arXiv:1301.1642v2 [hep-th] 25 Mar 2013

OSp(1|4) supergravity and its noncommutative extension

Leonardo Castellani

Dipartimento di Scienze e Innovazione Tecnologica INFN Gruppo collegato di Alessandria, Università del Piemonte Orientale, Viale T. Michel 11, 15121 Alessandria, Italy

Abstract

We review the OSp(1|4)-invariant formulation of N = 1, D = 4 supergravity and present its noncommutative extension, based on a ⋆-product originating from an abelian twist with deformation parameter θ. After use of a geometric generalization of the Seiberg-Witten map, we obtain an extended (higher derivative) supergravity theory, invariant under usual OSp(1|4) gauge transformations. Gauge fixing breaks the OSp(1|4) symmetry to its Lorentz subgroup, and yields a Lorentz invariant extended theory whose classical limit θ → 0 is the usual N = 1, D = 4 AdS supergravity.

leonardo.castellani@mfn.unipmn.it

1 Introduction

We present a noncommutative (NC) extension of the OSp(1|4)-invariant action of N = 1, D = 4 anti-De Sitter supergravity , obtained by the use of a twisted ⋆- product, and a geometric generalization of the Seiberg-Witten map [1]. We thus find a higher derivative extension of OSp(1|4) supergravity where the higher order couplings are dictated by the noncommutative structure of the original NC action. The resulting extended theory is geometric (diffeomorphic invariant) and gauge invariant under usual OSp(1|4) gauge transformations.

Noncommutativity of spacetime coordinates

[x^μ, x^ν ] = iθ^{μν} (1.1)

is a recurrent theme in physics, being advocated already by Heisenberg in the hope that uncertainty relations between spacetime coordinates could resolve UV divergences arising in quantum field theory [2]. This motivation still holds, in particular for nonrenormalizable theories of gravity where finiteness is the only option for consistency. The issue was explored initially by Snyder in [3], and since then noncommutative geometry has found applications in many branches of physics, in particular in the last two decades. Some comprehensive reviews can be found in references [4], [5], [6], [7], [8],[9], [10].

Relations (1.1) provide a (kinematical) way to encode quantum properties directly in the texture of spacetime. Field theories on noncommuting spacetime can be reformulated as field theories on ordinary (commuting) spacetime, but with a deformed ⋆-product between fields. When the deformation originates from a twist, as in the present paper, the resulting ⋆-product is a twisted product, associative and noncommutative.

This product between fields generates infinitely many derivatives and introduces a dimensionful noncommutativity parameter θ. The prototypical example of twisted product is the Moyal-Groenewold product [11] (historically arising in phase-space after Weyl quantization [12]) : f(x) ⋆ g(x) ≡ exp ( i 2 θ^{μν} ∂ ∂x^μ ∂ ∂y^ν ) f(x)g(y)|_{y→x} = f(x)g(x) + i 2 θ^{μν} ∂_μf∂_ν g + · · · + 1 n! ( i 2 )_n θ^{μ1 ν1} · · · θ^{μn νn} (∂_{μ1} · · · ∂_{μn} f)(∂_{ν1} · · · ∂_{νn} g) + · · · (1.2)

with a constant θ. Using this deformed product one finds x^μ ⋆ x^ν − x^ν ⋆ x^μ = iθ^{μν} , realizing the commutation relations (1.1).

A straightforward generalization is provided by the twisted ⋆-product, where the partial derivatives in (1.2) are replaced by a set of commuting tangent vectors X_A ≡ X^μ_A∂_μ. Dealing with (super)gravity theories, it is desirable to extend the twisted ⋆-product to forms. This can be done simply by replacing the tangent vectors X_A, acting on functions, with Lie derivatives along X_A, acting on forms.

Replacing products between fields with ⋆-products yields nonlocal actions (called twisted, or NC actions), containing an infinite number of new interactions and higher derivative terms. In this way twisted Yang-Mills theories in flat space have been constructed (see for ex. [13, 14, 15]), as well as twisted metric gravity [16, 10]. NC D = 4 vielbein gravity has been treated in [17, 18], where deformations of conformal gravity and complex vielbein gravity were considered, and in [19], where a U_⋆(2, 2) gauge invariant NC action with constraints was proposed as a NC deformation of Einstein gravity. More recently twisted vielbein gravity and its couplings to fermions [20], gauge fields [21] and scalars [22] have been constructed, as well as a NC deformation of D = 4, N = 1 supergravity [23].

These twisted theories are invariant under deformations of the original symmetries. For example the NC action for gauge fields is : S = 1 4g^2 ∫ T r(F_{μν} ⋆ F_{μν} ) (1.3)

where

F_{μν} = ∂_μA_ν − ∂_ν A_μ − (A_μ ⋆ A_ν − A_ν ⋆ A_μ) (1.4) A_μ = A^I_μT_I , T r(T^I T^J ) = δ^{IJ} (1.5)

The noncommutative gauge transformations:

δ_εA_μ = ∂_με − (A_μ ⋆ ε − ε ⋆ A_μ) (1.6) δ_εF_{μν} = −(F_{μν} ⋆ ε − ε ⋆ F_{μν} ) (1.7) leave the action invariant, because of the cyclicity of the trace, and of the property ∫ f ⋆ g = ∫ g ⋆ f (1.8)

(cyclicity of integral) holding up to boundary terms.

Noncommutativity apparently comes with a price, i.e. a proliferation of new degrees of freedom. This can be understood by considering the ⋆-deformation of the Yang-Mills field strength:

F^I_{μν} T_I = ∂_μA^I_ν T_I − ∂_ν A^I_μT_I − (A^I_μ ⋆ A^J_ν − A^I_ν ⋆ A^J_μ)T_I T_J (1.9)

Because of noncommutativity of the ⋆-product, anticommutators as well as commutators of group generators appear in the right-hand side, and therefore the T_I must be a basis for the whole universal enveloping algebra of G. Thus I runs in principle on the infinite set of universal enveloping algebra elements (all symmetrized products of the original gauge generators) and the number of independent A^I_μ field components increases to infinity. This proliferation can be reduced by choosing a specific representation for the generators T_I . For example if the gauge group is SU(2) and we take its generators to be the in the defining 2×2 representation, these are just the Pauli matrices, and a basis for the enveloping algebra only requires an additional matrix proportional to the unit matrix.

We may get rid even of these additional degrees of freedom if we use the Seiberg- Witten map, which allows to express all the fields appearing in the NC action (usually called the NC fields) in terms of series expansions in θ containing only the original fields of the undeformed theory, the so called classical fields. The map is engineered so that the classical gauge transformations on the classical fields induce the NC gauge transformations on the NC fields. In the SU(2) example, the map relates the four noncommutative fields to the three classical SU(2) gauge fields.

Substituting in the action the NC fields with their expressions in terms of the classical fields yields an infinite series in powers of θ, whose 0-th order term is the classical action. This higher derivative action is invariant under the classical gauge variations, since these by construction induce the NC symmetries of the NC action. Every higher order term in the θ expansion is actually separately invariant, because the classical symmetries do not involve θ.

With this procedure the NC deformation of vielbein gravity, found in [20], has been re-expressed in [24] in terms of the classical vielbein and spin connection, and its Lorentz invariant (and higher derivative) geometric action has been computed up to second order in the noncommutativity parameter [25]. The SW map was also used in [19] to compute the first order correction of the deformed U_⋆(2, 2) gauge invariant and constrained theory. We also mention the NC extension of SO(2, 3) AdS gravity of ref. [26], which contains its expansion to order θ^2, and ref. [27] where the SW map for pure gravity is examined at second order.

In the present paper we apply this method to OSp(1|4) supergravity. For reviews on the OSp(1|4) formulation of supergravity see for example [28, 29, 30]. The classical theory contains the vielbein V^a, the spin connection ω^{ab}, the gravitino ψ and nondynamical auxiliary fields (a scalar, a pseudoscalar, a vector and a spin 1/2 fermion) necessary to ensure the full off-shell invariance (and closure) under local OSp(1|4) gauge transformations. The auxiliary fields satisfy OSp(1|4)-invariant constraints. The OSp(1|4) symmetry can be exploited to reach a gauge (the soldering gauge) in which the auxiliary fields take constant values. This gauge choice breaks the supergroup OSp(1|4) to its Lorentz SO(1, 3) subgroup, and reproduces the Mac Dowell-Mansouri action [31], equivalent up to boundary terms to the action of usual N = 1, D = 4 anti De Sitter supergravity. For this action supersymmetry is not a gauge symmetry any more, since it gets broken along with the translations (the SO(2, 3) boosts). However supersymmetry is still “alive” in the gauge fixed theory. This can be seen in two distinct ways:

i) by solving the supertorsion constraint and passing to second order formalism (expressing the spin connection in terms of the vielbein and the gravitino fields) [32];

ii) or, remaining in first order formalism, by an appropriate modification of the spin connection supersymmetry variation [33].

Note that the supersymmetry transformations leaving the gauge fixed action invariant do not close off-shell (whereas the OSp(4|1) gauge variations close off shell by construction).

After deforming the product in the OSp(1|4) supergravity action, and using the geometric Seiberg-Witten map , the resulting higher derivative theory contains the same fields as the classical theory, and is invariant under the same local OSp(1|4) symmetries.

The reason we start from the OSp(1|4) gauge-invariant theory resides in that all local symmetries (except general coordinate invariance) are contained in a gauge supergroup. The derivation of the Seiberg-Witten map in [1] is purely algebraic, and nothing changes in the derivation if groups are replaced by supergroups, connections by superconnections etc. In the present paper we apply the map to OSp(1|4) superconnections and supermatrix (adjoint) auxiliary fields, containing all the fields of N = 1, D = 4 supergravity. Thus we are guaranteed that supersymmetry (part of the OSp(1|4) symmetry) survives in the extended theory.

By choosing the same gauge as in the classical theory (the gauge group OSp(1|4) is the same), we obtain an extended theory containing only the vielbein, spin connection and gravitino fields, reducing in the commutative limit to N = 1, D = 4 AdS supergravity.

The “mother”, non gauge-fixed extended theory is OSp(1|4)-invariant, and as such is a locally supersymmetric higher derivative theory. The price to pay for realizing this local gauge supersymmetry (closing off-shell) is the presence of constrained auxiliary fields.

The plan of the paper is as follows. In Section 2 we briefly review OSp(1|4) supergravity. In Section 3 we recall its manifestly OSp(1|4)-invariant action. The noncommutative deformation is presented in Section 4. Section 5 deals with the geometric Seiberg-Witten map, applied in Section 6 to obtain the extended OSp(1|4) supergravity action to second order in θ. Section 7 contains some conclusions.

2 Classical OSp(1|4) supergravity

2.1 Geometric MacDowell - Mansouri action

The Mac Dowell-Mansouri action [31] for N = 1, D = 4 supergravity can be recast in an index-free form: S = 2i ∫ T r(R ∧ Rγ_5 + 2Σ ∧ Σγ_5) (2.1)

where the trace is taken on spinor indices, and the 2-form curvatures R (bosonic) and Σ (fermionic) originate from the 1-form OSp(1|4) connection supermatrix: Ω ≡ ( Ω ψ ψ̄ 0 ) , Ω ≡ 1 4 ω^{ab}γ_{ab} − i 2 V^aγ_a (2.2)

whose corresponding OSp(1|4) curvature supermatrix is

R = dΩ − Ω ∧ Ω ≡ ( R Σ Σ 0 ) (2.3)

Immediate matrix algebra yields^1: R = 1 4 R^{ab}γ_{ab} − i 2 R^aγ_a (2.4) Σ = dψ − 1 4 ω^{ab}γ_{ab}ψ + i 2 V^aγ_aψ (2.5) Σ = dψ̄ − 1 4 ψ̄ω^{ab}γ_{ab} + i 2 ψ̄V^aγ_a (2.6)

with R^{ab} ≡ dω^{ab} − ω^{ac}ω^{cb} + V^aV^b + 1 2 ψ̄γ^{ab}ψ (2.7) R^a ≡ dV^a − ω^{ab}V^b − i 2 ψ̄γ^aψ (2.8)

We have also used the Fierz identity for 1-form Majorana spinors: ψψ̄ = 1 4 (ψ̄γ^aψγ_a − 1 2 ψ̄γ^{ab}ψγ_{ab}) (2.9) (to prove it, just multiply both sides by γ_c or γ_{cd} and take the trace on spinor indices). The 1-forms V^a, ω^{ab} and ψ are respectively the vielbein, the spin connection and the gravitino field (a Majorana spinor, i.e. ψ̄ = ψ^T C, where C is the charge conjugation matrix).

Carrying out the spinor trace in the action (2.1) yields the familiar MacDowell- Mansouri action: S = 2 ∫ 1 4 R^{ab} ∧ R^{cd}ε_{abcd} − 2iΣ ∧ γ_5Σ (2.10)

After inserting the curvature definitions the action takes the form S = ∫ R^{ab}V^cV^dε_{abcd} + 4ρ̄γ_aγ_5ψV^a + 1 2 (V^aV^bV^cV^d + 2ψ̄γ^{ab}ψV^cV^d)ϵ_{abcd} (2.11)

with R^{ab} ≡ dω^{ab} − ω^{ac}ω^{cb}, ρ ≡ dψ − 1 4 ω^{ab}γ_{ab}ψ ≡ Dψ (2.12) We have dropped the topological term R^{ab}R^{cd}ϵ_{abcd} (Euler form) and used the gravitino Bianchi identity Dρ = − 1 4 R^{ab}γ_{ab} (2.13)

and the gamma matrix identity 2γ_{ab}γ_5 = iϵ_{abcd}γ^{cd} to recognize that^1_2 R^{ab}ψ̄γ^{cd}ψϵ_{abcd}− 4iρ̄γ_5ρ is a total derivative. Bianchi identities are easily obtained by taking the exterior derivative of the curvature definitions in (2.3), or in (2.12). The action (2.11) describes N = 1, D = 4 anti-De Sitter supergravity, the last term being the supersymmetric cosmological term. After rescaling the vielbein and the gravitino as

1we omit wedge products between forms, and all index contractions involve the Minkowski metric η_{ab}

V^a → λV^a, ψ → √ λψ and dividing the action by λ^2, the usual (Minkowski) N = 1, D = 4 supergravity is retrieved by taking the limit λ → 0. This corresponds to the Inonü-Wigner contraction of OSp(1|4) to the superPoincaré group.

The action (2.1) can be rewritten even more compactly using the OSp(1|4) curvature supermatrix R:

S = 4 ∫ STr(R(1 +

Γ^2 2 )RΓ) (2.14)

where STr is the supertrace and Γ is the following constant matrix: Γ ≡ ( iγ_5 0 0 0 ) (2.15)

All boldface quantities are 5 × 5 supermatrices.

2.2 OSp(1|4) gauge variations

The gauge transformation of the connection Ω

δ_ϵΩ = dϵ − Ωϵ + ϵΩ (2.16)

where ϵ is the OSp(1|4) gauge parameter: ϵ ≡ (_1

4 ε^{ab}γ_{ab} −^i_2 ε^aγ_a ϵ ϵ̄ 0 ) (2.17)

becomes, on the component fields entering Ω: δω^{ab} = dε^{ab} − ω^{ac}ε^{cb} + ω^{bc}ε^{ca} − ε^aV^b + ε^bV^a − ϵ̄γ^{ab}ψ (2.18) δV^a = dε^a − ω^{ab}ε^b + ε^{ab}V^b + iϵ̄γ^aψ (2.19) δψ = dϵ − 1 4 ω^{ab}γ_{ab}ϵ + i 2 V^aγ_aϵ + 1 4 ε^{ab}γ_{ab}ψ − i 2 ε^aγ_aψ (2.20)

Similarly from the gauge variation of the curvature R:

δ_ϵR = −Rϵ + ϵR (2.21)

we find the gauge transformations of the curvature components: δR^{ab} = −R^{ac}ε^{cb} + R^{bc}ε^{ca} − ε^aR^b + ε^bR^a − ϵ̄γ^{ab}Σ (2.22) δR^a = −R^{ab}ε^b + ε^{ab}R^b + iϵ̄γ^aΣ (2.23) δΣ = − 1 4 R^{ab}γ_{ab}ϵ + i 2 R^aγ_aϵ + 1 4 ε^{ab}γ_{ab}Σ − i 2 ε^aγ_aΣ (2.24)

As is well known, the action (2.14), although a bilinear in the OSp(1|4) curvature, is not invariant under the OSp(1|4) gauge transformations. In fact it is not a Yang-Mills action (involving the exterior product of R with its Hodge dual), nor a topological action of the form ∫ RR: the constant supermatrix Γ ruins the OSp(1|4) gauge invariance, and breaks it to its Lorentz subgroup. This can be seen easily by noting that the gauge parameter in (2.17) commutes with Γ only when restricted to Lorentz rotations (ε^a = ϵ = 0), so that Lorentz rotations indeed leave the action invariant since the supertrace is cyclic. On the other hand a gauge parameter supermatrix containing also translation and/or supersymmetry parameters does not commute with Γ, and therefore the action is not invariant under OSp(1|4) translations or supersymmetry transformations.

However supersymmetry is still there: to see it one needs to modify the ω^{ab} supersymmetry transformation.

2.3 Supersymmetry

The (non vanishing) variation of the action (2.14) under gauge supersymmetry can be computed rather quickly by using δR = [ϵ, R] with ϵ containing only the offdiagonal fermionic supersymmetry parameter ϵ. The result is δS = −4 ∫ R^aρ̄γ_aγ_5ϵ (2.25)

Now consider instead the variation of the action under an arbitrary variation of the spin connection ω^{ab}, i.e. the variation that defines the ω^{ab} field equation. To compute it with a minimum of algebra, first vary (2.14) with respect to Ω, and then set δV^a = δψ = 0 in δΩ as defined by (2.2). The result is

δS = 16 ∫ R^aV^bδω^{cd}ϵ_{abcd} (2.26) Requesting this variation to vanish for arbitrary δω^{ab} yields the spin connection field equation R^a = 0.

Thus if we consider a supersymmetry variation of the action, where the variation of ω^{ab} is modified by an extra piece (in addition to its gauge variation): δω^{ab} = δ_{gauge}ω^{ab} + δ_{extra}ω^{ab} (2.27) the corresponding variation of the action (2.14) will be δS = −4 ∫ R^a(ρ̄γ_aγ_5ϵ − 2δ_{extra}ω^{bc}V^dϵ_{abcd}) (2.28) This variation can be made to vanish in two distinct ways:

1) by enforcing the constraint R^a = 0, which is really equivalent to the field equation of ω^{ab}. As is well known R^a = 0 allows to express the spin connection ω^{ab} in terms of the vielbein and gravitino fields. Substituting back ω^{ab}(V, ψ) in the action leads to the supersymmetric action of AdS supergravity in second order formalism. In this formalism one never needs to vary the fields inside the “package” ω^{ab}(V, ψ), since any variation of S due to δω^{ab} vanishes identically, being proportional to R^a (then one works in the so-called “1.5 order formalism”).

2) by choosing δ_{extra}ω^{ab} so that ρ̄γ_aγ_5ϵ − 2δ_{extra}ω^{bc}V^dϵ_{abcd} = 0 (2.29) This equation can be solved for δ_{extra}ω^{ab} in the same way one solves R^a = 0 for ω^{ab}. The result is δ_{extra}ω^{ab} = 1 2 ϵ^{abcd}(ρ̄_{de}γ_cγ_5ϵ + ρ̄_{ec}γ_dγ_5ϵ − ρ̄_{cd}γ_eγ_5ϵ)V^e (2.30)

where ρ̄_{cd} are the components along the vielbein basis of the gravitino curvature, i.e. ρ̄ ≡ ρ̄_{cd}V^cV^d.

Thus the first order action (2.14) is invariant under the supersymmetry transformations, given by eq.s (2.20) for the vielbein and the gravitino: δV^a = −iϵ̄γ^aψ, δψ = dϵ − 1 4 ω^{ab}γ_{ab}ϵ ≡ Dϵ (2.31) and by the modified rule for ω^{ab}: δω^{ab} = δ_{gauge}ω^{ab} + δ_{extra}ω^{ab} = −ϵ̄γ^{ab}ψ + 1 2 ϵ^{abcd}(ρ̄_{de}γ_cγ_5ϵ + ρ̄_{ec}γ_dγ_5ϵ − ρ̄_{cd}γ_eγ_5ϵ)V^e (2.32) More details can be found for ex. in [29, 30].

3 The manifestly OSp(1|4)-invariant action

Can we reformulate supergravity in an explicit OSp(1|4)-invariant way? The answer is yes [34, 35, 40, 36], and generalizes the SO(2, 3) formulation of AdS gravity of ref.s [37, 38, 39, 40]. Indeed looking at (2.14), we see that promoting the constant matrix Γ to a field supermatrix Φ transforming under OSp(1|4) as

δΦ = −Φϵ + ϵΦ (3.1)

the action S becomes: S = ∫ STr(R(1 +

Φ^2 2 )RΦ) (3.2)

and is manifestly OSp(1|4)-invariant. By doing so, we are introducing new, auxiliary fields contained in Φ. We have to ensure, however, that a particular gauge choice exists such that Φ reduces to the constant supermatrix Γ: only if this gauge choice exists the theory is equivalent to the one described by (2.14). To satisfy this requirement we choose Φ in the symmetric (traceless) 5 -dimensional representation of OSp(1|4) [34]: Φ(x) ≡ (_1

4 π(x) + iϕ(x)γ_5 + ϕ^a(x)γ_aγ_5 ζ(x) −ζ̄(x) π(x) ) (3.3)

Now translations and supersymmetries of OSp(1|4) can be used to set ϕ^a and ζ to zero [34]. Moreover, the OSp(1|4)-invariant constraint

Φ^3 + Φ = 0 (3.4)

enforces π = 0 and ϕ = ±1, reducing Φ to the constant supermatrix ±Γ (ignoring the trivial solution Φ = 0. If we want to exclude it, we can instead impose the OSp(1|4)-invariant constraints STr(Φ^2) = 4(const)^2, STr(Φ^3) = 0 see ref. [35]). The simplest way to implement the constraint (3.4) is to add a (OSp(1|4)-invariant) Lagrange multiplier term in the action:

S_λ = ∫ STr(λΦ(Φ^2 + 1)Φ DΦDΦDΦDΦ) (3.5)

where the Lagrange multiplier λ(x) is proportional to the unit matrix, i.e. λ(x) = λ(x)1, generalizing the analogous term in the SO(2, 3)-invariant formulation of gravity (see for ex. [39, 38]). Another interesting possibility is to give dynamics (cf. [34]) to the fields π(x) and ϕ(x) with a potential admitting a stable minimum for the values π = 0 and ϕ = const.

This OSp(1|4) gauge invariant formulation of N = 1, D = 4 anti De Sitter supergravity is our starting point for a noncommutative supersymmetric extension.

4 Noncommutative OSp(1|4) supergravity

4.1 The NC action

The NC theory is obtained by a ⋆-deformation of the action in (3.2): S = ∫ STr(R ⋆ (1 +

Φ ⋆ Φ 2 ) ∧_⋆ R ⋆ Φ) (4.1)

where the curvature 2-form R is now:

R = dΩ − Ω ∧_⋆ Ω (4.2)

and the ⋆-exterior product between forms is defined as τ ∧_⋆ τ^′ ≡ ∞∑ n=0 ( i 2 )_n θ^{A1B1} · · · θ^{AnBn} (ℓ_{XA1} · · · ℓ_{An} τ) ∧ (ℓ_{B1} · · · ℓ_{Bn} τ^′) = τ ∧ τ^′ + i 2 θ^{AB} (ℓ_Aτ) ∧ (ℓ_Bτ^′) + 1 2! ( i 2 )_2

θ^{A1B1} θ^{A2B2} (ℓ_{A1} ℓ_{A2} τ) ∧ (ℓ_{B1} ℓ_{B2} τ^′) + · · · (4.3)

where ℓ_A are Lie derivatives along commuting vector fields X_A. This noncommutative product is associative due to [X_A, X_B] = 0. If the vector fields X_A are chosen to coincide with the partial derivatives ∂_μ, and if τ, τ^′ are 0-forms, then τ ⋆ τ^′ reduces to the well-known Moyal-Groenewold product [11].

The ⋆-gauge transformations of the NC fields are:

δ_ϵΩ = dϵ − Ω ⋆ ϵ + ϵ ⋆ Ω (4.4) δ_ϵΦ = −Φ ⋆ ϵ + ϵ ⋆ Φ (4.5)

Recalling the ⋆-gauge transformation of the curvature induced by (4.4):

δ_ϵR = −R ⋆ ϵ + ϵ ⋆ R (4.6)

and the cyclicity of the supertrace and of the integral^2 , the action (4.1) is manifestly invariant under the ⋆-gauge symmetry.

Because of noncommutativity, the ⋆-symmetry group is enhanced to U(1, 3|1) so as to contain all enveloping algebra generators. Thus the NC 1-form connection is given by Ω = ( Ω ψ ψ̄ w ) , Ω ≡ 1 4 ω^{ab}γ_{ab} + iω + ω̃γ_5 − i 2 V^aγ_a − i 2 ~V^aγ_aγ_5 (4.7)

and correspondingly the gauge parameter supermatrix ϵ becomes ϵ = ( ε ϵ ϵ̄ η ) , ϵ ≡ 1 4 ε^{ab}γ_{ab} + iε + ~εγ_5 − i 2 ε^aγ_a − i 2 ~ε^aγ_aγ_5 (4.8)

containing all the gauge parameters of the superalgebra U(1, 3|1). As usual in NC theories, the algebra of gauge transformations closes as follows:

[δ_{ϵ1} , δ_{ϵ2} ] = δ_{ϵ1⋆ϵ2−ϵ2⋆ϵ1} (4.9)

Consistency with the ⋆-gauge transformations requires for the 0-form Φ a similar expansion: Φ = ( Φ ζ −ζ̄ π ) , Φ ≡ i 4 ϕ^{ab}γ_{ab} + 1 4 π + iϕγ_5 + ϕ^aγ_a + ~ϕ^aγ_aγ_5 (4.10)

The crucial difference between the two supermatrix fields Ω and Φ (besides their different form degree) is their commutative limit. We will see in Section 6 how the Seiberg-Witten map ensures that in the θ → 0 limit Ω contains only Cantisymmetric gamma matrices (cf. (2.2)) and Φ only C-symmetric gamma matrices (cf. (3.3)).

In analogy with the classical case we also require the U(1, 3|1)-invariant constraint:

Φ ⋆ Φ ⋆ Φ + Φ = 0 (4.11) reducing to (3.4) for θ → 0. In alternative, we can require STr(Φ ⋆ Φ) = 4(const)^2, STr(Φ ⋆ Φ ⋆ Φ) = 0.

2twisted differential geometry is treated for ex. in [10]; see the Appendix of [23] for a summary.

4.2 Hermiticity conditions and reality of the NC action

In the expansions (4.7) and (4.10) all fields are taken to be real. This is equivalent to the relations

Ω^† = −Γ_0ΩΓ_0, Φ^† = Γ_0ΦΓ_0, Γ_0 ≡ ( γ_0 0 0 1 ) (4.12)

due to γ_{ab} and γ_5 being γ_0 antihermitian (i.e. γ^†_{ab} = −γ_0γ_{ab}γ_0 etc), while 1, γ_a and γ_aγ_5 are γ_0 -hermitian. Noting that Γ^2_0 = 1, and that the Γ_0-antihermiticity of Ω implies Γ_0-antihermiticity of R, one easily proves that the NC action is real.

4.3 Charge conjugation invariance

The NC action is also invariant under substitution of the fields by their charge conjugates

Ω^c ≡ −C^{−1}Ω^T C ⇒ R^c = −C^{−1}R^T C, Φ^c ≡ C^{−1}Φ^T C, C ≡ ( C 0 0 1 ) (4.13)

and simultaneously changing θ into −θ in the ⋆-products. Indeed

S^c = ∫ Str(C^{−1}R^T C(1 + 1 2 C^{−1}Φ^T CC^{−1}Φ^T C)C^{−1}R^T CC^{−1}Φ^T C)_{−θ} = ∫ Str(R^T (1 + 1 2 Φ^T Φ^T )R^T Φ^T )_{−θ} = ∫ Str(ΦR(1 + 1 2 ΦΦ)R)^T_θ = ∫ Str(R(1 + 1 2 ΦΦ)RΦ)^T_θ = S (4.14)

using ciclicity of the integral and of the supertrace, and invariance of the superstrace under matrix transposition. We have defined (ABC...)_θ to be the ⋆-(exterior) product between the forms A, B, C... and (ABC...)_{−θ} to be the same product with opposite θ. Note that for ex. (AB)^T_θ = ±(B^T A^T )_{−θ} for A(x), B(x) matrix valued fields (the minus sign when A and B are both forms of odd degree), i.e. the transposition acts only on the matrix structure of A and B. To interchange the ordering of A and B as functions of x one needs θ → −θ, since (f ⋆ g)_θ = (g ⋆ f)_{−θ}, as follows from the definition (1.2).

5 The geometric Seiberg-Witten map

The results of this Section hold for any gauge group. Here we denote by ^Ω the NC gauge field, and by ^ε the NC gauge parameter. The Seiberg-Witten map relates ^Ω to the ordinary Ω, and ^ε to the ordinary ε so as to satisfy:

^Ω(Ω) + ^δ^_ε ^Ω(Ω) = ^Ω(Ω + δ_εΩ) (5.1) with

δ_εΩ_μ = ∂_με + εΩ_μ − Ω_με , (5.2) ^δ^_ε ^Ω_μ = ∂_μ ^ε + ^ε ⋆ ^Ω_μ − ^Ω_μ ⋆ ^ε . (5.3) In words: the dependence of the noncommutative gauge field on the ordinary gauge field is fixed by requiring that ordinary gauge variations of Ω inside ^Ω(Ω) produce the noncommutative gauge variation of ^Ω.

Similarly noncommutative “matter fields” are related to the commutative ones by requiring ^Φ(Φ, Ω) + ^δ^_ε ^Φ(Φ, Ω) = ^Φ(Φ + δ_εΦ, Ω + δ_εΩ) . (5.4) The conditions (5.1), (5.4) are satisfied if the following differential equations in the noncommutativity parameter θ^{AB} hold [1, 24]: ∂ ∂θ^{AB} ^Ω = i 4 { ^Ω_{[A}, ℓ_{B]} ^Ω + ^R_{B]}}_⋆ , (5.5) ∂ ∂θ^{AB} ^Φ = i 4 { ^Ω_{[A}, IL_{B]} ^Φ}_⋆ , (5.6) ∂ ∂θ^{AB} ^ε = i 4 { ^Ω_{[A}, ℓ_{B]} ^ε}_⋆ , (5.7)

where:

• ^Ω_A, ^R_A are defined as the contraction i_A along the tangent vector X_A of the exterior forms ^Ω, ^R, i.e. ^Ω_A ≡ i_A ^Ω, ^R_A ≡ i_A ^R.

• The bracket [A B] denotes antisymmetrization of the indices A and B with weight 1, so that for example ^Ω_{[A} ^R_{B]} =^1_2 ( ^Ω_A ^R_B − ^Ω_B ^R_A). The bracket { , }_⋆ is the usual ⋆-anticommutator, for example {Ω_A, R_B }_⋆ = Ω_A ⋆ R_B + R_B ⋆ Ω_A. • The second differential equation holds for fields transforming in the adjoint representation. Notice that ^Φ can also be an exterior form. The “fat” Lie derivative IL_B is defined by IL_B ≡ ℓ_B + L_B where L_B is the covariant Lie derivative along the tangent vector X_B; it acts on the field ^Φ as

L_B ^Φ = ℓ_B ^Φ − [ ^Ω_B , ^Φ]_⋆ ,

with [ ^Ω_B , ^Φ]_⋆ = ^Ω_B ⋆ ^Φ − ^Φ ⋆ ^Ω_B . In fact the covariant Lie derivative L_B can be written in Cartan form:

L_B = i_B D + Di_B , (5.8) where D is the covariant derivative.

The differential equations (5.5)-(5.7) hold for any abelian twist defined by arbitrary commuting vector fields X_A [24]. They reduce to the usual Seiberg-Witten differential equations [1] in the case of a Moyal-Groenewold twist, i.e. when X_A → ∂_μ.

We can solve these differential equations order by order in θ by expanding ^Ω, ^ε and ^Φ in power series of θ

^Ω = Ω + Ω^1 + Ω^2 . . . + Ω^n . . . (5.9) ^ε = ε + ε^1 + ε^2; . . . + ε^n . . . (5.10) ^Φ = Φ + Φ^1 + Φ^2 . . . + Φ^n . . . (5.11)

where the fields Ω^n, ε^n and Φ^n are homogeneous polynomials in θ of order n. By multiplying the differential equations by θ^{AB} and using the identities θ^{AB ∂}_{∂θAB} Ω^{n+1} = (n + 1)Ω^{n+1} and similar for ε^{n+1} and Φ^{n+1}, we obtain the recursive relations

Ω^{n+1} = i θ^{AB} 4(n + 1)

{ ^Ω_A, ℓ_B ^Ω + ^R_B }^n_⋆ , (5.12)

Φ^{n+1} = i θ^{AB} 4(n + 1)

{ ^Ω_A, IL_B ^Φ}^n_⋆ , (5.13)

ε^{n+1} = i θ^{AB} 4(n + 1)

{ ^Ω_A, ℓ_B ^ε}^n_⋆ , (5.14)

where for any field P (also composite, as for ex. { ^Ω_A, IL_B ^Φ}_⋆), P^n denotes its component of order n in θ. These recursion relations reduce to the ones found in ref. [41] in the special case of a Moyal twist.

In the following we omit the hat denoting noncommutative fields, the ⋆ and ∧_⋆ products, and simply write { , }, [ , ] for { , }_⋆, [ , ]_⋆.

If P and Q are forms in the adjoint representation of the gauge group (i.e. if δ_εP = −P ε + εP etc.) the following recursion relation for the product P Q holds [25]:

(P Q)^{n+1} = i θ^{AB} 4(n + 1) ( {Ω_A, IL_B (P Q)} + 2L_AP L_B Q )_n . (5.15)

Some other useful identities are [25]: θ^{AB} L_AL_B P = − 1 2 θ^{AB} {R_{AB}, P } (5.16) θ^{AB} IL_AΩ_B = θ^{AB} R_{AB} (5.17) θ^{AB} ∫ T r ( {Ω_A, IL_B (P Q)} + 2L_AP L_B Q ) = θ^{AB} ∫ T r ( {R_{AB}, P }Q ) (5.18)

where R_{AB} ≡ i_B i_AR. Finally, using (5.15) one can find the recursion relation for the curvature: R^{n+1} = i θ^{AB} 4(n + 1) ( {Ω_A, IL_BR} − [R_A, R_B ] )_n (5.19)

Some basic formulae of Cartan calculus, used in deriving the above identities, are listed in Appendix A.

6 The extended OSp(1|4) supergravity action

We now discuss the θ expansion of the NC action (4.1) , where the NC supermatrix fields Ω and Φ have been substituted by their SW expansion in terms of the classical fields.

6.1 The action is even in θ

We first note that the SW map is such that:

Ω^c_θ ≡ −C^{−1}Ω^T_θ C = Ω_{−θ}, ⇒ R^c_θ = −C^{−1}R^T_θ C = R_{−θ} (6.1) Φ^c_θ ≡ C^{−1}Φ^T_θ C = Φ_{−θ} (6.2) where the θ dependence is explicitly indicated as a subscript. The proof by induction, using (5.12) and (5.13), is straightforward. Suppose that relations (6.1) hold up to order θ^n. Then

−C^{−1}(Ω^T )^{n+1}_θ C = = −iθ^{AB} 4(n + 1)

(C^{−1}Ω^T_θ CC^{−1}(ℓ_B Ω + R)^T_θ C + C^{−1}(ℓ_BΩ + R)^T_θ CC^{−1}Ω^T_θ C)^n = −iθ^{AB} 4(n + 1)

(Ω_{−θ}(ℓ_BΩ + R)_{−θ} + (ℓ_BΩ + R)_{−θ}Ω_{−θ})^n = Ω^{n+1}_{−θ} (6.3) Similarly one proves (6.2). Exploiting now the invariance of the NC action S under charge conjugation, proved in Section 4, and using the relations (6.1) and (6.2) one finally finds:

S_θ = S^c_θ = S_{−θ} (6.4) i.e. the NC action S is even in θ. Therefore the θ-expansion of S has the form: S = S^0 + S^2 + S^4 + · · · (6.5) and the first nonvanishing correction to the classical action S^0 is at order θ^2.

Note that the relations (6.1) and (6.2) imply the following conditions on the NC component fields:

ω^{ab}_θ = ω^{ab}_{−θ}, V^a_θ = V^a_{−θ}, Cψ̄^T_θ = ψ_{−θ} (6.6) ω_θ = −ω_{−θ}, ω̃_θ = −ω̃_{−θ}, ~V^a_θ = − ~V^a_{−θ} (6.7) and π_θ = π_{−θ}, ϕ_θ = ϕ_{−θ}, ~ϕ^a_θ = ~ϕ^a_{−θ}, Cζ̄^T_θ = ζ_{−θ} (6.8) ϕ^{ab}_θ = −ϕ^{ab}_{−θ}, ϕ^a_θ = −ϕ^a_{−θ} (6.9) where the θ dependence of the NC fields is indicated with a subscript. Thus in the limit θ → 0 we see that only ω^{ab}, V^a and ψ survive in Ω, and only π, ϕ, ~ϕ^a and ζ survive in Φ, in agreement with the classical fields in (2.2) and (3.3). Note that Cψ̄^T_θ = ψ_{−θ} (and similar for ζ) is the noncommutative definition for a Majorana spinor [20, 23], consistent with the NC gauge transformations and reducing to the usual definition for θ = 0.

6.2 The action at order θ^2

We can compute the θ^2 correction with the help of the recursion relations (5.15) for composite fields, and the identities at the end of section 5. The result reads:

S^2 = S^2_{RRΦ} + S^2_{RΦΦRΦ} (6.10)

with

S^2_{RRΦ} = − 1 16 θ^{AB} θ^{CD} ∫ STr(R_{AB} R_{CD}RRΦ + 1 2 {R_{CD}, RR}R_{AB} Φ − 2R_{AC} R_{BD}{RR, Φ} + {R_{AB} , L_C R}L_DRΦ + {R_{AB} , Φ}L_C RL_DRΦ + 2{R_{AC} , L_DR}[L_B R, Φ] − {R_{CD}, R_AR_B }RΦ − {R_{CD}, R}R_AR_B Φ − R_{AB} {R_C R_D, R}{Φ, R_{AB}} + R_{AB} L_C ((RR)L_DΦ + RRL_C R_{AB} L_DΦ − 2L_A(R_C R_D){L_B R.Φ} + 2L_AR(L_C L_B R)L_DΦ − L_C R_AL_DR_B RΦ − 2RL_C (R_AR_B )L_DΦ − 2RL_C R_AL_DR_B Φ + 2i_A(R_C R_D)({R_B, RΦ} + [R_B , ΦR]) + 2R_AR_B L_C RL_DΦ + 4R_AR_BR_C R_DΦ) (6.11)

S^2_{RΦΦRΦ} = − 1 16 θ^{AB} θ^{CD} ∫ STr(( 1 2 {R_{CD}, {R_{AB}, RΦΦ}} − {R_{CD}, {R_AR_B Φ, Φ}} + {R_{CD}, L_AR{Φ, L_B Φ}} + {R_{CD}, RL_AΦL_B Φ} + {R_{CD}, ΦL_ARL_B Φ} − {{R_{AC} , R_{BD}}, RΦΦ} + [L_C R_{AB} , L_D(RΦΦ)] + {R_{AB} , L_C RL_D(ΦΦ) − R_C R_DΦΦ + RL_C ΦL_DΦ} − [L_C (R_AR_B ), L_DΦ] − {L_C R_AL_DR_B Φ, Φ} + {[i_A(R_C R_D), R_BΦ], Φ} + L_C L_A(RΦ)L_DL_B Φ + ((L_C L_AR)L_DΦ + {R_{AC} , L_DR}Φ − L_A(R_C R_DΦ))L_B Φ + L_A(RΦ){R_{BC} , L_DΦ} + (L_C RL_DL_AΦL_B Φ + R{R_{AC} , L_DΦ})L_B Φ + [L_C (L_ARL_B Φ), L_DΦ] + {L_C L_ARL_DL_B Φ + {R_{AC} , L_DR}L_B Φ − L_A(R_C R_D)L_B Φ + L_AR{R_{BC} , L_DΦ}, Φ})RΦ + 2( 1 2 {R_{AB} , RΦΦ} − {R_AR_B Φ, Φ} + L_A(RΦ)L_B Φ + {L_ARLL_B Φ, Φ})(L_C RL_DΦ − R_C R_DΦ) (6.12)

These corrections to the classical OSp(1|4) action are invariant under local (ordinary) OSp(1|4) gauge variations, as is manifest since all quantities appearing in S^2 are gauge covariant, and transform in the adjoint (i.e. as commutators with the gauge parameter). The SW map is designed to ensure this invariance: to find explicitly gauge invariant corrections, order by order in θ, is a powerful check on the computations.

To recover the usual N = 1, D = 4 AdS supergravity (without auxiliary fields) in the θ → 0 limit one still needs to break OSp(1|4) to its Lorentz subroup. This is done exactly as in the classical case, by choosing the gauge where Φ becomes the constant supermatrix Γ defined in (2.15) (the constrained auxiliary fields take constant values). This gauge breaks translations and supersymmetry. We have seen how supersymmetry can be uncovered in the classical (θ = 0) gauge fixed action. The question whether a hidden supersymmetry is present also in the gauge fixed extended (θ ≠ 0) action is left to future investigations.

7 Conclusions

The fascinating idea that (super)gravity has some kind of conformal phase, before breaking occurs and dimensionful constants emerge is rather old and the OSp(4|1) actions we have been discussing are part of this idea. We have presented a noncommutative extension of OSp(4|1) supergravity, which, through the use of the Seiberg-Witten map (adapted to abelian twists and suitably “geometrized”), produces a higher derivative supergravity in D = 4, with constrained auxiliary fields. This extended theory is invariant under the whole supergroup OSp(1|4). In our approach noncommutativity is really used as a guide to construct an extended, locally supersymmetric higher derivative theory with the same symmetries of its classical limit.

Acknowledgements

We thank Paolo Aschieri for useful comments on the manuscript.

A Cartan formulae

The usual Cartan calculus formulae simplify if we consider commuting vector fields X_A, and read

ℓ_A = i_Ad + di_A , L_A = i_AD + Di_A (A.1) [ℓ_A, ℓ_B] = 0 , [L_A, L_B] = i_Ai_B R (A.2) [ℓ_A, i_B ] = 0 , [L_A, i_B] = 0 (A.3) i_Ai_B + i_B i_A = 0 , d ∘ d = 0 , D ∘ D = R (A.4)

B Gamma matrices in D = 4

We summarize in this Appendix our gamma matrix conventions in D = 4. η_{ab} = (1, −1, −1, −1), {γ_a, γ_b} = 2η_{ab}, [γ_a, γ_b] = 2γ_{ab}, (B.1) γ_5 ≡ iγ_0γ_1γ_2γ_3, γ_5γ_5 = 1, ε_{0123} = −ε^{0123} = 1, (B.2) γ^†_a = γ_0γ_aγ_0, γ^†_5 = γ_5 (B.3) γ^T_a = −Cγ_aC^{−1}, γ^T_5 = Cγ_5C^{−1}, C^2 = −1, C^† = C^T = −C (B.4)

B.1 Useful identities

γ_aγ_b = γ_{ab} + η_{ab} (B.5) γ_{ab}γ_5 = i 2 ϵ_{abcd}γ^{cd} (B.6) γ_{ab}γ_c = η_{bc}γ_a − η_{ac}γ_b − iε_{abcd}γ_5γ^d (B.7) γ_cγ_{ab} = η_{ac}γ_b − η_{bc}γ_a − iε_{abcd}γ_5γ^d (B.8) γ_aγ_bγ_c = η_{ab}γ_c + η_{bc}γ_a − η_{ac}γ_b − iε_{abcd}γ_5γ^d (B.9) γ^{ab}γ_{cd} = −iε^{ab}_{cd}γ_5 − 4δ^{[a}_{[c} γ^{b]}_{d]} − 2δ^{ab}_{cd} (B.10) T r(γ_aγ^{bc}γ_d) = 8 δ^{bc}_{ad} (B.11) T r(γ_5γ_aγ_{bc}γ_d) = −4i ε_{abcd} (B.12)

where δ^{ab}_{cd} ≡^1_2 (δ^a_c δ^b_d −δ^b_c δ^a_d ), δ^{rse}_{abc} ≡^1_{3!} (δ^r_aδ^s_b δ^e_c + 5 terms), and indices antisymmetrization in square brackets has total weight 1.

B.2 Charge conjugation and Majorana condition

Dirac conjugate ψ̄ ≡ ψ^†γ_0 (B.13) Charge conjugate spinor ψ^C = C(ψ̄)^T (B.14) Majorana spinor ψ^C = ψ ⇒ ψ̄ = ψ^T C (B.15)

References

[1] N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 9909, 032 (1999) [hep-th/9908142].

[2] Letter of Heisenberg to Peierls (1930), in: Wolfgang Pauli, Scientific Correspondence, vol. II, 15, Ed. Karl von Meyenn, Springer-Verlag 1985.

[3] H. S. Snyder, Quantized space-time, Phys. Rev. 71, 38 (1947). The Electromagnetic Field in Quantized Space-Time, Phys. Rev. 72, 68 (1947).

[4] A. Connes, Non-commutative Geometry, Academic Press (1994).

[5] G. Landi, An introduction to noncommutative spaces and their geometry, Springer, New York, 1997; hep-th/9701078.

[6] J. Madore, An Introduction to Noncommutative Differential Geometry and its Physical Applications, 2nd Edition, Cambridge Univ. Press, 1999.

[7] L. Castellani, Noncommutative geometry and physics: A review of selected recent results, Class. Quant. Grav. 17, 3377 (2000), [hep-th/0005210].

[8] M. R. Douglas and N. A. Nekrasov, Noncommutative field theory, Rev. Mod.

Phys. 73, 977 (2001), [hep-th/0106048].

[9] R. J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378, 207 (2003), [hep-th/0109162].

[10] P. Aschieri, M. Dimitrijevic, P. Kulish, F. Lizzi, J. Wess, “Noncommutative Spacetimes”, Lecture Notes in Physics, vol. 774, Springer 2009.

[11] J. E. Moyal, Quantum mechanics as a statistical theory, Proc. Camb. Phil. Soc.

45 (1949) 99 ; H. Groenewold, Physica 12 (1946) 405.

[12] H. Weyl, “Quantum mechanics and group theory,” Z. Phys. 46, 1 (1927).

[13] J. Madore, S. Schraml, P. Schupp, J. Wess, “Gauge theory on noncommutative spaces,” Eur. Phys. J. C16 (2000) 161-167. [hep-th/0001203].

[14] B. Jurco, L. Moller, S. Schraml, P. Schupp, J. Wess, “Construction of non- Abelian gauge theories on noncommutative spaces,” Eur. Phys. J. C21 (2001) 383-388. [hep-th/0104153].

[15] P. Aschieri, B. Jurco, P. Schupp, J. Wess, “Noncommutative GUTs, standard model and C,P,T,” Nucl. Phys. B651 (2003) 45-70. [hep-th/0205214].

[16] P. Aschieri, C. Blohmann, M. Dimitrijević, F. Meyer, P. Schupp and J. Wess, A Gravity Theory on Noncommutative Spaces, Class. Quant. Grav. 22, 3511-3522 (2005), [hep-th/0504183];

[17] A. H. Chamseddine, “Invariant actions for noncommutative gravity,” J. Math.

Phys. 44, 2534 (2003) [hep-th/0202137].

[18] A. H. Chamseddine, “SL(2,C) gravity with complex vierbein and its noncommutative extension,” Phys. Rev. D 69, 024015 (2004) [hep-th/0309166].

[19] M. A. Cardella and D. Zanon, “Noncommutative deformation of fourdimensional Einstein gravity,” Class. Quant. Grav. 20, L95 (2003) [hep-th/0212071].

[20] P. Aschieri and L. Castellani, “Noncommutative D=4 gravity coupled to fermions,” JHEP 0906 (2009) 086 [arXiv:0902.3817 [hep-th]].

[21] P. Aschieri and L. Castellani, “Noncommutative gauge fields coupled to noncommutative gravity,” arXiv:1205.1911 [hep-th], to be publ. in GERG.

[22] P. Aschieri and L. Castellani, “Extended gravity theories from dynamical noncommutativity,” arXiv:1206.4096 [hep-th], to be publ. in GERG.

[23] P. Aschieri and L. Castellani, “Noncommutative supergravity in D=3 and D=4,” JHEP 0906 (2009) 087 [arXiv:0902.3823 [hep-th]].

[24] P. Aschieri and L. Castellani, “Noncommutative gravity coupled to fermions:

second order expansion via Seiberg-Witten map,” JHEP 1207, 184 (2012) [arXiv:1111.4822 [hep-th]].

[25] P. Aschieri, L. Castellani and M. Dimitrijevic, “Noncommutative gravity at second order via Seiberg-Witten map,” arXiv:1207.4346 [hep-th], to be publ. in Phys. Rev. D.

[26] M. Dimitrijevic, V. Radovanovic and H. Stefancic, “AdS-inspired noncommutative gravity on the Moyal plane,” Phys. Rev. D 86, 105041 (2012) [arXiv:1207.4675 [hep-th]].

[27] E. Di Grezia, G. Esposito, M. Figliolia and P. Vitale, “The Seiberg- Witten map for non-commutative pure gravity and vacuum Maxwell theory,” arXiv:1209.1331 [hep-th].

[28] L. Castellani, R. D’Auria and P. Fre, “Supergravity and superstrings: A Geometric perspective. Vol. 2: Supergravity,” pp. 709-725, Singapore, Singapore: World Scientific (1991)

[29] P. van Nieuwenhuizen, “Gauging of spacetime algebras,” in *Quantum groups and their applications in Physics*, Proc. E. Fermi School 1996, L. Castellani and J. Wess eds., p.595.

[30] P. van Nieuwenhuizen, “Supergravity as a Yang-Mills theory,” In *’t Hooft, G.

(ed.): 50 years of Yang-Mills theory* 433-456 [hep-th/0408137].

[31] S. W. MacDowell and F. Mansouri, “Unified Geometric Theory of Gravity and Supergravity,” Phys. Rev. Lett. 38, 739 (1977) [Erratum-ibid. 38, 1376 (1977)].

[32] D. Z. Freedman, P. van Nieuwenhuizen and S. Ferrara, “Progress Toward a Theory of Supergravity,” Phys. Rev. D 13, 3214 (1976).

[33] S. Deser and B. Zumino, “Consistent Supergravity,” Phys. Lett. B 62, 335 (1976).

[34] A. H. Chamseddine, “Massive Supergravity from Spontaneously Breaking Orthosymplectic Gauge Symmetry,” Annals Phys. 113, 219 (1978).

[35] A. H. Chamseddine, “Massive Supergravity from Nonlinear Realization of Orthosymplectic Gauge Symmetry and Coupling to (Spin 1/2, Spin 1) Multiplet,” Nucl. Phys. B 131, 494 (1977).

[36] C. R. Preitschopf and M. A. Vasiliev, “The Superalgebraic approach to supergravity,” In *Buckow 1997, Theory of elementary particles* 483-488 [hep-th/9805127].

[37] P. C. West, “A Geometric Gravity Lagrangian,” Phys. Lett. B 76, 569 (1978).

[38] P. Fre, “On De Sitter Gauge Invariance And De Sitter Spinor Calculus In Gravitation Theory,” Nuovo Cim. B 53, 369 (1979).

[39] K. S. Stelle and P. C. West, “Spontaneously Broken De Sitter Symmetry And The Gravitational Holonomy Group,” Phys. Rev. D 21, 1466 (1980).

[40] A. D’Adda, R. D’Auria, P. Fre and T. Regge, “Geometrical Formulation Of Supergravity Theories On Orthosymplectic Supergroup Manifolds,” Riv. Nuovo Cim. 3N6, 1 (1980).

[41] K. Ulker, B. Yapiskan, “Seiberg-Witten maps to all orders,” Phys. Rev. D77 (2008) 065006. [arXiv:0712.0506 [hep-th]].