arXiv:1301.2016v3 [gr-qc] 27 Apr 2013

On the Weyl Tensor Classification in All Dimensions and its Relation with Integrability Properties

Carlos Batista^∗ Departamento de Física, Universidade Federal de Pernambuco, 50670-901 Recife - PE, Brazil

In this paper the Weyl tensor is used to define operators that act on the space of forms. These operators are shown to have interesting properties and are used to classify the Weyl tensor, the well known Petrov classification emerging as a special case. Particularly, in the Euclidean signature this classification turns out be really simple. Then it is shown that the integrability condition of maximally isotropic distributions can be described in terms of the invariance of certain subbundles under the action of these operators. Here it is also proved a new generalization of the Goldberg-Sachs theorem, valid in all even dimensions, stating that the existence of an integrable maximally isotropic distribution imposes restrictions on the optical matrix. Also the higher-dimensional versions of the self-dual manifolds are investigated. These topics can shed light on the integrability of Einstein’s equation in higher dimensions.

Keywords: Weyl tensor, Goldberg-Sachs theorem, Isotropic structures, Integrability, Petrov classification, Mariot-Robinson theorem, Self-dual manifolds

I. INTRODUCTION

The Petrov classification [1, 2] is a scheme to classify the Weyl tensor in four dimensions that has been responsible for much progress on general relativity. In particular it was of fundamental importance for the discovery of one of the most important solutions to Einstein’s equation, the Kerr metric [3]. The main reason behind the usefulness of such classification is encoded on the Goldberg-Sachs(GS) theorem, which states that in a vacuum(Ricci-flat) fourdimensional Lorentzian manifold the Weyl tensor is algebraically special if, and only if, the spacetime admits a congruence of null geodesics that is shear-free [4]. Later it has been proved that this theorem could be extended to all signatures if the concept of shear-free geodesics is replaced by the existence of an integrable maximally isotropic distribution [5, 6], revealing the geometrical content of the GS theorem.

The intent of the present article is to generalize the Petrov classification to all dimensions and to find extensions of Goldberg-Sachs theorem (specially in even dimensions). Hopefully this will help the search of new exact solutions to Einstein’s equation in higher dimensions, with relevance to string theory compactifications. Since Einstein’s equation is non-linear there is usually no hope to find all its solutions, however with the help of GS theorem Kinnersley was able to find all Petrov type D vacuum solutions in four dimensions [7], a really impressive achievement. The topics discussed here can, analogously, help to fully integrate Einstein’s equation under certain circumstances in higher dimensions. Also the results obtained here should promote more geometrical insight about the Weyl tensor with possible applications in general relativity. Moreover this work has applicability in differential geometry, specially in areas related to the integrability of distributions and in spinor geometry, since maximally isotropic distributions are ubiquitous in this article. Finally it is pertinent to mention that recently it was made an explicit connection between Navier-Stokes’ and Einstein’s equations [8], in this connection the classification of the Weyl tensor makes a prominent role.

Different classification schemes for the Weyl tensor in dimensions greater than four have been already defined during the last decade. In [9] it was put forward a form to classify any tensor in Lorentzian spaces based on the so called boost weight, the well known CMPP classification. Extensions of the GS theorem using such classification were looked for and some progress has been made [10–12]. A recent review of this approach is available in reference [13]. In [14, 15] it was defined a classification scheme for the Weyl tensor valid in any dimension and signature based on the maximally isotropic structures and it was found a generalization of the GS theorem that will be used in the present article. In [16] the Weyl tensor was classified in five dimensions using spinor techniques and applications were made. In [17] it was worked out a classification scheme for the Weyl tensor in six dimensions using spinors and the generalized GS theorem of [15] was elegantly translated to the spinor language. Finally, a very recent paper used spinorial language to define a classification for the Weyl tensor in even dimensions [18]. The classification presented here is more refined than the previous ones and has the classification of reference [17] and the Petrov classification as special cases. A short

∗Electronic address: carlosbatistas@df.ufpe.br

and nice review of the previous literature can be found in [19], where some possible applications of these subjects are also discussed.

In section II the Weyl tensor is used to define operators C_p that act on the space of p-forms, it is also shown that such operators have nice properties. For example, in the Euclidean signature they are Hermitean. These operators are then used to classify the Weyl tensor in any dimension. Section III shows that in even dimensions, d = 2n, the operator C_n preserves the space of (anti-)self-dual n-forms and this is used to split this operator into the direct sum of a self-dual part and an anti-self-dual part. In section IV it is proved that in even dimensions the integrability condition for maximally isotropic distributions found in [15] can be nicely expressed in terms of the operator C_n. Section V introduces a notation in which the map C_p takes a really simple and elegant form. Although not deeply exploited here this notation seems to be promising. Then section VI gives a brief review of some other important methods of classification for the curvature and argues how the classification introduced here can be helpful. Section VII provides a new and simple proof of the generalized Mariot-Robinson theorem that will be important for future sections. Finally, in sections VIII and IX are shown links between the integrability of null structures and the optical matrix. In particular it is proved a new generalization of the GS theorem, stating that in even dimensions the existence of integrable maximally isotropic distributions imposes restrictions on the optical matrix. Appendix A defines a refined version of the Segre classification that is used to classify the operators C_p, while appendix B presents important results about simple forms that are used throughout the article.

In the present work the vector bundles are assumed to be complexified so that the results can be applied to any signature, on the same lines of references [2, 6, 17]. All results obtained here are local and it is always assumed that the manifold is endowed with a non-degenerate metric and its Levi-Civita connection. Throughout the article some examples are worked out with the intent of facilitating the comprehension and showing possible applications of the concepts and tools introduced here.

II. THE MAP Cp

Let (M, g) be a manifold of dimension d endowed with a non-degenerate real metric tensor g_{μν} of arbitrary signature s^1. When convenient the tangent bundle of this manifold will be implicitly assumed to be complexified. Since all results throughout this article will be local we can always assume the existence of a volume form denoted by ε_{ν1ν2 ...νd} . This d-form obeys to the following well known identity^2: ε^{μ1 ...μp νp+1...νd} ε_{μ1...μp αp+1...αd} = p!(d − p)! (−1)^{d−s2} δ^{[νp+1}_{αp+1} . . . δ^{νd]}_{αd} . (1) Given a p-form K_{ν1...νp} = K_{[ν1...νp]} then its Hodge dual is the (d − p)-form defined by: ~K_{μ1...μd−p} = 1 p! ε^{ν1...νp}_{μ1...μd−p} K_{ν1 ...νp} . (2) Taking the Hodge dual twice and using equation (1) it is straightforward to prove the following important relation: ~K_{ν1 ...νp} = (−1)_{[p(d−p)+}^{d−s}_{2 ]} K_{ν1...νp} . (3) The tangent bundle of (M, g) is assumed to be endowed with the Levi-Civita connection, whose trace-less part of the curvature, called the Weyl tensor, will be denoted by C_{μναβ} . This tensor has the following symmetries:

C_{μναβ} = C_{[μν][αβ]} = C_{αβμν} ; C_{μ[ναβ]} = 0 ; C^μ_{νμβ} = 0 . (4)

By means of the Weyl tensor we can define the following linear operator that act on the space of p-forms with p ≥ 2: C_p : K_{ν1 ...νp} → K^′_{ν1 ...νp} = C^{αβ}_{[ν1ν2} K_{ν3...νp ]αβ} . (5) The particular case p = 2 of the above operator has been of fundamental importance to the development of general relativity in four dimensions, since it gives rise to the well known Petrov classification [1, 2]. Such classification has

1 In this article the metric tensor is assumed to be real just because sometimes it is convenient to deal with a real Weyl tensor. But almost all results presented here are also valid for the case of a complex metric.

2 As usual the indices enclosed by square brackets are anti-symmetrized, while the indices inside round brackets are symmetrized. For example, T_{[ab]} =^1_2 (T_{ab} − T_{ba}) and T_{(ab)} =^1_2 (T_{ab} + T_{ba}). Also, repeated indices are assumed to be summed.

been used to find very important solutions to Einstein’s equation, the most important examples being the Kerr metric [3] and all type D vacuum solutions [7]. The operator C_2 was also investigated in higher dimensions on reference [20], with the intent of refining CMPP classification. It is also interesting to note that in six dimensions the operator C_3 reduces to the Weyl operator defined on [17] using spinors. But, as far as the present author knows, the operators C_p, for arbitrary p, have not been defined before. The goal of the present article is to study some properties of the maps C_p for p > 2, define a classification for the Weyl tensor based on them and, in some cases, relate these maps to a generalization of the Goldberg-Sachs theorem.

Now let us work out a useful relation between the Weyl operator C_p and the Hodge dual map. If K^′ is the image of the p-form K under the operator C_p, as in equation (5), then we have: ~K′^{ν1...ν(d−p)} = 1 p! ε^{μ1...μp ν1 ...νd−p} C^{αβ}_{μ1 μ2} ~K_{μ3 ...μpαβ} (−1)^{[(d−p)p+ d−s2 ]} = (2) = (−1)^{[(d−p)p+ d−s2 ]} p! (d − p)! ε^{μ1...μp ν1 ...νd−p} C^{αβ}_{μ1 μ2} ε_{σ1 ...σd−pμ3 ...μpαβ} ~K^{σ1...σd−p} = (1) = (p − 2)! (d − p + 2)! p! (d − p)! δ^{[μ1}_α δ^{μ2}_β δ^{ν1}_{σ1} . . . δ^{νd−p]}σ_{d−p} C^{αβ}_{μ1 μ2} ~K^{σ1...σd−p (} 4) = C^{[ν1 ν2}

μ_1 μ_2 ~K ν_3...ν_{d−p}]μ_1 μ_2 . Where above it was used equations (2), (5) and (3) in the first equality and the numbers above the other equal signs refer to the used equations. This identity has been already known for the specific case d = 4 and p = 2, in which case it has made a prominent role on the development of Petrov classification [21]. The above equation is then the generalization of this known fact to all dimensions and to all values of p. Such result can be put in a more elegant form if an abstract notation is used. Denoting the bundle of p-forms on M by ∧^pM then C_p : ∧^pM → ∧^pM is the abstract operator that implements the map defined in equation (5), while E_p : ∧^pM → ∧^{d−p}M will denote the operator that when acts on a p-form gives its Hodge dual. In this notation the above result is written in the following form:

E_p C_p = C_{d−p} E_p . (6)

Now we are able to define an algebraic classification scheme for the Weyl tensor valid in all dimensions, we just have to find matrix representations for the operators C_p and use the refined Segre classification (see appendix A). Thus the classification of the Weyl tensor proposed here amounts to gathering the refined Segre types of the operators C_p for all possible values of p. But some of these calculations will be redundant, since by equation (3) we have that the operator E_p is invertible, with inverse proportional to E_{d−p}. So using this information in equation (6) we have that C_p = E^{−1}_p C_{d−p}E_p, i.e., the operator C_p can be obtained from C_{d−p} by a similarity transformation, therefore the algebraic type of these operators is the same. Special attention shall be deserved for the cases p = d and p = (d − 1) since the “dual operators”, C_0 and C_1, are not defined. But it is not difficult to prove that the operators C_d and C_{d−1} are both zero, because of the traceless property of the Weyl tensor. So it is just necessary to classify the Weyl operators C_p for integer values of p pertaining to the interval 2 ≤ p ≤^d_2 .

If K_p and L_p are p-forms then the following symmetric inner product can be defined on the space ∧^pM: < K_p, L_p > = K^{μ1 ...μp} L_{μ1...μp} (7) Such inner product is non-degenerate and its signature depends on the signature of the metric g. If {B^i} is a basis for the space ∧^pM such that < B^i, B^j > = h^{ij} then denoting by h_{ij} the inverse matrix of h^{ij} it follows that the p-forms B_i = h_{ij} B^j obey to the identity < B_i, B^j > = δ^j_i . Thus if K_p is a p-form then K_p = < B_i, K_p > B^i, from which it follows that B^{μ1 ...μp}_i B^i_{ν1 ...νp} = δ^{[μ1}ν_1 . . . δ^{μp]}ν_p . The matrix representation of the operator C_p on the basis {B^i} is given by C_{p ij} = < B_i, C_p(B^j ) >, so that using the previous results we see that the trace of this operator is zero:

tr(C_p) = C_{p ii} = B^{μ1 ...μp}_i C^{αβ}_{μ1μ2} B^i_{μ3 ...μpαβ} = C^{αβ}_{μ1 μ2} δ^{[μ1}_α δ^{μ2}_β δ^{μ3}_{μ3} . . . δ^{μp]}_{μp} ∝ C^{αβ}_{αβ} = 0 . (8)

Also, using the symmetry C_{μναβ} = C_{αβμν} of the Weyl tensor it is simple matter to show that the Weyl operator C_p is self-adjoint with respect to this inner product, i.e, the following equation is valid:

< K_p, C_p(L_p) > = < C_p(K_p), L_p > . (9)

In the special case of (M, g) being a real manifold of Euclidean signature it follows that the inner product of pforms defined on equation (7) is positive definite. In this case the self-adjointness of operators C_p guarantees that they can be diagonalized and that the eigenvalues are real. This property imposes huge restrictions on the possible algebraic types that the Weyl tensor can have according the classification defined above, since the refined Segre types of operators C_p will depend just on the degeneracy of each eigenvalue and on the dimension of the kernel of these operators. So we have the following lemma:

Lemma 1 If the metric g has Euclidean signature then the operators C_p admit a traceless diagonal matrix representation with real eigenvalues. In particular this implies that on the refined Segre classification of these operators all numbers inside the square bracket will be 1 (see appendix A).

III. EVEN DIMENSIONS AND THE SELF-DUALITY

In this section the dimension of the manifold M is assumed to be even, d = 2n. In such case plugging p = n on equation (3) yields E_nE_n = (−1)^{n2+n+ s2} 1_n = (−1)^{s2} 1_n, where 1_n is the identity operator of space ∧^nM. So the space of n-forms can be split into a direct sum of the eigen-spaces of E_n, ∧^nM = S^+ ⊕ S^−, where S^+ is the space of self-dual n-forms and S^− is the space of anti-self-dual n-forms, defined by:

S^± = {K_n ∈ ∧^nM | E_n(K_n) = ±ϵK_n} .

Where ϵ is equal to 1 or i depending on whether^s_2 is respectively even or odd. The spaces S^+ and S^− both have the same dimension,^1_2 (_{2n} n ) . Using equations (2) and (7) a simple index rearrangement shows that the following property holds:

< K_n , E_n(L_n) > = (−1)^{n2} < E_n(K_n) , L_n > .

Where K_n and L_n are arbitrary n-forms. Using this equation we arrive at the following result:

Lemma 2 In a manifold of dimension d = 2n if n is even then the spaces S^+ and S^− are orthogonal to each other with respect to the inner product <, >. On the other hand if n is odd then every element of S^+ is orthogonal to every element of S^+ and every element of S^− is orthogonal to every element of S^−.

Now let us see that the operator C_n has the important property of preserving the spaces S^±. If K^±_n pertain to S^± and L^±_n = C_n(K^±_n ) then equation (6) implies that:

E_n(L^±_n ) = E_nC_n(K^±_n ) = C_nE_n(K^±_n ) = C_n(±ϵK^±_n ) = ±ϵL^±_n .

Therefore it is useful to define the following operators:

C^± : ∧^nM → ∧^nM , C^± ≡ 1 2 (C_n ± ϵ^{−1} C_nE_n) . (10)

It is immediate to see that C^± is zero when restricted to S^∓, i.e., C_n = C^+ ⊕ C^−. Thus the matrix representation of C_n can be put in block-diagonal form with two blocks of the same dimension. This property restrict enormously the possible algebraic types that the operator C_n can have. This has been already known in four dimensions and was of fundamental importance to the development of the Petrov classification [1, 2]. Also this has been noted in six dimensions using spinor calculus [17]. This property of C_n guarantees that when convenient the operators C^± can be assumed to act on S^± instead of ∧^nM.

Let us note that the trace of both operators C^+ and C^− is zero. From equation (8) it follows that the trace of C_n is zero, so that using the definition of operators C^±, equation (10), we see that tr(C^±) = ±ϵ^{−1} tr(C_nE_n). Using steps similar to the ones used to evaluate tr(C_p) we find for n ≥ 2:

tr(C_nE_n) = 1 n! B^{μ1...μn} i C^{αβ}_{μ1 μ2} ε^{ν1...νn}_{μ3 ...μnαβ} B^i_{ν1...νn} = 1 n! C^{αβ}_{μ1 μ2} ε^{ν1 ...νn}_{μ3...μnαβ} δ^{μ1}_{[ν1} . . . δ^{μn}_{νn]} = 0 . Where the last equality follows from the Bianchi identity, C_{[αβμ]ν} = 0. So the operators C^± have vanishing trace.

From lemma 2 and from the fact that the inner product <, > in ∧^nM is non-degenerate we have that when n is odd it is possible to introduce a basis {B^{+i}} for S^+ and a basis {B^{−i}} for S^− such that < B^{+i}, B^{−j} >= δ^{ij} . To see this just start with a basis for S^+ and a basis for S^− and then use the Gram-Schmidt process to conveniently redefine the basis of S^−. The matrix representation of C^+ on the basis {B^{+i}} is then C^+_{ij} =< B^{−i}, C_n(B^{+j} ) >, while the matrix representation of C^− on the basis {B^{−i}} is C^−_{ij} =< B^{+i}, C_n(B^{−j} ) >. Then from equation (9) it follows that C^+_{ij} = C^−_{ji} . So when n is odd it follows that operator C^+ can be obtained from C^− and vice versa. On the other hand when n is even the operators C^+ and C^− are in principle independent of each other. The results obtained so far can be summarized by the following theorem.

Theorem 1 When the dimension of the manifold is d = 2n the operator C_n is the direct sum of an operator that acts on the space of self-dual n-forms, C^+ : S^+ → S^+, and an operator that acts on the space of anti-self-dual n-forms, C^− : S^− → S^−. Both operators, C^+ and C^−, have vanishing trace. In the particular case of odd n it follows that the operator C^− is the adjoint of the operator C^+, i.e., in a suitable basis the matrix representation of C^− is the transpose of the matrix that represents C^+.

This theorem implies that when n is odd then to classify C_n is equivalent to classify C^+, since automatically the operator C^− has the same algebraic type of C^+. In the case n = 3 this was already proved using spinorial techniques on reference [17]. In turn, when n is even classify C_n is equivalent to compute the algebraic types of both operators C^+ and C^−.

In four dimensions a manifold is called self-dual when C^− = 0 and C^+ ≠ 0. These manifolds have been widely studied in the past [22], in particular it has been shown that Einstein’s vacuum equation on self-dual manifolds reduces to a single second-order differential equation [22]. Now it is natural to ask wether the notion of self-dual manifolds can be extended to higher dimensions. Theorem 1 says that if the dimension is d = 2n with odd n then C^− = 0 implies C^+ = 0, so that the Weyl tensor is identically zero. But in principle if the dimension is multiple of four, even n, the operators C^+ and C^− are independent of each other so that the self-dual manifolds can be defined. But it turns out that a laborious investigation of the self-dual constraint in 8 dimensions reveals that if C^+ = 0 then C^− = 0. Thus arriving at the following lemma:

Lemma 3 If the dimension of the manifold is d = 2n with odd n or n = 4 then the constraint C^+ = 0 implies that the whole Weyl tensor vanishes. So in these dimensions the notion of self-dual manifold cannot be introduced.

Although in the case of even n this result has been worked out by the author only for the case n = 4 the calculations seems to indicate that lemma 3 is valid for all n ≥ 4. Thus, concerning the Weyl tensor, the dimension four appears to be very special, since in this dimension the operators C^+ and C^− can be independent of each other [2]. Now in order to get acquainted with the tools introduced so far let us see how the Petrov classification emerges in the present formalism.

Example: In four dimensions, d = 4, the operators C_3 and C_4 are trivially zero, as explained in section II. So we can only use C_2 to algebraically classify the Weyl tensor. According to theorem 1 it follows that C_2 = C^+ ⊕ C^−, where C^+ is independent from C^−, and both have vanishing trace. Since the space of 2-forms has six dimensions it follows that the operators C^± act on 3-dimensional spaces, S^±. Then using the refined Segre classification (appendix A) it follows that the possible types for C^± are [1, 1, 1|], [2, 1|], [(1, 1), 1|], [|3], [|2, 1] and [|1, 1, 1], these types are respectively called I, II, D, III, N and O (see reference [2]). Note that the refined Segre type [1, 1|1] is also possible and in the Petrov classification it also corresponds to the type I, so that the refined Segre classification provides one more algebraic type than the Petrov classification.

Thus the operator C^+ can have six Petrov types, just as C^−. Then the Weyl tensor can have 6 × 6 = 36 Petrov types. But from an intrinsic point of view just 21 types are different, because the spaces S^+ and S^− are interchanged by a simple multiplication of the volume form, ε, by −1. When the Weyl tensor is real and the signature Euclidean the operators C^± admit diagonal representations, thus C^± can just have types I, D or O. While if the Weyl tensor is real and the signature Lorentzian then the operators C^± can have any type, but the type of C^+ must be the same of C^− [2].

Before proceed some comments about reality conditions are in order. For a manifold (M, g) of dimension d = 2n and signature s if (s/2) is even then the eigenvalues of E_n are real, ±1. In this case it is possible to find real bases for both spaces S^+ and S^−. On the other hand if (s/2) is odd the eigenvalues of E_n are ±i so that the elements of S^+ and S^− must be complex. In this last case if an n-form is self-dual then its complex-conjugate will be anti-self-dual, and vice versa. It is also important to note that if the Weyl tensor is real, as assumed in the present article, then this reality condition generally constrains the possible algebraic types of C_n. These constraints depend on the signature of the metric, just as happens to C_2 in four dimensions [2].

Particularly in the Euclidean signature we have s = d = 2n, so that if n is even then it is possible to define real bases {B^{+i}} and {B^{−i}} for S^+ and S^− respectively such that < B^{+i}, B^{+j} >= δ^{ij} =< B^{−i}, B^{−j} > (see lemma 2). Using equation (9) we see that in these bases the operators C^± have matrix representations that are real and symmetric. In turn, if the signature is Euclidean and n is odd it is always possible to find a basis {B^{+i}} for S^+ such that {B^{+i}} is a basis for S^− and < B^{+i}, B^{+j} >= δ^{ij} . The basis {B^{+i}} can also always be arranged to be such that the matrix representation of C^+ is diagonal with real eigenvalues. To prove this note that if {Q^{+i}} is a basis for S^+ then, since (s/2) is assumed to be odd, the complex conjugate of this basis will be a basis for S^−. Now the positive definiteness of g implies that < Q^{+i}, Q^{+i} > is greater than zero so that by the Gram-Schmidt process we can find a basis {B^{′+i}} such that < B^{′+i}, B^{′+j} >= δ^{ij} . In this basis, because of equation (9), the matrix representation of C^+ is easily seen to be Hermitean, thus by an unitary transformation we can change the basis {B^{′+i}} to another basis {B^{+i}} such that < B^{+i}, B^{+j} >= δ^{ij} and in which the representation of C^+ takes a diagonal form.

IV. INTEGRABILITY OF MAXIMALLY ISOTROPIC DISTRIBUTIONS AND THE OPERATOR Cn

The celebrated Goldberg-Sachs theorem in its generalized version states that in a Ricci-flat four-dimensional manifold a maximally isotropic distribution {V_1, V_2} is integrable if, and only if, the 2-form B_{μν} = V_{1[μ}V_{2ν]} is an eigen-2-form of the Weyl operator C_2 [6]. The intent of this section is to generalize in some extent this theorem to manifolds of even dimension greater than four, more precisely it will be made a connection between the integrability of maximally isotropic distributions and some algebraic restrictions on the map C_n. Throughout this section the manifold (M, g) will be assumed to have even dimension d = 2n.

A distribution of vector fields {V_1, V_2, . . . , V_p} on the manifold (M, g) is called isotropic or totally null when every vector field tangent to this distribution has zero norm or, equivalently, g(V_i, V_j ) = 0 for all i, j ∈ {1, 2, ..., p}. In a manifold of dimension d = 2n the maximum dimension that an isotropic distribution can have is n. If the signature is different from zero, s ≠ 0, then a maximally isotropic distribution is necessarily complex [23]. From now on it will always be assumed that the tangent bundle is complexified, so that the maximally isotropic distributions can exist. Now let us make the following important definitions:

Definitions: A simple p-form K^{μ1...μp} = V^{[μ1}_1 V^{μ2}_2 . . . V^{μp]}p is said to generate the distribution {V_1, . . . , V_p}. This form will be denoted abstractly by K_p =^1_{p!} (V_1 ∧ V_2 ∧ . . . ∧ V_p). When the distribution generated by a non-zero simple p-form N_p is isotropic this form is called a null p-form.

In order to deal with totally null structures it is useful to introduce a null frame {e_1, . . . , e_n, e_{n+1} = θ^1, . . . , e_{2n} = θ^n} on the tangent bundle, defined to be such that the only non-zero inner products are g(e_a′ , θ^{b′} ) =^1_2 δ^{b′}_a′ , where a^′ ∈ {1, 2, . . . , n}. In particular all the frame vectors, e_a, are null and the distribution {e_1, e_2, . . . , e_n} is maximally isotropic. In this article it will always be assumed that the indices a, b, . . . pertain to {1, 2, . . . , 2n}, while the indices a^′, b^′, . . . pertain to {1, 2, . . . , n}. Given a tensor T_{μν} , for example, then T_{ab} will denote the components of this tensor on the null frame, T_{ab} ≡ e^μ_a e^ν_b T_{μν} .

In reference [15] part of the Goldberg-Sachs(GS) theorem was generalized to all dimensions greater than four and to all signatures. The content of this generalized GS theorem can be put in the following form: In a Ricci-flat manifold if the Weyl tensor is such that C_a′_b′_c′_d = 0 and generic otherwise then the maximally isotropic distribution generated by (e_1 ∧ e_2 ∧ . . . ∧ e_n) is locally integrable. The main purpose of this section is to express the integrability condition C_a′_b′_c′_d = 0 in terms of algebraic constraints on operator C_n. To this end it is important to define the following subbundles of ∧^nM:

A_p = { K_n ∈ ∧^nM | e_a′_p ⌟ . . . e_a′_2 ⌟e_a′_1 ⌟K_n = 0 ∀ a^′_1, . . . , a^′_p ∈ (1, . . . , n) } .

Where (V ⌟K) is the interior product of the vector field V into the differential form K. In index notation the subbundle A_p is the one formed by the n-forms K_n such that K_a′_{1a}′_{2...a}′_{pb1 b2...bn−p} = 0. For example, A_1 has dimension one and is generated by the n-form (e_1 ∧ e_2 ∧ . . . ∧ e_n). Note that the definition of the bundles A_p depends on the choice of null frame. Now expanding the equation C_n(K) = L using the index notation in the null frame yields: L_{d1d2...dn} = C^{ab}_{[d1d2} K_{d3...dn]ab} = C^{a′ b′}_{[d1d2} K_{d3...dn]a}′_b′ + 2C^{a′}_{b′[d1d2} K^{b′}_{d3...dn]a′} + C_a′_b′_{[d1d2} K^{a′ b′}_{d3...dn]} Taking care of the different types of indices it is possible to see that if C_a′_b′_c′_d = 0 then all subspaces A_p are invariant under the action of the operator C_n. Conversely, careful calculations show that if both subbundles A_1 and A_2 are invariant under C_n then C_a′_b′_c′_d = 0 (this result is most easily seen using the notation introduced in section V). So we can state the following theorem and its immediate corollary:

Theorem 2 The following three statements are equivalent: (1) The Weyl tensor obeys to the integrability condition C_a′_b′_c′_d = 0; (2) The subbundles A_1 and A_2 are invariant under the action of C_n; (3) All subbundles A_p, p ∈ {1, 2, . . . , n}, are invariant by the action of C_n.

Corollary In a Ricci-flat manifold of dimension d = 2n if the spaces A_1 and A_2 are invariant under the operator C_n and the Weyl tensor is otherwise generic then the maximally isotropic distribution generated by (e_1 ∧ e_2 ∧ . . . ∧ e_n) is locally integrable.

Where the main theorem of reference [15] was used to arrive at the above corollary. Since A_1 is the onedimensional subbundle generated by e_1 ∧ e_2 ∧ . . . ∧ e_n, the invariance of A_1 is equivalent to say that this null n-form is an eigen-form of the operator C_n. So, in particular, theorem 2 implies that if the integrability condition of the distribution generated by e_1 ∧ e_2 ∧ . . . ∧ e_n is satisfied then we have, C_n(e_1 ∧ e_2 ∧ . . . ∧ e_n) ∝ e_1 ∧ e_2 ∧ . . . ∧ e_n. The converse of this implication is true only in four dimensions. Note also that since the bundles of self-dual and anti-self-dual n-forms, S^±, are invariant under C_n then if A_p is invariant by this operator then the subbundles A^±_p ≡ A_p ∩ S^± are also invariant. These results strengthen the relevance and the utility of the operators C_p introduced on section II. Now let us see explicitly the application of this theorem in four and six dimensions:

Example(d = 4): In four-dimensional manifolds, n = 2, we have A_1 = A^+_1 = Span{e_1 ∧ e_2}, A^+_2 = Span{e_1 ∧ e_2, (e_1 ∧ e_3 + e_2 ∧ e_4)} and A^−_2 = Span{e_1 ∧ e_4, (e_1 ∧ e_3 − e_2 ∧ e_4), e_2 ∧ e_3} = S^−. Looking at the representation of the operators C^± given in reference [2] we conclude that the invariance of these spaces under the Weyl operator C_n is equivalent to the vanishing of the Weyl scalars Ψ^+_0 = C_{1212} and Ψ^+_1 = C_{1213}, this is the content of the well known Goldberg-Sachs theorem [5, 6].

Example(d = 6): When the dimension of the manifold is six we have A_1 = A^+_1 = Span{e_1 ∧ e_2 ∧ e_3}, A^+_2 = Span{e_1 ∧e_2 ∧e_3, e_1 ∧(e_2 ∧e_5 +e_3 ∧e_6), e_2 ∧(e_1 ∧e_4 +e_3 ∧e_6), e_3 ∧(e_1 ∧e_4 +e_2 ∧e_5)}, A^−_2 = (A^+_2 )^⊥ ∩S^−, A^+_3 = S^+ and A^−_3 = (A^+_1 )^⊥ ∩ S^−. Where A^⊥ is the orthogonal complement of A with respect to the inner product defined on (7). Because of equation (9) it follows from these orthogonality relations that impose the invariance of A^+_1 is equivalent to impose the invariance of A^−_3 as well as the invariance of A^+_2 is equivalent to the invariance of A^−_2 . The fact that the invariance of A^+_p is equivalent to the invariance of A^−_{n+1−p} and the invariance of A^−_p is equivalent to the invariance of A^+_{n+1−p}, for p ∈ {1, 2, . . . ,^{n+1}_2 }, seems to be a general feature of the cases in which n is odd. Now using theorem 2 we find that the integrability condition C_a′_b′_c′_d = 0 is equivalent to the invariance of the spaces A^+_1 and A^+_2 . This agrees perfectly with the results found on reference [17] by means of spinorial calculus.

Note from the first example, d = 2n = 4, that the invariance of the spaces A_1 and A_2 impose no restrictions on the operator C^−. This happens because in this case A^−_1 = 0 and A^−_2 = S^−, so that the invariance of these spaces is always guaranteed. This phenomenon is exclusive of the four-dimensional case, in higher dimensions the invariance of A_2 imposes restrictions on both C^+ and C^−. This is already clear when n is odd, since in these cases C^+ and C^− carry the same degrees of freedom, one is the transpose of the other, as proved on theorem 1. But even if n is even, besides the constraints on C^+, we have that C^− is constrained by the integrability condition C_a′_b′_c′_d = 0, which stems from the fact that dim(A^−_2 ) =^1_2 (n + n^2) ≤ dim(S^−) =^1_2 (_{2n} n ) . Thus if n > 2 then A^−_2 is a proper subspace of S^−, which implies that C^− must admit a non-trivial invariant subspace if such integrability condition is satisfied. This remarkable difference between the well known four-dimensional case and the higher-dimensional cases will be enunciated as a lemma:

Lemma 4 In four dimensions the integrability condition of the distribution generated by the self-dual null 2-form (e_1 ∧ e_2) imposes restrictions only on C^+, so that C^− can be arbitrary. But in higher dimensions the integrability condition of the maximally isotropic distribution generated by the self-dual null n-form (e_1 ∧ e_2 ∧ . . . ∧ e_n) constrains both operators, C^+ and C^−.

V. AN ELEGANT NOTATION

In this section it will be introduced a notation to deal with the operators C_p that is elegant and promising. Such notation will make clear that these operators are intimately related to the integrability of distributions.

Let us denote by {e^a} the frame of 1-forms dual to the null frame {e_a}, e^a(e_b) = δ^a_b. Then for a vanishing Ricci tensor it follows that the Cartan structure equations are:

de^a + ω^a_b ∧ e^b = 0 and C^a_b = dω^a_b + ω^a_c ∧ ω^c_b .

Where C^a_b ≡^1_2 C^a_{bcd} e^c ∧ e^d are the curvature 2-forms when the Ricci tensor vanishes and ω^a_b are the connection 1-forms of the Levi-Civita connection, i.e., 1-forms defined by the relation ∇_V e_b = ω^a_b(V )e_a for any vector field V . Taking the exterior derivative of the second Cartan equation it is simple matter to see that:

dC^a_b = C^a_c ∧ ω^c_b − ω^a_c ∧ C^c_b . (11)

If K_p is a p-form then we can associate to it a set of (p − 2)-forms K^b_a , with a, b ∈ {1, 2, . . . , d}, defined by: K^b_a ≡ 2 p! K^b_{a c1 c2...cp−2} e^{c1} ∧ e^{c2} ∧ . . . ∧ e^{cp−2} . Now using the just defined objects note that

C^a_b ∧ K^b_a = 1 p! C^a_{bc1c2} K^b_{a c3c4...cp} e^{c1} ∧ e^{c2} ∧ . . . ∧ e^{cp} = 1 p! C^{ab}_{[c1c2} K_{c3c4...cp]ab} e^{c1} ∧ e^{c2} ∧ . . . ∧ e^{cp} . By definition of C_p, equation (5), the last relation implies the following elegant form to express the action of this operator:

C_p(K_p) = C^a_b ∧ K^b_a . (12)

Now we are ready to see one more hint that the operator C_p is connected to the integrability of distributions. First let us define the (p − 1)-form DK^b_a by DK^b_a ≡ dK^b_a + ω^b_c ∧ K^c_a − ω^c_a ∧ K^b_c . Then using the definition of K^b_a and using the metric to lower (or raise) the indices it easily follows that K_p =^1_2 K_{ab} ∧e^a ∧e^b. Taking the exterior derivative of this relation and using the first structure equation we find dK_p =^1_2 e^a ∧ e^b ∧ DK_{ab} , where DK_{ab} ≡ g_{bc}DK^c_a . Also taking the exterior derivative of equation (12) and using equation (11) it follows that d [C_p(K_p)] = C^{ab} ∧ DK_{ab} . Let us summarize these important relations:

dK_p = 1 2 e^a ∧ e^b ∧ DK_{ab} ; d [C_p(K_p)] = C^{ab} ∧ DK_{ab} . (13)

Suppose that a simple p-form L_p is in the kernel of C_p, C_p(L_p) = 0, and that C^{cd}_{ab} DL_{cd} = λDL_{ab} , with λ ≠ 0. Then equation (13) implies that 0 = C^{ab} ∧ DL_{ab} =^1_2 C^{ab}_{cd}e^c ∧ e^d ∧ DL_{ab} =^λ_2 e^c ∧ e^d ∧ DL_{cd} . Introducing this in the first relation of (13) we see that the simple form L_p is closed, dL_p = 0. This, in turn, implies that the distribution annihilated by L_p is integrable (more about this on section VII).

Now if K_p is a p-form such that DK^b_a = κ ∧ K^b_a for some 1-form κ, then equation (13) implies that dK_p = κ ∧ K_p and d [C_p(K_p)] = κ ∧ C_p(K_p). So if K_p is a simple p-form then the first equation implies that the distribution annihilated by K_p is integrable and, analogously, if C_p(K_p) is a simple p-form then second equality implies that the distribution annihilated by C_p(K_p) is integrable. Thus connecting the operator C_p with one more integrability property.

These are just simple results that follow from equation (13), but the elegance of the expressions obtained in this section together with the results of appendix B seems to denounce that the notation introduced here can be exploited to find extensions of the Goldberg-Sachs theorem. Hopefully this will be done elsewhere.

VI. OTHER CLASSIFICATION METHODS

The intent of the present section is to briefly digress about other forms of classifying the curvature of the tangent bundle and, when possible, relate in some way these classification schemes to the classification for the Weyl tensor defined in the preceding sections.

The CMPP classification is the most widespread and successful scheme of classification for the Weyl tensor in higher-dimensional general relativity [9, 24]. Such scheme makes use of a one-dimensional subgroup of the orthogonal transformations on the tangent bundle to split the Weyl tensor as a sum of terms with different boost weights. This subgroup is determined once a real null vector field, l, is chosen. If it is possible to choose l in order to annihilate the components of the Weyl tensor with boost weight 2 then l is said to be a Weyl aligned null direction(WAND). Further, if this null direction is such that all Weyl tensor components with boost weights 2 and 1 vanish then l is called a multiple WAND.

Let e_1 and θ^1 be real vector fields such that {e_1, e_2, θ^1, θ^2} is a null frame in a 4-dimensional Lorentzian manifold. It is a established result that the null 2-form e_1 ∧ e_2 is an eigen-2-form of operator C_2 if, and only if, the vector field e_1 is a multiple WAND [6]. Simple calculations also reveal that in 5-dimensional spacetimes if C_2 admits a null eigen-2-form then the real null direction tangent to the isotropic plane generated by this 2-form will be a multiple WAND. But the converse of this result is not true anymore, i.e., in 5 dimensions the existence of a multiple WAND does not imply the existence of a null eigen-2-form for C_2. Now it is natural wondering whether similar relations are verified in higher-dimensional Lorentzian manifolds. Using the notation introduced in the last section it can be proved that if N = e_1 ∧ e_2 ∧ . . . ∧ e_n is a null n-form in a Lorentzian manifold of dimension d = 2n + ϵ, with ϵ equal to 0 or

1 and n ≥ 3, such that e_1 is a real vector field then the equation C_n (N) ∝ N does not imply that e_1 is a WAND, let alone a multiple WAND. Conversely, if e_1 is a multiple WAND then generally it is not true that C_n (N ) ∝ N. Particularly, these results can be easily verified in 6 dimensions by means of the spinorial formalism of reference [17].

Although it was argued in the last paragraph that there is no immediate relation between a WAND and an eigen-p-form of the operator C_p in higher-dimensional spacetimes, these Weyl operators are still valuable for the CMPP classification. Just as reference [20] has used the well known bivector operator C_2 to refine this classification, the other operators C_p can analogously be used to further refine the CMPP classification. For this task the general aspects of the operator method for classifying tensors in higher-dimensional manifolds described in [20, 25] could be helpful.

Another useful classification for the Weyl tensor is the Taghavi-Chabert classification [15]. As well as CMPP classification is associated to a null direction, the Taghavi-Chabert classification needs a maximally isotropic distribution to be chosen. According to this classification the Weyl tensor of an even-dimensional manifold (d = 2n ≥ 6) can be of the following types, from the most general to the most special: C^{−2}, C^{−1}, C^0, C^1, C^2 and C^3. Using the formalism of section IV it can be proved that if the subbundle A_1 ⊂ ∧^nM is invariant under the operator C_n then the Weyl tensor is more special than type C^{−2}, but the converse is not true. Analogously, theorem 2 implies that the Weyl tensor is type C^0, or more special, if, and only if, both subbundles A_1 and A_2 are invariant under C_n. It would be interesting, and hopefully valuable, to use the algebraic classification introduced in section II to refine the Taghavi-Chabert classification, i.e., investigate how each of the types of the latter classification constrain the refined Segre types of the operators C_p.

Finally, a geometric well known form of classifying the curvature of the tangent bundle is using the holonomy group associated to the Levi-Civita connection. In a connected manifold the holonomy is the same at all points [26], thus providing a global classification, whereas previously seen classifications are local^3. Particularly, in four-dimensional Lorentzian manifolds the holonomy classification has been widely studied and compared with Petrov classification [28], in which case equation (6), with d = 4 and p = 2, is behind some simplifications of this analysis. In higher-dimensional Lorentzian manifolds important developments have recently been achieved on this subject, see for example [29, 30] and references therein.

Purely gravitational solutions of supergravity can be put in one-to-one correspondence with Ricci-flat Lorentzian manifolds admitting a covariantly constant spinor [31]. By means of the Ambrose-Singer theorem it follows that the integrability condition for a constant spinor imposes restrictions on the holonomy^4 [31]. Therefore the holonomy group is of fundamental importance to supergravity and, consequently, to string theory. Holonomy classification also provides powerful tools to find solutions to Einstein’s equation [29]. Moreover, holonomy is of major relevance to loop quantum gravity [32], although in a broader sense, since the holonomy may be associated to the curvature of a gauge field.

VII. GENERALIZED MARIOT-ROBINSON THEOREM

The Mariot-Robinson theorem states that in four dimensions a null 2-form, F^′, generates a locally integrable distribution of planes if, and only if, there exists some function h ≠ 0 such that F = hF^′ satisfies Maxwell’s equations, dF = 0 and d(~F) = 0 [33, 34]. Where ~F is the Hodge dual of F and d is the exterior derivative operator. In the present section this theorem will be generalized in a natural way to all dimensions.

Following similar steps to the ones taken in [34] let {ω^1, . . . , ω^p} be linearly independent 1-forms of a d-dimensional manifold such that d(hω^1 ∧ . . . ∧ ω^p) = 0 for some function h ≠ 0. Expanding this equation and taking the wedge product with ω^i it is immediate to see that (dω^i) ∧ ω^1 ∧ . . . ∧ ω^p = 0. It is a standard result of differential geometry that this implies the local integrability of the distribution of vector fields annihilated by {ω^1, . . . , ω^p} [35]. Conversely, if the distribution annihilated by {ω^i} is integrable then it follows that there exist p^2 functions f^i_j and p coordinates x^j such that ω^i = f^i_j dx^j , with det(f^i_j ) = f ≠ 0. Then it is easy to see that d(^1_f ω^1 ∧. . .∧ω^p) = d(dx^1 ∧. . .∧dx^p) = 0. Thus we arrived at the following result: The distribution of vector fields annihilated by {ω^1, . . . , ω^p} is integrable if,

3 For example, in [27] it was shown that the CMPP type on the horizon of a 5-dimensional black ring spacetime is different from the CMPP type outside the horizon.

4 Generally the existence of a covariantly constant tensor on the manifold imposes restrictions on the holonomy. For instance, Kähler manifolds are characterized by the existence of a covariantly constant complex structure and because of this their holonomy are subgroups of U(n) ⊂ SO(2n), where n is the complex dimension of the manifold.

and only if, there exists some function h ≠ 0 such that d(hω^1 ∧ . . . ∧ ω^p) = 0.

Now let us suppose that the dimension of the manifold is even, d = 2n. As defined in section IV, an n-form N_n is called null if it can be written as N^{μ1μ2 ...μn} = V^{[μ2}_1 V^{μ2}_1 . . . V^{μn]}n where the vector fields {V_1, . . . , V_n} form an isotropic distribution of dimension n. Such distribution is said to be generated by N_n = V_1 ∧ . . . ∧ V_n and in this case, since the isotropic distribution is maximal, it is also the distribution annihilated by N_n. As proved in appendix B null n-forms must be self-dual or anti-self-dual, meaning that E_n(N_n) ≡ ~N_n = ±ϵ N_n, where ϵ is equal to 1 or i depending on the signature of the manifold. So for a null n-form the equation dN_n = 0 is equivalent to the equation d ~N_n = 0. Thus using the results of this and of the last paragraph we arrive at the following theorem:

Theorem 3 In a space of dimension d = 2n, the null n-form N^′_n generates an integrable maximally isotropic distribution if, and only if, there exists some function h ≠ 0 such that N_n = hN^′_n obeys to the equations dN_n = 0 and d ~N_n = 0.

It is important to note that, contrary to the Goldberg-Sachs theorem, no condition on the Ricci tensor was assumed. This theorem was proved before on reference [36], but there the proof uses spinor and twistor calculus and is less concise.

VIII. OPTICAL MATRIX AND THE FORMS THAT ARE CLOSED AND CO-CLOSED

Let {l, n, m_2, m_3, . . . , m_{(d−1)}} be a semi-null frame of the tangent bundle such that the only non-zero inner products are g(l, n) = 1 and g(m_i, m_j ) = δ_{ij} , in particular the vectors l and n are null. Then denoting by ∇ the Levi-Civita connection let us define the following quantities:

M_0 = l^ν n^μ ∇_ν l_μ ; M_i = l^ν m^μ_i ∇_ν l_μ ; M_{ij} = m^ν_j m^μ_i ∇_ν l_μ . (14)

Note that in Lorentzian signature the vectors of the frame {l, n, m_i} can be chosen to be real, so that the quantities M_0, M_i and M_{ij} are real in this case. The (d − 2) × (d − 2) matrix M_{ij} is called the optical matrix and is usually decomposed as the sum of a symmetric trace-less matrix σ_{ij} , the shear, a skew-symmetric matrix A_{ij} , the twist, and a term proportional to the identity matrix θδ_{ij} , the expansion.

M_{ij} = σ_{ij} + A_{ij} + θδ_{ij} ; θ = 1 d − 2 δ^{ij} M_{ij} ; σ_{ij} = M_{(ij)} − θδ_{ij} ; A_{ij} = M_{[ij]} (15)

It is easy matter to establish that the null congruence generated by l is geodesic if, and only if, M_i = 0 and the parametrization is affine when M_0 = 0. Also, straightforward calculations show that the congruence generated by l is hyper-surface-orthogonal, l_{[α}∇_μl_{ν]} = 0, if, and only if, M_i and A_{ij} both vanish.

Now let K_p be a non-zero p-form obeying to the equations dK_p = 0 and d ~K_p = 0 and such that l is a multiple aligned null direction [9, 24] of K_p. Using index notation these constraints are respectively given by: ∇_{[α} K_{μ1μ2 ...μp]} = 0 ; ∇^α K_{αμ2...μp} = 0 ; K^{μ1μ2 ...μp} = p!f_{j2 j3 ...jp} l^{[μ1} m^{μ2}_{j2} m^{μ3}_{j3} . . . m^{μp]}_{jp} . (16) Where f_{j2 j3 ...jp} is completely antisymmetric and in the last relation it is being assumed a sum over the indices j_2j_3 . . . j_p. Let us prove that the existence of a non-zero p-form that satisfies equation (16) imposes restrictions on the optical matrix as well as on M_i. Developing the equation 0 = (∇^αK_{αμ2...μp} )l^{μ2} = −K_{αμ2...μp} ∇^αl^{μ2} the following results can be obtained: M_i f_{ij3 ...jp} = 0 ; A_{ij} f_{ijk4 ...kp} = 0 . (17) Analogously, expanding the equation 0 = ∇_{[α} K_{μ1μ2 ...μp]}l^αm^{μ1}_{j1} . . . m^{μp}_{jp} we get: M_{[j1} f_{j2...jp ]} = 0 . Note that contracting the above equation with M_{j1} and using equation (17) we get that M_j M_j = 0. In the particular case of Lorentzian signature the frame {l, n, m_i} can be real, then M_i is real and the relation M_j M_j = 0 implies that M_j vanish, i.e., the null congruence generated by l is geodesic. On the same vein, after workout the equality 0 = (∇^α K_{αμ2...μp} )m^{μ2}_{j2} . . . m^{μp}_{jp} it follows that: K_{αμ2...μp} ∇^α(m^{μ2}_{j2} . . . m^{μp}_{jp} ) = (p − 1)! l^α∇_αf_{j2 ...jp} + (p − 1)! f_{j2...jp} ∇^αl_α . (18)

Now expanding the relation 0 = ( ∇_{[α} K_{μ1μ2 ...μp]} ) l^αn^{μ1} m^{μ2}_{j2} . . . m^{μp}_{jp} , using the identity ∇^αl_α = M_0 + (d − 2)θ and the equation (18) it follows, after some algebra, that: 2(p − 1) f_{i[j3 ...jp} σ_{j2 ]i} = (d − 2p) θ f_{j2 ...jp} . These results are summarized by the following theorem:

Theorem 4 If K^{μ1 μ2...μp} = p!f_{j2...jp} l^{[μ1} m^{μ2}_{j2} . . . m^{μp]}_{jp} is a non-zero p-form such that dK_p = 0 and d ~K_p = 0 then it follows that: • M_i f_{ij3 ...jp} = 0 • M_{[j1} f_{j2...jp ]} = 0 • 2(p − 1) f_{i[j3...jp} σ_{j2 ]i} = (d − 2p) θ f_{j2...jp} • M_iM_i = 0 • A_{ij} f_{ijk4 ...kp} = 0 In the particular case of a real frame {l, n, m_i} (Lorentzian signature) it follows from the fourth point above that M_i = 0, i.e., the vector field l is geodesic.

Particularly, if the signature is Lorentzian and the dimension is four, d = 4, then the case p = 2 of the above theorem implies that if a real null bivector F obeys to the source-free Maxwell’s equations then the real null direction l such that F_{μν} l^ν = 0 generates a congruence that is geodesic and shear-free (shear-free meaning that σ_{ij} = 0), a classical result first obtained a long time ago by Ivor Robinson [33]. In the Lorentzian signature the case p = 2 of the above theorem was obtained before on reference [11]. Also in the Lorentzian case these results can be easily obtained using the generalized GHP formalism of reference [37]^5. More precisely the first three points of the above theorem can be found in the proof of Lemma 3 of reference [37], whereas the last two points of the above theorem are not explicit in [37], although can be easily derived using the GHP formalism. But it is worth remarking that there is an important difference between the Lorentzian and the non-Lorentzian signatures: while in the former case the equation M_iM_i = 0 implies that the null vector field l is geodesic in the latter this is not true in general. Note also that in the Euclidean case we have that n is the complex conjugate of l, therefore in this signature any constraint on the optical matrix of l imposes an analogous constraint on the optical matrix of n.

IX. A GENERALIZED VERSION OF THE GOLDBERG-SACHS THEOREM

Using the previous results it will be proved in this section a generalized version of the Goldberg-Sachs theorem that is valid in any even dimension and that makes no assumption about the Ricci tensor, contrary to the usual generalizations of such theorem. The theorem presented here states that if there exists an integrable maximally isotropic distribution on a manifold of even dimension then the shear matrix of the null directions tangent to such distribution must be constrained.

Before proceeding let us introduce some notation that will be used in what follows. In a manifold of dimension d = 2n let {e_1, e_2, . . . , e_n} be a maximally isotropic distribution of vector fields. We can complete this distribution to form a null frame {e_1, . . . , e_n, e_{n+1} = θ^1, . . . , e_{2n} = θ^n} such that the only non-zero inner products are g(e_a′ , θ^{b′} ) =^1_2 δ^{b′}_a′ . From this frame we can construct a semi-null frame, like the one used in the latter section, {l, n, m_2, m_3, . . . , m_{(d−1)}} defined by:

l = e_1 ; n = 2θ^1 ; m_j = (e_j + θ^j ) ; m_{j+n−1} = −i(e_j − θ^j ) , where j ∈ {2, 3, . . . , n} .

Note that in general the choice of the vector e_1 to be l is arbitrary, we could have chosen any vector on the distribution {e_1, . . . , e_n} to take this place. In the special case of Lorentzian signature there is a privileged choice, since in this case a maximally isotropic subspace admits just one real direction [23], in the present section whenever the signature is Lorentzian the real direction will be assumed to be tangent to the vector field e_1 = l.

5 Thanks to Harvey S. Reall for gently pointing out this reference.

Once defined such semi-null frame we can define the optical matrix, the shear, the twist and the expansion associated to the distribution {e_1, . . . , e_n} to be just as defined in equations (14) and (15). Also from this maximally isotropic distribution we can construct the null n-form N_n = e_1 ∧ e_2 ∧ . . . ∧ e_n. In the semi-null frame just defined this n-form has the following expansion: N^{μ1 μ2 ...μn} ≡ n! e^{[μ1}_1 . . . e^{μn]}_n = n! ^f_{j2j3 ...jn} l^{[μ1} m^{μ2}_{j2} . . . m^{μn ]}_{jn} . (19) With ^f_{j2 j3 ...jn} = ^f_{[j2j3 ...jn]} different from zero only when each index j_r is equal to r or to r + n − 1 (and permutations of this), in which case ^f_{j2j3 ...jn} = 2^{1−n} i^q where q is the number of indices j_r that are equal to r + n − 1. For example, in six dimensions, n = 3, the non-zero components of ^f_{j2 j3} are:

^f_{23} = − ^f_{32} = 1 4 ; ^f_{25} = − ^f_{52} = i 4 ; ^f_{43} = − ^f_{34} = i 4 ; ^f_{45} = − ^f_{54} = − 1 4 . (20)

Now we are able to prove the main result of this section. Suppose that the maximally isotropic distribution {e_1, . . . , e_n} is integrable. So from what was seen in section VII there exists some function h ≠ 0 such that d(hN_n) = 0 and d(h ~N_n) = 0, where N_n = e_1 ∧ e_2 ∧ . . . ∧ e_n. Thus using theorem 4 and equation (19) it follows that h ^f_{i[j3 ...jn} σ_{j2 ]i} = 0, which leads to the following theorem:

Theorem 5 (Generalized GS) In a manifold of even dimension d = 2n if the maximally isotropic distribution {e_1, . . . , e_n} is integrable then the shear matrix associated to this distribution, σ_{ij} , is constrained by the following equation: ^f_{i[j3j4 ...jn} σ_{j2 ]i} = 0 . Also, the twist matrix, A_{ij} , and the scalars M_i are constrained by the following relations: A_{ij} ^f_{ijk4 ...kn} = 0 ; M_i ^f_{ij3 ...jn} = 0 ; M_{[j1} ^f_{j2...jn ]} = 0 ; M_iM_i = 0. Particularly, from this last relation, M_iM_i = 0, it follows that e_1 = l must be geodesic in the Lorentzian signature.

It is worth noting that in this theorem no condition was imposed on the Ricci tensor. It is also relevant to mention that in the appendix C of reference [12] the integrability of a maximally isotropic distribution is expressed in terms of the Ricci rotation coefficients of a null frame. Now let us see an example of the use of theorem 5.

Example: In six dimensions, d = 6, if a maximally isotropic distribution {e_1, e_2, e_3} is integrable then it follows from theorem 5 that ^f_{i[j} σ_{k]i} = 0, i.e., ^f_{ij} σ_{ki} = ^f_{ik}σ_{ji}. Denoting by f the matrix ^f_{ij} and by σ the matrix σ_{ij} then since f is skew-symmetric and σ is symmetric it follows that this equation is equivalent to fσ = −σf. From equation (20) it follows that we can write:

f = 1 4 0 1 0 i −1 0 −i 0 0 i 0 −1 −i 0 1 0 .

Then using the fact that the matrix σ is symmetric and imposing that it anti-commutes with f we find that the shear matrix must be of the following form:

σ = Δ Θ 0 Φ Θ −Δ −Φ 0 0 −Φ Δ Θ Φ 0 Θ −Δ .

Where Δ, Θ and Φ are arbitrary functions. Calculating the eigenvalues of σ we find ± √ Δ^2 + Θ^2 + Φ^2, so the shear must have two degenerate eigenvalues. It must be stressed that by orthonormal transformations of the semi-null frame it is possible to simplify further the shear matrix. For example, in the Lorentzian signature in addition of being traceless and symmetric σ is also real, so that this matrix admits, in a suitable basis, the form diag(λ, λ, −λ, −λ) with λ = √ Δ^2 + Θ^2 + Φ^2. This result is perfectly compatible with the six-dimensional calculations, in Lorentzian signature, found in appendix C of [12].

Despite being called here a generalized version of the Goldberg-Sachs theorem the theorem just presented carries little resemblance with the usual version of the GS theorem. The main differences being that in theorem 5 no mention is made to the Weyl tensor and the Ricci tensor is not assumed to be constrained. In order to understand why it is adequate to call this theorem a generalized version of the GS theorem it is necessary to review some previous results on the literature, this will be done in the next paragraph.

The first apparition of the Goldberg-Sachs theorem was in reference [4], where it was proved that a Ricci-flat fourdimensional Lorentzian manifold has an algebraically special Weyl tensor if, and only if, it admits a null congruence that is geodesic and shear-free(σ_{ij} = 0). Later this result has been put in a conformally invariant form by relaxing the constraint on the Ricci tensor [38], particularly the GS theorem has been proved to be valid for Einstein manifolds. A decade after this the GS theorem was generalized to be valid in four-dimensional manifolds of all signatures in [5], where it was proved that the concept of geodesic and shear-free should be substituted in the other signatures by the requirement of local integrability of totally null 2-surfaces (see also [39]). Indeed, the leafs of integrable maximally isotropic distributions can be proved to be totally geodesic [5, 40], so that in the Lorentzian case the intersection of an integrable maximally isotropic distribution with its complex conjugate yields a null congruence that is geodesic and in four dimensions is shear-free.

Now we are in position to conclude that the theorem presented in this section is deeply connected to the original version of the GS theorem. From the reference [5] it follows, in particular, that in a Ricci-flat 4-dimensional manifold if the Weyl tensor is algebraically special then the manifold admits an integrable maximally isotropic distribution of vector fields. So because of theorem 5 this implies that in four dimensions if the Weyl tensor is algebraically special then ^f_iσ_{ji} = 0. Since in the Lorentzian signature the 2 × 2 matrix σ_{ij} is real, symmetric and traceless this last equation implies that σ_{ji} = 0, thus arriving at the usual form of the GS theorem. The converse of theorem 5 although valid in four dimensions probably is not valid in higher dimensions, so that this theorem captures only one direction of the original GS theorem.

A connection between algebraically special Weyl tensors and restrictions on the shear matrix can also be easily made in higher dimensions using previous results. Combining theorem 5 with the corollary of theorem 2 we immediately arrive at the following result:

Corollary In a Ricci-flat manifold of even dimension d = 2n if the subbundles A_1 and A_2 are invariant under the operator C_n and this operator is generic otherwise then the shear matrix of the maximally isotropic distribution {e_1, . . . , e_n} is constrained by the following equation: ^f_{i[j3j4 ...jn} σ_{j2 ]i} = 0 . Where ^f_{j2j3 ...jn} was defined below equation (19) and the subbundles A_p were defined in section IV. In the particular case of Lorentzian signature the vector field e_1 is geodesic.

Also, although not explicitly stated, the twist matrix and the scalars M_i are also constrained if the hypotheses of this corollary are satisfied (see theorem 5). This corollary is the reason of why the theorem 5 was called here a generalized Goldberg-Sachs theorem.

X. CONCLUSIONS AND PERSPECTIVES

In this article it was investigated several aspects of the Weyl tensor classification and its relation with the integrability of vector distributions, specially the maximally isotropic ones. At first the Weyl operators C_p were introduced and its properties investigated. These operators are non-trivial generalizations of the already known bivector map provided by the Weyl operator, here represented by C_2, that can be used to classify the Weyl tensor. It was shown that such operators are self-adjoint with respect to the natural inner product on the space of forms and that in the Euclidean signature they can diagonalized, providing a simple form to classify the Weyl tensor.

In even dimensions, d = 2n, the operator C_n has the special property of preserving the space of (anti-)self-dual n-forms, so that we can write C_n = C^+ ⊕ C^−. This allows us to define the self-dual manifolds as the ones with C^− = 0. But lemma 3 guarantees that if n is odd or n = 4 then the condition C^− = 0 implies that the whole Weyl tensor vanishes. It was also proved that the integrability condition of a maximally isotropic distribution is given by the invariance of certain subbundles of ∧^nM under the operator C_n.

In theorem 4 it was shown that if a manifold, of arbitrary dimension and signature, admits a null p-form that is closed and co-closed then the optical matrices of the null directions “tangent” to this form obey to several constraints. This was then used to arrive at a generalized version of the Goldberg-Sachs theorem stating that if an even-dimensional manifold admits an integrable maximally isotropic distribution then the shear matrix is constrained.

The objects and tools introduced here deserve further investigation and probably the elegant notation introduced in section V will help on this enterprise. On theoretical grounds it is important to search for new relations between the operators C_p and integrability properties. This can shed light on the integration of higher-dimensional Einstein’s equation, as happened in four dimensions [7]. Also the practical implications of theorem 4 and of the generalized Goldberg-Sachs theorem should be analyzed more deeply. These theorems should be particularly useful in situations where there are physical fields represented by p-forms whose equations of motion implies that they are harmonic (closed and co-closed).

Acknowledgments

Thanks to the Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq) for the financial support. I also want to thank the anonymous referee of the Journal of Mathematical Physics for some valuable suggestions. The published version is available on http://dx.doi.org/10.1063/1.4802240

Appendix A: Refined Segre Classification

In this appendix it will be presented the refined Segre classification, a classification scheme for square matrices over the complex field that was defined in [17].

Given a square matrix M over the complex field then by means of a similarity transformation it can always be put in the so called Jordan canonical form. This canonical form is a block-diagonal matrix such that each block is equal to a single number or to a matrix of the following form:

J = λ 1 0 . . . 0 λ 1 . . . . . 1 0 . . . 0 λ .

The Jordan canonical form of a matrix is unique up to the ordering of the Jordan blocks. Each block of the above form has only one eigenvector and its eigenvalue is λ.

The Segre classification of the matrix M is the list of the dimensions of the Jordan blocks. This list of numbers is put inside a square bracket and the dimensions of the Jordan blocks with the same eigenvalue are to be put together inside a round bracket. This classification can be refined if the numbers corresponding to the blocks with eigenvalue zero are made explicit by putting them on the right of the others and separating by a vertical bar. For example, suppose that the Jordan canonical form of a matrix M is

0 1 0 0 0 0 0 0 0 0 0 0 α 0 0 0 0 0 β 1 0 0 0 0 β

. (A1)

Then the next table summarizes the possible types that the matrix M can have on the Segre classification and on the refined version of this classification.

0 ≠ α ≠ β ≠ 0 α = 0 ≠ β α = β ≠ 0 β = 0 ≠ α α = β = 0 Segre Classification [2, 2, 1] [(2, 1), 2] [(2, 1), 2] [(2, 2), 1] [(2, 2, 1)] Refined Segre Class. [2, 1|2] [2|2, 1] [(2, 1)|2] [1|2, 2] [|2, 2, 1]

TABLE I: Possible algebraic types for the matrix of equation (A1).

Appendix B: Simple Forms and the Integrability of Distributions

Let K_p be a p-form that is simple, i.e., there exists 1-forms ω^j such that K_p = ω^1 ∧ ω^2 ∧ . . . ∧ ω^p. Using equation (2) it is possible to see that the Hodge dual of a simple form is a simple form, so that we can write: ~K_p = ^ω^1 ∧ ^ω^2 ∧ . . . ∧ ^ω^{d−p} . (B1)

By means of the metric g it is possible to make a one-to-one association between vectors and 1-forms. For example, the vector field V is associated to the 1-form ω when ω(X) = g(V, X) for all vector fields X. Using this correspondence let us denote by V_j the vectors associated to the 1-forms ω^j and by ^V_r the vectors associated to ^ω^r. Now let us define the following vector field distributions: N = {V_1, V_2, . . . , V_p} ; ~N = { ^V_1, ^V_2, . . . , ^V_{d−p}} . Using equations (2), (B1) and the definition V^μ_j = ω^{j μ} it follows that: [V_j ⌟(^ω^1 ∧ . . . ∧ ^ω^{d−p})]_{μ2 ...μd−p} = n! p! V^{μ1}_j ε^{ν1 ...νp}_{μ1 ...μd−p} V_{1 ν1} . . . V_{p νp} = 0 , where (V ⌟F) is the interior product of the vector field V into the differential form F. This implies that ^ω^r(V_j ) = 0, which is equivalent to g( ^V_r, V_j ) = 0. So we arrived at the following important result:

~N = N^⊥ . (B2)

Where N^⊥ is the orthogonal complement of N .

Given a simple p-form K_p, the vector distribution annihilated by it is defined by A_{Kp} = {U ∈ T M | U⌟K_p = 0}. Since ^ω^r(V_j ) = 0 it follows that N is the vector distribution annihilated by the form ~K_p, while ~N is the distribution annihilated by K_p. It was proved in section VII that the distribution A_{Kp} is integrable if, and only if, there exists some function h ≠ 0 such that d(hK_p) = 0, therefore we can state: { N is integrable ⇔ ∃ f ≠ 0 | d(f ~K_p) = 0 ~N is integrable ⇔ ∃ g ≠ 0 | d(gK_p) = 0 .

In the special case in which d = 2n, p = n and K_n is a null n-form, i.e, the distribution N is maximally isotropic, it follows that N^⊥ = N . So by equation (B2) we see that ~K_n ∝ K_n, which implies that K_n must be self-dual or anti-self-dual. In this case we have that N is integrable if, and only if, there exists some function h ≠ 0 such that K^′_n = hK_n obeys to the equations d(K^′_n) = 0 and d(~K^′_n) = 0.

[1] A. Z. Petrov, The classification of spaces defining gravitational fields, General Relativity and Gravitation 32 (2000), 1665.

This is a translated republication of the original 1954 paper.

[2] C. Batista, Weyl tensor classification in four-dimensional manifolds of all signatures, General Relativity and Gravitation 45 (2013), 785. Available at arXiv:1204.5133 [3] R. P. Kerr, Gravitational field of a spinning mass as an example of algebraically special metrics, Physical Review Letters 11 (1963), 237.

[4] J. Goldberg and R. Sachs, A theorem on Petrov types, General Relativity and Gravitation 41 (2009), 433. This is a republication of the original 1962 paper.

[5] J. F. Plebański and S. Hacyan, Null geodesic surfaces and Goldberg-Sachs theorem in complex Riemannian spaces, Journal of Mathematical Physics 16 (1975), 2403.

[6] C. Batista, A generalization of the Goldberg-Sachs theorem and its consequences, accepted for publication on General Relativity and Gravitation (2013), DOI:10.1007/s10714-013-1539-4. Available at arXiv:1205.4666 [7] W. Kinnersley, Type D vacuum metrics, Journal of Mathematical Physics 10 (1969), 1195. [8] I. Bredberg, C. Keeler, V. Lysov and A. Strominger, From Navier-Stokes to Einstein (2011). Available at arXiv:1101.2451 V. Lysov and A. Strominger, From Petrov-Einstein to Navier-Stokes (2011). Available at arXiv:1104.5502 [9] A. Coley, R. Milson, V. Pravda and A. Pravdová, Classification of the Weyl tensor in higher dimensions, Classical and Quantum Gravity 21 (2004), L-35. Available at arXiv:gr-qc/0401008 [10] M. Durkee and H. S. Reall, A higher-dimensional generalization of the geodesic part of the Goldberg-Sachs theorem, Classical and Quantum Gravity 26 (2009), 245005. Available at arXiv:0908.2771 M. Ortaggio, V. Pravda, A. Pravdová and H.S. Reall, On a five dimensional version of the Goldberg-Sachs theorem, Classical and Quantum Gravity 29 (2012), 205002. Available at arXiv:1205.1119 [11] M. Ortaggio, Higher dimensional spacetimes with a geodesic shear-free, twistfree and expanding null congruence, (2007).

Available at arXiv:gr-qc/0701036 [12] M. Ortaggio, V. Pravda and A. Pravdová, On the Goldberg-Sachs theorem in higher dimensions in the non-twisting case, (2012). Available at arXiv:1211.2660 [13] M. Ortaggio, V. Pravda and A. Pravdová, Algebraic classification of higher dimensional spacetimes based on null alignment, Classical and Quantum Gravity 30 (2013), 013001. Available at arXiv:1211.7289

[14] A. Taghavi-Chabert, Optical structures, algebraically special spacetimes and the Goldberg-Sachs theorem in five dimensions, Classical and Quantum Gravity 28 (2011), 145010. Available at arXiv:1011.6168 [15] A. Taghavi-Chabert, The complex Goldberg-Sachs theorem in higher dimensions, Journal of Geometry and Physics 62 (2012), 981. Available at arXiv:1107.2283 [16] P. De Smet, Black holes on cylinders are not algebraically special, Classical and Quantum Gravity 19 (2002), 4877. Available at arXiv:hep-th/0206106 M. Godazgar, Spinor classification of the Weyl tensor in five dimensions, Classical and Quantum Gravity 27 (2010), 245013. Available at arXiv:1008.2955 [17] C. Batista and B. C. da Cunha, Spinors and the Weyl tensor classification in six dimensions, (2012). Available at arXiv:1212.2689 [18] A. Taghavi-Chabert, Pure spinors, intrinsic torsion and curvature in even dimensions, (2012). Available at arXiv:1212.3595 [19] H. S. Reall, Algebraically special solutions in higher dimensions, (2011). Available at arXiv:1105.4057 [20] A. Coley and S. Hervik, Higher dimensional bivectors and classification of the Weyl operator, Classical and Quantum Gravity 27 (2010), 015002. Available at arXiv:0909.1160 [21] L. Bel, Radiation states and the problem of energy in general relativity, General Relativity and Gravitation 32 (2000), 2047. This is a republication of the original 1962 paper.

[22] J. Plebański and I. Robinson, Left-degenerate vacuum metrics, Physical Review Letters 37 (1976), 493.

E. T. Newman, Heaven and its properties, General Relativity and Gravitation 7 (1976), 107. M. Ko, M. Ludvigsen, E. T. Newman and K. Tod, The theory of H-space, Physics Reports 71 (1981), 51. M. Przanowski and B. Broda, Locally Kähler gravitational instantons, Acta Physica Polonica B14 (1983), 637.

[23] W. Kopczynski and A. Trautman, Simple spinors and real structures, Journal of Mathematical Physics 33 (1992), 550. [24] A. Coley, Classification of the Weyl tensor in higher dimensions and applications, Classical and Quantum Gravity 25 (2008), 033001. Available at arXiv:0710.1598 [25] S. Hervik and A. Coley, Curvature operators and scalar curvature invariants, Classical and Quantum Gravity 27 (2010), 095014. Available at arXiv:1002.0505 [26] M. Nakahara, Geometry, Topology and Physics, Taylor&Francis (2003).

[27] V. Pravda and A. Pravdová, WANDs of the black ring, General Relativity and Gravitation 37 (2005), 1277. Available at arXiv:gr-qc/0501003 [28] G. S. Hall and D. P. Lonie, Holonomy groups and spacetimes, Classical and Quantum Gravity 17 (2000), 1369. Available at arXiv:gr-qc/0310076 J. F. Schell, Classification of four-dimensional Riemannian spaces, Journal of Mathematical Physics 2 (1961), 202. R. P. Kerr and J. N. Goldberg, Some applications of the infinitesimal-holonomy group to the Petrov classification of Einstein spaces, Journal of Mathematical Physics 2 (1961), 327.

R. P. Kerr and J. N. Goldberg, Einstein spaces with four-parameter holonomy groups, Journal of Mathematical Physics 2 (1961), 332.

[29] A. S. Galaev, Holonomy of Einstein Lorentzian manifolds, Classical and Quantum Gravity 27 (2010), 075008. Available at arXiv:0906.1327 A. S. Galaev and T. Leistner, On the local structure of Lorentzian Einstein manifolds with parallel distribution of null lines, Classical and Quantum Gravity 27 (2010), 225003. Available at arXiv:0912.3400 [30] H. Baum, K. Lärz and T. Leistner, On the full holonomy group of special Lorentzian manifolds, (2012). Available at arXiv:1204.5657 [31] J. M. Figueroa-O’Farrill, Breaking the M-waves, Classical and Quantum Gravity 17 (2000), 2925. Available at arXiv:hep-th/9904124 [32] K. Noui, A. Perez and D. Pranzetti, Canonical quantization of non-commutative holonomies in 2+1 loop quantum gravity, Journal of High Energy Physics 36 (2011), 1110. Available at arXiv:1105.0439 R. Gambini and J. Pullin, A first course in Loop Quantum Gravity, Oxford (2011).

[33] I. Robinson, Null electromagnetic fields, Journal of Mathematical Physics 2 (1961), 290.

[34] G. S. Hall, M. Hickman and C. McIntosh, Complex relativity and real solutions II: Classification of complex bivectors and metric classes, General Relativity and Gravitation 17 (1985), 475.

[35] T. Frankel, The geometry of physics, Cambridge University Press (2004).

[36] L. P. Hughston and L. J. Mason, A generalised Kerr-Robinson theorem, Classical and Quantum Gravity 5 (1988), 275. [37] M. Durkee, V. Pravda, A. Pravdová and H. S. Reall, Generalization of the Geroch-Held-Penrose formalism to higher dimensions, Classical and Quantum Gravity 27 (2010), 215010. Available at arXiv:1002.4826 [38] I. Robinson and A. Schild, Generalization of a theorem by Goldberg and Sachs, Journal of Mathematical Physics 4 (1963), 484.

[39] P. Nurowski and A. Trautman, Robinson manifolds as the Lorentzian analogs of Hermite manifolds, Differential Geometry and its Applications 17 (2002), 175. Available at arXiv:math/0201266 A. Gover, C. Hill and P. Nurowski, Sharp version of the Goldberg-Sachs theorem, Annali di Matematica Pura ed Applicata 190 (2011), 295. Available at arXiv:0911.3364 [40] L. Mason and A. Taghavi-Chabert, Killing-Yano tensors and multi-hermitian structures, Journal of Geometry and Physics 60 (2010), 907. Available at arXiv:0805.3756