{3/2}(1 + r^{3/2}). (19) Far from the central overdensity region we have

lim_{r→∞}f(r) = 0, (20) lim_{r→∞}M(r) = r^3 a , (21) which shows the asymptotically FRW behavior of the initial conditions. The corresponding LTB solution of Einstein equations now gives us R(r) = R_0(r) at the initial time t_0. Assuming an equation of state is now enough to numerically calculate the necessary dynamical functions of the model. Specifically, by looking at Ṙ(t, r) and ρ(t, r) we may extract informations of how the central region start collapsing after the initial expansion and how a black hole with distinct apparent and dynamical horizon develops while the outer region expands as a familiar FRW universe. We may also find out the difference to the case of the pressure-less model. It will also show us if and how the very weak gravity outside the collapsed structure affects the dynamic of the central structure in comparison to the familiar Schwarzschild model. The result of the numerical calculation for both equation of states is given in the following.

A. The density behavior

The density profile for both equation of states as a function or t and r for the two cases of constant w and asymtotically vanishing w is given in Figs.(1) and (2). The development of the central black hole and the effect of the pressure on it is evident. Note the more significant development of the central pressure in the case of non-vanishing pressure far from the center. The over-density region in the collapsing phase is always separated from the expanding under-density region through a void not expressible in these figures. We will consider the place of the void as the boundary of the structure. This boundary is always near to the boundary between the contracting and the expanding region of our model.

FIG. 1: Density evolution of the cosmological black hole for the perfect fluid with the equation of state p = wρ .

FIG. 2: Density evolution of the cosmological black hole for the perfect fluid with the equation of state p = wρs(r). Note the less significant central density and the more flat density profile for constant radius near by the center of the structure

B. The Physical radius

Figs.(3) and (4) show the behavior of the velocity Ṙ in the more interesting collapsing region for the two models. It is evident how the pressure slow down the collapse in the central region; With the increase of the pressure the collapse velocity Ṙ decreases at the center of the black hole. The influence of the pressure on the collapsing velocity near by the void is more evident from the behavior of the mass flow described below.

FIG. 3: The behavior of the velocity Ṙ in the case of p = wρ. Evidently the pressure slows down the collapse velocity near by the center of the structure. The less the pressure the smaller is the radius of the collapsing region

FIG. 4: The behavior of the velocity Ṙ in the case of p = wρs(r). The features are qualitatively as in Fig (3).

C. The Apparent and Event Horizon

The boundary of a dynamical black hole, where the area law and the black hole temperature are defined, is a non-trivial concept (see for example [3] and [13]). Our model is again a good example to see the behavior of both apparent and event horizon of a dynamical structure within an expanding universe. It is easily seen that the apparent horizon for our cosmological black hole is located at R = 2M [10].

This apparent horizon is calculated in t, r coordinates numerically. It is always spacelike tending to be light-like at late times. This can best be seen by comparing the slope of the apparent horizon relative to the light cone at every coordinate point of it. This is in contrast to the Schwarzschild black hole horizon where it is always light-like. At the late times, however, we expect the apparent horizon to be approximately light-like and approaching the event horizon. This is reflected in the Figs.(5) and (6). It is evident that^{dt}_{dr} |_{AH} <^{dt}_{dr} |_{null} at all times on the apparent horizon, the difference tending to zero at late times. Therefore, the apparent horizon is always a space-like dynamical horizon leading to a slowly varying horizon at late times [3, 7]. Note that the qualitative result is independent of the equation of state.

We now show how the dynamical horizon of our cosmological black hole becomes a slowly evolving horizon at late times. Let’s first define the evolution parameter c such that the tangent vector to the dynamical horizon, V , is given by

V^μ = ℓ^μ − cn^μ, (22)

where the two vectors ℓ^a and n^a are normal null vectors on a space-like two surface S in (t, r) plane (see [7]). We expect c to go to zero at late times in order for our dynamical

FIG. 5: The p = wρ case:^{dt}_{dr} |_{AH} <^{dt}_{dr} |_{null} on the apparent horizon. Therefore, the apparent horizon is always a space-like dynamical horizon leading to a slowly varying horizon at late times.

FIG. 6: The p = ws(r)ρ case:^{dt}_{dr} |_{AH} <^{dt}_{dr} |_{null} on the apparent horizon. Qualitatively, there is no difference to the other case of the equation of state.

horizon to become a slowly evolving horizon. In the case of our Lemaître model c is calculated to be

c = 2

M^′ + wM^′ M^′ − wM^′ − R^′ |_{AH} . (23)

The result of the numerical calculation for different equation of states and different state functions is given in Figs.(7) and (8). We see the decreasing behavior of the function c in the course of time independent of the equation of state. We may then conclude that the dynamical horizon of the cosmological black hole tends to a slowly evolving horizon.

FIG. 7: The p = wρ case: the more pressure the sooner the dynamical horizon becomes a slowly evolving horizon.

FIG. 8: The p = wρs(r) case: qualitatively, the same behavior as the other case.

D. Mass and matter flux

Due to the expanding background we expect the matter flux into the dynamical black hole to be decreasing and the dynamical horizon to become a slowly evolving horizon[10]. We know already that there is no unique concept of mass in general relativity corresponding to the Newtonian concept.

The question of what does general relativity tell us about the mass of a cosmological structure in a dynamical setting was discussed recently [12]. It was shown [11] that The Misner-Sharp quasi-local mass, M, is very close to the Newtonian mass.

Let us then take the Misner-Sharp mass for this black hole and calculate the corresponding matter flux into the black hole. In the case of Lemaître model, the matter flux according to the comoving time is given by dM(r, t) dt |_{AH} = ∂M(r, t) ∂t |_{AH} + ∂M(r, t) ∂r ∂r ∂t |_{AH} = Ṁ|_{AH} + M^′ ∂r ∂t |_{AH} (24)

The result of the numerical calculation is depicted in Figs.(9) and (10). Note how the pressure decreases the rate of matter flux into the black hole.

FIG. 9: The p = wρ case: the rate of matter flux into the black hole decreases with the pressure.

FIG. 10: The p = ws(r)ρ case: qualitatively the same behavior as the other case.

IV. DISCUSSION

We have studied the evolution of a structure made of perfect fluid as an exact solution of Einstein equations within an otherwise expanding FRW universe. The structure boundary is marked through a void from the expanding part of the model which is very much close to a FRW universe already near by the void. The collapsed region develops to a dynamical black hole with an apparent horizon tending to a slowly evolving horizon at late times, where the mater flux into the black hole also decreases preventing more matter falling inside the black hole. The space-like apparent horizon tends approximately to a light-like event horizon at late times. We have, therefore, to conclude that the mere existence of a cosmological matter, even dust, may have significant effect on the central black hole differentiating it from a Schwarzschild one irrespective of how small the density outside the structure is. Hence we may not be allowed to speak about the Newtonian approximation because of the very weak gravity in cases of non-local quantities such as the horizon and the mass.

[1] G.C. McVittie, Mon. Not. R. Astr. Soc. 93, 325 (1933); A. Einstein and E.G. Straus, Rev.

Mod. Phys. 17, 120 (1945); 18, 148.

[2] Wessel Valkenburg, Gen.Rel.Grav. 44 (2012) 2449-2476; Xuelei Chen, You-Gen Shen and Valerio Faraoni, Phys.Rev. D84 (2011) 104047; Krzysztof Bolejko, Marie-Noelle Celerier and Andrzej Krasinski, Class.Quant.Grav. 28 (2011) 164002.

[3] J. T. Firouzjaee, Reza Mansouri, Gen. Relativity Gravitation. 42, 2431 (2010) [arXiv:0812.5108].

[4] Robert M. Wald, General Relativity (University of Chicago Press, Chicago, 1984). [5] S. A. Hayward, Phys. Rev. D 49, 6467 (1994).

[6] A. Ashtekar, C. Beetle, O. Dreyer, S. Fairhurst, B. Krishnan, J. Lewandowski and J.

Wisniewski, Phys. Rev. Lett. 85, 3564-3567 (2000).

[7] A. Ashtekar and B. Krishnan, Phys. Rev. Lett. 89, 261101 (2002); A. Ashtekar and B.

Krishnan, Phys. Rev. D 68, 104030 (2003).

[8] Booth I. and Fairhurst S., Phys. Rev. Lett. 92, 011102 (2004).

[9] R. C. Tolman, Proc. Natl. Acad. Sci. U.S.A. 20, 410 (1934); G. Lemaître, Ann. Soc. Sci.

Bruxelles I A53, 51 (1933); H. Bondi, Mon. Not. R. Astron. Soc. 107, 343 (1947). [10] J. T. Firouzjaee, Int. J. Mod. Phys. D, 21, 1250039 (2012) [arXiv:1102.1062]. [11] Mohammadhosein Razbin, J. T. Firouzjaee, Reza Mansouri [arXiv:1212.4796]. [12] J. T. Firouzjaee, M. Parsi Mood and R. Mansouri, Gen. Relativ. Gravit. 44, 639 (2012) [arXiv:1010.3971].

[13] J. T. Firouzjaee and Reza Mansouri, Europhys. Lett. 97, 29002 (2012) [arXiv:1104.0530]. [14] Alnadhief A. H. Alfedeel, Charles Hellaby [arXiv:0906.2343].