arXiv:1301.5706v1 [gr-qc] 24 Jan 2013

Post-Newtonian Celestial Dynamics in Cosmology: Field Equations

Sergei M. Kopeikin Department of Physics & Astronomy, University of Missouri, 322 Physics Bldg., Columbia, MO 65211, USA^∗

Alexander N. Petrov Sternberg Astronomical Institute, Moscow M. V. Lomonosov State University, Universitetskii Prospect 13, Moscow 119992, Russia^† (Dated: January 25, 2013)

Post-Newtonian celestial dynamics is a relativistic theory of motion of massive bodies and test particles under the influence of relatively weak gravitational forces. Standard approach for development of this theory relies upon the key concept of the isolated astronomical system supplemented by the assumption that the background space-time is flat. The standard post-Newtonian theory of motion was instrumental in explanation of the existing experimental data on binary pulsars, satellite and lunar laser ranging, and in building precise ephemerides of planets in the solar system. Recent studies of the formation of large-scale structure in our universe indicate that the standard post-Newtonian mechanics fails to describe more subtle dynamical effects in motion of the bodies comprising the astronomical systems of larger size - galaxies and clusters of galaxies - where the Riemann curvature of the expanding FLRW universe interacts with the local gravitational field of the astronomical system and, as such, can not be ignored.

The present paper outlines theoretical principles of the post-Newtonian mechanics in the expanding universe. It is based upon the gauge-invariant theory of the Lagrangian perturbations of cosmological manifold caused by an isolated astronomical N-body system (the solar system, a binary star, a galaxy, a cluster of galaxies). We postulate that the geometric properties of the background manifold are described by a homogeneous and isotropic Friedman-Lemaître-Robertson-Walker (FLRW) metric governed by two primary components - the dark matter and the dark energy. The dark matter is treated as an ideal fluid with the Lagrangian taken in the form of pressure along with the scalar Clebsch potential as a dynamic variable. The dark energy is associated with a single scalar field with a potential which is hold unspecified as long as the theory permits. Both the Lagrangians of the dark matter and the scalar field are formulated in terms of the field variables which play a role of generalized coordinates in the Lagrangian formalism. It allows us to implement the powerful methods of variational calculus to derive the gauge-invariant field equations of the post-Newtonian celestial mechanics of an isolated astronomical system in an expanding universe. These equations generalize the field equations of the post-Newtonian theory in asymptotically-flat spacetime by taking into account the cosmological effects explicitly and in a self-consistent manner without assuming the principle of liner superposition of the fields or a vacuole model of the isolated system, etc. The field equations for matter dynamic variables and gravitational field perturbations are coupled in the most general case of arbitrary equation of state of matter of the background universe.

We introduce a new cosmological gauge which generalizes the de Donder (harmonic) gauge of the post-Newtonian theory in asymptotically flat spacetime. This gauge significantly simplifies the gravitational field equations and allows to find out the approximations where the field equations can be fully decoupled and solved analytically. The residual gauge freedom is explored and the residula gauge transformations are formulated in the form of the wave equations for the gauge functions. We demonstrate how the cosmological effects interfere with the local system and affect the local distribution of matter of the isolated system and its orbital dynamics. Finally, we worked out the precise mathematical definition of the Newtonian limit for an isolated system residing on the cosmological manifold. The results of the present paper can be useful in the solar system for calculating more precise ephemerides of the solar system bodies on extremely long time intervals, in galactic astronomy to study the dynamics of clusters of galaxies, and in gravitational wave astronomy for discussing the impact of cosmology on generation and propagation of gravitational waves emitted by coalescing binaries and/or merging galactic nuclei.

PACS numbers: 04.20.-q, 04.80.Cc

∗Electronic address: kopeikins@missouri.edu †Electronic address: alex.petrov55@gmail.com

I. NOTATIONS This section summarizes notations used in the present paper. We use G to denote the universal gravitational constant and c for the ultimate speed in Minkowski spacetime. Every time, when there is no confusion about the system of units, we shall choose a geometrized system of units such that G = c = 1. We put a bar over any function that belongs to the background manifold of the FLRW cosmological model. Any function without such a bar belongs to the perturbed manifold.

The notations used in the present paper are as follows:

• Greek indices α, β, γ, . . . run through values 0, 1, 2, 3, and Roman indices i, j, k, . . . take values 1, 2, 3, • Einstein summation rule is applied for repeated (dummy) indices, for example, P^αQ_α ≡ P^0Q_0 +P^1Q_1 +P^2Q_2 + P^3Q_3, and P^iQ_i ≡ P^1Q_1 + P^2Q_2 + P^3Q_3, • g_{αβ} is a full metric on the cosmological spacetime manifold, • ḡ_{αβ} is the FLRW metric on the background spacetime manifold, • f_{αβ} is the metric on the conformal spacetime manifold, • η_{αβ} = diag{−1, +1, +1, +1} is the Minkowski metric, • T and X^i = {X, Y, Z} are the coordinate time and isotropic spatial coordinates on the background manifold, • X^α = {X^0, X^i} = {cη, X^i} are the conformal coordinates with η being a conformal time, • x^α = {x^0, x^i} = {ct, x^i} is an arbitrary coordinate chart on the background manifold, • a bar, F̄ above a geometric object F , denotes the unperturbed value of F on the background manifold, • a prime F^′ = dF/dη denotes a total derivative with respect to the conformal time η, • a dot Ḟ = dF/dη denotes a total derivative with respect to the cosmic time T , • ∂_α = ∂/∂x^α is a partial derivative with respect to the coordinate x^α, • a comma with a following index F_{,α} = ∂_αF is another designation of a partial derivative with respect to a coordinate x^α, • a vertical bar, F_{|α} denotes a covariant derivative of a geometric object F (a scalar, a vector, a tensor) with respect to the background metric ḡ_{αβ} , • a semicolon, F_{;α} denotes a covariant derivative of a geometric object F (a scalar, a vector, a tensor) with respect to the conformal metric f_{αβ}, • the tensor indices of geometric objects on the background manifold are raised and lowered with the background metric ḡ_{αβ} , • the tensor indices of geometric objects on the conformal spacetime are raised and lowered with the conformal metric f_{αβ} , • the scale factor of the FLRW metric is denoted as R = R(T ), or as a = a(η) = R[T (η)], • the Hubble parameter, H = Ṙ/R, and the conformal Hubble parameter, H = a^′/a.

Other notations will be introduced and explained in the main text of the paper.

II. INTRODUCTION

Post-Newtonian celestial mechanics is a branch of fundamental gravitational physics [12, 58, 92] that deals with the theoretical concepts and experimental methods of measuring gravitational fields and testing general theory of relativity both in the solar system and beyond [97, 104]. In particular, the relativistic celestial mechanics of binary pulsars (see [72], and references therein) was instrumental in providing conclusive evidence for the existence of gravitational radiation as predicted by Einstein’s theory [93, 101].

Over the last few decades, various groups within the International Astronomical Union (IAU) have been active in exploring the application of the general theory of relativity to the modeling and interpretation of high-accuracy astrometric observations in the solar system and beyond. A Working Group on Relativity in Celestial Mechanics and Astrometry was formed in 1994 to define and implement a relativistic theory of reference frames and time scales. This task was successfully completed with the adoption of a series of resolutions on astronomical reference systems, time scales, and Earth rotation models by 24th General Assembly of the IAU, held in Manchester, UK, in 2000. The IAU resolutions are based on the first post-Newtonian approximation of general relativity which is a conceptual basis of the fundamental astronomy in the solar system [91].

The mathematical formalism of the post-Newtonian approximations is getting progressively complicated as one goes from the Newtonian to higher orders [23, 88]. For this reason the theory has been primarily developed under a basic assumption that the background spacetime is asymptotically flat. Mathematically, it means that the full spacetime metric, g_{αβ}, is decomposed around the background Minkowskian metric, η_{αβ} = diag(−1, 1, 1, 1), into a linear combination

g_{αβ} = η_{αβ} + h_{αβ} , (1)

where the perturbation,

h_{αβ} = c^{−2}h^{[2]}_{αβ} + c^{−3}h^{[3]}_{αβ} + c^{−4}h^{[4]}_{αβ} + . . . , (2)

is the post-Newtonian series with respect to the powers of 1/c, where c is the ultimate speed in general relativity (equal to the speed of light). Post-Newtonian approximations is the method to determine h_{αβ} by solving Einstein’s field equations with the tensor of energy-momentum of matter of a localized astronomical system, T_{αβ}(Φ, h_{αβ} ), taken as a source of the gravitational field h_{αβ}, by iterations starting from h_{αβ} = 0 in the expression for T_{αβ} . The solution of the field equations and the equations of motion of the astronomical bodies are derived in some coordinates r^α = {ct, r} where t is the coordinate time, and r = {x, y, z} are spatial coordinates. The post-Newtonian theory in asymptotically-flat spacetime has a well-defined Newtonian limit determined by:

1) equation for the Newtonian potential, U = h^{[2]}_{00} /2, U(t, r) = ∫ V ρ(t, r^′)d^3r^′ |r − r^′| , (3)

where ρ = c^{−2}T_{00}, is the density of matter producing the gravitational field,

2) equation of motion for massive particles

r̈ = ∇U , (4)

where ∇ = {∂_x, ∂_y, ∂_z} is the operator of gradient, r = r(t) is time-dependent position of a particle (worldline of the particle), and the dot denotes a total derivative with respect to time t,

3) equations of motion for light (massless particles)

r̈ = 0 . (5)

These equations are considered as fundamentals for creation of astronomical ephemerides of celestial bodies in the solar system [58] and in any other localized system of self-gravitating bodies like a binary pulsar [72]. In all practical cases they have to be extended to take into account the post-Newtonian corrections sometimes up to the 3-d post- Newtonian order of magnitude [105]. It is important to notice that in the Newtonian limit the coordinate time t of the gravitational equations of motion (4), (5) coincides with the proper time of observer τ that is practically measured with an atomic clock. The formalism of the present paper has been employed in [60] to check the theoretical consistency of

(3)–(5) and to analyse the outcome of some experiments like the anomalous Doppler effect discovered by J. Anderson et al [3, 4] in the orbital motion of Pioneer 10 and 11 space probes.

So far, the post-Newtonian theory was mathematically successful (”unreasonably effective” as Clifford Will states [105]) and passed through numerous experimental tests with a flying color. Nevertheless, it hides several pitfalls. The first one is the problem of convergence of the post-Newtonian series and regularization of divergent integrals that appear in the post-Newtonian calculations at higher post-Newtonian orders [88]. The second problem is that the background manifold is not asymptotically-flat Minkowskian spacetime but the FLRW metric, ḡ_{αβ} . We live in the expanding universe which rate of expansion is determined by the Hubble constant H_0. Therefore, the right thing would be to replace the post-Newtonian decomposition (1) with a more adequate post-Friedmannian series [96]

g_{αβ} = ḡ_{αβ} + κ_{αβ} , (6)

where

κ_{αβ} = κ^{{0}}_{αβ} + Hκ^{{1}}_{αβ} + H^2κ^{{2}}_{αβ} + . . . , (7)

is the metric perturbation around the cosmological background represented as a series with respect to the Hubble parameter, H. Each term of the series has its own expansion into post-Newtonian series like (2). Generalization of the theory of post-Newtonian approximations from the Minkowski spacetime to that of the expanding universe is important for extending the applicability of the post-Newtonian celestial mechanics to testing cosmological effects and for more deep understanding of the process of formation of the large-scale structure in the universe and gravitational interaction between galaxies and clusters of galaxies.

Whether cosmological expansion affects gravitational dynamics of bodies inside a localized astronomical system was a matter of considerable efforts of many researchers [11, 30, 31, 62, 77, 78, 89]. A recent article [16] summarizes the previous results and provides the reader with a number of other valuable resources. Most of the previous works on celestial mechanics in cosmology were based on assumption of spherical symmetry of gravitational field and matching two (for example, Schwarzschild and Friedmann) exact solutions of Einstein’s equations. The matching was achieved in many different ways. McVittie’s solution [78] is perhaps the most successful mathematically but yet lacks a clear physical interpretation [16]. Moreover, its practical application is doubtful since it is valid only for sphericallysymmetric case.

We need a precise mathematical formulation of the post-Newtonian theory for a self-gravitating localized astronomical system not limited by the assumption of the spherical symmetry, embedded to the expanding universe and coupled through the gravitational interaction with the time-dependent background geometry. Theoretical description of the post-Newtonian theory for a localized astronomical system in expanding universe should correspond in the limit of vanishing H to the post-Newtonian theory obtained in the asymptotically-flat spacetime. Such a description will allow us to directly compare the equations of the standard post-Newtonian celestial mechanics with its cosmological counterpart. Therefore, the task is to derive a set of the post-Newtonian equations in cosmology in some coordinates introduced on the background manifold, and to map them onto the set of the Newtonian equations (3)–(5) in asymptotically-flat spacetime. Such a theory of the post-Newtonian celestial mechanics would be of a paramount importance for extending the tools of experimental gravitational physics to the field of cosmology, for example, to properly formulate the cosmological extension of the PPN formalism [103]. The present article discusses the main ideas and principal results of such a theoretical approach in the linearized approximation with respect to the gravitational perturbations of the cosmological background caused by the presence of a localized astronomical system.

The paper is organized as follows. In the following section we describe a brief history of the development of the theory of cosmological perturbations. Section IV describes the Lagrangian of gravitational field, the matter of the background cosmological model, and an isolated astronomical system which perturbs the background cosmological manifold. Section V describes the geometric structure of the background spacetime manifold of the cosmological model and the corresponding equations of motion of the matter and field variables. Section VI introduces the reader to the theory of the Lagrangian perturbations of the cosmological manifold and the dynamic variables. Section VII makes use of the preceding sections in order to derive the field equations in the gauge-invariant form. Beginning from section VIII we focus on the spatially-flat universe in order to derive the post-Newtonian field equations that generalize the post-Newtonian equations in the asymptotically-flat spacetime. These equations are coupled in the scalar sector of the proposed theory. Therefore, we consider in section IX a few particular cases when the equations can be fully decoupled one from another, and solved in terms of the retarded potentials. Appendix provides a proof of the Lorentz-invariance of the retarded potentials for the wave equations describing propagation of weak gravitational and sound waves on the background cosmological manifold.

III. BRIEF HISTORY OF COSMOLOGICAL PERTURBATION THEORY

In order to solve the problem of the interaction of the gravitational field of an isolated astronomical system with expanding universe one has to resort to the theory of cosmological perturbations. The immediate goal of cosmological perturbation theory is to relate the physics of the early universe to CMB anisotropy and large-scale structure and to provide the initial conditions for numerical simulations of structure formations. The ultimate goal of this theory is to establish a mathematical link between the fundamental physical laws at the Planck epoch and the output of the gravitational wave detectors which are the only experimental devices being able to map parameters of the universe at that time [56].

Originally, two basic approximation schemes for calculation of cosmological perturbations have been proposed by Lifshitz with his collaborators [68, 69] and, later on, by Bardeen [7]. Lifshitz [68] worked out a coordinate-dependent theory of cosmological perturbations while Bardeen [7] concentrated on finding the gauge-invariant combinations for perturbed quantities and derivation of a perturbation technique based on gauge-invariant field equations. At the same time, Lukash [73] had suggested an original approach for deriving the gauge-invariant scalar equations based on the thermodynamic theory of the Clebsch potential also known in cosmology as the scalar velocity potential [64, 90] or the Taub potential [90, 95]. It turns out that the variational principle with a Lagrangian of cosmological matter formulated in terms of the Clebsch potential, is the most useful mathematical device for developing the theory of relativistic celestial mechanics of localized astronomical systems embedded in expanding cosmological manifold. It is for this reason, we use the Clebsch potential in the present paper.

A few words of clarification regarding a comparison between Lifshitz’s and Bardeen’s approaches should be relayed to the reader. The approach established in the papers by Lifshitz [68, 69], is fully correct. Lifshitz decided to work in synchronous gauge and realized that this fixing of coordinates allows for a residual gauge ambiguity, which can also be fixed by picking a synchronous, comoving coordinate system. Bardeen [7] wrote his paper, because there was some confusion in the 1970s about that issue (which could have beed avoided if people would have studied Lifshitz’s papers carefully). He demonstrated, that any coordinate could be chosen and that there exist quantities which are independent of that choice, which he identified with the physical degrees of freedom. However, this is not where the story of the cosmological perturbation theory ends. Closer inspection shows that what is really relevant is not the choice of coordinates (which do not have a physical meaning), rather the choice of spacetime foliation is relevant, for example, it makes a physical difference if one defines the Harrison-Zel’dovich spectrum [46, 107] of the primordial perturbations on a synchronous, comoving hypersurface or a shear free hypersurface. Pitfalls in understanding this issue are subtle and, sometimes, may be not easily recognized (see [25, 42, 76] and [40] for a detailed discussion of the role of foliations in cosmology and in general relativity).

In the years that followed, the gauge-invariant formalism was refined and improved by Durrer and Straumann [27, 28], Ellis et al. [32–34] and, especially, by Mukhanov et al. [81, 82]. Irrespectively of the approach a specific gauge must be fixed in order to solve equations for cosmological perturbations. Any gauge is allowed and its particular choice is simply a matter of convenience. Imposing a gauge condition eliminates four gauge degrees of freedom in the cosmological pertrubations and brings the differential equations for them to a solvable form. Nonetheless, the residual gauge freedom originated from the tensor nature of the gravitational field remains. This residual gauge freedom leads to appearance of unphysical perturbations which must be disentangled from the physical modes. Lifshitz theory of cosmological perturbations [68, 69] is worked out in a synchronous gauge and contains the spurious modes but they are easily isolated from the physical perturbations [41]. Other gauges used in cosmology are described in Bardeen’s paper [7] and used in cosmological perturbation theory. Among them, the longitudinal (conformal or Newtonian) gauge is one of the most common. This gauge is advocated by Mukhanov [81] because it removes spurious coordinate degrees of freedom out of scalar perturbations. Detailed comparison of the cosmological perturbation theory in the synchronous and conformal gauges was given by Ma and Bertschinger [74].

Unfortunately, none of the previously known cosmological gauges can be applied for analysis of the cosmological perturbations caused by localized matter distributions like an isolated astronomical system which can be a single star, a planetary system, a galaxy, or even a cluster of galaxies. The reason is that the synchronous gauge has no the Newtonian limit and is applicable only for freely falling test particles while the longitudinal gauge separates the scalar, vector and tensor modes present in the metric tensor perturbation in the way that is incompatible with the technique of the approximation schemes having been worked out in asymptotically flat space-time [58]. We also notice that standard cosmological perturbation technique often operates with harmonic (Fourier) decomposition of both the metric tensor and matter perturbations when one is interested in statistical statements based on the cosmological principle. This technique is unsuitable and must be avoided in sub-horizon approximation for working out the post-Newtonian celestial mechanics of self-gravitating isolated systems. Current paradigm is that the cosmological generalization of the Newtonian field equations of an isolated gravitating system like the solar system or a galaxy or a cluster of galaxies can be easily obtained by just making use of the linear principle of superposition with a simple algebraic addition of the local system to the tensor of energy momentum of the background matter. It is assumed that the superposition procedure is equivalent to operating with the Newtonian equations of motion derived in asymptotically-flat spacetime and adding to them (”by hands”) the tidal force due to the presence of the external universe (see, for example, [77]). Though such a procedure may look pretty obvious it lacks a rigorous mathematical analysis of the perturbations induced on the background cosmological manifold by the local system. This analysis should be done in the way that embeds cosmological variables to the field equations of standard post-Newtonian approximations not by “hands” but by precise mathematical technique which is the goal of the present paper. The variational calculus on manifolds is the most convenient for joining the standard theory of cosmological perturbations with the post-Newtonian approximations in asymptotically-flat spacetime. It allows us to track down the rich interplay between the perturbations of the background manifold with the dynamic variables of the local system which cause these perturbations. The output is the system of the post-Newtonian field equations with the cosmological effects incorporated to them in a physically-transparent and mathematically-rigorous way. This system can be used to solve a variety of physical problems starting from celestial mechanics of localised systems in cosmology to gravitational wave astronomy in expanding universe that can be useful for deeper exploration on scientific capability of such missions as LISA and Big Bang Observer (BBO) [22]

In fact, the problem of whether the cosmological expansion affects the long-term evolution of an isolated N-body system (galaxy, solar system, binary system, etc.) has a long controversial history. The reason is that there was no an adequate mathematical formalism for describing cosmological perturbations caused by the isolated system so that different authors have arrived to opposite opinions. It seems that McVittie [78] was first who had considered the influence of the expansion of the universe on the dynamics of test particles orbiting around a massive point-like body immersed to the cosmological background. He found an exact solution of the Einstein equations in his model which assumed that the mass of the central body is not constant but decreases as the universe expands. Einstein and Straus [30, 31] suggested a different approach to discuss motion of particles in gravitationally self-interacting systems residing on the expanding background. They showed that a Schwarzschild solution could be smoothly matched to the Friedman universe on a spherical surface separating the two solutions. Inside the surace ("vacuole") the motion of the test particles is totally unaffected by the expansion. Thus, Einstein and Straus [30, 31] concluded that the cosmic expansion is irrelevant for the Solar system. Bonnor [11] generalized the Einstein-Straus vacuole and matched the Schwarzschild region to the inhomogeneous Lemaître-Tolman-Bondi model thus, making the average energy density inside the vacuole be independent of the exterior energy density while in the Einstein-Straus model they must be equal. Bonnor [11] concluded that the local systems expand but at a rate which is negligible compared with the general cosmic expansion. Similar conclusion was reached by Mashhoon et al. [77] who analysed the tidal dynamics of test particles in the Fermi coordinates.

The vacuole solutions are not appropriate for adequate physical solution of the N-body problem in the expanding universe. There are several reasons for it. First, the vacuole is spherically-symmetric while majority of real astronomical systems are not. Second, the vacuole solution imposes physically unrealistic boundary conditions on the matching surface that relates the central mass to the size of the surface and to the cosmic energy density. Third, the vacuole is unstable against small perturbations. In order to overcome these difficulties a realistic approach based on the approximate analytic solution of the Einstein equations for the N-body problem immersed to the cosmological background, is required. In the case of a flat space-time there are two the most advanced techniques for finding approximate solution of the Einstein equations describing gravitational field of an isolated astronomical system. The first is called the post-Newtonian approximations and we have briefly discussed this technique in the introduction. The second technique is called post-Minkowskian approximations [23]. The post-Newtonian approximations is applicable to the systems with weak gravitational field and slow motion of matter. The post-Minkowskian approximations also assume that the field is weak but does not imply any limitation on the speed of matter. The post-Newtonian iterations are based on solving the elliptic-type Poisson equations while the post-Minkowskain approach operates with the hyperbolic-type Dalambert equations. The post-Minkowskian approximations naturally includes description of the gravitational radiation emitted by the isolated system while the post-Newtonian scheme has to use additional mathematical methods to describe generation of the gravitational waves [17]. In the present paper we concentrate on the development of a generic scheme for calculation of cosmological perturbations caused by a localized distribution of matter which preserves many advantages of the post-Minkowskian approximation scheme. The cosmological post-Newtonian approximations are derived from the general perturbation scheme by making use of the slow-motion expansion with respect to a small parameter v/c where v is the characteristic velocity of matter in the N-body system and c is the fundamental speed.

There were several attempts to work out a physically-adequate and mathematically-rigorous approximation schemes in general relativity in order to construct and to adequately describe small-scale self-gravitating structures in the universe. The most notable works in this direction have been done by Kurskov and Ozernoi [63], Futamase et al. [10, 37, 38], Buchert and Ehlers [14, 29], Mukhanov et al. [1, 81–83], Zalaletdinov [106]. These approximation schemes have been designed to track the temporal evolution of the cosmological perturbations from a very large down to a small scale up to the epoch when the perturbation becomes isolated from the expanding cosmological background. These approaches looked hardly connected between each other until recent works by Clarkson et al [20, 21], Li & Schwarz [66, 67], Räsänen [87], Buchert & Räsänen [15] and Wiegand & Schwarz [102]. In particular, Wiegand & Schwarz [102] have shown that the idea of cosmic variance (that isa standard way of thinking) is closely related to the cosmic averages defined by Buchert and Ehlers [14, 29]. All researchers agree that the second and higher-order non-linear approximations are important to understand the back-reaction of the cosmological perturbations propagating on the cosmological background used in the linearized theory (see, for example, [1, 37, 50, 51, 82, 106]).

Papers [24, 61, 86] attempted to construct an approximation scheme being compatible with both the post-Newtonian and post-Minkowskian approximations in asymptotically-flat space-time and the gauge-invariant theory of cosmological perturbations caused by a localized astronomical system. We have succeeded in solving this problem in the work [61] which assumes the dust-dominated background universe with spatial curvature k = 0. We remind that in standard Bardeen’s approach [7] the metric tensor perturbations h_{αβ} are decomposed in irreducible scalar, vector, and tensor parts which are combined with themselves and with matter perturbations in order to obtain some gauge-invariant quantities that do not contain spurious modes invoked by the freedom in doing coordinate transformations on cosmological background manifold. Bardeen [7] reformulates Einstein’s field equations in terms of these gauge-invariant variables which are further decomposed in Fourier harmonics. The field equations become then of the Helmholtz type and are solved by constructing Green’s function. This specific procedure of Bardeen’s approach is incompatible with the post-Newtonian or post-Minkowskian approximations which do not decompose the metric tensor in scalar, vector, and tensor harmonics and do not expand them to the Fourier series. Therefore, we have used a different procedure based on introduction of auxiliary scalar, ϕ, and vector, ζ, fields which are used along with the metric tensor perturbation h_{αβ} as basic elements for decomposing the perturbed stress-energy tensor of matter δT_{αβ} and selecting from this decomposition that part of δT_{αβ} which has the same transformation property as the perturbed Einstein tensor δG_{αβ} . This process makes the rest of the perturbation of δT_{αβ} gauge-invariant so that it can be identified with the bare (external) perturbation imposed on the cosmological background by the presence of a material system like a single star, solar system, galaxy, etc. The auxiliary scalar, ϕ, and vector, ζ, fields are also determined by this procedure. For example, it is proved out [61] that the vector field ζ is identically equal to zero while the scalar field ϕ is found from the equation following from the Bianchi identity of the perturbed Einstein equations. The entire approach is gauge-invariant but the equations for the scalar and metric perturbations are strongly coupled in general case. We have shown that there is a special cosmological gauge generalizing the harmonic gauge of general relativity in such a way that the reduced field equations are completely decoupled and significantly simplified. More specifically, the linearized Einstein equations for the metric tensor perturbations h_{0i} and h_{ij} are decoupled both from each other and from h_{00} component which couples only with the auxiliary scalar field ϕ. However, it turns out that our gauge [61] admits a simple linear combination, χ, of h_{00}, h_{kk}, and ϕ such that the equation for χ decouples from any other perturbation. The equations for χ, h_{0i} and h_{ij} are of a wave-type and have the bare stress energy-tensor of matter as a source in their right-hand sides. These equations have simple Green functions given in terms of the retarded integrals with the Minkowskian null cone defined by the conformally-flat part of the FLRW metric.

In the work [86] this linearized approach has been extended to the background cosmological models governed by a perfect fluid with the barotropic equation of state p̄ = qϵ̄, where p̄ and ϵ̄ are pressure and energy density of the background matter respectively, and q is a constant parameter taking value in the range from -1 to +1. We have shown [86] that the overall perturbative scheme for calculation of the cosmological perturbations in such model can be significantly streamlined and simplified if one formally replaces the stress-energy tensor of the perfect fluid with one of a classic scalar field minimally coupled with metric. A specific (exponential) form of the potential V (Φ) of the scalar field Φ is fixed by two conditions:

1. it reproduces all functional relationships of the background FLRW cosmological model;

2. it maintains the background equation of state p̄ = qϵ̄.

Although a minimally coupled scalar field can be viewed to a certain extent as a perfect fluid one should keep in mind that its barotropic equation of state does not hold generally in the perturbed universe (see [13] and discussion in [42, 76]). This may impose some technical difficulties in handling the mathematical analysis of cosmological perturbations caused by localized distributions of matter. We explain how to get around these difficulties by making use of the Lagrangian-based variational technique of the gauge-invariant perturbations of curved manifolds. This makes our perturbative approach [61, 86] more efficient in developing the post-Newtonian celestial mechanics in cosmology as compared with the standard technique [7, 27, 28, 32–34, 68, 69, 74, 81, 82].

Development of observational cosmology and gravitational wave astronomy demands to extend the linearized theory of cosmological perturbations to second and higher orders of approximation. A fair number of works have been devoted to solving this problem. Non-linear perturbations of the metric tensor and matter affect evolution of the universe and this back-reaction of the perturbations should be taken into account. This requires derivation of the effective stressenergy tensor for cosmological perturbations like freely-propagating gravitational waves and scalar field [1, 81–83].

The laws of conservation for the effective stress-energy tensor are important for better understanding of physics of the expanding universe [6, 43].

In the present paper we construct a non-linear theory of cosmological perturbations for isolated systems which generalizes the post-Minkowskian approximation scheme for calculation perturbations of gravitational field in asymptotically flat space-time. We rely upon the basic results of the linearized gauge-invariant theory from our previous works [61, 86] in order to derive a decoupled system of equations for quadratic cosmological perturbations of a spatially flat FLRW universe. We implement the Lagrangian-based theory of dynamical perturbations of gravitational field on a curved background manifold which has been worked out in [44, 85] (see also [6]). This theory has a number of specific advantages over other perturbation methods among which the most important are:

• Lagrangian-based approach is covariant and can be implemented for any curved background spacetime that is an exact solution of the Einstein gravity field equations;

• the system of the partial differential equations describing dynamics of the perturbations is determined by a dynamic Lagrangian L^D which is derived from the total Lagrangian L by making use of its Taylor expansion with respect to the perturbations and accounting for the background field equations. The dynamic Lagrangian L^D defines the conserved quantities for the perturbations (energy, angular momentum, etc.) that depend on the symmetries of the background manifold;

• the dynamic Lagrangian L^D and the corresponding field equations for the perturbations are gauge-invariant in any order of the perturbation theory. Gauge transformations map the background manifold onto itself and are associated with arbitrary (analytic) coordinate transformations on the background space-time;

• the entire perturbation theory is self-reproductive and is extended to the next perturbative order out of a previous iteration so that the linearized approximation is the basic starting point.

IV. LAGRANGIAN AND FIELD VARIABLES

We accept the Einstein’s theory of general relativity and consider a universe filled up with matter consisting of three components. The first two components are: (1) an ideal fluid composed of particles of one type with transmutations excluded; (2) a scalar field; and (3) a matter of the localized astronomical system. The ideal fluid consists of baryons and cold dark matter, while the scalar field describes dark energy [2]. We assume that these two components do not interact with each other directly, and are the source of the Friedmann-Lemître-Robertson-Walker (FLRW) geometry. There is no dissipation in the ideal fluid and in the scalar field so that they can only interact through the gravitational field. It means that the equations of motion for the fluid and the scalar field are decoupled, and we can calculate their evolution separately. In other words, the Lagrangian of the ideal fluid and that of the scalar field depend only on their own field variables.

The tensor of energy-momentum of matter of the localized astronomical system is not specified in agreement with the approach adopted in the post-Newtonian approximation scheme developed in the asymptotically-flat spacetime [23, 57]. This allows us to generate all possible types of cosmological perturbations: scalar, vector and tensor modes. We are the most interested in developing our formalism for application to the astronomical system of massive bodies bound together by intrinsic gravitational forces like the solar system, galaxy, or a cluster of galaxies. It means that our approach admits a large density contrast between the background matter and the matter of the localized system. The localized system perturbs the background matter and gravitational field of FLRW universe locally but it is not included to the matter source of the background geometry, at least, in the approximation being linearized with respect to the metric tensor perturbation. Our goal is to study how the perturbations of the background matter and gravitational field are incorporated to the gravitational field perturbations of the standard post-Newtonian theory of relativistic celestial mechanics.

Let us now consider the action functional and the Lagrangian of each component.

A. The Action Functional

We shall consider a theory with the action functional S = ∫ M Ld^4x , (8) where the integration is performed over the entire spacetime manifold M. The Lagrangian L is comprised of four terms

L = L^g + L^m + L^q + L^p , (9)

where L^g, L^m, L^q are the Lagrangians of gravitational field, the dark matter, the scalar field that governs the accelerated expansion of the universe [39], and L^p is the Lagrangian describing the source of the cosmological perturbations. Gravitational field Lagrangian is

L^g = − 1 16π √ −gR , (10) where R is the Ricci scalar built of the metric g_{αβ} and its first and second derivatives [79]. Other Lagrangians depend on the metric and the matter variables. Correct choice of the matter variables is a key element in the development of the Lagrangian theory of the post-Newtonian perturbations of the cosmological manifold caused by a localized astronomical system.

B. The Lagrangian of the Ideal Fluid

The ideal fluid is characterized by the following thermodynamic parameters: the rest-mass density ρ_m, the specific internal energy Π_m (per unit of mass), pressure p_m, and entropy s_m where the sub-index ’m’ stands for ’matter’. We shall assume that the entropy of the ideal fluid remains constant, that excludes it from further consideration. The standard approach to the theory of cosmological perturbations preassumes that the constant entropy excludes rotational (vector) perturbations of the fluid component from the start, and only scalar (adiabatic) perturbations are generated [2, 81, 99, 100]. However, the present paper deals with the cosmological perturbations that are generated by a localized astronomical system which is described by its own Lagrangian (see section IV D) which is left as general as possible. This leads to the tensor of energy-momentum of the matter of the localized system that incorporates the rotational motion of matter which is the source of the rotational perturbations of the background ideal fluid. This extrapolates the concept of the gravitomagnetic field of the post-Newtonian dynamics of localized systems in the asymptotically-flat spacetime [12, 19, 58] to cosmology. Further details regarding the vector perturbations are given in section VII E of the present paper.

The total energy density of the fluid

ϵ_m = ρ_m(1 + Π_m) . (11)

One more thermodynamic parameter is the specific enthalpy of the fluid defined as

μ_m = ϵ_m + p_m

ρ_m

= 1 + Π_m + p_m ρ_m

. (12)

In the most general case, the thermodynamic equation of state of the fluid is given by equation p_m = p_m(ρ_m, Π_m), where the specific internal energy Π_m is related to pressure by the first law of thermodynamics.

Since the entropy has been assumed to be constant, the first law of thermodynamics reads

dΠ_m + p_md ( 1 ρ_m ) = 0 . (13)

It can be used to derive the following thermodynamic relationships

dp_m = ρ_mdμ_m , (14) dϵ_m = μ_mdρ_m , (15)

which means that all thermodynamic quantities are solely functions of the specific enthalpy μ_m, for example, ρ_m = ρ_m(μ_m), Π_m = Π_m(μ_m), etc. The equation of state is also a function of the variable μ_m, that is

p_m = p_m(μ_m) . (16)

Derivatives of the thermodynamic quantities with respect to μ_m can be calculated by making use of equations (14) and (15), and the definition of the (adiabatic) speed of sound c_s of the fluid ∂p_m ∂ϵ_m = c^2_s c^2

, (17) where the partial derivative is taken under a condition that the entropy, s_m, of the fluid does not change. Then, the derivatives of the thermodynamic quantities take on the following form ∂p_m ∂μ_m = ρ_m , ∂ϵ_m ∂μ_m = c^2 c^2_s ρ_m , ∂ρ_m ∂μ_m = c^2 c^2_s ρ_m μ_m

, (18)

where all partial derivatives are performed under the same condition of constant entropy.

The Lagrangian of the ideal fluid is usually taken in the form of the total energy density, L^m = √ −gϵ_m [79].

However, this form is less convenient for applying the variational calculus on manifolds. The above thermodynamic relationships and the integration by parts of the action (8) allows us to recast the Lagrangian L^m = √ −gϵ_m to the form of pressure, L^m = − √ −gp_m, so that the Lagrangian density becomes (see [58, pp. 334-335 ] for more detail)

L^m = − √ −gp_m = √ −g (ϵ_m − ρ_mμ_m) . (19)

Theoretical description of the ideal fluid as a dynamic system on space-time manifold is given the most conveniently in terms of the Clebsch potential, Φ which is also called the velocity potential [90]. In the case of a single-component ideal fluid the Clebsch potential is introduced by the following relationship

μ_mw_α = −Φ_{,α} . (20)

In fact, equation (20) is a solution of relativistic equations of motion of the ideal fluid [64].

The Clebsch potential is a primary field variable in the Lagrangian description of the isentropic ideal fluid. The four-velocity is normalized to w^αw_α = g_{αβ}w^αw^β = −1, so that the specific enthalpy can be expressed in the following form

μ_m = √ −g^{αβ}Φ_{,α}Φ_{,β} . (21)

One may also notice that

μ_m = w^αΦ_{,α} . (22)

It is important to notice that the Clebsch potential Φ has no direct physical meaning as it can be changed to another value Φ → Φ^′ = Φ + Φ̃ such that the gauge function, Φ̃, is constant along the worldlines of the fluid: w^αΦ̃_{,α} = 0.

In terms of the Clebsch potential the Lagrangian (19) of the ideal fluid is

L^m = √ −g ( ϵ_m − ρ_m √ −g^{αβ}Φ_{,α}Φ_{,β} ) . (23)

Metrical tensor of energy-momentum of the ideal fluid is obtained by taking a variational derivative of the Lagrangian (23) with respect to the metric tensor,

T^m_{αβ} = 2 √ −g δL^m δg^{αβ} . (24)

Calculation yields

T^m_{αβ} = (ϵ_m + p_m) w_αw_β + p_mg_{αβ} , (25)

where w^α = dx^α/dτ is the four-velocity of the fluid, and τ is the proper time of the fluid element taken along its worldline. This is a standard form of the tensor of energy-momentum of the ideal fluid [79]. Because the Lagrangian (23) is expressed in terms of the dynamical variable Φ, the Noether approach based on taking the variational derivative of the Lagrangian with respect to the field variable, can be applied to derive the canonical tensor of the energymomentum of the ideal fluid. This calculation has been done in [58, pp. 334-335 ] and it leads to the expression (25). It could be expected because we assumed that the the ideal fluid consists of bosons. The metrical and canonical tensors of energy-momentum for the liquid differ, if and only if, the liquid’s particles are fermions (see [58, pp. 331-332] for more detail). We do not consider the fermionic liquids in the present paper.

C. The Lagrangian of the Scalar Field

The Lagrangian of the scalar field Ψ is given by

L^q = √ −g ( 1 2 g^{αβ}∂_αΨ∂_βΨ + W ) , (26)

where W ≡ W (Ψ) is a potential of the scalar field. We assume that there is no direct coupling between the scalar field and the matter of the ideal fluid. They can interact only through the gravitational field. Many different potentials of the scalar field are used in cosmology [2]. At this step, we do not chose a specific form of the potential which will be selected later.

Metrical tensor of energy-momentum of the scalar field is obtained by taking a variational derivative

T^q_{αβ} = 2 √ −g δL^q δg^{αβ} , (27)

that yields

T^q_{αβ} = ∂_αΨ∂_βΨ − g_{αβ} [ g^{μν} ∂_μΨ∂_ν Ψ + W (Ψ) ] . (28)

The canonical tensor of energy-momentum of the scalar field is obtained by applying the Neother theorem and leads to the same expression (28).

One can formally reduce the tensor (28) to the form similar to that of the ideal fluid by making use of the following procedure. First, we define the analogue of the specific enthalpy of the scalar field "fluid"

μ_q = √ −g^{σν} ∂_σ Ψ∂_ν Ψ , (29)

and the effective four-velocity, v^α, of the "fluid"

μ_qv_α = −∂_αΨ . (30)

The four-velocity v^α is normalized to v_αv^α = −1. Therefore, the scalar field enthalpy μ_q can be expressed in terms of the partial derivative from the scalar field

μ_q = v^α∂_αΨ . (31)

Then, we introduce the analogue of the rest mass density ρ_q of the scalar field "fluid" by defining,

ρ_q ≡ μ_q = v^α∂_αΨ = √ −g^{σν} ∂_σ Ψ∂_ν Ψ . (32)

As a consequence of the above definitions, the energy density, ϵ_q and pressure p_q of the scalar field "fluid" can be introduced as follows

ϵ_q ≡ − 1 2 g^{σν} ∂_σ Ψ∂_ν Ψ + W (Ψ) = 1 2 ρ_qμ_q + W (Ψ) , (33)

p_q ≡ − 1 2 g^{σν} ∂_σ Ψ∂_ν Ψ − W (Ψ) = 1 2 ρ_qμ_q − W (Ψ) . (34)

One notices that a relationship

μ_q = ϵ_q + p_q

ρ_q

, (35)

between the specific enthalpy μ_q, the density ρ_q, the pressure p_q and the energy density ϵ_q, of the scalar field "fluid" formally holds on the same form (12) as in the case of the barotropic ideal fluid.

After applying the above-given definitions in equation (28), it is formally reduced to the tensor of energy-momentum of an ideal fluid

T^q_{αβ} = (ϵ_q + p_q) v_αv_β + p_qg_{αβ} . (36)

It is worth emphasizing that the analogy between the tensor of energy-momentum (36) of the scalar field "fluid" with that of the barotropic ideal fluid (25) is rather formal since the scalar field, in the most general case, does not satisfy all required thermodynamic equations because of the presence of the potential W = W (Ψ) in the energy density ϵ_q, and pressure p_q of the scalar field.

D. The Lagrangian of the Localized Astronomical System

The Lagrangian L^p of matter of the localized astronomical system which perturbs the geometry of the background manifold of the FLRW universe, can be chosen arbitrary. We shall call the perturbation of the background manifold that is induced by L^p, the bare perturbation. We assume that the matter of the bare perturbation is described by a set of scalar potentials θ which are analogues of the Clebsch potential of the matter supporting the background geometry. The Lagrangian density of the bare perturbation is given by L^p = √ −gL^p (θ, g_{αβ}). Tensor of energy-momentum of the matter of the bare perturbation, T_{αβ} , is obtained by taking a variational derivative

T_{αβ} = 2 √ −g δL^p δg^{αβ} . (37)

Tensor T_{αβ} is a source of the bare gravitational perturbation of the background manifold that will be determined by solving Einstein’s field equations derived in next sections.

V. BACKGROUND MANIFOLD

A. The Hubble Flow

We shall consider the background universe as described by the Friedmann-Lemître-Robertson-Walker (FLRW) metric. The functional form of the metric depends on the coordinates introduced on the manifold. Because the FLRW metric describes homogeneous and isotropic spacetime there is a preferred class of coordinates which clearly reveal these properties of the background manifold. These coordinates materialize a special set of freely falling observers, called comoving observers. These observers are following with the flow of the expanding universe and have constant values of spatial coordinates. The proper distance between the comoving observers increases in proportion to the scale factor R(T ). In the preferred cosmological coordinates, the time coordinate of the FLRW metric is just the proper time as measured by the comoving observers. A particle moving relative to the local comoving observers has a peculiar velocity with respect to the Hubble flow. An observer with a non-zero peculiar velocity does not see the universe as isotropic.

For example, the peculiar velocity of the solar system implies the dipole anisotropy of cosmic microwave background (CMBR) radiation corresponding to |v_⊙| = 369.0 ± 0.9 km·s^{−1}, towards a point with the galactic coordinates (l, b) = (264^∘, 48^∘) [47, 53]. Such a solar system’s velocity implies a velocity |v_{LG}| = 627±22 km·s^{−1} toward (l, b) = (276^∘, 30^∘) for our Galaxy and the Local Group of galaxies relative to the CMBR [35, 55]. The existence of the preferred frame in cosmology should not be understood as a violation of the Einstein principle of relativity. Indeed, any coordinate chart can be used in order to describe the FLRW universe. A preferred frame exists merely because the FLRW metric admits only six-parametric group (3 spatial translations and 3 spatial rotations) as contrasted with the ten-parametric group of Minkowski (or De Sitter) spacetime which includes the time translation and three Lorentz boosts as well. The metric of FLRW does not remain invariant with respect to the time translation and the Lorentz transformations because its expansion makes different spacelike hypersurfaces non-equivalent. It may lead to some interesting observational predictions of cosmological effects within the solar system [60].

B. The Friedmann-Lemître-Robertson-Walker metric

In what follows, we shall consider the problem of calculation of the post-Newtonian perturbations in the expanding universe described by the FLRW class of models. The FLRW metric is an exact solution of Einstein’s field equations of general relativity that describes a homogeneous, isotropically expanding or contracting universe. The general form of the metric follows from the geometric properties of homogeneity and isotropy of the manifold [99, 100]. Einstein’s equations are only needed to derive the scale factor of the universe as a function of time.

The most general form of the FLRW metric is given by

ds^2 = −dT^2 + R^2 [ dρ^2 1 − kρ^2 + ρ^2 ( d^2ϑ + sin^2 ϑd^2υ ) ] , (38)

where T is the coordinate time, {ρ, ϑ, υ} are spherical coordinates, R = R(T ) is the scale factor depending on time and characterizing the size of the universe compared to the present value of R = 1. The time T has a physical meaning of the proper time of a comoving observer that is being at rest with respect to the cosmological frame of reference.

The present epoch corresponds to the value of the time T = T_0. The constant k can take on three different values k = {−1, 0, +1}, where k = −1 corresponds to the spatial hyperbolic geometry, k = 0 does the spatially flat FLRW model, and k = +1 does the spatially closed world [79].

The Hubble parameter H characterizes the rate of the temporal evolution of the universe. It is defined by H ≡ Ṙ R = 1 R dR dT . (39)

For mathematical reasons, it is convenient to introduce a conformal time, η, via differential equation dη = dT R(T ) . (40)

If the time dependence of the scale factor is known, the equation (40) can be solved, thus, yielding T = T (η). It allows us to re-express the scale factor R(T ) in terms of the conformal time, R (T (η)) ≡ a(η). The conformal Hubble parameter is, then, defined as H ≡ a^′ a = 1 a da dη . (41)

The two expressions for the Hubble parameters are related by means of equation H = H a , (42)

that allows us to link their time derivatives

a^2Ḣ = H^′ − H^2 , (43) a^3Ḧ = H^{′′} − 4HH^′ + 2H^3 , (44)

and so on.

It is also convenient to introduce the isotropic Cartesian coordinates X^i = {X, Y, Z}, by transforming the radial coordinate ρ = r 1 + k 4 r^2

, (45)

and defining r^2 = X^2 + Y^2 + Z^2 = δ_{ij} X^iX^j . In the isotropic coordinates the interval (38) takes on the following form

ds^2 = G_{αβ} dX^αdX^β , (46)

where the coordinates X^α = {X^0, X^1, X^2, X^3} = {η, X, Y, Z}, and the metric has a conformal form

G_{αβ} = a^2(η)g_{αβ} (47)

g_{00} = −1 , g_{0i} = 0 , g_{ij} = δ_{ij} ( 1 + k 4 r^2

)_2 . (48)

Determinant of the metric G_{αβ} is G = a^8g, where g = − ( 1 + kr^2/4 )_{−6} . The spacetime interval in the isotropic Cartesian coordinates reads

ds^2 = a^2(η)

−dη^2 + δ_{ij} dX^idX^j ( 1 + k 4 r^2

)_2

. (49)

The distinctive property of the isotropic coordinates in the FLRW universe is that the radial coordinate r is defined in such a way that the three-dimensional space looks exactly Euclidean and null cones appear in it as round spheres irrespectively of the value of the space curvature k. The isotropic coordinates do not represent proper distances on the sphere, nor does the radial coordinate r represents a proper radial distance measured with the help of radar astronomy technique. The proper spatial distance in the isotropic coordinates is (1 + kr^2/4)^{−1}ar [99].

The FLRW metric presented in the conformal form by equation (49) singles out a preferred cosmological reference frame defined by the congruence of worldlines of the fiducial test particles being at rest with respect to the spatial coordinates X^i. Four-velocity of a fiducial particle is denoted as Ū^α = dX^α/dτ, where dτ = −ds is the proper time on the worldline of the particle. In the isotropic conformal coordinates, Ū^α = (1/a, 0, 0, 0). The four-velocity is a unit vector, Ū^αŪ_α = G_{αβ}Ū^αŪ^β = −1. It implies that the covariant components of the four-velocity are Ū_α = (−a, 0, 0, 0). In the preferred frame the universe looks homogeneous and isotropic. The choice of the isotropic Cartesian coordinates reflects these fundamental properties explicitly in the symmetric form of the metric (47). However, the set of the fiducial particles is a mathematical idealization. In reality, any isolated astronomical systems (galaxy, binary star, the solar system, etc.) have a peculiar velocity with respect to the preferred cosmological frame formed by the Hubble flow. We have to introduce a locally-inertial coordinate chart which is associated with the isolated system and moves along with it. Transformation from the preferred cosmological frame to the local chart must include the Lorentz boost and a geometric part due to the expansion and curvature of cosmological spacetime. It can take on multiple forms which originate from certain geometric and/or experimental requirements [16, 18, 48, 54].

We do not impose specific limitations on the choice of coordinates on the background manifold and keep the overall formalism of the post-Newtonian approximations, covariant. The arbitrary coordinates are denoted as x^α = (x^0, x^i) and they are related to the preferred isotropic coordinates X^α = (η, X^i) by the coordinate transformation x^α = x^α ( X^β ) . This transformation has inverse X^α = X^α ( x^β ) , at least in some local domain of the background manifold.

In this domain, the matrices of the coordinate transformations

Λ^α_β = ∂x^α ∂X^β , M^α_β = ∂X^α ∂x^β , (50)

and they satisfy to the apparent equalities Λ^α_γ M^γ_β = δ^α_β and M^α_γ Λ^γ_β = δ^α_β .

Four-velocity of the Hubble observers written in the arbitrary coordinates has the following form

ū^α = Λ^α_βŪ^β = a^{−1}Λ^α_0 , ū_α = M^β_αU_β = −aM^0_α . (51)

The background FLRW metric written down in the arbitrary coordinates, x^α, takes on the following form

ḡ_{αβ} (x^α) = a^2f̄_{αβ}(x^α) . (52)

Here the scalar function a(x^α) ≡ a [η(x^α)], and the conformal metric

f̄_{αβ}(x^α) = M^μ_αM^ν_βg_{μν} (X^i) . (53)

Any metric admits 3+1 decomposition with respect to a congruence of a timelike vector field [79]. FLRW universe admits a privileged congruence formed by the four-velocity ū^α of the Hubble observers which is a physically privileged vector field. The 3+1 decomposition of the FLRW metric is applied in arbitrary coordinates and has the following form

ḡ_{αβ} = −ū_αū_β + P̄_{αβ} , (54)

where the tensor P̄_{αβ} = a^2M^i_αM^j_β g_{ij} , (55)

describes the metric on the spacelike hypersurface being everywhere orthogonal to the four-velocity ū^α of the Hubble flow. Tensor P̄_{αβ} is the operator of projection on this hypersuface. It can be also interpreted as a metric on the hypersurace of orthogonality to the Hubble vector flow. Equation (54) can be used in order to prove that P̄_{αβ} satisfies the following relationship P̄^{βμ}P̄_β^ν = P̄^{μν} , (56)

which can be confirmed by inspection. The trace P̄^α_α = ḡ^{αβ}P̄_{αβ} = P̄^{αβ}P̄_{αβ} = 3.

Now, we consider how to express the partial derivatives of any scalar function F = F (η), which depends only on the conformal time η = η(x^α), in terms of the four-velocity ū^α of the Hubble flow. Taking into account that η = x^0 and applying equation (51), we obtain F_{,α} = ∂F ∂x^α = dF dη ∂η ∂x^α = F^′M^0_α = − F^′ a ū_α = −Ḟ ū_α . (57)

In particular, the partial derivative from the scale factor, a_{,α} = −ȧū_α = −Hū_α, and the partial derivative from the Hubble parameter H_{,α} = −Ḣū_α.

C. The Christoffel Symbols and Covariant Derivatives

In the following sections of the paper we will need to calculate the covariant derivatives from various geometric objects on the background cosmological manifold covered by an arbitrary coordinate chart x^α = (x^0, x^i). The calculation engages the affine connection Γ̄^α_{βγ} of the background manifold which is decomposed into an algebraic sum of two connections (the Christoffel symbols) because of the conformal structure of the FLRW metric [98]. By definition, Γ̄^α_{βγ} = 1 2 ḡ^{αν} (ḡ_{νβ,γ} + ḡ_{νγ,β} − ḡ_{βγ,ν} ) , (58) where ḡ_{αβ,γ} = −2Hḡ_{αβ}ū_γ + a^2f̄_{αβ,γ} . (59) Separating terms in the right side of (58) yields Γ̄^α_{βγ} = Ā^α_{βγ} + B̄^α_{βγ} , (60) where Ā^α_{βγ} = −H (δ^α_β ū_γ + δ^α_γ ū_β − ū^αḡ_{βγ} ) , (61) and B̄^α_{βγ} = 1 2 f̄^{αμ} (f̄_{μβ,γ} + f̄_{μγ,β} − f̄_{βγ,μ}) . (62) The non-vanishing components of the connections are given in the isotropic Cartesian coordinates X^α by Ā^α_{0β} = Hδ^α_β , Ā^0_{ij} = Hg_{ij} , B̄^i_{pq} = − k 2 δ^i_pX_q + δ^i_qX_p − δ_{pq} X^i 1 + k 4 r^2

, (63)

where X_q ≡ δ_{qj} X^j , and all the other components of the connections vanish.

A covariant derivative of a geometric object (scalar, vector, etc.) on the background manifold is denoted in this paper with a vertical bar. For example, the covariant derivative of a vector field F^α is F^α_{|β} = F^α_{,β} + Γ̄^α_{βγ} F^γ , (64) where a comma in front of sub-index β denotes a partial derivative with respect to coordinate x^β . Equation (64) can be brought to yet another form if we denote the covariant derivative of the affine connection B̄^α_{βγ} with a semicolon. Making use of (60) in equation (64)transforms it to the following form F^α_{|β} = F^α_{;β} + Ā^α_{βγ} F^γ . (65) The covariant derivative of a covector F_α is defined in a similar way, F_{α|β} = F_{α,β} − Γ̄^γ_{αβ}F_γ (66) which is equivalent to F_{α|β} = F_{α;β} − Ā^γ_{αβ} F_γ , (67a) F_{α;β} = F_{α,β} − B̄^γ_{αβ} F_γ (67b) Equations for tensors of higher rank can be presented in a similar way. Of course, the covariant derivative of a scalar field F always coincides with its covariant derivative by definition, F_{|α} = F_{;α} = F_{,α} . (68) We also provide an equation for the covariant derivative of the four-velocity of the Hubble flow. Doing calculations in the isotropic coordinates X^α for the four-velocity Ū^α, and applying the tensor law of transformation to arbitrary coordinates x^α, results in ū_{α|β} = HP̄_{αβ} , ū^α_{|β} = H ( δ^a_β + ū^αū_β ) , ū^{α|β} = HP̄^{αβ} , (69) where the tensor indices are raised and lowered with the metric ḡ_{αβ} .

D. The Riemann Tensor

The Riemann tensor is defined by

R̄^α_{βμν} = Γ̄^α_{βν,μ} − Γ̄^α_{βμ,ν} + Γ̄^α_{μγ}Γ̄^γ_{βν} − Γ̄^α_{νγ}Γ̄^γ_{βμ} . (70)

and can be calculated directly from this equation. We prefer a slightly different way by making use of the algebraic decomposition of the Riemann tensor into the irreducible parts R̄_{αβμν} = C̄_{αβμν} + 1 2 (¯ S_{αμ}ḡ_{βν} + S̄_{βν}ḡ_{αμ} − S̄_{αν}ḡ_{βμ} − S̄_{βμ}ḡ_{αν} ) + R̄ 12 (ḡ_{αμ}ḡ_{βν} − ḡ_{αν}ḡ_{βμ}) , (71)

where C̄_{αβμν} is the Weyl tensor,

S̄_{μν} = R̄_{μν} − 1 4 R̄ḡ_{μν} , (72)

R̄_{μν} = ḡαβR̄_{αμβν} is the Ricci tensor, and R = ḡαβR̄_{αβ} is the Ricci scalar. FLRW cosmological metric (38) has a remarkable property – it can be always brought up to the conformally-flat form by applying an appropriate coordinate transformation [49]. However, the Weyl tensor of any conformally-flat spacetime vanishes identically, C̄_{αβμν} ≡ 0 . (73) Direct evaluation of other tensors entering (71) by making use of the FLRW metric (47), (48) yields

R̄_{μν} = 1 a^2 [ H^′ (ḡ_{μν} − 2ū_μū_ν ) + 2 ( H^2 + k ) (ḡ_{μν} + ū_μū_ν ) ] , (74)

R̄ = 6

a^2 [ H^′ + H^2 + k ] . (75)

Making use of equations (73) – (75) in the decomposition (71) of the Riemann tensor, yields the following result R̄_{αβμν} = 1 a^2 [ H^′ (ḡ_{αμ}ḡ_{βν} − ḡ_{αν}ḡ_{βμ}) − ( H^′ − H^2 − k ) (¯ P_{αμ}P̄_{βν} − P̄_{αν}P̄_{βμ} )] , (76)

where P̄_{αβ} = ḡ_{αβ} + ū_αū_β is the operator of projection that was introduced in (55).

E. The Friedmann Equations

The Einstein tensor Ē_{αβ} = R̄_{αβ} − ḡ_{αβ}R̄/2 of the FLRW cosmological model is derived from equations (74) and (75). It reads

Ē_{αβ} = − 1

a^2 [ 2 ( H^′ − H^2 − k )¯ P_{αβ} + 3 ( H^2 + k ) ḡ_{αβ} ] . (77)

Einstein’s field equations on the background spacetime takes on the following form

Ē_{αβ} = 8πT̄_{αβ} , (78)

where the tensor of energy-momentum of the background spacetime manifold includes the background matter and the scalar field

T̄_{αβ} = T̄^m_{αβ} + T̄^q_{αβ} . (79)

Here, tensors of energy-momentum in the right side of Einstein’s equations are derived from the Lagrangians (23) and (26), and represent an algebraic sum of tensors (25) and (29). Each tensor of energy-momentum, T̄^m_{αβ} and T̄^q_{αβ}, is Lie-invariant with respect to the group of symmetry of the background FLRW metric independently, and each of them have the form of the tensor of energy-momentum of the perfect fluid. Hence, the tensor of energy-momentum T̄_{αβ} in the right side of (78) has the form of a perfect fluid as well,

T̄_{αβ} = (ϵ̄ + p̄) ū_αū_β + p̄ ḡ_{αβ} . (80)

It imposes a certain restriction on the effective energy density ϵ̄ and pressure p̄ which must obey Dalton’s law for a partial energy density and pressure of the background matter and the scalar field components [9]

ϵ̄ = ϵ̄_m + ϵ̄_q , (81) p̄ = p̄_m + p̄_q . (82)

Here, ϵ̄_m and p̄_m are the energy density and pressure of the ideal fluid, and ϵ̄_q and p̄_q are the energy density and pressure of the scalar field which are related to the time derivative ˙Ψ̄ of the scalar field and its potential W̄ = W̄ (Ψ̄) by equations (33), (34). On the background spacetime these equations takes on the following form

ϵ̄_q = 1 2 ρ̄_qμ̄_q + W̄ , (83)

p̄_q = 1 2 ρ̄_qμ̄_q − W̄ , (84)

where μ̄_q is the background specific enthalpy of the scalar field defined by (29), and ρ̄_q = μ̄_q is the background density of the scalar field "fluid". It is worthwhile to remind to the reader that due to the homogeneity and isotropy of the FLRW universe, all matter variables on the background manifold are functions of the conformal time η only when being expressed in the isotropic Cartesian coordinates.

Einstein’s equations (78) can be projected on the direction of the background four-velocity of matter and on the spatial hypersurface being orthogonal to it. It yields two Friedmann equations for the evolution of the scale factor a,

H^2 = 8π 3 ϵ̄ − k a^2

, (85)

2Ḣ + 3H^2 = −8πp̄ − k a^2

(86)

where ϵ̄ and p̄ are the effective energy density and pressure of the mixture of matter and scalar field as defined above.

A consequence of the Friedmann equations (85), (86) is an equation Ḣ − k a^2

= −4π (ϵ̄ + p̄) , (87)

relating the time derivative of the Hubble parameter with the sum of the overall energy density and pressure, which can be expressed in terms of the density and specific enthalpy of the background components of matter,

ϵ̄ + p̄ = ρ̄_mμ̄_m + ρ̄_qμ̄_q . (88)

In order to solve the Friedmann equations (85), (86) we have to employ the equation of state of matter. Customarily, it is assumed that each matter component obeys its own cosmological equation of state,

p̄_m = w_mϵ̄_m , p̄_q = w_qϵ̄_q , (89)

where w_m and w_q are parameters lying in the range from −1 to +1. In the most simple cosmological models, parameters w_m and w_q are fixed. More realistic models admit that the parameters of the equation of state may change in the course of the cosmological expansion, that is they may depend on time. The equation of state does not close the system of the Friedmann equations, which have to be complemented with the equations of motion of the scalar field and of the ideal fluid in order to make the system of differential equations for the gravitational and matter field variables complete.

F. The Hydrodynamic Equations of the Ideal Fluid

The background value of the Clebsch potential of the ideal fluid, Φ̄, depends only on the conformal time η of the FLRW metric. The partial derivative of the potential, taken in arbitrary coordinate chart on the background manifold, can be expressed in accordance with equation (57) in terms of the background four-velocity ū^α as follows

Φ̄_{|α} = − ˙Φ̄ū_α . (90)

It allows us to write down the specific enthalpy of the ideal fluid in terms of the Clebsch potential. Taking background value of equation (22), we obtain

μ̄_m ≡ ū^αΦ̄_{|α} = ˙Φ̄ . (91)

The background equation of continuity for the rest mass density ρ̄_m of the ideal fluid is (ρ̄_mū^α)_{|α} = 0 , (92) that is equivalent to ρ̄_{m|α} − 3Hρ̄_mū_α = 0 , (93) where we have used (69). The background equation of conservation of energy is ϵ̄_{m|α} − 3H (ϵ̄_m + p̄_m) ū_α = 0 , (94) where we have employed definition of the energy (11), and equation (93) along with (13).

G. The Scalar Field Equations Background equation for the scalar field Ψ̄ is derived from the action (8) by taking variational derivatives with respect to Ψ̄. It yields ḡ^{αβ}Ψ̄_{|αβ} − ∂W̄ ∂Ψ̄ = 0 . (95) In terms of the time derivatives with respect to the conformal time η, equation (95) reads ¨Ψ̄ + 3H ˙Ψ̄ + ∂W̄ ∂Ψ̄ = 0 . (96) Here, we have taken into account that the background value of the scalar field, Ψ̄, depends only on time η, and its derivative (with respect to η) is proportional to the background four-velocity Ψ̄_{|α} = − ˙Ψ̄ū_α . (97) If we use definition of the background enthalpy of the scalar field μ̄_q ≡ ū^αΦ̄_{|α} = ˙Ψ̄ , (98) and account for definition (33) of the specific energy ϵ_q of the scalar field, the equation (96) will become ϵ̄_{q|α} − 3H (ϵ̄_q + p̄_q) ū_α = 0 . (99) that looks similar to the hydrodynamic equation (93) of conservation of energy of the ideal fluid. Because of this similarity, the second Friedmann equation (86) can be derived from the first Friedmann equation (85) by taking a time derivative and applying the energy conservation equations (94) and (99).

The background density ρ̄_q of the scalar filed "fluid" is ρ̄_q = μ̄_q in accordance with (32). The equation of continuity for the density ρ̄_q of the ideal fluid is obtained by differentiating definition of ρ̄_q, and making use of (96). It yields (ρ̄_qū^α)_{|α} = − ∂W̄ ∂Ψ̄ , (100) or, equivalently, ρ̄_{q|α} − 3Hρ̄_qū_α = ∂W̄ ∂Ψ̄ ū_α , (101) which shows that the "density" of the scalar field "fluid" is not conserved. We emphasize that there is no any violation of physical laws, since (101) is simply another way of writing equation (95), and the scalar field is not thermodynamically equivalent to the ideal fluid. Equation (101) is convenient in the calculations that follows in next sections.

H. Equations of Motion of Matter of the Localized Astronomical System

Matter of the localized astronomical system is described by the tensor of energy-momentum T^{αβ} defined in (37) in terms of the Lagrangian derivative. It can be given explicitly as a function of field variables after we chose a specific form of matter, for example, gas, liquid, solid, or something else. We do not restrict ourselves with a particular form of this tensor, and shall develop a more generic approach that is applicable to any kind of matter comprising the localized astronomical system..

Background equation of motion of matter of the astronomical system is given by the conservation law

T^{αβ}_{|β} = 0 . (102)

It can be also written down in terms of a covariant derivative of the conformal metric (√ −ḡT^{αβ} ) ;β + √ −ḡĀ^α_{βγ} T^{βγ} = 0 , (103)

where the connection Ā^α_{βγ} is defined in (61).

It is natural to write down this equation in 3+1 form by projecting it on the direction of 4-velocity of the Hubble flow, ū^α, and on the hypersurface being orthogonal to it. This is achieved by introducing the following projections

σ ≡ ū^μū^ν T_{μν} , (104a) τ ≡ P̄^{μν} T_{μν} , (104b) τ_α ≡ −P̄_α^μū^ν T_{μν} , (104c) τ_{αβ} ≡ P̄_α^μP̄_β^ν T_{μν} , (104d)

which corresponds to the kinemetric decomposition of T_{μν} introduced by Zelmanov [108]. Quantity σ is the energy density of matter of the localized system, t_α is a density of linear momentum of the matter, and t_{αβ} is the stress tensor of the matter.

Equations of motion (102) of the localized matter can be rewritten in terms of the kinemetric quantities as follows,

(σū^α + τ^α)_{|α} = −Hτ , (105a) ( τ^{αβ} + ū^βτ^α ) |β = −H (τ^α − ū^ατ) . (105b)

Equation (105a) is equivalent to the law of conservation of energy of matter of the localized system. Equation (105b) is analogues to the Euler equation of motion of fluid or the equation of the force balance in case of solids.

VI. LAGRANGIAN PERTURBATIONS OF FLRW MANIFOLD

A. The Concept of Perturbations

In the present paper, FLRW background manifold is defined by the metric ḡ_{αβ} which dynamics is governed by background matter fields - the Clebsch potential Φ̄ of the ideal fluid and the scalar field Ψ̄. We assume that the background metric and the background values of the fields are perturbed by a localized astronomical system which is considered as a bare perturbation associated with a field variable Θ. Perturbations of the metric and the matter fields caused by the bare perturbation are considered to be small so that the perturbed metric and the matter fields can be split in their backgrounds values and the corresponding perturbations,

g_{αβ} = ḡ_{αβ} + κ_{αβ} , Φ = Φ̄ + ϕ , Ψ = Ψ̄ + ψ . (106)

These equations are exact. We emphasize that all functions entering equation (106) are taken at one and the same point of the background manifold. The bare perturbation does not remain the same in the presence of the perturbations of the metric and the matter fields. Therefore, the field variable Θ corresponding to the bare perturbation, is also perturbed

Θ = Θ̄ + θ . (107)

We consider the perturbations of the metric - κ_{αβ} , the Clebsch potential - ϕ, and the scalar field - ψ as being weak with respect to their corresponding background values ḡ_{αβ} , Φ̄, and Ψ̄, which dynamics is governed by the background equations that have been explained in section V. Because the field variable Θ is the source of the bare perturbation, we postulate that its background value is equal to zero: Θ̄ = 0. The perturbations κ_{αβ} , ϕ, and ψ have the same order of magnitude as θ.

Perturbation of the contravariant component of the metric is determined from the condition g_{αγ} g^{γβ} = ḡ_{αγ}ḡ^{γβ} = δ^β_α, and is given by

g^{αβ} = ḡ^{αβ} − κ^{αβ} + κ^α_γ κ^{γβ} + . . . , (108)

where the ellipses denote terms of the higher order.

It turns out [44, 85] that a more convenient field variable of the gravitational field in the the theory of Lagrangian perturbations of curved manifolds, is a contravariant (Gothic) metric

g^{αβ} = √ −gg^{αβ} . (109) The convenience of the Gothic metric stems from the fact that it enters the de Donder (harmonic) gauge conditions which significantly simplifies the Einstein equations [65, 98]. The Gothic metric variable is also indispensable for concise and elegant formulation of dynamic field theories on curved manifolds [26]. Making use of the Gothic metric allows us to significantly reduce the amount of algebra in taking the first and second variational derivatives from the Hilbert Lagrangian and the Lagrangian of the background matter in FLRW universe as explains in the rest of this section.

The covariant Gothic metric g_{βγ} is defined by means of equation

g^{αβ}g_{βγ} = δ^α_γ , (110)

that yields g_{αβ} = g_{αβ} / √ −g. We accept that g^{αβ} is expanded around its background value, ḡ^{αβ} = √ −ḡḡ^{αβ}, as follows

g^{αβ} = ḡ^{αβ} + h^{αβ} , (111)

which is an exact equation.

Further calculations prompt that it is more suitable to single out √ −ḡ from h^{αβ} , and operate with a variable l^{αβ} ≡ h^{αβ} √ −ḡ . (112)

This variable splits the dynamic degrees of freedom of the gravitational perturbations from the background manifold which evolves in according with the unperturbed Friedmann equations. Tensor indices of l^{αβ} are raised and lowered with the help of the background metric, for example, l_{αβ} ≡ ḡ_{αμ}ḡ_{βν} l^{μν} . The field variable l^{αβ} relates to the perturbation κ_{αβ} of the metric tensor. To establish this relationship, we start from (109), substitute equation (111) to its left side, and expand its right side in the Taylor series with respect to κ_{αβ} . It results in

h^{αβ} = ∂ḡ^{αβ} ∂ḡ_{μν} κ_{μν} + 1 2 ∂^2ḡ^{αβ} ∂ḡ_{μν} ∂ḡ_{ρσ} κ_{μν} κ_{ρσ} + . . . . (113)

where the partial derivatives are calculated by successive application of the following rules ∂ḡ^{αβ} ∂ḡ_{μν} = − 1 2 √ −ḡ ( ḡ^{αμ}ḡ^{βν} + ḡ^{αν}ḡ^{βμ} − ḡ^{αβ}ḡ^{μν} ) , (114a) ∂ḡ^{αβ} ∂ḡ_{μν} = − 1 2 ( ḡ^{αμ}ḡ^{βν} + ḡ^{αν}ḡ^{βμ} ) , (114b) ∂ √ −ḡ ∂ḡ_{μν} = + 1 2 √ −ḡḡ^{μν} , (114c)

which can be easily confirmed by inspection. Replacing the partial derivatives in (113) and making use of the definition (112), yields the relationship between l^{αβ} and κ^{αβ} as follows l^{αβ} = −κ^{αβ} + 1 2 ḡ^{αβ} κ + κ^{μ(α}κ^{β)}_μ − 1 2 κ^{αβ} κ − 1 4 ḡ^{αβ} ( κ^{μν} κ_{μν} − 1 2 κ^2 ) + . . . , (115)

where κ ≡ κ^σ_σ = ḡ^{ρσ} κ_{ρσ} , and ellipses denote terms of the cubic and higher order in κ_{αβ} .

Perturbations of four-velocities, w^α and v^α, entering definitions of the energy-momentum tensors (25), (36), are fully determined by the perturbations of the metric and the potentials of the matter fields. Indeed, according to definitions (20) and (32) the four-velocities are defined by the following equations

w_α = − Φ_{,α} μ_m , v_α = − Ψ_{,α} μ_q

. (116)

where μ_m = √ −g^{αβ}Φ_{,α}Φ_{,β} and μ_q = √ −g^{αβ}Ψ_{,α}Ψ_{,β} in accordance with (21) and (29) respectively. We define perturbation of the covariant components of the four-velocities as follows

w_α = ū_α + δw_α , v_α = ū_α + δv_α , (117)

where the unperturbed values of the four-velocities coincide and are equal to the four-velocity of the Hubble flow due to the requirement of the homogeneity and isotropy of the background FLRW metric. Substituting these expansions to the left side of definitions (116), and expanding its right side by making use of the expansions (106) and (108) of the scalar fields and the metric, yields δw_α = − 1 μ̄_m

P̄^β_αϕ_{|β} − 1 2 qū_α , δv_α = − 1 μ̄_q

P̄^β_αψ_{|β} − 1 2 qū_α , (118)

where we have introduced a new notation

q ≡ −ū^αū^βκ_{αβ} , (119)

for the gravitational perturbation of the metric tensor projected on the background four-velocity of the Hubble flow. Making use of l_{αβ}, the previous equation can be recast to

q ≡ ū^αū^βl_{αβ} + l 2 , (120)

where l ≡ l^α_α = ḡ^{αβ}l_{αβ} . Remembering that ḡ^{αβ} = P̄^{αβ} − ū^αū^β , we can put equation (120) yet to another form q ≡ 1 2 ( ū^αū^β + P̄^{αβ} ) l_{αβ} , (121)

which is useful in the calculations that follows.

B. The Perturbative Expansion of the Lagrangian

We have introduced the Lagrangian of the theory in section IV. The Hilbert Lagrangian of the gravitational field is L^g = − √ −gR/16π, where R is the Ricci scalar. The Lagrangian density of matter is L^m = √ −gL^m(Φ, g_{αβ}), and the Lagrangian density of the scalar field L^q = √ −gL^q(Ψ, g_{αβ}). The matter, the scalar field as well as the spacetime manifold are perturbed by a matter of N-body system described by a set of field variables Θ with the Lagrangian density L^p = √ −gL^p(Θ, g_{αβ}). The action of the unperturbed FLRW universe is a functional

S̄ = ∫ M d^4xL̄ , (122)

depending on the unperturbed Lagrangian L̄ = L̄^g + L̄^m + L̄^q , (123)

taken on the background values of the field variables ḡ_{αβ} , Φ̄, and Ψ̄.

The presence of a localized astronomical system perturbs the spacetime manifold and the background values of the field variables. The perturbed Lagrangian becomes an algebraic sum of four terms

L = L^g + L^m + L^q + L^p , (124)

where the Lagrangian L^p describes the bare perturbation, and L^g, L^m, L^q are perturbed values of the Lagrangian of the FLRW universe.

The perturbed Lagrangian can be decomposed in a Taylor series with respect to the perturbed values of the field variables. It is achieved by substituting expansions (106) to the Lagrangian (124) and expanding it around the background values of the variables. It yields

L = L̄ + L_1 + L_2 + L_3 + ... , (125)

where L_1, L_2, L_3, . . . , are the Lagrangian perturbations which are linear, quadratic, cubic, and so on, with respect to the perturbations of the field variables, h_{αβ}, ϕ, ψ, and θ. More specifically [85],

L_1 = h^{μν} δL̄ δḡ^{μν} + ϕ δL̄ δΦ̄ + ψ δL̄ δΨ̄ + L^p , (126a)

L_2 = 1 2! h^{αβ} δ δḡ^{αβ} ( h^{μν} δL̄ δḡ^{μν} ) + 1 2! ϕ δ δΦ̄ ( ϕ δL̄ δΦ̄ ) + 1 2! ψ δ δΨ̄ ( ψ δL̄ δΨ̄ ) (126b)

+ h^{αβ} δ δḡ^{αβ} ( ϕ δL̄ δΦ̄ ) + h^{αβ} δ δḡ^{αβ} ( ψ δL̄ δΨ̄ ) + h^{αβ} δL^p δḡ^{αβ} , and so on. Here, the variational derivatives from the Lagrangian density, L̄, depending on the field variables and their derivatives, are defined as follows δL̄ δḡ^{μν} ≡ ∂L̄ ∂ḡ^{μν} − ∂ ∂x^α ∂L̄ ∂ḡ^{μν}_{,α} + ∂^2 ∂x^α∂x^β ∂L̄ ∂ḡ^{μν}_{,αβ} , (127a) δL̄ δΦ̄ ≡ ∂L̄ ∂Φ̄ − ∂ ∂x^α ∂L̄ ∂Φ̄_{,α} + ∂^2 ∂x^α∂x^β ∂L̄ ∂Φ̄_{,αβ} , (127b) δL̄ δΨ̄ ≡ ∂L̄ ∂Ψ̄ − ∂ ∂x^α ∂L̄ ∂Ψ̄_{,α} + ∂^2 ∂x^α∂x^β ∂L̄ ∂Ψ̄_{,αβ} , (127c)

The variational derivative with respect to the metric density ḡ^{μν} relates to the derivative with respect to the metric ḡ^{μν} by an algebraic operator δ δḡ^{μν} = ∂ḡ^{αβ} ∂ḡ^{μν} δ δḡ^{αβ} = 1 2 √ −ḡ ( δ^α_μ δ^β_ν + δ^α_ν δ^β_μ − ḡ_{μν}ḡ^{αβ} ) δ δḡ^{αβ} . (128)

One has to notice that the expansion (125) is defined up to the terms which are represented as a total covariant derivative from a vector density (the, so-called, divergent terms). For example, the direct Taylor series expansion shows that the Lagrangian L_2 has a term with cross-coupling of ϕ and ψ. This term was eliminated from L_2 because it can be represented as a covariant divergence from a vector that vanishes identically after taking the Lagrangian derivative [85]. The divergency terms can be important in the discussion of the boundary conditions but they do not enter the equations of motion of fields which represent a system of differential equations in partial derivatives for the perturbations of the dynamic (field) variables. Furthermore, it is straightforward to prove that any of the Lagrangian derivatives (127a)-(127c), applied to a partial derivative of a geometric object F = F (ḡ^{αβ} ; Φ̄; Ψ̄; ḡ^{αβ}_{,γ} ; Φ̄_{,γ} ; Ψ̄_{,γ} ; . . .), vanishes [80] δ δḡ^{αβ} ( ∂F ∂x^α ) = 0 , δ δΦ̄ ( ∂F ∂x^α ) = 0 , δ δΨ̄ ( ∂F ∂x^α ) = 0 . (129)

Equations (129) does not hold for a covariant derivative [80]. We shall use equation (129) for bringing the Lagrangian derivatives to a simpler form.

The field equations are obtained by taking the variational derivatives from the perturbed action with respect to various variables subject to the least action principle. In accordance with this principle, the variational derivatives from the perturbed Lagrangian must vanish, δL δg^{μν} = 0 , δL δΦ = 0 , δL δΨ = 0 . (130)

We substitute the Taylor decomposition (125) of the Lagrangian to equations (130) and separate the background value of the derivatives from their perturbed values. We assume that gravitational dynamics the unperturbed universe obeys the background field equations. Then, the perturbed part of the equations represent a series of equations of the first, second, third, etc. order, which can be solved by successive iterations. In this paper we restrict ourselves with the linearized approximation of the first order with respect to the perturbations. It generalizes the first post-Minkowskian approximation to the case of the expanding universe.

C. The Background Field Equations

The dynamics of the background universe is governed by the variational equations

δL̄^g δḡ_{αβ} + δL̄^m δḡ_{αβ} + δL̄^q δḡ_{αβ} = 0 , (131a)

δL̄^m δΦ̄ = 0 , (131b)

δL̄^q δΨ̄ = 0 . (131c)

After performing the derivatives, equation (131a) becomes the Einstein equation (78), equation (131b) is reduced to equation of continuity (92) after taking into account the thermodynamic relationship (15), and equation (131c) is equivalent to (95). These equations have been thoroughly discussed in section V. Solution of these equations depend on equation of state of background matter. We assume that the solution exists and that the time dependence of the FLRW metric ḡ_{αβ} = ḡ_{αβ}(η), the Clebsch potential Φ̄ = Φ̄(η), and the scalar field Ψ̄ = Ψ̄(η) is explicitly known.

D. The Gravitational Field Perturbations

The gravitational field perturbations satisfy the following (exact) differential equation

F_{μν} = 8π (T_{μν} + t_{μν} ) , (132)

which generalizes the Einstein field equations of the post-Minkowskian approximations in asymptotically flat spacetime to the case of the expanding universe. Tensor F_{μν} is an algebraic superposition

F_{μν} ≡ F^g_{μν} + F^m_{μν} + F^q_{μν} , (133)

where the linear operators in the right side are defined through the Lagrangian derivatives as follows, F^g_{μν} ≡ − 16π √ −ḡ δ δḡ^{μν} ( h^{αβ} δL̄^g δḡ^{αβ} ) , (134a) F^m_{μν} ≡ − 16π √ −ḡ δ δḡ^{μν} ( h^{αβ} δL̄^m δḡ^{αβ} + ϕ δL̄^m δΦ̄ ) , (134b) F^q_{μν} ≡ − 16π √ −ḡ δ δḡ^{μν} ( h^{αβ} δL̄^q δḡ^{αβ} + ψ δL̄^q δΨ̄ ) . (134c)

The right side of equation (132) contains the tensor of energy-momentum T_{μν} of the bare gravitational perturbation which is generated by the matter of the localized astronomical system and can be calculated as the Lagrangian derivative (37) . The right side of (132) also contains the non-linear corrections that are given by t_{μν} = 2 √ −ḡ ( δL_2 δḡ^{μν} + δL_3 δḡ^{μν} + . . . ) . (135)

In what follows, we shall neglect the contribution of t_{μν} as it is of the higher order compared with other terms in (132).

The differential operator, F^g_{μν} , represents a linearized perturbation of the Ricci tensor, and after calculation of (134a), is given by

F^g_{μν} = 1 2 ( l_{μν}^{|α}_{|α} + ḡ_{μν} l^{αβ}_{|αβ} − l_{αμ|ν}^{|α} − l_{αν|μ}^α ) , (136)

where each vertical bar denotes a covariant derivative with respect to the background metric ḡ_{μν} .

Operators F^m_{μν} and F^q_{μν} depend essentially on a particular choice of the Lagrangian of matter and scalar field, and take on different forms depending on the specific analytic dependence of L^m and L^q on the field variables. In the particular case of the ideal fluid, the term embraced in the round parentheses in the right side of equation (134b) is h^{αβ} δL̄^m δḡ^{αβ} + ϕ δL̄^m δΦ̄ = 1 2 h^{αβ} ( T̄^m_{αβ} − 1 2 ḡ_{αβ}T̄^m ) + ϕ ∂_α ( ρ̄_m √ −ḡū^α ) , (137) where ū^α ≡ −ḡ^{αβ}Φ̄_{,β}/μ̄_m, and T̄^m_{αβ} is given in (25). We emphasize that though the ideal fluid satisfies the equation of continuity (92), it should not be immediately implemented in (137) because this expression is to be further differentiated with respect to the metric tensor according to (134b).

For the scalar field, the term enclosed to the round parentheses in the right side of (134c) is h^{αβ} δL̄^q δḡ^{αβ} + ψ δL̄^q δΨ̄ = 1 2 h^{αβ} ( T̄^q_{αβ} − 1 2 ḡ_{αβ}T̄^q ) + ψ [ √ −ḡ ∂W̄ ∂Ψ̄ + ∂_α ( ρ̄_q √ −ḡū^α ) ] , (138)

where ū^α ≡ −ḡ^{αβ}Ψ̄_{,β}/μ̄_q, ρ̄_q = μ̄_q, T̄^q_{αβ} is given in (36), and the equation of continuity for the scalar field (100) should not be implemented until differentiation with respect to the metric tensor (134c) is completed.

Taking the variational derivatives with respect to ḡ^{μν} from the expressions (137) and (138), and applying thermodynamic equations (18), allows us to write down the right sides of equations (134b), (134c) as follows,

F^m_{μν} = −4π [ (p̄_m − ϵ̄_m)l_{μν} + ( 1 − c^2 c^2_s ) (ϵ̄_m + p̄_m)qū_μū_ν ] (139)

+8πρ̄_m { ū_μϕ_{,ν} + ū_ν ϕ_{,μ} + [( 1 − c^2 c^2_s ) ū_μū_ν − ḡ_{μν} ] ū^αϕ_{,α} } ,

F^q_{μν} = −4π [ (p_q − ϵ_q) l_{μν} − 2ḡ_{μν} ∂W̄ ∂Ψ̄ ψ ] + 8πρ̄_q (ū_μψ_{,ν} + ū_ν ψ_{,μ} − ḡ_{μν}ū^αψ_{,α}) , (140)

where ρ̄_q ≡ ˙Ψ̄/a in accordance with definition (32). The potential energy of the scalar field, W̄ = W̄ (Ψ̄), remains arbitrary as yet.

It is important to emphasize that in the most general case the ratio c^2_s /c^2 of the speed of sound in fluid to the fundamental speed c, is not equal to the parameter w_m of the equation of state (89), that is w_m ≠ (c_s/c)^2. Indeed, the speed of sound is defined as a partial derivative of pressure p_m with respect to the energy density ϵ_m taken under the condition of a constant entropy s_m,

c^2_s c^2 = ( ∂p_m ∂ϵ_m ) s_m=const.

. (141)

This equation is equivalent to the following relationship

c^2_s c^2 = (∂p_m/∂μ_m)_{sm=const.} (∂ϵ_m/∂μ_m)_{sm=const.}

, (142)

which is a consequence of thermodynamic relationships and definition of a partial derivative. The ratio of the partial derivatives in (142) is not reduced to w_m in case when w_m depends on some other thermodynamic parameters implicitly depending on the specific enthalpy. For example, in case of an ideal gas the equation of state p_m = w_mϵ_m, where w_m = kT/mc^2, k is the Boltzmann constant, m - mass of a particle of the ideal fluid, and T is the fluid temperature. The speed of sound c^2_s = c^2 (∂p_m/∂ϵ_m)_{sm=const.} = Γw_m > w_m = p_m/ϵ_m, where Γ > 1 is the ratio of the heat capacities of the gas taken for the constant pressure and the constant volume respectively.

The scalar field with the potential function W (Ψ) ≠ 0 does not bear all thermodynamic properties of an ideal fluid. Nevertheless, we can formally define the speed of "sound" ĉ_s propagating in the scalar field "fluid", by equation being similar to (142). More specifically,

ĉ^2_s c^2 = (∂p_q/∂μ_q)_{Ψ=const.} (∂ϵ_q/∂μ_q)_{Ψ=const.}

. (143)

Simple calculation reveals that the speed of "sound" of the scalar field is always equal to the fundamental speed

ĉ_s = c , (144)

irrespectively of the value of the potential function W (Ψ). It explains why the terms being proportional to the factor 1 − c^2/ĉ^2_s , do not appear in the expression (140) as contrasted with (139).

E. The Ideal Fluid Perturbations

The perturbed field equations for the ideal fluid are obtained by taking the variational derivatives with respect to the field Φ from the Lagrangian (124) - it corresponds to the middle equation in (130). Taking into account the background equation (131b) yields the equation of sound waves propagating in the fluid as small perturbations,

F^m = 8πΣ^m , (145)

where the linear differential operator

F^m ≡ − 1 √ −ḡ δ δΦ̄ ( h^{μν} δL̄^m δḡ^{μν} + ϕ δL̄^m δΦ̄ ) , (146)

and the source term

Σ^m ≡ 1 8π √ −ḡ ( δL^m_2 δΦ̄ + δL^m_3 δΦ̄ + ... ) . (147)

In the case of a single-component ideal fluid, the Lagrangian (23) depends merely on the derivative of the Clebsch potential Φ and on the metric tensor. Therefore, the explicit form of the linear operator F^m is reduced to a covariant divergence

F^m = Y^α_{|α} , (148)

where a vector field Y^α ≡ ∂ ∂Φ̄_{,α} [( l^{μν} − 1 2 lḡ^{μν} ) ( ∂L̄^m ∂ḡ^{μν} − 1 2 g_{μν}L̄^m ) + ϕ_{,β} ∂L̄^m ∂Φ̄_{,β} ] , (149)

where the partial derivatives are taken from the Lagrangian L^m, but not from its density L^m = √ −gL^m. More specifically, calculations yield Y^α ≡ ρ̄_m μ̄_m ϕ^{|α} − ρ̄_ml^{αβ}ū_β + ( 1 − c^2 c^2_s ) ( ρ̄_m μ̄_m ū^αū^βϕ_{|β} − 1 2 ρ̄_mū^αq ) . (150)

Similar equations were derived by Lukash [73] who used the variational method to analyze production of sound waves in the early universe.

F. The Scalar Field Perturbations

Equations for the scalar field perturbations are derived by taking the variational derivative from the Lagrangian (124) with respect to the field variable Ψ - see the last equation in (130). Subtracting the background equation (131c) leads to

F^q = 8πΣ^q , (151)

where the linear differential operator

F^q ≡ − 1 √ −ḡ δ δΨ̄ ( h^{μν} δL̄^q δḡ^{μν} + ψ δL̄^q δΨ̄ ) , (152)

and the source term

Σ^q ≡ 1 8π √ −ḡ ( δL^q_2 δΨ̄ + δL^q_3 δΨ̄ + ... ) . (153)

According to equation (26), the Lagrangian density of the scalar field L^q = √ −gL^q depends on both the field Ψ and its first derivative, Ψ_{,α}. For this reason, the differential operator F^q is not reduced to the covariant derivative from a vector field as the partial derivative of the Lagrangian with respect to Ψ does not vanish. We have

F^q ≡ Z^α_{|α} − l 2 ∂W̄ ∂Ψ̄ − ψ ∂^2W̄ ∂Ψ̄^2

(154) where l ≡ ḡ^{αβ} l_{αβ}, and vector field Z^α ≡ ∂ ∂Ψ̄_{,α} [( l^{μν} − 1 2 lḡ^{μν} ) ( ∂L̄^q ∂ḡ^{μν} − 1 2 ḡ_{μν}L̄^q ) + ψ_{,β} ∂L̄^q ∂Ψ̄_{,β} ] . (155)

Performing the partial derivatives in equation (155), yields a rather simple expression

Z^α ≡ ψ^{|α} − ρ̄_ql^{αβ}ū_β , (156)

where we have used equation Ψ̄_{|α} = −ū^βΨ̄_{|β}ū_α = −ρ̄_qū_α. The reader is invited to compare equation (156) with (150) to observe the differences between the Lagrangian perturbations of the ideal fluid and the scalar field. One may observe that (150) becomes identical with (156) in the limit c_s → c, and ρ̄_m → μ̄_m. This corresponds to the case of an extremely rigid equation of state w_m = 1 in equation (89). According to the discussion following equations (143), (144) the speed of ’sound’ ĉ_s in the scalar field ’fluid’ is always equal to c. However, it does not assume that the parameter w_q of the equation of state of the scalar field, p̄_q = w_qϵ̄_q, in (89) is equal to unity. This is because the scalar field is not completely equivalent to the ideal fluid in the sense of thermodynamic [2]. .

G. The Lagrangian Equations for Field Variables

1. Equations for the metric tensor perturbations

Linearized equations for gravitational field variables, l_{μν} , are obtained from (131a) after neglecting in its right side the non-linear source t_{μν} , and rendering a series of transformations which re-arrange and sort out similar terms. First, let us make use of Einstein’s equations (139) and (140) to find

F^m_{μν} + F^q_{μν} = 4π (ϵ̄ − p̄) l_{μν} (157)

+ 8πρ̄_m [ ū_μϕ_{,ν} + ū_ν ϕ_{,μ} − ḡ_{μν} u^αϕ_{,α} + ( 1 − c^2 c^2_s ) ( ū^αϕ_{,α} − 1 2 μ̄_mq ) ū_μū_ν ]

+ 8πρ̄_q [ ū_μψ_{,ν} + ū_ν ψ_{,μ} − ḡ_{μν} u^αψ_{,α} + ḡ_{μν} ∂W̄ (Ψ̄) ∂Ψ̄ ψ μ̄_q ] . Second step is to transform the linear differential operator F^g_{μν} in (136) to a more convenient form that will allow us to single out the gauge-dependent terms denoted by

A^μ ≡ l^{μν}_{|ν} . (158)

Changing the order of the covariant derivatives in (136) and taking into account that the commutator of the second covariant derivatives is proportional to the Riemann tensor, we can recast (136) to the following form,

F^g_{μν} ≡ 1 2 ( l_{μν}^{|α}_{|α} + ḡ_{μν} A^α_{|α} − A_{μ|ν} − A_{ν|μ} ) − R̄^α_{(μ}l_{ν)α} − R̄_{μαβν} l^{αβ} , (159) where the round brackets around indices denote symmetrization. The terms with the Ricci and Riemann tensors can be expressed in terms of the total background energy and pressure of the ideal fluid and scalar field by making use of equations (71), (73) and Einstein’s equations (78). It yields R^α_{(μ}l_{ν)α} +R̄_{μαβν} l^{αβ} = 4π [( 5ϵ̄ 3 − p̄ ) l_{μν} + l 2 ( p̄ − ϵ̄ 3 ) ḡ_{μν} + (ϵ̄ + p̄) (2ū^αū_μl_{να} + 2ū^αū_ν l_{μα} − ū_μū_ν l − ḡ_{μν} q) ] . (160)

Finally, substituting equations (157), (159) and (160) to (132) results in l_{μν}^{|α}_{|α} + ḡ_{μν} A^α_{|α} − A_{μ|ν} − A_{ν|μ} (161) −16π [ ϵ̄ 3 l_{μν} + l 4 ( p̄ − ϵ̄ 3 ) ḡ_{μν} + (ϵ̄ + p̄) ( ū^αū_μl_{να} + ū^αū_ν l_{μα} − 1 2 ū_μū_ν l − 1 2 ḡ_{μν} q )]

+16πρ̄_m [ ū_μϕ_{,ν} + ū_ν ϕ_{,μ} − ḡ_{μν} u^αϕ_{,α} + ( 1 − c^2 c^2_s ) ( ū^αϕ_{,α} − 1 2 μ̄_mq ) ū_μū_ν ]

+16πρ̄_q [ ū_μψ_{,ν} + ū_ν ψ_{,μ} − ḡ_{μν} u^αψ_{,α} + ḡ_{μν} ∂W̄ (Ψ̄) ∂Ψ̄ ψ μ̄_q ] = 16πT_{μν} , where the non-linear term t_{μν} was neglected.

The first term in (161) is a covariant Laplace-Beltrami operator, l_{μν}^{|α}_{|α} ≡ ḡ^{αβ}l_{μν|αβ} , that is a rather complicated geometric object. Its explicit expression can be developed by making use of the Christoffel symbols given in (60). Tedious but straightforward calculation yields

l_{μν}^{|α}_{|α} = l_{μν}^{;α}_{;α} + 2Hū^αl_{μν;α} − 2 (Hū^αl_{αμ})_{|ν} − 2 (Hū^αl_{αν} )_{|μ} (162) + 2H (ū_μA_ν + ū_ν A_μ) + 2H^′ (l_{μν} − ū^αū_μl_{να} − ū^αū_ν l_{μα}) + 2H^2 ( 2l_{μν} + 3ū_μū^αl_{αν} + 3ū_νū^αl_{αμ} − ḡ_{μν}ū^αū^βl_{αβ} − ū_μū_ν l ) , where the semicolon denotes a covariant derivative that is calculated with the Christoffel symbols B^α_{μν} like in (67b), and the differential operator l_{μν}^{;α}_{;α} ≡ ḡ^{αβ}l_{μν;αβ} .

Further derivation of the differential equations for linearized metric tensor perturbations can be significantly simplified if we re-define the gauge function, A^α ≡ l^{μν}_{|ν} , in the following form

A^α = −2Hl^{αβ}ū_β + 16π (ρ̄_mϕ + ρ̄_qψ) ū^α + B^α , (163)

where B^α is an arbitrary gauge function. This choice of the gauge function A^α allows us to eliminate two terms in equation (162) which depend on the first covariant derivatives with respect to the background metric ḡ_{αβ}. Moreover, it allows to eliminate a number of terms depending on the first derivatives of the fields ϕ and ψ in equation (161). Since we keep the gauge function B^α arbitrary, the equation (163) does not fix any gauge. The choice of the gauge is controlled by the gauge function B^α.

One substitutes the gauge function (163) to equations (162) and (161) and make use of the background Friedmann equations (85), (86) to replace the background values of the energy density, ϵ̄, and pressure, p̄, with the Hubble parameter H and its time derivative H^′. It brings about equation (161) to the following form

l_{μν}^{;α}_{;α} + 2Hū^αl_{μν;α} + 2 ( H^′ + H^2 ) (l_{μν} + ū_μū^αl_{αν} + ū_νū^αl_{αμ} − lū_μū_ν ) (164) − 2k a^2 [ l_{μν} + 2ū_μū^αl_{αν} + 2ū_νū^αl_{αμ} − lū_μū_ν − ( q + l 2 ) ḡ_{μν} ]

+16πū_μū_ν [ ρ̄_m ( 1 − c^2 c^2_s ) ( ū^αϕ_{,α} − 1 2 μ̄_mq ) − 2 ∂W̄ ∂Ψ̄ ψ − 4H (ρ̄_mϕ + ρ̄_qψ) ]

+ḡ_{μν} B^α_{|α} − B_{μ|ν} − B_{ν|μ} + 2H (ū_μB_ν + ū_ν B_μ − ḡ_{μν}ū^αB_α) = 16πT_{μν} .

This equation is fully covariant and is valid in any gauge and/or coordinate chart. It clarifies the advantage in the choice of the gauge function (163).

Indeed, if one works in the isotropic coordinates associated with the Hubble flow, where Ū^α = (1/a, 0, 0, 0), it allows us to fully decouple the differential equations for l_{00}, l_{0i} and l_{ij} components of the metric tensor perturbations. Let us assume, for simplicity, B^α = 0 that is an analogue of the harmonic gauge in asymptotically-flat spacetime. Then, different tensor components of equation (164) become

□q + 2Hq_{;0} + 4kq − 4π ( 1 − c^2 c^2_s ) ρ̄_mμ̄_mq = 8π (T_{00} + T_{kk}) − (165a) 8πa [ ρ̄_m ( 1 − c^2 c^2_s ) ϕ_{,0} − 2a ∂W̄ ∂Ψ̄ ψ − 4H (ρ̄_mϕ + ρ̄_qψ) ] , □l_{0i} + 2Hl_{0i;0} + 2kl_{0i} = 16πT_{0i} , (165b) □l_{<ij>} + 2Hl_{<ij>;0} + 2 (H^′ − k) l_{<ij>} = 16πT_{<ij>} , (165c) □l_{kk} + 2Hl_{kk;0} + 2 (H^′ + 2k) l_{kk} = 16πT_{kk} . (165d)

Here, we denoted □l_{μν} = f̄^{αβ}l_{μν;αβ} , q = (l_{00} + l_{kk} ) /2, l_{kk} = l_{11} +l_{22} +l_{33}, l_{<ij>} = l_{ij} −(1/3)δ_{ij}l_{kk} , and the same index notations are applied to the tensor of energy-momentum T_{ij} of the localized astronomical system. These equations are clearly decoupled from one another, thus, demonstrating the advantage of the gauge condition (163) used along with B^α = 0.

Equations (165b)–(165d) can be solved independently if the initial and boundary conditions are known, and the tensor of energy-momentum of the localized astronomical system is well-defined. Equation (165a) for scalar q besides knowledge of T_{αβ}, demands to know the scalar field perturbations, ϕ and ψ, that contribute to the source of q standing in the right side of (165a). Equations for these perturbations are obtained in the following text.

2. Equations for the ideal fluid perturbations

The ideal fluid perturbations, ϕ, evolve in accordance with the Lagrangian equation (145). In the linear approximation we can neglect the source term Σ^m in its right side. The covariant derivative in the definition of the linear operator F^m given by (148), can be explicitly performed that yields equation for the Clebsch potential

ϕ^{|α}_{|α} − 2μ̄_mHq + 16πμ̄_m (ρ̄_mϕ + ρ̄_qψ) + ( 1 − c^2 c^2_s ) ( ū^αū^βϕ_{|αβ} − 1 2 μ̄_mū^αq_{,α} ) = μ̄_mū^αB_α , (166)

where the gauge function (163 has been used. The gauge B^α remains yet unspecified so that equation (166) is covariant and is valid in any coordinate chart.

3. Equations for the scalar field perturbations

Linearized equation for the scalar field perturbations, ψ, is obtained from the Lagrangian equation (151) after neglecting the (non-linear) source term Σ^q. After performing the covariant differentiation in equation (154), we get equation for the scalar field perturbation ψ^{|α}_{|α} − ( 2μ̄_qH + ∂W̄ ∂Ψ̄ ) q + 16πμ̄_q (ρ̄_mϕ + ρ̄_qψ) −

∂^2W̄ ∂Ψ̄^2 ψ = μ̄_qū^αB_α , (167)

where equation (163) has been used along with the equality ρ̄_q = μ̄_q. The gauge function B^α is kept unspecified so that equation (166) is covariant and is valid in any coordinates.

VII. GAUGE-INVARIANT FIELD EQUATIONS IN 3+1 FORMALISM

A. Algebraic Decomposition of the Metric Perturbations.

We have derived the system of coupled differential equations (164), (166), (167) for the field variables l_{αβ}, ϕ and ψ, describing perturbations of the gravitational field, the ideal fluid, and the scalar field respectively. These system of equations can be split into a set of gauge-invariant differential equations for the scalar, vector, and tensor parts which is convenient for theoretical study of the evolution of the perturbations in arbitrary coordinates. This 3+1 split is achieved by making use of the operator of projection P̄_{αβ} onto a hypersurface being orthogonal to the congruence of worldlines of the Hubble flow.

The theory under development admits four, algebraically-independent scalar perturbations. Two of them are the Clebsch potential of the ideal fluid ϕ and the scalar field ψ. The two other scalars characterize the scalar perturbations of the gravitational field. They can be chosen, for example, as a projection of the metric tensor perturbation on the direction of the background four-velocity field, ū^αū^βl_{αβ} , and the trace of the metric tensor perturbation, l = ḡ^{αβ}l_{αβ} . However, it is more convenient to work with two other scalars, defined as their linear combinations, q ≡ 1 2 ( ū^αū^β + P̄^{αβ} ) l_{αβ} , (168a) p ≡ ( ū^αū^β + ḡ^{αβ} ) l_{αβ} , (168b)

Notice that the scalar q has been introduced earlier in (140). The scalar p is, in fact, projection of l_{αβ} onto the spacelike hypersurface being orthogonal everywhere to the worldlines of fiducial observers moving with the background four-velocity ū^α of the Hubble flow. Indeed, after accounting for definition (54), equation (168b) can be written as

p = P̄^{αβ} l_{αβ} . (169)

Vectorial gravitational perturbations are defined by a spacial-temporal projection

p_α ≡ −P̄_α^βū^γ l_{βγ} , (170)

where minus sign was taken for the sake of mathematical convenience. Due to its definition, vector p^α = ḡ^{αβ} p_β is orthogonal to the four-velocity ū^α, that is ū^αp_α = 0. Hence, it describes a space-like vector-like gravitational perturbations with three algebraically-independent components.

Tensorial gravitational perturbations are associated with the projection

p^⊺_{αβ} ≡ p_{αβ} − 1 3 P̄_{αβ} p , (171)

where

p_{αβ} ≡ P̄_α^μP̄_β^ν l_{μν} . (172)

Here, the tensor p_{αβ} is a double projection of l_{αβ} onto space-like hypersurface being orthogonal to the worldlines of fiducial observers moving with the four-velocity ū^α of the Hubble flow. The trace of this tensor coincides with the scalar p. Indeed,

ḡ^{αβ}p_{αβ} = ḡ^{αβ}P̄_α^μP̄_β^ν l_{μν} = P̄^{βμ}P̄_β^ν l_{μν} = P̄^{μν} l_{μν} = p , (173)

where the property of the projection tensor P̄^{βμ}P̄_β^ν = P̄^{μν} has been used. Equation (173) makes it clear that tensor p^⊺_{αβ} is traceless, that is ḡ^{αβ}p^⊺_{αβ} = 0. Because of this property, and four orthogonality conditions, ū^αp^⊺_{αβ} = 0, the symmetric tensor p^⊺_{αβ} has only five, algebraically-independent components.

Gravitational perturbation l_{αβ} can be decomposed into the algebraically-irreducible scalar, vector and tensor parts as follows

l_{αβ} = p^⊺_{αβ} + ū_αp_β + ū_βp_α + ( ū_αū_β + 1 3 P̄_{αβ} ) p + 2ū_αū_β (q − p) . (174)

One should not confuse the pure algebraic decomposition of the metric tensor perturbation with its decomposition in a functional (Hilbert) space. This decomposition was pioneered by Lifshitz and Khalatnikov [70] and later on, structured by Arnowitt, Deser and Misner Arnowitt et al. [5] (see also [79]). It is commonly used in the research on the relativistic theory of formation of the large-scale structure in the universe. The functional ADM decomposition of the metric tensor perturbations is done with respect to the direction of propagation of weak gravitational waves and singles out the longitudinal (L), transversal (T) and transverse-traceless (TT) parts of the perturbations. In other words, the functional decomposition make sure that the vector p_α and the tensor parts of the gravitational perturbation, p^⊺_{αβ}, are further decomposed in the functionally-irreducible components that are reduced to two more scalars, and two transverse vectors each of which has only two, functionally-independent components. The remaining part of the tensor perturbations, p^⊺_{αβ}, is transverse-trackless and has only two functionally-independent components denoted as p^{TT}_{αβ}. The ADM decomposition of the metric tensor is a powerful technique in the theory of gauge-invariant cosmological perturbations [8]. However, it is not convenient in the development of the post-Newtonian dynamics of celestial bodies in cosmology, and shall not be used in the present paper.

Our next step is derivation of the field equations for the algebraically-irreducible components of matter and gravitational field. Before doing this derivation, let us discuss the gauge transformations of the corresponding field variables.

B. The Gauge Transformation of the Field Variables

Gauge invariance is a cornerstone of the modern theoretical physics with a long and interesting history [52]. Gauge invariance should be distinguished from the coordinate invariance or the general covariance because, by definition, a gauge transformation changes only field variables of the theory under consideration but not coordinates. Discussion of gauge transformation and invariance requires introducing a gauge field and a new geometric object – an affine connection – on a fibre bundle manifold describing the intrinsic degrees of freedom of corresponding field variables of the gauge field theory.

The present paper discusses physical perturbations of the field variables l_{αβ} , Φ, Ψ on the cosmological spacetime manifold in the framework of general relativity. The affine connection on the spacetime manifold of general relativity is represented by the Christoffel symbols while the gauge transformation is generated by a flow of an arbitrary vector (gauge) field ξ^α that maps the manifold into itself. Gauge transformation of the fields on a curved manifold is associated with a Lie transport of the fields along the vector flow ξ^α [65, 99]. Infinitesimal gauge transformation is a Lie derivative of the field taken at the value of the parameter on the curves of the vector flow equal to 1 [58, chapter 3.6].

Let us consider a mapping of spacetime manifold into itself induced by a vector flow, ξ^α = ξ^α(x^β ). It means that each point of the manifold with coordinates x^α is mapped to another point with coordinates

x̂^α = x^α − ξ^α(x) . (175)

This mapping of the manifold into itself can be interpreted as a local diffeomorphism which transforms the field variables in accordance to their tensor properties. The transformed value of the field variable is pulled back to the point of the manifold having the original coordinates x^α, and is compared with the value of the field at this point. The difference between the transformed and the original value of the field, generated by the diffeomorphism (175) is the gauge transformation of the field that is given by the Lie derivative taken along the vector field ξ^α at the point of the manifold with coordinates x^α.

Let us denote the transformed values of the field variables with a hat. In the linearized perturbation theory of the cosmological manifold, the gauge transformations of the field variables are given by equations

κ̂_{αβ} = κ_{αβ} + ξ_{α|β} + ξ_{β|α} , (176a) l̂_{αβ} = l_{αβ} − ξ_{α|β} − ξ_{β|α} + ḡ_{αβ} ξ^γ_{|γ} , (176b) ϕ̂ = ϕ + Φ̄_{|α}ξ^α , (176c)

ψ̂ = ψ + Ψ̄_{|α}ξ^α , (176d)

where the hat above each symbol denotes a new value of the field variable after applying the gauge transformation, and all functions are calculated at the same value of coordinates x^α. The gauge transformations of the field variables are expressed in terms of the covariant derivatives on the manifold and, thus, are coordinate-independent. Equation (176b) is derived from the Lie transformation (176a) of the metric tensor perturbation, and the relationship (115) between κ_{αβ} and l_{αβ} .

Gauge invariance of the Lagrangian perturbation theory means that the gauge transformations of the field variables do not change the content of the theory. In other words, the equations for the field variables must be invariant with respect to the gauge transformations (176a)-(176d). However, direct inspection of equations (164), (166), (167) shows that they do depend on the choice of the gauge in the form of the gauge function B^α introduced in equation (163). To find out the gauge-invariant content of the theory one should search for the gauge-invariant field variables and to derive the gauge-invariant equations for them. This program has been completed by Bardeen [8] who used the functional 3+1 decomposition of the metric tensor perturbations and the vector field ξ^α to build the gauge-invariant variables out of the various projections of the metric tensor components on space an time. Various modifications of Bardeen’s approach can be found, for example, in [13, 29, 32, 33, 73, 82] and in the book by Mukhanov [81]. We use algebraic 3+1 decomposition of the metric tensor perturbations (174) that allows us to build gauge-invariant scalars. Vector and tensor perturbations remain gauge-dependent in this approach. In order to suppress the gauge degrees of freedom in these variables we impose a particular gauge condition B^α = 0 in equation (163). This limits the freedom of the gauge field ξ^α by a particular set of differential equations which are discussed in section (VII G).

C. The Gauge-invariant Scalars

The existence of the preferred four-velocity, ū^α, of the Hubble flow in the expanding universe provides a natural way of separating the perturbations of the field variables in scalar, vector, and tensor components. This section discusses how to build the gauge-invariant scalars. Vector and tensor perturbations are discussed afterwards.

The gauge-invariant scalar perturbations can be build from the perturbation of the Clebsch potential, ϕ, the perturbation of the scalar field ψ, and two scalars associated with the trace of the metric tensor, q, and its projection on the worldlines of the Hubble flow, q. To build the first gauge-invariant scalar, we introduce the scalar perturbations

χ_m ≡ ϕ μ̄_m

, χ_q ≡ ψ μ̄_q

, (177)

that normalize perturbations of the Clebsch potential ϕ and that of the scalar field ψ to the corresponding background values of the specific enthalpy, μ̄_m and μ̄_q. The gauge transformations for the three scalars q, χ_m, and χ_q are obtained from (176b)–(176d), and read

q̂ = q − 2ū^αū^βξ_{α|β} , (178a) χ̂_m = χ_m − ū_αξ^α , (178b) χ̂_q = χ_q − ū_αξ^α , (178c)

where we have used the definition of the background four-velocity ū^α = −Φ̄_{|α}/μ̄_m = −Ψ̄_{|α}/μ̄_q in terms of the partial derivatives of the background values of the scalar fields Φ and Ψ. Equations (178b), (178c) immediately reveal that the linear combination

χ ≡ χ_m − χ_q , (179) is gauge-invariant, χ̂ = χ, that is the diffeomorphism (175) does not change the value of the scalar variable χ.

Two other gauge-invariant scalars are defined by the following equations,

V_m ≡ ū^αχ_{m|α} − q 2 , (180a)

V_q ≡ ū^αχ_{q|α} − q 2 , (180b)

or, more explicitly,

V_m = 1 μ̄_m ū^αϕ_{|α} − q 2 + 3 c^2_s c^2

Hχ_m , (181a)

V_q = 1 μ̄_q ū^αψ_{|α} − q 2 + 3Hχ_q + χ_q μ_q ∂W̄ ∂Ψ̄ , (181b)

where the last terms in the right side of these equations were obtained by making use of thermodynamic relationships (18), the equality ρ̄_q = μ̄_q, and the equations of continuity (93) and (101) for the density of the ideal fluid, ρ̄_m, and that of the scalar field, ρ̄_q, respectively.

One can easily check that both scalars, V_m and V_q remain unchanged after making the infinitesimal coordinate transformation (175). Indeed, the gauge transformation of the derivatives

χ̂_{m|α} = χ_{m|α} − HP̄_{αβ} ξ^β − ū_βξ^β_{|α} , (182a) χ̂_{q|α} = χ_{q|α} − HP̄_{αβ} ξ^β − ū_β ξ^β_{|α} , (182b)

where P̄_{αβ} = ḡ_{αβ} + ū_αū_β is the operator of projection on the hypersurface being orthogonal to the Hubble flow of four-velocity ū^α. Making the coordinate transformation (175), and substituting the transformations of functions q, χ_m and χ_q to the definitions of V_m and V_q we find

V̂_m = V_m , V̂_q = V_q , (183)

that proves the gauge-invariant property of the scalars V_m and V_q.

Physical meaning of the gauge-invariant quantity V_m can be understood as follows. We consider the perturbation of the specific enthalpy μ_m defined in equation (21). Substituting the decomposition (106) of the field variables to equation (21) and expanding, we obtain

μ_m = μ̄_m + δμ_m , (184)

where the perturbation δμ_m of the specific enthalpy is defined (in the linearized order) by

δμ_m = ū^αϕ_{|α} − 1 2 μ̄_mq . (185)

It helps us to recognize that

V_m = δμ_m μ̄_m + 3 c^2_s c^2

Hχ_m . (186)

Fractional perturbation of the specific enthalpy can be re-written with the help of thermodynamic equations (18) in terms of the perturbation δϵ_m of the energy density of the ideal fluid, δμ_m μ̄_m = c^2_s c^2 δϵ_m ϵ̄_m + p̄_m

, (187)

or, by making use of equation (15), in terms of the perturbation δρ_m of the density of the ideal fluid δμ_m μ̄_m = c^2_s c^2 δρ_m ρ̄_m

. (188)

This allows us to write down equation (186) as follows

V_m = c^2_s c^2 ( δρ_m ρ̄_m

+ 3Hχ_m ) , (189) which elucidates the relationship between the gauge-invariant variable V_m and the perturbation δρ_m of the rest mass density of the ideal fluid. More specifically, V_m is an algebraic sum of two scalar functions, δρ_m and χ_m neither of each is gauge-invariant. The gauge transformation of the ideal-fluid density perturbation is

δρ̂_m = δρ_m − ρ̄_{m|α}ξ^α = δρ_m + 3Hρ̄_mū_αξ^α , (190)

and the gauge transformation of the variable χ_m is given by (178b). Their algebraic sum in equation (189) does not change under the diffeomorphism (175) showing that V_m is the gauge-invariant density fluctuation that does not depend on a particular choice of coordinates on spacetime manifold.

Similar considerations, applied to function V_q reveals that it can be represented as an algebraic sum of the perturbation, δρ_q, of the density of the scalar field, and the function χ_q,

V_q = δρ_q ρ̄_q

+ 3Hχ_q . (191)

It is easy to check that each term in the right side of this equation is not gauge-invariant but their linear combination does. The reader should notice that standard textbooks on cosmological theory (see, for example, [71, 84, 99, 100]) derive equations for the density perturbations δρ/ρ̄ but those equations are not gauge-invariant and, hence, their solutions should be interpreted with care (see discussion in section IX A 2).

D. Field Equations for the Scalar Perturbations.

1. Equation for a scalar q.

Function q was defined in (168a). In order to derive a differential equation for q, we apply the covariant Laplace- Beltrami operator to q, and make use of the covariant equations (161) and (163). Straightforward but fairly long calculation yields q^{|α}_{|α} − 2 ( Ḣ + H^2 − 2k a^2 ) q + 8πρ̄_mμ̄_m [( 1 − c^2 c^2_s ) V_m − ( 1 + 3 c^2_s c^2 ) Hχ_m ] (192) −16πρ̄_q ( ∂W̄ ∂Ψ̄ + 2Hμ̄_q ) χ_q − 2ū^αū^βB_{α|β} − 4Hū^αB_α = 8π (σ + τ) ,

where the source density σ + τ for the field q is

σ + τ = ( ū^αū^β + P̄^{αβ} ) T_{αβ} , (193)

in accordance with the definitions introduced in (104a), (104b). The reader should notice that equation (192) depends on the gauge function B^α which remains arbitrary so far.

2. Equation for a scalar p.

Function p was defined in (168b). In order to derive equation for p, we apply the covariant Laplace-Beltrami operator to the definition of p, and make use of the covariant equations (161) and (163). It results in a wave equation

p^{|α}_{|α} + 4k a^2 p + B^α_{|α} − 2ū^αū^βB_{α|β} − 6Hū^αB_α = 16πτ . (194)

where the source density τ has been defined in (104b). Equation (194) depends on the arbitrary gauge function B^α.

3. Equation for a scalar χ.

Equation for the gauge invariant scalar, χ = χ_m − χ_q, is derived from the definitions (177) and the field equations (166), (167). Replacing ϕ and ψ in those equations with χ_m and χ_q, and making use of equations (87), (88) for reshuffling some terms, yields

χ^{|α}_{m |α} + 2Hū^αχ_{m|α} − ( Ḣ − 4k a^2 ) χ_m + 4HV_m + ( 1 − c^2 c^2_s ) ū^αV_{m|α} − 16πρ̄_qμ̄_qχ = ū^αB_α , (195a)

χ^{|α}_{q |α} + 2Hū^αχ_{q|α} − ( Ḣ − 4k a^2 ) χ_q + 4HV_q + 2 μ̄_q ∂W̄ ∂Ψ̄ V_q + 16πρ̄_mμ̄_mχ = ū^αB_α . (195b)

Subtracting (195b) from (195a) cancels the gauge-dependent term, ū^αB_α, and brings about the field equation for χ,

χ^{|α}_{|α} + 6Hū^αχ_{|α} + 3Ḣχ = 2 μ̄_q ∂W̄ ∂Ψ̄ V_q − ( 1 − c^2 c^2_s ) ū^αV_{m|α} . (196)

This equation is apparently gauge-invariant since any dependence on the arbitrary gauge function B^α disappeared. It is also covariant that is valid in any coordinates.

Equation (196) can be recast to the form of an inhomogeneous wave equation:

(ρ_mχ)^{|α}_{|α} = 2 ρ̄_m ρ̄_q ∂W̄ ∂Ψ̄ V_q − ( 1 − c^2 c^2_s ) ρ̄_mū^αV_{m|α} . (197)

Yet another form of equation (196) is obtained in terms of the variable ρ_qχ. By simple inspection we can check that equation (196) is transformed to

(ρ_qχ)^{|α}_{|α} −

∂^2W̄ ∂Ψ̄^2

(ρ_qχ) = 2 ∂W̄ ∂Ψ̄ V_m − ( 1 − c^2 c^2_s ) ρ̄_qū^αV_{m|α} . (198)

This is an inhomogeneous Klein-Gordon equation for the field (ρ_qχ) governed by V_m. The ’mass’ of the scalar field ρ_qχ depends on the second derivative of the potential function W̄ which defines the ’coefficient of elasticity’ of the background scalar field Ψ̄.

Inhomogeneous equations (196), (197), (198) have the source terms that is determined by variables V_m and V_q. We derive differential equations for these field variables in the next sections.

4. Equation for a scalar Vm.

Equation for the field variable V_m is derived from the equations for functions χ_m and q that enter its definition (180a). By applying the Laplace-Beltrami operator to function V_m we get V^{|α}_{m |α} = ū^β ( χ^{|α}_{m |α} ) |β + 2Hχ^{|α}_{m |α} − 1 2 q^{|α}_{|α} + ū^βR̄^α_βχ_{m|α} + 2Hū^α ( V_m + 1 2 q ) |α + 3H^2 ( V_m + 1 2 q ) . (199)

The Laplace-Beltrami operator for function χ_m is given in equation (195a) which is not gauge-invariant. Taking the covariant derivative from this equation and contracting it with ū^α brings about the first term in the right side of equation (199), ū^β ( χ^{|α}_{m |α} ) |β = − ( 1 − c^2 c^2_s ) ū^αū^β V_{m|αβ} − 6Hū^αV_{m|α} − ( 5Ḣ + 4k a^2 ) V_m (200) −Hū^αq_{|α} − ( 1 2 Ḣ + 2k

a^2 ) q − 3H [( 1 + c^2_s c^2 ) Ḣ − ( 3 + c^2_s c^2 ) k a^2 ] χ_m

+8πρ̄_q ∂W̄ ∂Ψ̄ (4χ_q − 3χ_m) + 16πρ̄_qμ̄_q [ ū^αχ_{|α} − 6χ + 3 4 H ( 1 − c^2_s c^2 ) χ_m ] + ū^αū^βB_{α|β} . The Laplace-Beltrami operator for function q has been derived in (192). Now, we make use of equations (192), (195a), (200) in calculating the right side of (199). After a significant amount of algebra, we find out that all terms explicitly depending on q and the gauge functions B^α cancel out, so that equation for V_m becomes

V^{|α}_{m |α} + ( 1 − c^2 c^2_s ) ū^αū^β V_{m|αβ} + 2 ( 3 − c^2 c^2_s ) Hū^αV_{m|α} + (201) [ 2 ( Ḣ + 3H^2 + 2k a^2 ) − 4πρ̄_mμ̄_m ( 1 − c^2 c^2_s )] V_m −

16πρ̄_qμ̄_q [ ū^αχ_{|α} − 3 ( H + 1 2μ̄_q ∂W̄ ∂Ψ̄ ) χ ] = −4π (σ + τ) .

Second-order covariant derivatives in this equation read [ ḡ^{αβ} + ( 1 − c^2 c^2_s ) ū^αū^β ] V_{m|αβ} ≡ ( − c^2 c^2_s ū^αū^β + P̄^{αβ} ) V_{m|αβ} , (202)

and they form a hyperbolic-type operator describing propagation of sound waves in the expanding universe from the source of the sound waves towards the field point with the constant velocity c^2_s . Additional terms in the left side of equation (201) depend on the Hubble parameter H, and take into account the expansion of the universe. Equation (201) contains only gauge-invariant scalars, V_m and χ. Moreover, it does not depend on the choice of coordinates on the background manifold. It also becomes clear that the field variables V_m and χ are coupled through the differential equations (198) and (201) which should be solved simultaneously in order to determine these variables. Solution of the coupled system of differential equations is a very complicated task which cannot be rendered analytically in the most general case. Only in some simple cases, the equations can be decoupled. We discuss such cases in section IX.

5. Equation for a scalar Vq.

The field variable V_q is not independent since it relates to V_m and χ by a simple relationship

V_q = V_m − ū^αχ_{|α} , (203)

which is obtained after subtraction of equation (180a) from (180b). Equation for V_q is derived directly from (203) and equations (201) and (196) for V_m and χ respectively. We obtain,

V^{|α}_{q |α} + 4 ( H + 1 2μ̄_q ∂W̄ ∂Ψ̄ ) ū^αV_{q|α} (204) + [ 2 ( Ḣ + 3H^2 + 2k

a^2 ) − 4πρ̄_mμ̄_m ( 1 − c^2 c^2_s ) + 2 μ̄_q ( 5H + 1 μ̄_q ∂W̄ ∂Ψ̄ ) ∂W̄ ∂Ψ̄ + 2 ∂^2W̄ ∂Ψ̄^2 ] V_q

+4πρ̄_mμ̄_m ( 3 + c^2 c^2_s ) ( ū^αχ_{|α} − 3 c^2_s c^2 Hχ ) = −4π (σ + τ) . This equation can be also derived by the procedure being similar to that used in the previous subsection in deriving equation for V_m. We followed this procedure and confirm that it leads to (204) as expected. Equation (204) is clearly gauge-invariant. It couples with the variable χ and should be solved along with equation (196).

E. Field Equations for Vector Perturbations

Vector perturbations of the ideal fluid and scalar field are gradients, ϕ_{|α} and ψ_{|α}. However, they are insufficient to build a gauge-invariant vector perturbation out of the vector perturbation of the metric tensor p_α. Field equations for vector p_α can be derived by applying the covariant Laplace-Beltrami operator to both sides of definition (170) and making use of equation (164). After performing the covariant differentiation and a significant amount of algebra, we derive the field equation

p_α^{|β}_{|β} − 2Hū_αp_β^{|β} − ( 2Ḣ + 3H^2 − 2k a^2 ) p_α + P̄_α^βū^γ ( B_{β|γ} + B_{γ|β} + 2Hū_γ B_β ) = 16πτ_α , (205)

where the matter current σ_α is defined in (104c). This equation is apparently gauge-dependent as shown by the appearance of the gauge function B^α. This equation reduces to a much simpler form

p_α^{|β}_{|β} − 2Hū_αp_β^{|β} − ( 2Ḣ + 3H^2 − 2k a^2 ) p_α = 16πτ_α , (206)

in a special gauge B^α=0 which imposes a restriction on the divergence of the metric tensor perturbation in equation (163).

Equation (205) points out that the vector perturbations are generated by the current of matter τ_a existing in the localized astronomical system which physical origin may be a relict of the primordial perturbations. We do not discuss this interesting scenario in the present paper as it would require a non-conservation of entropy and non-isentropic background fluid – the case which we have intentionally excluded in order to focus on derivation of cosmological generalization of the post-Newtonian equations of relativistic celestial mechanics [58].

F. Field Equations for Tensor Perturbations

Field equations for traceless tensor p^⊺_{αβ} can be derived by applying the covariant Laplace-Beltrami operator to the definition (171) and making use of equation (164) along with a tedious algebraic transformations. This yields the following equation

p^⊺_{αβ}^{|γ}_{|γ} − 2H ( ū_αp^⊺_{βγ}^{|γ} + ū_βp^⊺_{αγ}^{|γ} ) − 2 ( H^2 + k a^2 ) p^⊺_{αβ} − P̄_α^μP̄_β^ν ( B_{μ|ν} + B_{ν|μ} ) + 2 3 P̄_{αβ}P̄^{μν} B_{μ|ν} = 16πτ^⊺_{αβ} . (207)

Here the transverse and traceless tensor source of the tensor perturbations is τ^⊺_{αβ} ≡ τ_{αβ} − 1 3 P̄_{αβ} τ , (208)

where τ_{αβ} has been introduced in (104d), and τ = P̄^{αβ} τ_{αβ} in accordance with equation (104b). Tensor τ^⊺_{αβ} is traceless, that is ḡ^{αβ} τ^⊺_{αβ} = P̄^{αβ} τ^⊺_{αβ} = 0.

Equation (207) is gauge-dependent. The gauge freedom is significantly reduced by imposing the gauge condition B^α = 0 which brings equation (207) to the following form,

p^⊺_{αβ}^{|γ}_{|γ} − 2H ( ū_αp^⊺_{βγ}^{|γ} + ū_βp^⊺_{αγ}^{|γ} ) − 2 ( H^2 + k a^2 ) p^⊺_{αβ} = 16πτ^⊺_{αβ} . (209)

G. The Residual Gauge Freedom

The gauge freedom of the theory under discussion is associated with the gauge function B^α appearing in equation (163). The most favourable choice of the gauge condition is

B^α = 0 , (210)

which drastically simplifies the above equations for vector and tensor gravitational perturbations. The gauge (210) is a generalization of the harmonic (de Donder) gauge condition used in the gravitational wave astronomy and in the post- Newtonian dynamics of extended bodies. This choice of the gauge establishes differential relationships between the algebraically-independent metric tensor components introduced in section VII A. Indeed, substituting the algebraic decomposition (174) of the metric tensor perturbations to equation (163) and imposing the condition (210) yields

p^⊺_{αβ}^{|β} + ū_αp_β^{|β} + ū_β p_α^{|β} − ( ū_αū_β − 1 3 P̄_{αβ} ) p^{|β} + 2ū_αū_βq^{|β} + 2Hp_α + 2Hqū_α = 16π (ρ̄_mμ̄_mχ_m + ρ̄_qμ̄_qχ_q) ū_α . (211)

Projecting this relationship on the direction of the background 4-velocity, ū^α, and on the hypersurface being orthogonal to it, we derive two algebraically-independent equations between the perturbations of metric tensor components and of the matter variables. They are

p_β^{|β} + ū_β (2q − p)^{|β} + 2Hq = 16π (ρ̄_mμ̄_mχ_m + ρ̄_qμ̄_qχ_q) , (212a)

p^⊺_{αβ}^{|β} + ū_βp_α^{|β} + 1 3 P̄_{αβ} p^{|β} + 2Hp_α = 0 . (212b)

The gauge (210) does not fix the gauge function ξ^α uniquely. The residual gauge freedom is described by the gauge transformations that preserve equations (212a), (212b). Substituting the gauge transformation (176b) of the gravitational field perturbation l_{αβ} to equation (163) and holding on the gauge condition (210), yields the differential equation for the vector function ξ^α ξ^{α|β}_{|β} + ḡ^{αγ} ( ξ^β_{|γβ} − ξ^β_{|βγ} ) + 2H ( ξ^{α|β}ū_β + ξ^{β|α}ū_β − ξ^β_{|β}ū^α ) − 16π (ρ̄_mμ̄_m + ρ̄_qμ̄_q) ξ^βū_βū^α = 0 , (213)

which can be further recast to ξ^{α|β}_{|β} + 2H ( ξ^{α|β}ū_β + ξ^{β|α}ū_β − ξ^β_{|β}ū^α ) + 2 ( Ḣ − k a^2 ) ξ^βū_βū^α + ( Ḣ + 3H^2 + 2k a^2 ) ξ^α = 0 . (214)

The gauge function ξ^α can be decomposed in time-like, ξ ≡ −ξ^βū_β , and space-like, ζ^α ≡ P̄^α_βξ^β , components,

ξ^α = ζ^α + ū^αξ . (215)

Calculating covariant derivatives from ξ and ζ^α and making use of equation (214), yield equations ξ^{|β}_{|β} + 2Hū^βξ_{|β} − ( Ḣ − 4k a^2 ) ξ = 0 , (216a) ζ^{α|β}_{|β} + 2H ( ū^β ζ^α_{|β} − ū^αζ^β_{|β} ) + ( Ḣ + H^2 + 2k a^2 ) ζ^α = 0 . (216b)

These equations have non-trivial solutions which describe the residual gauge freedom in choosing the coordinates on the background manifold subject to the gauge condition (210). It is remarkable that equations (216a), (216b) are decoupled and can be solved separately. It means that the residual gauge transformations along the worldlines of the Hubble flow are functionally independent of those performed on the hypersurface being orthogonal to the Hubble flow.

VIII. POST-NEWTONIAN FIELD EQUATIONS IN A SPATIALLY-FLAT UNIVERSE

A. Cosmological Parameters and Scalar Field Potential

Equations of the field perturbations given in the previous section are generic and valid for any model of the FLRW universe. They neither specify the equation of state of matter, nor that of the scalar field, nor the parameter of the space curvature k. By choosing a specific model of matter and picking up a value of k = −1, 0, +1, we can solve, at least, in principle the field equations governing the time evolution of the background cosmological manifold. Realistic models of the cosmological matter are rather sophisticated and, as a rule, include several components. It leads to the system of the coupled field equations which can be solved only numerically. However, the large scale structure of the universe is formed at rather late stages of the cosmological evolution being fairly close to the present epoch. Therefore, the study of the impact of cosmological expansion on the post-Newtonian dynamics of isolated astronomical systems is based on the recent and present states of the universe.

Radiometric observations of the relic CMB radiation and photometry of type Ia supernova explosions reveal that at the present epoch the space curvature of the universe, k = 0, and the evolution of the universe is primarily governed by the dark energy and dark matter, which make up to 74% and 24% of the total energy density of the universe respectively, while 4% of the energy density of the universe belongs to visible matter (baryons), and a tiny fraction of the energy density occupies by the CMBR radiation [35, 47, 53, 55]. It means that we can neglect the effects of the baryonic matter and CMB radiation field in consideration of the post-Newtonian dynamics of astronomical systems in the expanding universe.

We shall assume that the dark matter is made of an ideal fluid and the dark energy is represented by a scalar field with a potential function W̄ which structure should be further specified. In doing this, we shall follow discussion in [2] assuming that the spatial curvature k = 0, and the potential, W̄ , of the scalar field relates to its derivative by a simple equation ∂W̄ ∂Ψ̄ = − √ 8πλW̄ , (217)

where the time-dependent parameter, λ = λ(Ψ̄), characterizes the slope of the field potential W̄ . The time evolution of the background universe can be described in terms of the parameter λ and two other parameters, x_1 = x_1(Ψ̄) and x_2 = x_2(Ψ̄), which are functions of the density, ρ̄_q = μ̄_q = Ψ̄, of the background scalar field, and the potential, W̄ , scaled to the Hubble parameter, H. These parameters are defined more specifically as follows,

ρ̄^2_q =

3H^2 4π x_1 , (218)

W̄ = 3H^2 8π x_2 . (219)

The energy density of the scalar field, ϵ̄_q, is expressed in terms of the parameters x_1 and x_2 and the parameter Ω_q ≡ 8πϵ̄_q/3H^2, by a simple relationship

Ω_q = x_1 + x_2 . (220)

The time evolution of the parameters x_1 and x_2 is given by the system of two ordinary differential equations which are obtained by differentiating the definitions (218), (219) and making use of the equations (101) along with the Friedmann equation (87) with k = 0. It yields

dx_1 dω = −6x_1 + λ √ 6x_1x_2 + 3x_1 [(1 − w_m) x_1 + (1 + w_m) (1 − x_2)] , (221a) dx_2 dω = −λ √ 6x_1x_2 + 3x_2 [(1 − w_m) x_1 + (1 + w_m) (1 − x_2)] , (221b)

where ω ≡ ln a is the logarithmic scale factor characterizing the number of e-folding of the universe, w_m is the parameter entering the hydrodynamic equation of state (89), and the parameters x_1 and x_2 are restricted by the condition imposed by the Friedmann equation (85), that is

x_1 + x_2 = 1 − Ω_m , (222)

where Ω_m ≡ 8πϵ̄_m/3H^2.

The parameter λ obeys the following equation dλ dω = − √ 6x_1λ^2 (Γ_q − 1) , (223)

where

Γ_q =

∂^2W̄ /∂Ψ̄^2 ( ∂W̄ /∂Ψ̄ )_2 W̄ , (224)

If Γ_q = 1, the parameter λ is constant, and equation (217) can be integrated yielding an exponential potential

W̄ (Ψ̄) = W̄_0 exp(− √ 8πλΨ̄) . (225)

In this case, and under assumption that, w_m = const., the system of two differential equations (221a), (221b) is closed. If Γ_q ≠ 1, three equations (221a)–(223) must be solved in order to describe the evolution of the background cosmological manifold.

In the general case, derivatives of the potential W̄ are expressed in terms of the parameters under discussion. Namely, ∂W̄ ∂Ψ̄ = − 3λ √ 8π H^2x_2 ,

∂^2W̄ ∂Ψ̄^2

= 3Γ_qλ^2H^2x_2 . (226)

It is also useful to express the products ρ̄_qμ̄_q and ρ̄_mμ̄_m in terms of the parameters x_1 and x_2. For μ̄_q = ρ̄_q, one can use definition (218) to obtain

ρ̄_qμ̄_q =

3H^2 4π x_1 . (227)

The product ρ̄_mμ̄_m = ϵ̄_m + p̄_m, so that making use of the matter equation of state, p̄_m = w_mϵ̄_m, and equation (222), we derive

ρ̄_mμ̄_m =

3H^2 8π (1 + w_m)Ω_m , (228)

where Ω_m = 1 − x_1 − x_2. These equations allow us to recast equation (87) for the time derivative of the Hubble parameter to the following form

Ḣ = − 3 2 (1 + w_{eff} ) H^2 , (229)

where

w_{eff} ≡ w_m + (1 − w_m)x_1 − (1 + w_m)x_2 , (230)

is the (time-dependent) parameter of the effective equation of state of the mixture of the ideal fluid and the scalar field.

B. Conformal Cosmological Perturbations

The FLRW metric (52) is a product of the scale factor a and a conformal metric f̄_{αβ} . The conformal spacetime is comoving with the Hubble flow and is not globally expanding. In case of the flat spatial curvature, k = 0, the conformal spacetime becomes equivalent to the Minkowski spacetime which is used as a starting point in the standard theory of the post-Newtonian or post-Minkowskian approximations [23]. Therefore, it is instructive to formulate the field equations for cosmological perturbations in the conformal spacetime.

Let us define the cosmological perturbations, h_{αβ} , of gravitational field in the conformal spacetime with the background metric f̄_{αβ} as follows,

κ_{αβ} = a^2(η)h_{αβ} , (231)

where perturbations κ_{αβ} has been defined in (106), and a(η) is the scale factor of the FLRW universe. Perturbation l_{αβ} relates to κ_{αβ} by equation (115), and can be also represented in the conformal form

l_{αβ} = a^2(η)γ_{αβ} , (232)

where γ_{αβ} = −h_{αβ} + 1 2 f̄_{αβ}h , (233)

with h ≡ f̄^{αβ} h_{αβ}. In what follows, tensor indices of geometric objects in the conformal spacetime are raised and lowered with the help of the conformal metric f̄_{αβ} .

We assume that the scale factor a of the universe remains unperturbed. This assumption is justified since we can always include the perturbation of the scale factor to that of the conformal metric. Thus, the perturbed physical spacetime interval, ds, of the FLRW universe relates to the perturbed conformal spacetime interval, ds̃, by the conformal transformation

ds^2 = a^2(η)ds̃^2 . (234)

The perturbed conformal spacetime interval reads

ds̃^2 = f_{αβ} dx^αdx^β , (235)

where

f_{αβ} = f̄_{αβ} + h_{αβ} , (236)

is the perturbed conformal metric. Here, f̄_{αβ} is the unperturbed conformal metric defined in (53), h_{αβ} is the perturbation of the conformal metric, and x^α = (x^0, x^i) are arbitrary coordinates which are the same as in the physical spacetime manifold.

It is worth emphasizing that in case of the space curvature k = 0, the background conformal metric, g_{αβ}(η, X^i), expressed in the isotropic Cartesian coordinates (η, X^i), is the diagonal Minkowski metric, g_{αβ}(η, X^i) = η_{αβ} = diag(−1, 1, 1, 1). Therefore, the background metric f̄_{αβ} remains the Minkowski metric with the components expressed in arbitrary coordinates by means of tensor transformation

f̄_{αβ} = M^μ_αM^ν_β η_{μν} , (237)

where the matrix of transformation has been defined in (50). If the matrix of transformation, M^μ_α, is the Lorentz boost, the conformal metric, f̄_{αβ} , remains flat, f̄_{αβ} = η_{αβ} . It is worth noticing that, in general, the unperturbed conformal metric can be chosen flat even in case of k = −1, +1 [49]. It means that our formalism is applicable to FLRW universe with any space curvature. However, the conformal factor in this case is not merely the scale factor a(η) of the FLRW universe but a more complicated function of coordinates. Though it is not difficult to handle all three cases of k = −1, 0, +1 but it burdens equations for the field perturbations and we restrict ourselves only to the case of the spatially flat universe with k = 0.

Similarly to (174) the conformal metric perturbation, γ_{αβ} , can be split in the algebraically-irreducible components

γ_{αβ} = p^⊺_{αβ} + v̄_αp_β + v̄_βp_α + ( v̄_αv̄_β + 1 3 π̄_{αβ} ) p + 2v̄_αv̄_β (q − p) , (238) where the four-velocity v̄^α = aū^α, v̄_α = f̄_{αβ}v̄^β = a^{−1}ḡ_{αβ}ū^β = a^{−1}ū_α, and

π̄_{αβ} = f̄_{αβ} + v̄_αv̄_β , (239)

is the operator of projection on the conformal space which represents a hypersurface being everywhere orthogonal to the congruence of worldlines of four-velocity v̄^α. Four-velocity v̄^α is an analogue of the Hubble flow in the conformal spacetime. We also notice that P̄_{αβ} = a^2π̄_{αβ} .

Different pieces of the conformal metric perturbation, γ_{αβ} , are related to those of the physical metric perturbation, l_{αβ} , by the powers of the scale factor,

p^⊺_{αβ} = a^2p^⊺_{αβ} , p_α = ap_α , p = p , q = q . (240)

More specifically, q = 1 2 (v̄^μv̄^ν + π̄^{μν} ) γ_{μν} , (241a)

p = π̄^{μν} γ_{μν} , (241b) p_α = −π̄_α^βv̄^γ γ_{βγ} , (241c) p^⊺_{αβ} = p_{αβ} − 1 3 π̄_{αβ} p , (241d)

where

p_{αβ} = π̄_α^μπ̄_β^ν γ_{μν} . (242)

The trace of the gravitational perturbation, γ = f̄^{αβ}γ_{αβ} = 2(p − q). The components h_{αβ} = −γ_{αβ} + f̄_{αβ} γ/2 are used in calculating dynamical behavior of particles and light in the conformal spacetime as well as in matching theory with observables. The components of h_{αβ} are

h_{αβ} = −p^⊺_{αβ} − v̄_αp_β − v̄_βp_α + 2 3 π̄_{αβ} p − (v̄_αv̄_β + π̄_{αβ} ) q , (243)

and h = f̄^{αβ}h_{αβ} = 2(p − q) = γ.

It turns out that the conformal Hubble parameter, H = a^′/a is more convenient in the conformal spacetime than H = Ṙ/R = R^{−1}dR/dT , where T is the cosmological time (see section V B). Relationships between H and H, and their derivatives are shown in equations (42)–(44). These relationships along with equations (43) and (229) are employed in order to express the time derivative, H^′, of the conformal Hubble parameter in terms of H^2 and the parameter w_{eff} of the effective equation of state

H^′ = − 1 2 (1 + 3w_{eff} )H^2 . (244)

We shall use this expression in the calculations that follows.

C. The Post-Newtonian Field Equations in Conformal Spacetime

The set of the post-Newtonian field equations in cosmology consists of equations for perturbations of the background matter and gravitational field. Perturbations of matter are described by four scalars, V_m, V_q, χ_m and χ_q but only three of them are functionally-independent because of equality (203), that is

V_m − V_q = ū^α (χ_m − χ_q)_{|α} . (245)

Depending on a particular situation, any of the three scalars can be taken as independent variables.

The gravitational field perturbations are q, p, p_α, p^⊺_{αβ} but among them the scalar q is not independent and can be expressed either in terms of χ_m and V_m in accordance with (180a), q = −2 ( V_m − ū^αχ_{m,α} ) , (246)

where we have also used the equality q = q as follows from (240). The scalar q can be also expressed in terms of χ_q and V_q in accordance with (180b). Hence, as soon as the pairs, V_m and χ_m or V_q and χ_q are known, the scalar gravitational perturbation q can be easily calculated from (246). Functions p, p_α, p^⊺_{αβ} are independent and decouple both from each other and from the other perturbations. Thus, the most difficult part of the theory is to find out solutions of the scalar perturbations which are coupled one to another.

The field equations in the conformal spacetime for variables χ_m, χ_q, V_m and for p, p_α, p^⊺_{αβ} are derived from the equations of the previous section by transforming all functions and operators from physical to conformal spacetime. The important part of the transformation technique is based on formulas converting the covariant Laplace-Beltrami wave operators, defined on the background spacetime manifold, to their conformal spacetime counterparts.

1. The Laplace-Beltrami operator

Let F be an arbitrary scalar, F_α - an arbitrary covector, and F_{αβ} - an arbitrary covariant tensor of the second rank. We have three Laplace-Beltrami operators on the curved background manifold: scalar - F^{|μ}_{|μ}, vector - F_α^{|μ}_{|μ}, and tensor - F_{αβ}^{|μ}_{|μ} types where the covariant derivatives are taken with respect to the affine connection Γ̄^α_{βγ} being compatible with the metric ḡ_{αβ} (see equation 58). Covariant derivatives are the most convenient for the invariant description of differential equations of mathematical physics on curved manifolds. For practical purposes of finding solutions of the differential equations, the covariant operators must be expressed in terms of partial derivatives with respect to coordinates chosen for solving the equations.

Transformation of the covariant Laplace-Beltrami operators to the partial derivatives is achieved after writing down the covariant derivatives for scalar, vector and tensor in explicit form by making use of the Christoffel symbols given in (60)–(62). Tedious but straightforward calculations of the covariant derivatives yield the scalar, vector and tensor Laplace-Beltrami operators in the following form F^{|μ}_{|μ} = 1 a^2 [ □F − 2Hv̄^μF_{;μ} ] , (247a) F_α^{|μ}_{|μ} = 1 a^2 [ □F_α − 2Hv̄^μF_{μ;α} + 2Hv̄_αf̄^{μν} F_{μ;ν} + ( H^′ + 2H^2 ) F_α − 2H^2v̄_αv̄^μF_μ ] , (247b) F_{αβ}^{|μ}_{|μ} = 1 a^2 [ □F_{αβ} + 2Hv̄^μF_{αβ;μ} − 2Hv̄^μF_{μα;β} − 2Hv̄^μF_{μβ;α} + 2Hf̄^{μν} (v̄_αF_{βμ;ν} + v̄_βF_{αμ;ν} ) (247c) + 2 ( H^′ + H^2 ) F_{αβ} − 4H^2 ( v̄^μv̄_αF_{βμ} + v̄^μv̄_β F_{αμ} − 1 2 v̄_αv̄_βf̄^{μν} F_{μν} − 1 2 f̄_{αβ}v̄^μv̄^ν F_{μν} )] , where we have introduced notations □F ≡ f̄^{μν} F_{;μν} , □F_α ≡ f̄^{μν} F_{α;μν} , □F_{αβ} ≡ f̄^{μν} F_{αβ;μν} , (248) of the wave operators for scalar, vector and tensor fields in the conformal spacetime and in arbitrary coordinates. Notice that although the conformal spacetime coincides, in case of k = 0, with the Minkowski spacetime, the metric f̄_{αβ} is not the diagonal Minkowski metric η_{αβ} unless the coordinates are Cartesian. Of course, the covariant derivative from a scalar must be understood as a partial derivative, that is F_{;α} = F_{,α}.

We will need several other equations to complete the transformation of the Laplace-Beltrami operators to the conformal spacetime since the wave operator □ acts on functions like (240) which are made of a product of some power n of the scale factor, a = a(η), with a geometric object, 𝟋 = 𝟋(x^α), which can be a scalar, a vector or a tensor of the second rank (we have suppressed the tensor indices of 𝟋 since they do not interfere with the derivation of the equations which follow). These equations are

(a^n𝟋)_{;μ} = a^n (𝟋_{;μ} − nHv̄_μ𝟋) , (249a)

(a^n𝟋)_{;μν} = a^n [ 𝟋_{;μν} − nH (v̄_μ𝟋_{;ν} + v̄_ν 𝟋_{;μ}) + n ( H^′ + nH^2 ) v̄_μv̄_ν ] , (249b)

and they allow us to write down the wave operator from the product of a^n and 𝟋 in the following form □ (a^n𝟋) = a^n [ □𝟋 − 2nHv̄^μ𝟋_{;μ} − n ( H^′ + nH^2 ) 𝟋 ] , (250)

It is easy to confirm that contraction of (249b) with the conformal four-velocity, v̄^α, brings about another differential operator

v̄^μv̄^ν (a^n𝟋)_{;μν} = a^n [ v̄^μv̄^ν 𝟋_{;μν} + 2nHv̄^μ𝟋_{;μ} + n ( H^′ + nH^2 ) 𝟋 ] . (251)

We remind that if the object 𝟋 is a scalar, the covariant derivative is reduced to a partial derivative, 𝟋_{;α} = 𝟋_{,α}. In case, when 𝟋 is either a vector or a tensor, the covariant derivative must be calculated with taking into account the affine connection B̄^α_{βγ} defined in (62).

It is also interesting to notice that in the expanding universe the conformal Laplace operator, Δ𝟋 ≡ π̄^{μν} 𝟋_{;μν} is the scale invariant in the sense that

Δ (a^n𝟋) = a^nΔ𝟋 , (252)

where 𝟋 is a tensor of an arbitrary rank. Equation (252) can be proven by adding up (250) and (251), and accounting for definition (239) of the projection operator on the hypersurface being orthogonal to v̄^α.

Now, we are ready to formulate the field equations for cosmological perturbations in the conformal spacetime.

2. Equations for the matter perturbations

We accept the gauge condition imposed by equations (163), (210) and convert the covariant derivatives taken with respect to the background metric, ḡ_{αβ} , to the partial derivatives of the conformally-flat metric, f̄_{αβ} , in equation (201) for scalar V_m. We use equation (247a) for the Laplace-Beltrami operator, and expressions for various cosmological parameters given in section VIII B. After arranging terms with respect to the powers of the Hubble parameter H, we obtain the sound-wave equation for function V_m describing perturbations of the ideal fluid,

□V_m + ( 1 − c^2 c^2_s ) v̄^αv̄^βV_{m;αβ} + ( 3 − c^2 c^2_s ) Hv̄^αV_{m,α} (253) +3 [ 1 − w_{eff} − 1 2 (1 + w_m) ( 1 − c^2 c^2_s ) Ω_m ] H^2V_m

+12H^2 [ v̄^αχ_{,α} − 3 ( 1 − √ 3 8x_1 λx_2 ) Hχ ] x_1 a = −4πa^2 (σ + τ) .

Similar procedure applied to equation (204) leads to a wave equation for function V_q describing perturbations of the scalar field,

□V_q + 2 ( 1 − √ 3 2x_1 λx_2 ) Hv̄^μV_{q,μ} (254) +3 [ 1 − w_{eff} − 1 2 (1 + w_m) ( 1 − c^2 c^2_s ) Ω_m ] H^2V_q

+λx_2 [ 3λ ( 2Γ_q + x_2 x_1 ) − 5 √ 6 x_1 ] H^2V_q + 3 2 H^2 (1 + w_m) ( 3 + c^2 c^2_s ) [ v̄^μχ_{,μ} − 3 c^2_s c^2 Hχ ] Ω_m a = −4πa^2 (σ + τ) .

Equations (253) and (254) contains function χ which obeys equation (196). Making use of the same transformations as above, we recast (196) to a wave equation for χ,

□χ + 4H ( 1 − √ 3 8x_1 λx_2 ) v̄^αχ_{,α} − 9 2 (1 + w_{eff} ) H^2χ = −a [√ 6 x_1 λx_2HV_m + ( 1 − c^2 c^2_s ) v̄^αV_{m,α} ] . (255)

Equations (253)-(255) are closed with respect to the variables V_m, V_q and χ. The gauge-invariant scalar, V_m describes propagation of sound waves in the ideal fluid filling up the expanding universe. It can be found from solving two equations (253) and (255) simultaneously after imposing a certain (cosmological) boundary conditions. As soon as the gauge-invariant scalar χ is known, the potential, V_q, can be determined as a particular solution of the inhomogeneous equation (254) or, more simple, from equation (203).

We also need equations for the normalized Clebsch and scalar potentials, χ_m and χ_q. These potentials are required to determine the gravitational perturbation, q, with the help of (246) and/or to get the check on self-consistency of the solutions of equations in the matter sector of the perturbation theory. Conformal-spacetime equations for χ_m and χ_q are derived from their definition (177) and the field equations (166) and (167). They are

□χ_m + 3 2 (1 + w_{eff} ) H^2χ_m = 12H^2x_1χ − a [ 4HV_m + ( 1 − c^2 c^2_s ) v̄^αV_{m,α} ] , (256)

□χ_q + 3 2 (1 + w_{eff} ) H^2χ_q = −6H^2(1 + w_m)Ω_mχ − a ( 4 − √ 6

x_1 λx_2 ) HV_q . (257)

By subtracting one of these equations from another, we get back to equation (255).

3. Equations for the metric perturbations

Post-Newtonian equations for gravitational perturbations in physical spacetime are (192), (194), (205) and (207). We remind to the reader that the gauge conditions (163), (210) has been imposed. In this gauge, equations for the conformal metric tensor perturbations become

□q − 2Hv̄^αq_{,α} + (1 + 3w_{eff} ) H^2q = 8πa^2 (σ + τ) − 24H^2 [√ 3x_1 8 λx_2 − Hx_1 ] χ_q a (258a)

−3 (1 + w_{eff} ) H^2Ω_m [( 1 − c^2 c^2_s ) V_m − H ( 1 + 3 c^2_s c^2 ) χ_m a ] , □p − 2Hv̄^αp_{,α} = 16πa^2τ , (258b) □p_α − 2Hv̄^β p_{α;β} + (1 + 3w_{eff} ) H^2p_α = 16πaτ_α , (258c) □p^⊺_{αβ} − 2Hv̄^γ p_{αβ;γ} = 16πτ^⊺_{αβ} . (258d)

The reader can observe that equations (258a)-(258d) for linearized metric perturbations are decoupled from each other. Moreover, equations (258b-(258d) are decoupled from the matter perturbations V_m, χ_m, etc. Only equation (258a) for q is coupled with the matter perturbations governed by equations (253), (256), (257) so that these equations should be solved together. As we have mentioned above, function q is a linear combination of V_m and χ_m according to (246). Hence, in order to determine q it is, in fact, sufficient to solve (253) and (256). Nevertheless, it is convenient to present the differential equation (258a) for q explicitly for the sake of mathematical completeness and rigour. It can be used for independent validation of the solution of the system of equations (253), (256) and (246). Unfortunately, these equations are strongly mixed up and cannot be solved analytically in the most general situation of a multi-component background universe governed by the dark energy and dark matter. Solution of (253)-(257) and (258a)-(258d) would require an application of the methods of numerical integration.

It would be instrumental to get better insight to the post-Newtonian theory of cosmological perturbations by making some simplifying assumptions about the background model of the expanding universe in order to decouple the system of the post-Newtonian equations and to find their analytic solution explicitly. We discuss these assumptions and the corresponding system of the decoupled post-Newtonian equations in the section IX.

D. The Residual Gauge Freedom in the Conformal Spacetime

The gauge conditions (163), (210) in the physical space are given by (212a), (212b). After transforming to the conformal spacetime the gauge conditions read

p^β_{;β} + v̄^β (2q − p)_{,β} + 2Hq = 16πa (ρ̄_mμ̄_mχ_m + ρ̄_qμ̄_qχ_q) , (259a)

p^{⊺αβ}_{;β} + v̄^βp^α_{;β} + 1 3 π̄^{αβ} p_{,β} + 2Hp^α = 0 . (259b)

The residual gauge freedom in the conformal spacetime is described by two functions, ζ ≡ ξ/a and ζ^α, where ξ and ζ^α have been defined in section VII G. Differential equations for ζ and ζ^α are obtained by making transformation of equations (216a), (216b) to the conformal spacetime. The calculation is straightforward and results in

□ζ − 2Hv̄^β ζ_{,β} + (1 + 3w_{eff} ) H^2ζ = 0 , (260a) □ζ^α − 2Hv̄^βζ^α_{;β} = 0 . (260b)

Solutions of equations (258a)–(258d) are determined up to the gauge transformations

q̂ = q + 2v̄^αζ_{,α} + 2Hζ , (261a) p̂ = p + ζ^α_{;α} + 3v̄^αζ_{,α} + 6Hζ , (261b) p̂_α = p_α + π̄_{αβ} ( v̄^γ ζ^β_{;γ} − ζ^{,β} + 2Hζ^β ) , (261c) p̂_{αβ} = p_{αβ} − (π̄_{μα}π̄_β^ν + π̄_{μβ}π̄_α^ν ) ζ^μ_{;ν} + π̄_{αβ} (ζ^α_{;α} + v̄^αζ_{,α} + 2Hζ) , (261d)

where the gauge functions ζ, ζ^α are solutions of the differential equations (260a), (260b).

IX. THE DECOUPLED SYSTEMS OF THE POST-NEWTONIAN FIELD EQUATIONS

A. The Universe Governed by the Ideal Fluid and Cosmological Constant

1. Case 1: Arbitrary equation of state of the ideal fluid

Let us consider a special case of the dark energy represented by the cosmological constant Λ. In this case, the equation of state of the scalar field is w_q = 1, and we have ρ̄_qμ̄_q = ϵ̄_q + p̄_q = 0. The parameter x_1 = 0, and x_2 = Λ/(3H^2). It yields the parameter Ω_q = x_2, and Ω_m = 1 − x_2. Since the cosmological constant corresponds to a constant potential W̄ of the scalar field, we get for its derivative ∂W̄ /∂Ψ̄ = 0, and equation (217) points out that the parameter λ = 0.

In the universe governed by the ideal fluid and the cosmological constant the parameter of the effective equation of state

w_{eff} = w_m − (1 + w_m) Λ 3H^2

. (262)

Hence, the time derivative of the Hubble parameter defined in (229), is reduced to a more simple expression,

Ḣ = 1 2 (1 + w_m) ( Λ − 3H^2 ) . (263)

On the other hand, equation (87) tells us that in this model of the universe

Ḣ = −4πρ̄_mμ̄_m , (264)

The field equation (253) for scalar V_m is reduced to that describing the time evolution of the perturbation of the ideal fluid density, δρ_m. Indeed, the scalar V_m defined by equation (180a), can be recast to the form given by equation (189), that is

V_m = c^2_s c^2 δ_m , (265)

where the gauge-invariant scalar perturbation

δ_m ≡ δρ_m ρ̄_m

+ 3Hχ_m , (266)

is a linear combination of the perturbation of the mass density of the fluid and the normalized Clebsch potential. Replacing expression (265) in equation (253), yields the exact equation for δ_m that is ( 1 − c^2_s c^2 ) v̄^αv̄^β δ_{m;αβ} − c^2_s c^2

□δ_m + ( 1 − 3 c^2_s c^2 ) Hv̄^αδ_{m,α} (267) − 3 2 [ (1 − 3w_m) c^2_s c^2

+ (1 + w_m) ] H^2δ_m + 1 2 (1 + w_m) ( 1 − 3 c^2_s c^2 ) a^2Λδ_m = 4πa^2 (σ + τ) .

This equation describes propagation of the ideal fluid density perturbation δ_m in the form of sound waves with velocity c_s.

Equation (255) for potential χ makes no sense since the normalized perturbation χ_q = ψ/μ̄_q of the scalar field diverges due to the condition μ_q = ρ_q = 0. Equation for the perturbation of the scalar field ψ itself is obtained from (167) and is reduced to a homogeneous wave equation

□ψ − 2Hv̄^μψ_{,μ} = 0 . (268)

Equation for the normalized Clebsch potential, χ_m, is derived from equation (256). In the case of the universe under consideration this equation reads

□χ_m + 1 2 (1 + w_m) ( 3H^2 − a^2Λ ) χ_m = ( 1 − c^2_s c^2 ) av̄^μδ_{m,μ} − 4aH c^2_s c^2 δ_m . (269)

This is an inhomogeneous equation that can be solved as soon as one knows δ_m from equation (267).

Gravitational potential q can be determined directly from equation (246) after solving equations (267) and (269) or by solving equation (258a) which takes on the following form,

□q − 2Hv̄^μq_{,μ} + [ (1 + 3w_m) H^2 − (1 + w_m) a^2Λ ] q = 8πa^2 { σ + τ + ρ̄_mμ̄_m [( 1 − c^2_s c^2 ) δ_m + H ( 1 + 3 c^2_s c^2 ) χ_m a ]} . (270a) Equations for the remaining gravitational perturbations are found from (258b)-(258d) which read

□p − 2Hv̄^μp_{,μ} = 16πa^2τ , (270b) □p_α − 2Hv̄^μp_{α;μ} + [ (1 + 3w_m) H^2 − (1 + w_m) a^2Λ ] p_α = 16πaτ_α , (270c) □p^⊺_{αβ} − 2Hv̄^μp^⊺_{αβ;μ} = 16πτ^⊺_{αβ} . (270d)

Equations given in this section are valid for arbitrary cosmological equation of state of the ideal fluid, p̄_m = w_mϵ̄_m, that is physically reasonable. The parameter w_m of the equation of state should not be replaced with the ratio of c^2_s /c^2 which characterizes the derivative of pressure p̄_m with respect to the energy density ϵ̄. This is because the parameter w_m can depend in the most general case on the other thermodynamic quantities (like enthropy, etc.) which may implicitly depend on ϵ̄. Equations (267)–(270d) are decoupled in the sense that all of them can be solved one after another starting from solving equation (267) for δ_m, which is a primary equation.

2. Case 2: Dust equation of state

Equations of the previous section can be further simplified for some particular equations of state of the ideal fluid. For example, in the case when the ideal fluid is made of dust, the background pressure of matter drops to zero making parameter of the equation of state w_m = 0. Sound waves do not propagate in dust. Hence, the speed of sound c_s = 0. For this reason all terms being proportional to c^2_s and w_m vanish in equation (267). Moreover, dust has the specific enthalpy, μ_m = 1 making the energy density of dust equal to its rest mass density ϵ̄_m = ρ̄_m, and the normalized perturbation χ_m of the Clebsch potential of dust is equal to the perturbation ϕ of the Clebsch potential itself, χ_m = ϕ. The Friedmann equation (85) tells us that

H^2 = a^2 3 (8πρ_m + Λ) . (271)

Accounting for this result in equation (267), and neglecting all terms being proportional to the speed of sound, c_s, we obtain

v̄^αv̄^βδ_{m;αβ} + Hv̄^αδ_{m,α} − 4πa^2ρ̄_mδ_m = 4πa^2 (σ + τ) , (272)

where the terms depending on the cosmological constant, Λ, have cancelled out. This equation is more familiar when is written down in the preferred FLRW frame, where v̄^α = (1, 0, 0, 0). Equation (272) assumes the “canonical” form

δ̈_m + Hδ̇_m − 4πa^2ρ̄_mδ_m = 4πa^2 (σ + τ) , (273)

which can be found in many textbooks on cosmology [71, 81, 84, 99, 100].

Equation (273) has been derived by previous researchers without resorting to the concept of the Clebsch potential of the ideal fluid. For this reason, the density contrast, δ_m, was interpreted as the ratio of the perturbation of the dust density to its background value, δ = δρ_m/ρ̄_m, without taking into account the perturbation, ϕ, of the Clebsch potential. However, the quantity δ is not gauge-invariant which was considered as a drawback. The scrutiny analysis of the underlying principles of hydrodynamics in the expanding universe given in the present paper, reveals that equation (273) is, in fact, valid for the gauge-invariant density perturbation δ_m defined above in (266). Another distinctive feature of equation (273) is the presence of the source of a bare perturbation in its right side. The bare perturbation is caused by the effective density σ + τ of the matter which comprises the isolated astronomical system and initiates the growth of instability in the cosmological matter that, in its own turn, induces formation of the large scale structure of the universe [84, 100]. Standard approach to cosmological perturbation theory always set σ + τ = 0 and operates with the spectrum of the primordial perturbation of the density δρ_m/ρ_m (but not with the spectrum for δ_m).

Equation (269) in case of dust reads,

□χ_m + 1 2 ( 3H^2 − a^2Λ ) χ_m = av̄^αδ_{m,α} , (274)

where χ_m is reduced to the perturbation of the Clebsch potential, χ_m = ϕ, for the reason that has been mentioned above.

If equations (273) and (274) are solved, the gravitational perturbations can be found from equations (270a)–(270d), which take on the following form

□q − 2Hv̄^αq_{,α} + ( H^2 − a^2Λ ) q = 8πa^2 [ σ + τ + ρ̄_m ( δ_m + H χ_m a )] , (275a)

□p − 2Hv̄^αp_{,α} = 16πa^2τ , (275b)

□p_α − 2Hv̄^β p_{α;β} + ( H^2 − a^2Λ ) p_α = 16πaτ_α , (275c) □p^⊺_{αβ} − 2Hv̄^γ p^⊺_{αβ;γ} = 16πτ^⊺_{αβ} . (275d)

It is interesting to notice that besides the bare density perturbation, σ + τ, the source for the scalar gravitational perturbation, q, contains the induced density perturbation ρ̄_m (δ_m + Hχ_m/a) = δρ_m + Hρ̄_mϕ in the right side of equation (275a). This induced density perturbation changes the initial mass of the isolated astronomical system in the course of the evolution (expansion) of the universe. This explains the origin of the time-dependence of the central point-like mass in the cosmological solution found by McVittie [78] (see also discussion in [16]).

B. The Universe Governed by a Scalar Field

In this section we explore the case of the universe governed primarily by a scalar field with all other matter variables being unimportant. In this case, the time evolution of the background universe is defined exceptionally by equations (221a), (221b). The most general solution of (221a), (221b) is complicated and can not be achieved analytically. Numerical analysis shows that the solution evolves in the phase space of the two variables {x_1, x_2} from an unstable to a stable fixed point by passing through a saddle point [2]. The cosmic acceleration is realized by the stable point with the values of x_1 = λ^2/6 and x_2 = 1 − λ^2/6, which is equivalent to the equations of state (89) with the values of the parameters, w_m = 0, and, w_q = −1 + λ^2/3. It also requires the energy density of the background matter ϵ̄_m = 0, that is Ω_m = 0. In such a universe the derivatives of the potential of the scalar field are 1 μ̄_q ∂W̄ ∂Ψ̄ = − 3 2 H (1 − w_q) ,

∂^2W̄ ∂Ψ̄^2 = 9 2 H^2 ( 1 − w^2_q ) . (276)

Moreover, because ρ̄_mμ̄_m = ϵ̄_m + p̄_m = 0, the time derivative of the Hubble parameter is

Ḣ = −4πρ̄_qμ̄_q = − 3 2 H^2 (1 + w_q) . (277)

In the point of the attractor of the scalar field, perturbations of the ideal fluid are fully suppressed that is the Clebsch potential of the fluid, χ_m = 0. It makes the function V_m = q/2, that is reduced to the perturbation of the scalar component of the gravitational field only. Perturbations of the scalar field are described by the scalar field variable, χ_q. In particular, after substituting the derivatives (276) of the scalar field potential along with the derivative (277) of the Hubble parameter, in equation (204), one obtains the post-Newtonian equation for function V_q,

□V_q − (1 − 3w_q) Hv̄^μV_{q,μ} + 3 2 H^2 (1 − w_q) (1 + 3w_q) V_q = −4πa^2 (σ + τ) . (278)

Field equation for the perturbation of the scalar field, χ_q, is reduced to

□χ̃_q − 2Hv̄^μχ̃_{q,μ} + H^2 (1 + 3w_q) χ̃_q = − (1 + 3w_q) HV_q , (279)

where the variable, χ̃_q ≡ χ_q/a, has been used for the notational convenience.

Post-Newtonian equations for gravitational perturbations are (258a)–(258d). After substituting the values of the parameters x_1, x_2, w_{eff} , etc., corresponding to the model of the universe governed by the scalar field alone, the post- Newtonian equations for the metric perturbations become

□q − 2Hv̄^μq_{,μ} + (1 + 3w_q) H^2q = 8πa^2 (σ + τ) + 3 (1 + w_q) (1 + 3w_q) H^3χ̂_q , (280a) □p − 2Hv̄^μp_{,μ} = 16πa^2τ , (280b) □p_α − 2Hv̄^μp_{α;μ} + (1 + 3w_q) H^2p_α = 16πaτ_α , (280c) □p^⊺_{αβ} − 2Hv̄^μp^⊺_{αβ;μ} = 16πτ^⊺_{αβ} . (280d)

One can see that the field equations for the scalar field and metric perturbations are decoupled, and can be solved separately starting from the primary equation (278).

C. Post-Newtonian Potentials in the Linearized Hubble Approximation

1. The metric tensor perturbations

The post-Newtonian equations for cosmological perturbations of gravitational and matter field variables crucially depend on the equation of state of the matter fields in the background universe. It determines the time evolution of the scale factor a = a(η) and the Hubble parameter H = H(η) which are described by the wide range of elementary and special functions of mathematical physics (see, for example, the books by Amendola and Tsujikawa [2], Macías, A., Cervantes-Cota, J. L. & Lämmerzahl, C. [75], Stephani et al. [94] and references therein). It is not the goal of the present article to provide the reader with an exhaustive list of the mathematical solutions of the perturbed equations which requires a meticulous development of cosmological Green’s function (see, for example, [45, 68, 69, 86]).

In this section we shall focus on the observation that the post-Newtonian equations for the field perturbations have identical mathematical structure if all terms that are quadratic with respect to the Hubble parameter, H, are neglected. In such a linearized Hubble approximation the differential equations for cosmological perturbations are not only decoupled from one another, but their generic solution can be found irrespectively of the equation of state governing the background universe. Indeed, if we neglect all quadratic with respect to H terms, the field equations for the conformal metric perturbations are reduced to the following set,

□q − 2Hv̄^αq_{,α} = 8πa^2 (σ + τ) , (281a) □p − 2Hv̄^αp_{,α} = 16πa^2τ , (281b)

□p_α − 2Hv̄^β p_{α;β} = 16πaτ_α , (281c) □p^⊺_{αβ} − 2Hv̄^γ p^⊺_{αβ;γ} = 16πτ^⊺_{αβ} , (281d)

where the wave operator □ has been defined in (248), and the source of the perturbation is the tensor of energymomentum of a localized astronomical system with the matter having a bounded support in space – see section (V H). The differential structure of the left side of equations (281a)–(281d) is the same for all functions. The equations differ from each other only in terms of the order of H^2 which have been omitted.

In order to bring equations (281a)-(281d) to a solvable form, we resort to relationship (250) which reveals that in the linearized Hubble approximation, the equations can be reduced to the form of a wave equation

□(aq) = 8πa^3 (σ + τ) , (282a) □(ap) = 16πa^3τ , (282b) □ (ap_α) = 16πa^2τ_α , (282c) □ ( ap^⊺_{αβ} ) = 16πaτ^⊺_{αβ} . (282d)

So far, we did not impose any limitations on the curvature of space that can take three values: k = {−1, 0, +1}. Solution of wave equations (282a)-(282d) can be given in terms of special functions in case of the Riemann (k = +1) or the Lobachevsky (k = −1) geometry [68, 69]. The case of the spatial Euclidean geometry (k = 0) is more manageable, and will be discussed below.

If the FLRW universe is spatially-flat universe, k = 0, and we chose the Cartesian coordinates x^α related to the isotropic coordinates X^α of the FLRW universe by a Lorentz transformation, the operator □ becomes a wave operator in the Minkowski spacetime,

□ = η^{μν} ∂_{μν} . (283)

In this case, equations (282a)-(282d) are reduced to the inhomogeneous wave equations which solution depends essentially on the boundary conditions imposed on the metric tensor perturbations at conformal past-null infinity J^− of the cosmological manifold [79]. We shall assume a no-incoming radiation condition also known as Fock-Sommerfeld’s condition [23, 36] lim r→+∞ t+r=const.

n^γ ∂_γ [a(η)rl_{αβ} (x^γ )] = 0 , (284)

where x^γ = (x^0, x^i), η = η(x^γ ), the null vector n^α = {1, x^i/r}, and r = δ_{ij} x^ix^j is the radial distance. This condition ensures that there is no infalling gravitational radiation arriving to the localized astronomical system from the future null infinity J^+. Effectively, it singles out the retarded solution of the wave equation.

A particular solution of the wave equations satisfying condition (284), is the retarded integral [65] aq(t, x) = −2 ∫ V a^3 [η (s, x^′)] [σ (s, x^′) + τ (s, x^′)] d^3x^′ |x − x^′| , (285a) ap(t, x) = −4 ∫ V a^3 [η(s, x^′)] τ (s, x^′) d^3x^′ |x − x^′| , (285b) ap_α(t, x) = −4 ∫ V a^2 [η(s, x^′)] τ_α (s, x^′) d^3x^′ |x − x^′| , (285c) ap^⊺_{αβ} (t, x) = −4 ∫ V a [η(s, x^′)] τ^⊺_{αβ} (s, x^′) d^3x^′ |x − x^′| , (285d)

where the scale factor a in the left side of all equations is a ≡ a [η(s, x)], and the argument s of the functions appearing in the integrands, is the retarded time s = t − |x − x^′| . (286) The retarded time s is a characteristic of the null cone in the conformal Minkowski spacetime that determines the causal nature of the gravitational field of the localized astronomical system in the expanding universe with k = 0 [58]. Solutions (285a)–(285d) are Lorentz-invariant as shown by calculations in Appendix A.

Integration in (285a)–(285d) is performed over the volume, V, occupied by the matter of the localized astronomical system. In case of the system comprised of N massive bodies that are separated by distances being much larger than their characteristic size, the matter occupies the volumes of the bodies. In this case the integration in equations (285a)–(285d) is practically performed over the volumes of the bodies. It means that each post-Newtonian potential q, p, p_α, p^⊺_{αβ} is split in the algebraic sum of N pieces

q = N∑ A=1 q_A , p = N∑ A=1 p_A , p_α = N∑ A=1 p_{Aα} , p^⊺_{αβ} = N∑ A=1 p^⊺_{Aαβ} , (287)

where each function with sub-index A has the same form as one of the corresponding equations (285a)–(285d) with the integration performed over the volume, V_A, of the body A.

2. The gauge functions

The residual gauge freedom describe the arbitrariness in adding solution of homogeneous equations (285a)–(285d) with the right side being equal to zero. It is described by two functions, ζ ≡ ξ/a and ζ^α. Since we neglected the terms being quadratic with respect to the Hubble parameter, the gauge functions satisfy the following equations

□ζ − 2Hv̄^βζ_{,β} = 0 , (288a)

□ζ^α − 2Hv̄^β ζ^α_{;β} = 0 . (288b)

They are equivalent to the homogeneous wave equations in the conformal flat spacetime

□ (aζ) = 0 , □ (aζ^α) = 0 , (289)

which point out that (in the approximation under consideration) the products, aζ and aζ^α, are the harmonic functions.

Potentials q, p, p_α, p^⊺_{αβ} must satisfy the gauge conditions (259a), (259b). Neglecting terms being quadratic with respect to the Hubble parameter, the gauge conditions (259a), (259b) can be written down as follows

(ap^α)_{,α} + v̄^α (2aq − ap)_{,α} + Hap = 0 , (290a) ( ap^{⊺αβ} )_{,β} + v̄^β (ap^α)_{,β} + 1 3 π̄^{αβ} (ap)_{,β} + Hap^α = 0 , (290b)

where the potentials p^α and p^{⊺αβ} are obtained from p_α and p^⊺_{αβ} by rising the indices with the Minkowski metric and taking into account that the indices of τ_α and τ^⊺_{αβ} in the integrands of (285c) and (285d) should be raised with the full background metric ḡ^{αβ} = a^{−2}η^{αβ} taken at the point of integration. It yields ap^α(t, x) = −4 ∫ V a^4 [η(s, x^′)] τ^α (s, x^′) d^3x^′ |x − x^′| , (291a) ap^{⊺αβ} (t, x) = −4 ∫ V a^5 [η(s, x^′)] τ^{⊺αβ} (s, x^′) d^3x^′ |x − x^′| . (291b)

It is instrumental to write down solutions for the products of the potentials p and p^α = η^{αβ} p_β with the Hubble parameter. Multiplying both sides of equations (282b), (282c) with the Hubble parameter H, and neglecting the quadratic with respect to H terms, we obtain

□(Hap) = 16πa^3Hτ , □(Hap^α) = 16πa^4Hτ^α , (292)

which solutions are the retarded potential Hap(t, x) = −4 ∫ V a^3 [η(s, x^′)] H [η(s, x^′)] τ (s, x^′) d^3x^′ |x − x^′| , (293a) Hap^α(t, x) = −4 ∫ V a^4 [η(s, x^′)] H [η(s, x^′)] τ (s, x^′) d^3x^′ |x − x^′| . (293b)

Substituting functions q, p, p^α, p^{⊺αβ} and Hap, Hap^α to the gauge equations (290a), (290b), bring about the following integral equations ∫ V [( a^4τ^α + v̄^αa^3σ ) ,α + a^3Hτ ] d3x′ |x − x^′| = 0 , (294a) ∫ V [( a^5τ^{⊺αβ} + a^4v̄^β τ^α + 1 3 π̄^{αβ} a^3τ ) ,β + a^4Hτ^α ] d^3x^′ |x − x^′| = 0 , (294b)

where all functions in the integrands are taken at the retarded time s and at the point x^′, for example, a = a[η(s, x^′)], H = H[η(s, x^′)], σ = σ[(s, x^′)], and so on. These equations are satisfied by the equations of motion (105a), (105b) of the localized matter distribution. Indeed, divergences of any vector F^α and a symmetric tensor F^{αβ} obey the following equalities

F^α_{|α} = 1 √ −ḡ (√ −ḡF^α ) ,α , (295) F^{αβ}_{|β} = 1 √ −ḡ (√ −ḡF^{αβ} ) ,β + Γ̄^α_{βγ} F^{βγ} . (296)

Moreover, the root square of the determinant of the background metric tensor is expressed in terms of the scale factor, √ −ḡ = a^4, while the four-velocity ū^α = v̄^α/a. Applying these expressions along with equations (295), (296) in equations of motion (105a), (105b), transforms them to ( a^4τ^α + v̄^αa^3σ ) ,α + a^3Hτ = 0 , (297a) ( a^4τ^{αβ} + a^3v̄^β τ^α ) ,β + 2a^3Hτ^α = 0 . (297b)

Equation (297a) proves that the integral equation (294a) and, hence, the gauge condition (290a) are valid. In order to prove the second integral equation (294b), we multiply equation (297b) with the scale factor a, and reshuffle its terms. It brings (297b) to the following form ( a^5τ^{αβ} + a^4v̄^βτ^α ) ,β + a^4Hτ^α = 0 . (298)

Substituting, τ^{αβ} = τ^{⊺αβ} + (1/3a^2)π̄^{αβ} τ, to (298) and comparing with the integrand of (295) makes it clear that (294b) is valid. It proves the second gauge condition (290b). We conclude that the retarded integrals (285a)–(285d) yield the complete solution of the linearised wave equations (282a)–(282d). Thus, we can chose the gauge functions ζ = ζ^α = 0.

3. The matter field perturbations

What remains is to find out solutions for the scalar functions V_m and V_q and χ_m and χ_q. In the linearized Hubble approximation equation for V_m is obtained from (253) by discarding all terms of the order of H^2. It yields

□V_m + ( 1 − c^2 c^2_s ) v̄^αv̄^βV_{m,αβ} + ( 3 − c^2 c^2_s ) Hv̄^αV_{m,α} = −4πa^2 (σ + τ) . (299)

Applying relationships (250), (251) in equation (299) allows us to recast it to 1 a^n [ □ (a^nV_m) + ( 1 − c^2 c^2_s ) v̄^αv̄^β (a^nV_m)_{,αβ} ] + [ 3 + (2n − 1) c^2 c^2_s ] Hv̄^αV_{m,α} = −4πa^2 (σ + τ) , (300)

where n is yet undetermined real number. Choosing, n = n_s, with

n_s = 1 2 ( 1 − 3 c^2_s c^2 ) , (301)

annihilates the term being proportional to H in the left side of (300) and reduces it to

□ (a^{ns} V_m) + ( 1 − c^2 c^2_s ) v̄^αv̄^β (a^{ns} V_m)_{,αβ} = −4πa^{2+ns} (σ + τ) . (302)

This equation describes propagation of perturbation V_m with the speed of sound c_s. Indeed, let us introduce the sound-wave Laplace-Beltrami operator

□_s ≡ ( − c^2 c^2_s v̄^αv̄^β + π̄^{αβ} ) ∂_{αβ} . (303)

Then, equation (302) reads

□_s (a^{ns} V_m) = −4πa^{2+ns} (σ + τ) . (304)

This equation has a well-defined Green function with characteristics propagating with the speed of sound c_s. We discard the advanced Green function because we assume that at infinity the function V_m and its first derivatives vanish. Solution of (304) is explained in Appendix B, and has the following form

a^{ns} V_m(t, x) = ∫ V a^{2+ns} (ς, x^′) [σ(ς, x^′) + τ(ς, x^′)] √ 1 + ( 1 −^{c2}_{c2s} ) γ^2_υ(β × n)^2 d^3x^′ |x − x^′| , (305)

where the retarded time ς is given by equation (B18), β = β^i = v̄^i/c, γ = 1/ √ 1 − β^2 is the Lorentz factor, and the unit vector n = (x − x^′)/|x − x^′|.

Linearized equation for V_q is obtained from (254) after discarding all terms being proportional to H^2. It yields

□V_q + 2 ( 1 − √ 3 2x_1 λx_2 ) Hv̄^μV_{q,μ} = −4πa^2 (σ + τ) . (306)

Applying relationship (250) in (306) allows us to recast it to 1 a^n □ (a^nV_q) + 2 ( n + 1 − √ 3 2x_1 λx_2 ) Hv̄^αV_{m,α} = −4πa^2 (σ + τ) . (307)

Choosing, n = n_q = −1 + √ 3/(2x_1)λx_2, eradicates the second term in the left side of (307) that results in

□ (a^{nq} V_q) = −4πa^{2+nq} (σ + τ) . (308)

This is the wave equation in flat spacetime. We pick up the retarded solution as the most physical one. It reads

a^{nq} V_q = ∫ V a^{2+nq} (s, x^′) [σ (s, x^′) + τ (s, x^′)] d^3x^′ |x − x^′| , (309)

where the retarded time s has been defined in (286).

Perturbations χ_m and χ_q can be found by integrating equations (180a) and (180b) that can be written as

v̄^αχ_{m,α} = a ( V_m + q 2 ) , v̄^αχ_{q,α} = a ( V_q + q 2 ) . (310)

These are the ordinary differential equations of the first order. Their solutions are

χ_m = ∫_t t_0 a[t, x(t)]{V_m[t, x(t)] + 1 2 q[t, x(t)]}dt , (311a) χ_q = ∫_t t_0 a[t, x(t)]{V_q[t, x(t)] + 1 2 q[t, x(t)]}dt , . (311b) where t_0 is an initial epoch of integration, and the integration is performed along the characteristics of the unperturbed equations of motion of matter of the background universe dx^i dt = v̄^i(t, x) . (312)

These characteristics make up the Hubble flow. Therefore, the most simple way to integrate equations (310) would be to work in the preferred coordinate frame X^α = (η, X^i) where the velocity v̄^i = 0, and the coordinates X^i = const. After the calculations in the rest frame of the Hubble flow are finished, the transformation to a moving frame can be done with the Lorentz boost.

Acknowledgments

This paper was made possible through the support of a grant from the John Templeton Foundation. The opinions expressed in this publication are those of the authors and do not necessarily reflect the views of the John Templeton Foundation. The funds from John Templeton Foundation were awarded in a grant to the University of Chicago which also managed the program in conjunction with National Astronomical Observatories, Chinese Academy of Sciences.

The work of A. Petrov was supported by the internal grant of the University of Missouri Research Board. S. Kopeikin was partially supported by the faculty incentive grant of the College of Arts and Sciences Alumni Organization of the University of Missouri as well as by the Chinese Academy of Sciences Visiting Professorship for International Senior Scientists.

S. Kopeikin thanks Dr. Tang Zhenghong, Dr. Tao Jinhe, and the stuff of the Shanghai Astronomical Observatory of the People Republic of China for hospitality, and Dr. Xie Yi for valuable discussions. A. Petrov is grateful to the Department of Physics & Astronomy of the University of Missouri for hospitality during his visiting Columbia, Missouri in 2007-08.

The authors thank the anonymous referees for a number of fruitful comments and constructive suggestions that helped us to improve the manuscript.

[1] L. R. W. Abramo, R. H. Brandenberger, and V. F. Mukhanov. Energy-momentum tensor for cosmological perturbations.

Physical Review D, 56:3248–3257, September 1997. doi: 10.1103/PhysRevD.56.3248.

[2] L. Amendola and S. Tsujikawa. Dark Energy: Theory and Observations. Cambridge: Cambridge University Press, 2010.

ISBN 9780521516006.

[3] J. D. Anderson and M. M. Nieto. Astrometric solar-system anomalies. In S. A. Klioner, P. K. Seidelmann, and M. H. Soffel, editors, IAU Symposium, volume 261 of IAU Symposium, pages 189–197, January 2010. doi: 10.1017/S1743921309990378.

[4] J. D. Anderson, P. A. Laing, E. L. Lau, A. S. Liu, M. M. Nieto, and S. G. Turyshev. Study of the anomalous acceleration of Pioneer 10 and 11. Physical Review D, 65(8):082004, April 2002. doi: 10.1103/PhysRevD.65.082004.

[5] R. Arnowitt, S. Deser, and C. W. Misner. Dynamical Structure and Definition of Energy in General Relativity. Physical Review, 116:1322–1330, December 1959. doi: 10.1103/PhysRev.116.1322.

[6] S. V. Babak and L. P. Grishchuk. Energy-momentum tensor for the gravitational field. Physical Review D, 61(2):024038, January 2000. doi: 10.1103/PhysRevD.61.024038.

[7] J. M. Bardeen. Gauge-invariant cosmological perturbations. Physical Review D, 22:1882–1905, October 1980. doi:

10.1103/PhysRevD.22.1882.

[8] J. M. Bardeen. Gauge-Invariant Cosmological Perturbations. In Kolb, E. W. & Turner, M. S., editor, The Early Universe:

Reprints, page 563. Frontiers in Physics, Reading: Addison-Wesley, 1988.

[9] A. N. Beris and B. J. Edwards. Thermodynamics of Flowing Systems with internal microstructure. Oxford: Oxford University Press, 1994.

[10] S. Bildhauer and T. Futamase. The age problem in inhomogeneous universes. General Relativity and Gravitation, 23:

1251–1264, November 1991. doi: 10.1007/BF00756847.

[11] W. B. Bonnor. A generalization of the Einstein-Straus vacuole. Classical and Quantum Gravity, 17:2739–2748, July 2000.

doi: 10.1088/0264-9381/17/14/309.

[12] V. A. Brumberg. Essential Relativistic Celestial Mechanics. Bristol: Adam Hilger, 271 pp., 1991. [13] M. Bruni, G. F. R. Ellis, and P. K. S. Dunsby. Gauge-invariant perturbations in a scalar field dominated universe.

Classical and Quantum Gravity, 9:921–945, April 1992. doi: 10.1088/0264-9381/9/4/010.

[14] T. Buchert and J. Ehlers. Lagrangian theory of gravitational instability of Friedman-Lemaitre cosmologies – second-order approach: an improved model for non-linear clustering. Monthly Notices of the Royal Astronomical Society, 264:375–387, September 1993.

[15] T. Buchert and S. Räsänen. Backreaction in Late-Time Cosmology. Annual Review of Nuclear and Particle Science, 62:

57–79, November 2012. doi: 10.1146/annurev.nucl.012809.104435.

[16] M. Carrera and D. Giulini. Influence of global cosmological expansion on local dynamics and kinematics. Reviews of Modern Physics, 82:169–208, January 2010. doi: 10.1103/RevModPhys.82.169.

[17] S. Chandrasekhar and F. P. Esposito. The 2^1_2 -Post-Newtonian Equations of Hydrodynamics and Radiation Reaction in General Relativity. Astrophys. J. , 160:153, April 1970. doi: 10.1086/150414.

[18] C. Chicone and B. Mashhoon. Explicit Fermi coordinates and tidal dynamics in de Sitter and Gödel spacetimes. Physical Review D, 74(6):064019, September 2006. doi: 10.1103/PhysRevD.74.064019.

[19] I. Ciufolini and J. A. Wheeler. Gravitation and Inertia. 1995.

[20] C. Clarkson and B. Osano. Locally extracting scalar, vector and tensor modes in cosmological perturbation theory.

Classical and Quantum Gravity, 28(22):225002, November 2011. doi: 10.1088/0264-9381/28/22/225002. [21] C. Clarkson and B. Osano. Erraturm: Locally extracting scalar, vector and tensor modes in cosmological perturbation theory. Classical and Quantum Gravity, 29(7):079601, April 2012. doi: 10.1088/0264-9381/29/7/079601.

[22] J. Crowder and N. J. Cornish. Beyond LISA: Exploring future gravitational wave missions. Physical Review D, 72(8):

083005, October 2005. doi: 10.1103/PhysRevD.72.083005.

[23] T. Damour. The problem of motion in Newtonian and Einsteinian gravity. In Hawking, S. W. & Israel, W., editor, Three Hundred Years of Gravitation, pages 128–198, 1987.

[24] H. J. de Vega, J. Ramirez, and N. Sanchez. Generation of gravitational waves by generic sources in de Sitter space-time.

Physical Review D, 60(4):044007, August 1999. doi: 10.1103/PhysRevD.60.044007.

[25] N. Deruelle and V. F. Mukhanov. Matching conditions for cosmological perturbations. Physical Review D, 52:5549–5555, November 1995. doi: 10.1103/PhysRevD.52.5549.

[26] S. Deser. Self-interaction and gauge invariance. General Relativity and Gravitation, 1:9–18, March 1970. doi: 10.1007/ BF00759198.

[27] R. Durrer. Some applications of the 3+1 formalism of general relativity. Helvetica Physica Acta, 61:1027–1062, 1988. [28] R. Durrer. Gauge-invariant cosmological perturbation theory for collisionless matter - Numerical results. Astronomy and Astrophysics, 208:1–13, January 1989.

[29] J. Ehlers and T. Buchert. Newtonian Cosmology in Lagrangian Formulation: Foundations and Perturbation Theory.

General Relativity and Gravitation, 29:733–764, June 1997.

[30] A. Einstein and E. G. Straus. The Influence of the Expansion of Space on the Gravitation Fields Surrounding the Individual Stars. Reviews of Modern Physics, 17:120–124, April 1945. doi: 10.1103/RevModPhys.17.120.

[31] A. Einstein and E. G. Straus. Corrections and Additional Remarks to our Paper: The Influence of the Expansion of Space on the Gravitation Fields Surrounding the Individual Stars. Reviews of Modern Physics, 18:148–149, January 1946. doi: 10.1103/RevModPhys.18.148.

[32] G. F. R. Ellis and M. Bruni. Covariant and gauge-invariant approach to cosmological density fluctuations. Physical Review D, 40:1804–1818, September 1989. doi: 10.1103/PhysRevD.40.1804.

[33] G. F. R. Ellis, J. Hwang, and M. Bruni. Covariant and gauge-independent perfect-fluid Robertson-Walker perturbations.

Physical Review D, 40:1819–1826, September 1989. doi: 10.1103/PhysRevD.40.1819.

[34] G. F. R. Ellis, M. Bruni, and J. Hwang. Density-gradient-vorticity relation in perfect-fluid Robertson-Walker perturbations. Physical Review D, 42:1035–1046, August 1990. doi: 10.1103/PhysRevD.42.1035.

[35] D. J. Fixsen, E. S. Cheng, J. M. Gales, J. C. Mather, R. A. Shafer, and E. L. Wright. The Cosmic Microwave Background Spectrum from the Full COBE FIRAS Data Set. Astrophys. J. , 473:576, December 1996. doi: 10.1086/178173.

[36] V. A. Fock. The Theory of Space, Time and Gravitation. Oxford: Pergamon Press. XII + 448 pp., 1964. [37] T. Futamase. Approximation scheme for constructing a clumpy universe in general relativity. Physical Review Letters, 61:2175–2178, November 1988. doi: 10.1103/PhysRevLett.61.2175.

[38] T. Futamase. An approximation scheme for constructing inhomogeneous universes in general relativity. Monthly Notices of the Royal Astronomical Society, 237:187–200, March 1989.

[39] G. Goldhaber. The Acceleration of the Expansion of the Universe: A Brief Early History of the Supernova Cosmology Project (SCP). In D. B. Cline, editor, American Institute of Physics Conference Series, volume 1166 of American Institute of Physics Conference Series, pages 53–72, September 2009. doi: 10.1063/1.3232196.

[40] E. Gourgoulhon. 3+1 Formalism in General Relativity, volume 846 of Lecture Notes in Physics, Berlin Springer Verlag.

2012. doi: 10.1007/978-3-642-24525-1.

[41] L. P. Grishchuk. Amplification of gravitational waves in an isotropic universe. Soviet Journal of Experimental and Theoretical Physics, 40:409, September 1974.

[42] L. P. Grishchuk. Density perturbations of quantum-mechanical origin and anisotropy of the microwave background.

Physical Review D, 50:7154–7172, December 1994. doi: 10.1103/PhysRevD.50.7154.

[43] L. P. Grishchuk. Some Uncomfortable Thoughts on the Nature of Gravity, Cosmology, and the Early Universe. Space Science Reviews, 148:315–328, December 2009. doi: 10.1007/s11214-009-9509-6.

[44] L. P. Grishchuk, A. N. Petrov, and A. D. Popova. Exact theory of the (Einstein) gravitational field in an arbitrary background space-time. Communications in Mathematical Physics, 94:379–396, September 1984. doi: 10.1007/BF01224832.

[45] R. Haas and E. Poisson. Mass change and motion of a scalar charge in cosmological spacetimes. Classical and Quantum Gravity, 22:739, August 2005. doi: 10.1088/0264-9381/22/15/008.

[46] E. R. Harrison. Fluctuations at the Threshold of Classical Cosmology. Physical Review D, 1:2726–2730, May 1970. doi:

10.1103/PhysRevD.1.2726.

[47] G. Hinshaw, J. L. Weiland, R. S. Hill, N. Odegard, D. Larson, C. L. Bennett, J. Dunkley, B. Gold, M. R. Greason, N. Jarosik, E. Komatsu, M. R. Nolta, L. Page, D. N. Spergel, E. Wollack, M. Halpern, A. Kogut, M. Limon, S. S. Meyer, G. S. Tucker, and E. L. Wright. Five-year wilkinson microwave anisotropy probe observations: Data processing, sky maps, and basic results. The Astrophysical Journal Supplement Series, 180(2):225, 2009. URL http://stacks.iop.org/ 0067-0049/180/i=2/a=225.

[48] Liu Hongya. Cosmological models in globally geodesic coordinates. i. metric. Journal of Mathematical Physics, 28(8):

1920–1923, 1987. doi: 10.1063/1.527455. URL http://link.aip.org/link/?JMP/28/1920/1.

[49] M. Ibison. On the conformal forms of the Robertson-Walker metric. Journal of Mathematical Physics, 48(12):122501, December 2007. doi: 10.1063/1.2815811.

[50] R. A. Isaacson. Gravitational Radiation in the Limit of High Frequency. I. The Linear Approximation and Geometrical Optics. Physical Review, 166:1263–1271, February 1968. doi: 10.1103/PhysRev.166.1263.

[51] R. A. Isaacson. Gravitational Radiation in the Limit of High Frequency. II. Nonlinear Terms and the Effective Stress Tensor. Physical Review, 166:1272–1279, February 1968. doi: 10.1103/PhysRev.166.1272.

[52] J. D. Jackson and L. B. Okun. Historical roots of gauge invariance. Reviews of Modern Physics, 73:663–680, July 2001.

doi: 10.1103/RevModPhys.73.663.

[53] N. Jarosik, C. L. Bennett, J. Dunkley, B. Gold, M. R. Greason, M. Halpern, R. S. Hill, G. Hinshaw, A. Kogut, E. Komatsu, D. Larson, M. Limon, S. S. Meyer, M. R. Nolta, N. Odegard, L. Page, K. M. Smith, D. N. Spergel, G. S. Tucker, J. L. Weiland, E. Wollack, and E. L. Wright. Seven-year wilkinson microwave anisotropy probe (wmap) observations: Sky maps, systematic errors, and basic results. The Astrophysical Journal Supplement Series, 192(2):14, 2011. URL http://stacks.iop.org/0067-0049/192/i=2/a=14.

[54] S. A. Klioner and M. H. Soffel. Refining the Relativistic Model for Gaia: Cosmological Effects in the BCRS. In C. Turon, K. S. O’Flaherty, and M. A. C. Perryman, editors, The Three-Dimensional Universe with Gaia, volume 576 of ESA Special Publication, pages 305–308, January 2005.

[55] A. Kogut, C. Lineweaver, G. F. Smoot, C. L. Bennett, A. Banday, N. W. Boggess, E. S. Cheng, G. de Amici, D. J. Fixsen, G. Hinshaw, P. D. Jackson, M. Janssen, P. Keegstra, K. Loewenstein, P. Lubin, J. C. Mather, L. Tenorio, R. Weiss, D. T. Wilkinson, and E. L. Wright. Dipole Anisotropy in the COBE Differential Microwave Radiometers First-Year Sky Maps. Astrophys. J. , 419:1, December 1993. doi: 10.1086/173453.

[56] K. D. Kokkotas. Gravitational Wave Astronomy (With 2 Figures). In S. Röser, editor, Reviews in Modern Astronomy, volume 20 of Reviews in Modern Astronomy, page 140, October 2008.

[57] S. Kopeikin and I. Vlasov. Parametrized post-Newtonian theory of reference frames, multipolar expansions and equations of motion in the N-body problem. Physics Reports, 400:209–318, November 2004. doi: 10.1016/j.physrep.2004.08.004.

[58] S. Kopeikin, M. Efroimsky, and G. Kaplan. Relativistic Celestial Mechanics of the Solar System. Weinheim: Wiley-VCH, September 2011.

[59] S. M. Kopeikin. The speed of gravity in general relativity and theoretical interpretation of the Jovian deflection experiment.

Classical and Quantum Gravity, 21:3251–3286, July 2004. doi: 10.1088/0264-9381/21/13/010. [60] S. M. Kopeikin. Celestial ephemerides in an expanding universe. Physical Review D, 86(6):064004, September 2012. doi:

10.1103/PhysRevD.86.064004.

[61] S. M. Kopeikin, J. Ramírez, B. Mashhoon, and M. V. Sazhin. Cosmological perturbations: a new gauge-invariant approach. Physics Letters A, 292:173–180, December 2001. doi: 10.1016/S0375-9601(01)00777-0.

[62] G. A. Krasinsky and V. A. Brumberg. Secular increase of astronomical unit from analysis of the major planet motions, and its interpretation. Celestial Mechanics and Dynamical Astronomy, 90:267–288, November 2004. doi: 10.1007/ s10569-004-0633-z.

[63] A. A. Kurskov and L. M. Ozernoi. Evolution of cosmological turbulence. IV - Gravitational growth of inhomogeneities with isolation of galaxies and galaxy systems. Soviet Astronomy, 19:569–576, April 1976.

[64] L. D. Landau and E. M. Lifshitz. Fluid mechanics. 1959.

[65] L. D. Landau and E. M. Lifshitz. The classical theory of fields. Oxford: Pergamon Press, 1975. [66] N. Li and D. J. Schwarz. Onset of cosmological backreaction. Physical Review D, 76(8):083011, October 2007. doi:

10.1103/PhysRevD.76.083011.

[67] N. Li and D. J. Schwarz. Scale dependence of cosmological backreaction. Physical Review D, 78(8):083531, October 2008.

doi: 10.1103/PhysRevD.78.083531.

[68] E. Lifshitz. On the gravitational stability of the expanding universe. JETP, 10:116–129, 1946.

http://www.citebase.org/abstract?id=oai [69] E. M. Lifshitz and I. M. Khalatnikov. Investigations in relativistic cosmology. Advances in Physics, 12:185–249, April 1963. doi: 10.1080/00018736300101283.

[70] E. M. Lifshitz and I. M. Khalatnikov. Special Issue: Problems of Relativistic Cosmology. Soviet Physics Uspekhi, 6:

495–522, April 1964. doi: 10.1070/PU1964v006n04ABEH003585.

[71] E. V. Linder. First Principles of Cosmology. Prentice Hall, 1997. ISBN 0-20-140395-1. [72] D. R. Lorimer and M. Kramer. Handbook of Pulsar Astronomy. Cambridge: Cambridge University Press, 2005. [73] V. N. Lukash. Production of sound waves in the early universe. Soviet Journal of Experimental and Theoretical Physics Letters, 31:596, June 1980.

[74] C.-P. Ma and E. Bertschinger. Cosmological Perturbation Theory in the Synchronous and Conformal Newtonian Gauges.

Astrophys. J. , 455:7, December 1995. doi: 10.1086/176550.

[75] Macías, A., Cervantes-Cota, J. L. & Lämmerzahl, C., editor. Exact solutions and scalar fields in gravity : recent developments. 2001.

[76] J. Martin and D. J. Schwarz. Influence of cosmological transitions on the evolution of density perturbations. Physical Review D, 57:3302–3316, March 1998. doi: 10.1103/PhysRevD.57.3302.

[77] B. Mashhoon, N. Mobed, and D. Singh. Tidal dynamics in cosmological spacetimes. Classical and Quantum Gravity, 24:

5031–5046, October 2007. doi: 10.1088/0264-9381/24/20/008.

[78] G. C. McVittie. The mass-particle in an expanding universe. Monthly Notices of the Royal Astronomical Society, 93:

325–339, March 1933.

[79] C. W. Misner, K. S. Thorne, and J. A. Wheeler. Gravitation. San Francisco: W.H. Freeman and Co., 1973. [80] N. V. Mitskevich. Physical Fields in General Relativity. Nauka: Moscow, 326 pp., 1969.

[81] V. Mukhanov. Physical Foundations of Cosmology. Cambridge: Cambridge University Press, 442 pp., November 2005.

ISBN 0521563984. doi: 10.2277/0521563984.

[82] V. F. Mukhanov, H. A. Feldman, and R. H. Brandenberger. Theory of cosmological perturbations. Physics Reports, 215:

203–333, June 1992. doi: 10.1016/0370-1573(92)90044-Z.

[83] V. F. Mukhanov, L. R. W. Abramo, and R. H. Brandenberger. Backreaction Problem for Cosmological Perturbations.

Physical Review Letters, 78:1624–1627, March 1997. doi: 10.1103/PhysRevLett.78.1624.

[84] P. J. E. Peebles. The large-scale structure of the universe. Princeton: Princeton University Press, 435 pp., 1980. [85] A. D. Popova and A. N. Petrov. Exact Dynamic Theories on a Given Background in Gravitation. International Journal of Modern Physics A, 3:2651–2679, 1988. doi: 10.1142/S0217751X88001107.

[86] J. Ramírez and S. Kopeikin. A decoupled system of hyperbolic equations for linearized cosmological perturbations. Physics Letters B, 532:1–7, April 2002. doi: 10.1016/S0370-2693(02)01471-5.

[87] S. Räsänen. Applicability of the linearly perturbed FRW metric and Newtonian cosmology. Physical Review D, 81(10):

103512, May 2010. doi: 10.1103/PhysRevD.81.103512.

[88] G. Schäfer. Post-Newtonian Methods: Analytic Results on the Binary Problem. In Blanchet, L., Spallicci, A., & Whiting, B., editor, Mass and Motion in General Relativity, pages 167–210, 2011.

[89] E. Schücking. Das Schwarzschildsche Linienelement und die Expansion des Weltalls. Zeitschrift fur Physik, 137:595–603, October 1954. doi: 10.1007/BF01375011.

[90] B. F. Schutz. Perfect Fluids in General Relativity: Velocity Potentials and a Variational Principle. Physical Review D, 2:2762–2773, December 1970. doi: 10.1103/PhysRevD.2.2762.

[91] M. Soffel, S. A. Klioner, G. Petit, P. Wolf, S. M. Kopeikin, P. Bretagnon, V. A. Brumberg, N. Capitaine, T. Damour, T. Fukushima, B. Guinot, T.-Y. Huang, L. Lindegren, C. Ma, K. Nordtvedt, J. C. Ries, P. K. Seidelmann, D. Vokrouhlický, C. M. Will, and C. Xu. The IAU 2000 Resolutions for Astrometry, Celestial Mechanics, and Metrology in the Relativistic Framework: Explanatory Supplement. The Astronomical Journal, 126:2687–2706, December 2003. doi: 10.1086/378162.

[92] M. H. Soffel. Relativity in Astrometry, Celestial Mechanics and Geodesy. Springer-Verlag: Berlin, XIV, 208 pp. 32 figs., 1989.

[93] I. H. Stairs. Binary pulsars and tests of general relativity. In S. A. Klioner, P. K. Seidelmann, and M. H. Soffel, editors, IAU Symposium, volume 261 of IAU Symposium, pages 218–227, January 2010. doi: 10.1017/S1743921309990433.

[94] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers, and E. Herlt. Exact solutions of Einstein’s field equations.

Cambridge: Cambridge University Press, 2003. [95] A. H. Taub. Relativistic Hydrodynamics, page 170. 1967.

[96] M. Tegmark. Measuring the metric: A parametrized post-Friedmannian approach to the cosmic dark energy problem.

Physical Review D, 66(10):103507, November 2002. doi: 10.1103/PhysRevD.66.103507.

[97] S. G. Turyshev. Testing General Relativity in the Solar System: Present Status and Possible Future Developments. In H. A. Morales-Tecotl, L. A. Urena-Lopez, R. Linares-Romero, and H. H. Garcia-Compean, editors, American Institute of Physics Conference Series, volume 1256 of American Institute of Physics Conference Series, pages 3–26, July 2010. doi: 10.1063/1.3473878.

[98] R. M. Wald. General relativity. Chicago: University of Chicago Press, 1984.

[99] S. Weinberg. Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity. New York:

John Wiley & Sons, Inc., July 1972.

[100] S. Weinberg. Cosmology. Oxford University Press, 2008.

[101] J. M. Weisberg, D. J. Nice, and J. H. Taylor. Timing Measurements of the Relativistic Binary Pulsar PSR B1913+16.

Astrophys. J. , 722:1030–1034, October 2010. doi: 10.1088/0004-637X/722/2/1030.

[102] A. Wiegand and D. J. Schwarz. Inhomogeneity-induced variance of cosmological parameters. Astronomy & Astrophysics, 538:A147, February 2012. doi: 10.1051/0004-6361/201118137.

[103] C. M. Will. Theory and Experiment in Gravitational Physics. Cambridge: Cambridge University Press, 396 pp., March 1993.

[104] C. M. Will. The Confrontation between General Relativity and Experiment. Living Reviews in Relativity, 9:3, March 2006.

[105] C. M. Will. Inaugural Article: On the unreasonable effectiveness of the post-Newtonian approximation in gravitational physics. Proceedings of the National Academy of Science, 108:5938–5945, April 2011. doi: 10.1073/pnas.1103127108.

[106] R. Zalaletdinov. The Averaging Problem in Cosmology and Macroscopic Gravity. International Journal of Modern Physics A, 23:1173–1181, 2008. doi: 10.1142/S0217751X08040032.

[107] Y. B. Zeldovich. A hypothesis, unifying the structure and the entropy of the Universe. Monthly Notices of the Royal Astronomical Society, 160:1P, 1972.

[108] A. L. Zelmanov. Kinemetric invarants and their relation to chronometric invariants in Einstein’s gravitation theory. Soviet Physics Doklady, 18:231, October 1973.

Appendix A: Lorentz Invariance of the Retarded Potential

We use a prime in the appendices exclusively as a notation for time and spatial coordinates which are used as variables of integration in volume integrals (see, for example, equations (A2), (A3), and so on). It should not be confused with the time derivative with respect to the conformal time used in the main text of the present paper.

Let us consider an inhomogeneous wave equation for a scalar field, V = V (η, X), written down in a coordinate chart X^α = (X^0, X^i) = (η, X), □V = −4πσ_X , (A1) where □ ≡ η^{αβ} ∂_{αβ} , ∂_α = ∂/∂X^α, and σ_X = σ_X (η, X) is the source (a scalar function) of the field V with a compact support (bounded by a finite volume in space). Equation (A1) has a solution given as a linear combination of advanced and retarded potentials. Let us focus only on the retarded potential which is more common in physical applications. Advanced potential can be treated similarly.

We assume the field, V , and its first derivatives vanish at past null infinity. Then, the retarded solution (retarded potential) of (A1) is given by an integral, V (η, X) = ∫ V σ_X (ζ, X^′) d^3X^′ |X − X^′| , (A2)

where ζ = η − |X − X^′| , (A3) is the retarded time, and we assume the fundamental speed c = 1. Physical meaning of the retardation is that the field V propagates in spacetime with the fundamental speed c from the source σ_X , to the point with coordinates X^α = (η, X) where the field V is measured in correspondence with equation (A2). Left side of equation (A1) is Lorentz-invariant. Hence, we expect that solution (A3) must be Lorentz-invariant as well. As a rule, textbooks prove this statement for a particular case of the retarded (Liénard-Wiechert) potential of a moving point-like source but not for the retarded potential given in the form of the integral (A2). This appendix fulfils this gap.

Lorentz transformation to coordinates, x^α = (t, x) linearly transforms the isotropic coordinates X^α = (η, X) of the FLRW universe as follows

x^α = Λ^α_β X^β , (A4) where the matrix of the Lorentz boost [79] Λ^0_0 = γ , Λ^i_0 = Λ^0_i = −γβ^i , Λ^i_j = δ^{ij} + γ − 1 β^2 β^iβ^j , (A5) the boost four-velocity u^α = {u^0, u^i} = u^0{1, β^i} is constant, and γ = u^0 = 1 √ 1 − β^2

, (A6)

is the constant Lorentz-factor.

The inverse Lorentz transformation is given explicitly as follows η = γ(t + β · x) , (A7) X = r + γ^2 1 + γ (β · r)b , (A8) where r = x + βt , (A9) and the boost three-velocity, β = {β^i} = {u^i/u^0}.

Let us reiterate (A2) by introducing a one-dimensional Dirac’s delta function and integration with respect to time η, V (η, X) = ∫_∞ −∞ ∫ V σ_X (η^′, X^′)δ(η^′ − ζ) dη^′d^3X^′ |X − X^′| , (A10) where ζ is the retarded time given by (A3). Then, we transform coordinates X^{′α} = (η^′, X^′) to x^{′α} = (t^′, x^′) with the Lorentz boost (A4). The Lorentz transformation changes functions entering the integrand of (A10) as follows, σ(η^′, X^′) = σ_x(t^′, x^′) , (A11) |X − X^′| = √ |r − r^′|^2 + γ^2[β · (r − r^′)]^2 , (A12) where the coordinate difference r − r^′ = x − x^′ + β(t − t^′) . (A13) The coordinate volume of integration remains Lorentz-invariant dη^′d^3X^′ = dt^′d^3x^′ . (A14) Let us denote F_η (η^′) ≡ η^′ −ζ where ζ is given by (A3). After making the Lorentz transformation this function changes to F_η (η^′) = F_t(t^′) = γ [t^′ − t − β · (x − x^′)] + √ |x − x^′|^2 − (t^′ − t)^2 + γ^2[β · (x − x^′) − (t^′ − t)]^2 , (A15) where we have used equations (A7), (A8) and (A12) and relationship γ^2β^2 = γ^2 − 1, to perform the transformation. Integral (A10) in coordinates x^α becomes V (t, x) = ∫_∞ −∞ ∫ V σ_x(t^′, x^′)δ(F_t(t^′)) dt^′d^3x^′ √ |r − r^′|^2 + γ^2[β · (r − r^′)]^2

, (A16)

The delta function has a complicated argument F_t(t^′) in coordinates x^α. It can be simplified with a well-known formula δ [F_t(t^′)] = δ(t^′ − s) Ḟ_t(s) , (A17) where Ḟ_t(s) ≡ [dF_t(t^′)/dt^′]_t′_{=s}, and s is one of the roots of equation F_t(t^′) = 0 that is associated with the retarded interaction. It is straightforward to confirm by inspection that the root is given by formula, s = t − |x − x^′| . (A18)

The time derivative of function F_t(t^′) is

Ḟ_t(t^′) = γ + γ^2 β^2(t^′ − t) − β · (x − x^′) √ |x − x^′|^2 − (t^′ − t)^2 + γ^2[β · (x − x^′) − (t^′ − t)]^2

. (A19)

After substituting t^′ = s, with s taken from equation (A18), we obtain,

Ḟ_t(s) = 1 γ |x − x^′| |x − x^′| + β · (x − x^′) . (A20)

Performing now integration with respect to t^′ in equation (A16) with the help of the delta-function, we arrive to V (t, x) = ∫ V σ_x(s, x^′) d^3x^′ Ḟ_t(s)|X − X′|_{t′ =s} , (A21) where |X − X^′|_t′_{=s} must be calculated from (A12) with t^′ = s where s is taken from (A18). It yields Ḟ_t(s)|X − X^′|_{t′ =s} = |x − x^′| , (A22) and proves that the retarded potential (A2) is Lorentz-invariant ∫ V σ_X (ζ, X^′) d^3X^′ |X − X^′| = ∫ V σ_x(s, x^′) d^3x^′ |x − x^′| . (A23)

We have verified the Lorentz invariance for the scalar retarded potential. However, it is not difficult to check that it is valid in case of a source σ_{α1 α2...αl} that is a tensor field of rank l. Indeed, the Lorentz transformation of the source leads to Λ^{β1}_{α1} Λ^{β2}_{α2} ...Λ^{βl}_{αl} σ_{β1 β2...βl} but the matrix Λ^α_β is constant, and can be taken out of the sign of the retarded integral. Because of this property, all mathematical operations given in this appendix for a scalar retarded potential, remain the same for the tensor of any rank. Hence, the Lorentz invariance of the retarded integral is a general property of the wave operator in Minkowski spacetime.

Appendix B: Retarded Solution of the Sound-Wave Equation

Let us consider an inhomogeneous sound-wave equation for a scalar field U = U(η, X) written down in the isotropic coordinates X^α = (η, X),

□_sU = −4πτ_X , (B1)

where τ_X = τ_X (η, X) is the source of U having a compact support, and the sound-wave differential operator □_s was defined in (303). It is Lorentz-invariant and reads

□_s = □ + ( 1 − c^2 c^2_s ) v̄^αv̄^β ∂_{αβ} , (B2)

where v̄^α is four-velocity of motion of the medium with respect to the coordinate chart, c_s is the constant speed of sound in the medium, and we keep the fundamental speed c in the definition of the operator for dimensional purposes. We assume that c_s < c. The case of c_s = c is treated in section A, and the case of c_s ≥ c makes a formal mathematical sense in discussion of the speed of propagation of gravity in alternative theories of gravity since the equation describing propagation of gravitational potential U has the same structure as (B1) after formal replacement of c_s with the speed of gravity c_g [59, 104]. In particular, in the Newtonian theory the speed of gravity c_g = ∞, and the operator (B2) is reduced to the Laplace operator

Δ = □ + v^αv^β∂_α∂_β = π̄^{αβ} ∂_{αβ} , (B3)

where the constant projection operator, π̄^{αβ} , has been defined in (239).

We are looking for the solution of (B1) in the Cartesian coordinates x^α = (t, x) moving with respect to the isotropic coordinates X^α with constant velocity β^i. Transformation from X^α to x^α is given by the Lorentz transformation (A4). In coordinates X^α the four-velocity v̄^α = (1, 0, 0, 0). Therefore, in these coordinates, equation (B1) is just a wave equation for the field U propagating with speed c_s. It has a well-known retarded solution, U(η, X) = ∫ V τ_X (η_s, X^′) d^3X^′ |X − X^′| , (B4) where η_s = η − c c_s |X − X^′| , (B5) is the retarded time.

Equation (B1) is Lorentz-invariant. Hence, its solution must be Lorentz-invariant as well. Our goal is to prove this statement. To this end, we take solution (B4) and perform the Lorentz transformation (A7), (A8). We recast the retarded integral (B4) to another form with the help of one-dimensional delta-function U(η, X) = ∫_∞ ∞ ∫ V τ_X (η^′, X^′)δ(η^′ − η_s) dη^′d^3X^′ |X − X^′| . (B6)

It looks similar to (A2) but one has to remember that the retarded time η_s differs from ζ that was defined in (A3) on the characteristics of the null cone defined by the fundamental speed c. Transformation of functions entering integrand in (B6) is similar to what we did in section A but, because c_s ≠ c, calculations become more involved. It turns out more preferable to handle the calculations in tensor notations, making transition to the coordinate language only at the end of the transformation procedure.

Let us consider two events with the isotropic coordinates X^α = (η, X) and X^{′α} = (η^′, X^′). We postulate that in the coordinate chart, x^α, these two events have coordinates, x^α = (t, x), and, x^{′α} = (t^′, x^′), respectively. We define the components of a four-vector, r^α = (t^′ − t, x − x^′) which is convenient for doing mathematical manipulations with the Lorentz transformations. For instance, the Lorentz transformation of the Euclidean distance between the spatial coordinates of the two events, is given by a |X − X^′| = √ π̄_{αβ} r^αr^β , (B7)

where π̄^{αβ} is the operator of projection on the hyperplane being orthogonal to v̄^α (the same operator as in (B3)). Equation (B7) is a Lorentz-invariant analogue of expression (A12) and matches it exactly. Transformation of the source, τ_X (X^α) = τ_x(x^α) is fully equivalent to that of σ_X as given by equation (A11). Coordinate volume of integration transforms in accordance with (A14). We need to transform the argument, η^′ − η_s, of delta-function which we shall denote in coordinates X^α as f_η(η^′) ≡ η^′ −η_s. The argument is a scalar function which is transformed as f_η(η^′) = f_t(t^′) where,

f_t(t^′) = −v̄_αr^α + c c_s √ π̄_{αβ} r^αr^β . (B8)

Transformation of the delta-function in the integrand of integral (B6) is

δ [f_t(t^′)] = δ(t^′ − ς) ḟ_t(ς) , (B9)

where ḟ_t(ς) ≡ [df_t(t^′)/dt^′]_t′_{=ς} , and ς is one of the roots of equation f_t(t^′) = 0 that is associated with the retarded interaction. Eventually, after accounting for transformation of all functions and performing integration with respect to time, integral (B6) assumes the following form U(t, x) = ∫ V τ_x(ς, x^′)d^3x^′ ḟ_t(ς)|X − X′|_{t′=ς} , (B10) where |X − X^′|_t′_{=ς} denotes the expression (B7) taken at the value of t^′ = ς. What remains is to calculate the instant of time, ς, and the value of functions entering denominator of the integrand in (B10).

Calculation of ς is performed by solving equation f_t(ς) = 0, that defines the characteristic cone of the sound waves, and has the following explicit form, [ η_{αβ} + ( 1 − c^2_s c^2 ) v̄_αv̄_β ] r^αr^β = 0 , (B11)

which is derived from (B8). This is a quadratic algebraic equation with respect to the time variable r^0 = ς − t. It reads

A(ς − t)^2 + 2B(ς − t) + C = 0 , (B12) where the coefficients A, B, C of the quadratic form are,

A = −1 + ( 1 − c^2_s c^2 ) γ^2 , (B13) B = − ( 1 − c^2_s c^2 ) γ^2β · (x − x^′) , (B14)

C = |x − x^′|^2 + ( 1 − c^2_s c^2 ) γ^2 [β · (x − x^′)]^2 . (B15)

Equation (B12) has two roots corresponding to the advanced and retarded times. The root corresponding to the retarded-time solution of (B12) is ς = t − 1 A ( B − √ B^2 − AC ) , (B16)

or, more explicitly,

ς = t − |x − x^′| ( 1 − c^2_s c^2 ) γ^2 (β · n) + √ 1 − ( 1 − c^2_s c^2 ) γ^2 [1 − (β · n)^2] 1 − ( 1 − c^2_s c^2 ) γ^2

, (B17)

where the unit vector n = (x − x^′)/|x − x^′|. After some algebra equation (B17) can be simplified to ς = t − α_s c_s |x − x^′| , (B18) where

α_s =

1 − β^2 1 − β^2 c^2_s

[√ 1 + ( 1 − c^2 c^2_s ) γ^2(β × n)^2 − ( 1 − c^2 c^2_s ) γ^2(β · n) ] . (B19)

Coefficient α_s defines the speed of propagation of the sound waves, v_s ≡ c_s/α_s, as measured by observer moving with speed β^i with respect to the Hubble flow. Thus, the value of the speed of sound, v_s, depends crucially on the motion of observer.

Derivative of the function, ḟ_t(ς), is given by ḟ_t(ς) = ∂f^t ∂r^α ∂r^α ∂ς , (B20)

where the partial derivative ∂r^α/∂ς = δ^α_0 = (1, 0, 0, 0). Making use of (B8), the partial derivative ∂f_x ∂r^α = −v̄_α + c c_s π̄_{αβ} r^β √ π̄_{αβ} r^αr^β , (B21)

which has to be calculated at the instant of time, t^′ = ς, where ς is given by (B18).

In order to calculate the denominator in the integrand in (B10), we account for (B7), (B11) and combine (B20), (B21) together. We get |X − X^′|ḟ_x(ς) = c c_s [ r_α + ( 1 − c^2_s c^2 ) v̄_αv̄_β r^β ] δ^α_0 . (B22)

It is straightforward to check that after using (B16) the above equation is reduced to |X−X^′|ḟ_x(ς) = (c/c_s) √ B^2 − AC, or more explicitly, |X − X^′|ḟ_x(ς) = |x − x^′| √ 1 + ( 1 − c^2 c^2_s ) γ^2(β × n)^2 , (B23)

Finally, the retarded Lorentz-invariant solution of (B1) is U(t, x) = ∫ V τ_x(ς, x^′) √ 1 + ( 1 − c^2 c^2_s ) γ^2(β × n)^2 d^3x^′ |x − x^′| , (B24)

with the retarded time ς calculated in accordance with (B18). This solution reduces to the retarded potential (A23) in the limit of c_s → c.