arXiv:1301.2830v1 [astro-ph.HE] 13 Jan 2013

Resonant switch model of twin peak HF QPOs applied to the source 4U 1636−53

Zdeněk Stuchlík, Andrea Kotrlová and Gabriel Török

Institute of Physics, Faculty of Philosophy and Science, Silesian University in Opava, Bezručovo nám. 13, CZ-74601 Opava, Czech Republic e-mail: (zdenek.stuchlik, andrea.kotrlova)@fpf.slu.cz

ABSTRACT

Resonant Switch (RS) model of twin peak high-frequency quasi-periodic oscillations (HF QPOs) assumes switch of twin oscillations at a resonant point where frequencies of the upper and lower oscillations ν_U and ν_L become commensurable and the twin oscillations change from one pair of the oscillating modes (corresponding to a specific model of HF QPOs) to some other pair due to non-linear resonant phenomena. The RS model is used to determine range of allowed values of spin a and mass M of the neutron star located at the atoll source 4U 1636−53 where two resonant points are observed at frequency ratios ν_U : ν_L = 3 : 2, 5 : 4. We consider the standard specific models of the twin oscillations based on the orbital and epicyclic geodetical frequencies. The resonant points are determined by the energy switch effect exhibited by the vanishing of the amplitude difference of the upper and lower oscillations. The predicted ranges of the neutron star parameters are strongly dependent on the twin modes applied in the RS model. We demonstrate that for some of the oscillatory modes used in the RS model the predicted parameters of the neutron star are unacceptable. Among acceptable RS models the most promising are those combining the Relativistic Precession and the Total Precession frequency relations or their modifications.

Keywords: Stars: neutron — X-rays: binaries — Accretion, accretion disks

1 Introduction

In the Galactic Low Mass X-Ray Binaries (LMXB) containing neutron (quark) stars quasiperiodic oscillations (QPOs) of X-ray brightness had been observed at low-(Hz) and high-(kHz) frequencies (see, e.g., van der Klis 2000, 2006; Barret et al. 2005). Since the high frequencies are close to the orbital frequency of the marginally stable circular orbit representing the inner edge of Keplerian disks orbiting neutron stars, the strong gravity effects must be relevant in explaining HF QPOs.

The HF QPOs in neutron star systems are often demonstrated as two simultaneously observed pairs of peaks (twin peaks) in the Fourier spectra corresponding to oscillations at the upper and lower frequencies (ν_U, ν_L). The twin peaks at the upper and lower frequencies (ν_U, ν_L) substantially change over time (in one observational sequence). Sometimes only one of the frequencies is observed and evolved (Belloni et al. 2007; Boutelier et al. 2010). Most of the twin HF QPOs in the so called atoll sources (van der Klis 2006) have been detected at lower frequencies 600 − 800 Hz vs. upper frequencies 900 − 1200 Hz, demonstrating a clustering of the twin HF QPOs frequency ratios around 3 : 2. This clustering indicates some analogy to the black hole (BH) case where twin peaks with fixed pair of frequencies at the ratio 3 : 2 are usually observed (Abramowicz et al. 2003; Belloni et al. 2007; Török et al. 2008a,b; Boutelier et al. 2010). Amplitudes of twin HF QPOs in the neutron star systems are usually stronger and their coherence times are higher than those of BH sources (see, e.g., Remillard & McClintock 2006; Barret et al. 2005). It is probable that a 3 : 2 resonance plays a significant role also in the atoll sources containing neutron stars. However, this case is much more complicated, as the frequency ratio, although concentrated around 3 : 2, falls in a much wider range than in the BH systems (Török et al. 2005; Török 2009; Boutelier et al. 2010; Montero & Zanotti 2012).

In fact, a multi-peaked distribution in the frequency ratios has been observed, i.e., more than one resonance could be realized if a resonant mechanism is involved in generating the neutron star HF QPOs. For some atoll neutron star sources the upper and lower HF QPO frequencies can be traced along the whole observed range, but the probability to detect both QPOs simultaneously increases when the frequency ratio is close to ratio of small natural numbers, namely 3 : 2, 4 : 3, 5 : 4 – this has been observed in the case of six atoll sources: 4U 1636−53, 4U 1608−52, 4U 0614−09, 4U 1728−34, 4U 1820−30, 4U 1735−44 (Török 2009; Boutelier et al. 2010). The analysis of rootmean-squared-amplitude evolution in the group of six atoll sources shows that the upper and lower HF QPO amplitudes equal each other and alter their dominance while passing rational frequency ratios corresponding to the datapoints clustering (Török 2009). Such an “energy switch effect” can be well explained in a framework of nonlinear resonant orbital models as shown in Horák et al. (2009). Moreover, the analysis of the twin peak HF QPO amplitudes in the atoll sources (4U 1636−53, 4U 1608−52, 4U 1820−30, and 4U 1735−44) indicates a cut-off at resonant radii corresponding to the frequency ratios 5 : 4 and 4 : 3 respectively implying a possibility that the accretion disk inner edge is located at the innermost resonant radius rather than at the innermost stable circular geodesic (ISCO) (Stuchlík et al. 2011).

The evolution of the lower and upper twin HF QPOs frequencies in the atoll sources suggests (a very rough) agreement of the data distribution with so called hot spot models, especially with the relativistic precession (RP) model prescribing the evolution of the upper frequency by ν_U = ν_K and the lower frequency by ν_L = ν_K − ν_r (Stella & Vietri 1999, 1998). In rough agreement with the data are also other models based on the assumption of the oscillatory motion of hot spots, or accretion disk oscillations, with oscillatory frequencies given by the geodetical orbital and epicyclic motion: for example it holds for the modified RP1 model with ν_U = ν_θ and ν_L = ν_K − ν_r (Bursa 2005), the total precession (TP) model with ν_U = ν_θ (or ν_U = ν_K) and ν_L = ν_θ − ν_r (Stuchlík et al. 2007), the tidal disruption (TD) model with ν_U = ν_K + ν_r and ν_L = ν_K (Čadež et al. 2008; Kostić et al. 2009), or the warped disk oscillations (WD) model with ν_U = 2ν_K − ν_r and ν_L = 2 (ν_K − ν_r) (Kato 2004, 2008). In all of these models the frequency difference ν_U − ν_L decreases with increase of the magnitude of the lower and upper frequencies in accord with trends given by the observational data (Belloni et al. 2007; Boutelier et al. 2010). This qualitative property of the observational data excludes the simple model of epicyclic oscillations with ν_U = ν_θ and ν_L = ν_r (Urbanec et al. 2010b) that works quite well in the case of HF QPOs in LMXB containing black holes (Török et al. 2005), or requires substantial modification of the model of epicyclic oscillations (Abramowicz et al. 2011).

The ν_U/ν_L frequency relations, given by a variety of the relevant frequency-relation models mentioned above, can be fitted to the observational data for the atoll sources containing neutron (quark) stars, e.g., data determined for the atoll source 4U 1636−53 (Barret et al. 2005; Török et al. 2008a,b). The parameters of the neutron (quark) star spacetime can be then determined due to the fitting of the observational data by the frequency-relation models. The rotating neutron stars are described quite well by the Hartle–Thorne geometry (Hartle & Thorne 1968) characterized by three parameters: mass M, internal angular momentum J and quadrupole moment Q. It is convenient to use dimensionless parameters a = J/M^2 (spin) and q = QM/J^2 (dimensionless quadrupole moment). In the special case when q ∼ 1, the Hartle–Thorne geometry reduces to the well known and well studied Kerr geometry that is convenient for calculations in strong gravitational field regime because of high simplicity of relevant formulae. Near-maximum-mass neutron (quark) star Hartle–Thorne models constructed for any given equation of state imply q ∼ 1 and the Kerr geometry is applicable quite correctly in such situations instead of the Hartle–Thorne geometry (Török et al. 2010, Urbanec et al. in preparation). High neutron star masses can be expected in the LMXB as a result of accretion and in such a case the use of the simple Kerr geometry is justified.

Quality of the fitting procedure appears to be poor for the atoll source 4U 1636−53 showing resonant frequency ratios 3 : 2 and 5 : 4 (Török et al. 2012). Similar very bad fit of observational data to the frequency-relation models was found by Lin et al. (2011) for the atoll sources 4U 1636−53 and Sco X-1: the mass and spin determined by the fitting procedure are given with very large error for any of the applied models used in the paper, as also for some other models of the frequency relations (Miller et al. 1998; Osherovich & Titarchuk 1999; Zhang 2004; Zhang et al. 2006; Mukhopadhyay 2009; Shi & Li 2009; Chakrabarti et al. 2009; Shi 2011; Mukherjee & Bhattacharyya 2012). The strong disagreement of the data distribution and their fitting by the frequencyrelation models based on the assumption of the geodesic character of the oscillatory frequencies related to proper combinations of the geodetical orbital and epicyclic motion caused attempts to find a correction of a non-geodesic origin reflecting some important physical ingredients – as e.g., influence of the magnetic field of the neutron star (Bakala et al. 2012, 2010; Kovář et al. 2008; Stuchlík & Kološ 2012), or of thickness of non-slender oscillating tori (Rezzolla et al. 2003; Straub & Šrámková 2009) that could make the fitting procedure much better, as shown in Török et al. (2012).

However, it is useful to consider another possibility to improve the fitting procedures that is not based on the non-geodesic corrections and modifies the present orbital resonance models based on the assumption of the geodesic orbital and epicyclic motion, or disk oscillations with frequencies related to those of the geodetical motion.

2 Resonant switch model of HF QPOs in neutron star systems

We propose a new model of twin peak HF QPOs assuming that the twin oscillatory modes creating sequences of the lower and upper HF QPOs can switch at a resonant point. According to such a Resonant Switch (RS) model non-linear resonant phenomena will cause excitation of a new oscillatory mode (or two new oscillatory modes) and vanishing of one of the previously acting modes (or both the previous modes), i.e., switching from one pair of the oscillatory modes to other pair of them that will be acting up to the following resonant point. We assume two resonant points at the disk radii r_{out} and r_{in}, with observed frequencies ν^{out}_U , ν^{out}_L and ν^{in}_U , ν^{in}_L , being in commensurable ratios p^{out} = n^{out} : m^{out} and p^{in} = n^{in} : m^{in}. These resonant frequencies are determined by the energy switch effect (Török 2009); observations put the restrictions ν^{in}_U > ν^{out}_U and p^{in} < p^{out}. In the region covering the resonant point at r_{out} the twin oscillatory modes with the upper (lower) frequency are determined by the function ν^{out}_U (x; M, a) (ν^{out}_L (x; M, a)). Near the inner resonant point at r_{in} different oscillatory modes given by the frequency functions ν^{in}_U (x; M, a) and ν^{in}_L (x; M, a) occur. We assume all the frequency functions to be determined by combinations of the orbital and epicyclic frequencies of the geodesic motion in the Kerr backgrounds. Such a simplification is correct with high precision for neutron (quark) stars with large masses, close to maximum allowed for a given equation of state. As demonstrated in Török et al. (2010) and Urbanec et al. (in preparation), the quadrupole moment of Hartle–Thorne geometry corresponding to near-extreme masses is very close to the Kerr limit and the orbital and epicyclic frequencies are very close to those given by the exact Kerr geometry.

The frequency functions have to meet the observationally given resonant frequencies. In the framework of the simple RS model, when two resonant points and two pairs of the frequency functions are assumed, this requirement enables determination of the parameters of the Kerr background describing with high precision the exterior of the neutron (quark) star. The “shooting” of the frequency functions to the resonant points, giving the neutron star parameters, can be realized efficiently in two steps. Independence of the frequency ratio on the mass parameter M implies the conditions

ν^{out}_U (x; M, a) : ν^{out}_L (x; M, a) = p^{out} , (1) ν^{in}_U (x; M, a) : ν^{in}_L (x; M, a) = p^{in} (2)

giving relations for the spin a in terms of the dimensionless radius x and the resonant frequency ratio p. They can be expressed in the form a^{out}(x, p^{out}) and a^{in}(x, p^{in}), or in an inverse form x^{out}(a, p^{out}) and x^{in}(a, p^{in}). At the resonant radii the conditions

ν^{out}_U = ν^{out}_U (x; M, a) , ν^{in}_U = ν^{in}_U (x; M, a) (3)

are satisfied along the functions M^{out}_{pout} (a) and M^{in}_{pin} (a) which are obtained by using the functions a^{out}(x, p^{out}) and a^{in}(x, p^{in}). The parameters of the neutron (quark) star are then given by the condition

M^{out}_{pout} (a) = M^{in}_{pin} (a) . (4)

The condition (4) determines M and a precisely, if the resonant frequencies are determined precisely. If an error occurs in determination of the resonant frequencies, as naturally expected, our method gives related intervals of acceptable values of mass and spin parameter of the neutron (quark) star.

Predictions of the RS model have to be tested. First, the predicted ranges of the mass and spin parameters have to be confronted with limits predicted by theoretical models of the neutron (quark) star structure. Second, these ranges have to be tested by the observational limits on mass and spin given by different phenomena observed in X-rays coming from the source, e.g., by the profiled spectral lines. Of course, crucial will be the test of fitting the twin peak HF QPO data around the resonant points with the results of the RS model.

Here we restrict ourselves to a rough confrontation of the neutron star theoretical predictions on the mass and spin. The other tests are under investigation and will be presented in a forthcoming paper.

3 Orbital and epicyclic frequencies of geodetical motion in the Kerr geometry

The formulae for the vertical epicyclic frequency ν_θ and the radial epicyclic frequency ν_r take in the Kerr spacetime (describing black holes or exterior of near-maximum mass neutron stars) the form (e.g., Aliev & Galtsov 1981; Kato et al. 1998; Stella & Vietri 1998; Török & Stuchlík 2005)

ν^2_θ = α_θ ν^2_K, ν^2_r = α_r ν^2_K, (5)

where the Keplerian orbital frequency ν_K and the related epicyclic frequencies are given by the formulae

ν_K = 1 2π GM r^3_G

1/2 1 x^{3/2} + a = 1 2π ( c^3 GM ) 1 x^{3/2} + a

, (6)

α_θ = 1 − 4 a x^{3/2} + 3 a^2 x^2

, (7)

α_r = 1 − 6 x + 8 a x^{3/2} − 3 a^2 x^2

. (8)

Here x = r/(GM/c^2) is the dimensionless radius, expressed in terms of the gravitational radius.

The Keplerian frequency ν_K(x, a) is a monotonically decreasing function of the radial coordinate for any value of the Kerr geometry spin. The radial epicyclic frequency has a global maximum for any Kerr black hole spacetime (0 < a < 1) and also the vertical epicyclic frequency is not monotonic if the spin is sufficiently high (see, e.g., Kato et al. 1998; Perez et al. 1997). For the Kerr black-hole spacetimes, the locations R_r (a), R_θ (a) of maxima of the epicyclic frequencies ν_r, ν_θ are implicitly given by the conditions (Török & Stuchlík 2005)

β_j(x, a) = 1 2 √ x x^{3/2} + a α_j(x, a) , where j ∈ {r, θ} , (9)

β_r(x, a) ≡ 1 x^2 − 2 a x^{5/2} + a^2 x^3

, (10)

β_θ(x, a) ≡ a x^{5/2} − a^2 x^3

. (11)

For any black hole spin, the extrema of the radial epicyclic frequency R_r (a) are located above the marginally stable orbit. The latitudinal epicyclic frequency has extrema R_θ (a) located above the photon (marginally bound or marginally stable) circular orbit in the black hole spacetimes with spin a > 0.748 (0.852, 0.952) (Török & Stuchlík 2005). In the Keplerian disks with the inner boundary at x_{in} ∼ x_{ms}, the limiting value a = 0.952 is relevant. Note that in the Kerr naked singularity spacetimes (with a > 1) the behaviour of the orbital and epicyclic frequencies is much more complex (Török & Stuchlík 2005; Stuchlík & Schee 2012) and also the related optical phenomena (as profiled lines) demonstrate strong differences in comparison to those created in the black hole or neutron star external spacetimes having a < 1 (Stuchlík & Schee 2010, 2012). However, these differences are important only at radii r < M, and become irrelevant at radii related to the exterior of the superspinning quark stars having (slightly) a > 1 (Lo & Lin 2011).

4 Frequency relations of the oscillatory mode pairs

We concentrate attention on the combinations of the relativistic precession (RP) and total precession (TP) frequency relations, defined by the frequency mix for the lower frequency, their modifications for the upper frequency, including the higher, “beat”, harmonics, and the tidal disruption (TD) and warped disk (WD) models. For each of the frequency relations under consideration we present the function determining the resonant radii x_{n:m}(a) given by the upper to lower frequency ratio ν_U : ν_L = n : m characterized by the parameter p = (m n )_2

. (12)

Generally, the condition x_{n:m} > x_{ms} has to be satisfied; the marginally stable orbit x_{ms}, assumed to correspond to the inner edge of the Keplerian disks, is implicitly determined by the function

a = a_{ms}(x) ≡ √ x 3 ( 4 − √ 3x − 2 ) . (13)

4.1 Relativistic precession model

The RP model is determined by the frequency relation

ν_K ν_K − ν_r = n m . (14)

The resonance condition reads

a = a^{K/(K−r)}(x, p) ≡ √ x 3 [ 4 − √ 3x(1 − p_{RP}) − 2 ] (15)

where p_{RP} =

(n − m n )_2 = ( 1 − √ p )_2 . (16)

Modification RP1. The upper frequency corresponds to the vertical epicyclic frequency, the modified frequency relation is determined by ν_θ ν_K − ν_r = n m . (17)

The resonance function a^{θ/(K−r)}(x, p) is properly chosen solution of the equation

p^2α^2_θ − 2pα_θ (1 + α_r) + (1 − α_r)^2 = 0 . (18)

We shall not give the function explicitly here because of its complexity.

Modification RPB. The upper frequency corresponds to the beat frequency, the modified frequency relation is determined by ν_K + ν_r ν_K − ν_r = n m . (19)

The resonance condition reads

a = a^{(K+r)/(K−r)}(x, p) ≡ √ x 3 [ 4 − √ 3x(1 − p_{RPB}) − 2 ] (20)

where p_{RPB} =

(n − m

n + m

)_2 = ( √ p − 1 √ p + 1

)_2 . (21)

4.2 Total precession model

The TP model is determined by the frequency relation ν_θ ν_θ − ν_r = n m . (22)

The resonance condition reads

a = a^{θ/(θ−r)}(x, p) ≡ √ x 3(p_{TP} + 1) { 2 (p_{TP} + 2) − − √ (1 − p_{TP}) [ 3x(p_{TP} + 1) − 2(2p_{TP} + 1) ] } (23)

where p_{TP} =

( n − m n )_2 = ( 1 − √ p )_2 . (24)

Modification TP1. The upper frequency corresponds to the Keplerian orbital frequency, the modified frequency relation is determined by ν_K ν_θ − ν_r = n m . (25)

The resonance function a^{K/(θ−r)}(x, p) is solution of the equation

(α_θ − α_r)^2 − 2p (α_θ + α_r) + p^2 = 0 . (26)

In the explicit form the resonance condition reads

a = a^{K/(θ−r)}(x, p) ≡ ≡ √ x + 1 2 · 3^{5/6} × √ A^{2/3} + B A^{1/3} − √ A^{1/3} 4 √ 3px^{5/2} √ A + A^{1/3}B − 1 − B A^{1/3}

(27)

where

A = 6p^2 x^5 + √ 36p^4 x^{10} − B^3 , (28) B = 3^{1/3} px^3 [ 4 + (p − 4)x ] . (29)

Modification TPB. The upper frequency corresponds to the beat frequency, the modified frequency relation is determined by ν_θ + ν_r ν_θ − ν_r = n m . (30)

The resonance condition reads

a = a^{(θ+r)/(θ−r)}(x, p) ≡ √ x 3(p_{TPB} + 1) { 2(p_{TPB} + 2) − − √ (1 − p_{TPB}) [ 3x(p_{TPB} + 1) − 2(2p_{TPB} + 1) ] } (31)

where p_{TPB} =

( n − m

n + m

)_2 = ( √ p − 1 √ p + 1

)_2 . (32)

4.3 Tidal disruption model

The TD model (Kostić et al. 2009) is based on the idea of an orbiting hot spot distorted by the influence of the tidal effects of the central black hole or neutron star. It is is determined by the frequency relation ν_K + ν_r ν_K = n m . (33)

The resonance condition reads

a = a^{(K+r)/K}(x, p) ≡ √ x 3 [ 4 − √ 3x(1 − p_{TD}) − 2 ] (34) where

p_{TD} =

(n − m m )_2 = ( 1 − √ p )_2 p . (35)

4.4 Warped disk model

The warped disk oscillations (WD) model (Kato 2004, 2008; Wagoner 1999) assumes the frequency of the disk oscillations to be given by combinations of the (multiples) of the Keplerian and epicyclic frequencies. Usually, the inertial-acoustic and g-mode oscillations and their resonances could be relevant. We consider as an example the frequency relation 2ν_K − ν_r 2 (ν_K − ν_r) = n m . (36)

The resonance condition reads

a = a^{(2K−r)/(2K−2r)}(x, p) ≡ √ x 3 [ 4 − √ 3x (1 − p_{WD}) − 2 ] (37)

where

p_{WD} = [ 2(n − m) 2n − m

]_2 = 2 ( 1 − √ p ) 2 − √ p 2 . (38)

5 Resonant switch model applied to the source 4U 1636−53

The observational X-ray data obtained for both the atoll and Z-sources indicate feasibility of the RS model at least in some of the observed sources. We shall test the atoll source 4U 1636−53, where the twin peak HF QPOs span a wide range of frequencies crossing the frequency ratios 3 : 2, 4 : 3 and finishing at 5 : 4, just near (or at) the inner edge of the accretion disk (Boutelier et al. 2010; Török 2009; Stuchlík et al. 2011). In the case of the 4U 1636−53 source, behaviour of the observed oscillations indicates presence of the resonant effects at disk radii where the frequencies are in the ratios 3 : 2 and 5 : 4 because of the energy switch effect occurring at these frequency ratios (Török 2009); therefore, the source is properly chosen for our test of the RS model.

5.1 The resonant frequencies

Using the results of Török (2009), the resonant frequencies determined by the energy switch effect are given in the outer resonant point with frequency ratio ν_U/ν_L = 3/2 by the frequency intervals

ν^{out}_U = ν^{out}_{U0} ± Δν^{out} = (970 ± 30) Hz , ν^{out}_L = ν^{out}_{L0} ± Δν^{out} = (647 ± 20) Hz , (39) while at the inner resonant point with frequency ratio ν_U/ν_L = 5/4 the frequency intervals are

ν^{in}_U = ν^{in}_{U0} ± Δν^{in} = (1180 ± 20) Hz , ν^{in}_L = ν^{in}_{L0} ± Δν^{in} = (944 ± 16) Hz . (40)

Note that the resonant points determined by using the energy switch effect are in accord with observational data points crossing the lines of constant frequency ratios 3 : 2 and 5 : 4 as given in the standard papers (Barret et al. 2005; Belloni et al. 2007).

5.2 Theoretical limits on the mass and spin of neutron and quark stars

It is well known that the neutron star mass surely cannot exceed the critical value of M ∼ 3.2 M_⊙ (Rhoades & Ruffini 1974). On the other hand, realistic equations of state put limit on the maximal mass of neutron stars around M_{maxN} ∼ 2.8 M_⊙ (Postnikov et al. 2010). In fact, the extremal maximum M_{maxN} ∼ 2.8 M_⊙ is predicted by the field theory (Müller & Serot 1996). The limit of M_{maxN} ∼ 2.5 M_⊙ is predicted by Dirac–Brueckner–Hartree–Fock approach in some special case (Müther et al. 1987) and the variational approaches (Akmal & Pandharipande 1997; Akmal et al. 1998) and other approaches (Urbanec et al. 2010a) allow for M_{maxN} ∼ 2.25 M_⊙. On the neutron star dimensionless spin the limit of a < a_{maxN} = 0.7 has been recently reported, being independent of the equation of state (Lo & Lin 2011).

For the quark stars the maximal mass is expected somewhat smaller in comparison with the neutron stars because of softer equations of state assumed in modelling the quark stars, but masses around M_{maxQ} ∼ 2 M_⊙ are allowed (see, e.g., Glendenning 2000; Lo & Lin 2011). However, a substantial difference occurs in the limit on maximal spin, since even slightly superspinning states of quark stars with a_{maxQ} ≥ 1, exceeding the black hole limit, has been recently reported by Lo & Lin (2011), independently of the details of the equation of state for quark matter. Such a sharp difference between the limits on the maximal spin of neutron and quark stars could probably be explained by the fact that in quark (strange) stars the strong nuclear force helps in binding the stars (or could be the binding force in low mass strange stars), while no such effect can be present in the case of neutron stars.

In the Hartle–Thorne models of rotating neutron stars the spin of the star has to be related to its rotational frequency. The rotational frequency of the neutron star at the atoll source 4U 1636−53 has been observed at f_{rot} = 580 Hz, or f_{rot} = 290 Hz, if we observe doubled radiating structure (Strohmayer & Markwardt 2002). Of course, such a rotational frequency is substantially lower in comparison with the mass shedding frequency, and the Hartle–Thorne model can be applied quite well, predicting spins significantly lower than the maximally allowed spin.

The theory of neutron star structure then implies for a wide variety of realistic equations of state the spin in the range (Hartle & Thorne 1968, Urbanec et al. in preparation) 0.1 < a < 0.4 . (41)

Fig. 1: Left panel: possible combinations of mass and spin of neutron star in the atoll source 4U 1636−53 predicted by the RP and TD model using the scatter of the resonant frequencies at each of the two resonant points where RP ≡ ν_K : (ν_K −ν_r ) = 5 : 4 and TD ≡ (ν_K +ν_r ) : ν_K = 3 : 2. The right panel gives the detailed information about the intervals of mass and spin relevant for this combination of the two frequency relations assuming the resonant switch model.

Of course, the upper part of the allowed spin range corresponds to the rotational frequency f_{rot} = 580 Hz, while the lower part corresponds to f_{rot} = 290 Hz. The related restriction on the neutron star (near-extreme) mass reads

M < 2.5 M_⊙ . (42)

Therefore, we shall use these restrictions and make a short comment on the results of the RS model in the case of three typical combinations considered in our study. We plan for a future work to make a detailed study considering Hartle–Thorne models constructed for a large variety of equations of state allowing for sufficiently large mass of the 4U 1636−53 neutron (or quark) star.^1

5.3 Ranges of 4U 1636−53 neutron star mass and spin implied by the RS model

We have presented above a variety of the oscillatory mode pairs that deserve consideration and determined the representative resonance functions a^{νU/νL} (x, p) related to the oscillatory pairs. Now we shall test all the possible combinations of the oscillatory pairs at the established resonant points and give the related intervals of allowed values of the mass and spin of the neutron or quark star. We shall discuss in detail two characteristic cases of the combinations RP–TD, RP–TP and its modification RP1–TP1. In the other cases, we shall give only the resulting allowed intervals of the neutron star parameters M and a. Of course, each pair of the frequency relations under consideration has to be properly ordered at the resonant points.

We have made the mass and spin estimates by “shooting” the frequency relations to the two resonant points for all the frequency relations presented above. The procedure

1Notice that quite recent study of the HF QPOs and line profiles observed in 4U 1636−53 leads the authors to claim that combining these two effects they are able to predict mass of the neutron star to be ∼ 2.4 M_⊙ (Sanna et al. 2012).

(a) (b)

(c) Fig. 2: RP and TD model fits for the atoll source 4U 1636−53. The gray rectangles indicate the scatter of the resonant frequencies at each of the two resonant points. The fits are shown for the minimal (a), maximal (b) and central (c) allowed values of neutron star mass and spin implied by the resonant switch model. The case (a) corresponds to the left black point on the right panel of Fig. 1 with ν^{out}_U (3 : 2) = 1000 Hz, ν^{out}_L (3 : 2) = 667 Hz and ν^{in}_U (5 : 4) = 1160 Hz, ν^{in}_L (5 : 4) = 928 Hz, (b) corresponds to the right black point on the right panel of Fig. 1 with ν^{out}_U (3 : 2) = 940 Hz, ν^{out}_L (3 : 2) = 627 Hz and ν^{in}_U (5 : 4) = 1200 Hz, ν^{in}_L (5 : 4) = 960 Hz, and (c) corresponds to the central white point on the right panel of Fig. 1 with ν^{out}_U (3 : 2) = 970 Hz, ν^{out}_L (3:2) = 647 Hz and ν^{in}_U (5:4) = 1180 Hz, ν^{in}_L (5:4) = 944 Hz.

of determining the intervals of mass and spin relevant for the combinations of the frequency relations is demonstrated in Figs. 1 – 4. The intervals of the mass and spin implied by the procedure of the RS model are summarized in Table 1. Only combinations giving a RS solution are presented in Table 1 where for the frequency relations under consideration the relevant resonant points are explicitly given.

The mass and spin estimates of the RS model related to the data of the 4U 1636-53 source have to be confronted with restrictions on the neutron star mass and spin implied by the theoretical models of neutron stars (or quark stars) and the observed rotational frequency of the neutron star at 4U 1636−53 presented above.

Fig. 3: Left panel: possible combinations of mass and spin of neutron star in the atoll source 4U 1636−53 predicted by the RP and TP model using the scatter of the resonant frequencies at each of the two resonant points where RP ≡ ν_K : (ν_K − ν_r) = 5 : 4 and TP ≡ ν_θ : (ν_θ − ν_r) = 3 : 2. The right panel gives the detailed information about the intervals of mass and spin relevant for this combination of the two frequency relations assuming the resonant switch model.

5.3.1 Combination of the RP and TD models

For the combination of RP and TD models, the RP model has to be related to the inner resonant point, while the TD model has to be related to the outer resonant point. We have demonstrated that for the frequency scatter at the resonant points, given by the Eqs. (39) and (40), the range of allowed values of the mass and spin of the neutron star is given by

0.86 < a < 0.94 , 5.03 < M M_⊙

< 6.27 . (43)

The central point of the frequency ranges implies the central estimates of the neutron star parameters to be a = 0.91 and M = 5.67 M_⊙. For completeness, we present also the frequency dependence of the RP and TD oscillatory modes for the limiting values of the spin and mass and for the central values in Fig. 2. Qualitatively, these frequency dependencies could be in accord with the observational data.

Clearly, in the case of the combination of the RP and TD oscillatory modes the RS model implies parameters of the neutron star that are totally out of the ranges accepted by the recent theory of the structure of the neutron or quark stars both for their spin and mass. Therefore, the RP–TD combination can be excluded as a realistic explanation of the observed data in the atoll source 4U 1636−53 because of high values of the predicted neutron star parameters. Nevertheless, it is interesting to notice that the RP model fits in the allowed range of mass and spin both resonant points quite well, especially for the central point with a = 0.91 and M = 5.7 M_⊙, while the TD frequency relation is restricted just to the region corresponding to the outer resonant point.

5.3.2 Combination of the RP and TP models

For the combination of RP and TP models, the RP model has to be related to the inner resonant point, while the TP model has to be related to the outer resonant point. For the frequency scatter at the resonant points, given by the Eqs. (39) and (40), we deduce

(a) (b)

(c) Fig. 4: RP and TP model fits for the atoll source 4U 1636−53. The gray rectangles indicate the scatter of the resonant frequencies at each of the two resonant points. The fits are shown for the minimal (a), maximal (b) and central (c) allowed values of neutron star mass and spin implied by the resonant switch model. The case (a) corresponds to the left black point on the right panel of Fig. 3 with ν^{out}_U (3 : 2) = 1000 Hz, ν^{out}_L (3 : 2) = 667 Hz and ν^{in}_U (5 : 4) = 1160 Hz, ν^{in}_L (5 : 4) = 928 Hz, (b) corresponds to the right black point on the right panel of Fig. 3 with ν^{out}_U (3 : 2) = 940 Hz, ν^{out}_L (3 : 2) = 627 Hz and ν^{in}_U (5 : 4) = 1200 Hz, ν^{in}_L (5 : 4) = 960 Hz, and (c) corresponds to the central white point on the right panel of Fig. 3 with ν^{out}_U (3 : 2) = 970 Hz, ν^{out}_L (3:2) = 647 Hz and ν^{in}_U (5:4) = 1180 Hz, ν^{in}_L (5:4) = 944 Hz.

the range of allowed values of the mass and spin of the neutron star given by

0.29 < a < 0.70 , 2.25 < M M_⊙

< 3.57 . (44)

The central point of the frequency ranges implies the central estimates of the neutron star parameters to be a = 0.54 and M = 2.91 M_⊙. In Fig. 4 we present again the frequency dependence of the RP and TP oscillatory modes for the limiting values of the neutron star spin and mass and for the central values of these parameters. Again, these frequency dependencies are in accord with the observational data qualitatively. As in the case of TD–RP combination, the RP frequency relation meets both resonant points frequency intervals, but only slightly, while the TP relation meets only the outer resonant point frequency interval.

Table 1: Intervals of mass and spin of the neutron star in the atoll source 4U 1636−53 implied by the procedure of the RS model. The shaded rows represent those combinations of models that give acceptable values of spin and mass. Note that the model WD(3:2) gives identical solution as TD(3:2).

Combination of models spin a mass [M/M_⊙] RP(3:2) – RP(5:4) 0.68 − 0.97 3.60 − 6.88 RP(5:4) – RP1(3:2) 0.14 − 0.42 1.98 − 2.49 RP(5:4) – TP(3:2) 0.29 − 0.70 2.25 − 3.57 RP(3:2) – TP1(5:4) 0.27 − 0.74 2.28 − 4.20 RP(3:2) – TPB(5:4) 0.18 − 0.65 2.24 − 3.45 RP(5:4) – TPB(3:2) 0.90 − 0.94 5.63 − 6.27 RP1(3:2) – TP(5:4) 0.25 − 0.67 2.11 − 2.94 RP1(3:2) – TP(5:4) 0.988 − 0.994 3.64 − 3.85 RP1(3:2) – TP1(5:4) 0.10 − 0.34 1.94 − 2.36 RP1(3:2) – TPB(5:4) 0.992 − 0.996 3.65 − 3.87 RP1(5:4) – TPB(3:2) 0.9993 − 0.9996 3.47 − 3.59 RPB(5:4) – TP1(3:2) 0.18 − 0.67 2.30 − 4.11 RPB(5:4) – TPB(3:2) 0.72 − 0.84 4.52 − 5.56 TP(3:2) – TP1(5:4) 0.17 − 0.52 2.07 − 2.93 TP(3:2) – TPB(5:4) 0.48 − 0.94 2.84 − 4.71 TP1(3:2) – TPB(5:4) 0.08 − 0.38 2.10 − 2.70 TD(3:2) – TD(5:4) 0.00 − 0.69 2.14 − 4.22 TD(3:2) – RP(5:4) 0.86 − 0.94 5.03 − 6.27 TD(3:2) – RPB(5:4) 0.34 − 0.73 2.75 − 4.43 TD(3:2) – TP1(5:4) 0.70 − 0.74 3.99 − 4.33 TD(5:4) – TP1(3:2) 0.38 − 0.71 2.89 − 4.48 TD(5:4) – TPB(3:2) 0.70 − 0.85 4.38 − 5.58 WD(3:2) – RP(5:4) 0.86 − 0.94 5.03 − 6.27 WD(3:2) – RPB(5:4) 0.34 − 0.73 2.75 − 4.43 WD(5:4) – RPB(3:2) 0.00 − 0.86 2.56 − 7.02 WD(3:2) – TP1(5:4) 0.70 − 0.74 3.99 − 4.33 WD(5:4) – TP1(3:2) 0.85 − 0.89 6.64 − 7.59 WD(5:4) – TPB(3:2) 0.00 − 0.29 2.56 − 3.21 WD(3:2) – TD(5:4) 0.00 − 0.69 2.14 − 4.22

The RP–TP combination of the oscillatory modes in the RS model implies parameters of the neutron star that are quite acceptable in the lower end of the allowed ranges of spin and mass. Comparing our results with the allowed ranges of spin (Eq. 41) and mass (Eq. 42) we can see that the RP–TP combination could work for 0.3 ≲ a ≲ 0.4 and mass 2.25 ≲ M/M_⊙ ≲ 2.5.

The physical explanation of the RP–TP model could be relatively very simple. A hot spot is oscillating in both vertical and radial directions and its radiation is modified by the frequencies ν_θ and ν_θ − ν_r; approaching the 3 : 2 resonant point, oscillations in the vertical direction are successively damped due to non-linear (e.g., tidal) effects and the radial oscillations are enforced. Then the Keplerian and the radial epicyclic frequencies become important.

5.3.3 Combination of the RP1 and TP1 models

Finally, we discuss one important case of combinations of modifications of the RP and TP frequency relations. We do not follow all the details, presenting only the results. The TP1 model has to be related to the inner resonant point, while the RP1 model has to be related to the outer resonant point. For the frequency scatter at the resonant points, given by the Eqs. (39) and (40), we deduce the range of allowed values of the mass and spin of the neutron star given by

0.10 < a < 0.34 , 1.94 < M M_⊙

< 2.36 . (45)

The central point of the frequency ranges implies the central estimates of the neutron star parameters to be a = 0.23 and M = 2.15 M_⊙.

The RP1–TP1 combination of the oscillatory modes in the RS model implies complete ranges of parameters of the neutron star that are in a good accord with the theoretical limits on the spin (Eq. 41) and mass (Eq. 42) of the neutron star in 4U 1636-53. This combination could thus be considered as one of the best candidates for explaining the observed data of the HF QPOs.

We can see from Table 1 where all the results are presented that some combinations of the frequency relations are clearly excluded by the theoretical limits on mass and spin of neutron stars, while other give quite reasonable restrictions on the mass and spin parameters of the neutron star present in the atoll source 4U 1636−53. We plan to test further the acceptable combinations of the frequency relations by fitting the relations to the observational data related to the vicinity of the resonant points. Our preliminary results indicate that the improvement of the fitting procedure precision could be really relevant. We believe that than we are able to fix more precisely the proper combination of the frequency relations.

6 Conclusions

The RS model has been tested for the atoll source 4U 1636−53 demonstrating possible two resonant points in the observed data. For relevant pairs of the oscillatory frequency relations the range of allowed values of the mass and dimensionless spin of the neutron star are determined giving in some cases acceptable pairs of frequency relations, while some other pairs are excluded because of predicting unacceptable values of the spin and/or mass of the neutron star at 4U 1636−53. We focused our attention on the test of the frequency relations containing geodetical orbital and epicyclic frequencies or some combinations of these frequencies. It should be noted that the cause of the switch of the pairs of the oscillatory modes is not necessarily tied to the resonant phenomena related to the oscillations governed by the frequencies of the geodetical motion, as the switch can be related, e.g., to the influence of the magnetic field of the neutron star, or the radiation coming from the surface of the neutron star. Moreover, in some sources, e.g., the Circinus X-1, we cannot exclude the possibility of chaotic changes of frequency relation pairs in a given fixed interval of observed frequencies. We study the resonant phenomena first, leaving other cases to the future studies.

Generally, the RP–TP combination of the RS model, and its modifications, enable acceptable explanation of the observational data for 4U 1636−53 source. This should be, however, explicitly tested by fitting procedure applied to the observed twin HF QPO sequences related to the resonant points. We plan to make such a test in a future work and also to test the RS model in the case of some other atoll (4U 1608−52) or Z (Circinus X-1) sources, containing a neutron (quark) star, with observational data indicating possible existence of two resonant points, and to estimate allowed values of the spin and mass of the neutron (quark) stars.

In the special situations related to accreting neutron stars with near-maximum masses the Kerr metric can be well applied in calculating the orbital and epicyclic geodetical frequencies, as has been done in the present paper, where the results of the mass and spin interval findings are in agreement with the assumption of near-maximum masses of the neutron stars. In general situations, when the neutron star mass is not close to its maximum value allowed by the equation of state, or when a precise fitting procedure of the observational data is needed, the Hartle–Thorne geometry describing rotating neutron stars has to be considered and the orbital and epicyclic frequencies reflecting influence of mass, spin and quadrupole moment of the neutron star has to be used. Nevertheless, the role of the quadrupole moment is relevant only very close to the inner edge of the accretion disk (Török et al. 2010).

Acknowledgements. We would like to express our gratitude to the Czech grants GAČR 202/09/0772, GAČR 205/09/H033 and the internal grants of the Silesian University Opava FPF SGS/1,2/2010. The authors further acknowledge the project Supporting Integration with the International Theoretical and Observational Research Network in Relativistic Astrophysics of Compact Objects, reg. no. CZ.1.07/2.3.00/20.0071, supported by Operational Programme Education for Competitiveness funded by Structural Funds of the European Union and state budget of the Czech Republic.

References

Abramowicz, M. A., Bulik, T., Bursa, M., & Kluźniak, W. 2003, A&A, 404, L21, arXiv:astro-ph/0206490v2

Abramowicz, M. A., Kluźniak, W., & Yu, W. 2011, Acta Astron., 61, 319, arXiv:1111.2521v1 [astro-ph.HE]

Akmal, A. & Pandharipande, V. R. 1997, Phys. Rev. C, 56, 2261, arXiv:nucl-th/9705013v2 Akmal, A., Pandharipande, V. R., & Ravenhall, D. G. 1998, Phys. Rev. C, 58, 1804, arXiv:nucl-th/9804027v1 Aliev, A. N. & Galtsov, D. V. 1981, Gen. Relat. Gravit., 13, 899 Bakala, P., Šrámková, E., Stuchlík, Z., & Török, G. 2010, Classical Quant. Grav., 27, 045001 Bakala, P., Urbanec, M., Šrámková, E., Stuchlík, Z., & Török, G. 2012, Classical Quant. Grav., 29, 065012 Barret, D., Olive, J.-F., & Miller, M. C. 2005, MNRAS, 361, 855, arXiv:astro-ph/0505402v1 Belloni, T., Homan, J., Motta, S., Ratti, E., & Méndez, M. 2007, MNRAS, 379, 247, arXiv:0705.0793v1 [astro-ph] Boutelier, M., Barret, D., Lin, Y., & Török, G. 2010, MNRAS, 401, 1290, arXiv:0909.2990v1 [astro-ph.HE] Bursa, M. 2005, in Proceedings of RAGtime 6/7: Workshops on black holes and neutron stars, Opava, 16–18/18–20 September 2004/2005, ed. S. Hledík & Z. Stuchlík (Opava: Silesian University in Opava), 39–45 Čadež, A., Calvani, M., & Kostić, U. 2008, A&A, 487, 527, arXiv:0809.1783v1 [astro- ph] Chakrabarti, S. K., Debnath, D., Pal, P. S., et al. 2009, arXiv:0903.1482v1 [astroph.HE] Glendenning, N. K. 2000, Compact Stars: Nuclear Physics, Particle Physics, and General Relativity (New York: Springer-Verlag) Hartle, J. B. & Thorne, K. 1968, ApJ, 153, 807 Horák, J., Abramowicz, M. A., Kluźniak, W., Rebusco, P., & Török, G. 2009, A&A, 499, 535, arXiv:0901.3076v1 [astro-ph.CO] Kato, S. 2004, PASJ, 56, 905, arXiv:astro-ph/0409051v2 Kato, S. 2008, PASJ, 60, 111, arXiv:0709.2467v1 [astro-ph] Kato, S., Fukue, J., & Mineshige, S. 1998, in Black-hole accretion disks, ed. S. Kato, J. Fukue, & S. Mineshige (Kyoto, Japan: Kyoto University Press) Kostić, U., Čadež, A., Calvani, M., & Gomboc, A. 2009, A&A, 496, 307, arXiv:0901.3447v1 [astro-ph.HE]

Kovář, J., Stuchlík, Z., & Karas, V. 2008, Classical Quant. Grav., 25, 095011, arXiv:0803.3155v1 [astro-ph] Lin, Y.-F., Boutelier, M., Barret, D., & Zhang, S.-N. 2011, ApJ, 726, 74, arXiv:1010.6198v1 [astro-ph.HE] Lo, K.-W. & Lin, L.-M. 2011, ApJ, 728, 12, arXiv:1011.3563v2 [astro-ph.HE] Miller, M. C., Lamb, F. K., & Psaltis, D. 1998, ApJ, 508, 791, arXiv:astro-ph/9609157v3 Montero, P. J. & Zanotti, O. 2012, MNRAS, 419, 1507, arXiv:1107.2546v2 [astroph.SR] Mukherjee, A. & Bhattacharyya, S. 2012, ApJ, 756, 55 Mukhopadhyay, B. 2009, ApJ, 694, 387, arXiv:0811.2033v1 [astro-ph] Müller, H. & Serot, B. D. 1996, Nucl. Phys. A, 606, 508, arXiv:nucl-th/9603037v1 Müther, H., Prakash, M., & Ainsworth, T. L. 1987, Phys. Lett. B, 199, 469 Osherovich, V. & Titarchuk, L. 1999, ApJ, 522, L113, arXiv:astro-ph/9907360v1 Perez, C. A., Silbertgleit, A. S., Wagoner, R. V., & Lehr, D. E. 1997, ApJ, 476, 589 Postnikov, S., Prakash, M., & Lattimer, J. M. 2010, Phys. Rev. D, 82, 024016, arXiv:1004.5098v1 [astro-ph.SR] Remillard, R. A. & McClintock, J. E. 2006, ARA&A, 44, 49, arXiv:astro-ph/0606352v1 Rezzolla, L., Yoshida, S., & Zanotti, O. 2003, MNRAS, 344, 978 Rhoades, C. E. & Ruffini, R. 1974, Phys. Rev. Lett., 32, 324 Sanna, A., Méndez, M., Belloni, T., & Altamirano, D. 2012, poster presentation at IAU General Assembly XXVIII, 20–31 August 2012, Beijing, China Shi, C. 2011, Research in Astronomy and Astrophysics, 11, 1327 Shi, C. & Li, X.-D. 2009, MNRAS, 392, 264, arXiv:0810.1797v1 [astro-ph] Stella, L. & Vietri, M. 1998, ApJ, 492, L59, arXiv:astro-ph/9709085v1 Stella, L. & Vietri, M. 1999, Phys. Rev. Lett., 82, 17, arXiv:astro-ph/9812124v1 Straub, O. & Šrámková, E. 2009, Classical Quant. Grav., 26, 055011, arXiv:0901.1635v1 [astro-ph.SR] Strohmayer, T. E. & Markwardt, C. B. 2002, ApJ, 577, 337, arXiv:astro-ph/0205435v1 Stuchlík, Z. & Kološ, M. 2012, Journal of Cosmology and Astroparticle Physics, 10, 8

Stuchlík, Z., Kotrlová, A., & Török, G. 2011, A&A, 525, A82, arXiv:1010.1951v1 [astro-ph.HE] Stuchlík, Z. & Schee, J. 2010, Classical Quant. Grav., 27, 215017, arXiv:1101.3569v1 [gr-qc] Stuchlík, Z. & Schee, J. 2012, Classical Quant. Grav., 29, 065002 Stuchlík, Z., Török, G., & Bakala, P. 2007, arXiv:0704.2318v2 [astro-ph] Török, G. 2009, A&A, 497, 661, arXiv:0812.4751v2 [astro-ph] Török, G., Abramowicz, M. A., Bakala, P., et al. 2008a, Acta Astron., 58, 15, arXiv:0802.4070v2 [astro-ph] Török, G., Abramowicz, M. A., Kluźniak, W., & Stuchlík, Z. 2005, A&A, 436, 1, arXiv:astro-ph/0401464v1 Török, G., Bakala, P., Šrámková, E., Stuchlík, Z., & Urbanec, M. 2010, ApJ, 714, 748, arXiv:1008.0088v1 [astro-ph.HE] Török, G., Bakala, P., Šrámková, E., et al. 2012, ApJ, 760, 138 Török, G., Bakala, P., Stuchlík, Z., & Čech, P. 2008b, Acta Astron., 58, 1 Török, G. & Stuchlík, Z. 2005, A&A, 437, 775, arXiv:astro-ph/0502127v1 Urbanec, M., Běták, E., & Stuchlík, Z. 2010a, Acta Astron., 60, 149, arXiv:1007.3446v1 [astro-ph.SR] Urbanec, M., Török, G., Šrámková, E., et al. 2010b, A&A, 522, 7, arXiv:1007.4961v1 [astro-ph.HE] van der Klis, M. 2000, ARA&A, 38, 717, arXiv:astro-ph/0001167v1 van der Klis, M. 2006, in Compact Stellar X-Ray Sources, ed. W. H. G.

Lewin & M. van der Klis (Cambridge: Cambridge University Press), 39–112, arXiv:astro-ph/0410551v1 Wagoner, R. V. 1999, Phys. Rep., 311, 259, arXiv:astro-ph/9805028v1 Zhang, C. 2004, A&A, 423, 401, arXiv:astro-ph/0402028v2 Zhang, C. M., Yin, H. X., Zhao, Y. H., Zhang, F., & Song, L. M. 2006, MNRAS, 366, 1373, arXiv:astro-ph/0601318v1