arXiv:1301.4995v1 [hep-th] 21 Jan 2013

Time Dependence of Hawking Radiation Entropy

Don N. Page^∗ Department of Physics 4-183 CCIS University of Alberta Edmonton, Alberta T6G 2E1 Canada 2013 January 21

Abstract If a black hole starts in a pure quantum state and evaporates completely by a unitary process, the von Neumann entropy of the Hawking radiation initially increases and then decreases back to zero when the black hole has disappeared. Here numerical results are given for an approximation to the time dependence of the radiation entropy under an assumption of fast scrambling, for large nonrotating black holes that emit essentially only photons and gravitons. The maximum of the von Neumann entropy then occurs after about 53.81% of the evaporation time, when the black hole has lost about 40.25% of its original Bekenstein-Hawking (BH) entropy (an upper bound for its von Neumann entropy) and then has a BH entropy that equals the entropy in the radiation, which is about 59.75% of the original BH entropy 4πM^2_0 , or about 7.509M^2_0 ≈ 6.268 × 10^{76}(M_0/M_⊙)^2, using my 1976 calculations that the photon and graviton emission process into empty space gives about 1.4847 times the BH entropy loss of the black hole.

∗Internet address: profdonpage@gmail.com

Interest in black hole information [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122, 123, 124, 125, 126, 127, 128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 144, 145, 146, 147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160] has surged recently with the publication by Almheiri, Marolf, Polchinski, and Sully [161] of a provocative argument that suggests that an “infalling observer burns up at the horizon” of a sufficiently old black hole, so that the horizon becomes what they called a “firewall.” This paper has elicited a large number of responses, some of which support the firewall idea [162, 163, 164, 165, 166], others seem rather agnostic [167, 168, 169], and yet others of which raise skepticism about it [170, 171, 172, 173, 174, 154, 175, 157, 176, 177, 178, 179, 180, 181, 182, 183].

A central question concerns the entanglement of a black hole with the Hawking radiation [184, 185] that has been emitted. In fact, it is the argument that at late times the Hawking radiation is maximally entangled with what is inside the black hole that suggests that what is just inside cannot be significantly entangled with what is just outside, and without this latter entanglement, an observer falling into the black hole should encounter high-energy radiation at the horizon that would burn up the observer [161].

It would be impossible for an observer to remain outside the black hole horizon and yet to measure directly the entanglement or lack thereof across it. However, if the black hole emission is a unitary process, the entanglement between the black hole and the earlier Hawking radiation should eventually be transferred to an entanglement between the earlier Hawking radiation and later Hawking radiation. This should have an effect on the time dependence of the von Neumann entropy of the radiation up to some point in retarded time during the emission. That would be a function of that time that in principle should be calculable (though not yet in practice) from a theory of quantum gravity that considers only the black hole exterior and indeed only what gets radiated to future null infinity.

The importance of this question of the time dependence of the Hawking radiation entropy has recently been emphasized by Strominger [116]. He gives a brief outline of five candidate answers to the question (bad question, information destruction, long-lived remnant, non-local remnant, and maximal information return). Here I shall assume without proof that the fifth answer is correct and make an additional assumption of nearly maximal entanglement between the black hole and the Hawking radiation [186, 25] (with support from the later conjecture of fast scrambling [187, 188, 189, 190, 191]). In particular, I shall assume that the von Neumann entropy of the radiation is very nearly that given by the semiclassical approximation up to the point where that equals the Bekenstein-Hawking entropy of the remaining black hole, and thereafter is very nearly the same as the Bekenstein-Hawking entropy of the shrinking hole. Then I shall give, from my previous numerical calculations [192, 193, 194], an approximation to the time dependence at future null infinity of the von Neumann entropy of the Hawking radiation up to that point from a large nonrotating black hole.

I shall consider only nonrotating uncharged (Schwarzschild) black holes that are sufficiently large (and hence at low enough Hawking temperature) that they emit essentially only massless particles, which I shall assume are only photons and gravitons. I shall assume that all other particles (e.g., neutrinos) are massive, that the lightest massive particle (perhaps the electron neutrino) has mass m, and that one can neglect the radiation from a black hole into particles of mass m if (using Planck units) 8π < m/T = 8πmM, where M is the mass of the black hole. My numerical calculations [194] showed that for a neutral particle species of spin-half, the power emission for m = M^{−1} is only 1.505×10^{−8} times that for spin-half particles with m = 0. so indeed it is a good approximation to neglect the Hawking emission of particles with Mm > 1.

Therefore, I shall restrict attention to large black holes, with M > m^{−1} ≈ 1.336 337 707 × 10^{−10}M_⊙eV/(mc^2) [195]. Any black hole of a solar mass M_⊙ or greater would qualify so long as the lightest massive particle has a rest mass energy greater than about 0.134 nano-electron volts, which is over ten orders of magnitude smaller than the current upper limit of 2 eV on the anti-electron-neutrino mass [195] and nearly eight orders of magnitude smaller than 0.0087 eV, the square root of the smallest known difference [(7.50 ± 0.20) × 10^{−5} eV^2] of the squares of two of the three neutrino mass-energies [195]. None of these data exclude the possibility of one massless neutrino species (or of other massless particles besides photons and gravitons, provided their coupling to known particles is sufficiently weak), but without any theoretical reason to expect such massless species, it seems most likely that there are no massless particles other than photons and gravitons (for which there are strong theoretical reasons from the assumption of gauge invariance for suspecting that they are precisely massless), and no massive particles of smaller rest-mass energy than 1.34×10^{−10} eV. If this is indeed true, as I shall assume here, black holes of solar masses and above would radiate almost entirely photons and gravitons.

My numerical calculations (with an estimated accuracy of about four or five digits; not all of the digits given below may be significant, but I give them so that the numerical error of my calculations can be found if anyone repeats the calculations to higher precision) of the Hawking particle emission rates from both nonrotating and rotating black holes [192, 193, 194] (see also [196, 197, 198]) in Planck units showed (e.g., in Table II of [193], summarized in [197] and in Eq. (19) of [198]) that the emission power in photons is approximately 0.000 033 638/M^2 and in gravitons is close to 0.000 003 836/M^2, for a total emission rate of massless radiation energy of α/M^2 ≈ 0.000 037 474/M^2 with α ≡ −M^2 dM dt ≈ 0.000 037 474. (1)

My numerical calculations also showed (e.g., summarized in [197] and in Eq. (20) of [198]) that the rate of entropy emission in photons is approximately 0.001 268 4/M and in gravitons is about 0.000 130 0/M, for a total emission rate of massless radiation entropy of dS_{rad}/dt ≈ 0.001 398 4/M. These latter numbers were calculated from the former by using the results I reported in the last paragraph of the first column of the tenth page (page 3269) of [193]:

“There is still some entropy produced by the partial scattering off the gravitational potential barrier surrounding the hole, but outside the supperradiant regime this can only partially cancel the entropy flow out of the hole and serves in effect to increase the entropy emitted to the surrounding region for a given entropy loss by the hole. For example, numerical calculations for a nonrotating hole show that the emission of s =^1_2 particles into empty space increases the external entropy by 1.6391 times the entropy drawn out of the hole, s = 1 particles increase it by a factor of 1.5003, s = 2 particles by 1.3481, and the canonical combination of species [the set of species known in 1976 with masses less than 20 MeV: gravitons, photons, electrons and muon neutrinos with one helicity each, electrons, and the corresponding antileptons, all taken to have Mm ≪ 1 for this numerical result] gives 1.6233 times as much entropy in radiation as the entropy decrease of the hole.”

When one uses the fact that the Bekenstein-Hawking semiclassical entropy [199, 200, 185] of a nonrotating uncharged black hole is, in Planck units, S_{BH} = 4πM^2 [185], the rate of entropy decrease of the hole is 8πα/M. From just photon emission, one would get (cf. [197] and Eq. (20) of [198]) 0.000 845 41/M, and from just graviton emission one would get 0.000 096 41/M, for a total rate of decrease of the Bekenstein- Hawking black hole entropy of −dS_{BH}/dt = 8πα/M ≈ 0.000 941 82/M. This then gives the ratio by which the coarse-grained entropy of the Hawking radiation (e.g., ignoring its entanglement with the black hole) is greater than the coarse-grained Bekenstein-Hawking entropy of the black hole as β ≡ dS_{rad}/dt −dS_{BH}/dt ≈ 1.484 72; (2) the last one or two digits probably are not significant but are given as a challenge for someone to do a higher-precision calculation to find the error. (This constant β should not be confused with the β given in Table II of [193], which gave a measure of the angular momentum emission of very slowly rotating black holes.)

From the fact that the mass of a large nonrotating black hole that emits almost entirely just massless photons and gravitons decreases according to dM/dt = −α/M^2, one can get that the time evolution of the black hole mass is

M(t) = (M^3_0 − 3αt)^{1/3} = [3α(t_{decay} − t)]^{1/3} = M_0(1 − t/t_{decay})^{1/3}, (3)

where M_0 is the initial mass of the black hole at time t = 0 and where

t_{decay} = γM^3_0 ≡ 1 3α M^3_0 ≈ 8895M^3_0 ≈ 1.159 × 10^{67} ( M_0 M_⊙ )_3

yr (4)

is what the decay time would be of a nonrotating uncharged black hole of initial mass M_0 if only massless photons and gravitons were emitted, with γ ≡ 1 3α ≡ 1 −3M^2dM/dt ≈ 8895. (5)

Assuming that the lightest massive particle has mass m, the emission of massive particles would reduce the actual decay time by an amount of the order of 1/m^3 in Planck units, e.g., by a time of the order of 10^{33}(eV/m)^3 years, which for m^<∼ 0.1 GeV is greater than the age of the universe but which for m ≫ 10^{−10} eV (which I am assuming) is much less than the decay time t_{decay} ∼ 10^{67} years for a solar-mass black hole, so in this paper I shall ignore any such correction to the black hole decay time. Another correction that I shall mostly ignore but shall return to later is the uncertainty of the decay time from the stochastic nature of the Hawking emission of very roughly N ∼ M^2_0 particles, which would lead to fluctuations in the total decay time of an ensemble of black holes of initial mass M_0 that would be expected to be of the order of δt ∼ t_{decay}/ √ N ∼ t_{decay}/M_0 ∼ M^2_0 ∼ 10^{25}(M_0/M_⊙)^2 years. These fluctuations in the total decay time have magnitudes that are comparable (with c = 1) to the fluctuations in the position of the final decay of the black hole in the center-of-mass frame of the initial black hole, δx ∼ M^2_0 ∼ 10^{25}(M_0/M_⊙)^2 light-years [2, 157, 181].

The semiclassical approximation for the black hole emission [184, 185, 1] would then give the time-dependence of the entropy of a decaying large nonrotating uncharged black hole and of the emitted radiation as

S̃_{BH}(t) = 4πM^2_0 ( 1 − t γM^3_0 )_{2/3} ≈ 4πM^2_0 ( 1 − t 8895M^3_0 )_{2/3} , (6)

S̃_{rad}(t) = 4πβM^2_0 1 − ( 1 − t γM^3_0 )_{2/3} ≈ 4π(1.4847)M^2_0 1 − ( 1 − t 8895M^3_0 )_{2/3} . (7) Here I have put tildes on the expressions for these entropies to emphasize that they are the entropies obtained from semiclassical approximations. Ultimately we would like instead to obtain von Neumann entropies of black hole and radiation subsystems (S_{vN}(t)) of the entire universe, which for simplicity I shall assume is in a pure quantum state with zero von Neumann entropy. Also for simplicity I shall assume that one is considering a black hole that has formed in a pure quantum state, which implies that it has no quantum entanglement with the rest of the universe. Of course, these are unrealistic assumptions, but they might give a reasonably good approximation if one focuses on one pure component of the quantum state of the universe in which the black hole forms from the gravitational collapse of a star with a von Neumann entropy of the order of the number of particles in the star, say S ∼ 10^{57}, which is much smaller than the Bekenstein-Hawking entropy of a stellar mass black hole that is at least S_{BH} = 4πM^2_⊙ ∼ 10^{77}. In other words, in comparison with the von Neumann entropies to be discussed that are at least of the order of 10^{77}, I shall neglect the much smaller ordinary stellar entropies that are of the order of 10^{57}.

I shall take the semiclassical entropies to be upper limits on the von Neumann entropies of the corresponding subsystems with the same macroscopic parameters. That is, I shall first assume that the semiclassical Bekenstein-Hawking entropy of a nonrotating uncharged black hole is a good approximation for the maximum von Neumann entropy of a black hole of the same energy, at least if one neglects entropy associated with the location and/or motion of the black hole in a space sufficiently large that this could in principle rival the Bekenstein-Hawking entropy. Secondly, I shall assume that the semiclassical entropy calculated for the Hawking radiation is the maximum von Neumann entropy for radiation with the same expectation values of the numbers of particles in each of the modes. This second assumption is supported by the fact that indeed the semiclassical approximation does give a thermal density matrix for each radiation mode, and no entanglement between different modes, though because of the black-hole greybody factors the temperature varies from mode to mode.

Now under the assumptions that the black hole starts in essentially a pure state (von Neumann entropy much less than the Bekenstein-Hawking entropy), that the Hawking evaporation is a unitary process, and that we can neglect the interaction with other systems (e.g., no large external source of entropy impinging upon the black hole or interacting with the outgoing radiation), the von Neumann entropy of the evaporating black hole equals that of the Hawking radiation that has been emitted. When combined with the assumptions, of the previous paragraph, we reach the conclusion that at retarded time t, the von Neumann entropy of the black hole or of the Hawking radiation cannot exceed the minimum of the two semiclassical entropies given above, S̃_{BH}(t) and S̃_{rad}(t).

Next, based upon what is suggested by the results of [186, 25, 187, 188, 189, 190, 191]), as discussed above, I shall assume that the actual von Neumann entropy of the Hawking radiation up to retarded time t (which is also that of the remaining black hole, though from now on I shall focus on the radiation entropy as potentially being more easily measured) is very near to its maximal allowed value that is the minimum of S̃_{BH}(t) and S̃_{rad}(t).

S̃_{BH}(t) decreases monotonically with time for 0 < t < t_{decay} = γM 3_0 ≈ 8895M 3_0 , and S̃_{rad}(t) increases monotonically with time. The two values cross at the time

t_∗ = 1 − ( β β + 1 )_{3/2} t_{decay} ≡ ϵt_{decay} ≈ 0.53810 t_{decay} ≈ 4786M^3_0

≈ 6.236×10^{66} ( M_0 M_⊙ )_3

yr, (8)

with ϵ ≡ 1 − ( β β + 1 )_{3/2} ≈ 0.53810, (9) at which time the mass of the black hole is

M_∗ = ( β β + 1 )_{1/2} ≈ 0.77301M_0, (10)

and the entropy of the radiation and of the black hole is

S_∗ ≡ S_{vN}(t_∗) = S̃_{BH}(t_∗) = S̃_{rad}(t_∗) = ( β β + 1 ) 4πM^2_0 ≈ 0.59754 S̃_{BH}(0) = 0.59754(4πM^2_0 ) ≈ 7.5089M^2_0 ≈ 6.268 × 10^{76}(M_0/M_⊙)^2. (11)

This time, t_∗ ≈ 0.5381 t_{decay}, under the assumptions being made in this paper, would be the retarded time at which the von Neumann entropy of the Hawking radiation from a large nonrotating uncharged black hole, which was initially in essentially a pure quantum state, reaches its peak value and thereafter decreases. It is what I think is intended to be meant by what is called the ‘Page time’ in the literature [141, 161, 162, 170, 172, 163, 165, 173, 164, 157, 176, 177, 181, 182, 158, 159], though often [161, 162, 170, 163, 164, 157, 181] it is somewhat inaccurately described as something equivalent to the time “when the black hole has emitted half of its initial Bekenstein-Hawking entropy” [161], which would be correct if β, the ratio of the semiclassical entropy emitted in Hawking radiation to the decrease in the Bekenstein-Hawking semiclassical entropy of the black hole, were unity, but it is somewhat different when β ≠ 1, as for the emission of photons and gravitons from a nonrotating uncharged black hole that gives β ≈ 1.4847. In particular, the time at which the black hole area has decreased to half its original value is t_{1/2} = (1 − 2^{−3/2})t_{decay} ≈ 0.6464 t_{decay} ≈ 1.201 t_∗.

As we can see above, under the assumptions that lead to the von Neumann entropy of the radiation being (very nearly) the minimum of the semiclassical entropies of the black hole and of the Hawking radiation, the time t_∗ is actually about 53.81% of the black hole lifetime (or about 83.24% of the time until half the area and half the Bekenstein-Hawking entropy are lost), but on the other hand at this time the black hole has lost only about 40.25% of its original Bekenstein-Hawking entropy. The excess entropy in the radiation over what is lost from the black hole comes from the semiclassical entropy generated in the emission process, which is a nonequilibrium transfer of energy from a black hole of positive temperature to originally empty space of zero temperature. That is, the loss of about 40.25% of the original black hole entropy generates radiation of β ≈ 1.4847 times as much, or about 59.75% of the original black hole entropy, equaling the remaining black hole Bekenstein-Hawking entropy.

Now under the assumptions above, we can say that the von Neumann entropy of the Hawking radiation S_{vN}(t), as a function of the retarded time t, is very nearly the semiclassical radiation entropy S̃_{rad}(t) for t < t_∗ and is very nearly the Bekenstein- Hawking semiclassical black hole entropy S̃_{BH}(t) for t > t_∗. Using the Heaviside step function θ(x), the von Neumann entropy of the Hawking radiation from a large nonrotating uncharged black hole may be written as

S_{vN}(t) ≈ 4πβM^2_0 1 − ( 1 − t t_{decay} )_{2/3} θ(t_∗ − t) + 4πM^2_0 ( 1 − t t_{decay} )_{2/3} θ(t − t_∗)

≈ 4π(1.4847)M^2_0 1 − ( 1 − t 8895M^3_0 )_{2/3} θ(4786M^3_0 − t)

+ 4πM^2_0 ( 1 − t 8895M^3_0 )_{2/3} θ(t − 4786M^3_0 ). (12)

See Figure 1 for a plot of this entropy versus retarded time.

Figure 1: Hawking Radiation Entropy vs. Time

Because of the fluctuations in the black hole emission rate that make the time for a black hole to evaporate down from an initial mass of M_0 to M_∗ ≈ 0.7730M_0 uncertain by an amount of the order of M^2_0 in Planck units, one would expect the peak in the von Neumann entropy function S_{vN}(t) at t = t_∗ to be rounded off over a time scale of the order of M^2_0 , which of course for large black holes is very much smaller than t_∗ ≈ 4786M^3_0 , smaller by a factor of the order of 1/M_0 that is ∼ 10^{−38} for a solar mass black hole. Furthermore, if the von Neumann entropy of the radiation up to retarded time t is evaluated at future null infinity up to its intersection with a null cone moving outward from the center of mass position of the total system of the black hole plus radiation in the center-of-momentum frame of that entire system, the fluctuations of the black hole position from that center of mass that are of the order of M^2_0 [2, 157, 181] would also be expected to contribute to a rounding off of the entropy function S_{vN}(t) by a comparable amount. Since |dS_{vN}(t)/dt| ∼ 1/M_0 on either side of the idealized sharp peak (ignoring this rounding off), the rounding off over a time of the order of M^2_0 would be expected to reduce the maximum value of the peak by an amount ∼ M_0. Therefore, I would expect the peak of the von Neumann entropy of the Hawking radiation actually to be S_∗ ≈ [4πβ/(β + 1)]M^2_0 − O(M_0) ≈ 0.59754 S̃_{BH}(0) = 0.59754(4πM^2_0 ) ≈ 7.5089M^2_0 ≈ 6.268 × 10^{76}(M_0/M_⊙)^2, with a correction (beyond the numerical errors of the coefficients) only of the order of M_0 ∼ 10^{38}(M_0/M_⊙).

One might think that the fluctuations of the black hole position would greatly increase the von Neumann entropy of the Hawking radiation, since if one uses radiation wavepacket modes of definite angular momenta relative to the center of mass of the entire system, the deviation of the black hole from the center of mass when it emits a mode will cause it to have a typical angular momentum of the order of the frequency of the mode, ∼ 1/M ∼ 1/M_0, multiplied by the deviation of the black hole position from the center of mass, ∼ M^2_0 , for an angular momentum j ∼ M_0 about the center of mass. For each time period ∼ M ∼ M_0 over which roughly one particle is emitted by the black hole, the number of angular momentum modes into which the particle could be emitted is ∼ j^2 ∼ M^2_0 . Therefore, the total emission of ∼ M^2_0 Hawking particles would be spread over ∼ M^4_0 modes quasilocalized in both time and angular momentum, with each mode having a probability of being occupied that is p ∼ M^{−2}_0 and hence a von Neumann entropy per mode S_{mode} ≈ −p ln p ∼ M^{−2}_0 ln M_0. If one then sums this von Neumann entropy per mode over the ∼ M^4_0 modes that each have roughly this entropy, one would get a total entropy in the radiation of S_{rad with flucts} ∼ j^2S_{mode} ∼ M^2_0 ln M_0, roughly a factor of the order of ln M_0 ∼ 87 + ln (M_0/M_⊙) times the Bekenstein-Hawking semiclassical entropy of the original black hole of mass M_0.

However, this entropy calculated for the Hawking radiation coming from a black hole, with fluctuations in its position ∼ M^2_0 from fluctuations in the momenta of the previously emitted quanta, is a highly coarse-grained entropy, ignoring the quantum entanglement between the different modes. For example, the apparent source location for a particle emitted at late times will be roughly where the black hole was at the emission time, which depends on the history of the emission of momenta of the earlier particles that determines the black hole recoil that leads to the fluctuations in position. When this quantum entanglement between modes is taken into account (which is absent in the semiclassical approximation that has the black hole remain at the fixed location of the center of mass of the total system, that of the original black hole before any radiation was emitted, and decay with a fixed M(t) that just depends on the expectation value of the emission rate with no quantum fluctuations of the black hole in the semiclassical approximation), I would expect that the von Neumann entropy of the radiation is close to that of the semiclassical approximation up to the time t_∗ at which the semiclassical entropy of the radiation reaches the Bekenstein-Hawking entropy of the black hole, which is presumably a good approximation for the maximum von Neumann entropy of the black hole that always stays equal to the von Neumann entropy of the radiation under my assumptions of a pure initial state, unitary evolution, and the possibility to divide the total system up into black hole and radiation subsystems.

Now the stochastic recoil of the black hole might be expected to increase its von Neumann entropy (and hence also that of the Hawking radiation), but this appears to be by an amount that is quite negligible compared with the Bekenstein-Hawking entropy ∼ M^2_0 . In particular, since the black hole develops a position uncertainty ∼ M^2_0 from its momentum uncertainty ∼ 1 (all in Planck units) from the square root of N ∼ M^2_0 particles emitted each with momentum ∼ 1/M_0, the number of momentum states up to momentum ∼ 1 in the region of volume ∼ M^6_0 would be of the order of ∼ M^6_0 , which would lead to an entropy of the order of the logarithm of this number of states, or ∼ 6 ln M_0 ∼ 522 + 6 ln (M_0/M_⊙). Although this is a large compared with unity, and would lead to a number of states far larger than a googol raised to the nine-fourths power, it is miniscule compared with the maximum von Neumann entropy of the radiation that is here estimated to be S_∗ ≈ 6.268 × 10^{76}(M_0/M_⊙)^2, and also very much smaller than the uncertainty of this that I have estimated to be ∼ M_0 ∼ 10^{38}(M_0/M_∗).

In conclusion, under the assumptions that a large (say solar mass or greater) nonrotating uncharged (Schwarzschild) black hole starts in nearly a pure quantum state and decays away completely by a unitary process while being nearly maximally scrambled at all times, the von Neumann entropy of the Hawking radiation (almost entirely photons and gravitons for such a large black hole, assuming no other particles of rest mass m^<∼ 10^{−10} eV) increases up to a maximum of S_∗ ≈ 0.59754(4πM^2_0 ) ≈ 7.5089M^2_0 ≈ 6.268 × 10^{76}(M_0/M_⊙)^2 at time t_∗ ≈ 0.53810 t_{decay} ≈ 4786M^3_0 ≈ 6.236 × 10^{66}(M_0/M_⊙)^3yr and then decreases back down to near zero (the von Neumann entropy of the original black hole, assumed to be small). The numerically estimated time dependence of the von Neumann entropy of the Hawking radiation is given by Eq. (12) and is plotted in Figure 1.

Appreciation is expressed to Leonard Susskind for inviting me to the 2012 November 30 - December 1 firewall conference at Stanford University, and to the participants there (particular Andrew Strominger, who asked explicitly about the time dependence of the radiated entropy), who motivated me to dig out my old numerical calculations to give the estimate of the time dependence of the von Neumannn entropy of the Hawking radiation. This work was supported in part by the Natural Sciences and Engineering Research Council of Canada.

References

[1] S. W. Hawking, “Breakdown of Predictability in Gravitational Collapse,” Phys.

Rev. D 14, 2460 (1976).

[2] D. N. Page, “Is Black Hole Evaporation Predictable?,” Phys. Rev. Lett. 44, 301 (1980).

[3] R. M. Wald, “Quantum Gravity And Time Reversibility,” Phys. Rev. D 21, 2742 (1980).

[4] D. N. Page, “Is Quantum Gravity Deterministic And/or Time Symmetric?,” Gen. Rel. Grav. 14, 299 (1982).

[5] S. W. Hawking, “The Unpredictability of Quantum Gravity,” Commun. Math.

Phys. 87, 395 (1982).

[6] D. N. Page, “Is Our Universe An Open System?,” In *Shanghai 1982, Proceedings, General Relativity. Part B*, 1153-1155

[7] L. Alvarez-Gaume and C. Gomez, “Remarks On Quantum Gravity,” Commun.

Math. Phys. 89, 235 (1983).

[8] D. J. Gross, “Is Quantum Gravity Unpredictable?,” Nucl. Phys. B 236, 349 (1984).

[9] A. Strominger, “Vacuum Topology And Incoherence In Quantum Gravity,” Phys. Rev. Lett. 52, 1733 (1984).

[10] G. ’t Hooft, “On the Quantum Structure of a Black Hole,” Nucl. Phys. B 256, 727 (1985).

[11] M. J. Bowick, L. Smolin and L. C. R. Wijewardhana, “Does String Theory Solve The Puzzles Of Black Hole Evaporation?,” Gen. Rel. Grav. 19, 113 (1987).

[12] R. D. Carlitz and R. S. Willey, “The Lifetime Of A Black Hole,” Phys. Rev. D 36, 2336 (1987).

[13] S. W. Hawking, “Quantum Coherence Down the Wormhole,” Phys. Lett. B 195, 337 (1987).

[14] S. W. Hawking and R. Laflamme, “Baby Universes And The Nonrenormalizability Of Gravity,” Phys. Lett. B 209, 39 (1988).

[15] G. ’t Hooft, “The black hole interpretation of string theory,” Nucl. Phys. B 335, 138 (1990).

[16] J. H. Schwarz, “Can string theory overcome deep problems in quantum gravity?,” Phys. Lett. B 272, 239 (1991).

[17] J. A. Harvey and A. Strominger, “Quantum aspects of black holes,” In *Trieste 1992, Proceedings, String theory and quantum gravity ’92* 122-171 [hep-th/9209055].

[18] J. Preskill, “Do black holes destroy information?,” In *Houston 1992, Proceedings, Black holes, membranes, wormholes and superstrings* 22-39, and Caltech Pasadena - CALT-68-1819 (92,rec.Oct.) 17 p [hep-th/9209058].

[19] T. Banks, M. O’Loughlin and A. Strominger, “Black hole remnants and the information puzzle,” Phys. Rev. D 47, 4476 (1993) [hep-th/9211030].

[20] J. D. Bekenstein, “How fast does information leak out from a black hole?,” Phys. Rev. Lett. 70, 3680 (1993) [hep-th/9301058].

[21] F. Wilczek, “Quantum purity at a small price: Easing a black hole paradox,” In *Houston 1992, Proceedings, Black holes, membranes, wormholes and superstrings* 1-21, and Inst. Adv. Stud. Princeton - IASSNS-HEP-93-012 (93/02,rec.Mar.) 19 p. (306377) [hep-th/9302096].

[22] U. H. Danielsson and M. Schiffer, “Quantum mechanics, common sense and the black hole information paradox,” Phys. Rev. D 48, 4779 (1993) [gr-qc/9305012].

[23] D. N. Page, “Black hole information,” in Proceedings of the 5th Canadian Conference on General Relativity and Relativistic Astrophysics, eds. R. B. Mann and R. G. McLenaghan (World Scientific, Singapore, 1994), pp. 1-41, hep-th/9305040; see also the 292 references cited therein.

[24] L. Susskind, L. Thorlacius and J. Uglum, “The Stretched horizon and black hole complementarity,” Phys. Rev. D 48, 3743 (1993) [hep-th/9306069].

[25] D. N. Page, “Information in Black Hole Radiation,” Phys. Rev. Lett. 71, 3743 (1993) [hep-th/9306083].

[26] L. Susskind, “String theory and the principles of black hole complementarity,” Phys. Rev. Lett. 71, 2367 (1993) [hep-th/9307168].

[27] L. Susskind and L. Thorlacius, “Gedanken experiments involving black holes,” Phys. Rev. D 49, 966 (1994) [hep-th/9308100].

[28] C. R. Stephens, G. ’t Hooft and B. F. Whiting, “Black hole evaporation without information loss,” Class. Quant. Grav. 11, 621 (1994) [gr-qc/9310006].

[29] J. W. Moffat, “Predictability in quantum gravity and black hole evaporation,” gr-qc/9312017.

[30] T. M. Fiola, J. Preskill, A. Strominger and S. P. Trivedi, “Black hole thermodynamics and information loss in two-dimensions,” Phys. Rev. D 50, 3987 (1994) [hep-th/9403137].

[31] J. Polchinski and A. Strominger, “A Possible resolution of the black hole information puzzle,” Phys. Rev. D 50, 7403 (1994) [hep-th/9407008].

[32] A. Strominger, “Unitary rules for black hole evaporation,” hep-th/9410187.

[33] D. N. Page, “Information loss in black holes and/or conscious beings?,” hep-th/9411193.

[34] V. P. Frolov, L. Thorlacius, S. B. Giddings, A. Strominger, D. A. Lowe, A. O. Barvinsky and P. C. Argyres, “Quantum aspects of gravity,” astro-ph/9412046.

[35] T. Banks, “Lectures on black holes and information loss,” Nucl. Phys. Proc.

Suppl. 41, 21 (1995) [hep-th/9412131].

[36] U. H. Danielsson, “String theory, black holes and Klein’s lemma,” In *Stockholm 1994, The Oskar Klein centenary* 36-47, and Uppsala U. - UU-ITP-94-20 (94/11,rec.Jan.95) 17 p [quant-ph/9412003].

[37] A. Strominger, “Les Houches lectures on black holes,” hep-th/9501071. [38] D. A. Lowe, “The Planckian conspiracy: String theory and the black hole information paradox,” Nucl. Phys. B 456, 257 (1995) [hep-th/9505074].

[39] J. Polchinski, “String theory and black hole complementarity,” In *Los Angeles 1995, Future perspectives in string theory* 417-426 [hep-th/9507094].

[40] N. Itzhaki, “Black hole information versus locality,” Phys. Rev. D 54, 1557 (1996) [hep-th/9510212].

[41] H. S. Nastase, “A Possible solution of the black hole information paradox through quantum gravity unified with other interactions,” hep-th/9601042.

[42] C. G. Callan and J. M. Maldacena, “D-brane approach to black hole quantum mechanics,” Nucl. Phys. B 472, 591 (1996) [hep-th/9602043].

[43] G. ’t Hooft, “The Scattering matrix approach for the quantum black hole: An Overview,” Int. J. Mod. Phys. A 11, 4623 (1996) [gr-qc/9607022].

[44] G. T. Horowitz and D. Marolf, “Where is the information stored in black holes?,” Phys. Rev. D 55, 3654 (1997) [hep-th/9610171].

[45] F. Englert, “On the black hole unitarity issue,” hep-th/9705115. [46] B. S. Kay, “Entropy defined, entropy increase and decoherence understood, and some black hole puzzles solved,” hep-th/9802172.

[47] D. A. Lowe and L. Thorlacius, “AdS / CFT and the information paradox,” Phys. Rev. D 60, 104012 (1999) [hep-th/9903237].

[48] P. Hajicek, “What simplified models say about unitarity and gravitational collapse,” Nucl. Phys. Proc. Suppl. 88, 114 (2000) [gr-qc/9912064].

[49] D. Bigatti and L. Susskind, “TASI lectures on the holographic principle,” hep-th/0002044.

[50] G. ’t Hooft, “The Holographic principle: Opening lecture,” hep-th/0003004.

[51] F. J. Tipler, J. Graber, M. McGinley, J. Nichols-Barrer and C. Staecker, “Closed universes with black holes but no event horizons as a solution to the black hole information problem,” Mon. Not. Roy. Astron. Soc. 379, 629 (2007) [gr-qc/0003082].

[52] A. W. Peet, “TASI lectures on black holes in string theory,” hep-th/0008241. [53] S. R. Das and S. D. Mathur, “The quantum physics of black holes: Results from string theory,” Ann. Rev. Nucl. Part. Sci. 50, 153 (2000) [gr-qc/0105063].

[54] J. M. Maldacena, “Eternal black holes in anti-de Sitter,” JHEP 0304, 021 (2003) [hep-th/0106112].

[55] L. Susskind, “Twenty years of debate with Stephen,” hep-th/0204027. [56] M. Srednicki, “On the observability of quantum information radiated from a black hole,” hep-th/0207090.

[57] A. E. Shalyt-Margolin and A. Y. .Tregubovich, “Generalized uncertainty relations, fundamental length, density matrix and new view on the black holes information paradox,” gr-qc/0207074.

[58] R. Qi, “A Possible way for getting the information out of a black hole,” gr-qc/0209005.

[59] G. T. Horowitz and J. M. Maldacena, “The Black hole final state,” JHEP 0402, 008 (2004) [hep-th/0310281].

[60] J. D. Bekenstein, “Black holes and information theory,” Contemp. Phys. 45, 31 (2003) [quant-ph/0311049].

[61] D. Gottesman and J. Preskill, “Comment on ‘The Black hole final state’,” JHEP 0403, 026 (2004) [hep-th/0311269].

[62] S. B. Giddings and M. Lippert, “The Information paradox and the locality bound,” Phys. Rev. D 69, 124019 (2004) [hep-th/0402073].

[63] S. Das, “Black hole thermodynamics: Entropy, information and beyond,” Pramana 63, 797 (2004) [hep-th/0403202].

[64] L. Thorlacius, “Black holes and the holographic principle,” hep-th/0404098. [65] M. K. Parikh, “A Secret tunnel through the horizon,” Int. J. Mod. Phys. D 13, 2351 (2004) [Gen. Rel. Grav. 36, 2419 (2004)] [hep-th/0405160].

[66] S. N. Solodukhin, “Can black hole relax unitarily?,” hep-th/0406130. [67] A. Valentini, “Black holes, information loss, and hidden variables,” hep-th/0407032.

[68] V. V. Flambaum, “Tunneling into black hole, escape from black hole, reflection from horizon and pair creation,” gr-qc/0408013.

[69] M. Rabinowitz, “Black hole paradoxes,” astro-ph/0412101. [70] S. N. Solodukhin, “Restoring unitarity in BTZ black hole,” Phys. Rev. D 71, 064006 (2005) [hep-th/0501053].

[71] X. -H. Ge and Y. -G. Shen, “Reconsidering the black hole final state in Dirac fields,” Phys. Lett. B 612, 61 (2005) [hep-th/0501131].

[72] J. G. Russo, “The Information problem in black hole evaporation: Old and recent results,” hep-th/0501132.

[73] J. L. F. Barbon and E. Rabinovici, “Topology change and unitarity in quantum black hole dynamics,” hep-th/0503144.

[74] A. J. M. Medved and E. C. Vagenas, “On Hawking radiation as tunneling with logarithmic corrections,” Mod. Phys. Lett. A 20, 1723 (2005) [gr-qc/0505015].

[75] H. D. Zeh, “Where has all the information gone?,” Phys. Lett. A 347, 1 (2005) [gr-qc/0507051].

[76] A. N. S. . J. Farley and P. D. D’Eath, “Bogoliubov transformations for amplitudes in black-hole evaporation,” Phys. Lett. B 613, 181 (2005) [gr-qc/0510027].

[77] S. W. Hawking, “Information loss in black holes,” Phys. Rev. D 72, 084013 (2005) [hep-th/0507171].

[78] J. Pullin, “Matters of gravity: The Newsletter of the topical group in gravitation of the American Physical Society,” gr-qc/0510021.

[79] M. BEinhorn, “The Black hole information paradox,” hep-th/0510148. [80] D. A. Lowe and L. Thorlacius, “Comments on the black hole information problem,” Phys. Rev. D 73, 104027 (2006) [hep-th/0601059].

[81] S. L. Braunstein and A. K. Pati, “Quantum information cannot be completely hidden in correlations: Implications for the black-hole information paradox,” Phys. Rev. Lett. 98, 080502 (2007) [gr-qc/0603046].

[82] S. B. Giddings, “Locality in quantum gravity and string theory,” Phys. Rev. D 74, 106006 (2006) [hep-th/0604072].

[83] D. Ahn, “Control of black hole evaporation?,” JHEP 0703, 021 (2007) [hep-th/0604196].

[84] S. B. Giddings, “Black hole information, unitarity, and nonlocality,” Phys. Rev.

D 74, 106005 (2006) [hep-th/0605196].

[85] D. Ahn, “On the final state boundary condition of the Schwarzschild black hole,” Phys. Rev. D 74, 084010 (2006) [hep-th/0606028].

[86] S. B. Giddings, “(Non)perturbative gravity, nonlocality, and nice slices,” Phys.

Rev. D 74, 106009 (2006) [hep-th/0606146].

[87] D. Ahn, “Information paradox and black hole final state for fermions,” hep-th/0607170.

[88] S. D. H. Hsu, “Spacetime topology change and black hole information,” Phys.

Lett. B 644, 67 (2007) [hep-th/0608175].

[89] R. Brustein, M. B. Einhorn and A. Yarom, “Entanglement and Nonunitary Evolution,” JHEP 0704, 086 (2007) [hep-th/0609075].

[90] I. Bena and N. P. Warner, “Black holes, black rings and their microstates,” Lect. Notes Phys. 755, 1 (2008) [hep-th/0701216].

[91] S. B. Giddings, “Quantization in black hole backgrounds,” Phys. Rev. D 76, 064027 (2007) [hep-th/0703116 [HEP-TH]].

[92] R. Srikanth and S. Hebri, “Godel incompleteness and the black hole information paradox,” arXiv:0705.0147 [quant-ph].

[93] S. B. Giddings, “Black holes, information, and locality,” Mod. Phys. Lett. A 22, 2949 (2007) [arXiv:0705.2197 [hep-th]].

[94] H. Nikolic, “Black-hole information puzzle: A generic string-inspired approach,” Eur. Phys. J. C 54, 319 (2008) [arXiv:0708.0729 [hep-th]].

[95] P. Hayden and J. Preskill, “Black holes as mirrors: Quantum information in random subsystems,” JHEP 0709, 120 (2007) [arXiv:0708.4025 [hep-th]].

[96] L. Herrera, “Possible way out of the Hawking paradox: Erasing the information at the horizon,” Int. J. Mod. Phys. D 17, 2507 (2009) [arXiv:0709.4674 [gr-qc]].

[97] S. -Y. Lin and B. L. Hu, “Quantum entanglement, recoherence and information flow in an accelerated detector - quantum field system: Implications for black hole information issue,” Class. Quant. Grav. 25, 154004 (2008) [arXiv:0710.0435 [gr-qc]].

[98] D. Chen and S. Yang, “Information loss and tunneling radiation of the nonstationary Dilaton-Maxwell black hole,” Int. J. Mod. Phys. D 16, 1295 (2007).

[99] C. Barcelo, S. Liberati, S. Sonego and M. Visser, “Fate of gravitational collapse in semiclassical gravity,” Phys. Rev. D 77, 044032 (2008) [arXiv:0712.1130 [grqc]].

[100] D. Ahn, Y. H. Moon, R. B. Mann and I. Fuentes-Schuller, “The Black hole final state for the Dirac fields In Schwarzschild spacetime,” JHEP 0806, 062 (2008) [arXiv:0801.0471 [hep-th]].

[101] S. D. Mathur, “What Exactly is the Information Paradox?,” Lect. Notes Phys.

769, 3 (2009) [arXiv:0803.2030 [hep-th]].

[102] C. Bambi, “A Note on the black hole information paradox in de Sitter spacetimes,” Commun. Theor. Phys. 52, 78 (2009) [arXiv:0803.2467 [hep-th]].

[103] S. D. H. Hsu and D. Reeb, “Unitarity and the Hilbert space of quantum gravity,” Class. Quant. Grav. 25, 235007 (2008) [arXiv:0803.4212 [hep-th]].

[104] K. Skenderis and M. Taylor, “The fuzzball proposal for black holes,” Phys.

Rept. 467, 117 (2008) [arXiv:0804.0552 [hep-th]].

[105] H. Nikolic, “Quantum black-hole information missing in the semiclassical treatment,” arXiv:0805.2555 [gr-qc].

[106] S. D. Mathur, “Tunneling into fuzzball states,” Gen. Rel. Grav. 42, 113 (2010) [arXiv:0805.3716 [hep-th]].

[107] V. Pankovic, R. Glavatovic, S. Ciganovic, D. -H. Petkovic and L. -L. Martinovic, “Single Horizon Black Hole ’Laser’ and a Solution of the Information Loss Paradox,” arXiv:0807.1840 [gr-qc].

[108] N. Iizuka, T. Okuda and J. Polchinski, “Matrix Models for the Black Hole Information Paradox,” JHEP 1002, 073 (2010) [arXiv:0808.0530 [hep-th]].

[109] S. Hossenfelder and L. Smolin, “Conservative solutions to the black hole information problem,” Phys. Rev. D 81, 064009 (2010) [arXiv:0901.3156 [gr-qc]].

[110] B. Zhang, Q. -y. Cai, L. You and M. -s. Zhan, “Hidden Messenger Revealed in Hawking Radiation: A Resolution to the Paradox of Black Hole Information Loss,” Phys. Lett. B 675, 98 (2009) [arXiv:0903.0893 [hep-th]].

[111] S. D. H. Hsu and D. Reeb, “Black holes, information and decoherence,” Phys.

Rev. D 79, 124037 (2009) [arXiv:0903.2258 [gr-qc]].

[112] S. Liberati, L. Sindoni and S. Sonego, “Linking the trans-Planckian and the information loss problems in black hole physics,” Gen. Rel. Grav. 42, 1139 (2010) [arXiv:0904.0815 [gr-qc]].

[113] H. Nikolic, “Resolving the black-hole information paradox by treating time on an equal footing with space,” Phys. Lett. B 678, 218 (2009) [arXiv:0905.0538 [gr-qc]].

[114] Y. -X. Chen and K. -N. Shao, “Information loss and entropy conservation in quantum corrected Hawking radiation,” Phys. Lett. B 678, 131 (2009) [arXiv:0905.0948 [hep-th]].

[115] S. D. Mathur, “How fast can a black hole release its information?,” Int. J.

Mod. Phys. D 18, 2215 (2009) [arXiv:0905.4483 [hep-th]].

[116] A. Strominger, “Five Problems in Quantum Gravity,” Nucl. Phys. Proc. Suppl.

192-193, 119 (2009) [arXiv:0906.1313 [hep-th]].

[117] B. Zhang, Q. -y. Cai, M. -s. Zhan and L. You, “Entropy is Conserved in Hawking Radiation as Tunneling: a Revisit of the Black Hole Information Loss Paradox,” Annals Phys. 326, 350 (2011) [arXiv:0906.5033 [hep-th]].

[118] D. -h. Yeom and H. Zoe, “Semi-classical black holes with large N rescaling and information loss problem,” Int. J. Mod. Phys. A 26, 3287 (2011) [arXiv:0907.0677 [hep-th]].

[119] H. Dong, Q. -y. Cai, X. F. Liu and C. P. Sun, “One Hair Postulate for Hawking Radiation as Tunneling Process,” arXiv:0907.2085 [hep-th].

[120] S. D. Mathur, “The Information paradox: A Pedagogical introduction,” Class.

Quant. Grav. 26, 224001 (2009) [arXiv:0909.1038 [hep-th]].

[121] K. Shiokawa, “Quantum Teleportation with an Accelerated Observer and Black Hole Information,” arXiv:0910.1715 [gr-qc].

[122] S. B. Giddings, “Nonlocality versus complementarity: A Conservative approach to the information problem,” Class. Quant. Grav. 28, 025002 (2011) [arXiv:0911.3395 [hep-th]].

[123] D. -h. Yeom, “Generation of a bubble universe and the information loss problem,” arXiv:0912.0068 [gr-qc].

[124] H. Nikolic, “The Spacetime View of the Information Paradox,” Int. J. Quant.

Inf. 10, 1250024 (2012) [arXiv:0912.1938 [gr-qc]].

[125] I. Sakalli, M. Halilsoy and H. Pasaoglu, “Entropy Conservation of Linear Dilaton Black Holes in Quantum Corrected Hawking Radiation,” Int. J. Theor. Phys. 50, 3212 (2011) [arXiv:1001.3739 [gr-qc]].

[126] A. Dragan, “Debunking the black hole information paradox,” [arXiv:1003.0094 [quant-ph]].

[127] S. D. H. Hsu, “The Black hole information paradox and macroscopic superpositions,” J. Phys. Conf. Ser. 222, 012037 (2010) [arXiv:1003.5382 [gr-qc]].

[128] S. D. Mathur, “Membrane paradigm realized?,” Gen. Rel. Grav. 42, 2331 (2010) [Int. J. Mod. Phys. D 19, 2423 (2010)] [arXiv:1005.3555 [hep-th]].

[129] S. B. Giddings, M. Schmidt-Sommerfeld and J. R. Andersen, “High energy scattering in gravity and supergravity,” Phys. Rev. D 82, 104022 (2010) [arXiv:1005.5408 [hep-th]].

[130] D. Ahn, “Entanglement and final state of a black hole under general unitary transformation,” arXiv:1006.1234 [quant-ph].

[131] D. Ahn, “Black hole state evolution and Hawking radiation,” arXiv:1006.2198 [hep-th].

[132] N. D. Pappas, “A New approach to information loss (no) problem for Black Holes,” Int. J. Theor. Math. Phys. 2N2, 5 (2012) [arXiv:1009.5111 [gr-qc]].

[133] F. Englert and P. Spindel, “The Hidden horizon and black hole unitarity,” JHEP 1012, 065 (2010) [arXiv:1009.6190 [hep-th]].

[134] B. Zhang, Q. -y. Cai, M. -s. Zhan and L. You, “An interpretation for the entropy of a black hole,” Gen. Rel. Grav. 43, 797 (2011) [arXiv:1102.5144 [grqc]].

[135] S. D. Mathur, “The Information paradox and the infall problem,” Class.

Quant. Grav. 28, 125010 (2011) [arXiv:1012.2101 [hep-th]].

[136] C. -Z. Liu, “Hawking radiation via tunneling of massive particles from a gravity’s rainbow,” Mod. Phys. Lett. A 25, 3229 (2010).

[137] H. Nikolic, “Time in quantum gravity and black-hole information paradox,” arXiv:1101.2744 [gr-qc].

[138] S. D. Mathur and C. J. Plumberg, “Correlations in Hawking radiation and the infall problem,” JHEP 1109, 093 (2011) [arXiv:1101.4899 [hep-th]].

[139] V. Balasubramanian and B. Czech, “Quantitative approaches to information recovery from black holes,” Class. Quant. Grav. 28, 163001 (2011) [arXiv:1102.3566 [hep-th]].

[140] S. B. Giddings, “The gravitational S-matrix: Erice lectures,” arXiv:1105.2036 [hep-th].

[141] B. Czech, K. Larjo and M. Rozali, “Black Holes as Rubik’s Cubes,” JHEP 1108, 143 (2011) [arXiv:1106.5229 [hep-th]].

[142] S. D. Mathur, “What the information paradox is not,” arXiv:1108.0302 [hepth].

[143] L. Smolin, “The black hole information paradox and relative locality,” arXiv:1108.0910 [gr-qc].

[144] S. B. Giddings, “Models for unitary black hole disintegration,” Phys. Rev. D 85, 044038 (2012) [arXiv:1108.2015 [hep-th]].

[145] M. B. Cantcheff, “Emergent spacetime, and a model for unitary gravitational collapse in AdS,” arXiv:1110.0867 [hep-th].

[146] N. D. Pappas, “On the preservation of unitarity during black hole evolution and information extraction from its interior,” Mod. Phys. Lett. A 27, 12501 (2012) [arXiv:1201.0475 [gr-qc]].

[147] S. B. Giddings, “Black holes, quantum information, and unitary evolution,” Phys. Rev. D 85, 124063 (2012) [arXiv:1201.1037 [hep-th]].

[148] S. D. Mathur, “The information paradox: conflicts and resolutions,” Pramana 79, 1059 (2012) [arXiv:1201.2079 [hep-th]].

[149] S. D. Mathur, “Black Holes and Beyond,” Annals Phys. 327, 2760 (2012) [arXiv:1205.0776 [hep-th]].

[150] S. D. Mathur, “What can the information paradox tell us about the early Universe?,” Int. J. Mod. Phys. D 21, 1241002 (2012) [arXiv:1205.3140 [hepth]].

[151] S. B. Giddings and Y. Shi, “Quantum information transfer and models for black hole mechanics,” arXiv:1205.4732 [hep-th].

[152] M. P. Mueller, J. Oppenheim, O. C. O. Dahlsten, J. Oppenheim and O. C. O. Dahlsten, “The black hole information problem beyond quantum theory,” JHEP 1209, 116 (2012) [arXiv:1206.5030 [hep-th]].

[153] S. D. Mathur, “Black holes and holography,” J. Phys. Conf. Ser. 405, 012005 (2012) [arXiv:1207.5431 [hep-th]].

[154] R. Brustein, “Origin of the blackhole information paradox,” arXiv:1209.2686 [hep-th].

[155] B. S. Kay, “Modern foundations for thermodynamics and the stringy limit of black hole equilibria,” arXiv:1209.5085 [gr-qc].

[156] Q. -y. Cai, B. Zhang, M. -s. Zhan and L. You, “Comment on ’What the information loss is not’,” arXiv:1210.2048 [hep-th].

[157] Y. Nomura, J. Varela and S. J. Weinberg, “Black Holes, Information, and Hilbert Space for Quantum Gravity,” arXiv:1210.6348 [hep-th].

[158] G. Dvali and C. Gomez, “Black Hole Macro-Quantumness,” arXiv:1212.0765 [hep-th].

[159] G. Veneziano, “Quantum hair and the string-black hole correspondence,” arXiv:1212.2606 [hep-th].

[160] M. Faizal, “Absence of Black Holes Information Paradox in Group Field Cosmology,” arXiv:1301.0224 [gr-qc].

[161] A. Almheiri, D. Marolf, J. Polchinski and J. Sully, “Black Holes: Complementarity or Firewalls?,” arXiv:1207.3123 [hep-th].

[162] R. Bousso, “Complementarity Is Not Enough,” arXiv:1207.5192 [hep-th].

[163] L. Susskind, “Singularities, Firewalls, and Complementarity,” arXiv:1208.3445 [hep-th].

[164] L. Susskind, “The Transfer of Entanglement: The Case for Firewalls,” arXiv:1210.2098 [hep-th].

[165] A. Giveon and N. Itzhaki, “String Theory Versus Black Hole Complementarity,” arXiv:1208.3930 [hep-th].

[166] M. Saravani, N. Afshordi and R. B. Mann, “Empty Black Holes, Firewalls, and the Origin of Bekenstein-Hawking Entropy,” arXiv:1212.4176 [hep-th].

[167] I. Bena, A. Puhm and B. Vercnocke, “Non-extremal Black Hole Microstates:

Fuzzballs of Fire or Fuzzballs of Fuzz?,” arXiv:1208.3468 [hep-th]. [168] D. -i. Hwang, B. -H. Lee and D. -h. Yeom, “Is the Firewall Consistent?:

Gedanken Experiments on Black Hole Complementarity and Firewall Proposal,” arXiv:1210.6733 [gr-qc].

[169] H. Culetu, “Comment on ’Empty Black Holes, Firewalls, and the Origin of Bekenstein-Hawking Entropy’,” arXiv:1212.6877 [hep-th].

[170] Y. Nomura, J. Varela and S. J. Weinberg, “Complementarity Endures: No Firewall for an Infalling Observer,” arXiv:1207.6626 [hep-th].

[171] S. D. Mathur and D. Turton, “Comments on Black Holes I: The Possibility of Complementarity,” arXiv:1208.2005 [hep-th].

[172] B. D. Chowdhury and A. Puhm, “Is Alice Burning or Fuzzing?,” arXiv:1208.2026 [hep-th].

[173] T. Banks and W. Fischler, “Holographic Space-Time Does Not Predict Firewalls,” arXiv:1208.4757 [hep-th].

[174] A. Ori, “Firewall or Smooth Horizon?,” arXiv:1208.6480 [gr-qc]. [175] S. Hossenfelder, “Comment on the Black Hole Firewall,” arXiv:1210.5317 [grqc].

[176] S. G. Avery, B. D. Chowdhury and A. Puhm, “Unitarity and Fuzzball Complementarity: ’Alice Fuzzes but May not Even Know It!’,” arXiv:1210.6996 [hep-th].

[177] K. Larjo, D. A. Lowe and L. Thorlacius, “Black Holes without Firewalls,” arXiv:1211.4620 [hep-th].

[178] S. K. Rama, “Remarks on Black Hole Evolution a la Firewalls and Fuzzballs,” arXiv:1211.5645 [hep-th].

[179] D. N. Page, “Hyper-Entropic Gravitational Fireballs (Grireballs) with Firewalls,” arXiv:1211.6734 [hep-th].

[180] K. Papadodimas and S. Raju, “An Infalling Observer in AdS/CFT,” arXiv:1211.6767 [hep-th].

[181] Y. Nomura and J. Varela, “A Note on (No) Firewalls: The Entropy Argument,” arXiv:1211.7033 [hep-th].

[182] S. B. Giddings, “Nonviolent nonlocality,” arXiv:1211.7070 [hep-th]. [183] T. Jacobson, “Boundary unitarity without firewalls,” arXiv:1212.6944 [hepth].

[184] S. W. Hawking, “Black hole explosions,” Nature 248, 30 (1974).

[185] S. W. Hawking, “Particle Creation by Black Holes,” Commun. Math. Phys.

43, 199 (1975) [Erratum-ibid. 46, 206 (1976)].

[186] D. N. Page, “Average Entropy of a Subsystem,” Phys. Rev. Lett. 71, 1291 (1993) [gr-qc/9305007].

[187] Y. Sekino and L. Susskind, “Fast Scramblers,” JHEP 0810, 065 (2008) [arXiv:0808.2096 [hep-th]].

[188] L. Susskind, “Addendum to Fast Scramblers,” arXiv:1101.6048 [hep-th]. [189] N. Lashkari, D. Stanford, M. Hastings, T. Osborne and P. Hayden, “Towards the Fast Scrambling Conjecture,” arXiv:1111.6580 [hep-th].

[190] M. Edalati, W. Fischler, J. F. Pedraza and W. Tangarife Garcia, “Fast Scramblers and Non-commutative Gauge Theories,” JHEP 1207, 043 (2012) [arXiv:1204.5748 [hep-th]].

[191] J. L. F. Barbon and J. M. Magan, “Fast Scramblers, Horizons and Expander Graphs,” JHEP 1208, 016 (2012) [arXiv:1204.6435 [hep-th]].

[192] D. N. Page, “Particle Emission Rates from a Black Hole: Massless Particles from an Uncharged, Nonrotating Hole,” Phys. Rev. D 13, 198 (1976).

[193] D. N. Page, “Particle Emission Rates from a Black Hole. 2. Massless Particles from a Rotating Hole,” Phys. Rev. D 14, 3260 (1976).

[194] D. N. Page, “Particle Emission Rates from a Black Hole. 3. Charged Leptons from a Nonrotating Hole,” Phys. Rev. D 16, 2402 (1977).

[195] J. Beringer et al. [Particle Data Group Collaboration], “Review of Particle Physics (RPP),” Phys. Rev. D 86, 010001 (2012).

[196] W. H. Zurek, “Entropy Evaporated by a Black Hole,” Phys. Rev. Lett. 49, 1683 (1982).

[197] D. N. Page, “Comment On ‘Entropy Evaporated by a Black Hole’,” Phys.

Rev. Lett. 50, 1013 (1983).

[198] D. N. Page, “Hawking Radiation and Black Hole Thermodynamics,” New J.

Phys. 7, 203 (2005) [hep-th/0409024].

[199] J. D. Bekenstein, “Black holes and the second law,” Lett. Nuovo Cim. 4, 737 (1972).

[200] J. D. Bekenstein, “Black holes and entropy,” Phys. Rev. D 7, 2333 (1973).