arXiv:1301.5161v1 [gr-qc] 22 Jan 2013

Conformal coupling associated with the Noether symmetry and its connection with the ΛCDM dynamics

Rudinei C. de Souza^∗ and Gilberto M. Kremer^† Departamento de Física, Universidade Federal do Paraná, Curitiba, Brazil

January 23, 2013

PACS: 98.80.-k, 98.80.Cq, 95.35.+d

Abstract The aim of the present work is to investigate a non-minimally coupled scalar field model through the Noether symmetry approach. The radiation, matter and cosmological constant eras are analyzed. By means of a change of coordinates in the configuration space generated by the Noether symmetry, the field equations can be reduced to a single equation which is of the form of the Friedmann equation for the ΛCDM model. In this way, it is formally shown that the dynamical system can furnish solutions with the same form as those of the ΛCDM model, although the theory here considered is physically different from the former. The conserved quantity associated with the Noether symmetry can be related to the kinetic term of the scalar field and could constrain the possible deviations of the model from the ΛCDM picture.

1 Introduction

The observational astronomy evidences that the Universe is acceleratedly expanding at the present [1], a fact that is not expected from the standard cosmology. The first attempt to explain this unexpected occurrence was to revive the cosmological constant model. Unfortunately, such a model soon presented inconsistence problems [2] and new models appeared in the literature, but still no one could be considered as the definitive model [3]. Among these attempts, the most popular is the scalar field model [4], which can present several acceptable forms for the potentials [5]. Still in this context, there are the non-minimally coupled scalar field models [6] (their origin is in the Brans-Dicke theory [7]), which present a new physics behind them – a variable gravitational ”constant” . The models with fermion fields [8], tachyon fields [9], Chaplygin gas [10], van der Waals gas [11] and the f(R) theories [12] – which generalizes the Einstein-Hilbert action – are alternative to the scalar field model. The f(R) theories are mathematically equivalent to the non-minimally coupled scalar field models [13].

Although this variety of alternative theories, the observational data that confront the General Relativity plus cosmological constant with alternative theories appear to conspire in behalf of the ΛCDM model [14] – at least from the matter dominated era until the present. Without ignoring such an observational fact, this work intends to investigate a general non-minimally coupled scalar field theory through the Noether symmetry approach (see e.g. [12, 15]), comprehending the radiation, matter and cosmological constant eras. Although the non-minimally coupled scalar field model is physically different from the cosmological constant model, by means of a change of coordinates in the configuration space generated by the Noether symmetry, it is possible to obtain from the original field equations a dynamics that is essentially the same of that from the ΛCDM model.

The paper [16] analyzes a Universe composed of a scalar field non-minimally coupled in the context of the inflationary era (inflaton field) using the Noether symmetry approach, and several forms for the potential and coupling are obtained. Here this approach is employed for analyzing a non-minimally coupled scalar field in the context of a dark energy field, with the matter and radiation fields being present. This task takes us to a stronger restriction for the forms of the potential and coupling in order to have a Noether Lagrangian. Under our considerations, a unique set of functions that represent the potential and coupling is obtained, which furnishes the above mentioned dynamics.

∗rudijantsch@gmail.com †kremer@fisica.ufpr.br

The work is organized as follows: In section two the action of the model is presented, a point-Like Lagrangian is derived from it and the field equations are written. In the third section the Noether potential and coupling are determined. In section four the dynamical system is written in a new coordinate system and the field equations are solved for the known eras of the Universe. The fifth section closes the work with the main conclusions. In this work we use the signature (+, −, −, −) and the natural units 8πG = h̄ = c = 1.

2 Field equations

Let us take the following general action for a Universe composed of matter and radiation fields and a scalar field non-minimally coupled to the gravity S = ∫ d^4x √ −g { L(ϕ)R + 1 2 g^{μν} ∂_μϕ∂_ν ϕ − U(ϕ) + L_m + L_r } , (1)

where ϕ describes the scalar field field, and L_m and L_r are the Lagrangian densities of the matter and radiation fields, respectively. Here R denotes the Ricci scalar, L(ϕ) the coupling with the gravity and U(ϕ) the self-interaction potential of the scalar field.

By varying the action (1) with respect to the metric tensor g_{μν} we arrive at the modified Einstein field equations R_{μν} − 1 2 g_{μν} R = − T_{μν} 2L . (2)

Above, T_{μν} = T^m_{μν} + T^r_{μν} + T^ϕ_{μν} , where the letters m, r and ϕ label the energy-momentum tensors of the matter, radiation and scalar fields, respectively. They are defined by

T^m_{μν} = 2 √ −g δ( √ −gL_m) δg^{μν} , T^r_{μν} = 2 √ −g δ( √ −gL_r) δg^{μν} , (3) T^ϕ_{μν} = ∂_μϕ∂_ν ϕ − ( 1 2 ∂_θϕ∂^θϕ − U ) g_{μν} + (∇_μ∇_ν + g_{μν} ∇_θ∇^θ)L.

We observe that when L → 1/2 in equation (2) the Einstein field equations are recovered.

Now we consider a flat Friedmann-Robertson-Walker metric, with a spatially homogeneous field ϕ, a pressureless matter field and a radiation field with the usual equations of state p_m = 0 and p_r = ρ_r/3, respectively. The conservation condition of the energy-momentum tensor of the matter and radiation fields, ∇_μT^{μν}_m = ∇_μT^{μν}_r = 0, determines the evolution equations for the energy densities

ρ̇_m + 3 ȧ a ρ_m = 0, ρ̇_r + 3 ȧ a (ρ_r + p_r) = 0, (4)

where the point represents time derivative and a is the scale factor. Equations (4) imply the well-known solutions ρ_m = ρ^0_m/a^3 and ρ_r = ρ^0_r/a^4, with ρ^0_m and ρ^0_r denoting the energy densities of the matter and radiation at an initial instant.

By using the above considerations and results, we get from the action (1) the point-like Lagrangian

L = 6aȧ^2L + 6a^2ȧ dL dϕ ϕ̇ − a^3 (˙ ϕ^2 2 − U ) + ρ^0_m + ρ^0_r a , (5)

which furnishes the same dynamical equations as those from the field equations (2).

The modified Friedmann equation is obtained by imposing that the ”energy function” associated with the Lagrangian (5) vanishes, i.e.,

E_L = ∂L ∂ȧ ȧ + ∂L ∂ϕ̇ ϕ̇ − L = 0 =⇒ ( ȧ a )_2 = ρ_m + ρ_r + ρ_ϕ 6L , (6)

with ρ_ϕ denoting the energy density of the scalar field field.

From the Euler-Lagrange equation for a and ϕ, applied to (5), we obtain the acceleration and modified Klein- Gordon equations ä a = − [ρ_m + ρ_r + 3(p_r + p_ϕ)] 12L , (7)

ϕ̈ + 3 ( ȧ a ) ϕ̇ − 6 [ ä a + ( ȧ a )_2] dL dϕ + dU dϕ = 0, (8)

respectively, where p_ϕ is the pressure of the scalar field field.

In the above equations, the energy density and the pressure of the scalar field field are defined by

ρ_ϕ = 1 2 ϕ̇^2 + U − 6 ( ȧ a ) dL dϕ ϕ̇, (9)

p_ϕ = 1 2 ϕ̇^2 − U + 2 [ dL dϕ ϕ̈ + 2 ( ȧ a ) dL dϕ ϕ̇ + d^2L dϕ^2 ϕ̇^2 ] , (10)

in accordance with the energy-momentum tensor (4).

3 Noether functions

The Noether symmetry approach can be used as a formal suggestion for the undefined potentials and couplings of a Lagrangian. Once the undefined forms are determined from a Noether symmetry condition, the dynamical system presents additionally a conserved quantity and a cyclic variable is found through a change of coordinates in the configuration space, which can be useful for the integration of the system.

A Noether symmetry exists for a given Lagrangian of the form L = L(q_k, q̇_k) if the condition LxL = 0 is satisfied. The Lx denotes the Lie derivative with respect to the infinitesimal generator of symmetry X, defined by X = ∑ k ( α_k ∂ ∂q_k + dα_k dt ∂ ∂q̇_k ) , (11)

where the α_k’s are functions of the generalized coordinates q_k.

The conserved quantity (or constant of motion) associated with the Noether symmetry established by the above condition is given by M_0 = ∑ k α_k ∂L ∂q̇_k . (12)

The new set of variables {Q_k(q_l)} for the configuration space, such that one of the variables is cyclic, obeys the following system of differential equations ∑ l ( α_l ∂u_k′ ∂q_l ) = 0, ∑ l ( α_l ∂z ∂q_l ) = 1, (13)

where k^′ = 1, 2, ... k − 1 and the u_{k−1} and z comprehend the new coordinates Q_k(q_l) of the configuration space, with z being the cyclic variable.

Applying the Noether condition LxL = 0 to (5), with X defined for our problem as

X = α ∂ ∂a + β ∂ ∂ϕ + dα dt ∂ ∂ȧ + dβ dt ∂ ∂ϕ̇ , (14)

where α and β are functions of a and ϕ, we arrive at the following system of differential equations

α + 2a ∂α ∂a + a L dL dϕ ( β + a ∂β ∂a ) = 0, (15)

3α − 12 dL dϕ ∂α ∂ϕ + 2a ∂β ∂ϕ = 0, (16) aβ d^2L dϕ^2 + ( 2α + a ∂α ∂a + a ∂β ∂ϕ ) dL dϕ + 2L ∂α ∂ϕ − a^2 6 ∂β ∂a = 0, (17) α ( 3U − ρ^0_r a^4 ) + aβ dU dϕ = 0. (18)

We are interested in solutions of the above system when dL/dϕ ≠ 0. Then, searching for α and β that are given by separable functions of a and ϕ, i.e., α = α_1(a)α_2(ϕ), β = β_1(a)β_2(ϕ), the system (15)-(18) furnishes the solution

α = 0, β = β_0 a , U = Λ, L = A + Bϕ − ϕ^2 12 , (19)

where β_0, Λ, A and B are constants.

Hence, with L and U given by (19), the system presents a Noether symmetry with the constant of motion given by M_0 = α ∂L ∂ȧ + β ∂L ∂ϕ̇ = β_0a^2 [ 6 ( ȧ a )( B − ϕ 6 ) − ϕ̇ ] , (20)

which was determined from (12).

4 Analysis of the system

From the found Noether potential U = Λ and coupling L = A + Bϕ −^{ϕ2}_{12} , we have the following dynamical system to solve 6 ( A + Bϕ − ϕ^2 12 ) ȧ^2 a^2 = ρ^0_m a^3 + ρ^0_r a^4 + ϕ̇2 2 + Λ − 6 ȧ a ( B − ϕ 6 ) ϕ̇, (21)

ϕ̈ + 3 ( ȧ a ) ϕ̇ − 6 [ ä a + ( ȧ a )_2]( B − ϕ 6 ) = 0, (22) 6 ( ȧ a )( B − ϕ 6 ) − ϕ̇ = M_0 β_0a^2

, (23)

including the additional equation from the constant of motion (20).

If we perform the transformation ϕ −→ ϕ + constant and take the constant equal to 6B, the action (1) with the above Noether forms (valid for the flat F-R-W metric) S = ∫ d^4x √ −g {( A + Bϕ −^{ϕ2}_{12} ) R +^1_2 g^{μν} ∂_μϕ∂_ν ϕ − Λ + L_m + L_r } , (24)

transforms into S = ∫ d^4x √ −g {( A − 3B^2 − ϕ^2 12 ) R + 1 2 g^{μν} ∂_μϕ∂_ν ϕ − Λ + L_m + L_r } . (25)

We can set A − 3B^2 = 1/2 in the transformed action and obtain the conformal coupling L =^1_2 ( 1 −^{ϕ2}_6 ) . This is equivalent to choose A = 1/2 and B = 0 in L for the original variable without loss of generality. Having in mind the result from the transformation (25), one can return to the original problem with the function L =^1_2 ( 1 −^{ϕ2}_6 ) as being the most general one, which connects the conformal coupling with a symmetry of the model. In so doing, our starting Lagrangian is expressed in the form

L = 3aȧ^2 − 1 2 aȧ^2ϕ^2 − a^2ȧϕϕ̇ − a^3 (˙ ϕ^2 2 − Λ ) + ρ^0_m + ρ^0_r a . (26)

Since we have a Noether symmetry for the Lagrangian (26), according to (13) there is a transformation of variables that obeys the system α ∂u ∂a + β ∂u ∂ϕ = 0, α ∂z ∂a + β ∂z ∂ϕ = 1, (27)

where z is the cyclic variable associated with the conserved quantity M_0. For the found set (α = 0, β = β_0/a), the system (27) has the solution u = f(a), z = aϕ β_0

+ g(a). (28)

We choose from the general solution (28) the particular forms u = a and z = aϕ/β_0, which transform the Lagrangian (26) into L = 3aȧ^2 − β^2_0 2 aż^2 + a^3Λ + ρ^0_m + ρ^0_r a . (29)

The null energy function and the Euler-Lagrange equation for z applied to (29) yield 3 ȧ^2 a^2 = ρ^0_m a^3 + ρ^0_r a^4 + β^2_0ż^2 2a^2

+ Λ, ż +

M_0 β^2_0 1 a = 0, (30)

respectively, which is a much simpler system then (21)-(23) for A = 1/2 and B = 0.

From (30) it follows a differential equation just for a 3 ȧ^2 a^2 = ρ^0_m a^3 + ( ρ^0_r +

M^2_0 2β^2_0 ) 1 a^4

+ Λ. (31)

This differential equation presents the same form of the usual Friedmann equation for matter, radiation and cosmological constant. Then, by neglecting the second term on the right-hand side of (31), the known dominated matter – cosmological constant solution can be obtained a(t) = ( ρ^0_m Λ ) 1_3 {

sinh [ √ 3Λ 2 (t + C_0)

]} 2_3

, (32)

where C_0 is a constant. This limiting case corresponds to ρ^0_r = 0 and M_0 = 0, then from (30)_2 we have z = constant, which for the original variables implies the following solution for ϕ(t) = ϕ_0/a(t)

ϕ(t) = ϕ_0 ( Λ ρ^0_m

) 1_3 {

sinh [ √ 3Λ 2 (t + C_0)

]}_− 2_3

, (33)

where ϕ_0 is a constant. Further, note that lim_{t→∞} ϕ(t) = 0, so that lim_{t→∞} L(ϕ) = 1/2, which is according to the physical requirement that L → 1/2 at the present time.

On the other hand, when the radiation term dominates the matter term, the solution of (31) is

a(t) = ( 2β^2_0 ρ^0_r + M^2_0

2β^2_0 Λ ) 1_4 sinh [ 2 √ Λ 3 (t + C_1) ] , (34)

where C_1 is a constant. This case presents an additional initial energy density of radiation ρ_0 =^{M 20}_{2β20} , which is related to the scalar field non-minimally coupled. From the point of view of (31), this could be also interpreted as equivalent to the kinetic term of a scalar field minimally coupled to the gravity that evolves with a^{−4}, or simply as an additional term of radiation incorporated in ρ_r – ρ_r = ρ^0_ra^{−4} → ρ_r = ( ρ^0_r + M^2_0 /2β^2_0 ) a^{−4} – once they are indistinguishable from each other.

By using (30)_2 and the solution (34), we get

z = C_2 −

M_0 β^2_0 ( 2β^2_0 Λ 2β^2_0 ρ^0_r + M^2_0

) 1_4 ∫ dt √ sinh [ 2 √_Λ

3 (t + C_1)

] , (35) with C_2 being a constant. Here we identify an elliptic integral of first kind, which furnishes the result

z = C_2 −

M_0 2β^2_0 √ 3 Λ ( 2β^2_0 Λ 2β^2_0 ρ^0_r + M^2_0

) 1_4 F ( η, 1 √ 2 ) , (36)

where

η = arccos { 1 − sinh [ 2 √_Λ 3 (t + C_1) ] 1 + sinh [ 2 √_Λ 3 (t + C_1) ] } . (37)

Finally, we can obtain ϕ(t) directly from z = aϕ/β_0

ϕ(t) = ϕ_1 F ( η,^{1√}_2 ) + C_3 √ sinh [ 2 √_Λ 3 (t + C_1)

] , (38)

with

ϕ_1 = − √ 3M_0 √ 2 ( 2β^2_0 ρ^0_r + M^2_0

) , C^3 = −

2β^2_0 M_0 √ Λ 3 ( 2β^2_0 ρ^0_r + M^2_0

2β^2_0 Λ

) 1_4

C_2. (39)

We observe that if the constant of motion M_0 vanishes in equation (31), its result is identical to that of the ΛCDM model (for the present era) and the solution ϕ = ϕ_0/a is valid for the whole period that comprehends the radiation, matter and cosmological constant eras. It is interesting to note that starting from a Lagrangian very different from the usual for the model with the cosmological constant, the final dynamics is the same of that. The Lagrangian (26) describes a Universe with a variable gravitational ”constant”, which presents a very different physics from that of the ΛCDM model. Further, it is important to salient here that the gravitational theory taken as the physical one is that given by the action (1), and the differential equation (31) – with a general form as that from the cosmological constant model – is the result of a transformation of coordinates in the configuration space which represents the dynamics that comes from (1) and not from the General Relativity plus cosmological constant. So we must naturally expect to detect some deviations of the present model from the ΛCDM model, as we will see below.

If we set ρ^0_r = 0 and ρ^0_m = 0 in (31), one has a Universe only composed of scalar field field non-minimally coupled, and the behavior of the scale factor will be

a(t) = ( M^2_0 2β^2_0 Λ ) 1_4 sinh [ 2 √ Λ 3 (t + C^′_1) ] , (40)

with C^′_1 being a constant. Such a solution shows an expansion inevitably decelerated-accelerated, tending to a De Sitter Universe when t → ∞. From this, we infer that the presence of the radiation and matter fields will just retard the moment of the accelerated regime. On the other hand, a Universe filled only by a cosmological constant presents a genuine De Sitter expansion, being the presence of matter and radiation the responsible of decelerated regimes.

Now it is interesting to extract some information on the dynamical system from the constant of motion generated by the Noether symmetry condition. From equation (23)_3 (for B = 0), we obtain an expression with ϕ̇ directly related to the conserved quantity in the form

ϕ̇ = − M^0 β_0a^2 − ȧ a ϕ. (41)

Since one has a relation between the constant of motion and ϕ̇, we can link the constant of motion to the kinetic term of the scalar field. It is useful here to analyze the general dynamics by means of the energy density related to the scalar field. Applying (9) to the Noether forms, we rewrite the energy density of the scalar field in terms of the constant of motion by using (41) as

ρ_ϕ =^1_2

[_{M 20}

β^2_0 a^4 − (_ȧ a )_2 ϕ^2 ] + Λ. (42)

Note that the above solutions show that ϕ dilutes up to a very small value today in comparison to 1/2 independently on the initial condition of ϕ, always leading to L −→ 1/2 (General Relativity coupling). Taking account the mentioned dilution of ϕ and a large a, by looking at the equation (42) one observes that the energy density of the scalar field valuated today tends to ρ_ϕ = Λ. Analogously, from (10) and(41), we conclude that the pressure of the scalar field valuated today tends to p_ϕ = −Λ. This behavior at the present time is clearly the cosmological constanttype one, which was observed in the solutions above obtained. Such a limit solution exists because equation (41) states a relation that dictates that if ϕ dilutes then ϕ̇ also does. The deviation from the ΛCDM model occurs when going back to the past and can be seen by looking at the first term of (42).

Equation (41) indicates that the initial condition for ϕ̇ could be directly related to the conserved quantity in the form

ϕ̇(0) = − M^0 β_0

− H(0)ϕ(0), (43)

where H(0) and ϕ(0) are the Hubble parameter (H = ȧ/a) and the scalar field at t = 0, immediately after inflation (say). The scale factor was normalized as a(0) = 1 for cleanness of the analysis. From the coupling L =^1_2 (1 −^{ϕ2}_6 ) one determines the possible range of values for ϕ(0) by the requirement that L > 0, which guarantees attractive gravity, giving − √ 6 < ϕ(0) < + √ 6. These constraints on the initial condition of ϕ together with the requirement of the weak energy condition at t = 0, ρ_ϕ(0) ≥ 0, could constrain the deviation from the ΛCDM model in the past. As an example, we may take the simpler case M_0 = 0, when ϕ dilutes with the inverse of a. In so doing, the weak energy condition gives the constraint − √ 6 < ϕ(0) ≤ √ 2Λ H(0) =⇒ − √ 2Λ ≤ ϕ̇(0) < H(0) √ 6, (44)

which limits the possible deviations of the present model for a vanishing constant of motion from the cosmological constant model.

5 Conclusions

To sum up, we have investigated a non-minimally coupled scalar field model by using the Noether symmetry approach. A constant potential and a conformal coupling emerged from the Noether symmetry condition, such that the conformal coupling becomes related to a symmetry of the model. From these results, by means of a change of coordinates in the configuration space – generated by the found symmetry – we could reduce the original dynamical system. The final field equation was of the same form of the Friedmann equation for the cosmological constant model. Hence, the resulting dynamics was similar to that of the ΛCDM model. This mathematical artifice could mask the physics behind the non-minimally coupled scalar field and allow the ΛCDM model to emerge. Further, with this method we have shown that such a model with a non-minimal coupling, i.e., with a physics where the gravitational ”constant” is variable, can reproduce the observed dynamics from the radiation era until the accelerated era quite exactly as the ΛCDM model does. The constant of motion furnished information on the range of the possible initial conditions for the scalar field, which constrains the deviations of the theory from the cosmological constant model in the early Universe.

References

[1] Riess A G et al. 1998 Astron. J. 116 1009

Perlmutter S et al. 1999 Astrophys. J. 517 565

[2] Bertolami O 2009 Int. J. Mod. Phys. 18 2303

[3] Lahav O and Liddle A R 2010 astro-ph/1002.3488 preprint

[4] Peebles P J E and Ratra B 2003 Rev. Mod. Phys. 75 559

Szydlowski M Kurek A and Krawiec A 2006 Phys. Lett. B 642 171

[5] Brax P Martin J and Riazuelo A 2000 Phys. Rev. D 62 103505

Gardner C L 2005 Nucl. Phys. B 707 278 Henttunen K Multamaki T and Vilja I 2006 Phys. Lett. B 634 5

[6] Faraoni V and Jensen M N 2006 Class. Quant. Grav. 23 3005

Binder J B and Kremer G M 2006 Gen. Rel. Grav. 38 857 Sen A A Gupta G and Das S 2009 JCAP 0909 027

[7] Brans C H and Dicke R H 1961 Phys. Rev. 124 925

Brans C H 2005 gr-qc/0506063 preprint

[8] Ribas M O Devecchi F P and Kremer G M 2005 Phys. Rev. D 72 123502 Saha B 2006 Grav. Cosmol. 12 215 Ribas M O Devecchi F P and Kremer G M 2008 Europhys. Lett. 81 19001

[9] Ren J and Meng X H 2008 Int. J. Mod. Phys. D 17 2325

de Souza R C and Kremer G M 2009 Class. Quant. Grav. 26 135008

[10] Avelino P P Beca L M G de Carvalho J P M and Martins C J A P 2003 JCAP 0309 002 Kremer G M 2003 Gen. Rel. Grav. 35 1459

[11] Capozziello S de Martino S and Falanga M 2002 Phys. Lett. A 299 494 Kremer G M 2003 Phys. Rev. D 68 123507

[12] Capozziello S and de Felice A 2008 JCAP 0808 016

Sotiriou T P and Faraoni V 2010 Rev. Mod. Phys. 82 451

[13] Sotiriou T P 2006 Class. Quant. Grav 23 5117

Capone M and Ruggiero M L 2010 Class. Quant. Grav. 27 125006

[14] Reyes R et al. 2010 Nature 464 256

[15] Capozziello S and de Ritis R 1994 Class. Quant. Grav. 11 107

de Souza R C and Kremer G M 2009 Class. Quant. Grav. 26 135008 Zhang Y Gong Y G and Zhu Z H 2010 Class. Quant. Grav. 27 135019 de Souza R C and Kremer G M 2010 Class. Quant. Grav. 27 175006 de Souza R C and Kremer G M 2011 Class. Quant. Grav. 28 125006

[16] Capozziello S Demianski M de Ritis R and Rubano C 1995 Phys. Rev. D 52 3288