arXiv:1301.3132v1 [astro-ph.CO] 14 Jan 2013

Relativistic effects in galaxy clustering in a parametrized post-Friedmann universe

Lucas Lombriser,^1 Jaiyul Yoo,^{2, 3} and Kazuya Koyama^1 1Institute of Cosmology & Gravitation, University of Portsmouth, Portsmouth, PO1 3FX, UK 2Institute for Theoretical Physics, University of Zurich, Winterthurerstrasse 190, CH-8057 Zürich, Switzerland 3Lawrence Berkeley National Laboratory, University of California, Berkeley, CA 94720, USA (Dated: January 16, 2013)

We explore the signatures of quintessence and modified gravity theories in the relativistic description of galaxy clustering within a parametrized post-Friedmann framework. For this purpose, we develop a calibration method to consistently account for horizon-scale effects in the linear parametrized Post-Friedmann perturbations of minimally- and non-minimally-coupled scalar-tensor theories and test it against the full model-specific fluctuations. We further study the relativistic effects in galaxy clustering for the normal and self-accelerating branches of the Dvali-Gabadadze-Porrati braneworld model as well as for phenomenological modifications of gravity. We quantify the impact of modified gravity and dark energy models on galaxy clustering by computing the velocity-to-matter density ratio F, the velocity contribution R, and the potential contribution P and give an estimate of their detectability in future galaxy surveys. Our results show that, in general, the relativistic correction contains additional information on gravity and dark energy, which needs to be taken into account in consistent horizon-scale tests of departures from ΛCDM using the galaxy-density field.

I. INTRODUCTION

Modifications of gravity and dark energy models can serve as an alternative explanation to the cosmological constant causing the late-time accelerated expansion of our universe. There exist a large number of models that yield cosmic acceleration and it is therefore of great interest to cultivate a formalism within which such models can systematically be explored while providing a consistent description of their small- and large-scale structure. Whereas the background evolution can be nearly identical for all models, their perturbations generally differ. In ‘analogy’ to the parametrized post-Newtonian formalism on local scales [1], in the last few years, a parametrized post-Friedmann (PPF) framework [95] has been developed for the generalized computation of the linear perturbations around the spatially homogeneous and isotropic background of our universe [2–18]. The PPF formalism consistently unifies this computation for a large class of modified gravity and dark energy models on all linear scales, i.e., if correctly accounting for nearhorizon modifications, and can be used to consistently test these models with structures from the largest observable scales. Hence, it provides the proper generalized framework to study effects on the relativistic description of the galaxy-density field for modified gravity and dark energy cosmologies.

Among the most extensively studied models of modified gravity are scalar-tensor theories. Such models appear naturally in attempts to unify general relativity (GR) with the standard model interactions. In these models a scalar field appears in addition to the gravitational tensor field. This fifth element or quintessence field [19] may not couple directly to the matter fields but can source the cosmic acceleration observed today. Thus, such minimally-coupled scalar-tensor models are natural candidates for dark energy. The scalar field may, however, couple to the matter fields non-minimally, yielding modifications of the gravitational interactions. Such extended or generalized quintessence models have intriguing properties and may, e.g., act as the source of a phantom energy, where the equation of state associated with the scalar field becomes of the form p < −ρ. Non-minimally-coupled scalar-tensor theories are strongly limited by local measurements (see, e.g. [1]). However, nonlinear mechanisms may appear that shield the extra force in such high-density environments and alleviate the constraints (see, e.g., [20]). In the light of known (see also [21]) and possibly yet unknown suppression effects, it is important to independently test gravity on large scales in order to confirm the extrapolation of GR from the well-tested local region to the largest scales of our universe.

With the advent of large-scale galaxy redshift surveys in the past few decades, galaxy clustering has become one of the most powerful measures of the large-scale inhomogeneity and probes GR on scales untested before. In particular, in [22], measurements of galaxy clustering in redshift-space from the Baryonic Oscillation Spectroscopic Survey (BOSS) have been used to constrain deviations from GR parametrized by the logarithmic growth rate of structure f = Ω^γ_m. Furthermore, constraints on the redshift-evolution of f are inferred in [23] utilizing data from the WiggleZ Dark Energy Survey. All of their measurements are well described by a ΛCDM universe with GR.

It is important to keep in mind, however, that on larger scales, close to the horizon, where modified gravity or dark energy may drive the cosmic acceleration today, the standard Newtonian description of galaxy clustering becomes inaccurate as the relativistic effects become substantial. Measurements on these large scales may be misinterpreted as the breakdown of GR on horizon scales. Moreover, certain classes of models such as Dvali-

Gabadadze-Porrati (DGP) [24] braneworld gravity possess a characteristic scale at which the graviton starts to propagate into the codimensions of the bulk embedding our 4D brane universe and features a transition from the effective gravity model in 4D to its full nature of modified gravity. Therefore, testing GR against those models requires a proper covariant description of galaxy clustering and its measurements beyond the transition scale.

In the past few years, the relativistic description of galaxy clustering has been developed [25, 26] to take into account the relativistic effects in galaxy clustering at large scales. It is shown [25–32] that on large scales, the signature of galaxy clustering in GR is significantly different from its Newtonian description and that the relativistic effects provide a new horizon-scale test of GR [33]. The relativistic formula differs from the Newtonian description because our measurements of galaxy clustering are constructed by observing photons and they are directly affected by the two metric potentials. Compared to ΛCDM, in modified gravity and dark energy models, the metric potentials and the velocity respond differently to the same matter distribution. This difference characterizing the modifications to ΛCDM may be prominent on very large scales, providing a unique opportunity to probe gravity and dark energy.

In this paper, we explore the observable signatures of modified gravity and dynamical dark energy in galaxy clustering. We adopt the rather phenomenological but simple and efficient PPF formalism of [6] (cf. [14]) for a unified and consistent description of the associated linear perturbations. For generalized scalar-tensor theories, horizon-scale PPF fits within the formalism of [6] have not been developed previously (see, however, [14] for a description of scalar-tensor model perturbations in a different PPF approach). Therefore, in order to consistently compute the near-horizon perturbations, we introduce a calibration method for these models. We test our fits against the full model-specific linear perturbations and compare our results to existing PPF fits in the limit of f(R) gravity, corresponding to a specific case of scalartensor gravity. We then generalize the relativistic formula of galaxy clustering for the description of a PPF universe and explore the signature of scalar-tensor gravity and quintessence models in galaxy clustering, estimating their detection significance in future galaxy surveys. In addition to the scalar-tensor models, we give predictions for the self-accelerating and normal branch DGP models as well as for phenomenological modifications of gravity, all described through the PPF formalism.

The organization of the paper is as follows. In §II A, we first review the most important aspects of minimallyand non-minimally-coupled scalar-tensor gravity theories, present specific examples of such models, and study their background evolutions. We devote §II B to the DGP braneworld model and §II C to the phenomenological modifications of gravity. In §III, we review the PPF formalism of [6] describing the linear perturbations on the cosmological background within these models. In §III B, we describe our calibration method for computing the near-horizon perturbations in scalar-tensor models and discuss its performance in comparison to the full perturbation analysis. In §III C and §III D, we present the PPF fitting functions and parameters for f(R) gravity [6] and DGP [6, 34], respectively. The phenomenological modifications of gravity are defined through the PPF formalism in §III E. In §IV, we discuss the application of the PPF formalism to determine the signature of modified gravity and dark energy models in galaxy clustering. We quantify their impact on galaxy clustering in §IV A and present approximate estimates of their detectability in future galaxy surveys in §IV B. We conclude in §V and refer to Appendix A and B for a review on the linear perturbation theory of scalar-tensor models and the details on the codes employed for the numerical computations.

Throughout the paper, we assume a spatially homogeneous and isotropic universe. Hence, the background metric is defined by the Friedmann-Lemaître-Robertson- Walker (FLRW) line element

ds^2 = −dt^2 + a^2(t) dx^2, (1)

where we further assume spatial flatness K = 0. We adopt h = 0.73 and Ω_m = 0.24 based on the ΛCDM cosmology inferred from the Wilkinson Microwave Anisotropy Probe [35] in all modified gravity and dark energy models throughout the paper to highlight deviations from a ΛCDM universe.

II. DARK ENERGY AND MODIFIED GRAVITY

In order to assess the effects of modified gravity and dark energy models on the relativistic description of galaxy clustering, we specialize to a number of wellstudied quintessence and modified gravity models along with phenomenological modifications defined through the PPF formalism. We summarize the models studied in this paper in Table I (see §IV B). In this section, we shall give their background equations with a brief model description, while their perturbation equations are described in §III. We devote §II A to the minimally- and non-minimally-coupled scalar-tensor theory. In §II B and §II C, we discuss the DGP braneworld scenario and phenomenological modifications of gravity, respectively.

A. Scalar-tensor gravity

We consider scalar-tensor theories in which the modified Einstein-Hilbert action in the Jordan frame is of the form S = 1 2κ^2 ∫ d^4x √ −g [F (φ)R − Z(φ)∂^μφ∂_μφ − 2U(φ)] +S_m[ψ_m; g_{μν} ], (2)

where S_m is the matter action with matter fields ψ_m, κ^2 ≡ 8π G with the bare gravitational coupling G, and we have set the speed of light c ≡ 1. Here, F (φ) describes the coupling of the scalar field φ to the metric, Z(φ) is the kinetic coupling, and U(φ) is the scalar-field potential. In the Jordan frame action, Eq. (2), matter fields are not explicitly coupled to the scalar field, hence, satisfying the weak equivalence principle. Conformally transforming the metric g_{μν} and redefining the scalar field φ, the geometric part of the action and subsequently the Einstein field equations can be brought into their general relativistic form. In this Einstein frame, matter fields are explicitly coupled to the new scalar field. If F = const, the two metrics are equal up to the constant factor F , in which case matter fields are minimally-coupled. Models with non-constant F are consequently referred to as nonminimally-coupled scenarios. In this paper, we adopt the Jordan frame description.

With the freedom to redefine the scalar field φ in Eq. (2), reducing the number of free functions of φ to two instead of three, we parametrize the non-minimally-coupled models using the Brans-Dicke [36] representation F ≡ φ, Z ≡ ω(φ) φ . (3)

For the minimally-coupled models, we set F (φ) = Z(φ) ≡ 1. We refer to [37] for the more general description of the background and perturbation equations using F (φ), U(φ), and Z(φ). All of the modified gravity and dark energy models discussed in this paper, except for DGP and possibly the phenomenological modifications of gravity (see §II C), can be formulated by an action in form of Eq. (2).

1. Minimally-coupled examples

We describe minimally-coupled scalar-tensor models by the modified Einstein-Hilbert action Eq. (2) with F (φ) = Z(φ) ≡ 1. Variation of the action with respect to the metric g_{μν} and the scalar field φ yields the Einstein field equation R_{μν} − 1 2 g_{μν} R = κ^2T_{μν} − g_{μν} U +∂_μφ∂_ν φ − 1 2 g_{μν} ∂_αφ∂^αφ (4) and the conservation equation □φ = dU/dφ. (5) Furthermore, energy-momentum conservation implies ∇_μT^μ_ν = 0, where T^{μν} ≡ 2δS_m/δg_{μν} / √ −g. Minimally-coupled scalar-tensor models do not modify gravity since the Einstein equations for the Jordan frame metric are not modified, i.e., the Einstein tensor relates to the energy-momentum tensor as in GR and the scalar field can be interpreted as an effective fluid contribution to the matter and radiation components. The

FIG. 1: Dark energy equation of state associated with the quintessence models in §II A 1: the freezing models motivated by the fermion condensate model with dynamical supersymmetry breaking (FDSB) and by supergravity (SUGRA), where the scalar field rolls along the potential at early times but then slows down at late times; the thawing models with collapse at doomsday (DOOM) and with a scalar-field potential motivated by the Pseudo-Nambu-Goldstone Boson (PNGB), where the scalar field is frozen at wφ ≃ −1 at early times and begins to evolve at later times; and the phenomenological quintessence models with constant and time-dependent dark energy equation of state.

background field equation in a spatially-flat FLRW universe are

3H^2 = κ^2ρ +

H^2 2 φ^{′2} + U, (6)

−2H H^′ = κ^2(ρ + p) + H^2φ^{′2}, (7)

where here and throughout the paper, primes denote derivatives with respect to ln a. Furthermore, the energymomentum conservation of the scalar field and matter gives

H^2φ^{′′} + (H H^′ + 3H^2)φ^′ = − dU dφ , (8)

ρ^′ = −3(ρ + p). (9)

The energy density and pressure associated with the scalar field also satisfy Eq. (9). By using the Friedmann equation and the energy-momentum conservation, we obtain the equation of state w_φ ≡ p_φ ρ_φ = (H φ^′)^2 − 2U (H φ^′)^2 + 2U

, (10)

which remains in the regime w_φ ∈ [−1, 1] for U > 0.

In this paper, we study four different analytic potentials of φ and in addition, two potentials phenomenologically defined by an effective Hubble expansion. We show the scalar-field equation of state for the different models in Fig. 1.

a. Freezing models: As our first examples of quintessence potentials, we consider two freezing models, in which the field rolls along the potential at early times but then slows down at late times (see, e.g., [38]),

FDSB : U(φ) =

M^{4+n}_0 φ^n , n > 0, (11)

SUGRA : U(φ) =

M^{4+n}_0 φ^n e^{α φ2} , (12)

where M_0, α, and n are the model-specific parameters. The potential in Eq. (11) is motivated by the fermion condensate model with a dynamical supersymmetry breaking (FDSB) [39–41] and the potential in Eq. (12) may arise from supergravity (SUGRA) models [42]. We set the FDSB potential with n = 6 in Eq. (11) and the SUGRA potential with n = 11 and α = 1/2 in Eq. (12). The scalar field φ at early epoch and the characteristic mass M_0 are adjusted to match the present-day Hubble parameter H^2(a = 1) = H^2_0 .

b. Thawing models: The next two potentials of interest here are classified as thawing models. In these scenarios, the scalar field is frozen at early times with w_φ ≃ −1 and begins to evolve at late times (see, e.g., [38]),

DOOM : U(φ) = V_0 + M^{4−n}_0 φ^n, n > 0 (13) PNGB : U(φ) = M^4_0 cos^2 (α φ) . (14)

The potential in Eq. (13) was studied in [43] as a model in which φ rolls down the potential and collapses at doomsday (DOOM). The potential in Eq. (14) is motivated assuming the presence of an ultra-light Pseudo-Nambu- Goldstone Boson (PNGB) [44]. We set the DOOM potential with n = 1 and V_0 = 3H^2_0 in Eq. (13) and the PNGB potential with α = 0.445^{−1} in Eq. (14). The characteristic mass M_0 and the initial conditions for φ are again adjusted to match H^2(a = 1) = H^2_0 .

c. Phenomenological quintessence models: The last two quintessence models we analyze here are purely phenomenological and are based on the Chevallier-Polarski- Linder (CPL) [45, 46] parametrization of the dark energy equation of state w_φ = w_0 + (1 − a)w_a. In particular, we consider the two cases

CPL − 1 : w_φ = w_0, (15) CPL − 2 : w_φ = −a. (16)

Note that an equation of state of the form w_φ ≈ −a can be made compatible with current cosmological observations by introducing anisotropic stress [47]. Here, we shall, however, restrict to cases with no anisotropic stress (see, however, §III E), which is a natural consequence of the minimal coupling with a constant F (see §III B 2). For the reconstruction of the scalar field, we treat its contribution to the expansion history as an effective fluid with equation of state w_φ and use Eqs. (6) and (10) to determine U and φ^′. We illustrate the dark energy equations of state of Eqs. (15) and (16) in Fig. 1, where w_0 = −0.8 in Eq. (15).

2. Non-minimally-coupled examples

We describe non-minimally-coupled scalar-tensor models in the modified Einstein-Hilbert action, Eq. (2), in their Brans-Dicke representation, Eq. (3). Variation of the action with respect to the metric g_{μν} and the scalar field φ yields the modified Einstein and scalar-field equations, φ ( R_{μν} − 1 2 g_{μν} R ) = κ^2T_{μν} + ∇_μ∂_ν φ − g_{μν} □φ − g_{μν} U + ω φ ( ∂_μφ∂_ν φ − 1 2 g_{μν} ∂_αφ∂^αφ ) , (17) 2 ω φ □φ = −R − d dφ ( ω φ ) ∂_αφ∂^αφ + 2 dU dφ . (18)

We further require energy-momentum conservation, ∇_μT^μ_ν = 0.

Note that non-minimally-coupled scalar-tensor models modify gravity since the Einstein equations for the Jordan frame metric are not in their general relativistic form, i.e., the Einstein tensor does not relate to the energymomentum tensor as in GR. The background modified Einstein equations and scalar-field equation are

3φ H^2 = κ^2ρ +

H^2 2 ω φ φ^{′2} −3H^2φ^′ + U, (19)

−2φ H H^′ = κ^2(ρ + p) + H^2 ω φ φ^{′2} +H^2φ^{′′} +(H H^′ − H^2)φ^′,(20) ω φ [ H^2φ^{′′} + (H H^′ + 3H^2)φ^′ ] = 3 ( H H^′ + 2H^2 )

− d dφ ( ω φ ) H^2 2 φ^{′2} − dU dφ . (21)

In addition, we have the usual energy-momentum conservation of matter and radiation

ρ^′ = −3(ρ + p). (22)

As representative examples, we study two models of non-minimally-coupled scalar-tensor theories: f(R) gravity [48–52] or ω = 0 Brans-Dicke models, i.e., with vanishing kinetic term Z = 0 in the Jordan frame action, Eq. (2), supplied with a scalar-field potential, and a scalar-tensor model with non-constant Brans-Dicke parameter [53].

FIG. 2: Effective dark energy equation of state associated with different modified gravity models. As in Fig. 1, we consider six example models: two non-minimally-coupled scalar-tensor theories, f(R) gravity and the non-constant Brans-Dicke (NCBD) parameter model; the two branches of the DGP model, the self-accelerating (sDGP) and normal (nDGP) branch; and two phenomenological modifications (PHEN-1 and PHEN-2). By design, PHEN-1 and the f(R) models considered here recover the background expansion history of a ΛCDM universe, where w = −1. Hence, their equations of state overlap.

a. f(R) gravity: The action of metric f(R) gravity models is obtained from Eqs. (2) and (3) by defining

φ ≡ 1 + f_R, (23) U ≡ R f_R − f 2 , (24)

ω ≡ 0, (25)

where f(R) is a nonlinear function of the Ricci scalar and f_R ≡ df(R)/dR. We focus here on designer f(R) models [54], where f(R) is reconstructed from a given Hubble expansion. We shall require a strict matter-dominated ΛCDM expansion history, i.e., we set H^2 = κ^2(ρ_m+ρ_Λ)/3 in the f(R) Friedmann equation, which is obtained by applying the replacements of Eqs. (23), (24), and (25) to Eq. (19). The Friedmann equation then becomes an inhomogeneous second-order differential equation for f(R) as a function of ln a, f^{′′} − [ 1 + H^{′′} H + R^{′′} R^′ ] f^′ + R^′ 6H^2 f = −H^2_0 (1 − Ω_m) R^′ H^2 . (26) This relation can be solved numerically with the initial conditions

f(ln a_i) = A H^2_0 a^p_i − 6H^2_0 (1 − Ω_m), (27) f^′(ln a_i) = p A H^2_0 a^p_i , (28)

where p = (−7 + √ 73)/4. A is an initial growing mode amplitude and characterizes a specific solution in the set of functions f(R) that recover the ΛCDM background. The amplitude of the decaying mode is set to zero in order to not violate high-curvature constraints [54]. Instead of defining the solutions by setting A at an arbitrary redshift, we define them by a condition set today. This can be done by, e.g., either characterizing them at the background via f_{R0} ≡ f_R(a = 1) or via the Compton wavelength parameter [54] B = f_{RR} 1 + f_R R^′ H H^′ (29)

evaluated today, i.e., B_0 ≡ B(a = 1). GR is recovered in the case where B_0 = 0 or equivalently f_{R0} = 0.

Currently, constraints on f(R) gravity are of the order B_0 ≲ 10^{−3} or |f_{R0}| ≲ 10^{−4} (95% confidence level) from cosmological probes [55–57], |f_{R0}| ≲ 10^{−6} from Solar System constraints [58], corresponding to the requirement of a chameleon-screened Milky Way halo [58, 59] (cf. [60]), and |f_{R0}| ≲ 10^{−7} from distance measurements and stellar physics [61]. An upper limit of |f_{R0}| ≲ 10^{−5} is expected from future 21 cm survey data when combined with cosmic microwave background (CMB) data from Planck [62]. Also see [63] for expected constraints on f(R) gravity from a joint analysis of the bispectrum of the correlation of the integrated Sachs-Wolfe (ISW) effect with weak gravitational lensing and the CMB power spectrum from Planck data. Despite the strong constraints on f(R) gravity, the model serves as a useful toy model for the study of the large-scale structure in modified gravity. We show the effective dark energy equations of state for the f(R) gravity models studied here in Fig. 2. The models are designed to exactly match the ΛCDM expansion history, hence, w_{eff} = −1.

b. Non-constant Brans-Dicke parameter model: Our second example with a non-minimal coupling is equivalent to a scalar-tensor model studied in [53]. It has a non-constant Brans-Dicke (NCBD) parameter ω(φ) and is defined by

U ≡ H^2_0 ( 1 + e^{u0√1−φ} ) , (30) ω ≡ ω_0 φ 1 − φ , (31)

where we set the two model parameters ω_0 = 1/40 and u_0 = −3 to emphasize near-horizon modified gravity effects on the effective anisotropic stress in §III B 3. For more details on the numerical integration, we refer to [53] or Appendix B. We illustrate the effective dark energy equation of state of the model in Fig. 2, which shows a phantom-crossing with w_{eff} ≤ −1 and w_{eff} > −1 at early and late times, respectively.

B. DGP braneworld gravity

We extend our analysis of modified gravity to the wellstudied DGP braneworld model [24]. Note that since the

PPF fits for the two DGP branches have been developed in [6, 34, 64, 65], we only provide a short schematic review and refrain from describing the modified Einstein equations and their perturbations within DGP in the their full 5D form (see, however, [64–70]).

In the DGP model, our universe is a (3 + 1)-brane embedded in a 5D Minkowski space described by the action S = − 1 2κ^2 ∫ d^5x √ −ĝR̂ − 1 2μ^2 ∫ d^4x √ −g̃R̃ + ∫ d^4x √ −g̃L_T, (32)

where 5D quantities are denoted by hats and 4D quantities are denoted by tildes. Matter fields, including a cosmological constant or brane tension, are represented by L_T and confined to the brane while only gravity can propagate through the full 5D bulk. We assume that there is no bulk tension. The constants κ^2 and μ^2 are proportional to the inverse Planck masses in the bulk and brane, respectively. Gravity on the brane is consequently modified at large scales. In particular, the crossover distance r_c = κ^2/2μ^2 governs the transition from 5D to 4D scalar-tensor gravity and determines the nonlinear screening, e.g., on scales smaller than the Vainshtein [21] radius r_∗ = (r^2_c r_g )^{1/3}, nonlinear interactions return gravity to GR around a point mass with Schwarzschild radius r_g .

Variation of the action Eq. (32) yields the modified Einstein equations on the brane, which for a homogeneous and isotropic metric reduce to the modified Friedmann equation [66]

H^2 − σ H r_c = μ^2 3 ∑ i ρ_i, (33)

where ρ_i are the energy densities of various components on the brane and we assume vanishing spatial curvature on the brane. The sign σ = ±1 defines the branch of the cosmological solutions. For σ = +1, late-time acceleration occurs even without a cosmological constant Λ [66] and so this branch is referred to as self-accelerating DGP (sDGP). For σ = −1, DGP modifications slow the expansion rate and the branch is referred to as normal branch (nDGP). Here, a cosmological constant or additional dark energy is required to achieve late-time acceleration. For a spatially-flat matter-only universe with possible contribution of a brane tension or cosmological constant Λ, the Friedmann equation becomes

H = H_0 (√ Ω_ma^{−3} + Ω_Λ + Ω_{rc} + σ √ Ω_{rc} ) , (34)

with the density parameter associated with the crossover distance √ Ω_{rc} ≡ 1 2H_0r_c = σ 1 − Ω_m − Ω_Λ 2 , (35)

where the second equality follows from the condition H(a = 1) = H_0.

The DGP equation of state is given by

1 + w_{DGP} = μ^2 ∑ i(1 + w_i)ρ_i 3H^2 + μ^2 ∑ i ρ_i

, (36)

where for cases with a cosmological constant, it is also useful to define the total effective dark energy ρ_{eff} = ρ_{DGP} + ρ_Λ and its equation of state

1 + w_{eff} = (1 + w_{DGP}) ρ_{DGP} ρ_{DGP} + ρ_Λ

(37)

with ρ_{DGP} ≡ 3H^2/μ^2 − ∑ i ρ_i. We show the effective dark energy equation of state associated with the DGP modifications in Fig. 2, where we use the fiducial cosmological parameters and Ω_Λ = 0 or Ω_Λ = 1.51 to determine the crossover distance in Eq. (35) for the sDGP or nDGP model, respectively. We use these parameter values throughout the paper. The effective dark energy equation of state in the nDGP scenario has a singularity at z ∼ 1.5 where it jumps across the phantom divide with w_{eff} > −1 and w_{eff} < −1 at early and late times, respectively. Note that the DGP background is completely defined by w_{eff} and energy-momentum conservation of the brane components and the energy-density of the effective fluid ρ_{eff} .

The sDGP model is in conflict with cosmological data and can be ruled out at more than 5σ for both flat and nonflat universes [34, 71]. If allowing for a brane tension in this branch (sDGP+Λ), a crossover scale of H_0r_c ≳ 3 (95% confidence level) is required for compatibility with cosmological observations, which essentially reduces it to a ΛCDM universe [34]. A bound of the same order can be found for flat and nonflat nDGP universes [34], where in the nonflat case, the cross correlation of the CMB temperature anisotropy with foreground galaxies through the ISW effect are used to break a degeneracy between the spatial curvature and the nDGP modification in the CMB temperature power spectrum and expansion history [34, 72]. Recently, constraints on a nDGP model with ΛCDM expansion history, i.e., with an appropriate additional dark energy contribution, have been obtained from redshift-space distortions [73]. Albeit the strong constraints and theoretical difficulties of the selfaccelerating solution [74], the DGP braneworld model still serves as a useful toy model for the study of the large-scale structure in modified gravity.

C. Phenomenological modifications of gravity

We can study deviations of GR in a more general context and allow for phenomenological modifications of gravity, where effective modifications in the Hubble expansion as well as in the linear perturbations are introduced without a direct representation through a geometric modification of the Einstein-Hilbert action or Einstein equations but are formulated by an effective fluid contribution. Due to the energy-momentum conservation of the matter component and the Bianchi identities, the energy-momentum associated with this fluid is also covariantly conserved. While the linear perturbations of the fluid are characterized via the PPF formalism in §III E, at the background level, we describe the modification directly through its effective dark energy equation of state w_{eff} (a) [cf. Eq. (45)]. The expansion history is then given by

H^2 = κ^2 3 (ρ_m + ρ_{eff} ), (38)

ρ^′_{eff} = −3(1 + w_{eff} )ρ_{eff} , (39)

where we can write the dark energy density associated with the modification as

ρ_{eff} = ρ_{eff0}a^{−3(1+w̃eff )}

= ρ_{eff0} exp [ 3 ∫_1 a 1 + w_{eff} (a^′) a^′ da^′ ] . (40)

Here, we implement the CPL parametrization, which we have also used in §II A 1 c, i.e.,

w_{eff} (a) = w_0 + (1 − a)w_a. (41)

In this case, Eq. (40) simplifies to

ρ_{eff} = ρ_{eff0}a^{−3(1+w0 +wa)} exp[3w_a(a − 1)]. (42)

We shall consider two specific cases of phenomenological modifications,

PHEN − 1 : w_0 = −1, w_a = 0, (43) PHEN − 2 : w_0 = −1.15, w_a = 1.17. (44)

The former follows a ΛCDM expansion history and the latter is motivated by the best-fit parameters to current cosmological observations found in [47] (see §III E). At the background level, the phenomenological modification of gravity is equivalent to a corresponding phenomenological quintessence model and completely defined by the effective dark energy equation of state, Eq. (41), along with the Friedmann equation, Eq. (38), and energymomentum conservation, Eq. (39). In particular, PHEN- 1 is equivalent to a ΛCDM model. They will only be completely characterized and distinguishable at the perturbation level, which shall be elucidated in §III E. Note that without a proper consideration of perturbations, the time-evolving dark energy models are gauge-dependent and theoretically inconsistent.

We show the effective dark energy equations of state w_{eff} for our phenomenological modifications in Fig. 2. The first phenomenological modified gravity model expands equivalently to ΛCDM, overlapping with the w of the designer f(R) model. The second phenomenological modified gravity model has a phantom crossing with w_{eff} < −1 at late times and approaches a matter-like equation of state at early times, i.e., w_{eff} ≃ 0.

III. PARAMETRIZED POST-FRIEDMANN FRAMEWORK

In ‘analogy’ to the parametrized post-Newtonian formalism in the Solar System [1], the PPF framework (see, e.g., [6, 12–14]) provides a unified description of the linear perturbation theory around the FLRW background for generalized modified gravity and dark energy models. In this framework, the extra terms appearing in the Einstein field equations due to scalar-field contributions or modifications of gravity, e.g., Eqs. (4) and (17), are viewed as an effective dark energy fluid component, defined as

T^{μν}_{eff} ≡ κ^{−2}G^{μν} − T^{μν}_m , (45)

with energy-momentum conservation, ∇_μT^{μν}_{eff} = 0, due to the Bianchi identities and energy-momentum conservation of the matter components. Thus, the usual cosmological perturbation theory may be applied with each four degrees of freedom in both the perturbation of the metric and of the energy-momentum tensor. The Einstein and conservation equations fix four degrees of freedom and the gauge choice fixes another two. The remaining two degrees of freedom are then specified by two closure relations, which are defined by the particular modified gravity or dark energy model. These two closure relations can be designed such that the effective fluid mimics the relations between the metric and matter perturbations given by the full perturbations of a particular modified gravity or dark energy cosmology.

This simple and generalized treatment allows for an efficient and consistent computation of the evolution of perturbations on large scales in modified gravity and dark energy theories. Parametrizations of this kind can, e.g., be applied to efficiently explore the parameter space of modified gravity and dark energy models employing computationally intensive generalized Boltzmann linear theory solvers and Markov chain Monte-Carlo techniques [10–12, 47, 75, 76]. A great advantage of the PPF formalism is that the corresponding numerical codes need only to be adapted once to employ the PPF modifications rather than for each non-standard model separately [12, 75–77]. Such a generalized approach motivates the application of the PPF formalism to our study, providing the base upon which future horizon-scale tests of gravity and dark energy models employing, e.g., a multitracer analysis of galaxy-redshift survey data can be performed.

Developing a PPF formalism for general theories of modified gravity has been a subject to intensive study (see, e.g. [2–18]). In this paper, we follow [6], adopting a phenomenological approach to the PPF formalism (cf. [14]). It provides an efficient general framework to account for linear perturbations of modified gravity theories, consistently describing the sub-, near-, and superhorizon scales. Within this framework, parametrizations of, e.g., f(R) and DGP gravity have been developed in [6] and [6, 34, 64], respectively. In the case of DGP and f(R) models (with large values of |f_{R0}|), the importance of the consistent inclusion of near-horizon modifications for the accurate determination of the low multipoles of the CMB temperature fluctuations have been pointed out in [34, 56, 69, 71, 78] (cf. [79]). Hence, in order to get consistent CMB constraints on the DGP and f(R) models, the DGP and f(R) PPF functions, respectively, have been employed in parameter analyses of these models [34, 56, 71]. The PPF formalism has also been utilized to consistently allow for phenomenological horizon-scale modifications of gravity and study constraints on such deviations from ΛCDM [47]. Thereby, the simplicity of the PPF formalism described in [6] proved to be of great advantage in the efficient exploration of the parameter space through Boltzmann linear theory solvers [71, 77] that have been employed to obtain accurate model constraints.

We briefly review the PPF framework of [6] in §III A. In addition to the known PPF model descriptions in this formalism, in §III B 2, we describe a simple procedure to calibrate near-horizon corrections to the sub-horizon PPF modifications for generalized minimally- and nonminimally-coupled scalar-tensor gravity models of the kind described by the modified Einstein-Hilbert action in Eq. (2), disclosing consistent near-horizon tests of these models through the CMB or multi-tracer analyses of galaxy clustering. We discuss the PPF fitting functions for f(R) gravity and the DGP model in §III C and §III D, respectively, and define the phenomenological modifications of gravity in §III E.

A. PPF formalism

We introduce the linear PPF perturbation formalism of [6] to compute linear perturbations of modified gravity and dark energy models. Thereby, we follow the lead of [6, 80, 81]. For simplicity, we further restrict the linear perturbations to a spatially-flat universe. The formalism can, however, easily be extended to include radiation components and spatial curvature [9]. In the longitudinal gauge for the metric perturbations (B = 0 = H_T = 0, Φ ≡ H_L, Ψ ≡ A in Bardeen’s notation [80]), assuming that there is no anisotropic stress Π_m = 0, the Einstein equations may be combined to yield [6]

Φ_+ = − κ^2 2H^2k^2_H p_{eff} Π_{eff} , (46)

Φ_− = κ^2 2H^2k^2_H

[ρ_mΔ_m + ρ_{eff} Δ_{eff}

+3(ρ_{eff} + p_{eff} )

V_{eff} − V_m k_H + p_{eff} Π_{eff} ] , (47)

where Φ_+ ≡ (Φ + Ψ)/2, Φ_− ≡ (Φ − Ψ)/2, k_H ≡ k/(a H) and w_{eff} ≡ p_{eff} /ρ_{eff} is determined by the background relations. Using the energy-momentum conservation of matter

Δ^′_m = −k_H V_m − 3 ζ^′, (48) V^′_m = k_H Ψ − V_m, (49)

and the above Einstein equations, we obtain the velocity of the effective fluid

V_{eff} = V_m − k_H

2H^2 κ^2(ρ_{eff} + p_{eff} ) ζ^′, (50)

and its pressure fluctuation

Δp_{eff} = p_{eff} Δ_{eff} − 1 3 ρ_{eff} Δ^′_{eff} −(ρ_{eff} +p_{eff} ) ( k_H V_{eff} 3 + ζ^′ ) , (51) where both quantities are in the longitudinal gauge and the comoving-gauge curvature is ζ = Φ − V_m/k_H . These equations in fact define the effective fluid at the perturbation level.

However, modified gravity theories are not characterized by these properties of individual fluid components but are characterized by modifications of the Einstein equation. In the PPF formalism of [6], the Poisson equation is modified as

k^2(Φ_− + Γ) = κ^2 2 a^2ρ_mΔ_m. (52)

Together with the Einstein Eqs. (46) and (47), this yields the two PPF closure relations [6] − 2k^2 κ^2a^2

Γ(a, k) = ρ_{eff} Δ_{eff} + p_{eff} Π_{eff}

+3(ρ_{eff} + p_{eff} )

V_{eff} − V_m k_H ,(53) − 2H^2k^2_H κ^2 g(a, k)Φ_− = p_{eff} Π_{eff} , (54)

where the metric ratio is defined as g(a, k) ≡ Φ_+ Φ_− = Φ + Ψ Φ − Ψ

. (55)

Under the PPF framework, the linear perturbations of modified gravity theories and dark energy models are completely described by the two additional functions Γ(a, k) and g(a, k), each of which defines the modification of the Poisson equation in Eq. (53) and the anisotropic pressure of the effective fluid in Eq. (54), respectively (cf. [3–5, 8, 12–14]). In terms of these two PPF functions, the conservation equations become

Δ^′_m = −k_H V_m − 3(g + 1)Φ^′_− − 3(1 − g + g^′)Φ_− +3 H^′ H V_m k_H , (56)

V^′_m = −V_m + (g − 1)k_H Φ_−, (57)

where we rewrite the metric perturbations in terms of Φ_−.

Given the metric ratio g(a, k) of each modified gravity model with its background evolution, the other PPF function Γ(a, k) is constrained in two limiting regimes, the super- and quasistatic sub-horizon scales. Since the energy-momentum is locally conserved even in modified gravity theories, the comoving gauge curvature is conserved on super-horizon scales [6, 80, 82] (cf. [54, 68, 83])

ζ^′ = O(k^2_H ζ), (58)

and this relation constrains the PPF function Γ on horizon scales. With Eqs. (52), (56), and (57), the relation on super-horizon scales in Eq. (58) can be used to yield the constraining equation on Γ in the limit k_H → 0 as

Γ^′ + Γ = S, (59)

where the source function is S = − [ 1 g + 1 H^′ H + 3 2 H^2_0 Ω_m H^2a^3

(1 + f_ζ ) ] V_m k_H + [ g^′ − 2g g + 1 ] Φ_−. (60)

In the source function S, we parametrize the leading order correction to ζ^′ as lim k_H →0 ζ^′ k^2_H ≡ 1 3 f_ζ V_m k_H ∼ O(ζ). (61) For an effective scalar-tensor theory where photon geodesics are not affected by the additional scalar degree of freedom, the other constraint on the PPF function Γ arises from the modified Poisson equation in the quasistatic regime on sub-horizon scales

k^2Φ_− = κ^2 2(1 + f_G) a^2ρ_mΔ_m, (62)

which implies Γ → f_GΦ_− in the limit k_H → ∞, where the modification f_G(a) is defined at the linear perturbation level, ignoring nonlinear suppression mechanisms. Given the constraints in the two limiting regimes, a smooth interpolation of the PPF function Γ(a, k) can be achieved by solving the evolution equation [6]

(1 + c^2_Γk^2_H )[Γ^′ + Γ + c^2_Γk^2_H (Γ − f_GΦ_−)] = S, (63)

where the additional parameter c_Γ relates the transition scale between the two limiting regimes to the Hubble scale.

Therefore, the PPF function Γ(a, k) is further parametrized by the transition scale c_Γ and two timedependent functions f_ζ (a) and f_G(a), each of which relates the matter to the metric on super-horizon scales and defines the modified Poisson equation in the Newtonian regime, respectively. With the interpolation of Eq. (63), the PPF formalism completely defines the linear perturbations given the expansion history H or w_{eff} , along with the PPF functions and parameter g, f_ζ , f_G, and c_Γ. These functions can be described for modified gravity theories, e.g., for DGP [6, 34, 64] (see §III D), f(R) gravity [6] (see §III C), and scalar-tensor models of the kind described by Eq. (2) (see §III B 2), to obtain the linear fluctuations for the specific model. In order to determine the PPF linear perturbations, we need to solve the coupled system of differential and constraint equations given by the conservation equations, Eqs. (56) and (57), the evolution equation for Γ, Eq. (63), with source Eq. (60), and the modified Poisson equation, Eq. (52). See Appendix A 1 for more details on the integration. Note that in §III B, we reparametrize Γ in terms of a multiplicative correction to the standard Poisson equation, i.e., Σ(a, k). In the limit of g = f_ζ = f_G = 0 and correspondingly Σ = 1, the PPF perturbation equations recover the ΛCDM relations.

Finally, the metric ratio g(a, k) can be parametrized by noting that g(a, k_H = 0) ≡ g_{SH}(a) and g(a, k_H = ∞) ≡ g_{QS}(a) are scale-independent in the two limiting cases as [6] g(a, k) = g_{SH}(a) + (c_g k_H )^{ng} g_{QS}(a)

1 + (c_gk_H )^{ng}

, (64)

where c_g (a) and n_g are the interpolation parameters that can be adjusted for each modified gravity theory. For more details, we refer to [6] and Appendix A 1.

B. PPF for scalar-tensor theory

PPF fits for minimally- and non-minimally-coupled scalar-tensor theories or quintessence and generalized/extended quintessence models, respectively, with horizon-scale consistency within the framework of [6] have not been developed previously (see, however, [14] for a description of scalar-tensor models in a different PPF approach). We shall therefore devote this subsection to introduce a calibration method for obtaining consistent near-horizon perturbations within general scalar-tensor models of the form of Eq. (2). We then discuss the performance of this approach in comparison with the full model-specific fluctuations of the particular scalar-tensor theories.

For our calibration method, we shall utilize the modelspecific linear perturbation theory for scalar-tensor gravity and quintessence models, which we review in Appendix A. Here, we discuss the corresponding quasistatic sub-horizon limit thereof, which we use to determine g_{QS}(a) in Eq. (64) and the scale dependence of the metric ratio g(a, k).

1. The quasistatic sub-horizon limit for linear perturbations in scalar-tensor gravity

In the quasistatic approximation at sub-horizon scales, the perturbed modified Einstein equations of nonminimally-coupled scalar-tensor models in their Brans- Dicke representation (see Appendix A 3) can be simplified to obtain the relations (see, e.g., [37, 84]) g = Φ_+ Φ_− = − 1 2ω + 3 k^2φ a^2M^2 + k^2φ

, (65)

k^2Φ_− = κ^2 2φ a^2ρ_mΔ_m. (66)

In the limit k ≫ a M φ^{−1/2}, Eq. (65) becomes scaleindependent with the metric ratio g → −1/(2ω +3). The mass of the scalar field M, governing the scale dependence in Eq. (65), is determined from Eq. (18), replacing R with the trace of Eq. (17), i.e.,

(2ω + 3)□φ = κ^2T − ω_φ(∂_αφ)^2 − 4U + 2φ U_φ. (67)

By defining the effective potential □φ = V_{eff,φ}, the mass of the scalar field is

M^2 = d^2 dφ^2

V_{eff} . (68)

Together with the conservation equations, Eq. (A14), which becomes Δ^′_m = −k_H V_m (ζ^′ = 0), and Eq. (A15), Eqs. (65) and (66) with initial condition Δ_{m,i} fully define the quasistatic sub-horizon linear perturbations, i.e.,

Δ^{′′}_m + ( 2 + H^′ H ) Δ^′_m − 3 2φ (2ω + 3)a^2M^2 + (2ω + 4)k^2φ (2ω + 3)(a^2M^2 + k^2φ)

H^2_0 Ω_m H^2a^3

Δ_m = 0.

(69)

2. PPF horizon calibration

Based on the quasistatic sub-horizon non-minimally-coupled scalar-tensor perturbation limit for the metric ratio, Eq. (65), and the PPF interpolation formula, Eq. (64), we extrapolate a PPF fitting function for g for general scalar-tensor theories of the kind considered in Eq. (2) in Brans-Dicke representation. The quasistatic sub-horizon part of our scalar-tensor PPF fit for the metric ratio is obtained from Eq. (65), hence, we define

g_{QS} ≡ − 1 2ω + 3

, (70) c_g ≡ √ φ H M , (71)

n_g ≡ 2, (72)

in Eq. (64), which yields the scalar-tensor PPF fit for the metric ratio g(a, k) = 1 2ω + 3 a^2M^2(2ω + 3)g_{SH}(a) − φ k^2

a^2M^2 + φ k^2

, (73)

where the mass of the scalar field M is obtained from Eq. (67). We determine g_{SH}(a) by solving the full model-specific linear perturbation theory defined in Appendix A 3 for each non-minimally-coupled scalar-tensor model at a given k_i, which can be chosen through the required range of applicability of the fit. In this paper, we shall work with k_i = H_0. The resulting metric perturbations can be used to obtain the metric ratio g_i(a) = g(a, k_i), which then yields

g_{SH}(a) = g_i(a) + [ g_i(a) + 1 2ω + 3 ] φ ( k_i aM )_2 . (74)

In order to relate the metric to the matter perturbations, we reparametrize the modification to the Poisson equation of the lensing potential in Eq. (52) by [5]

k^2Φ_− = Σ(a, k) κ^2 2 a^2ρ_mΔ_m, (75)

where we have defined Σ(a, k) ≡ 1 1 + Γ/Φ_−

, (76)

which reduces to Σ(a, k) ≃ 1 1 + f_G

≡ Σ_{QS} (77)

in the quasistatic sub-horizon limit, recovering Eq. (62). This sets the PPF parameter

f_G = φ − 1 (78)

from Eq. (66) for non-minimally-coupled scalar-tensor models, i.e., Σ_{QS} = φ^{−1}. In order to obtain Σ(a, k) on super- and near-horizon scales, we use the full modelspecific perturbations at k_i utilized in the determination of g_{SH}(a) in Eq. (63) and (60) to obtain f_ζ (a). Note that we refrain here from using simple numbers or scalings for f_ζ (a) based on g_{SH}(a), providing a simple and general approach for determining f_ζ (a).

The PPF function f_ζ determined by this procedure together with f_G, g, and w_{eff} , which is obtained from the background equations, Eqs. (19) to (22), fully determine the linear PPF perturbations corresponding to the model-specific perturbations of the non-minimally-coupled scalar-tensor theory of Appendix A 3 up to the transition scale c_Γ, which remains the only free PPF parameter that has to be calibrated to obtain the correct scale dependence in the modification of the Poisson equation of the lensing potential, Eq. (75).

For minimally-coupled models during matter domination, the metric ratio is

g = 0, (79)

which follows from F = const and the Einstein equation Φ_+ = −δF/F = 0 (see, e.g., [37]). From this and Eq. (A5), it follows that

f_G = 0 (80) in minimally-coupled models. However, in general, Σ ≠ 1 at near-horizon scales since dark energy may cluster at the largest scales. Note that for minimally-coupled models, the Poisson equation should not be regarded as modified in the sense of changing gravity but contributions of scalar-field perturbations are parametrized as an effective modification to the relation between metric and matter perturbations. By calibrating c_Γ, we can apply the same procedure as described here for the non-minimally-coupled scalar-tensor theories to obtain f_ζ (a) at k_i for the quintessence models and hence determine the linear PPF perturbations corresponding to the full quintessence perturbations of Appendix A 2.

3. Performance of PPF fits

We test our PPF fits for the metric ratio g(a, k) and the modification of the Poisson equation Σ(a, k) derived in §III B 2 against their predictions from the modelspecific linear perturbations of the quintessence models described in Appendix A 2 (see Fig. 3) and the nonminimally-coupled scalar-tensor theories of Appendix A 3 (see Fig. 4). For the cosmological and model parameters, we adopt the values defined in §II. In the case of f(R) gravity, we also give the original PPF fit of [58] (see §III C) in the first row of Fig. 4, which is in good agreement with the results from §III B 2. Note that due to our calibration of f_ζ at k_i = H_0, our fit captures the ‘true’ Σ(a, k) slightly better than the original f(R) PPF fits of [6], which use f_ζ = −g_{SH}/3. We choose a rather large value of |f_{R0}| to highlight differences between the different PPF predictions as well as the full perturbation theory for f(R) gravity. The deviations become smaller with smaller values of |f_{R0}|. Note, however, that an upper bound of |f_{R0}| ≲ 0.35 and |f_{R0}| ≲ 0.07 (95% confidence level) is inferred from CMB only and in combination with galaxy-ISW data [56], respectively. For |f_{R0}| = 0.05 chosen in Fig. 4, at the horizon today, the metric ratio can be of order g ≃ 0.1, which is a factor of ∼ 2 larger than the result we would obtain if ignoring the super-horizon contribution, i.e., setting g_{SH} = 0 in Eq. (64).

Our PPF fits are in good agreement with the model-specific perturbations of the minimally- and nonminimally-coupled scalar-tensor theories. Note that there remains potential to improve the correspondence in Σ(a, k) by introducing time- and/or scale dependence in the transition scale c_Γ.

C. PPF for f(R) gravity

The PPF expressions for f(R) gravity were developed in [6] and have been shown to provide excellent fits to the full perturbation evolutions while at the same time making the integration computationally less expensive [6, 56]. On super-horizon scales, i.e., in the limit of k_H → 0, the metric ratio g_{SH} = Φ_+/Φ_− is defined through the metric perturbations from solving

Φ^{′′} + ( 1 − H^{′′} H^′ + B^′ 1 − B + B H^′ H ) Φ^′ + ( H^′ H − H^{′′} H^′ + B^′ 1 − B ) Φ = 0, (81)

and using the relation [6] Ψ = −Φ − B Φ^′ 1 − B , (82)

where B is the Compton wavelength parameter defined in Eq. (29). Eq. (82) follows from conservation of curvature fluctuation (ζ^′ = 0) and momentum, considering the super-horizon anisotropy relation Φ_+ = −BH^′aV_m/k.

In the quasistatic regime, g_{QS} = −1/3 and at intermediate scales, g(a, k) can be determined through the interpolation formula Eq. (64), where c_g = 0.71 √ B and n_g = 2 [6]. Further, f_ζ = −g_{SH}/3, f_G = f_R and c_Γ = 1 [6]. Note that the approximation breaks down at intermediate scales and low redshifts for values of B_0 ≳ 1 [56], which are, however, strongly ruled out by observations [55–57].

Correspondence to scalar-tensor PPF

f(R) gravity is equivalent to a non-minimally-coupled scalar-tensor theory with the specifications given in Eqs. (23), (24), and (25). Hence, the PPF fits for general non-minimally-coupled scalar-tensor theories constructed in §III B should reproduce the f(R) PPF description in the corresponding limit.

In f(R) gravity, the scalar-field equation is obtained from setting ω = 0, φ = 1 + f_R, and U = (R f_R − f)/2 in Eq. (67), hence, □f_R = 1 3 [ (1 − f_R)R + 2f + κ^2T ] ≡ ∂V_{eff} ∂f_R (83)

which defines f_G = f_R and the mass of the f_R field

M^2_{fR} = 1 3 ( 1 + f_R f_{RR} − R ) . (84)

At high curvatures,

M^2_{fR} ≃ 1 3 1 + f_R f_{RR} = 1 3 H R^′ B H^′ , (85)

where for a background evolution recovering a ΛCDM expansion history, this becomes M^2_{fR} = 2H^2/B with B determined by Eq. (29). For the interpolation weights, this yields

c_g = (1 + f_R) √ B 2 ≃ 0.71 √ B (86)

FIG. 3: Modification Σ of the Poisson equation, Eq. (75), relating the lensing potential to the matter density fluctuation, due to contributions of the scalar field (Σ = 1 in ΛCDM). We show the clustering of the scalar field for the six minimally-coupled scalar-tensor (or quintessence) models defined in §II A 1 at large scales. The quintessence field does not introduce anisotropic stress (g = 0). Given the background evolution, the two PPF functions completely define the quintessence perturbations. The PPF fits developed in §III B 2 (dashed lines) provide good fits to the model-specific quintessence perturbations (solid lines). The transition from the quasistatic sub-horizon to the super-horizon limits, governed by the PPF parameter cΓ, is calibrated at ki = H0, where the fit overlaps with the predictions from the full perturbations. Note that Σ does not recover the ΛCDM limit at early times for the CPL-2 model due to the strong background contribution of the scalar field at small a.

FIG. 4: Metric ratio g describing the effective anisotropic stress (left-hand column) and the modification of the Poisson equation Σ (right-hand column) for the designer f(R) gravity (§II A 2 a) (upper row) and the non-constant Brans-Dicke (NCBD) parameter model defined in Eqs. (30) and (31) (§II A 2 b) (lower row). The calibration technique developed in §III B 2 produces a slightly improved fit for Σ compared to the original f(R) PPF fit and is governed by the PPF parameter cΓ. Note that for f(R) gravity with small values of |fR0|, the degree of correspondence between the calibrated and original PPF as well as the ‘true’ functions g and Σ improve.

for |f_R| ≪ 1 with n_g = 2. Since ω = 0, we have g_{QS} = −1/3 in Eq. (65). This recovers the PPF fits of [6] at small and intermediate scales.

We make comparisons of the super-, near-, and subhorizon PPF fits in §III B 3. Note that at early times, we can neglect the time derivative in Eq. (82), which leads to g_{SH} → −B/2. Using this approximation, we may obtain a simplified super-horizon PPF fit for g without solving Eq. (81) through g_{SH} ≃ −(B/2)Ω_m(a)^n with Ω_m(a) ≡ (H_0/H)^2Ω_ma^{−3}, where n ∈ (0.5, 0.6) is found here to give good agreement with the full perturbations. Here, we shall, however, not use this approach but we remind the reader that simple approximations of this form can be very useful in parameter estimation analyses employing, e.g., PPF Boltzmann linear theory solvers [12, 71, 75–77] in a Markov chain Monte-Carlo exploration of the cosmological parameter space to obtain constraints on the gravitational models. For this purpose, the perturbed field equations need to be solved several thousand times. The PPF approach can significantly increase the efficiency of the integration. For an application of the PPF framework in f(R) gravity model constraints, see, e.g., [56].

D. PPF for DGP

The PPF functions for sDGP were derived in [6] (also see [65]) and have been shown to provide excellent fits to the full perturbation evolutions while at the same time making the integration computationally less expensive [6, 34, 71]. They encapsulate bulk effects in an effective 3 + 1 description. In [34], these results were extrapolated to cases with nonvanishing brane tension and curvature. The PPF functions for nDGP were described in [64] based on bulk calculations of [69] and [70] with brane tension but no curvature. Simplified fits with additional extrapolation for spatial curvature are given in [34]. Here, we adopt the fits of [34] assuming spatial flatness K = 0.

In the quasistatic high-k limit, the DGP model predicts [6, 65]

g_{QS} = − 1 3 [ 1 − 2σ H r_c ( 1 + H^′ 3H )]_{−1} . (87)

On super-horizon scales, the sDGP and nDGP fit is [6, 34]

g^{sDGP}

SH (a) = 9 8H r_c − 1 ( 1 + 0.51 H r_c − 1.08 ) (88)

g^{nDGP}

SH (a) = − 1 2H r_c + 1

, (89)

respectively. For the interpolation on intermediate scales through Eqs. (63) and (64), we have c_g = 0.14 and c_Γ = 1 in sDGP and c_g = 0.4 and c_Γ = 0.15 in nDGP [34]. Furthermore, n_g = 3 and the PPF functions that relate the metric to the density can be set as f_ζ = 0.4g_{SH} and f_G = 0 [6].

Note that since the PPF fits to the full 5D DGP perturbations have been studied in [6, 64] and we do not repeat these calculations here, we refrain from showing any DGP predictions for g(a, k) and Σ(a, k) and refer to [6, 64] for comparisons of the PPF with the full DGP perturbations.

E. PPF as phenomenology

In order to study more general effects on galaxy clustering caused by deviations from the concordance model, in addition to the scalar-tensor and DGP models, we further construct two phenomenological modifications of gravity (or non-standard cosmological models) based on the PPF formalism described in §III. We assume for both models a standard quasistatic sub-horizon Poisson equation or negligible modifications thereof, i.e., f_G = 0, and, furthermore, f_ζ = 0 with c_Γ = 1.

In the first model (PHEN-1), we assume a ΛCDM expansion history, i.e., w_0 = −1 and w_a = 0 in Eq. (42), and an effective super-horizon anisotropic stress described by g_{SH}(a) = g_0a^3 such that modifications vanish at early times. We further choose g_{QS} = 0, c_g = 1, and n_g = 2 in Eq. (64) such that the modifications of the model are defined by

g(a, k) = g_0a^3 1 + k^2_H

, (90)

where we set g_0 = 10 for illustration. Note that in such a model, departures of ΛCDM disappear on sub-horizon scales, i.e., g ≲ 10^{−3} at k ≥ 10^2H_0 today, whereas g = 5 at k = H_0.

Our second phenomenological model (PHEN-2) is motivated by the results of [47]. The expansion history is defined through the effective dark energy equation of state in CPL form, i.e., w_0 and w_a in Eq. (42). We further define f_G = f_ζ = 0 and c_Γ = 1. The metric ratio is chosen to be a constant,

g(a, k) = g_0, (91)

i.e., modifications are also present at the largest scales and early times. We motivate our choice of w_0, w_a, and g_0 by the best-fit parameters found in [47], i.e., w_0 ≃ −1.15, w_a ≃ 1.17, and g_0 ≃ −0.15. Remarkably, such a model was found to be consistent with current cosmological observations on linear scales, simultaneously including all measured multipoles of the CMB data, their cross correlation with foreground galaxies through the ISW effect, as well as geometric, weak lensing, and clustering probes while slightly increasing the best-fit likelihood and enhancing the average likelihood over the posterior distribution [47]. The corresponding marginalized likelihoods were found to be consistent with ΛCDM [47]. The key feature of this strong non-standard consistency is a degeneracy between the early anisotropic stress and w_a when w_a ≈ w_0 in the CMB data [47]. Note, however, that other cosmological parameters like the matter density Ω_m are not set to the best-fit values of [47] but are fixed to the same values that are used here for all models (see §II) and, hence, deviations from ΛCDM predictions may appear stronger.

We stress that the phenomenological models given here may not be physical, i.e., it is not clear whether more rigorous theoretical models with these properties may be constructed. The PPF formalism, however, offers the possibility of testing such non-standard cosmologies while retaining energy-momentum conservation of the fluid contributions and avoiding gauge artifacts as apparent deviations from ΛCDM. Albeit the possibility of these phenomenological modifications to be unphysical, if ΛCDM is the correct model, we ultimately aim at ruling out such deviations through observations. Moreover, such modifications offer a great opportunity to test the constraining power of future surveys.

IV. SIGNATURES OF MODIFIED GRAVITY AND DARK ENERGY MODELS IN GALAXY CLUSTERING

With the PPF fits for modified gravity and dark energy models developed in §III, we consistently compute the galaxy power spectrum from the sub-horizon to the near-horizon scales. In §IV A, we briefly review the relativistic formula for the observed galaxy fluctuation field and discuss its applications to modified gravity and dark energy models. In §IV B, we estimate the detection significance of those models expected with future galaxy surveys.

A. Relativistic effects in galaxy clustering

The relativistic description of galaxy clustering has been developed in the past few years [25–31, 33]. Given the observed redshift and the observed galaxy position on the sky, the full relativistic formula for the observed galaxy fluctuation can be derived by tracing the photon path backward in time. Since the observed quantities and the photon path are affected by not only the matter fluctuations but also the relativistic contributions of the gravitational potential, the relations among the source, the observer, and the metric perturbations are nontrivial and they require a relativistic treatment for solving the geodesic equation. In this manner, the full relativistic description provides a complete picture of all the effects in galaxy clustering such as the redshift-space distortion, the gravitational lensing, the Sachs-Wolfe effect, and their relativistic corrections. Furthermore, this procedure is necessary because all these effects are not individually separable and what we measure in galaxy surveys are the number of galaxies, their observed redshifts, and the positions on the sky, not the individual effects. We refer to [25, 26] for the derivation and subtle gauge issues associated with it.

The matter and metric perturbations along the photon path affect the observed galaxy fluctuation. Further contributions arise from the vector and the tensor perturbations. In generic modified gravity theories, the vector perturbations decay with time as in the standard ΛCDM model. Furthermore, the primordial tensor perturbations are well constrained by the CMB observations. Therefore, in modified gravity theories and dark energy models that mimic the ΛCDM model at early times, we can safely ignore the vector and the tensor contributions. With only the scalar contributions, the observed galaxy fluctuation can be obtained as [25, 26, 33]

Δ^{obs}_g = b Δ_m − e δz_v + Ψ + 2Φ + V + 3δz_χ +2 δr_χ r − 2K − H d dz ( δz_χ a H ) − 5p δD_L,(92) where b is the linear bias factor, the evolution bias factor e = d ln n̄_g /d ln(1 + z) is the redshift evolution of the observed galaxy population with the galaxy number density n̄_g, p = −0.4d log n̄_g /d log L is the slope of the luminosity function, δz_v and δz_χ are the lapse in the observed redshift in the matter comoving and the longitudinal gauges, V is the line-of-sight velocity, δr_χ and K are radial and angular displacements, and δD_L is the fluctuation in the luminosity distance. Hereby, the subscript v and χ denotes the dark matter comoving (v = 0) and conformal Newtonian (zero-shear χ = 0) gauge, respectively.

In addition to the modulation of the galaxy number density due to the matter fluctuation b Δ_m, the physical origin of the numerous terms in Eq. (92) are the volume and source distortions. Since we define the observed galaxy samples in terms of the observed redshift and flux, the fluctuations in the observed redshift and the flux give rise to the source effects e δz_v and 5p δD_L. The metric potential and velocity terms define the Lorentz frame of the source galaxies. The remaining terms in Eq. (92) arise due to the volume distortion, as the volume element we assign in observations based on the observed redshift and angle is different from the volume occupied by the observed galaxies. The volume distortion is decomposed as the radial δr_χ and the angular K displacements and the distortion in the observed redshift. The notation is written in a physically straightforward manner.

The application of the relativistic description to the modified gravity theories and dark energy models is straightforward. Though the full relativistic formula in Eq. (92) is obtained by solving the photon geodesic equation in GR, the sole assumption that leads to Eq. (92) is that the space-time is described by the FLRW metric and photons follow the geodesic. This assumption is valid for all modified gravity and dark energy models considered in this paper. Therefore, Eq. (92) is applicable to those models without modification. We further simplify Eq. (92) for the power spectrum analysis by ignoring the complication of survey geometry and projected contributions to Δ^{obs}_g . The former can be readily dealt with once the survey boundaries are specified while the latter is negligible in the power spectrum analysis [26, 85]. In our metric notation, the observed galaxy fluctuation becomes

Δ^{obs}_g = b Δ_m − μ^2_kk_H V_m − e

V_m k_H − Φ^′ − (5p − 2) Φ + [ e + 1 + H^′ H + (5p − 2) ( 1 − 1 a H r )] Ψ + [ e + H^′ H + (5p − 2) ( 1 − 1 a H r )] i μ_kV_m, (93)

where μ_k is the cosine of the angle between the Fourier mode and the line-of-sight direction. Note that we do not equate the two metric potentials Ψ and −Φ as they differ in modified gravity scenarios (g ≠ 0).

The galaxy fluctuation in Eq. (93) is written in terms of metric perturbations in the longitudinal gauge. Note that since the full relativistic formula in Eq. (92) is gaugeinvariant, it can be evaluated at any choice of gauge con-

FIG. 5: Newtonian growth rate of structure F at z = 0 in Eq. (99) for the minimally-coupled (left-hand panel) and nonminimally-coupled (right-hand panel) scalar-tensor theories in §II A. When the comoving-gauge curvature is conserved (ζ^′ = 0), the Newtonian growth rate F reduces to the usual logarithmic growth rate f of structure in Eq. (98). The gray-shaded region indicates the prediction of 1-σ measurement uncertainties from a multi-tracer analysis of future galaxy surveys (see §IV B).

FIG. 6: Same as Fig. 5 but for the DGP and phenomenological models described in §III D and §III E, respectively.

ditions, including the longitudinal gauge in Eq. (93). The relation of the metric potentials to the matter density fluctuation Δ_m and its velocity V_m depends on the particular gravitational model.

We shall first consider the case of a ΛCDM universe. Using the Einstein equations and the conservation equations in GR, the galaxy fluctuation in Eq. (93) can be scaled with the matter density fluctuation as [26, 31, 33]

Δ^{obs}_g = Δ^{Newt.}_g + P k^2_H

Δ_m − i μ_k R k_H Δ_m, (94)

where the two additional terms P = − 3 2 Ω_m(a) [ e + f + H^′ H + (5p − 2) ( 2 − 1 aHr )]

+e f, (95) R = [ e + H^′ H + (5p − 2) ( 1 − 1 aHr )] f, (96)

represent the gravitational potential and the velocity contributions to Δ^{obs}_g . Here, the scale dependence of these contributions is explicitly removed and we have assumed a ΛCDM universe. Moreover, we have defined Ω_m(a) ≡ H^2_0 Ω_m a^{−3}/H^2. The galaxy clustering in redshift space is often described by the Newtonian contribution [86]

Δ^{Newt.} g ≡ b Δ_m − μ^2_kk_H V_m = b Δ_m + f μ^2_kΔ_m, (97)

where the logarithmic growth rate of structure is f ≡ d ln Δ_m d ln a = Δ^′_m Δ_m ≃ −k_H V_m Δ_m

. (98)

The last relation is derived from the conservation equation in Eq. (48) and becomes exact in a ΛCDM universe with GR, where ζ^′ = 0. It is shown [33] that with the hindsight of the full relativistic formula, the velocity terms in Eq. (92) can be derived by using Newtonian

FIG. 7: Relativistic contributions to galaxy clustering for the modified gravity theories and dark energy models at z = 0. Compared to the Newtonian description, there exist two additional terms R (left-hand column) and P (right-hand column) that characterize the relativistic effects described in Eq. (94). From the top row to the bottom row, each panel shows R and P for the minimally-coupled (top row) and the non-minimally-coupled (middle row) scalar-tensor models in §II A and the DGP (§II B) and phenomenological (§II C) models (bottom row). Since R ∝ F in Eq. (105), the overall shape of R is similar to that of F in Figs. 5 and 6, but slightly differs due to the difference in the background evolution. The gray-shaded region indicates the prediction of 1-σ measurement uncertainties from a multi-tracer analysis of future galaxy surveys (see §IV B). Since σP /P ≃ 10, we do not show the 1-σ deviation for P.

dynamics but we refer Eq. (97) to the Newtonian contribution because it is the only non-negligible contribution in the Newtonian limit k_H → ∞.

In a ΛCDM universe with GR, the key ingredients f, P, and R in Eq. (94) are all scale-independent, simply because the scale dependence of the relation among Ψ, Φ, V_m, Δ_m is explicitly taken into account and removed. However, these coefficients in Eq. (94) become scaledependent in modified gravity and dark energy models. To properly account for these modifications, we first define the Newtonian growth rate as the ratio of the velocity to the matter density F ≡ −k_H V_m Δ_m

, (99)

and the conservation equation in Eq. (48) yields the logarithmic growth rate of structure f = −3 ζ^′ Δ_m

+ F. (100)

In the Newtonian limit, where the effective fluid is well approximated as a single matter fluid with vanishing pressure, the matter comoving-gauge curvature is conserved, ζ^′ = 0, and both quantities are identical, f = F, providing a further justification of its terminology. However, it is really the ratio of the velocity to the matter density and the redshift-space distortion in Eq. (97) constrains F, not f. The logarithmic growth rate f can be measured, for example, in the cluster abundance analysis. However, for the models we consider in §II, the comovinggauge curvature can vary in time on large scales and, hence, the two growth rates f and F are different. The deviation due to the comoving curvature is described by the effective fluid as [6]

ζ^′ = − κ^2 2H^2 a^2(ρ_{eff} + p_{eff} )

V_{eff} − V_m k_H . (101)

By using Eqs. (52), (75), and (99), we derive the relativistic description of galaxy clustering in a PPF universe based on Eq. (94), F = 2k^2_H f + 9Ω_m(a) [g^′ + (g + 1)(Σ^′/Σ + f) − 2g] Σ 2k^2_H − 6H^′/H , (102) P = e F − 3 2 Ω_m(a) { g^′ − 2 g + (1 + g) ( Σ^′ Σ + f )

+(5p − 2)(1 + g) + (1 − g) R F } Σ, (103) R = [ e + H^′ H + (5p − 2) ( 1 − 1 aH r )] F. (104)

In Figs. 5 and 6, we show the predictions for F for the different dark energy and gravitational models. Fig. 6 illustrates the corresponding model predictions for the relativistic corrections, i.e., the velocity and potential coupling, R and P, respectively. We adopt the model and cosmological parameter values used in §II and the perturbations are obtained employing the linear PPF framework discussed in §III. Note that at fixed redshift, R ∝ F, where for e = 3 and p = 0.4, we have R = 3 2 [2 − Ω_m(a) − (1 + w_{eff} + w^′_{eff} ln a)Ω_{eff} (a)] F (105) with Ω_{eff} (a) ≡ H^{−2}κ^2ρ_{eff} /3. Given this proportionality, simply being the consequence of R describing the coupling to the velocity k_H V_m in Eq. (93) and FΔ_m = −k_H V_m, we can directly relate the signatures and corresponding measurement significances for the modified gravity and dark energy cosmologies in F and R.

B. Measurement significance

In a multi-tracer analysis [87] of galaxy-redshift survey data, when the observed galaxies are divided into different samples of different values of galaxy bias b_i, the observation of modes transverse to the line-of-sight direction (μ_k = 0) yields a measurement of the relation between the different galaxy biases, i.e., b_i up to the normalization b̄, as is evident in Eq. (97). Neglecting stochasticity between the dark matter and the galaxy fluctuation fields, subsequent observations of a mode at μ_k ≠ 0 give a measurement of f/b̄, which is free of sample variance. One can furthermore determine the bias, free of cosmic variance, by cross-correlating galaxy-redshift survey data with weak gravitational shear fields [88]. A combination of these two methods therefore, in principle, yields a measurement of the logarithmic growth rate f which is free of sample variance [89].

In practice, however, galaxies are discrete objects, and their measurements necessarily involve intrinsic shot noise, let alone other errors associated with the measurements. Once the sample variance limit is eliminated, the shot-noise errors are the dominant uncertainties. Since the dark matter halos in which the galaxies reside have finite size in their extent, their sampling errors deviate from the Poisson noise of point sources. Based on this observation, proper mass-dependent weights can be obtained to approximate dark matter halos as the dark matter distribution, reducing the stochasticity between them. This shot-noise canceling technique [90–93] can be combined with the multi-tracer method to maximize the advantage of both methods.

Bernstein and Cai [94] performed a Fisher-matrix analysis to derive the cosmological constraining power from a large-scale galaxy survey combined with weak lensing measurements. Adopting the Kaiser formula in Eq. (97) and applying the multi-tracer method with the shotnoise canceling technique, they find that in a future half-sky galaxy-redshift survey, including halos of mass M > 10^{10}h^{−1} M_⊙ and modes with k < 0.03 h/Mpc at z = 0.5 ± 0.1, assuming that weak lensing can determine

Models PPF function g(a, k) PPF function Γ(a, k) Constraints name type w_{eff} gQS gSH cg ng fG f_ζ cΓ | |_{ΔFσ} F | | | |_{ΔRσ} R | | | |_{ΔPσ} P | | ΛCDM GR+Λ −1 0 0 · · · · · · · · FDSB GR+φ^{H2(φ′ )2−2U}

H2(φ′ )2+2U 0 0 · · 0 cal. 0.36 0.9 2.8 0.1

SUGRA GR+φ^{H2(φ′ )2−2U}

H2(φ′ )2+2U 0 0 · · 0 cal. 0.36 0.3 0.7 0.0

DOOM GR+φ^{H2(φ′ )2−2U}

H2(φ′ )2+2U 0 0 · · 0 cal. 0.36 0.2 1.5 0.0

PNGB GR+φ^{H2(φ′ )2−2U}

H2(φ′ )2+2U 0 0 · · 0 cal. 0.28 0.1 1.3 0.0

CPL-1 GR+φ w0 0 0 · · 0 cal. 0.33 0.2 1.0 0.0 CPL-2 GR+φ −a 0 0 · · 0 cal. 0.36 0.3 0.1 0.0 f(R) MG −1 −^1_3 cal. √ 1 + fR^H_M 2 fR cal. 1 4.2 2.1 0.2

NCBD MG^{23 H} ′ H +1 Ωm(a)−1 φ−1 (2ω0 −2)φ cal. √ φ^H_M 2 φ − 1 cal. 0.65 2.7 1.1 0.1

sDGP MG^{23 H} ′ H +1 Ωm(a)−1 −1 3−2Hrc ( 3+ H ′ H ) 9+ 4.59 Hrc−1.08 8Hrc−1 0.14 3 0 0.4gSH 1 3.2 2.3 0.1

nDGP MG^{23 H} ′ H +1 Ωm(a)−1 −1 3+2Hrc ( 3+ H ′ H ) −^1_{2Hrc+1} 0.4 3 0 0.4gSH 0.15 1.3 1.0 0.0

PHEN-1 MG −1 0 g0a^3 1 2 0 0 1 0.1 0.0 0.0 PHEN-2 MG w0 + (1 − a)wa g0 g0 · · 0 0 1 1.7 1.6 0.1

TABLE I: Example models of gravitational and quintessence theories studied in §II with their corresponding PPF functions and parameter describing the linear perturbations (see §III). Hereby, ‘cal.’ refers to the application of our calibration technique (§III B 2). In the last column, we present approximate significance levels of the deviations of the modified gravity and dark energy models based on the constraints that may be obtained in a multi-tracer analysis of future galaxy survey data at z = 0 ∼ 1 (see §IV B). For simplicity assuming fixed cosmological parameters and scale-independence in F, R, and P, the measurement significance of the relativistic correction R is comparable to its counterpart for F, which in ΛCDM corresponds to the logarithmic matter-density growth rate f. Thus, relativistic corrections to the Newtonian description of galaxy clustering need to be taken into account for deriving consistent model constraints in a multi-tracer analysis of future galaxy-redshift survey data. This conclusion holds even in the case of including more small-scale modes in the analysis, which increases the measurement significance of deviations in F by a factor of ∼ 6. Note that for f(R) gravity, we have used |fR0| = 10^{−1}. Other model parameters are given in §II.

the bias to an uncertainty of σ_b = 0.01, the growth index γ can be measured to an uncertainty of about 9% [94], where f ≃ Ω_m(a)^γ . Note that if including smaller scales, i.e., k < 0.1 h/Mpc, assuming that the linear Kaiser formula still holds and perfect knowledge of the bias, the measurement significance becomes σ_γ /γ ≃ 0.015. We extrapolate these results to a full-sky galaxy-redshift survey, assuming a scale-independent F = f, to estimate the measurement significance of F to about σ_F /F ≃ 0.05 for k < 0.03 h/Mpc, which can be a factor of 6 times stronger for k < 0.1 h/Mpc.

A similar multi-tracer analysis with the shot-noise cancellation technique but without weak lensing measurements has been performed [33] to estimate the measurement significance of the general relativistic coefficients R and P in galaxy clustering. On large scales, the proper relativistic formula in Eq. (92) must be used in galaxy clustering and in the power spectrum analysis, Eq. (92) is conveniently expressed as Eqs. (93) and (94) with the two coefficients in Eqs. (95) and (96). In an all-sky galaxy survey at z = 0 ∼ 1 with k < 0.03 h/Mpc, it is found [33] that the galaxy samples with e = 3 and p = 0.4 can constrain the general relativistic effects to

σ_R/R ≃ 0.1 and σ_P /P ≃ 10.0 (106) if all the halos of M > 10^{10}h^{−1} M_⊙ can be utilized.

Compared to the constraint on σ_γ /γ in the former analysis, the constraints on the relativistic effects in the latter analysis are weaker, simply because only modes close to the horizon scales are sensitive to the relativistic effects and also because the former analysis makes use of additional information from weak lensing measurements. Note that the measurement significance in R is about half of what is expected for F. However, since the two quantities are proportional with an enhancement of R over F given by Eq. (105) that is different for each model and roughly of order 3/2 ∼ 3, the deviation in R may be enhanced, and the measurement significance thereof, |ΔR/σ_R|, can become comparable to |ΔF/σ_F | or even exceed it (see Figs. 5-7 and Table I).

To approximately estimate the measurement significance of deviations in the relativistic galaxy-density fluctuation Eq. (94) in non-standard cosmologies from its ΛCDM counterpart, for simplicity, we assume scaleindependence in ΔF, ΔR, and ΔP, i.e., we adopt the sub-horizon limit of the corresponding model at all scales. More specifically, we quote the measurement significance using predictions at k ≃ 20H_0 and z = 0. We summarize our results in Table I, where we fix the cosmological and model parameters to the values defined in §II, assuming that they are accurately determined, for instance, by Planck. In this simplified approach, the deviation of up to > 20% from the ΛCDM prediction that we observe in the velocity coupling term R in certain quintessence and modified gravity models (see Fig. 7) may be detectable at the > 2σ-level, which is comparable to the measurement significance expected in the deviations ΔF (see Table I). Thus, the relativistic corrections contain additional information on gravity and dark energy, which needs to be taken into account in consistent horizon-scale tests of departures from ΛCDM using horizon-scale galaxy clustering. This conclusion even holds in the case of including more small-scale modes (k < 0.1 h/Mpc) and perfect knowledge of bias for constraining F.

However, we stress again that in our estimation of the detection significance, we restrict to a simplified description of the modified gravity theories and dark energy models, neglecting the strong scale dependence of F, R, and P at k ≲ 10H_0, which we observe in a number of modified gravity cosmologies. A proper relativistic description within the PPF framework is, therefore, essential for constraining those models on horizon scales. We leave a more sophisticated analysis of the implications of these scale dependencies on the constraints inferred from a multi-tracer analysis of future galaxy-redshift surveys to future work. In this context, it will be of great interest to evaluate whether modifications of the nature described by, e.g., the PHEN-1 model, which has been designed to reproduce ΛCDM at quasistatic sub-horizon scales but shows deviations at near-horizon scales, will be distinguishable from the concordance model through a horizon-scale test of the kind described here.

V. CONCLUSION

We explore the signatures of modified gravity and dark energy models in the Newtonian [86] and relativistic contributions [25–32] to galaxy clustering. Thereby we adopt the Hu-Sawicki PPF formalism [6], which unifies the linear perturbations around the FLRW background for a large class of modified gravity and dark energy models and provides a consistent and efficient framework to determine the linear perturbations from the near-horizon to the quasistatic sub-horizon scales. As example cosmologies, we consider a number of quintessence models, f(R) gravity, a Brans-Dicke universe with dynamical Brans- Dicke parameter and scalar-field potential, both branches of the DGP model, and phenomenological modifications of gravity. Since for general scalar-tensor theories, a PPF description in the framework of [6] has not been formulated previously, we develop a calibration procedure for finding PPF functions that determine the linear fluctuations of minimally- and non-minimally-coupled scalartensor gravity models. We test our approach with a number of quintessence and extended quintessence models, finding good agreement between the predictions of the PPF perturbations and the model-specific fluctuations. In the limit of f(R) gravity, which is equivalent to a scalar-tensor model with Brans-Dicke parameter ω = 0, we find that our fitting prescription reproduces the known f(R) PPF fits of [6]. Our PPF calibration fits for general scalar-tensor theories provide an efficient procedure for consistently computing the associated perturbations on all linear scales. They improve upon the widely-used simple quasistatic sub-horizon approximation that can be applied to obtain perturbations of scalar-tensor models at large scales, which, however, breaks down near the horizon and cannot correctly describe the clustering of the dark energy associated with the scalar field of the minimally-coupled models on large scales and its additional horizon-scale anisotropic stress in the non-minimally-coupled cases.

We have applied the PPF formalism to galaxy clustering, providing a proper relativistic treatment on horizon scales, where the relativistic effects become substantial. As in GR, the relativistic formula of galaxy clustering in modified gravity theories can be characterized by three parameters: the Newtonian growth rate F, the velocity contribution R, and the potential contribution P. In modified gravity, the Newtonian growth rate F = −k_H V_m/Δ_m slightly differs from the usual logarithmic growth rate of structure f and the redshift-space distortion in galaxy clustering measures F, not the usual f. Compared to GR, in modified gravity and dark energy models, the three quantities F, R, and P have different values and exhibit scale dependencies.

We approximately estimate the detection significance of these effects in a multi-tracer analysis of future allsky galaxy-redshift survey data employing halos of mass M > 10^{10}h^{−1} M_⊙ at low redshifts. Such an analysis may have the potential of discriminating between the relativistic correction sourced by the velocity coupling produced in a number of quintessence or modified gravity scenarios and their counterpart from the concordance model. Thereby, we find a significance level which is comparable to the measurement significance expected in the deviations of the logarithmic matter-density growth rate. Thus, we conclude that the relativistic corrections contain additional information on gravity and dark energy, which needs to be taken into account in consistent horizon-scale tests of departures from the concordance model using horizon-scale galaxy clustering.

Note that we restrict to a simplified estimation of the measurement significance, neglecting strong scale dependencies in the velocity fluctuation at the largest measurable scales, which appear in a number of modified gravity cosmologies. In this context, we further design modifications of the concordance model, which reproduce the standard relations at quasistatic sub-horizon scales and cannot be tested by conventional cosmological probes. The multi-tracer analysis, however, may provide a method to discriminate between those scenarios. We leave a more sophisticated analysis of the parameter constraints that may be obtained from future galaxy surveys to future work. Such an analysis will include effects from additional scale dependencies in the growth and in the relativistic coefficients as well as an evaluation of the employment of these effects to discriminate between horizon-scale deviations and the concordance model.

Acknowledgments

We thank Daniele Bertacca, Nico Hamaus, Roy Maartens, Francesco Pace, and Daniel Thomas for useful discussions. LL and KK are supported by the European Research Council. JY is supported by the SNF Ambizione Grant. KK is also supported by the STFC (grant no. ST/H002774/1) and the Leverhulme trust. Numerical computations have been performed with Wol- fram Mathematica^® 8.

Appendix A: Numerical computation of perturbations

In the following, we shall give details on the numerical integration of the PPF perturbations. In order to calibrate the linear PPF perturbations for scalar-tensor theories and for the comparison of the performance of their corresponding fits, we also need to determine the full model-specific fluctuations. For this purpose, we briefly review the linear perturbation theory of scalartensor gravity models of the kind defined by Eq. (2). We refer to [37] for a more comprehensive discussion of this modified cosmological perturbation theory. For simplicity, we restrict the linear perturbations to a spatially-flat matter-only universe.

1. PPF perturbations

Given the background expansion history H(z) or w_{eff} (z) and the PPF functions and parameter, g, f_G, f_ζ , and c_Γ, we evolve the linear perturbations in the PPF formalism described in §III through the conservation equations, Eqs. (56) and (57), the differential equation for Γ, Eq. (63), with source Eq. (60), and the modified Poisson equation, Eq. (52). They compose a system of coupled first-order differential equations in Δ_m, V_m, and Γ as well as an additional constraint equation for Φ_−. The initial conditions are set at early times a_i ≲ 0.01 with

V_{m,i} = { k_H H H^′ [ (g^′ + 1)Φ^′_− + (1 − g + g^′)Φ_− ] } a=a_i , (A1) where the initial metric perturbation Φ_{−,i} is a constant and Φ^′_{−,i} = Γ = 0.

2. Minimally-coupled scalar-tensor gravity perturbations

After some algebraic manipulation, the perturbed Einstein equations, scalar-field equation, and energymomentum conservation equations of the minimallycoupled scalar-tensor (or quintessence) models in a spatially-flat FLRW background (see §II A 1) become

Φ^′ = −Φ − κ^2 2H^2 ρ V_m k_H − φ^′ 2 δφ, (A2) Δ^′_m = [ −k^2_H + 3 2 κ^2 H^2 ρ + 3 H^′ H ] V_m k_H + 3 2 φ^′δφ, (A3) V^′_m = −k_H Φ − V_m, (A4) δφ^′ = ( 2k^2_H φ^′ − φ^′ ) Φ − κ^2ρ H^2φ^′

Δ_m − [ U^′ H^2φ^{′2} + 3 ] δφ. (A5) Given the background from §II A 1, i.e., H or w_{eff} , U, and φ^′, the evolution of these perturbation variables are solved by numerical integration over ln a with the initial conditions at early time a_i ≲ 0.01 corresponding to the matter-dominated era in GR,

Δ_{m,i} = 2 3 k^2_H Φ_i, (A6)

V_{m,i} = − 2 3 k_H Φ_i, (A7) δφ_i = 0, (A8)

Φ_i = 3 5 ζ_i, (A9)

where the comoving-gauge curvature ζ_i is a constant.

3. Non-minimally-coupled scalar-tensor gravity perturbations

For the non-minimally-coupled scalar-tensor (or generalized/extended quintessence) models in Brans-Dicke representation of Eq. (2) as well as for a perturbed spatially-flat FLRW background metric, the perturbed parts of the modified Einstein equations are (cf. [37])

Φ + Ψ = − δφ φ , (A10)

−2φ(Φ^′ − Ψ) + φ^′Ψ = κ^2ρ H^2

V_m k_H + ω φ φ^′δφ − δφ + δφ^′, (A11) as well as

− 3φ^′Ψ^′ = (2k^2_H φ − ω φ φ^{′2} + 3φ^′)Ψ + κ^2ρ H^2

Δ_m + [ 1 H^2 dU dφ + ( k^2_H − 6 − 3 φ^{′2} φ^2 ) + 3 ω φ φ^′ + 1 2 d dφ ( ω φ ) φ^{′2} ] δφ + (ω + 3) φ^′ φ δφ^′. (A12)

From the perturbed scalar-field equation, one obtains the dilaton fluctuation equation

δφ^{′′} + ( H^′ H + 3 + ω^′φ − φ^′ ω φ ) δφ^′ + [ k^2_H + ( ω^′φ − φ^′ ω φ φ^′ )_′ φ^′ 2 − 3 ( H^′ H + 2 ) 1 φ^′ ( φ ω )_′ + 1 H^2φ^′ ( U^′ ω φ φ^′ )_′] δφ = φ ω { k^2_H (Ψ + 2Φ) + 3 [ Φ^{′′} + ( H^′ H + 4 ) Φ^′ − Ψ^′ ]} + φ^′(Ψ^′ − 3Φ^′) − 2 H^2 U^′ ω φ φ^′ Ψ. (A13)

Finally, the conservation equations imply

Δ^′_m = +3 [ −Φ^′ + ( H^′ H + 1 ) V_m k_H + V^′_m k_H ]

−k_H V_m, (A14) V^′_m + V_m = k_H Ψ. (A15)

To solve for the non-minimally-coupled scalar-tensor model perturbations, given the background from §II A 2, i.e., H or w_{eff} , φ, and U, we combine the perturbed modified Einstein and energy-momentum conservation equations to obtain a second-order differential equation for Φ, which includes dependencies on δφ. We combine this with the dilaton equation depending on Φ and δφ. We use the perturbations for general F , U, and Z, without rewriting it in the Brans-Dicke representation (see, e.g., [37]). We follow [53] in this combination, however, solving the system of coupled differential equations with respect to ln a instead of cosmic time. This produces two coupled second-order differential equations for Φ and δφ, which we solve with the initial conditions at early times a_i ≲ 0.01 corresponding to the GR limit, i.e., Φ^′_i = δφ^′_i = δφ^′_i = 0, where the initial metric perturbation Φ_i is a constant.

Note that since we use divisions by Z, we cannot set Z = 0 to strictly recover f(R) gravity. For f(R) gravity, we therefore solve the perturbations given in [54] for the designer model with a code developed and tested in [56]. Furthermore, we use a code, where we solve the nonminimally-coupled scalar-tensor perturbations given here in Brans-Dicke representation setting ω = 0. We test the three non-minimally-coupled scalar-tensor perturbation theory solvers in the limit were ω → 0 and find good agreement between the codes.

Appendix B: Numerical computation of the NCBD background

Finally, note that in order to obtain the background for the NCBD model, we follow [53], assuming matter dominance and using the first Friedmann equation, the scalar-field equation with dH/dt replaced by the second Friedmann equation, and the energy conservation equation, i.e., Eqs. (19) through (22), to solve for φ, a, and ρ_m as functions of cosmic time t. This produces coupled differential equations that are of second order in φ and first order in a as well as ρ_m, which we integrate over t using the initial conditions

t^2_i = 4 9Ω_{m0} a^3_i , (B1)

κ^2ρ_{m,i} = 4 3t^2_i

, (B2)

with constant initial scale factor a_i and constant φ_i as well as φ̇_i for the scalar field, where the dot represents a cosmic-time derivative.

[1] C. M. Will, Living Rev. Rel. 9, 3 (2005), [arXiv:gr-qc/0510072].

[2] J.-P. Uzan, Gen.Rel.Grav. 39, 307 (2007), [arXiv:astro-ph/0605313].

[3] R. Caldwell, A. Cooray and A. Melchiorri, Phys.Rev.

D76, 023507 (2007), [arXiv:astro-ph/0703375]. [4] P. Zhang, M. Liguori, R. Bean and S. Dodelson, Phys.

Rev. Lett. 99, 141302 (2007), [arXiv:0704.1932]. [5] L. Amendola, M. Kunz and D. Sapone, JCAP 0804, 013 (2008), [arXiv:0704.2421].

[6] W. Hu and I. Sawicki, Phys. Rev. D76, 104043 (2007), [arXiv:0708.1190].

[7] M. A. Amin, R. V. Wagoner and R. D. Blandford, Mon.Not.Roy.Astron.Soc. 390, 131 (2008), [arXiv:0708.1793].

[8] E. Bertschinger and P. Zukin, Phys.Rev. D78, 024015 (2008), [arXiv:0801.2431].

[9] W. Hu, Phys. Rev. D77, 103524 (2008), [arXiv:0801.2433].

[10] L. Pogosian, A. Silvestri, K. Koyama and G.-B. Zhao, Phys.Rev. D81, 104023 (2010), [arXiv:1002.2382].

[11] R. Bean and M. Tangmatitham, Phys.Rev. D81, 083534 (2010), [arXiv:1002.4197].

[12] A. Hojjati, L. Pogosian and G.-B. Zhao, JCAP 1108,

005 (2011), [arXiv:1106.4543].

[13] T. Baker, P. G. Ferreira, C. Skordis and J. Zuntz, Phys.Rev. D84, 124018 (2011), [arXiv:1107.0491].

[14] T. Baker, P. G. Ferreira and C. Skordis, arXiv:1209.2117. [15] E. V. Linder, Phys. Rev. D72, 043529 (2005), [arXiv:astro-ph/0507263].

[16] T. Koivisto and D. F. Mota, Phys. Rev. D73, 083502 (2006), [arXiv:astro-ph/0512135].

[17] C. Di Porto and L. Amendola, Phys. Rev. D77, 083508 (2008), [arXiv:0707.2686].

[18] E. V. Linder, Phys. Rev. D79, 063519 (2009), [arXiv:0901.0918].

[19] R. Caldwell, R. Dave and P. J. Steinhardt, Phys.Rev.Lett. 80, 1582 (1998), [arXiv:astro-ph/9708069].

[20] J. Khoury and A. Weltman, Phys. Rev. D69, 044026 (2004), [arXiv:astro-ph/0309411].

[21] A. Vainshtein, Phys.Lett. B39, 393 (1972). [22] L. Samushia et al., arXiv:1206.5309.

[23] C. Blake et al., Mon.Not.Roy.Astron.Soc. 425, 405 (2012), [arXiv:1204.3674].

[24] G. Dvali, G. Gabadadze and M. Porrati, Phys.Lett.

B485, 208 (2000), [arXiv:hep-th/0005016].

[25] J. Yoo, A. L. Fitzpatrick and M. Zaldarriaga, Phys.Rev.

D80, 083514 (2009), [arXiv:0907.0707].

[26] J. Yoo, Phys.Rev. D82, 083508 (2010), [arXiv:1009.3021].

[27] C. Bonvin and R. Durrer, Phys.Rev. D84, 063505 (2011), [arXiv:1105.5280].

[28] A. Challinor and A. Lewis, Phys.Rev. D84, 043516 (2011), [arXiv:1105.5292].

[29] M. Bruni et al., Phys.Rev. D85, 041301 (2012), [arXiv:1106.3999].

[30] T. Baldauf, U. Seljak, L. Senatore and M. Zaldarriaga, JCAP 1110, 031 (2011), [arXiv:1106.5507].

[31] D. Jeong, F. Schmidt and C. M. Hirata, Phys.Rev. D85, 023504 (2012), [arXiv:1107.5427].

[32] D. Bertacca, R. Maartens, A. Raccanelli and C. Clarkson, JCAP 1210, 025 (2012), [arXiv:1205.5221].

[33] J. Yoo, N. Hamaus, U. Seljak and M. Zaldarriaga, Phys.Rev. D86, 063514 (2012), [arXiv:1206.5809].

[34] L. Lombriser, W. Hu, W. Fang and U. Seljak, Phys. Rev.

D80, 063536 (2009), [arXiv:0905.1112].

[35] D. Larson et al., Astrophys.J.Suppl. 192, 16 (2011), [arXiv:1001.4635].

[36] C. H. Brans and R. H. Dicke, Phys.Rev. 124, 925 (1961). [37] G. Esposito-Farese and D. Polarski, Phys.Rev. D63, 063504 (2001), [arXiv:gr-qc/0009034].

[38] S. Tsujikawa, arXiv:1004.1493.

[39] B. Ratra and P. Peebles, Phys.Rev. D37, 3406 (1988). [40] P. Binetruy, Phys.Rev. D60, 063502 (1999), [arXiv:hep-ph/9810553].

[41] P. J. Steinhardt, L.-M. Wang and I. Zlatev, Phys.Rev.

D59, 123504 (1999), [arXiv:astro-ph/9812313]. [42] P. Brax and J. Martin, Phys.Lett. B468, 40 (1999), [arXiv:astro-ph/9905040].

[43] R. Kallosh, J. Kratochvil, A. D. Linde, E. V. Linder and M. Shmakova, JCAP 0310, 015 (2003), [arXiv:astro-ph/0307185].

[44] J. A. Frieman, C. T. Hill, A. Stebbins and I. Waga, Phys.Rev.Lett. 75, 2077 (1995), [arXiv:astro-ph/9505060].

[45] M. Chevallier and D. Polarski, Int. J. Mod. Phys. D10, 213 (2001), [arXiv:gr-qc/0009008].

[46] E. V. Linder, Phys. Rev. Lett. 90, 091301 (2003), [arXiv:astro-ph/0208512].

[47] L. Lombriser, Phys. Rev. D83, 063519 (2011), [arXiv:1101.0594].

[48] H. A. Buchdahl, Mon. Not. Roy. Astron. Soc. 150, 1 (1970).

[49] A. A. Starobinsky, Phys. Lett. B91, 99 (1980). [50] S. M. Carroll, V. Duvvuri, M. Trodden and M. S. Turner, Phys. Rev. D70, 043528 (2004), [arXiv:astro-ph/0306438].

[51] S. Nojiri and S. D. Odintsov, Phys. Rev. D68, 123512 (2003), [arXiv:hep-th/0307288].

[52] S. Capozziello, S. Carloni and A. Troisi, Recent Res. Dev. Astron. Astrophys. 1, 625 (2003), [arXiv:astro-ph/0303041].

[53] J. B. Sanchez and L. Perivolaropoulos, Phys.Rev. D81, 103505 (2010), [arXiv:1002.2042].

[54] Y.-S. Song, W. Hu and I. Sawicki, Phys. Rev. D75, 044004 (2007), [arXiv:astro-ph/0610532].

[55] F. Schmidt, A. Vikhlinin and W. Hu, Phys. Rev. D80, 083505 (2009), [arXiv:0908.2457].

[56] L. Lombriser, A. Slosar, U. Seljak and W. Hu, Phys.Rev.

D85, 124038 (2012), [arXiv:1003.3009].

[57] L. Lombriser et al., Phys.Rev. D85, 102001 (2012), [arXiv:1111.2020].

[58] W. Hu and I. Sawicki, Phys. Rev. D76, 064004 (2007), [arXiv:0705.1158].

[59] P. Brax, C. van de Bruck, A.-C. Davis and D. J. Shaw, Phys. Rev. D78, 104021 (2008), [arXiv:0806.3415].

[60] L. Lombriser, K. Koyama, G.-B. Zhao and B. Li, Phys.Rev. D85, 124054 (2012), [arXiv:1203.5125].

[61] B. Jain, V. Vikram and J. Sakstein, arXiv:1204.6044. [62] A. Hall, C. Bonvin and A. Challinor, arXiv:1212.0728. [63] B. Hu, M. Liguori, N. Bartolo and S. Matarrese, arXiv:1211.5032.

[64] S. S. Seahra and W. Hu, Phys.Rev. D82, 124015 (2010), [arXiv:1007.4242].

[65] K. Koyama and R. Maartens, JCAP 0601, 016 (2006), [arXiv:astro-ph/0511634].

[66] C. Deffayet, Phys.Lett. B502, 199 (2001), [arXiv:hep-th/0010186].

[67] C. Deffayet, Phys.Rev. D66, 103504 (2002), [arXiv:hep-th/0205084].

[68] I. Sawicki, Y.-S. Song and W. Hu, Phys.Rev. D75, 064002 (2007), [arXiv:astro-ph/0606285].

[69] Y.-S. Song, Phys.Rev. D77, 124031 (2008), [arXiv:0711.2513].

[70] A. Cardoso, K. Koyama, S. S. Seahra and F. P. Silva, Phys.Rev. D77, 083512 (2008), [arXiv:0711.2563].

[71] W. Fang et al., Phys. Rev. D78, 103509 (2008), [arXiv:0808.2208].

[72] T. Giannantonio, Y.-S. Song and K. Koyama, Phys.Rev.

D78, 044017 (2008), [arXiv:0803.2238]. [73] A. Raccanelli et al., arXiv:1207.0500.

[74] K. Koyama, Class.Quant.Grav. 24, R231 (2007), [arXiv:0709.2399].

[75] S. F. Daniel et al., Phys. Rev. D81, 123508 (2010), [arXiv:1002.1962].

[76] J. N. Dossett, M. Ishak and J. Moldenhauer, Phys.Rev.

D84, 123001 (2011), [arXiv:1109.4583].

[77] W. Fang, W. Hu and A. Lewis, Phys. Rev. D78, 087303 (2008), [arXiv:0808.3125].

[78] Y.-S. Song, I. Sawicki and W. Hu, Phys.Rev. D75, 064003 (2007), [arXiv:astro-ph/0606286].

[79] A. Hojjati, L. Pogosian, A. Silvestri and S. Talbot, Phys.Rev. D86, 123503 (2012), [arXiv:1210.6880].

[80] J. M. Bardeen, Phys.Rev. D22, 1882 (1980). [81] H. Kodama and M. Sasaki, Prog.Theor.Phys.Suppl. 78, 1 (1984).

[82] E. Bertschinger, Astrophys.J. 648, 797 (2006), [arXiv:astro-ph/0604485].

[83] W. Hu and D. J. Eisenstein, Phys.Rev. D59, 083509 (1999), [arXiv:astro-ph/9809368].

[84] S. Tsujikawa, K. Uddin, S. Mizuno, R. Tavakol and J. Yokoyama, Phys.Rev. D77, 103009 (2008), [arXiv:0803.1106].

[85] L. Hui, E. Gaztanaga and M. LoVerde, Phys.Rev. D77, 063526 (2008), [arXiv:0710.4191].

[86] N. Kaiser, Mon. Not. Roy. Astron. Soc. 227, 1 (1987). [87] U. Seljak, Phys.Rev.Lett. 102, 021302 (2009), [arXiv:0807.1770].

[88] U.-L. Pen, Mon.Not.Roy.Astron.Soc. 350, 1445 (2004), [arXiv:astro-ph/0402008].

[89] P. McDonald and U. Seljak, JCAP 0910, 007 (2009),

[arXiv:0810.0323].

[90] U. Seljak, N. Hamaus and V. Desjacques, Phys.Rev.Lett.

103, 091303 (2009), [arXiv:0904.2963].

[91] N. Hamaus, U. Seljak, V. Desjacques, R. E. Smith and T. Baldauf, Phys.Rev. D82, 043515 (2010), [arXiv:1004.5377].

[92] Y.-C. Cai, G. Bernstein and R. K. Sheth, Mon. Not. Roy.

Astron. Soc. 412, 995 (2011), [arXiv:1007.3500]. [93] N. Hamaus, U. Seljak and V. Desjacques, Phys.Rev.

D86, 103513 (2012), [arXiv:1207.1102].

[94] G. M. Bernstein and Y.-C. Cai, Mon. Not. Roy. Astron.

Soc. 416, 3009 (2011), [arXiv:1104.3862].

[95] The term ‘PPF’ has been used by different authors. Notably [13, 14] directly parametrize the contributions of spin-0 degrees of freedom from new scalar, vector, and scalar fields to the perturbed Einstein equation. This differs from the formalism of [6, 9], which introduces an effective fluid that reproduces the phenomenology of the corresponding modified gravity model at the perturbation level.