arXiv:1301.4805v1 [math.SG] 21 Jan 2013

Canonical Functions in Graded Symplectic Geometries and AKSZ Sigma Models

Noriaki IKEDA^{1∗}and Xiaomeng XU^{2 †}

1 Department of Mathematical Sciences, Ritsumeikan University Kusatsu, Shiga 525-8577, Japan 2 Department of Mathematics and LMAM, Peking University, Beijing 100871, China

January 22, 2013

Abstract We introduce the notion of canonical functions, which unify many geometric structures in terms of the graded symplectic geometry. From the analysis of canonical functions, we propose generalizations of differential graded symplectic manifolds such as derived QP manifolds, twisted QP manifolds and QP pairs. These explain the nature of kinds of twisted structures in Poisson geometry and physics. Many known and new geometric structures are derived from canonical functions. As an application, AKSZ sigma models and corresponding boundary theories are constructed from canonical functions.

∗E-mail: nikeda@se.ritsumei.ac.jp, ikeda@yukawa.kyoto-u.ac.jp †E-mail: xuxiaomeng@pku.edu.cn

1 Introduction

Recently the graded symplectic geometry [36][37] has been developed related to new geometric structures and physical theories [29][10]. A QP manifold (a differential graded symplectic manifold) has been introduced from the analysis of the Batalin-Vilkovisky formalism in the gauge theories [32].

In this paper, a canonical function, which is a generalization of graded structures in graded symplectic geometry, is defined and analyzed. This idea is inspired by the canonical transformation on a QP manifold, which is also called twisting [30]. Another motivation comes from the theory of AKSZ topological sigma models [3][9] [31][18] and the topological open membrane theory in physics [28][17]. A canonical function describes the boundary structures of the AKSZ sigma models, which have played key roles in derivation of the deformation quantization from the Poisson sigma model [21][8]. Moreover, it can be viewed as higher analogue of a Poisson function [34][24] and a generalization of the Dirac structure [12] which is a integrability condition of a substructure on the vector bundle.

A canonical function unifies various concepts above separately analyzed until now. This includes the Lie (2-)algebra, the (twisted or quasi) Poisson structure, the (homotopy) Lie algebroid, the (twisted) Courant algebroid, the Nambu-Poisson structure, and so on. Some of them are demonstrated as examples.

The underlying mathematical structures derived from canonical functions are abundant. We prove that any QP manifold M of degree n is derived from a canonical function on T^∗[n + 1]M. This analysis leads naturally to new concepts in graded geometry such as the derived and twisted QP manifolds. A general method to twist a QP manifold is given, which is closely connected to the deformation theory. Some examples are explained to illuminate this twisting process. Moreover we find new interesting geometric structures from canonical functions. As one of them, the strong Courant algebroid is proposed. Roughly speaking, it is a Courant algebroid with a bundle map to a Lie algebroid satisfying some compatible conditions.

A consistent AKSZ sigma model [3][9] [31][18] is constructed on a manifold with boundaries using the mathematical structures above. A canonical function guarantees consistency on the bulk and the boundary. Generally some quantum theories on a manifold X in n+1 dimensions has the same structure as the corresponding quantum theories on ∂X in n dimensions [5].

We prove this bulk-boundary correspondences of the quantum field theories from derived or twisted QP manifolds in the category of AKSZ sigma models.

The paper is organized as follows. In section 2, a canonical function on a QP manifold is defined. In section 3, their mathematical structures are analyzed. In section 4, AKSZ sigma models with boundaries are constructed from canonical functions. In section 5, the bulk-boundary correspondence of the AKSZ sigma models is clarified and some examples are explained. Section 6 is summary and future outlook. Appendix is a brief explanation of construction of the AKSZ sigma models.

2 Canonical Functions on QP Manifolds

A graded manifold M on a smooth manifold M is a ringed space with a structure sheaf of a nonnegatively graded commutative algebra over an ordinary smooth manifold M. Grading is compatible with supermanifold grading, that is, a variable of even degree is commutative and one of odd degree is anticommutative. M is locally isomorphic to C^∞(U) ⊗ S^·(V ), where U is a local chart on M, V is a graded vector space and S^·(V ) is a free graded commutative ring on V . We can refer to [7][35] for the rigorous mathematical definition of objects in supergeometry.

If grading is assumed to be nonnegative, a graded manifold is called a N-manifold. Grading is called degree.

A N-manifold equipped with a graded symplectic structure ω of degree n is called a Pmanifold of degree n, (M, ω). ω is also called a P-structure. The graded Poisson bracket on C^∞(M) is defined from the graded symplectic structure ω on M as {f, g} = (−1)^{|f|+1}i_{Xf} i_{Xg} ω, where a Hamiltonian vector field X_f is defined by the equation i_{Xf} ω = δf, for f ∈ C^∞(M).

Let (M, ω) be a P -manifold of degree n. A vector field Q of degree +1 on M is called a Q-structure if this satisfies Q^2 = 0.

Definition 2.1 A triple (M, ω, Q) is called a QP-manifold of degree n and its structure is called a QP structure, if ω and Q are compatible, that is, L_Qω = 0 [32].

Q is also called a homological vector field. We assume a Hamiltonian Θ ∈ C^∞(M) of Q with respect to the graded Poisson bracket {−, −} satisfying Q = {Θ, −}. (2.1) Θ is of degree n + 1. The differential condition, Q^2 = 0, implies that Θ is a solution of the classical master equation, {Θ, Θ} = 0. (2.2) Θ satisfying (2.2) is also called a homological function.

Let (M, ω, Q) be a QP manifold of degree n and suppose that Q is generated by a Hamiltonian function Θ ∈ C^∞(M) of degree n + 1. We define an exponential operation e^{δα} , e^{δα} Θ = Θ + {Θ, α} +^1_2 {{Θ, α}, α} + · · · , on the QP manifold M, where α ∈ C^∞(M).

Definition 2.2 Let (M, ω, Q = {Θ, −}) be a QP manifold of degree n and α be a function of degree n. e^{δα} is called a canonical transformation if Θ^′ = e^{δα} Θ satisfies {Θ^′, Θ^′} = 0.

Now we introduce the notion of a canonical function.

Definition 2.3 Let (M, ω, Q = {Θ, −}) be a QP manifold of degree n. A function α of degree n is called a canonical function if e^{δα} Θ|_L = 0, where L is a Lagrangian submanifold with respect to the graded symplectic form ω on M and |_L is the restriction on L.

Proposition 2.4 If α is a canonical function on a QP manifold (M, ω, Θ), then e^{δα} is a canonical transformation.

Example 2.1 [34] Let M be a QP manifold of degree 2 defined by M = T^∗[2](T [1]M ×g^∗[1]), where M is a manifold and g is a Lie algebra. Local coordinates on M, the fiber of T [1]M, and g^∗[1] are (x^i, q^i, v_a), respectively. Conjugate coordinates of the fiber of T^∗[2](T [1]M × g^∗[1]) are (ξ_i, p_i, u^a), respectively. The following function of degree 3:

Θ = Θ_M + Θ_C + Θ_R + Θ_H = ξ_iq^i + 1 2 C_{ab}^cu^au^bv_c + 1 3! R^{abc}(x)v_av_bv_c + 1 3! H_{ijk}(x)q^iq^jq^k, is a homological function if {Θ_M , Θ_H } = 0 and {Θ_C , Θ_R} = 0. Let H be the 3 form on M defined by H =^1_{3!} H_{ijk}(x)dx^i ∧ dx^j ∧ dx^k and R be a section of ∧^3g^∗ defined by R = 1 3! R^{abc}(x)v_av_bv_c. Θ is a homological function if and only if H is a closed 3-form on M and R is a closed 3-form associated to the Lie algebra cohomology.

Let α = π + ρ =^1_2 π^{ij}(x)p_ip_j + ρ^j_a(x)u^ap_j be a canonical function with respect to the Lagrangian submanifold L = T [1]M × g[1] ⊂ M which is locally expressed by L = {ξ_i = p_i = v_a = 0}.

If Θ_C = Θ_R = Θ_H = 0 and ρ = 0, the canonical function equation e^{δα} Θ|_L = 0 is equivalent to [π, π]_S = −{{Θ, π}, π}|_L = 0, which defines a Poisson structure on M. Here [−, −]_S = −{{Θ, −}, −}|_L is the Schouten bracket on Γ(∧^•T M).

If Θ_H = 0, the canonical function equation defines a quasi-Poisson structure, [π, π]_S = ∧^3ρ^#R [1][2].

If ρ = 0, the canonical function equation defines a twisted-Poisson structure, [π, π]_S = ∧^3π^#H [28][20][33].

Generally, a canonical function gives a Lie algebroid structure on T M ×g analyzed in [27].

This special kind of canonical function of degree 2 is called a Poisson function in [34][24].

Example 2.2 A Nambu-Poisson bracket of order n (≥ 3) on M is a skew symmetric linear map {·, · · · , ·} : C^∞(M)^{⊗n} −→ C^∞(M) such that (1) {f_{σ(1)}, f_{σ(2)}, · · · , f_{σ(n)}} = (−1)^{ϵ(σ)}{f_1, f_2, · · · , f_n}, (2) {f_1g_1, f_2, · · · , f_n} = f_1{g_1, f_2, · · · , f_n} + g_1{f_1, f_2, · · · , f_n}, (3) {f_1, f_2, · · · , f_{n−1}, {g_1, g_2, · · · , g_n}} = n∑ k=1 {g_1, · · · , g_k, {f_1, f_2, · · · , f_{n−1}, g_k}, g_{k+1}, · · · , g_n}. The n-vector field π ∈ ∧^nT M called a Nambu-Poisson tensor field is defined as π(df_1, df_2, · · · , df_n) = {f_1, f_2, · · · , f_n}. Let us assume ’decomposability’ of the Nambu-Poisson tensor. Then a canonical function for the Nambu-Poisson structure is constructed as follows. Let M be a manifold and consider a N-manifold M = T^∗[n]T^∗[n−1]E[1] where E = ∧^{n−1}T^∗M. Local coordinates on T^∗[n−1]E[1] are denoted by (x^i, v_I , p_i, w^I ) of degree (0, 1, n − 1, n − 2) and conjugate local coordinates of the fiber are (ξ_i, u^I , q^i, z_I ) of degree (n, n − 1, 1, 2), respectively, where I = (i_1, i_2, · · · , i_{n−1}).

A graded symplectic structure of degree n is expressed by ω = δx^i ∧ δξ_i + δv_I ∧ δu^I + δp_i ∧ δq^i + δw^I ∧ δz_I . A Q-structure function Θ is defined as Θ = −q^iξ_i +^1_{(n−1)!} z_I (u^I − q^{i1} · · · q^{in−1} ), which trivially satisfies {Θ, Θ} = 0. Θ defines the Dorfman bracket on T M ⊕ ∧^{n−1}T^∗M [13] by the derived bracket [−, −]_D = {{Θ, −}, −}. We take a function α as α = − 1 (n − 1)! π^{i1···in−1in} (x)v_{i1···in−1} p_{in} . (2.3) Note that {α, α} = 0.

Proposition 2.5 Let M, Θ and α be the above ones. Let L = T^∗[n]E[1] be the Lagrangian submanifold of M. Then α is a canonical function with respect to Θ and L, i.e., e^{δα} Θ|_L = 0 if and only if π is a Nambu-Poisson tensor. [6]

3 Mathematical Structures derived from Canonical Functions

In this section, we study the underlying mathematical structures derived from canonical functions. Generalizations of QP manifolds such as derived QP manifolds and twisted QP manifolds are obtained. Moreover, a new geometric structure is proposed.

3.1 Derived QP manifolds

Let us take a QP manifold of degree n + 1 with a canonical function, (T^∗[n + 1]M, ω, Θ, α). Here M is a N-manifold and α is the constant on the fiber. Therefore α is regarded as a function on M. the following derived bracket defines a bracket {−, −}_Θ on C^∞(M): {f, g}_Θ = {{f, Θ}, g}|_M, (3.4) where f, g are functions on M, and are viewed as functions on T^∗[n+1]M which are constants along the fiber on the right hand in the equation (3.4). The bracket is graded symmetric on M because {f, g} = 0 for f, g ∈ C^∞(M), and satisfies the Leibniz rule and the Jacobi identity because of {Θ, Θ} = 0. Throughout this section, we assume that the derived bracket is nondegenerate. Degenerate cases are left to our later work. Thus the bracket {−, −}_Θ defines a P-structure on M. Further, if a canonical function satisfies {α, α}_Θ = 0, (M, {−, −}_Θ, α) is a QP manifold of degree n. We call this QP manifold the derived QP manifold.

A pair of (T^∗[n + 1]M, ω, Θ, α) and (M, {−, −}_Θ, α) is called a QP pair. We call (T^∗[n + 1]M, ω, Θ, α) i a big QP manifold and (M, {−, −}_Θ, α) a small QP manifold,

Example 3.1 We take g^∗ = 0 in Example 2.1 for simplicity. Then a QP manifold is (T^∗[2]T^∗[1]M, ω, Θ) and the graded symplectic structure ω is given by ω = δx^i ∧ δξ_i + δp_i ∧ δq^i. A Q-structure

Θ = ξ_iq^i + 1 3! H_{ijk}(x)q^iq^jq^k, (3.5) is homological if dH = 0. A canonical function with respect to the Lagrangian submanifold L = T^∗[1]M is α =^1_2 π^{ij}(x)p_ip_j . In local coordinates, the Lagrangian submanifold is given by L = {q^i = ξ_i = 0}.

The canonical function equation e^{δα} Θ|_L = 0 is equivalent to Θ|_L′ = 0, where L^′ ⊂ M is the Lagrangian submanifold with respect to the reverse canonical transformation of the P-structure ω, which is defined as ξ_i = {ξ_i, α} = − 1 2 ∂π^{jk} ∂x^i (x)p_jp_k, q^i = {q^i, α} = π^{ij}p_j . (3.6)

If H = 0, the direct computation shows that Θ|_L′ = 0 is equal to {α, α}_Θ = 0 under the derived bracket. (T^∗[1]M, {−, −}_Θ, α) is a derived QP manifold obtained from (T^∗[2]T^∗[1]M, ω, Θ, α). The derived bracket {−, −}_Θ = {{−, Θ}, −}|_L is of degree −1 and nothing but the Schouten bracket. The Poisson structure on M is obtained by the derivedderived bracket {f(x), g(x)}_{P.B.} = [f(x), g(x)]_{(Θ,α)} = {{f(x), α}_Θ, g(x)}_Θ, where f, g ∈ C^∞(M).

Example 3.2 We consider a N-manifold M = T^∗[3]T^∗[2]E[1], where E −→ M is a vector bundle on a manifold M. We take local coordinates (x^i, u^a, p_i) of degree (0, 1, 2) on T^∗[2]E[1] and conjugate local coordinates of the fiber (ξ_i, v_a, q^i) of degree (3, 2, 1).

A graded symplectic structure of degree 3 is given by ω = δx^i ∧ δξ_i + δu^a ∧ δv_a + δp_i ∧ δq^i. Let us consider the following Q-structure satisfying Θ|_L = 0:

Θ = ξ_iq^i + 1 2 k^{ab}v_av_b + 1 4! H_{ijkl}(x)q^iq^jq^kq^l, where k^{ab} is a fiber metric on E. Θ satisfies {Θ, Θ} = 0 if and only if dH = 0, where H =^1_{4!} H_{ijkl}(x)dx^i ∧ dx^j ∧ dx^k ∧ dx^l is a 4-form on M.

We take the following canonical function of degree 3,

α = ρ^i_a(x)p_iu^a + 1 3! h_{abc}(x)u^au^bu^c, with respect to the Lagrangian submanifold L = T^∗[2]E = {q^i = ξ_i = v_a = 0}. The canonical function equation e^{δα} Θ|_L = 0 derives the following identities:

k^{ab}ρ^i_aρ^j_b = 0, (3.7) ∂ρ^i_a ∂x^j ρ^j_b − ∂ρ^i_b ∂x^j ρ^j_a + k^{cd}ρ^i_ch_{dab} = 0, (3.8) ∂h_{abc} ∂x^i ρ^i_d + k^{ef} h_{abe}h_{fcd} + H_{ijkl}ρ^i_aρ^j_bρ^k_c ρ^l_d +(abcd completely skewsymmetric) = 0. (3.9)

If H = 0, e^{δα} Θ|_L = 0 is equivalent to {α, α}_Θ = 0. Therefore (T^∗[2]E[1], {−, −}_Θ, α) is a derived QP manifold of degree 2. The equation (3.7), (3.8) and (3.9) are satisfied if and only if E is a Courant algebroid [26] [29]. The Dorfman bracket of the Courant algebroid is given by the derived-derived bracket on ΓE by

[e_1, e_2]_D = {{e_1, Θ}_Θ, e_2}_Θ, ∀e_1, e_2 ∈ Γ(E).

Example 3.3 Let us consider a N-manifold M = T^∗[4]T^∗[3]E[1], where E −→ M is a vector bundle on a manifold M. We take local coordinates (x^i, u^a, w_a, p_i) of degree (0, 1, 2, 3) on T^∗[3]E[1] and local coordinates (ξ_i, v_a, z^a, q^i) of degree (4, 3, 2, 1) of the fiber.

A canonical graded symplectic structure of degree 4 is given by ω = δx^i ∧ δξ_i + δu^a ∧ δv_a + δw_a ∧ δz^a + δp_i ∧ δq^i. (3.10) We consider the following Q-structure satisfying Θ|_L = 0:

Θ = ξ_iq^i + v_az^a + 1 2 C^a_{ij}(x)v_aq^iq^j + 1 5! H_{i0i1i2i3i4} (x)q^{i0} q^{i1} q^{i2} q^{i3} q^{i4} .

{Θ, Θ} = 0 if and only if dH = 0 and dC = 0, where H =^1_{5!} H_{i0i1i2i3i4} (x)dx^{i0} ∧ dx^{i1} ∧ dx^{i2} ∧ dx^{i3} ∧ dx^{i4} is a 5-form, and C^a =^1_2 C^a_{ij} (x)dx^i ∧ dx^j is a 2-form taking values on E^∗.

Let us consider a following function α of degree 4:

α = ρ^i_a(x)u^ap_i + 1 2 f^a_{bc}(x)w_au^bu^c + 1 4! h_{a0a1a2a3} (x)u^{a0} u^{a1} u^{a2} u^{a3} .

and the Lagrangian submanifold L = {ξ_i = v_a = z^a = q^i = 0}. The canonical function equation e^{δα} Θ|_L = 0 derives following conditions for a canonical function α: ∂ρ^i_a ∂x^j ρ^j_b − ∂ρ^i_b ∂x^j ρ^j_a + ρ^i_cf^c_{ab} − C^a_{kl}ρ^i_cρ^k_aρ^l_b = 0, (3.11) ∂f^a_{bc} ∂x^i ρ^i_d + f^a_{be}f^e_{cd} − C^e_{ij}f^a_{be}ρ^i_cρ^j_d + (bcd completely skewsymmetric) = 0, (3.12) ∂h_{a0 ···a3} ∂x^i ρ^i_{a4} + h_{ea2···a4} f^e_{a0a1} + C^e_{ij}h_{ea0···a2} ρ^i_{a3} ρ^j_{a4} + H_{j0···j4} (x)ρ^{j0}_{a0} ρ^{j1}_{a1} ρ^{j2}_{a2} ρ^{j3}_{a3} ρ^{j4}_{a4} +(a_0a_1a_2a_3a_4 completely skewsymmetric) = 0, (3.13)

If C = H = 0, the equations above are equivalent to {α, α}_Θ = 0. Therefore a derived QP manifold of degree 3, (T^∗[3]E[1], {−, −}_Θ, α), is obtained. The geometric structure of this QP manifold is a Lie algebroid up to homotopy (the splittable H-twisted Lie algebroid) [19][15].

In general, we have the following theorem.

Theorem 3.1 Any QP manifold is a derived QP manifold.

Proof Let (M, ω_M, α) be a QP manifold. Then we have a canonical graded symplectic structure ω on a cotangent bundle T^∗[n + 1]M. Generalizing the construction of the Poisson structure on a smooth manifold M from the Schouten bracket and the Poisson bivector on T^∗[1]M, the canonical Θ is constructed as a degree n + 1 version of the Poisson bivector such that the Poisson bracket on M is constructed by the derived bracket [37][23].

Let us take a local coordinate q^i of degree |q^i| on M such that {q^i, q^j}_M = (ω^{−1}_M )^{ij} (q) c. There exists a local coordinate p_i of degree |p_i| on the fiber of T^∗[n + 1]M such that {q^i, p_j} = −(−1)^{(|qi|−n−1)(|pj |−n−1)}{p_j, q^i} = δ^i_j where {−, −} is the Poisson bracket defined from the canonical graded symplectic form ω on T^∗[n + 1]M. If we define Θ = −(−1)^{(|qi|−n−1)(|pj |−n−1) 1}_2 (ω^{−1}_M )^{ij}(q)p_ip_j , {Θ, Θ} = 0, and {−, −}_M = {{−, Θ}, −}|_M. This construction derives the equation {{Θ, α}, α}|_M = 0 and all the terms Θ|_M, {Θ, α}|_M, {{{Θ, α}, α}, α}|_M, · · · are zero for the canonical Θ. Therefore we obtain

e^{δα} Θ|_M = Θ|_M + {Θ, α}|_M + 1 2 {{Θ, α}, α}|_M + 1 3! {{{Θ, α}, α}, α}|_M + · · · = 0. (3.14) It says that α is a canonical function for Θ.

c More simply we can also choose a Darboux coordinate on M.

3.2 Twisted QP Manifolds

In this subsection, we analyze {α, α}_Θ ≠ 0 case, where α is a canonical function on a QP manifold (T^∗[n+1]M, ω, Θ) and {−, −}_Θ = {{−, Θ}, −}|_M is the derived bracket on C^∞(M). In this case, canonical functions contain many kinds of twisted structures, for example, the twisted- or quasi-Poisson structures and the twisted Courant algebroids. Unification of these structures by graded categories leads us to notion of a twisted QP manifold.

Definition 3.2 Let M be a P-manifold of degree n with a Poisson bracket {−, −}_M and α be a function of degree n + 1. We call (M, {−, −}_M, α) a twisted QP manifold of degree n if there exists a QP manifold (T^∗[n + 1]M, ω, Θ) such that {−, −}_M is given by the derived bracket {{−, Θ}, −}|_M with respect to ω and α is a canonical function on T^∗[n + 1]M. In this case, we say that (T^∗[n + 1]M, ω, Θ) is a QP realization of (M, {−, −}_M, α).

A pair of (T^∗[n + 1]M, ω, Θ, α) and (M, {−, −}_M, α) is called a twisted QP pair.

The following proposition is an immediate consequence of the definition.

Proposition 3.3 If (M, {−, −}_M, α) is a twisted QP manifold with a QP realization (T^∗[n+ 1]M, ω, Θ), then^1_2 {α, α}_Θ = −Θ|_M − {Θ, α}|_M −^1_{3!} {{{Θ, α}, α}, α}|_M − · · · . We turn to a typical method to twist a QP manifold. First we take a QP manifold (M, ω_M, α). From Theorem 3.1, there exists a QP realization (T^∗[n + 1]M, ω, Θ), where Θ can be taken as the canonical Q-structure given in the proof of Theorem 3.1. By construction, {−, −}_Θ = {{−, Θ}, −}|_M coincides with the Poisson bracket derived from ω_M, and {α, α}_Θ = {{α, Θ}, α}|_M = 0. That is, (M, {−, −}_Θ, α) is a derived QP manifold.

Next we consider a deformation of Θ, Θ_d = Θ+Θ^′ such that {Θ_d, Θ_d} = 0. This condition is equivalent to the Maurer-Cartan equation QΘ^′ +^1_2 {Θ^′, Θ^′} = 0. Now we concentrate on the deformation such that the derived P-structure on M is not changed under this deformation, ω_{M,Θd} = ω_{M,Θ}, i.e., {{−, Θ^′}, −}_M is trivial and {{−, Θ_d}, −}|_M = {{−, Θ}, −}|_M. The same function α (Note that α is not a canonical function with respect to Θ now.) is a canonical function with respect to Θ_d if

e^{δα} Θ_d|_M = e^{δα} (Θ + Θ^′)|_M = 0, (3.15)

This equation for a deformed Θ_d can break the condition of a derived QP structure, {α, α}_{Θd} = 0. To see this, we recall that e^{δα} Θ_d|_M = 0 derives the equation, 1 2 {α, α}_{Θd} = −(Θ + Θ^′)|_M − {Θ + Θ^′, α}|_M − 1 3! {{{Θ + Θ^′, α}, α}, α}|_M · · · . For the canonical Θ, all the terms like Θ|_M and {{...{Θ, α}, ..., α}, α}|_M in the right hand are equal to zero. However since some terms in Θ^′, for example {{{Θ^′, α}, α}, α}_M, can be nonzero, {α, α}_{Θd} is not equal to zero in general. Therefore a solution α of the canonical function equation with respect to Θ_d gives us a twisted QP manifold (M, {−, −}_{Θd} , α). Twisting of a QP manifold comes from a deformation of the canonical Θ on T^∗[n + 1]M. Therefore the following general method to twist a QP manifold is obtained.

Proposition 3.4 Let (M, ω_M, α) be a QP manifold derived from (T^∗[n+1]M, ω, Θ, α). Then we obtain a twisted QP manifold (M, ω_M, α) if there exists a deformation Θ_d = Θ + Θ^′, such that (a) QΘ^′ +^1_2 {Θ^′, Θ^′} = 0; (b) {{−, Θ_d}, −}|_M = {{−, Θ}, −}|_M; (c) e^{δα} Θ_d|_M = 0.

In this case, we say that (M, ω, α) is twisted by Θ^′.

The equation QΘ^′ +^1_2 {Θ^′, Θ^′} = 0 is a Maurer-Cartan equation on a QP manifold. It describes deformations of a QP structure. If we consider a one parameter infinitesimal deformation of Q structure Θ, Θ_g = Θ + gΘ^′. If Θ_g is a Q structure, we have QΘ^′ = 0 and {Θ^′, Θ^′} = 0. The first equation is a cohomology condition, while the second one says that Θ^′ is also a Q structure.

Remark 3.1 Here we have assumed the condition (b) such that the derived P structure on M is not changed in the twisting process. However, we can consider more general deformations without invariant assumption of the P-structure. Note that the discussion above shows how to twist a known QP manifold, but not all the twisted QP manifolds can be obtained by this way.

We give some illustrative examples of twisted QP manifolds.

Example 3.4 We consider Example 3.1. If H is not equal to zero, Θ is the canonical one plus the H term. From the canonical function equation, a canonical function α satisfies, 1 2 {α, α}_Θ = − 1 3! {{{Θ, α}, α}, α}|_T ∗_{[1]M} ≠ 0. Therefore a twisted QP manifold (T^∗[1]M, α) of degree 1 is obtained. The canonical function equation e^{δα} Θ|_L = 0 contains the twisted Poisson structure as already mentioned in Example 2.1. For example, in the case of H ≠ 0,^1_2 {α, α}_Θ = −^1_{3!} {{{H, α}, α}, α} derives [π, π]_S = ∧^3π^#H. The derived-derived bracket {{−, α}_Θ, −}_Θ gives a twisted Poisson bracket on C^∞(M).

Example 3.5 (Twisted QP manifolds of degree 2) Let us consider Example 3.2. If H ≠ 0, Θ is the canonical Q structure plus H. Then a canonical function α satisfies, 1 2 {α, α}_Θ = − 1 4! {{{{H, α}, α}, α}, α}|_T ∗_{[2]E[1]} ≠ 0, (3.16) from the canonical function equation. We obtain a twisted QP manifold T^∗[2]E[1] of degree 2. The structure given by equations (3.7), (3.8) and (3.9) is the H_4-twisted Courant algebroid [16], which Leibniz identity of the Dorfman bracket is broken by the 4-form H^d:

[e_1, [e_2, e_3]_D]_D − [[e_1, e_2]_D, e_3]_D − [e_2, [e_1, e_3]_D]_D = ∧^4ρ^#H. (3.17)

The twisted-Dorfman bracket is given by the derived-derived bracket on ΓE.

Example 3.6 (Twisted QP manifolds of degree 3) A twisted QP manifold of degree 3 is obtained if H ≠ 0 in Example 3.3 by the similar analysis as Examples above.

Example 3.7 (Twisted QP manifolds of degree n) Let E −→ M be a vector bundle over a manifold M. We take a N-manifold (T^∗[n]T^∗[n−1]E[1], ω, Θ) with a canonical function α. Local coordinates on T^∗[n − 1]E[1] are chosen as (x^i, u^a, p_i, w_a) of degree (0, 1, n − 1, n − 2) and local coordinates of the fiber are (ξ_i, v_a, q^i, z^a) of degree (n, n − 1, 1, 2).

The graded symplectic structure of degree n is given by ω = δx^i ∧ δξ_i + δu^a ∧ δv_a + δp_i ∧ δq^i + δw_a ∧ δz^a. d Note that this is not the Courant algebroid twisted by a closed 3-form H.

We define the Lagrangian submanifold as L = T^∗[n − 1]E[1] = {ξ_i = v_a = q^i = z^a = 0} and the Q-structure satisfying Θ|_L = 0 as

Θ = ξ_iq^i + v_az^a + 1 2 C^a_{ij} (x)v_aq^iq^j + 1 (n + 1)! H_{i0···in} (x)q^{i0} · · · q^{in} . {Θ, Θ} = 0 derives dH = 0 and dC(x) = 0, where H =^1_{(n+1)!} H_{i0···in} (x)dx^{i0} ∧ · · · ∧ dx^{in} is a (n + 1)-form, and C^a =^1_2 C^a_{ij} (x)dx^i ∧ dx^j is a 2-form taking values on E^∗.

We take the following canonical function α:

α = ρ^i_a(x)u^ap_i + 1 2 f^a_{bc}(x)w_au^bu^c + 1 n! h_{a1···an} (x)u^{a1} · · · u^{an} . e^δ_αΘ|_L = 0 derives the following equations, ∂ρ^i_a ∂x^j ρ^j_b − ∂ρ^i_b ∂x^j ρ^j_a + ρ^i_cf^c_{ab} − C^a_{kl}ρ^i_cρ^k_aρ^l_b = 0, (3.18) ∂f^a_{bc} ∂x^i ρ^i_d + f^a_{be}f^e_{cd} − C^e_{ij}f^a_{be}ρ^i_cρ^j_d + (bcd completely skewsymmetric) = 0, (3.19) ∂h_{a0 ···an−1} ∂x^i ρ^i_{an} + h_{ea2···an} f^e_{a0a1} + C^e_{ij}h_{ea0···an−2} ρ^i_{an−1} ρ^j_{an} + H_{j0···jn} (x)ρ^{j1}_{a0} · · · ρ^{jn}_{an} +(a_0 · · · a_n completely skewsymmetric) = 0, (3.20)

Then the derived bracket {−, −}_Θ is just the canonical nondegenerate Poisson bracket on L = T^∗[n − 1]E[1].

Since Γ(E ⊗ ∧^{n−2}E^∗) is identified as C^∞(T^∗[n]E[1]), we can define a bracket on Γ(E ⊗ ∧^{n−2}E^∗) by the derived-derived bracket:

[−, −]_D = {{−, Θ}_Θ, −}_Θ|_L. (3.21)

If C = H = 0, we have {α, α}_Θ = 0. From the equations (3.18), (3.19) and (3.20), the derived-derived bracket [−, −]_D = {{−, α}_Θ, −}_Θ|_L is just the higher Dorfman bracket on E ⊗ ∧^{n−2}E^∗. If C or H is nonzero, (T^∗[n − 1]E[1], {−, −}_Θ, α) is a twisted QP manifold. If C = 0, we obtain the twisted higher Dorfman bracket. The Leibniz identity of the Dorfman bracket is broken by an n + 1-form H.

Notion of twisted QP manifolds is applied to physical theories. In next section, we will see that AKSZ sigma models associated to twisted QP manifolds unify AKSZ sigma models and their WZ terms.

3.3 Strong Courant Algebroids

Let E and A be two vector bundles on M. We consider a N-manifold M = T^∗[3](E[1] ⊕ A[1]). Let us take local coordinates (x^i, u^a, w^p) on M, E[1] and A[1] respectively, and local coordinates (ξ_i, v_a, z_p) of the fiber of T^∗[3] of degree (3, 2, 2).

A canonical graded symplectic structure is ω = δx^i ∧ δξ_i + δu^a ∧ δv_a + δw^p ∧ δz_p. We define a Q-structure function as Θ = 1 2 k^{ab}v_av_b + ρ^i_r(x)ξ_iw^r + 1 2 C^r_{pq}(x)z_rw^pw^q, (3.22)

where k^{ab} is a fiber metric on E. {Θ, Θ} = 0 is equivalent to the following identities: ρ^i_r ∂ρ^i_s ∂x^j − ρ^i_s ∂ρ^i_r ∂x^j − ρ^i_pC^p_{rs} = 0, −ρ^i_p ∂C^s_{qr} ∂x^i + C^s_{pt}C^{tqr} + (pqr cyclic) = 0. (3.23)

This condition is satisfied if (A, ρ) is a Lie algebroid, where ρ is a bundle map from A to T M defined by ρ^i_r(x).

Let the Lagrangian submanifold L ⊂ M be {ξ_i = v_a = w^a = 0}, and a canonical function of degree 3 with respect to the Lagrangian submanifold L be

α = τ^r_a(x)z_ru^a + 1 3! h_{abc}(x)u^au^bu^c. The canonical function equation e^{δα} Θ|_L = 0 is equivalent to Θ|_L′ = 0 on L^′, where L^′ is a Lagrangian submanifold with respect to the inverse canonical transformation of the Pstructure, ω^′ = −d(e^{−δα} ϑ). L^′ is defined by ξ_i = {ξ_i, α} = − ∂τ^r_a ∂x^i (x)z_ru^a − 1 3! ∂h_{abc} ∂x^i (x)u^au^bu^c, v_a = {v_a, α} = −τ^r_a(x)z_r − 1 2 h_{abc}(x)u^bu^c, w^r = {w^r, α} = τ^r_a(x)u^a. (3.24)

Substituting this equation to Θ|_L′ = 0, we obtain the conditions for the canonical function as follows:

k^{ab}τ^r_aτ^s_b = 0, (3.25) k^{cd}τ^r_ch_{dab} + ρ^i_sτ^s_a ∂τ^r_b ∂x^i − ρ^i_sτ^s_b ∂τ^r_a ∂x^i + C^r_{pq}τ^p_aτ^q_b = 0, (3.26) ρ^i_rτ^r_d ∂h_{abc} ∂x^i − 1 2 k^{ef} h_{eab}h_{fcd} + (abcd complete skewsymmetric) = 0. (3.27)

Now let us derive the geometric structure defined from this canonical function. Let τ : E −→ A be a bundle map defined by τ^r_d in local coordinates. Moreover we define the following operations by the derived-derived bracket as follows:

[e_1, e_2]_D = −{{e_1, α}_Θ, e_2}_Θ, (3.28) ⟨e_1, e_2⟩ = {e_1, e_2}_Θ, (3.29) D(f) = {α, f}_Θ. (3.30)

where {−, −}_Θ := −{{−, Θ}, −}|_L is the derived bracket, [−, −]_D is a bilinear bracket and ⟨−, −⟩ is an inner product on Γ(E) and D is a map from C^∞(M) to Γ(E).

By equations (3.25) (3.26) and (3.27) for e_1, e_2, e_3 ∈ Γ(E) and ξ_1, ξ_2 ∈ Γ(A^∗), we have (a) τ[e_1, e_2]_D = [τe_1, τe_2]_A, (b) ⟨τ^∗(ξ_1), τ^∗(ξ_2)⟩ = 0, (c) [e_1, e_1]_D = D⟨e_1, e_1⟩ = (ρ ∘ τ)^∗d⟨e_1, e_1⟩, (d) [e_1, [e_2, e_3]_D]_D = [[e_1, e_2]_D, e_3]_D + [e_2, [e_1, e_3]_D]_D, (e) ρ ∘ τ(e_1)⟨e_2, e_3⟩ = ⟨[e_1, e_2]_D, e_3⟩ + ⟨e_2, [e_1, e_3]_D⟩.

We call this structure as a strong Courant algebroid.

Definition 3.5 A strong Courant algebroid is (E, τ, ⟨−, −⟩, [−, −]_D, A, ρ, [−, −]_A) satisfying the equation (a) − (e), where E is a vector bundle over a manifold M, ⟨−, −⟩ is an inner product on E, [−, −]_D is a bilinear operator, (A, ρ, [−, −]_A) is a Lie algebroid on M and τ : E −→ A is a bundle map.

A strong Courant algebroid is a kind of Courant algebroid over a general Lie algebroid. Any Courant algebroid is naturally a strong Courant algebroid.

Proposition 3.6 Let (E, τ, ⟨−, −⟩, [−, −]_D, A, ρ, [−, −]_A) be a strong Courant algebroid, (E, τ∘ ρ, ⟨−, −⟩, [−, −]_D) is a Courant algebroid.

From Proposition above, for any strong Courant algebroid, there exits a Courant algebroid associated to it.

Example 3.8 If M is a point, the strong Courant algebroid is a triple (g_1, g_2, τ), where g_1 is a quadratic Lie algebra, g_2 is a Lie algebra and τ is a homomorphism from g_1 to g_2 such that τ^∗(g^∗_2) is an isotropic subspace of g_1. Any Lie bialgebra is an example of the strong Courant algebroid.

Example 3.9 Let A be a Lie algebroid. An inner product on A⊕A^∗ is defined by the natural pairing of A and A^∗, an anchor map τ is defined by the natural projection from A ⊕ A^∗ to A. It is clear that (A ⊕ A^∗, τ, A, [−, −]_D) gives a strong Courant algebroid, where [−, −]_D is the Dorfman bracket given by

[X + ξ, Y + η]_D = [X, Y ]_A + L_X η − i_Y dξ,

X, Y ∈ Γ(A), ξ, η ∈ Γ(A^∗), and L and d are the Lie derivative and the de Rham differential associated to A.

Example 3.10 Let P be a G-principal bundle over M. Since G acts on T P ⊕ T^∗P naturally, we get a bundle^{T P ⊕T ∗P}_G over M by reduction, where the G-invariant sections of T P ⊕ T^∗P reduce to the sections of the bundle^{T P ⊕T ∗P}_G .

We define a bundle map τ by the natural projection from^{T P ⊕T ∗P}_G to the Atiyah algebroid T P/G. Because of the G-invariance, the canonical Dorfman bracket and the natural pairing on T P ⊕ T^∗P induce a bracket [−, −]_D and an inner product ⟨−, −⟩ on Γ(^{T P ⊕T ∗P}_G ). It is easy to confirm that (_{T P ⊕T ∗P} G , τ, ⟨−, −⟩, [−, −]_D, T P/G ) is a strong Courant algebroid.

Following the discussion in subsection 3.3, we can easily generalize the strong Courant algebroid to the twisted version. Most of the concepts appeared in the Courant algebroids can be introduced in parallel to the strong Courant algebroids. For further study about properties of strong Courant algebroids, relations to the A-Connection and morphisms between Lie algebroids will be important [14].

Remark 3.2 In this section, all the examples we have studied are geometric. However, if we study the QP manifold over a point with a canonical function, we can derive kinds of algebraic structures. Twisting of these algebraic structures is also interesting. As a simple example, we can analyze what a underlying algebraic structure is derived from a canonical function on a QP 3 manifold which gives a Lie 2-algebra [4]. For example, see about the Lie 2-algebra derived from a QP manifold and the QP realization of a Lie 2-algebra [11].

4 AKSZ Sigma Models with Boundaries

AKSZ sigma models with boundaries are important applications of canonical functions. Geometric structures of AKSZ sigma models on a base manifold X with boundaries are constructed by a pair of a homological function Θ and a canonical function α.

In n = 1 case, this corresponds to a topological open string and derives a deformation quantization formulae [8]. In n ≥ 2, theories describe topological open membranes [28][17].

4.1 Structures of AKSZ Sigma Models with Boundaries

Let us take a manifold X in n + 1 dimensions with nonempty boundaries. Let (X = T [1]X, D, μ) be a differential graded manifold over X with a differential D and a compatible measure μ, and M be a QP manifold of degree n. Then the AKSZ sigma model on the mapping space Map(T [1]X, M) is constructed by the AKSZ construction. Refer to Appendix for the general theory of the so called AKSZ construction.

For a Q-structure function of the AKSZ sigma model S = S_0 +S_1, we denote the integrands by ^ϑ and ^Θ such that S_0 = ∫ X μ ^ϑ and S_1 = ∫ X μ ^Θ. Boundary conditions on ∂X must be consistent with the QP structure. If X has boundaries, the classical master equation becomes {S, S} = ∫ ∂X μ_{∂X} (^ϑ + ^Θ), where μ_{∂X} is a boundary measure induced from μ to ∂X . In order to satisfy consistency, ^ϑ + ^Θ = 0 is required on the boundary. Therefore we obtain the following theorem.

Theorem 4.1 {S, S} = 0 requires (ϑ + Θ)|_N = 0 on M, where N = Im ∂X ⊂ M. We take Darboux coordinates of superfields with respect to the P-structure ω on Map(X , M). ’Superfields’ are pullbacks by x^∗ of local coordinates on M. We denote q^{a(i)}(σ, θ) ∈ Γ(T [1]X⊗ x^∗(M_i)) for 0 ≤ i ≤ ⌊n/2⌋ and p_{a(n−i)}(σ, θ) ∈ Γ(T [1]X ⊗x^∗(M_{n−i})) for ⌊n/2⌋ < i ≤ n, where (σ, θ) are local coordinates on X = T [1]X, M_i is the degree i subspace of M, x : T [1]X −→ M is a map to the base manifold M, and ⌊m⌋ is the floor function which gives the largest integer less than or equals to m. The Poisson brackets of superfields are {q^{a(i)}(σ, θ), p_{b(j)}(σ^′, θ^′)} = δ^i_jδ^{a(i)}_{b(j)}δ^{n+1}(σ − σ^′)δ^{n+1}(θ − θ^′), (4.31) and if n =even and i = j = n/2, {q^{a(n/2)}(σ, θ), q^{b(n/2)}(σ^′, θ^′)} = k^{a(n/2)b(n/2)}δ^{n+1}(σ − σ^′)δ^{n+1}(θ − θ^′), (4.32) where k^{a(n/2)b(n/2)} is a metric on M_{n/2}. A differential D on X is induced from the exterior derivative d on X. This derives a super differential d = θ^{μ ∂}_{∂σμ} on Map(X , M). If we define p_{a(n/2)} = k_{a(n/2)b(n/2)}q^{a(n/2)}, S_0 for odd and even n are unified to

S_0 = ∫ X μ ^ϑ = ∫ X μ ∑ 0≤i≤⌊n/2⌋ (−1)^{n+1−i}p_{a(i)}dq^{a(i)} . (4.33)

In order to derive the equation of motion of superfields from the variational principle, the variation of S = S_0 + S_1 must vanish on the boundaries. That is, δS = ∫ ∂X μ_{∂X} ∑ 0≤i≤(n−1)/2(−1) n+1−ip a(i)δq a(i) = 0 is imposed. This equation is satisfied if

ϑ = 0 on Im ∂X . Since ω = −δϑ, this is to say that Im ∂X is a subspace of a Lagrangian submanifold L ⊂ M which is the zero locus of ϑ = 0.

If we take the above physical conditions into account, Theorem 4.1 reduces the simpler geometric condition:

Proposition 4.2 Let L be a Lagrangian submanifold of M, i.e., ϑ|_L = 0. Then {S, S} = 0 is satisfied if Θ|_L = 0.

4.2 Canonical Transformations

We carry out a canonical transformation e^{δα} by α ∈ C^∞(M) of degree n. This changes a target QP manifold to (M, ω, Θ^′), where a Q-structure is Θ^′ = e^{δα} Θ.

For the AKSZ sigma model, though the P-structure does not change, the Q-structure is changed to

S = S_0 + S_1 = ι_{D̂}μ_∗ev^∗ϑ + μ_∗ev^∗e^{δα} Θ. (4.34)

If ∂X = ∅, the classical master equation of the theory does not change because of {e^{δα} Θ, e^{δα} Θ} = e^{δα} {Θ, Θ} = 0. However if ∂X ≠ ∅, α changes the boundary condition of the classical master equation. Applying Proposition 4.1 to the equation (4.34), we obtain the following Proposition [17],

Proposition 4.3 Let ∂X ≠ ∅, (M, ω, Θ) be a QP manifold of degree n and α ∈ C^∞(M) of degree n be a canonical transformation. Let L be a Lagrangian submanifold of M. The classical master equation {S, S} = 0 is satisfied in an AKSZ sigma model (4.34) if e^{δα} Θ|_L = 0, i.e., α is a canonical function.

4.3 From the Canonical Function to the Boundary Term

In the equation (4.34), the change of the Q-structure by the canonical transformation is replaced to the change of the P-structure by the inverse canonical transformation on Map(X , M) as S^′ = e^{−δα} S = ι_{D̂}μ_∗ev^∗e^{−δα} ϑ + μ_∗ev^∗e^{−δα} e^{δα} Θ.

= ι_{D̂}μ_∗ev^∗e^{−δα} ϑ + μ_∗ev^∗Θ. (4.35)

The AKSZ sigma model and its geometric structure in S^′ define the same QP structure as the original S on Map(X , M).

Let us consider a special case that α satisfies {α, α} = 0. Then since e^{−δα} ϑ = ϑ − {ϑ, α}, α generates the so called boundary term, μ_{∂X ∗}ev^∗α as

S^′ = S_0 − ∫ X μ d ev^∗α + ∫ X μ ev^∗Θ

= S_0 − ∫ ∂X μ_{∂X} ev^∗α + ∫ X μ ev^∗Θ = ι_{D̂}μ_∗ev^∗ϑ + μ_∗ev^∗Θ − μ_{∂X ∗}ev^∗α. (4.36)

A canonical function introduces a boundary source generated by α, ∫ ∂X μ_{∂X} ev^∗α, which generally has a nonzero boundary ’charge’. Physically, this sigma model describes topological open membrane [28][17]. Though more general canonical functions generate more complicated boundary terms, these provide physically consistent boundary deformations of the AKSZ sigma models.

5 Bulk-Boundary Correspondence

Generally, a kind of (topological) quantum field theory in n + 1 dimensions on X has the same structure as a quantum field theory in n dimensions on ∂X. In the category of AKSZ sigma models, canonical functions and derived (and twisted) QP manifolds describes this bulk-boundary correspondence.

Let us take a QP manifold of degree n+1 with a canonical function, (T^∗[n+1]M, ω, Θ, α). First suppose that α satisfies {α, α}_Θ = {{α, Θ}, α}|_M = 0, i.e., (M, {−, −}_Θ, α) is a derived QP manifold.

The original QP manifold (T^∗[n+1]M, ω, Θ, α) and the derived QP manifold (M, {−, −}_Θ, α) define two AKSZ sigma models with the same structure. These demonstrate the bulkboundary correspondence.

Let X be a manifold in n + 1 dimensions with boundaries. Then T [1]X and (T^∗[n + 1]M, ω, Θ, α) define an AKSZ sigma models with a P-structure induced by ω = μ_∗ev^∗ω and a Q-structure (4.36). Note that if α is a constant on the fiber, {α, α} = 0.

The AKSZ sigma model on T [1]∂X with the target QP manifold (M, {−, −}_Θ, α) is constructed if {−, −}_Θ is nondegenerate and defines the graded symplectic form ω_{M,Θ}. The Q-structure is constructed as

S_M = S_{M0} + S_{M1} = ι_{D̂∂X} μ_{∂X ∗}ev^∗ϑ_{M,Θ} + μ_{∂X ∗}ev^∗α, (5.37)

where ω_{M,Θ} = −δϑ_{M,Θ}.

In the physical argument, by integrating out the auxiliary superfields and restricting (4.36) to the Lagrangian submanifold M, we obtain the Q-structure action (5.37). Therefore (5.37) defined on a derive QP manifold is physically equivalent to (4.36) on the original QP manifold.

Conversely, first we take a QP manifold of degree n, (M, {−, −}_M, α). Since there exist a canonical Q-structure and the graded symplectic form ω on T^∗[n + 1]M from Theorem 3.1, we can construct a canonical lift (T^∗[n + 1]M, ω, Θ, α), where α is a canonical function with respect to Θ. A canonical bulk AKSZ sigma model is constructed from the boundary AKSZ sigma model by this method.

Next we analyze {α, α}_Θ ≠ 0 case. Let (M, ω_M, α) be a twisted QP manifold. By definition, there exists a QP manifold of degree n + 1 with a canonical function, (T^∗[n + 1]M, ω, Θ, α). Let X be a manifold in n+1 dimensions with boundaries. T [1]X and (T^∗[n+1]M, ω, Θ, α) define an AKSZ sigma model on the bulk T [1]∂X. Generally, it has the Q-structure (4.34).

Next we construct the AKSZ sigma model on T [1]∂X with the target twisted QP manifold (M, {−, −}_M, α). Since {α, α}_M ≠ 0, in order to construct an equivalent theory on ∂X , a Q-structure function has ’Wess-Zumino terms’ to break the master equation.

In the physical argument, by solving the variational equation δ_M⊥ S = 0 on the compliment target space M^⊥ = T^∗[n + 1]M/M, the bulk Q-structure reduces the boundary Q-structure represented by only the boundary superfields. We can prove that two AKSZ sigma models constructed on Map(T [1]X, T^∗[n + 1]M) and on Map(T [1]∂X, M) define the same theories derive from the physical construction.

Let us analyze a previous simple case {α, α} = 0. (Note that {−, −} is the bulk Pstructure.) In this case, the correspond bulk Q-structure is expressed by the equation (4.36). Then the equivalent boundary Q-structure of the AKSZ sigma model on T [1]∂X is obtained as the following boundary theory plus the WZ term: S_M = S_{M0} + S_{M1} = ι_{D̂∂X} μ_{∂X ∗}ev^∗ϑ_{Θ,M} − μ_{∂X ∗}ev^∗α + μ_∗ev^∗Θ|_{δM⊥ S=0}. (5.38) This equation satisfies {S_M, S_M}_M ≠ 0 because of the last WZ term.

Example 5.1 (n = 2: Wess-Zumino-Poisson Sigma Models) We consider Example 3.1 as an example of the construction of the AKSZ theories with boundaries in the previous section and this section. The QP manifold is T^∗[2]M = T^∗[2]T [1]M.

Let us take a manifold X with a boundary in three dimensions whose boundary is a two dimensional manifold ∂X. The AKSZ sigma model is defined on Map(T [1]X, T^∗[2]T [1]M). A P-structure is ω = ∫ X μ (δx^i ∧ δξ_i + δp_i ∧ δq^i), where the boldface letters are superfields induced from the pullbacks of corresponding local coordinates. The Q-structure function has the following form: S = ∫ X μ ( −ξ_idx^i + q^idp_i + ξ_iq^i + 1 3! H_{ijk}(x)q^iq^j q^k ) , (5.39) if α = 0.

In order to obtain the equations of motion from the variational principle, we take the variation of S, δS = ∫ X μ ( −δξ_idx^i − ξ_idδx^i + δq^idp_i + q^idδp_i + δ ( ξ_iq^i + 1 3! H_{ijk}(x)q^iq^j q^k )) . (5.40)

The equations of motion of ξ and q is obtained by the integration by parts. Then its boundary terms −ξ_idδx^i + q^idδp_i, must vanish: δS|_{∂X} = ∫ ∂X μ_{∂X} ( −ξ_iδx^i − q^iδp_i ) = 0. (5.41)

This derives boundary conditions. The equation (5.41) is satisfied if ϑ = 0 on Im ∂X . Locally two kind of boundary conditions are possible. ξ_{//i} = 0 or δx^i_{//} = 0, and q^i_{//} = 0 or δp_{//i} = 0, where // is the parallel component to the boundaries^e.

Now we consider boundary conditions ξ_{//i} = 0 and q^i_{//} = 0 as an example. Another consistency condition is that boundary conditions must be consistent with the classical master equation {S, S} = 0. Direct computation gives {S, S} = ∫ ∂X μ_{∂X} ( −ξ_idx^i + q^idp_i + ξ_iq^i + 1 3! H_{ijk}(x)q^iq^jq^k ) , (5.42)

Due to the boundary conditions ξ_{//i} = 0 and q^i_{//} = 0, the first two terms corresponding to ^ϑ of the right hand side vanish on the boundary: ∫ ∂X μ_{∂X} ^ϑ = ∫ ∂X μ_{∂X} ( −ξ_idx^i + q^idp_i ) = 0. (5.43)

Therefore the last two terms corresponding ^Θ terms in the equation (5.42) must vanish: ∫ ∂X μ_{∂X} ^Θ = ∫ ∂X μ_{∂X} ( ξ_iq^i + 1 3! H_{ijk}(x)q^iq^jq^k ) = 0. (5.44)

In this Q-structure, it follows immediately from the boundary conditions ξ_{//i} = 0 and q^i_{//} = 0.

This consistency of the boundary conditions is described in terms of a target QP manifolds T^∗[2]M. The equation (5.43) is satisfied if ϑ|_M = 0. Under this condition, the equation (5.44) is satisfied if ev^∗Θ|_{∂X} = 0. This condition is the pull back of the equation Θ|_M = 0. This corresponds to Proposition 4.2.

Next we introduce α. The Q-structure is modified by introducing a canonical function α for example, ∫ ∂X μ_{∂X} ^α = ∫ ∂X μ_{∂X}^1_2 π^{ij} (x)p_ip_j . This is the twisted-Poisson structure case.

The Q-structure changes to S = ∫ X μ ( −ξ_idx^i + q^idp_i + ξ_iq^i + 1 3! H_{ijk}(x)q^iq^jq^k )

− ∫ ∂X μ_{∂X} 1 2 π^{ij} (x)p_ip_j . (5.45)

eTheir hybrid boundary conditions are also possible.

The boundary term changes boundary conditions. The variation δS changes to δS|_{∂X} = ∫ ∂X μ_{∂X} [( −ξ_i − 1 2 ∂π^{ij} (x) ∂x^i p_jp_k ) δx^i + ( −q^i − π^{ij} (x)p_j ) δp_i + · · · ] . Since these terms must vanish, consistent boundary conditions are as follows: ξ_i|_{//} = − 1 2 ∂π^{jk} ∂x^i (x)p_j p_k|_{//}, q^i|_{//} = −π^{ij} (x)p_j |_{//}. (5.46) {S, S} = 0 requires one another consistency condition, i.e. the integrand of S_1 is zero on the boundary: ( ξ_iq^i + 1 3! H_{ijk}(x)q^iq^jq^k ) |_{//} = 0. (5.47)

Similarly, (5.46) and (5.47) can be expressed by the condition on T^∗[2]M = T^∗[2]T [1]M. Since we use a Q-structure function 4.36, the graded symplectic form is twisted by e^{−δα} in a target QP manifold T^∗[2]M. This condition is

ξ_iq^i + 1 3! H_{ijk}(x)q^iq^jq^k = 0, (5.48)

on the Lagrangian submanifold M^′ defined by

ξ_i = − 1 2 ∂π^{jk} ∂x^i (x)p_j p_k, q^i = −π^{ij}(x)p_j . (5.49)

This condition corresponds to Proposition 4.3. Substituting (5.49) to (5.48), we obtain the geometric structure on M^′:

ξ_iq^i + 1 3! H_{ijk}(x)q^iq^jq^k = 1 2 ∂π^{jk} ∂x^l (x)π^{li}(x)p_j p_kp_i − 1 3! H_{ijk}(x)π^{il}(x)π^{jm}(x)π^{kn}(x)p_lp_mp_n = 0. (5.50) The equation (5.50) is nothing but the equation of the twisted Poisson structure [π, π]_S = ∧^3π^#H.

In the physical argument, the boundary action on ∂T [1]X is obtained by integrating out the superfield ξ_i from the equation (5.45). By integrating out ξ_i, we obtain the Wess-Zumino- Poisson sigma model on M^′:

S_M = ∫ ∂X μ_{∂X} ( p_idx^i − 1 2 f^{ij}(x)p_ip_j ) + ∫ X μ_X 1 3! H_{ijk}(x)dx^idx^jdx^k, (5.51)

This coincides with the (twisted) AKSZ sigma model constructed from the twisted QP manifold on M. The P-structure on Map(T [1]X, M) induced from the P-structure on M is equivalent to the derived bracket {−, −}_Θ = {{−, Θ}, −}|_M. The H term breaks the classical master equation with respect to the derived P-structure {−, −}_M, i.e. {S_M, S_M}_Θ ≠ 0.

Example 5.2 (n = 3: The Twisted Strong Courant Sigma Models) Let us consider the AKSZ sigma model induced from a QP manifold of degree 3 and its canonical function. We take a QP manifold of degree 3, T^∗[3](T^∗[2]E[1] ⊕ A[1]), as a generalization of Example 3.2 and Section 3.4, where E and A are two vector bundles on M. Local coordinates on T^∗[2]E[1] ⊕ A[1] are taken as (x^i, u^a, w^p, p_i) of degree (0, 1, 1, 2), where x^i is a local coordinate on M, u^a is on the fiber of E, w^p is on the fiber of A and p_i is on the fiber of T^∗[2]M. Conjugate local coordinates of the fiber are (ξ_i, v_a, z_p, q^i) of degree (3, 2, 2, 1). A graded symplectic structure is given by ω = δx^i ∧ δξ_i + δu^a ∧ δv_a + δp_i ∧ δq^i + δz_p ∧ δw^p.

We consider the following Q-structure satisfying Θ|_L = 0:

Θ = ξ_iq^i + 1 2 k^{ab}v_av_b + ρ^i_r(x)ξ_iw^r + 1 2 C^r_{pq}(x)z_rw^pw^q + 1 4! H_{ijkl}(x)q^iq^j q^kq^l, where k^{ab} is a fiber metric on E and H =^1_{4!} H_{ijkl}(x)dx^i ∧ dx^j ∧ dx^k ∧ dx^l is a 4-form on M. If A is a Lie algebroid and H is closed, {Θ, Θ} = 0 is satisfied.

We take the Lagrangian submanifold L = T^∗[2]E[1] ⊕ A^∗[2] = {ξ_i = v_a = q^i = w^p = 0}, and a function of degree 3,

α = σ^i_a(x)p_iu^a + τ^r_a(x)z_ru^a + 1 3! h_{abc}(x)u^au^bu^c. The canonical function equation e^{δα} Θ|_L = 0 determines identities among σ^i_a(x), τ^r_a(x) and h_{abc}(x) and geometric conditions on L.

If w^p = z_p = 0 and H = 0, this reduces to the Courant algebroid. If w^p = z_p = 0 and H ≠ 0, this reduces to the H_4-twisted Courant algebroid in Example (3.5). If q^i = p_i = 0, this reduces to the strong Courant algebroid.

Let us take a manifold X with a boundary in four dimensions, in which boundary is a three dimensional manifold ∂X. The bulk AKSZ sigma model on T^∗[3](T^∗[2]E[1] ⊕ A[1]) is constructed by the usual AKSZ construction. The P-structure is ω = ∫ X μ (δx^i ∧ δξ_i + δp_i ∧ δq^i + δu^a ∧ δv_a + δz_p ∧ δw^p). (5.52)

The Q-structure function has the following form: S = ∫ X μ ( ξ_idx^i + q^idp_i − v_adu^a + w^pdz_p + ξ_iq^i + 1 2 k^{ab}v_av_b + ρ^i_r(x)ξ_iw^r + 1 2 C^r_{pq}(x)z_rw^pw^q + 1 4! H_{ijkl}(x)q^iq^j q^kq^l )

− ∫ ∂X μ_{∂X} ( σ^i_a(x)p_iu^a + τ^r_a(x)z_ru^a + 1 3! h_{abc}(x)u^au^bu^c ) . (5.53)

We can construct the boundary twisted AKSZ sigma model in the method of this section. In this example, generally, the derived Poisson bracket on L is degenerate. In degenerate cases, it is difficult to express the boundary Q-structure function S. It will be a future problem. However the bulk and boundary theories are physically consistent.

If A = 0, a QP manifold is T^∗[3]T^∗[2]E[1] and the derived Poisson bracket is nondegenerate. The corresponding twisted QP manifold T^∗[2]E[1] derives the equivalent boundary topological sigma model with a Wess-Zumino term from a three dimensional manifold ∂X to the target space T^∗[2]E[1]:

S_M = ∫ ∂X μ_{∂X} ( p_idx^i − 1 2 k_{ab}u^adu^b − σ^i_a(x)p_iu^a − 1 3! h_{abc}(x)u^au^bu^c )

+ ∫ X μ 1 4! H_{ijkl}(x)dx^idx^j dx^kdx^l. (5.54) This (twisted) Q-structure is also obtained by integrating out ξ_i and v_a in the equation (5.53) by physical argument. This is the H_4-twisted Courant sigma model [16].

6 Summary and Future Outlook

In this paper, we have discussed mathematical and physical applications of canonical functions. They unify many geometric structures in terms of graded geometry and have been used to construct new mathematical structures. Derived, twisted QP manifolds and QP pairs have been proposed as generalizations of QP manifolds. Moreover it has been shown that they unify and explain kinds of twisted structures and the associated AKSZ sigma models with WZ terms and their bulk-boundary correspondences.

However, we do not completely analyze the properties of solutions of canonical function equations and the deformation theory. Deformation theory of QP structure will unify various classical and important structures, for examples, Nijenhuis structures on Lie algebras, structures in Poisson geometry including the Courant-like algebroids and so on [22]. In order to understand complete structures, we must consider general deformation theory of QP manifolds and canonical functions.

The quantization of the AKSZ sigma models with boundaries is important and considered as next progress. This will not only describe the quantum membrane theories as a physical application but also ’quantize’ a wide class of geometric structures.

All the examples derived from canonical functions in this paper are geometric. If we consider a QP manifold and a canonical function over a point, we will derive kinds of algebraic structures. We leave discussion about these questions to future work.

Appendix. AKSZ Construction of Topological Sigma Models

There exists a systematic method to construct a topological sigma model from a differential graded symplectic manifold (a QP manifold), which is called the AKSZ construction [3][9][31]. A resulting sigma model is called an AKSZ sigma model.

Let (X , D, μ) be a differential graded (dg) manifold X with a D-invariant nondegenerate measure μ, where D is a differential on X . Let (M, ω, Q) be a QP-manifold. ω is a graded symplectic form of degree n and Q = {Θ, −} is a differential on M. Map(X , M) is a space of smooth maps from X to M. A QP-structure on Map(X , M) is constructed from the above data.

Since Diff(X ) × Diff(M) naturally acts on Map(X , M), D and Q induce differentials on Map(X , M), D̂ and Q̌. Explicitly, D̂(z, f) = δf(z)D(z) and Q̌(z, f) = Qf(z), for z ∈ X and f ∈ M^X . An evaluation map ev : X × M^X −→ M is defined as ev : (z, f) −→ f(z), where z ∈ X and F ∈ M^X . A chain map μ_∗ : Ω^•(X × M^X ) −→ Ω^•(M^X ) is defined as μ_∗ω(y)(v_1, . . . , v_k) = ∫ X μ(x)ω(x, y)(v_1, . . . , v_k) where v is a vector field on X and ∫ X μ is the Berezin integration on X . The composition μ_∗ev^∗ : Ω^•(M) −→ Ω^•(M^X ) is called the transgression map.

A P-structure (a graded symplectic structure) on Map(X , M) is defined as follows:

Definition 6.1 For a graded symplectic form ω on M, a graded symplectic form ω on Map(X , M) is defined as ω := μ_∗ev^∗ω.

ω is nondegenerate and closed because μ_∗ev^∗ preserves nondegeneracy and closedness. ω defines a graded Poisson bracket {−, −} on Map(X , M).

Next a Q-structure (a differential) S on Map(X , M) is constructed. S consists of two parts S = S_0 + S_1. We take a fundamental form ϑ for a P-structure on M such that ω = −δϑ and define S_0 := ι_{D̂}μ_∗ev^∗ϑ. For a Q-structure Θ on M, S_1 is constructed as S_1 := μ_∗ev^∗Θ.

It is proved that S is a Q-structure on Map(X , M): {Θ, Θ} = 0 ⇐⇒ {S, S} = 0. (6.55) from definitions of S_0 and S_1. A homological vector field Q is defined as Q = {S, −}. |Q| = 1 from degree of {−, −} and S. The classical master equation shows that Q is a coboundary operator Q^2 = 0.

We have the following theorem [3]:

Theorem 6.2 If X is a dg manifold with a compatible measure and M is a QP-manifold, the graded manifold Map(X , M) has a QP structure.

This structure is called an AKSZ sigma model. If X = T [1]X, where X is a manifold in n + 1 dimensions, the QP structure on Map(X , M) is of degree −1. A QP structure on Map(T [1]X, M) is equivalent to the Batalin-Vilkovisky formalism of a topological sigma model.

Acknowledgments

N. I. would like to thank for hospitality of the organizers of “The 33rd Winter School Geometry and Physics, Srni, Czech Republic”, where part of this work was carried out.

X. X. is grateful to Zhangju Liu for his patient guidance throughout his Master’s degree study at Peking University. He also would like to thank for hospitality of Jianghua Lu during his visit to University of Hong Kong, where part of this work was done there.

References

[1] A. Alekseev, Y. Kosmann-Schwarzbach, “Manin Pairs and Moment Maps,” J. Differential. Geom. 56 (2000), 133-165.

[2] A. Alekseev, Y. Kosmann-Schwarzbach, E. Meinrenken, “Quasi-Poisson manifolds,” Canad. J. Math. 54 (2002), 3-29, math/0006168.

[3] M. Alexandrov, M. Kontsevich, A. Schwartz and O. Zaboronsky, “The Geometry of the master equation and topological quantum field theory,” Int. J. Mod. Phys. A 12 (1997) 1405 [arXiv:hep-th/9502010].

[4] J. C. Baez and A. S. Crans, “Higher-Dimensional Algebra VI: Lie 2-Algebras,” Theor.

Appl. Categor. 12 (2004) 492 [math/0307263 [math.QA]].

[5] R. Bousso, “The holographic principle,” arXiv:hep-th/0203101.

[6] P. Bouwknegt and B. Jurčo, “AKSZ construction of topological open p-brane action and Nambu brackets,” arXiv:1110.0134 [math-ph].

[7] C. Carmeli, L. Caston and R. Fioresi, “Mathematical Foundation of Supersymmetry,” with an appendix with I. Dimitrov, EMS Ser. Lect. Math., European Math. Soc., Zurich 2011.

[8] A. S. Cattaneo and G. Felder, “A Path integral approach to the Kontsevich quantization formula,” Commun. Math. Phys. 212 (2000) 591 [arXiv:math/9902090].

[9] A. S. Cattaneo and G. Felder, “On the AKSZ formulation of the Poisson sigma model,” Lett. Math. Phys. 56, 163 (2001) [arXiv:math/0102108].

[10] A. S. Cattaneo, F. Schätz, “Introduction to supergeometry,” [arXiv:1011.3401 [mathph]].

[11] Z. Chen, M. Stienon, P. Xu, “Weak Lie 2-bialgebra,” arXiv:1109.2290, [physics.math-ph (math.RA)].

[12] T. Courant. “Dirac manifolds,” Trans. A. M. S. 319 (1990) 631.

[13] I. Ya. Dorfman, “Dirac structures of integrable evolution equations,” Physics Lett. A 125 (1987), 240-246.

[14] R. L. Fernandes, “Lie algebroids, holonomy and characteristic class,” Advances in Mathematics, 170 (2002), 119-179,

[15] M. Grützmann, “H-twisted Lie algebroid,” J. of Geom. and Phys. 61 (2011), 476, [arXiv:1005.5680].

[16] M. Hansen and T. Strobl, “First Class Constrained Systems and Twisting of Courant Algebroids by a Closed 4-form,” arXiv:0904.0711 [hep-th].

[17] C. Hofman and J. S. Park, “Topological open membranes,” hep-th/0209148.

[18] N. Ikeda, “Lectures on AKSZ Topological Field Theories for Physicists,” arXiv:1204.3714 [hep-th].

[19] N. Ikeda and K. Uchino, “QP-Structures of Degree 3 and 4D Topological Field Theory,” Commun. Math. Phys. 303 (2011) 317 [arXiv:1004.0601 [hep-th]].

[20] C. Klimcik and T. Strobl, “WZW-Poisson manifolds,” J. Geom. Phys. 43 (2002) 341 [arXiv:math/0104189].

[21] M. Kontsevich, “Deformation quantization of Poisson manifolds,” Lett. Math. Phys. 66 (2003) 157 [arXiv:q-alg/9709040].

[22] Y. Kosmann-Schwarzbach and F. Magri, “Poisson-Nijenhuis structures,” Ann. Inst. Henri Poincare, Serie A, 53 (1990), 35-81.

[23] Y. Kosmann-Schwarzbach, “Derived brackets,” Lett. Math. Phys. 69, 61 (2004), [arXiv:math.dg/0312524].

[24] Y. Kosmann-Schwarzbach, “Poisson and symplectic functions in Lie algebroid theory,” Higher Structures in Geometry and Physics, in honor of Murray Gerstenhaber and Jim Stasheff, eds. Alberto Cattaneo, Antony Giaquinto and Ping Xu, Progress in Mathematics 287, Birkhauser, 2011, 243-268, arXiv:0711.2043.

[25] A. Kotov and T. Strobl, “Characteristic classes associated to Q-bundles,” arXiv:0711.4106 [math.DG].

[26] Z.-J. Liu, A. Weinstein and P. Xu, “Manin triples for Lie bialgebroids,” J. Diff. Geom.

45 (1997), 547-574.

[27] J.-H. Lu, “Poisson homogeneous spaces and Lie algebroids associated to Poisson actions,” Duke Math. J. 86 (1997), 261-304.

[28] J. S. Park, “Topological open p-branes,” in K. Fukaya, Y-G. Oh, K. Ono and G. Tian (eds.), Symplectic geometry and mirror symmetry , 311-384, World Scientific, 2001, hep-th/0012141.

[29] D. Roytenberg, ”Courant algebroids, derived brackets and even symplectic supermanifolds,” math.DG/9910078.

[30] D. Roytenberg, “Quasi Lie bialgebroids and twisted Poisson manifolds,” Lett. Math.

Phys. 61 (2002) 123 [math/0112152 [math-qa]].

[31] D. Roytenberg, “AKSZ-BV formalism and Courant algebroid-induced topological field theories,” Lett. Math. Phys. 79 (2007) 143 [arXiv:hep-th/0608150].

[32] A. Schwarz, “Geometry of Batalin-Vilkovisky quantization,” Commun. Math. Phys. 155 (1993) 249, hep-th/9205088. “Semiclassical approximation in Batalin-Vilkovisky formalism,” Commun. Math. Phys. 158 (1993) 373 [arXiv:hep-th/9210115].

[33] P. Ševera and A. Weinstein, “Poisson geometry with a 3 form background,” Prog. Theor.

Phys. Suppl. 144 (2001) 145 [math/0107133 [math-sg]].

[34] Y. Terashima, “On Poisson functions,” J. Sympl. Geom., 6(2008) 1-7.

[35] V. S. Varadarajan, “Supersymmetry for mathematicians: an introduction,” Courant Lecture Notes Series, AMS, New York, 2004.

[36] A. Vaintrob, “Lie algebroids and homological vector fields,” Uspekhi Mat. Nauk 52 (1997), no. 2(314), 161-162; translation in Russian Math. Surveys 52 (1997), no. 2, 428-429.

[37] T. Voronov, “Graded manifolds and drinfeld doubles for Lie bialgebroids,” math/0105237 [math-dg].

[38] E. Witten, “Quantum Field Theory and the Jones Polynomial,” Commun. Math. Phys.

121 (1989) 351.