arXiv:1301.5092v2 [hep-th] 12 Feb 2013

Correlators of massive string states with conserved currents

George Georgiou^a, Bum-Hoon Lee^b and Chanyong Park^b

aDemokritos National Research Center, Institute of Nuclear and Particle Physics, Ag. Paraskevi, GR-15310 Athens, Greece, b Center for Quantum Spacetime (CQUeST), Sogang University, Seoul 121-742, Korea

georgiou@inp.demokritos.gr, bhl@sogang.ac.kr, cyong21@sogang.ac.kr

Abstract

We calculate correlation functions of the R-current or the stress-energy tensor T_{μν} with two non-protected operators dual to generic massive string states with rotation in S^5, in the context of the AdS/CFT correspondence. Field theory Ward identities make predictions about the all-loop behaviour of these correlators. In particular, they restrict the fusion coefficient to be proportional to the R-charge of the operators or to their dimension, respectively, with certain coefficients of proportionality. We reproduce these predictions, at strong coupling, using string theory. Furthermore, we point out that the recently observed strong coupling factorisation of 4-point correlators is consistent with conformal symmetry and puts constraints on the strong coupling expressions of 4-point correlators involving R-currents or the stress-energy tensor.

1 Introduction

The AdS/CFT correspondence [1] claims a duality between N = 4 Super Yang-Mills (SYM) theory and type-IIB superstring theory on AdS_5 × S^5 background. Remarkably, both theories appear to be integrable, at least at the planar level. The presence of integrability allows oneself to hope that one day both theories will be ”solved” and the AdS/CFT correspondence will be proven. On the field theory side this requires two pieces of information. One needs to be able to identify the conformal dimensions of all composite operators of the theory, as well as the structure constants that determine the Operator Product Expansion (OPE) between two primary operators. Recently, significant progress has been made in the computation of the planar conformal dimensions of non-protected operators for any value of the coupling constant, employing integrability (for a recent review see [2]). On the other hand, much less is known about the structure constants.

Our current knowledge of the structure constants comes from a perturbative expansion either around λ = 0, or around λ = ∞ where the IIB string theory is approximated by a simpler description. Comparison of the 3-point correlators among half-BPS operators in these two different limits led the authors of [3] to conjectured that the corresponding structure constants are non-renormalised. On the contrary the 3-point correlators among non-protected operators receive quantum corrections. On the gauge theory side, the authors of [4–7] studied systematically the structure constants and computed the corrections arising from the planar 1-loop Feynman diagrams. In order to evaluate the correction to the structure constants which is of order λ one has to take into account intricate mixing effects related to the fact that the 2-loop eigenstates of the dilatation operator are needed. The importance of this operator mixing was stressed in [8,5,9]. Resolution of the mixing made possible a systematic one-loop study of three-point functions involving single trace conformal primary operators up to length five [6]. On the string theory side it is more difficult to extract information about non-protected OPE coefficients. This is so because, in the supergravity limit, all non-protected operators acquire large conformal dimension and decouple. However, one can obtain information about non-BPS structure constants by studying the BMN limit of type-IIB string theory [10].

Recently, another approach to the calculation of n-points correlators involving non- BPS states was developed [11–15]. More precisely, the authors of [12] argued that it should be possible to obtain the correlation functions of local operators corresponding to classical spinning string states, at strong coupling, by evaluating the string action on a classical solution with appropriate boundary conditions after convoluting with the relevant to the classical states wavefunctions. In [13, 16], 2-point and 3-point correlators of vertex operators representing classical string states with large spins were calculated. Finally, in a series of papers [14, 15, 17] the 3-point function coefficients of a correlator involving a massive string state, its conjugate and a third ”light” state state were computed. This was done by taking advantage of the known classical solutions corresponding to the 2-point correlators of operators dual to massive string states.

More recently, an intriguing weak/strong coupling match of correlators involving operators in the SU(3) sector was observed [18]^1. This match was found to hold for correlators of two non-protected operators in the Frolov-Tseytlin limit and one short BPS operator^2. In [23], this weak/strong coupling match was extended to correlators involving operators in the SL(2, R) closed subsector of N = 4 SYM theory^3. Furthermore, by performing Pohlmeyer reduction for classical solutions living in AdS_2 but with a prescribed nonzero energy-momentum tensor the authors of [25] calculated the AdS contribution to the three-point coefficient of three heavy states rotating purely in S^{5 4}. In the same spirit, the three-point fusion coefficient of three GKP strings was calculated in [27]. Finally, an interesting approach to holographic three-point functions for operators dual to short string states was developed in [28].

The plan for the rest of this paper is as follows. In Section 2, we present the strong coupling calculation of the 3-point correlator involving an R-current and two scalar operators dual to massive string states with arbitrary charges in S^5. This particular 3-point correlator obeys a Ward identity which restricts the corresponding structure constant to be proportional to the R-charge of the non-protected operators to all orders in perturbation theory. We verify this expectation at the strong coupling regime by employing the AdS/CFT correspondence. In Section 3, we present the strong coupling calculation of the 3-point correlator between the stress-energy tensor T_{μν} and the same two scalar operators of Section 2. In this case, conformal symmetry requires that the structure constant will be proportional to the conformal dimension of the massive operators with a certain coefficient of proportionality. As in Section 2, the string theory result agrees perfectly with the field theory expectation. Both agreements provide non-trivial tests of both the dictionary of the AdS/CFT correspondence and the AdS/CFT correspondence itself. Finally, in Section 4 we focus on the 4-point correlators between an R-current or a stress-energy operator and three scalar operators. We point out that the strong coupling factorisation of [29] is consistent with conformal symmetry in the case where one of the light operators is the R-current or the stress-energy tensor. Furthermore, we analyse the constraints that the aforementioned factorisation imposes on the strong coupling form of

13-point functions were also studied in [19, 18, 20] from the perspective of integrability. 2The authors of [21] have calculated the one-loop correction to the structure constants of operators in the SU(2) sub-sector to find that this agreement is spoiled. One can also employ the BMN limit where agreement at the 1-loop level was found at [22].

3For other interesting works on 3-point functions involving operators in the SL(2) sector see [24]. 4The authors of [26] questioned this result arguing that string solutions with no AdS_5 charges should be point-like in the AdS_5 space.

the above 4-point correlators.

2 3-point correlator of an R-current and two massive string states

Correlation functions involving the R-symmetry current have been extensively calculated in the context of the AdS/CFT duality. In fact one of the first checks of the duality was the matching of the parity odd part of the correlator of three R-symmetry operators. The Adler-Bardeen theorem states that this correlator receives contribution only from one-loop Feynman diagrams. The very same correlation function was calculated at strong coupling by means of type-IIB supergravity and agreement between the field theory and supergravity results was found [30, 31]. Another class of correlation functions studied was that of an R-symmetry current and two scalar BPS-states [30]. Again the result at strong coupling, as calculated from supergravity, was found to be in perfect agreement with the expectation from field theory. In this case, the comparison was possible due to the fact that the aforementioned correlator satisfies certain Ward identities related to the conservation of the R-current.

In all the cases mentioned above one had to restrict himself to BPS operators since only the supergravity approximation was under control. In this section we evaluate the three-point correlation function of an R-current with two operators dual to semi-classical string states. The result of the strong coupling calculation is in perfect agreement with the conformal Ward identity providing a check of both the dictionary and the AdS/CFT correspondence itself.

2.1 A Ward identity

It is well-known that conformal symmetry completely fixes the space-time structure of 3-point functions of a vector operator V_μ, a scalar operator O_Δ and its conjugate Ō_Δ as follows [32]

P_{3μ} = ⟨V_μ(x) O_Δ(x_1) Ō_Δ(x_2)⟩ =

C_{123}(λ) x^{2Δ−2}_{12} (x_1 − x)^2(x_2 − x)^2

E^x_μ (x_1, x_2)

E^x_μ (x_1, x_2) =

(x_1 − x)_μ (x_1 − x)^2 − (x_2 − x)_μ (x_2 − x)^2

. (2.1)

Δ is the conformal dimension of O_Δ which has to be an eigenstate of the dilatation operator. If V_μ is a conserved current, e.g. one of the components of the R-symmetry current j^R_μ , and O_Δ is also an eigenstate of the symmetry generated by j^R_μ then (2.1) obeys a certain Ward identity that reads

⟨∂^μj^R_μ (x) O_Δ(x_1) Ō_Δ(x_2)⟩ = δ^4(x_1 − x)⟨δO_Δ(x_1) Ō_Δ(x_2)⟩ + δ^4(x_2 − x)⟨O_Δ(x_1) δŌ_Δ(x_2)⟩ = J ( δ^4(x_1 − x) − δ^4(x_2 − x) ) ⟨O_Δ(x_1) Ō_Δ(x_2)⟩. (2.2)

In (2.2) J is R-charge of the operator O_Δ. By differentiating (2.1) one obtains

∂^μP_{3μ} = −C_{123}(λ)2π^2 ( δ^4(x_1 − x) − δ^4(x_2 − x) ) 1 x^{2Δ}_{12}

. (2.3)

Comparing (2.2) and (2.3) one gets^5

C_{123}(λ) = − J 2π^2

. (2.4)

This provides an all-loop prediction for the fusion coefficient C_{123}(λ). In the next section we will reproduce both the value of (2.4) and the space-time structure of the correlator (2.1) using string theory.

2.2 Evaluation of ⟨j^R_μ (x) O_Δ(x_1) Ō_Δ(x_2)⟩ at strong coupling

In this section we calculate the 3-point function of an R-symmetry current and two operators dual to generic classical string states with rotation only in S^5 by employing the AdS/CFT correspondence. In order to perform the calculation one should identify which supergravity field is dual to field theory operator j^A_{μB} , A, B = 1, 2, 3, 4. Following [33] we conclude that the dual field is a combination of the metric with one index in AdS_5 and one index in the internal space S^5 and the 4-form potential with 3 indices in the internal space j^A_{μB} ←→ (h_{μα}, A_{μαβγ} ). (2.5) In (2.5) h_{μα} and A_{μαβγ} are the fluctuations of these fields around the AdS_5 × S^5 background. In what follows our string theory computations will be purely at the classical level. At this level, A_{μαβγ} will not contribute since it couples to fermions and its contribution will be suppressed by 1/ √ λ compared to the one coming from the fluctuations of the metric [14]. One can now expand the metric in spherical harmonics of the sphere h_{μα} = ∑ B^{I5}_μ (x)Y^{I5}_α (Ω) = B^{[ij]}_μ (x)Y^{[ij]}_α (Ω) + ..., i, j = 1, ..., 6 (2.6)

The fact that j^A_{μB} transforms in the 15 of SU(4) implies that the sugra field dual to the R-current isB^{[ij]}μ , the first term in the expansion (2.6) (see figure 1 of [33]). The

5In all equations above we have assumed that O_Δ is normalised to 1.

corresponding spherical harmonic Y^{[ij]}α (Ω) is just the component of the [ij] Killing vector of S^5 along the α direction^6. Without any loss of generality one can take the component of the R-current which generates rotations in the [12]-plane. Then the corresponding Killing vector is Y^{[12]} = Y^{[12]α ∂}_{∂ϕα} =^∂_{∂ϕ1} . This is just the Killing vector corresponding to the ϕ_1-isometry of the sphere^7. From the last equation it is obvious that the only non-zero component of Y^{[12]} is Y^{[12]ϕ1} = 1 which directly gives Y^{[12]}_{ϕ1} = g_{ϕ1ϕ1} Y^{[12]ϕ1} = sin^2 γ cos^2 ψ. In conclusion we have Y^{[12]}α = Y^{[12]}_{ϕ1} = sin^2 γ cos^2 ψ.

We are now in position to evaluate our 3-point correlator. To this end we follow [14] and consider ⟨B_i(⃗x)⟩ = ⟨j^{[12]}_i (⃗x) O_Δ(x_1) Ō_Δ(x_2)⟩ ⟨O_Δ(x_1) Ō_Δ(x_2)⟩ = ⟨ B_i(⃗x, x_4 = 0) 1 Z_{string} ∫ DX e^{−Sstring [X,Φ]} ⟩ bulk.(2.7) In (2.7) B_i(⃗x, x_4 = 0) = B^{[12]}_i (⃗x, x_4 = 0) denotes the boundary value of the sugra field dual to the R-current. By Φ we denote all supergravity fields collectively. Also notice that the string action depends not only on the string coordinates X(σ, τ) but on Φ too. Because the sugra field B_i(⃗x, x_4 = 0) is light with respect to the massive string states one can treat the string in first quantised string theory while the sugra field in the supergravity approximation. One can then expand the string action in powers of the sugra fields. The relevant field for us is h_{μα}. S_{str} = √ λ 4π ∫ d^2σ √ gg^{αβ} ∂_αX^M ∂_αX^N G_{MN} + (fermions) ⇒ δS_{str} δh_{μβ} (X) = √ λ 2π ∫ d^2σ (∂_τ X^μ∂_τ X^β + ∂_σ X^μ∂_σX^β) (2.8)

Plugging (2.8) in (2.7) and keeping only the linear in h_{μβ} term we get ⟨B_i(⃗x)⟩ = − ⟨ B_i(⃗x, x_4 = 0) δS_{str}[X, Φ = 0] δh_{μβ}(Z) h_{μβ} (Z) ⟩ bulk = − √ λ 2π ∫ d^2σ (∂_τ Z^μ∂_τ Z^β + ∂_σZ^μ∂_σ Z^β) ⟨ B_i(⃗x, x_4 = 0)B_μ(z) ⟩ bulkY [12]

β (Ω), (2.9)

where we have substituted the relevant spherical harmonic. Here we should mention that in the leading approximation the string path integral of (2.7) is dominated by the classical

6 Here we enumerate the 15 Killing vectors of S^5 by two antisymmetric indices [ij], i, j = 1, ..., 6. 7We consider a parametrisation of the 5-sphere in terms of the angles (γ, ψ, ϕ_1, ϕ_2, ϕ_3) with ds^2_{S5} = dγ^2 + cos^2 γdϕ_3 + sin^2 γ(dψ^2 + cos^2 ψdϕ^2_1 + sin^2 ψdϕ^2), where x_1 + ix_2 = sin γ cos ψe^{iϕ1} , x_3 + ix_4 = sin γ sin ψe^{iϕ2} , x_5 + ix_6 = cos γe^{iϕ3} with

∑_6

i=1 x^2_i = 1.

solution tunnelling from boundary to boundary. In (2.9) one can recognise the bulk-to-boundary propagator for the sugra field^8. This bulk-to-boundary propagator reads [30]

G_{μi}(z; ⃗x, x_4 = 0) =

Γ(4) 2π^2Γ(2) z^2_4 z^2_4 + (⃗z)^2 − ⃗z)^2 ( δ_{μi} − 2 (z − x)_μ (z − x)_i z^2_4 + (⃗z − ⃗x)^2 ) (2.10)

In (2.10) Greek letters μ = 0, 1, 2, 3, 4 denote one of the AdS directions while Latin ones i = 0, 1, 2, 3 denotes the directions along the boundary ∂AdS_5. In order to simplify the calculation we take the limit where the BPS operator insertion on the boundary is very far away from the insertions of the stringy states, that is x_i → ∞. Then the bulk-to-boundary propagator simplifies to

G_{μi}(z; ⃗x, x_4 = 0) = 3 π^2

{_{z24}

(⃗x^2)^3 (δμi − 2x_μx_i ⃗x^2 ) if μ = 0, 1, 2, 3;

z^2_4 (⃗x^2)^3 ( −2z_4(z−x)_i ⃗x^2 ) ≈ 0 if μ = 4 since δ4i = 0.

• String solution

At this point we need to write down the AdS part of the classical string solution propagating from the boundary to the boundary of the AdS space. Since we want string states which are dual to scalar operators we need to consider only strings with rotation purely in S^5. Consequently the solution is pointlike in AdS. In the Poincare patch with Euclidean signature it reads [12]

z_4 = A cosh(kτ)

, z^0 = A tanh(kτ), γ, ψ, ϕ_1, ϕ_2, ϕ_3 = γ, ψ, ϕ_1, ϕ_2, ϕ_3(σ, τ). (2.11)

In this solution the spatial separation of the heavy operators living on the boundary is along the Euclidean time direction and reads |x^0_{12}| = 2A. We should stress that our analysis is valid for a generic sting solution with arbitrary charges in S^5.

Plugging the expressions for the bulk-to-boundary propagator, the relevant spherical harmonic (see discussion above (2.7)) and for the string solution in (2.9) we obtain after performing the τ integral ⟨B_i(⃗x)⟩ = − 3 √ λ 2π^3 1 (⃗x^2)^3 (δ_{μi} − 2x_μx_i ⃗x^2 ) I^μ,

I^{μ=0} = ∫ d^2σ ∂_τ Z^μ∂_τ Z^β Y_β z^2_4 = ∫ d^2σ ∂_τ z^0∂_τ ϕ_1 sin^2 γ cos^2 ψ

A^2 cosh^2(kτ) = 4A^3 3 ∫ dσ sin^2 γ cos^2 ψ ∂ϕ_1 ∂τ = 4A^3 3 J 2π √ λ , (2.12)

8We should mention that the capital symbols like Z correspond 10-dinensional coordinates while the small ones like z 5-dimensional coordinates. Finally, symbols with a vector ⃗x live in the 4-dimensional CFT.

where in the last equation we have used the expression for the conserved charge related to the ϕ_1 angle, J =^{√λ}_{2π} ∫ dσ sin^2 γ cos^2 ψ^{∂ϕ1}_{∂τ} . We should mention that because our string solution extends only in the 0 and 4-directions μ of (2.12) can be 0 or 4. But as we saw below (2.10) in our limit x_i → ∞ the component of the bulk-to-boundary propagator G_{4i} = 0. Thus the only value μ can take is 0. So overall one gets ⟨B_i(⃗x)⟩ = −J 4A^3 π^2 1 (⃗x^2)^3

(δ_{0i} −

2x_0x_i ⃗x^2 ) (2.13)

To be able to compare with field theory one should take the same limit x_i → ∞ to the corresponding expression (2.1) for the 3-point correlator in field theory^9. After half page of algebra the leading term is

⟨j^R_i (x) O_Δ(x_1) Ō_Δ(x_2)⟩ = C_{123}(λ) x^μ_{12} x^{2Δ−2}_{12} 1 (⃗x^2)^3 (δ_{μi} − 2x_μx_i ⃗x^2 ). (2.14)

In order to make contact with (2.13) we have to take into account that the separation of the heavy operators is |x^0_{12}| = 2A and divide (2.14) by the 2-point function of the non-BPS operators to obtain

⟨j^R_i (x) O_Δ(x_1) Ō_Δ(x_2)⟩

⟨O_Δ(x_1) Ō_Δ(x_2)⟩

= C_{123}(λ)(2A)^3 1 (⃗x^2)^3

(δ_{0i} −

2x_0x_i ⃗x^2 ). (2.15)

Direct comparison of (2.15) and (2.13) gives the string theory prediction for the fusion coeeficient

C_{123}(λ >> 1) = − J 2π^2

. (2.16)

This strong coupling result is in perfect agreement with the all-loop prediction based on the field theoretic Ward identity (2.4). Furthermore, the spacetime structure of the correlator computed by means of AdS/CFT is the one specified by the conformal invariance of field theory.

3 3-point correlator of the stress-energy tensor T_{ij} and two massive string states

In this section we calculate the 3-point function of two operators dual to semi-classical string states and the stress-snergy tensor. 2- and 3-point functions involving the stressenergy tensor have been calculated in the past, particularly in relation to the conformal

9Without taking the x_i → ∞ limit, after some tedious calculations, we have also reproduced the exact result (2.1) obtained in the CFT.

anomaly [34–36]. The form of the the 3-point correlator of an arbitrary tensor V_{ij} and two scalar eigenstates of the dilatation operator is constrained by conformal symmetry up to a scalar coefficient C_{123}(λ)

⟨V_{ij}(x) O_Δ(x_1) Ō_Δ(x_2)⟩ =

C_{123}(λ) x^{2Δ−2}_{12} (x_1 − x)^2(x_2 − x)^2

F_{ij} (x, x_1, x_2)

F_{ij} (x, x_1, x_2) = E^x_i (x_1, x_2)E^x_j (x_1, x_2) − 1 4 δ_{ij} x^2_{12} (x_1 − x)^2(x_2 − x)^2

, (3.1)

where E^x_i (x_1, x_2) is a vector defined in (2.1). In the case where V_{ij} = T_{ij} conservation of T_{ij} implies that the fusion coefficient is proportional to the conformal dimension Δ(λ) of the heavy operator

C_{123}(λ) = − 2 3π^2

Δ(λ). (3.2)

This is an all-loop statement which we will verify at strong coupling in the next section. As in the previous section we will need the leading term of the correlator (3.1) in the limit x_i → ∞. A simple calculation shows that

⟨V_{ij}(x) O_Δ(x_1) Ō_Δ(x_2)⟩^{xi→∞}=

C_{123}(λ) x^{2Δ−2}_{12} 1 (⃗x^2)^4 ( x^k_{12}x^l_{12}j_{ki}(x)j_{lj} (x) − 1 4 δ_{ij}x^2_{12} ) , j_{ij}(x) = δ_{ij} − 2 x_ix_j ⃗x^2 . (3.3)

By dividing with the 2-point function and putting our heavy operators along the 0- direction at a distance of x^0_{12} = 2A as we did with our string solution we get

⟨V_{ij}(x) O_Δ(x_1) Ō_Δ(x_2)⟩ ⟨O_Δ(x_1) Ō_Δ(x_2)⟩ x_i→∞= C123(λ) (⃗x^2)^4

(2A)^4 ( j_{0i}(x)j_{0j} (x) − 1 4 δ_{ij} ) . (3.4)

3.1 Evaluation of ⟨T_{ij}(x) O_Δ(x_1) Ō_Δ(x_2)⟩ at strong coupling

The calculation for the case in hand proceeds in a similar way to that of section 2.2. The field dual to the stress-energy tensor T_{ij} is the fluctuations of the metric g_{μν} = g^{AdS}_{μν} + h_{μν} , μ, ν = 0, ..., 4 of the AdS spacetime T_{ij} ←→ h_{μν} . It is apparent that in what follows we will need the bulk-to-boundary propagator for the graviton. This can be read of the solution to the linearised equations of motion in the covariant gauge of de Donder type ∇_μ(h^μ_ν −^1_2 δ^μ_ν h) [37, 35].

h^μ_ν (x_4, ⃗x) = k_G ∫ d^dyK(x, ⃗y)j^i_μ(x − ⃗y)j^ν_j (x − ⃗y)E_{ij,kl}ĥ_{kl}(⃗y), (3.5) where ĥ_{kl}(⃗y) is the value of the graviton on the boundary, k_G =^{d+1}_{d−1}^{Γ(d)}_{πd/2Γ(d/2)} and E_{ij,kl} = 1 2 (δ_{ik}δ_{jl} − δ_{il}δ_{jk}) −^1_d δ_{ij} δ_{kl}. Finally, the scalar propagator K(x, ⃗y) and the inversion tensor are given by K(x, ⃗y) = x^d_4 ( x^2_4 + (⃗x − ⃗y)^2 )_d , j^iμ(x) = δ^iμ − 2 x_μx^i x^2

. (3.6)

In the equations above d is the dimension of the AdS boundary which in our case is d = 4.

We are now in position to evaluate our 3-point correlator at strong coupling. By following the same steps as in section 2.2 we obtain ⟨ĥ_{ij}(⃗x)⟩ = − ⟨^ h_{ij} (⃗x, x_4 = 0) δS_{str}[X, Φ = 0] δh^ν_μ(Z) h^ν_μ(Z) ⟩ bulk = − √ λ 2π ∫ d^2σ (∂_τ Z^μ∂_τ Z_ν + ∂_σZ^μ∂_σZ_ν ) ⟨^ h_{ij} (⃗x, x_4 = 0)h^ν_μ(z) ⟩ bulk. (3.7) Taking into account that the AdS part of the string solution (2.11) does not depend on σ and keeping only the leading terms in our usual limit x_i → ∞ we get ⟨ĥ_{ij}(⃗x)⟩ = −k_G √ λ 2π ∫ d^2σ z^4 (⃗x^2)^4 ∂_τ Z^μ∂_τ Z_ν j^k_μ(z − ⃗x)j^ν_l (z − ⃗x)E_{kl,ij} = −k_G √ λ 2π 1 (⃗x^2)^4

(δ^k_0 − 2 x_0x^k ⃗x^2 )(δ^0_l − 2 x^0x_l ⃗x^2 )E_{kl,ij} ∫ d^2σ z^4 ∂_τ z^0∂_τ z_0 (3.8)

In order to proceed we need to calculate the integral and simplify the tensorial structure in (3.8). This is easily done ∫ d^2σ z^4 ∂_τ z^0∂_τ z_0 = ∫ d^2σ z^2_4 (∂_τ z^0)^2 = A^4 ∫ dσdτ k^2 cosh^k τ

= A^42πk 16 15 (δ^k_0 − 2 x_0x^k ⃗x^2 )(δ^0_l − 2 x^0x_l ⃗x^2 )E_{kl,ij} = (δ_{0i} − 2 x_0x_i ⃗x^2 )(δ^0_j − 2 x^0x_j ⃗x^2 ) − 1 4 δ_{ij} (3.9)

In (3.9) i, j = 0, 1, 2, 3 since we are interested in the components of ĥ which are parallel to the boundary. Inserting (3.9) in (3.8) one obtains ⟨ĥ_{ij} (⃗x)⟩ = −k_G √ λ 1 (⃗x^2)^4

A^4 16 15 k ( (δ_{0i} − 2 x_0x_i ⃗x^2 )(δ^0_j − 2 x^0x_j ⃗x^2 ) − 1 4 δ_{ij} ) (3.10)

Direct comparison of (3.10) and (3.4) shows that they have the same spacetime structure^{10} and that the strong coupling value of the fusion coefficient is

C_{123}(λ >> 1) = −

5Γ(4) 3π^2 1 15 √ λk = − 2 3π^2 √ λk = − 2 3π^2

E, (3.11)

10Similarly to the vector operator, (3.1) can be exactly reproduced in string calculation without taking the x_i → ∞ limit.

since E = √ λk is the energy of the string (2.11) with arbitrary charges in S^5. Thus the string theory result (3.11) is in complete agreement with the all-loop field theory expectation (3.2) based on Ward identities since according to the AdS/CFT correspondence Δ(λ) = E(λ).

An important comment is in order. According to the AdS/CFT correspondence, the field theory correlators we are considering, ⟨j^R_μ O_Δ Ō_Δ⟩ and ⟨T_{μν} O_Δ Ō_Δ⟩, should be equal to correlators of the corresponding string vertex operators which schematically are of the form ⟨V_μ V_{heavy} V_{heavy}⟩ and ⟨V_{μν} V_{heavy} V_{heavy}⟩ [13, 29]. Here V_μ and V_{μν} are the vertex operators for the massless string modes that correspond to j_μ and T_{μν} respectively, while V_{heavy} are the vertex operators for the massive string states which are dual to primary operators in field theory. The semiclassical value of the aforementioned string correlators takes the form of a ”light” vertex operator integrated over the classical string solution sourced by V_{heavy} (see (2.9) and (3.7)) [29]. One could have determined these ”light” vertex operators explicitly. Then integrating the ”light” vertex operators over the classical string solution would have given results identical to ours. In fact, one should understand the analysis following (2.7) and (3.7) as an effective way to determine the contribution coming from these supergravity vertex operators.

4 4-point correlators involving the stress-energy tensor or the R-current at strong coupling

Recently, it was observed that the 4-point function of two operators dual to massive string states and two light^{11} BPS operators dual to sugra states factorises as a product of two 3-point correlators for very large values of the coupling constant λ >> 1. More precisely, in [29] it was argued that

⟨O_{L1}(x_3)O_{L2}(x_4) O_Δ(x_1) Ō_Δ(x_2)⟩ = ⟨O_{L2}(x_4) O_Δ(x_1) Ō_Δ(x_2)⟩⟨O_{L1}(x_3) O_Δ(x_1) Ō_Δ(x_2)⟩ ⟨O_Δ(x_1) Ō_Δ(x_2)⟩

+ O( √ λ). (4.1)

One can imagine that in the place of the massive string states one takes two BPS operators with a very large angular momentum in S^5 such that these operators can have a description in terms of a classical point like string state. One can then use (4.1) to calculate the strong coupling limit of the 4-point correlator. The result obtained this way disagrees with the result calculated in the supergravity approximation [38] when the charges of the two ”heavy” BPS states are extrapolated to very large values. This is so because the supergravity approximation is not a priori valid if the charges of the supergravity states

11By light we mean operators with conformal dimensions Δ << √ λ.

scale as √ λ. Thus correlators involving ”heavy” string modes cannot be compared to supergravity correlators. It might happen that in particular cases one can extrapolate the supergravity result to very large values of the charges (J ∼ √ λ) but that should not be expected in general^{12}.

In this section we point out that this strong coupling factorisation of 4-point correlators is consistent with conformal symmetry in the case where one of the light operators is the R-current or the stress-energy tensor^{13}. Furthermore, we will analyse the constraints on the form of 4-point correlators that are imposed from the aforementioned factorisation at strong coupling. We start with the 4-point correlation function among a conserved current J_μ and three scalar operators one of which O_δ is not charged under the symmetry generated by J_μ while the other two O_Δ and Ō_Δ have charges J and −J respectively. In that case the 4-point correlator can be expressed as follows [40]

⟨O_Δ(x_1) Ō_Δ(x_2)O_δ(x_3)j_μ(x_4)⟩ = (4.2) ( ξ^{h−1}K^{x4}_μ (x_1, x_3)F (ξ, η; λ) − η^{h−1}K^{x4}_μ (x_2, x_3)F (η, ξ; λ) ) ⟨O_Δ(x_1) Ō_Δ(x_2)O_δ(x_3)⟩,

where h = D/2 and D is the dimension of the spacetime while ξ and η are the conformal cross-ratios and K_μ is given by ξ = x^2_{12}x^2_{34} x^2_{13}x^2_4 , η = x^2_{12}x^2_{34} x^2_{14}x^2_3

K^{x4}_μ (x_1, x_3) = Γ(h)J 2π^h x^2_{13} x^2_{14}x^2_{34} ( (x_{14})_μ x^2_{14} − (x_{34})_μ x^2_{34}

). (4.3)

Note that conformal symmetry is not enough to fully constrain the spacetime structure of the 4-point correlator as was the case with the 3-point function. Instead there is an arbitrary function of the cross-ratios F (η, ξ; λ) which has to be determined by direct calculation.

However, at strong coupling the factorisation (4.1) implies that (4.2) leads to

ξ^{h−1}K^{x4}_μ (x_1, x_3)F (ξ, η; λ) − η^{h−1}K^{x4}_μ (x_2, x_3)F (η, ξ; λ) = ⟨O_Δ(x_1) Ō_Δ(x_2)j_μ(x_4)⟩x^{2Δ}_{12} (4.4)

This equation can be satisfied only if its left hand side is independent of x_3. This can only happen if ξ^{h−1} x^2_{13} x^2_{14}x^2_{34} F (ξ, η; λ) = η^{h−1} x^2_3 x^2_4x^2_{34}

F (η, ξ; λ) (4.5)

12We thank Arkady Tseytlin for bringing this point to our attention. 13For weak/strong matching of 4-point correlation functions see [39].

because in such case x_3 disapperas from the parenthesis of (4.2). Plugging the value h = 2 in (4.5) we obtain F (ξ, η; λ) = F (η, ξ; λ), for λ >> 1. (4.6) Thus we conclude that at strong coupling the function F (ξ, η; λ) should be symmetric under the exchange ξ ↔ η. In the case where j_μ is the R-current direct comparison of (4.6) and (2.1), (2.4) leads to the conclusion that F is not only symmetric but also completely independent of the cross-ratios ξ, η. F (ξ, η; λ) = F (η, ξ; λ) = − J 2π^2 + O(ξ, η; ( √ λ)^0). (4.7)

We now turn to the last correlation function to be considered. This is the similar to (4.2) with the stress-energy tensor in the place of the R-current. As above conformal symmetry constrains to some extent this 4-point function [40]

⟨O_Δ(x_1) Ō_Δ(x_2)O_δ(x_3)T_{μν} (x_4)⟩ = ( K^{x4}_{μν} (x_1, x_2)F̂ (ξ, η; λ) + K^{x4}_{μν} (x_1, x_3)ϕ(ξ, η; λ) +

K^{x4}_{μν} (x_2, x_3)ϕ(η, ξ; λ) ) ⟨O_Δ(x_1) Ō_Δ(x_2)O_δ(x_3)⟩, (4.8)

where

K^{x4}_{μν} (x_1, x_2) = x^2_{12} x^2_{14}x^2_4

F_{μν} (x_4, x_1, x_2), (4.9)

where F_{μν} is defined in (3.1). Strong coupling factorisation results to

K^{x4}_{μν} (x_1, x_2)F̂ (ξ, η; λ) + K^{x4}_{μν} (x_1, x_3)ϕ(ξ, η; λ) + K^{x4}_{μν} (x_2, x_3)ϕ(η, ξ; λ) = ⟨O_Δ(x_1) Ō_Δ(x_2)T_{μν} (x_4)⟩x^{2Δ}_{12} . (4.10)

Comparing the last equation to (3.1)and (3.2) we conclude that ϕ(ξ, η; λ) = ϕ(η, ξ; λ) = 0 √ λ + O(ξ, η; ( √ λ)^0) F̂ (ξ, η; λ) = −2Δ(λ >> 1) 3π^2 + O(ξ, η; ( √ λ)^0). (4.11)

As in the case of the R-current correlators the leading in large λ expressions for the undetermined by the conformal symmetry functions F̂ (ξ, η; λ), ϕ(ξ, η; λ) are independent from the cross-ratios ξ and η. We do not expect that this property will hold when α^′ corrections are taken into account or at the weak coupling expansion.

Acknowledgments

We wish to thank George Savvidy and Dimitrios Zoakos and especially Arkady Tseytlin for useful discussions and comments. This work was partly supported by the General Secretariat for Research and Technology of Greece and from the European Regional Development Fund (NSRF 2007-13 ACTION, KP HΠIΣ).

This work was also partly supported by the National Research Foundation of Korea(NRF) grant funded by the Korea government(MEST) through the Center for Quantum Spacetime(CQUeST) of Sogang University with grant number 2005-0049409 and Basic Science Research Program through the National Research Foundation of Korea(NRF) funded by the Ministry of Education, Science and Technology(2010-0022369).

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity”, Adv. Theor. Math. Phys. 2, 231 (1998), hep-th/9711200. • E. Witten, “Anti-de Sitter space and holography”, Adv. Theor. Math. Phys. 2, 253 (1998), hep-th/9802150.

[2] N. Beisert et al., “Review of AdS/CFT Integrability: An Overview”, arxiv:1012.3982. [3] S. Lee, S. Minwalla, M. Rangamani and N. Seiberg, “Three-point functions of chiral operators in D = 4, N = 4 SYM at large N”, Adv. Theor. Math. Phys. 2, 697 (1998),

hep-th/9806074.

[4] N. Beisert, C. Kristjansen, J. Plefka, G. W. Semenoff and M. Staudacher, “BMN Correlators and Operator Mixing in N = 4 Super Yang-Mills Theory”, Nucl. Phys. B650, 125 (2003), hep-th/0208178. • C.-S. Chu, V. V. Khoze and G. Travaglini, “Three-point functions in N = 4 Yang-Mills theory and pp- waves”, JHEP 0206, 011 (2002), hep-th/0206005. • K. Okuyama and L.-S. Tseng, “Three-point functions in N = 4 SYM theory at one-loop”, JHEP 0408, 055 (2004), hep-th/0404190. • R. Roiban and A. Volovich, “Yang-Mills correlation functions from integrable spin chains”, JHEP 0409, 032 (2004), hep-th/0407140. • L. F. Alday, J. R. David, E. Gava and K. S. Narain, “Structure constants of planar N = 4 Yang Mills at one loop”, JHEP 0509, 070 (2005), hep-th/0502186. • L. F. Alday, J. R. David, E. Gava and K. S. Narain, “Towards a string bit formulation of N = 4 super Yang- Mills”, JHEP 0604, 014 (2006), hep-th/0510264.

[5] G. Georgiou, V. L. Gili and R. Russo, “Operator mixing and three-point functions in N=4 SYM”, JHEP 0910, 009 (2009), arxiv:0907.1567.

[6] G. Georgiou, V. Gili, A. Grossardt and J. Plefka, “Three-point functions in planar N=4 super Yang-Mills Theory for scalar operators up to length five at the one-loop order”, JHEP 1204, 038 (2012), arxiv:1201.0992.

[7] O. T. Engelund and R. Roiban, “Correlation functions of local composite operators from generalized unitarity”, arxiv:1209.0227.

[8] G. Georgiou, V. L. Gili and R. Russo, “Operator Mixing and the AdS/CFT correspondence”, JHEP 0901, 082 (2009), arxiv:0810.0499.

[9] G. Georgiou, V. Gili and J. Plefka, “The two-loop dilatation operator of N = 4 super Yang-Mills theory in the SO(6) sector”, arxiv:1106.0724.

[10] D. Berenstein, J. M. Maldacena and H. Nastase, “Strings in flat space and pp waves from N = 4 Super Yang Mills”, JHEP 0204, 013 (2002), hep-th/0202021.

[11] T. Yoneya, “Holography in the large J limit of AdS/CFT correspondence and its applications”, Prog. Theor. Phys. Suppl. 164, 82 (2007), hep-th/0607046. • S. Dobashi and T. Yoneya, “Resolving the holography in the plane-wave limit of AdS/CFT correspondence”, Nucl. Phys. B711, 3 (2005), hep-th/0406225. • A. Tsuji, “Holography of Wilson loop correlator and spinning strings”, Prog. Theor. Phys. 117, 557 (2007),

hep-th/0606030.

[12] R. A. Janik, P. Surowka and A. Wereszczynski, “On correlation functions of operators dual to classical spinning string states”, JHEP 1005, 030 (2010), arxiv:1002.4613.

[13] E. Buchbinder and A. Tseytlin, “On semiclassical approximation for correlators of closed string vertex operators in AdS/CFT”, JHEP 1008, 057 (2010), arxiv:1005.4516.

[14] K. Zarembo, “Holographic three-point functions of semiclassical states”, JHEP 1009, 030 (2010), arxiv:1008.1059.

[15] M. S. Costa, R. Monteiro, J. E. Santos and D. Zoakos, “On three-point correlation functions in the gauge/gravity duality”, JHEP 1011, 141 (2010), arxiv:1008.1070.

[16] R. Roiban and A. Tseytlin, “On semiclassical computation of 3-point functions of closed string vertex operators in AdS_5xS^5”, Phys.Rev. D82, 106011 (2010), arxiv:1008.4921. • S. Ryang, “Correlators of Vertex Operators for Circular Strings with Winding Numbers in AdS5xS5”, JHEP 1101, 092 (2011), arxiv:1011.3573. • T. Klose and T. McLoughlin, “A light-cone approach to three-point functions in AdS_5xS^5”, arxiv:1106.0495.

[17] R. Hernandez, “Three-point correlation functions from semiclassical circular strings”, J. Phys. A44, 085403 (2011), arxiv:1011.0408. • J. G. Russo and A. A. Tseytlin, “Large spin expansion of semiclassical 3-point correlators in AdS_5xS^5”, JHEP 1102, 029 (2011), arxiv:1012.2760. • G. Georgiou, “Two and three-point correlators of operators dual to folded string solutions at strong coupling”, JHEP 1102, 046 (2011), arxiv:1011.5181. • C. Park and B.-H. Lee, “Correlation functions of magnon and spike”, arxiv:1012.3293. • D. Bak, B. Chen and J.-B. Wu, “Holographic Correlation Functions for Open Strings and Branes”, arxiv:1103.2024. • B.-H. Lee and C. Park, “Finite size effect on the magnon’s correlation functions”, Phys.Rev. D84, 086005 (2011), arxiv:1105.3279. • X. Bai, B.-H. Lee and C. Park, “Correlation function of dyonic strings”, Phys.Rev. D84, 026009 (2011), arxiv:1104.1896. • A. Bissi, C. Kristjansen, D. Young and K. Zoubos, “Holographic three-point functions of giant gravitons”, arxiv:1103.4079. • R. Hernandez, “Three-point correlators for giant magnons”, JHEP 1105, 123 (2011), arxiv:1104.1160. • C. Ahn and P. Bozhilov, “Three-point Correlation functions of Giant magnons with finite size”, arxiv:1105.3084. • P. Bozhilov, “Three-point correlators: Finite-size giant magnons and singlet scalar operators on higher string levels”, Nucl.Phys. B855, 268 (2012), arxiv:1108.3812. • D. Arnaudov, R. C. Rashkov and T. Vetsov, “Three- and four-point correlators of operators dual to folded string solutions in AdS_5xS^5”, arxiv:1103.6145. • C. Ahn and P. Bozhilov, “Three-point Correlation Function of Giant Magnons in the Lunin-Maldacena background”, arxiv:1106.5656. • D. Arnaudov and R. C. Rashkov, “Quadratic corrections to three-point functions”, arxiv:1106.0859. • P. Caputa, R. d. M. Koch and K. Zoubos, “Extremal versus Non-Extremal Correlators with Giant Gravitons”, JHEP 1208, 143 (2012), arxiv:1204.4172. • P. Bozhilov, “Leading finite-size effects on some three-point correlators in AdS_5xS^5”, arxiv:1212.3485. • H. Lin, “Giant gravitons and correlators”, JHEP 1212, 011 (2012), arxiv:1209.6624.

[18] J. Escobedo, N. Gromov, A. Sever and P. Vieira, “Tailoring Three-Point Functions and Integrability II. Weak/strong coupling match”, arxiv:1104.5501, * Temporary entry *.

[19] J. Escobedo, N. Gromov, A. Sever and P. Vieira, “Tailoring Three-Point Functions and Integrability”, arxiv:1012.2475.

[20] O. Foda, “N=4 SYM structure constants as determinants”, JHEP 1203, 096 (2012), arxiv:1111.4663. • N. Gromov and P. Vieira, “Tailoring Three-Point Functions and Integrability IV. Theta-morphism”, arxiv:1205.5288. • A. Bissi, G. Grignani and A. Zayakin, “The SO(6) Scalar Product and Three-Point Functions from Integrability”,

arxiv:1208.0100.

[21] A. Bissi, T. Harmark and M. Orselli, “Holographic 3-Point Function at One Loop”, JHEP 1202, 133 (2012), arxiv:1112.5075.

[22] G. Grignani and A. Zayakin, “Three-point functions of BMN operators at weak and strong coupling II. One loop matching”, JHEP 1209, 087 (2012), arxiv:1205.5279.

[23] G. Georgiou, “SL(2) sector: weak/strong coupling agreement of three-point correlators”, JHEP 1109, 132 (2011), arxiv:1107.1850.

[24] J. Plefka and K. Wiegandt, “Three-Point Functions of Twist-Two Operators in N=4 SYM at One Loop”, JHEP 1210, 177 (2012), arxiv:1207.4784. • V. Kazakov and E. Sobko, “Three-point correlators of twist-2 operators in N=4 SYM at Born approximation”, arxiv:1212.6563.

[25] R. A. Janik and A. Wereszczynski, “Correlation functions of three heavy operators: The AdS contribution”, JHEP 1112, 095 (2011), arxiv:1109.6262.

[26] E. Buchbinder and A. Tseytlin, “Semiclassical correlators of three states with large S^5 charges in string theory in AdS_5xS^5”, Phys.Rev. D85, 026001 (2012), arxiv:1110.5621.

[27] Y. Kazama and S. Komatsu, “On holographic three point functions for GKP strings from integrability”, JHEP 1201, 110 (2012), arxiv:1110.3949. • Y. Kazama and S. Komatsu,

“Wave functions and correlation functions for GKP strings from integrability”, JHEP 1209, 022 (2012), arxiv:1205.6060.

[28] J. A. Minahan, “Holographic three-point functions for short operators”, JHEP 1207, 187 (2012), arxiv:1206.3129.

[29] E. Buchbinder and A. Tseytlin, “Semiclassical four-point functions in AdS_5xS^5”, JHEP 1102, 072 (2011), arxiv:1012.3740.

[30] D. Z. Freedman, S. D. Mathur, A. Matusis and L. Rastelli, “Correlation functions in the CFT(d) / AdS(d+1) correspondence”, Nucl.Phys. B546, 96 (1999), hep-th/9804058.

[31] G. Chalmers, H. Nastase, K. Schalm and R. Siebelink, “R current correlators in N=4 superYang-Mills theory from anti-de Sitter supergravity”, Nucl.Phys. B540, 247 (1999),

hep-th/9805105. ;

[32] E. S. Fradkin and Y. M. Palchik, “New developments in D-dimensional conformal quantum eld theory”, Physics Reports 300, 1 (1998).

[33] H. J. Kim, L. J. Romans and P. van Nieuwenhuizen, “Mass spectrum of chiral ten-dimensional N=2 supergravity on S^5”, Phys. Rev. D 32, 389 (1985).

[34] P. S. Howe, E. Sokatchev and P. C. West, “Three point functions in N=4 Yang-Mills”, Phys.Lett. B444, 341 (1998), hep-th/9808162.

[35] G. Arutyunov and S. Frolov, “Three point Green function of the stress energy tensor in the AdS / CFT correspondence”, Phys.Rev. D60, 026004 (1999), hep-th/9901121.

[36] J. Erdmenger and H. Osborn, “Conserved currents and the energy momentum tensor in conformally invariant theories for general dimensions”, Nucl.Phys. B483, 431 (1997), hep-th/9605009. • H. Osborn and A. Petkou, “Implications of conformal invariance in field theories for general dimensions”, Annals Phys. 231, 311 (1994), hep-th/9307010.

[37] H. Liu and A. A. Tseytlin, “D = 4 superYang-Mills, D = 5 gauged supergravity, and D = 4 conformal supergravity”, Nucl.Phys. B533, 88 (1998), hep-th/9804083.

[38] L. I. Uruchurtu, “Four-point correlators with higher weight superconformal primaries in the AdS/CFT Correspondence”, JHEP 0903, 133 (2009), arxiv:0811.2320.

[39] J. Caetano and J. Escobedo, “On four-point functions and integrability in N=4 SYM:

from weak to strong coupling”, JHEP 1109, 080 (2011), arxiv:1107.5580. [40] E. Fradkin and M. Palchik, “Recent developments in conformal invariant quantum field theory”, Physics Reports (Review Section of Physics Letters) 44 No.2, 249 (1978).