arXiv:1301.4842v1 [hep-th] 21 Jan 2013

Goldstino superfields in AdS_4

I. N. McArthur^1

School of Physics, M013, The University of Western Australia 35 Stirling Highway, Crawley W.A. 6009 Australia

Abstract

Spontaneous breaking of global supersymmetries results in Goldstino fields which provide a nonlinear realisation of the supersymmetry algebra. A finite supersymmetry transformation of a Goldstino field can be used to generate a superfield whose components provide a linear realisation of the supersymmetry algebra. This construction also automatically determines the action of the algebra of supercovariant derivatives on Goldstino superfields, essential to the efficient computation of manifestly supersymmetric component actions for the Goldstinos, including coupling to matter fields. In this paper, we extend known constructions of Goldstino superfields resulting from spontaneous breaking of supersymmetry in flat four-dimensional N = 1 superspace to spontaneous breaking of N = 1 and N = 2 supersymmetry in AdS_4.

1ian.mcarthur@uwa.edu.au

Contents

1 Introduction 1

2 Nonlinear transformations of Goldstone fields 3

3 “Bridging” the supersymmetry algebra and the algebra of supercovariant derivatives 4

4 Spontaneously broken N = 1 supersymmetry in AdS_4 5

5 The Volkov-Akulov realization in N = 1 AdS_4 11

6 Broken N = 2 supersymmetry in AdS_4 14

1 Introduction

Supersymmetry is clearly not realised in nature as an unbroken symmetry, as evidenced by the absence of equal mass superpartners for known elementary particles. There are nevertheless compelling theoretical grounds for the realisation of supersymmetry as a broken symmetry, including a natural solution to the “hierarchy problem”.

Sparked by the work of Komargodski and Seiberg [1], there has recently been a revival of interest in techniques by which a Goldstino, providing a nonlinear realisation of supersymmetry, can be promoted to a superfield [2, 3, 4, 5, 6]. This allows the use of standard superfield techniques for the construction of supersymmetric actions for the Goldstino, including coupling to matter multiplets.

Given a realization of the supersymmetry algebra on a set of fields (usually including auxiliary fields), a corresponding superfield can be constructed via a finite supersymmetry transformation of the field of lowest mass dimension in the supermultiplet with the supersymmetry transformation parameter ϵ replaced by the fermionic coordinate θ of superspace; for a review see [7]. The corresponding superfield codes a linear realization of supersymmetry on its component fields.

Spontaneous breaking of global N = 1 supersymmetry gives rise to a nonlinear realization of the supersymmetry algebra on a Goldstino field λ_α(x) [8, 9]. In the spirit of the previous paragraph, a finite supersymmetry transformation of the Goldstino with parameter θ gives rise to a “Goldstino superfield” Λ_α(x, θ) whose lowest component is λ_α(x), and whose higher components are expressed in terms of the Goldstino λ_α(x) and its derivatives. By construction, the components of this superfield provide a linear realization of the supersymmetry algebra [2, 3, 4, 5, 6].

Of crucial significance is the action of the algebra of supercovariant derivatives on the the Goldstino superfield, as it is this algebra that allows the components of the superfield, and component expressions for corresponding actions, to be calculated efficiently. In the case of spontaneous breaking of N = 1 supersymmetry in flat superspace, Samuel and Wess [6] provided a construction to determine the action of the algebra super covariant derivatives on the Goldstino superfield.

However, their construction requires modification in the case where the underlying superspace is curved, and this paper considers the case of such coset superspaces. We illustrate the modified construction in the case of the breaking of N = 1 and N = 2 global supersymmetry in four-dimensional anti-de Sitter space (AdS_4), but it is applicable to any coset superspace.

Keck provided the first treatment of N = 1 supersymmetry in four-dimensional antide Sitter space AdS_4, and Ivanov and Sorin extensively developed the corresponding superfield techniques [11]. Deser and Zumino undertook the first analysis of nonlinearly realized N = 1 supersymmetry in AdS_4 [12], and the results were subsequently recast in the standard language of nonlinear realizations [13, 14, 15] by Zumino [16], providing a systematic derivation of the nonlinear transformations and the action for the resulting Goldstino λ_α(x). The techniques presented in this paper provide a more modern perspective on these results in terms of Goldstino superfields. We also consider the case of spontaneously broken N = 2 supersymmetry in AdS_4.

The outline of the paper is as follows. In section 2, we review standard results on nonlinear realisations of broken symmetries. The construction of Goldstino superfields from Goldstino fields and the method for determining the realisation of the algebra of supercovariant derivatives on these superfields is discussed in section 3. These results are applied to the case of spontaneous breaking of N = 1 supersymmetry in AdS_4 in section 4 using the so-called “chiral” coset parameterisation for the Goldstino fields. Section 5 treats the same case using the Volkov-Akulov coset parameterisation. The paper concludes with some results for spontaneous breaking of N = 2 supersymmetry in AdS_4.

2 Nonlinear transformations of Goldstone fields

Before proceeding to an analysis of Golstino superfields in curved coset superspaces more general than Minkowski superspace, we will review the general techniques for determining the nonlinear transformations of the Goldstone fields that result when a symmetry is spontaneously broken [13, 14, 15]. They are applicable to spontaneously broken bosonic and fermionic symmetries.

Consider a global symmetry group G with generators {T_i, T_a}, where the T_i generate spontaneously broken symmetries, and the T_a generate a subgroup H of unbroken symmetries. The Goldstone bosons ξ^i corresponding to the broken symmetries paramaterize the coset G/H via a ‘slice’ through G of the form g(ξ) = e^{i ξiTi} . (2.1) The realization of G on the Goldstone fields is determined by g.g(ξ) = g(ξ^′) h(g, ξ), where h(g, ξ) ∈ H is a compensating transformation to return to the slice (2.1) [13, 14, 15].

The action of group elements g = e^{iϵiTi} corresponding to the broken symmetries is nonlinear on the Goldstone fields. We want to determine δξ^i = ξ^{′i} − ξ^i when ϵ is infinitesimal. In infinitesimal form, (1 + i ϵ^iT_i) g(ξ) = g(ξ + δξ) (1 + i H(ξ, ϵ)).

Writing g(ξ + δξ) = g(ξ) + δg(ξ), i ϵ^iT_i g(ξ) = δg(ξ) + i g(ξ) H(ξ, ϵ), which implies i g(ξ)^{−1} ϵ^iT_i g(ξ) = g(ξ)^{−1}δg(ξ) + i H(ξ, ϵ). (2.2) Equations determining δξ^i are obtained equating the coefficients of T_i on both sides of this equation [16].

Using Zumino’s notation [16] X ∧ Y = [X, Y ], X^2 ∧ Y = [X, [X, Y ]], the left and right hand sides of (2.2) are obtained via g(ξ)^{−1} ϵ^iT_i g(ξ) = e^{−i ξj Tj} ∧ ϵ^iT_i, g(ξ)^{−1}δg(ξ) = (e^{−i ξj Tj} − 1) −i ξ^kT_k ∧ i δξ^iT_i.

3 “Bridging” the supersymmetry algebra and the algebra of supercovariant derivatives

Spontaneous breaking of a global N = 1 supersymmetry gives rise to a Goldstino field on which the supersymmetry algebra is realized nonlinearly [8, 9]. The Goldstino field will be denoted generically by λ_α(x). In this section, we review how to construct a superfield Λ_α(x, θ, θ̄) whose components are composites of the Goldstino and its derivatives, and how to determine the action of the algebra of supercovariant derivatives on this superfield. The construction generalises the flat space construction of [6], in that it is applicable to general coset superspaces.

Consider a superalgebra that allows the construction of a superspace as a coset. For example, N = 1 AdS_4 superspace can be realised as the coset OSp(1|4)/SO(3, 1). Let Q_A = (P_a, Q_α, Q̄^{α̇}) denote the generators of superspace translations in the super algebra, and M_I denote the Lorentz generators and, in the case of extended supersymmetry, Rsymmetry generators. Introducing superspace coordinates Z^A = (x^a, θ^α, θ̄_{α̇}), the coset representative of a point in superspace can be chosen to be g(Z) = e^{iZAQA} . The Maurer-Cartan form

g(Z)^{−1}dg(Z) = i E^A(Z)Q_A + i Ω^I (Z) M_I (3.1)

yields the supervielbein E^A(Z) on superspace and a connection Ω^I (Z) associated with the Lorentz subgroup. Using the decompositions d = E^A(Z) D_A, Ω^I (Z) = E^A(Z) Ω_A^I (Z), the Maurer-Cartan equation can be written as

D_A g(Z) = i g(Z) Q_A + i g(Z) Ω_A^I (Z) M_I . (3.2)

Defining the covariant derivative D_A g(Z) = D_A g(Z) − i g(Z) Ω_A^I (Z) M_I , then equation (3.2) can be written D_A g(Z) = i g(Z) Q_A. (3.3) Similar techniques have been used in the specific context of N = 1 supersymmetry in AdS_5 [17], related to earlier work in [18], [19].

The significance of equation (3.3) is the following. We can construct a superfield from the nonlinear realization of the supersymmetry algebra on the Goldstino fields via

Λ_α(Z) = g(Z) × λ_α(0), (3.4) where the cross is the notation of Wess and Bagger [7] to denote the action of the superspace translation generators Q_A = (P_{αα̇}, Q_α, Q̄_{α̇}) on the Goldstone fields. If we apply both sides of equation (3.3) to λ_α(0), then we obtain

D_A Λ_α(Z) = i g(Z) Q_A × λ_α(0). (3.5)

In other words, g(Z) can be considered as providing a “bridge” between realizations of the algebra of the superspace translations Q_A on a space of Goldstone fields λ_α(0), evaluated at the origin of superspace, and the algebra of supercovariant derivatives acting on the superfields Λ_α(Z).

The above construction provides a coset superspace generalization of the original method used by Samuel and Wess [6] in Minkowski superspace to determine the algebra of supercovariant derivatives on Goldstino superfields. Since Samuel and Wess were working in flat superspace, they constructed Goldstino superfields in the form

Λ_α(Z) = e^{i(θα Qα+θ̄α̇Q̄α̇)} × λ_α(x), (3.6)

where the spatial dependence of the Goldstino superfield was determined from the spatial dependence of the Goldstino λ_α(x). In curved superspace, this is no longer appropriate, as the generators P_{αα̇} of spatial translations in general do not commute with the supersymmetry generators Q_α. We will also see shortly that only requiring knowledge of the realization of the generators Q_A on λ_α at the origin and not at a general spatial point leads to considerable simplifications in the methods outlined in section 2.

In the following sections, we will develop the “bridge” (3.5) in the case of spontaneously broken N = 1 and N = 2 supersymmetry in AdS_4.

4 Spontaneously broken N = 1 supersymmetry in AdS_4 In 1969, systematic coset constructions of nonlinearly realized internal symmetries were developed [13, 14, 15]. Volkov [20] extended the coset construction to include both broken and unbroken spacetime symmetries (see also [21]), and Volkov and Akulov [8, 9] applied it to the case of broken supersymmetries.

In the context of flat N = 1 superspace in four space-time dimensions, the Volkov- Akulov nonlinear realization of supersymmetry on a Goldstino field λ_α(x) is based on the group element g ( x, λ(x), λ̄(x) ) = e^{i(−xaPa+λα(x)Qα+λ̄α̇(x)Q̄α̇)} . (4.1) Rigid supersymmetry transformations of the Goldstino are generated via left action by the group element g(ϵ, ϵ̄) = e^{i(ϵαQα+ϵ̄α̇Q̄α̇)} (4.2)

on g ( x, λ(x), λ̄(x) ) . Supersymmetry transformations mix λ_α and λ̄_{α̇}.

Zumino [22] introduced an alternative “chiral” nonlinear realization, that was further developed by Samuel and Wess [6]. It involves a Goldstino ξ_α(x) which mixes only with itself (and not with ξ̄_{α̇}) under supersymmetry transformations. It was shown in [23] that this nonlinear realization is related to the alternative coset parametrization g ( x, ξ(x), ψ̄(x) ) = e^{i(−xaPa+ξα(x)Qα)} e^{iψ̄α̇(x)Q̄α̇} . (4.3)

Supersymmetry transformations of ψ̄_{α̇} do mix ψ̄_{α̇} and ξ_α. In treating breaking of N = 1 supersymmetry in AdS_4, we will begin with this “chiral” nonlinear realization of the superalgebra on Goldstinos.

Four-dimensional anti de Sitter space AdS_4 can be realized as the homogeneous space SO(3, 2)/SO(3, 1). In an appropriate basis, the generators of SO(3, 2) consist of the generators M_{αβ} of the Lorentz subgroup SO(3, 1) supplemented by translation generators P_{αα̇}: [M_{αβ}, M_{γδ}] = − i 2 (ϵ_{αγ} M_{βδ} + ϵ_{βγ} M_{αδ} + ϵ_{αδ}M_{βγ} + ϵ_{βδ} M_{αγ} ) (4.4)

[M̄_{α̇}˙_β, M̄_{γ̇}˙_δ] = − i 2 ( ϵ_{α̇γ̇}M̄˙_β˙_δ + ϵ˙_{βγ̇}M̄_{α̇}˙_δ + ϵ_{α̇}˙_δM̄˙_{βγ̇} + ϵ˙_β˙_δM̄_{α̇γ̇} ) (4.5)

[M_{αβ} , P_{γγ̇} ] = − i 2 (ϵ_{αγ} P_{βγ̇} + ϵ_{βγ} P_{αγ̇} ) (4.6)

[M̄_{α̇}˙_β, P_{γγ̇} ] = − i 2 ( ϵ_{α̇γ̇} P_γ˙_β + ϵ˙_{βγ̇} P_{γα̇} ) (4.7)

[P_{αα̇}, P_β˙_β] = − i 2 |κ|^2 ( ϵ_{αβ}M̄_{α̇}˙_β + ϵ_{α̇}˙_βM_{αβ} ) . (4.8)

The complex parameter κ has dimensions of mass; the scalar curvature of AdS_4 is determined by |κ|.

The N = 1 supersymmetric extension of AdS_4 is the coset superspace OSp(1|4)/SO(3, 1), where the generators of OSp(1|4) include those of SO(3, 2) appended by supersymmetry generators Q_α obeying the algebra:

[M_{αβ} , Q_γ ] = − i 2 (ϵ_{αγ} Q_β + ϵ_{βγ} Q_α) (4.9)

[M̄_{α̇}˙_β, Q̄_{γ̇} ] = − i 2 ( ϵ_{α̇γ̇}Q̄˙_β + ϵ˙_{βγ̇}Q̄_{α̇} ) (4.10) {Q_α, Q̄_{α̇}} = 2 P_{αα̇} (4.11) {Q_α, Q_β} = 2 κ M_{αβ} (4.12) {Q̄_{α̇}, Q̄˙_β} = 2 κ̄ M̄_{α̇}˙_β (4.13)

[P_{αα̇}, Q_β] = − i 2 κ ϵ_{αβ} Q̄_{α̇} (4.14)

[P_{αα̇}, Q̄˙_β] = − i 2 κ̄ ϵ_{α̇}˙_β Q_α (4.15)

The phase associated with the complex parameter κ can be absorbed into a redefinition of Q_α and Q̄_{α̇}.

As emphasized in section 3, to determine the action of supercovariant derivatives on the superfields corresponding to the Goldstinos, we only need to know the transformation of the Goldstino fields at the origin i.e. we only need to compute

e^{iY} g(0, ξ(0), ψ̄(0)) (4.16)

where Y = −a^aP_a + ϵ^αQ_α − ϵ̄^{α̇}Q_{α̇}. This simplifies the computation considerably. Now,

e^{iY} g(0, ξ(0), ψ̄(0)) = g(x^′, ξ^′(x^′), ψ̄^′(x^′)) e^{iH}

where H generates a compensating Lorentz transformation. If we apply the formula (2.2) to the infinitesimal version of this expression, the variations δξ and δψ̄ it yields are of the form δξ = ξ^′(δx) − ξ(0), δψ̄ = ψ̄^′(δx) − ψ̄(0). The supersymmetry transformations require comparison of the fields ξ and ξ^′ at the same point, in this case the origin, and similarly for ψ̄. This introduces an additional shift so that the infinitesimal supersymmetry transformations take the form

δ̃ξ(0) = δξ − δx^a∂_aξ(0), δ̃ψ̄(0) = δψ̄ − δx^a∂_aψ̄(0). (4.17)

Using the N = 1 superymmetry algebra OSp(1|4), and with fields ξ^α and ψ̄^{α̇} evaluated at the origin, the method for determining nonlinear transformations based on equation (2.2) yields the following:

Coefficient of Q_α:

(1 − 3i 4 κ ξ^2)(1 + i 2 κ̄ψ̄^2) ϵ^α − i κ̄ ξ^αψ̄_{α̇} ϵ̄^{α̇} − 1 4 κ̄(1 + i 4 κξ^2) a^{α̇α}ψ̄_{α̇}

= (1 − i 4 κ ξ^2)(1 + i 2 κ̄ ψ̄^2) δξ^α − 1 4 κ̄ (1 + i 12 κ ξ^2)ψ̄_{α̇} δx^{α̇α}. (4.18)

Coefficient of Q̄_{α̇}: − (1 − i 2 κ ξ^2)(1 + 3i 4 κ̄ ψ̄^2) ϵ̄^{α̇} + 1 4 κ(1 + 3i 4 κ̄ψ̄^2) a^{α̇α}ξ_α = 1 8 κ (1 + 3i 4 κ̄ψ̄^2)ξ_α δx^{α̇α} − (1 + i 4 κ̄ ψ̄^2) δψ̄^{α̇}. (4.19)

Coefficient of P_{αα̇}:

− 2i (1 − 3i 4 κ ξ^2)ψ̄^{α̇} ϵ^α − 2i (1 − i 4 κ̄ ψ̄^2) ξ^α ϵ̄^{α̇} + 1 2 (1 + i 4 κξ^2) (1 − i 4 κ̄ψ̄^2) a^{α̇α}

= − 2i (1 − i 4 κ ξ^2)ψ̄^{α̇} δξ^α + 1 2 (1 + i 12 κ ξ^2)(1 − i 4 κ̄ ψ̄^2) δx^{α̇α}. (4.20)

These equations can be solved to give

δx^{α̇α} = − 4i ξ^αϵ̄^{α̇} + (1 + i 6 κ ξ^2) a^{α̇α} (4.21)

δξ^α = (1 − i 2 κ ξ^2) ϵ^α (4.22)

δψ̄^{α̇} = (1 + i 2 κ̄ ψ̄^2) ϵ̄^{α̇} + 1 4 κ(1 + i 3 κ ξ^2) (1 + i 2 κ̄ ψ̄^2) ξ_αa^{α̇α}. (4.23)

Inserting these results into equation (4.17), the infinitesimal supersymmetry transformations for the Goldstone fields at the origin are

δ̃ξ^α = (1 + i 2 κ ξ^2) ϵ^α − 2i ξ^βϵ̄^{β̇}∂_β˙_β ξ^α (4.24)

δ̃ψ̄^{α̇} = (1 + i 2 κ̄ ψ̄^2) ϵ̄^{α̇} − 2i ξ^βϵ̄^{β̇}∂_β˙_βψ̄^{α̇}. (4.25)

Using the fact that δ̃ξ = iY × ξ, as follows from equation (4.16), and similarly for ψ̄, it follows that

iP_{αα̇} × ξ^β = (1 + i 6 κ ξ^2) ∂_{αα̇}ξ^β (4.26)

iQ_α × ξ^β = δ_α^β (1 − i 2 κ ξ^2) (4.27)

iQ̄_{α̇} × ξ^β = −2i ξ^α∂_{αα̇}ξ^β (4.28) iP_{αα̇} × ψ̄^{β̇} = 1 2 κ δ_{α̇}^{β̇}(1 + i 3 κ ξ^2) (1 + i 2 κ̄ ψ̄^2) ξ_α + (1 + i 6 κ ξ^2) ∂_{αα̇}ψ̄^{β̇} (4.29) iQ_α × ψ̄^{β̇} = 0 (4.30) iQ̄_{α̇} × ψ̄^{β̇} = − δ_{α̇}^{β̇} (1 + i 2 κ̄ ψ̄^2) − 2i ξ^α∂_{αα̇}ψ̄^{β̇} (4.31) where all fields are evaluated at the origin.

As shown in section 3, the ‘bridge’ between the realization of the algebra of supercovariant derivatives on superfields and the nonlinear realization of the superspace generators on the space of fields ξ^α(0) and ψ̄^{α̇}(0) is g(Z) = e^{i (xaPa+θαQα−θ̄α̇Q̄α̇)}, in the sense that

D_a g(Z) = g(Z) iP_a, D_α g(Z) = g(Z) iQ_α, D̄_{α̇} g(Z) = g(Z) iQ̄_{α̇}.

This allows us to map the nonlinear realization of the superalgebra on the fields ξ^α(0) and ψ̄(0) to a realization of the algebra of supercovariant derivatives on the superfields Ξ^α(Z) = g(Z) × ξ^α(0), Ψ̄^{α̇}(Z) = g(Z) × ψ̄^{α̇}(0).

From (4.26) and (4.29) and the bridging relation D_a g(Z) = g(Z) iP_a, we obtain

g(Z) × ∂_{αα̇} ξ^β(0) = (1 − i 6 κ Ξ^2) D_{αα̇} Ξ^β (4.32)

g(Z) × ∂_{αα̇} ψ̄^{β̇} = (1 − i 6 κ Ξ^2) D_{αα̇} Ψ̄^{β̇} − 1 2 κ δ_{α̇}^{β̇} (1 + i 2 κ̄ Ψ̄^2) Ξ_α. (4.33) The remaining relations in (4.27) - (4.31) yield

D_αΞ^β = δ_α^β (1 − i 2 κ Ξ^2) (4.34) D̄_{α̇}Ξ^β = −2 i Ξ^α D_{αα̇} Ξ^β (4.35) D_αΨ̄^{β̇} = 0 (4.36) D̄_{α̇}Ψ̄^{β̇} = − δ_{α̇}^{β̇} (1 + i 2 κ Ξ^2) (1 + i 2 κ̄ Ψ̄^2) − 2 i Ξ^α D_{αα̇} Ψ̄^{β̇}. (4.37)

Noting that M_{αβ} × Λ_γ = i 2 (ϵ_{αγ} Λ_β + ϵ_{βγ} Λ_α), it can be verified by explicit calculation that this provides a realization of the algebra of covariant derivatives^2 {D_α, D̄_{α̇}} = −2 i D_{αα̇} 2Comparing, for example with equation (5.5.6) in [24], this corresponds to a supergravity background with R = −^i_2 κ̄, G_{αα̇} = 0, W_{αβγ} = 0, and the Lorentz generators are scaled by a factor i.

[D_{αα̇}, D_β] = − 1 2 κ ϵ_{αβ} D̄_{α̇} [D_{αα̇}, D̄˙_β] = − 1 2 κ̄ ϵ_{α̇}˙_β D_α {D_α, D_β} = 2κ M_{αβ} {D̄_{α̇}, D̄˙_β} = 2κ̄ M̄_{α̇}˙_β

[D_{αα̇}, D_β˙_β] = − i 2 |κ|^2 ( ϵ_{αβ}M̄_{α̇}˙_β + ϵ_{α̇}˙_βM_{αβ} ) . (4.38)

It should be noted that Samuel and Wess [6], “after some guesswork”, arrived at a realization of the algebra of supercovariant derivatives on the superfields Ξ_α in a general curved superspace of the form

D_αΞ^β = δ_α^β (1 − R^∗ Ξ^2) (4.39) D̄_{α̇}Ξ^β = −2i Ξ^αD_{αα̇}Ξ^β + 1 2 Ξ^2G_{α̇}^β, (4.40)

where the superfields R and G_{αα̇} are curved superspace analogues of the Ricci scalar and the Einstein tensor.^3 The results (4.34) and (4.35) are consistent with (4.39) and (4.40) via the identifications G_{αα̇} = 0 and R^∗ =^i_2 κ. In fact

Kuzenko and Tyler [25] provided justification for the “guess” (4.39) and (4.40) by expressing Ξ_α as Ξ_α = 1 2 D_αΣ̄ (4.41)

where Σ̄ is a constrained complex linear superfield. In the case of AdS_4, we have an explicit realisation of Σ̄ as Σ̄ = Ξ^αΞ_α, (4.42)

which satisfies the nilpotency condition Σ̄^2 = 0 and the constraints − 1 4 (D^2 − 2iκ) Σ̄ = 1, Σ̄ D^2D̄_{α̇}Σ̄ = D̄_{α̇}Σ̄ (4.43)

as a result of (4.34) and (4.35). This generalises a flat superspace construction given in [23].

Similarly, the covariantly chiral superfield

Φ = Ψ^αΨ_α (4.44)

3We have set the parameter k determining the scale of supersymmetry breaking in [6] to 1. We also use the conventions of [24] in which the chiral projector is (D̄^2 − 4R).

satisfies the nilpotency condition Φ^2 = 0 and the constraint − 1 4 Φ (D̄^2 + 2iκ̄)Φ̄ = Φ, (4.45)

generalising a flat superspace construction by Rocek [26].

The covariantly chiral superfield Φ allows for construction of an action (using the notation and conventions of [24]) S = − 1 2 ∫ d^8z E^{−1} R̄ Φ̄ + c.c (4.46) = − 1 2 ∫ d^4x e^{−1} (− 1 4 D̄^2 + B) Φ̄| + c.c., (4.47)

where | denotes the θ = 0 = θ̄ projection of a superfield and B = 3R̄|. The algebra of fermionic covariant derivatives on the superfields Ξ^α and Ψ̄_{α̇}, it is possible to express D̄^2 Φ̄ in terms of bosonic covariant derivatives acting on Ξ^α and Ψ̄_{α̇}. Using Ξ^α(x, θ, θ̄)| = ξ^α(x) and Ψ̄_{α̇}(x, θ, θ̄)| = ψ̄_{α̇}(x), and defining D_{αα̇} Ξ| = D_{αα̇} ξ and D_{αα̇} Ψ̄| = D_{αα̇} ψ̄, S = − ∫ d^4x e^{−1} ( 1 2 + i ξ^αD_{αα̇} ψ̄^{α̇} + i 2 κ ξ^2 − i 2 κ̄ ψ̄^2 − ξ^α(D_{αα̇} ξ_β)D^{α̇β} ψ̄^2 − 1 4 ξ^2D^{α̇α}D_{αα̇} ψ^2 − 1 2 κ ξ^2 ψ̄^{α̇}D_{αα̇} ξ^α − 1 4 |κ|^2 ξ^2 ψ̄^2) + c.c. (4.48)

In particular, there is a mass term for the Goldstino with mass inversely proportional to the radius of anti de Sitter space, consistent with the results in [12, 16]. As in the flat case [23], whilst this action is apparently at most fourth order in Goldstinos, the fields (ξ_α, ξ̄^{α̇}) and (ψ_α, ψ̄^{α̇}) are related by nonlinear transformations via (4.1) and (4.3); expressing the action in terms of the fields (ξ_α, ξ̄^{α̇}) alone or (ψ_α, ψ̄^{α̇}) alone will result in terms to eighth order in Goldstino fields, in accord with the general analysis in [25].

5 The Volkov-Akulov realization in N = 1 AdS_4

As discussed in the previous section, the Volkov-Akulov nonlinear realization of the supersymmetry algebra on Goldstinos (as opposed to the “chiral” representation of Zumino and Samuel and Wess) is based on a coset parameterization g(Z) = e^{i (−xaPa+λα(x)Qα+λ̄α̇(x)Qα̇)}. We now repeat the steps in the previous section for this parameterization.

With fields evaluated at x = 0,

δx^{α̇α} = − 2i (1 + i 8 κ λ^2) λ̄^{α̇}ϵ^α − 2i (1 − i 8 κ̄λ̄^2) λ^αϵ̄^{α̇}

+(1 + i 24 κ λ^2 − i 24 κ̄ λ̄^2 + 17 1440

|κ|^2λ^2λ̄^2) a^{α̇α} (5.49)

δλ^α = (1 − i 2 κ λ^2 + i 12 κ̄ λ̄^2 − 1 288 |κ|^2 λ^2 λ̄^2) ϵ^α − i 12 κ̄λ^αλ̄_{α̇}ϵ̄^{α̇} − 1 8 κ̄ (1 − i 8 κ λ^2) λ̄_{α̇} a^{α̇α} (5.50)

δλ̄^{α̇} = (1 − i 12 κλ^2 + i 2 κ̄λ̄^2 − 13 288 |κ|^2λ^2λ̄^2) ϵ̄^{α̇} − i 12 κ λ̄^{α̇}λ_αϵ^α − 1 8 κ (1 + i 8 κ̄ λ̄^2) λ_α a^{α̇α}. (5.51)

Recalling that supersymmetry transformations are of the form δ̃λ(0) = δλ−δx^a∂_aλ(0) with δ̃ = i (−a^aP_a + ϵ^αQ_α − ϵ̄^{α̇}Q̄_{α̇})×,

we obtain

iP_{αα̇} × λ^β = (1 + i 24 κλ^2 − i 24 κ̄λ̄^2 + 17 1440

|κ|^2λ^2λ̄^2) ∂_{αα̇}λ^β (5.52) − 1 4 κ̄ δ_α^β(1 − i 8 κλ^2) λ̄_{α̇} (5.53)

iQ_α × λ^β = δ_α^β (1 − i 2 κ λ^2 + i 12 κ̄ λ̄^2 − 1 288 |κ|^2λ^2λ̄^2)

+i (1 + i 8 κ λ^2) λ̄^{α̇}∂_{αα̇}λ^β (5.54)

iQ̄_{α̇} × λ^β = i 12 κ̄ λ^βλ̄_{α̇} − i (1 − i 8 κ̄ λ̄^2) λ^α∂_{αα̇}λ^β (5.55)

iP_{αα̇} × λ̄^{β̇} = (1 + i 24 κλ^2 − i 24 κ̄λ̄^2 + 17 1440

|κ|^2λ^2λ̄^2) ∂_{αα̇}λ̄^{β̇} − 1 4 κ δ_{α̇}^{β̇}(1 + i 8 κ̄λ̄^2) λ_α (5.56)

iQ_α × λ̄^{β̇} = i 12 κ λ_αλ̄^{β̇} + i (1 + i 8 κ λ^2) λ̄^{α̇}∂_{αα̇}λ̄^{β̇} (5.57)

iQ̄_{α̇} × λ̄^{β̇} = − δ_{α̇}^{β̇} (1 − i 12 κ λ^2 + i 2 κ̄ λ̄^2 − 1 288 |κ|^2λ^2λ̄^2)

− i (1 − i 8 κ̄ λ̄^2) λ^α∂_{αα̇}λ̄^{β̇}. (5.58)

The Goldstino superfields are constructed as

Λ^α(Z) = g(Z) × λ^α(0), Λ̄^{α̇}(Z) = g(Z) × λ̄^{α̇}(0).

From (5.52) and (5.56) and the ‘bridging’ relation D_a g(Z) = g(Z) iP_a, we obtain

g(Z) × ∂_{αα̇} λ^β(0) = (1 − i 24 κλ^2 + i 24 κ̄λ̄^2 − 1 120 |κ|^2λ^2λ̄^2) D_{αα̇}Λ^β + 1 4 κ̄ δ_α^β(1 − i 6 κΛ^2) Λ̄_{α̇} (5.59)

g(Z) × ∂_{αα̇} λ̄^{β̇}(0) = (1 − i 24 κλ^2 + i 24 κ̄λ̄^2 − 1 120 |κ|^2λ^2λ̄^2) D_{αα̇}Λ̄^{β̇} + 1 4 κ δ_{α̇}^{β̇}(1 + i 6 κ̄Λ̄^2) Λ_α (5.60)

Using this and the remaining the ‘bridging’ relations

D_α g(Z) = g(Z) iQ_α, D̄_{α̇} g(Z) = g(Z) iQ̄_{α̇},

we obtain obtain from (5.54), (5.55), (5.57), (5.58)

D_αΛ^β = δ_α^β(1 − i 2 κΛ^2 − i 6 κ̄Λ̄^2 − 1 72 |κ|^2Λ^2Λ̄^2)

+ i (1 + i 12 κΛ^2) Λ̄^{α̇}D_{αα̇}Λ^β (5.61)

D̄_{α̇}Λ^β = − i (1 − i 12 κ̄Λ̄^2) Λ^αD_{αα̇}Λ^β + i 6 κ̄Λ̄_{α̇}Λ^β (5.62)

D_αΛ̄^{β̇} = i (1 + i 12 κΛ^2) Λ̄^{α̇}D_{αα̇}Λ̄^{β̇} − i 6 κΛ_αΛ̄^{β̇} (5.63)

D̄_{α̇}Λ̄^{β̇} = − δ_{α̇}^{β̇}(1 + i 6 κΛ^2 + i 2 κ̄Λ̄^2 − 1 72 |κ|^2Λ^2Λ̄^2)

− i (1 − i 12 κ̄Λ̄^2) Λ^αD_{αα̇}Λ̄^{β̇}. (5.64)

Again a highly nontrivial check on these results is that the algebra of covariant derivatives closes in the form (4.38).

A natural action for the Goldstino is (using the conventions and notation of [24]) S = ∫ d^8z E^{−1} Λ^2Λ̄^2 = − 1 4 ∫ d^8z E^{−1} R (D̄^2 − 4R) Λ^2Λ̄^2 = ∫ d^8z E^{−1} R χ (5.65)

with χ = Λ^2 + i Λ^2Λ̄^{α̇}D_{αα̇}Λ^{α̇} − 2i 3 κ̄Λ^2Λ̄^2 + O(Λ^6). (5.66)

Using ∫ d^8z E^{−1} R χ = ∫ d^4x e^{−1}(− 1 4 D^2 + B) χ| (5.67) with B = 3R̄), the action to quadratic order in the Goldstinos is S = ∫ d^4x e^{−1} ( 1 + iλ̄^{α̇}D_{αα̇}λ^α + iλ^αD_{αα̇}λ̄^{α̇} + iκλ^2 − iκ̄λ̄^2 ) . (5.68)

The Akulov-Volkov Goldstinos (λ_a, λ̄^{α̇}) are related to the Samuel-Wess Goldstinos (ξ_α, ψ̄^{α̇}) by nonlinear transformations via (4.1) and (4.3). To leading order, ξ_α = λ_α + · · · , ψ̄α̇ = λ̄α̇ + · · · , which means the kinetic and mass terms in the actions (4.48) and (5.68) are equivalent.

6 Broken N = 2 supersymmetry in AdS_4

The N = 2 supersymmetric extension of AdS_4 is the coset superspace OSp(2|4)/SO(3, 1) x SO(2), where SO(3, 1) is the Lorentz subgroup. The algebra contains two supercharges Q^i_α, i = 1, 2 with Q̄_{α̇i} = (Q^i_α)^∗, and SU(2) generators J_{ij} mixing the two supercharges. In addition to the complex parameter κ determining the curvature of AdS_4, the algebra contains a constant real iso-triplet S_{ij} which determines the torsion of N = 2 superspace in AdS_4 [27, 28].^4 We choose a basis for the generators of the algebra OSp(2|4) that yields the algebra [M_{αβ}, M_{γδ} ] = − i 2 (ϵ_{αγ} M_{βδ} + ϵ_{βγ} M_{αγ} + ϵ_{αδ}M_{βγ} + ϵ_{βδ} M_{αγ} ) (6.1)

[M̄_{α̇}˙_β, M̄_{γ̇}˙_δ] = − i 2 ( ϵ_{α̇γ̇}M̄˙_β˙_δ + ϵ˙_{βγ̇}M̄_{α̇γ̇} + ϵ_{α̇}˙_δM̄˙_{βγ̇} + ϵ˙_β˙_δM̄_{α̇γ̇} ) (6.2)

[M_{αβ} , P_γ˙_δ] = − i 2 (ϵ_{αγ} P_{βγ̇} + ϵ_{βγ} P_{αγ̇} ) (6.3)

[M̄_{α̇}˙_β, P_γ˙_δ] = − i 2 ( ϵ_{α̇γ̇} P_β˙_β + ϵ˙_{βγ̇} P_{γα̇} ) (6.4)

[M_{αβ} , Q^i_γ ] = − i 2 ( ϵ_{αγ} Q^i_β + ϵ_{βγ} Q^i_α ) (6.5)

[M̄_{α̇}˙_β, Q̄_{γ̇i}] = − i 2 ( ϵ_{α̇γ̇}Q̄˙_{βi} + ϵ˙_{βγ̇}Q̄_{α̇i} ) (6.6) [J_{ij}, Q^k_α] = − i 2 ( δ_i^kQ_{αj} + δ_j^kQ_{αi} ) (6.7)

[J_{ij} , Q̄_{α̇k}] = i 2 ( ϵ_{ik}Q̄_{α̇j} + ϵ_{jk}Q̄_{α̇i} ) (6.8)

{Q^i_α, Q̄_{α̇j} } = 2 δ^i_j P_{αα̇} (6.9) {Q^i_α, Q^j_β} = 2 κ S^{ij}M_{αβ} + κ ϵ_{αβ} ϵ^{ij} S^{kl}J_{kl} (6.10) {Q̄_{α̇i}, Q̄˙_{βj} } = 2 κ̄ S_{ij}M̄_{α̇}˙_β − κ̄ ϵ_{α̇}˙_β ϵ_{ij} S^{kl}J_{kl} (6.11)

4 S_{ij} = Sji = ϵ_{ik} ϵ_{jl}S^{kl}, S^2 =^1_2 S^{ij} S_{ij} .

[P_{αα̇}, Q^i_β ] = − i 2 κ ϵ_{αβ} S^{ij}Q̄_{α̇j} (6.12) [P_{αα̇}, Q̄˙_{βi}] = − i 2 κ̄ ϵ_{α̇}˙_β S_{ij}Q^j_α (6.13)

[P_{αα̇}, P_β˙_β] = − i 2 |κ|^2S^2 ( ϵ_{αβ}M̄_{α̇}˙_β + ϵ_{α̇}˙_β M_{αβ} ) . (6.14)

We consider the Samuel-Wess coset parameterization of the coset, g = e^{i (−xaPa+ξαi (x)Qiα)} e^{iψ̄i̇α(x)Q̄α̇i} . (6.15) As in the case of flat superspace and N = 1 superspace in AdS_4, the Goldstinos ξ^α_i (x) mix only with themselves under supersymmetry transformations (and not with the ψ̄^i_{α̇}(x)). The reason is that when acting with e^{i (ϵαi Qiα+ϵ̄i̇αQ̄α̇i )} from the left on g as parameterised in (6.15), terms generated in the first exponential e^{i (−xaPa+ξαi (x)Qiα)} are proportional to P, Q, Q̄, M and S.J. The terms proportional to P and Q contribute to the supersymmetry transformations of x and ξ. The remaining terms must be “moved to the right” into and through the second exponential factor e^{iψ̄i̇α(x)Q̄α̇i} . In the process, no terms proportional to Q are produced that could feed back into a ψ̄-dependent transformation of ξ in the first exponential.

It follows from the results of section 3 that the supercovariant derivatives of the superfields Ξ^α_i (x, θ_i, θ̄^i) constructed from the Goldstinos ξ^α_i (x) are expressible in terms of the Ξ^α_i only. We do not present details, but the result is

D^j_β Ξ^α_i = δ_β^αδ^j_i − 1 3 A^j_β^α_i + 1 30 B^j_β^α_i − 1 18 A^j_β^γ_kA^k_γ^α_i , (6.16)

D̄^j_{β̇} Ξ^α_i = −2i ( 1 + iκ 6 (Ξ.S.Ξ) ) Ξ^{βj}D_β˙_βΞ^α_i , (6.17)

where A^i_α^β_j = −iκ ( S^i_kΞ^{βk}Ξ_{αj} + S^i_k(Ξ.Ξ)^k_jδ_α^β + Ξ^i_αΞ^β_k S^k_j ) (6.18) and B^i_α^β_j = −κ^2[−Ξ^β_k S^{ik}(Ξ.S.Ξ)_α^γ − Ξ^γ_k S^{ik}(Ξ.S.Ξ)_α^β (6.19) + S^{ik}(Ξ.Ξ)_{kl}Ξ^γ_mS^{lm}δ_α^β + S^{ik}(Ξ.Ξ)_{kl}Ξ^β_mS^{lm}δ_α^γ (6.20) + 2 Ξ^i_α(Ξ.S^2.Ξ)^{βγ} ] Ξ_{γj} (6.21) + κ^2[2(Ξ.Ξ)_{kl}S^{ik}Ξ^l_α − Ξ^i_α(Ξ.S.Ξ)]Ξ^β_mS^m_j (6.22)

with (Ξ.S.Ξ) = Ξ^α_i S^i_j Ξ^j_α, (Ξ.S^2.Ξ)^{αβ} = Ξ^α_i S^i_j S^j_kΞ^{βk}. (6.23)

Again, it is possible to check explicitly that this algebra of covariant derivatives closes, for example,

{D̄^i_{α̇}, D̄^j_{β̇}} Ξ^α_k = −i |κ|^2ϵ_{α̇}˙_βϵ^{ij} S_{kl} Ξ^{αl}, (6.24) [D_{αα̇}, D̄˙_{βi}] = − 1 2 κ̄ ϵ_{α̇}˙_βS_{ij} D^j_α. (6.25)

As in the N = 1 case, the Goldstino superfields can be used to construct composite superfields satisfying interesting constraints. For example, it is highly nontrivial to verify that L_{ij} = ( 1 − iκ 6 (Ξ.S.Ξ) ) Ξ^α_i Ξ_{αj} (6.26)

satisfies the constraint D_{α(i}L_{jk)} = 0. (6.27)

It should be noted that this superfield does not satisfy the reality constraints of the standard N = 2 tensor multiplet.

Acknowledgements I am grateful to Sergei Kuzenko for suggesting the investigation of construction of Goldstino superfieds in AdS_4, for discussions during the course of the work, and for comments on the manuscript.

References

[1] Z. Komargodski and N. Seiberg, “From Linear SUSY to Constrained Superfields,” JHEP 0909 (2009) 066 [arXiv:0907.2441 [hep-th]].

[2] E. A. Ivanov and A. A. Kapustnikov, “Relation between linear and nonlinear realizations of supersymmetry,” Preprint JINR-E2-10765, June 1977.

[3] E. Ivanov and A. Kapustnikov, “General relationship between linear and nonlinear realisations of supersymmetry,” J. Phys. A 11 (1978) 2375.

[4] E. Ivanov and A. Kapustnikov, “The nonlinear realisation structure of models with spontaneously broken supersymmetry,” J. Phys. G 8 (1982) 167.

[5] T. Uematsu and C. K. Zachos, “Structure of phenomenological Lagrangians for broken supersymmetry,” Nucl. Phys. B 201, 250 (1982).

[6] S. Samuel and J. Wess, “A superfield formulation of the non-linear realization of supersymmetry and its coupling to supergravity,” Nucl. Phys. B 221 (1983) 153.

[7] J. Wess and J. Bagger, Supersymmetry and Supergravity, Princeton University Press, Princeton, 1992.

[8] D. V. Volkov and V. P. Akulov, “Possible universal neutrino interaction,” JETP Lett. 16 (1972) 438 [Pisma Zh. Eksp. Teor. Fiz. 16 (1972) 621]; “Is the neutrino a Goldstone particle?,” Phys. Lett. B 46 (1973) 109.

[9] V. P. Akulov and D. V. Volkov, “Goldstone fields with spin 1/2,” Theor. Math. Phys. 18 (1974) 28 [Teor. Mat. Fiz. 18 (1974) 39].

[10] B. W. Keck, “An Alternative Class of Supersymmetries,” J. Phys. A 8 (1975) 1819. [11] E. A. Ivanov and A. S. Sorin, “Superfield Formulation Of Osp(1,4) Supersymmetry,” J. Phys. A 13 (1980) 1159.

[12] S. Deser and B. Zumino, “Broken Supersymmetry and Supergravity,” Phys. Rev. Lett. 38 (1977) 1433.

[13] S. R. Coleman, J. Wess and B. Zumino, “Structure of phenomenological Lagrangians. 1,” Phys. Rev.

177 (1969) 2239.

[14] C. G. Callan Jr., S. R. Coleman, J. Wess and B. Zumino, “Structure of phenomenological Lagrangians. 2,” Phys. Rev. 177 (1969) 2247.

[15] C. J. Isham, “A group-theoretic approach to chiral transformations,” Nuovo Cim. A 59 (1969) 356. [16] B. Zumino, “Nonlinear Realization of Supersymmetry in de Sitter Space,” Nucl. Phys. B 127 (1977) 189.

[17] J. Bagger and C. Xiong, “AdS_5 Supersymmetry in N=1 Superspace,” JHEP 1107 (2011) 119 [arXiv:1105.4852 [hep-th]].

[18] S. M. Kuzenko and I. N. McArthur, “Goldstone multiplet for partially broken superconformal symmetry,” Phys. Lett. B 522 (2001) 320 [hep-th/0109183].

[19] S. M. Kuzenko and G. Tartaglino-Mazzucchelli, “Five-dimensional N = 1 AdS superspace: Geometry, off-shell multiplets and dynamics,” Nucl. Phys. B 785 (2007) 34 [arXiv:0704.1185 [hep-th]].

[20] D. V. Volkov, “Phenomenological Lagrangians,” Sov. J. Particles Nucl. 4 (1973) 1. [21] V. I. Ogievetsky, “Nonlinear realizations of internal and space-time symmetries’,’ in Proceeding of 10th Karpacz Winter School of Theoretical Physics, Vol. 1, Wroslaw (1974) 117.

[22] B. Zumino, “Fermi-Bose supersymmetry,” in Proceedings of 17th International Conference on High- Energy Physics, London UK: Rutherford, 254 (1974).

[23] S. M. Kuzenko and I. N. McArthur, “Goldstino superfields for spontaneously broken N=2 supersymmetry,” JHEP 1106 (2011) 133 [arXiv:1105.3001 [hep-th]].

[24] I. L. Buchbinder and S. M. Kuzenko, “Ideas and methods of supersymmetry and supergravity: Or a walk through superspace,” Bristol, UK: IOP (1998) 656 p [25] S. M. Kuzenko and S. J. Tyler, “On the Goldstino actions and their symmetries,” JHEP 1105 (2011) 055, arXiv:1102.3043 [hep-th].

[26] M. Roček, “Linearizing the Volkov-Akulov model,” Phys. Rev. Lett. 41(1978) 451. [27] S. M. Kuzenko, U. Lindstrom, M. Rocek and G. Tartaglino-Mazzucchelli, “4D N = 2 Supergravity and Projective Superspace,” JHEP 0809 (2008) 051 [arXiv:0805.4683 [hep-th]].

[28] S. M. Kuzenko and G. Tartaglino-Mazzucchelli, “Field theory in 4D N=2 conformally flat superspace,” JHEP 0810 (2008) 001 [arXiv:0807.3368 [hep-th]].