arXiv:1301.6133v1 [gr-qc] 25 Jan 2013

ECTP-2012-03

Effects of the Generalized Uncertainty Principle on Compact Stars

Ahmed Farag Ali^∗ Department of Physics, Faculty of Science, Benha University, Benha 13518, Egypt

Abdel Nasser Tawfik^† Egyptian Center for Theoretical Physics (ECTP), MTI University, Cairo, Egypt and Research Center for Einstein Physics, Freie-University Berlin, Berlin, Germany (Dated: January 28, 2013)

Based on the generalized uncertainty principle (GUP), proposed by some approaches to quantum gravity such as string theory and doubly special relativity theories, we investigate the effect of GUP on the thermodynamic properties of compact stars with two different components. We note that the existence of quantum gravity correction tends to resist the collapse of stars if the GUP parameter α is taking values between Planck scale and electroweak scale. Comparing with approaches, it is found that the radii of compact stars are found smaller. Increasing energy almost exponentially decreases the radii of compact stars.

PACS numbers: 04.60.Bc, 05.30.-d, 04.40.Dg

I. INTRODUCTION

Different approaches for the quantum gravity have been proposed to provide a set of predictions for a minimum measurable length, a maximum observable momentum and an essential modification of the Heisenberg uncertainty principle (GUP) [1–6]. The latter is based on modification in the fundamental commutation relation [x_i, p_j ]. According to string theory (ST) and black hole physics (BHP), the modification is proportional to a quadratic moment [1–6]. Based on doubly spacial relativity (DSR), a proportionality to first order momenta (linear) has been suggested [7]. Different minimal length scale scenarios inspired by various approaches to the quantum gravity have been reviewed in [8]. The approach of Ali et al. [9–11], which shall be utilized in this work, predicts maximum observable momenta and minimal measurable length. It is consistent with DSR, ST and BHP. Furthermore, it ensures that [x_i, x_j ] = 0 = [p_i, p_j ] through Jacobi identity. Accordingly, a modification of the uncertainty principle near the Planck energy scale reads

[x_i, p_j ] = iℏ [ δ_{ij} − α ( pδ_{ij} + p_ip_j p ) + α^2 ( p^2δ_{ij} + 3p_ip_j ) ] . (1)

Apparently, this suggests a modification of the physical momentum [9–11]

p_i = p_{0i} ( 1 − αp_0 + 2α^2p^2_0 ) , (2)

while x_i = x_{0i} with x_{0i}, p_{0j} satisfying the canonical commutation relations [x_{0i}, p_{0j} ] = iℏ δ_{ij} , such that p_{0i} = −iℏ∂/∂x_{0i}, where p_0 is the momentum at low energy satisfying Eq. (1).

The parameter α = α_0/(c M_{pl}) = α_0l_{pl}/ℏ, where c, α_0, M_{pl} (l_{pl}) are speed of light, dimensionless parameter of order one, and Planck mass (length), respectively.

In terms of the gravitational constant G, the Planck mass and length are given as M_{pl} = √ ℏc/G and l_{pl} = √ Gℏ/c^3, respectively. Accordingly, the dispersion relation is modified to the first order of α as follows.

E^2 = p^2_0 c^2 (1 − 2 α p_0) + M^2 c^4. (3)

Together with the modified energy-momentum conservation used in [12], this equation introduces a deformation of local Lorentz invariance. This means that the bounds predicted from the effective field theory framework [13] will not apply in our considered model.

∗Electronic address: ahmed.ali@fsc.bu.edu.eg; Electronic address: ahmed.ali@uleth.ca †Electronic address: a.tawfik@eng.mti.edu.eg; Electronic address: atawfik@cern.ch

The upper bounds on the parameter α has been derived in [14] and it was found that it could predict an intermediate length scale between Planck scale and electroweak scale. It was suggested that these bounds can be measured using quantum optics techniques in [15] which is considered as milestone in the quantum gravity phenomenology.

Because of the modified physical momentum of Eq.(2), the classical Hamiltonian as well as the quantum Hamiltonian should be modified which affects a lot of quantum phenomena, and we think it is important to make a quantitative study of these effects which would open an interesting window for quantum gravity phenomenology especially if the GUP parameter α would take values between Planck scale and electroweak scale. In a series of papers, the effects of GUP on atomic, condensed matter systems, quark gluon plasma, preheating phase of the universe, inflationary era of the universe and black holes production at LHC have been investigated [10, 14, 16–21].

In this paper, we continue our investigations to study the impact of quantum gravity effects on the ground state properties of a Fermi gas composed of N ultra-relativistic electrons. It was found by Chandrasekhar [22] that the white dwarfs can be described by ultra-relativistic ideal Fermi gas at which quantum gravity effects could be considerable. Therefore, we study the effect of GUP on the number density, energy density and pressure. We discuss two kinds of the compact stars. The first one is a white dwarf, in which the mass contribution is mainly from the cold nuclei. The second kind is where the mass is mainly constituted of Fermi gas. In context of compact stars, the earliest proposal on subatomic stars dates to 1970, when It was proposed that there might exist compact stellar objects that might entirely made of very massive quarks, rather than confined baryons [23].

II. GUP EFFECT ON GROUND STATE OF ULTRA-RELATIVISTIC FERMI GAS

For an isolated macroscopic body consisting of N non-interacting and ultra-relativistic particles, the background of the particles motion is assumed to be flat. We study the ground state properties of a Fermi gas composed of N ultra-relativistic electrons, for which the state energy ϵ is entirely given by cp i.e., temperature is much larger than the particle’s rest mass. However, at vanishing or very low temperatures, the vacuum effect of fermions can be neglected i.e., the total particle number is conserved. On the other hand, based on GUP the particles move in quantized gravitational background. The modified state density due to GUP has been derived using Liouville theorem [24].

At vanishing temperature, The modified number of particle of Fermi gas can be given as N(p) = 8π h^3 V ∫_{pF} 0 p^2dp (1 − αp)^4

, (4)

where p_F gives the Fermi momentum. Therefore, Eq. (4) can be re-written in terms of Fermi energy ϵ_F

N(ϵ_F ) = 8π 3(hc)^3 V ϵ^3_F ( 1 −^α_c ϵ_F

)_3 . (5)

Introducing κ = ϵ_F /ϵ_H , which is equivalent to (α/c)ϵ_F , then N(κ) = 8π (hc)^3

V ϵ^3_H f(κ), (6)

where ϵ_H = c/α is the Hagedorn energy and f(κ) = 1 3 κ^3 (1 − κ)^3

. (7)

Now, we can calculate the average distance between particles

d̄ = ( V N(κ) )_{1/3} = hc (8π)^{1/3} 1 ϵ_H f(κ)^{−1/3} = π^{23} Δ_{min}f(κ)^{−1/3}. (8)

where Δ_{min} = α_0 l_{pl}. Then defining, δ ≡ Δ_{min} d̄ = π^− 2 3 f(κ)^{1/3}, (9) the ground state energy can be calculated from

U_0(ϵ) = 8π (hc)^3 V ∫_{ϵF} 0 ϵ^3dϵ ( 1 −^α_c ϵ

)_4 . (10)

In terms of κ, the ground state energy and pressure read

U_0(κ) = 8π (hc)^3

V ϵ^4_H g(κ), (11)

P (κ) = N V ϵ_F − U_0 V = 8π (hc)^3 ϵ^4_H h(k), (12)

where

g(κ) = ln(1 − κ) + κ (1 − κ)^3 − 15 6 κ^2 (1 − κ)^3 + 11 6 κ^3 (1 − κ)^3

, (13) h(κ) = 1 3 κ^4 (1 − κ)^3 − [ ln(1 − κ) + κ (1 − κ)^3 − 15 6 κ^2 (1 − κ)^3 + 11 6 κ^3 (1 − κ)^3 ] . (14)

These two quantities are presented in Fig. 1. It is obvious that both of them diverge at κ → 1. g(κ) diverges much faster than h(κ). This would mean that the validity of this approach is limited to the Fermi energy. It is bounded from above by a maximum energy bound (c/α). This is completely consistent with the predicted maximum measurable momentum (1/α) in [9–11].

When the Fermi energy turns to be much smaller than ϵ_H = c/α, i.e., κ ≪ 1, the distribution function given in Eq. (7) cab be approximated as f(κ) = κ^3 3 + κ^4. (15)

Furthermore, from Eq. (15), it is clear that δ ≪ 1. In this limit, the state number reads N(κ) = 8π (hc)^3 V ϵ^3_H ( 1 3 κ^3 + κ^4 ) . (16)

In this limit, κ can be given in terms of number density N/V ,

κ^3 ( 1 3 + κ ) = (hc)^3 8π 1 ϵ^3_H N V , (17)

which would lead to a relation between κ and δ

κ = (3π^2)^{13} δ [ 1 − (3π^2)^{13} δ ] + O(δ^3) (18)

Fig. 1: Left pane: the dimensionless quantities g (solid curve) and h (dashed curve) are presented as functions of κ.

The Hagedorn energy (or equivalently temperature) is defined as ϵ_H = M_pc^2/α_0. It is a scale to set the limit of applying the GUP approach. Accordingly, Eqs. (11) and (12) can be re-written as

U_0(κ) = 8πV (hc)^3 ϵ^4_H [ κ^4 4 + 4κ^5 5 ] , (19)

P (κ) = 8π (hc)^3 ϵ^4_H [ κ^4 12 + κ^5 5 ] , (20)

where the condition κ ≪ 1 has been assumed. The corrections to U_0(κ) and P (κ) would be in terms of δ

U_0(κ) V = 3^{4/3} 4 hc (8π)^13 ( N V )_{4/3} ( 1 + 16 5 (3π^2)^{1/3}δ ) , (21)

P (κ) =

3^{1/3} 4 hc (8π)^13 ( N V )_{4/3} ( 1 + 12 5 (3π^2)^{1/3}δ ) , (22)

where Eq. (18) has been utilized.

We should note that the results are for a framework that has modified dispersion relations of Eq. (3) following from the GUP and a modified measure on momentum space of Eq. (4). It is therefore outside the effective field theory framework [13].

III. COMPACT STARS AT VANISHING TEMPERATURE

A. Non-relativistic cold nuclei with M = 2N/mp

It is conjectured that the major contribution to the mass of white dwarfs, for instant, is coming from the nonrelativistic cold nuclei having mass M = 2N/m_p, where we consider a star with mass M and N electrons, and m_p is the mass of the proton [22]. The white dwarfs have two properties [25]; the first one is that the electrons are described by relativistic dynamics and the second one is that the electron gas is completely degenerate. Based on these properties, the electron gas would be treated as a zero temperature gas. In this case ϵ_F = 2Nc^2/α_0m_p indicating that κ ≪ 1 and Eq. (20) seems to reflect that the quantum gravity effects increase the degenerate pressure. Would this effects is confirmed, then the quantum gravity corrections to the mass of white dwarfs arise.

In order to keep the electron gas at a given density, the electronic degeneracy pressure is supposed to resist the gravitational collapse. At equilibrium, the pressure reads

P_0(R) = λ 4π G ( M R^2

)_2

, (23)

where G is the gravitational constant, R^3 ≡ V and λ is free parameter of the order of unity. Nevertheless, its value depends on how the matter is distributed inside the white dwarf. From Eqs. (22) and (23), and by ignoring the constants of unity, the pressure can be expressed in terms of the internal energy ( N V )_{4/3} (1 + δ) = GM^2 R^4

. (24)

By substituting M = 2Nm_p, the correction to the mass of the compact star would be

M = M_0 ( 1 + ( N V ) 1_3 αℏ ) , (25)

where we used the relation given in Eq. (9) in order to obtain δ = (N/V )^{13} αℏ. Furthermore, we set M_0 = (hc/G)^{32} (2m_p)^{−2}.

Eq. (25) presents an interesting result. The quantum gravity correction seems to be proportional to the density number of the star. Let us consider a physical example for a white dwarf, in which the density number N = 10^{36}, the average distance d̄ = 10^{−12}, and the Fermi energy ϵ_F = 10^5 eV.

In various derivations of the GUP (see e.g. refs.[1, 2]), α_0 is normally assumed to be O(1).This can be thought of as the lower bound (the physics becomes even more ill understood for sub-Planckian, α_0 < 1 regimes). Our analysis uses an upper bound, and hence a length scale α_0×(Planck length) which is intermediate between the Planck and the electroweak scale (which it cannot exceed on phenomenological grounds). We used the bound α ≤ 10^{−2} GeV^{−1} (i.e. α_0 ≤ 10^{17}) depending on the derived bounds on the parameter α_0 in [14]. This bound was derived by calculating the effect of quantum gravity with non relativistic heavy meson systems like charmonium [14] which may be a relevant example for the white dwarfs which is constituted mainly from non-relativistic nuclei.

Based on these values, the quantum gravity correction to the mass of the white dwarf is given by

M_{GUP} = M_0 ( 1 + 10^{−5} ) . (26)

Two remarks are in order now. The first one is that the correction seems to be more stringent than the one derived in previous work about compact stars with quantum gravity corrections [26]. The correction given in Ref. [26] is 10^{−10} . The second remark is that the quantum gravity corrections in our work is positive referring to resisting the collapse of the compact stars. It is obvious that this conclusion agrees with the result in [26].

B. Ultra-relativistic nuclei with M = U0/c^2

There are other configurations in which the star is almost composed of ultra-relativistic nuclei. In this case, the mass of the nuclei is compressed as M = U_0/c^2. The constituents of the white dwarfs are characterized by an ideal Fermi gas and total mass M = U_0/c^2. The electronic degeneracy pressure is assumed to resist the gravitational collapse, Eq. (23). At equilibrium, the radius of the white dwarf is given by R = λ 8π R_S Q(κ), (27)

where Q(κ) = g(κ)/h(κ) and the parameter λ approximately equals unity. In the considered case, the Schwarzschild radius reads

R_S = 2 G M c^2

= 2 G

U_0 c^4

. (28)

At λ ≈ 1, the results are presented in Fig. 2 for the stringent value of the parameter α [14]. We observe that the radius approaches its minima as κ → 1 , and it divers as κ → 0. The number density N/V from Eq. (6) and mass density M = U_0/c^2 from Eq. (11) are presented also in Fig. 2. We observe that the number density, the mass density and the pressure approach their minima as κ → 0, but they reach their maximum values as κ → 1.

Fig. 2: The modified radius of white dwarf, Eq. (27), is given in dependence on κ (dashed curve) at α0 ≈ 10^{17} i.e α ≈ 10^{−2} GeV^{−1} [14]. The modified normalized particle density in Fermi gas at vanishing temperature N(κ)/V is given in dependence on κ (solid curve) at α = 10^{−2} GeV^{−1}. The normalized mass density M(κ)/V is given as dash-dotted curve at α = 10^{−2} GeV^{−1}. The normalized pressure is given as dotted curve.

Current observations indicate that white dwarfs have smaller radii than expected [27]. The behavior of R vs κ in Fig. (2) suggests that R is decreasing as κ → 1 , lead to a possible explanation for the smaller radii observations. Similar analysis has been done in the context of doubly special relativity and modified dispersion relations [28, 29]. The calculations of the neutron star mass in DSR were done in [30].

IV. CONCLUSIONS

We investigate the effect of GUP on the thermodynamical properties of the compact stars and study the impact on the Chandrasekhar limit and gravitational collapse. We found that the quantum gravity corrections would increase the Chandrasekhar limit and hence they resist the gravitational collapse. Besides, we found that the radius of the compact star is decreasing as the energy increasing which might be considered as a possible explanation for the smaller radii observations.

Acknowledgments

The research of AFA is supported by Benha University. The research of AT has been partly supported by the German–Egyptian Scientific Projects (GESP ID: 1378). AFA and AT like to thank Prof. Antonino Zichichi for his kind invitation to attend the International School of Subnuclear Physics 2012 at the ”Ettore Majorana Foundation and Centre for Scientific Culture” in Erice-Italy, where the present work was started. The authors gratefully thank the anonymous referee for useful comments and suggestions which helped to improve the paper.

[1] D. Amati, M. Ciafaloni, G. Veneziano, Phys. Lett. B 216 (1989) 41.

[2] M. Maggiore, Phys. Lett. B 304 (1993) 65 [arXiv:hep-th/9301067]; M. Maggiore, Phys. Rev. D 49 (1994) 5182 [arXiv:hep-th/9305163]; M. Maggiore, Phys. Lett. B 319 (1993) 83 [arXiv:hep-th/9309034]; L. J. Garay, Int. J. Mod. Phys. A 10 (1995) 145 [arXiv:gr-qc/9403008]; S. Hossenfelder, M. Bleicher, S. Hofmann, J. Ruppert, S. Scherer and H. Stoecker, Phys. Lett. B 575 (2003) 85 [arXiv:hep-th/0305262]; C. Bambi and F. R. Urban, Class. Quant. Grav. 25 (2008) 095006 [arXiv:0709.1965 [gr-qc]].

[3] A. Kempf, G. Mangano, R. B. Mann, Phys. Rev. D52 (1995) 1108 [arXiv:hep-th/9412167]. [4] A. Kempf, J.Phys. A 30 (1997) 2093 [arXiv:hep-th/9604045]. [5] F. Brau, J. Phys. A 32 (1999) 7691 [arXiv:quant-ph/9905033]. [6] F. Scardigli, Phys. Lett. B 452 (1999) 39 [arXiv:hep-th/9904025]. [7] J. L. Cortes, J. Gamboa, Phys. Rev. D71 (2005) 065015 [arXiv:hep-th/0405285]. [8] S. Hossenfelder, arXiv:1203.6191 [gr-qc].

[9] A. F. Ali, S. Das and E. C. Vagenas, Phys. Lett. B 678, 497 (2009) [arXiv:0906.5396 [hep-th]]. [10] A. F. Ali, S. Das and E. C. Vagenas, arXiv:1001.2642 [hep-th].

[11] S. Das, E. C. Vagenas and A. F. Ali, Phys. Lett. B 690, 407 (2010) [arXiv:1005.3368 [hep-th]]. [12] A. Tawfik, H. Magdy and A. F. Ali, arXiv:1205.5998 [physics.gen-ph].

[13] L. Maccione, S. Liberati, A. Celotti and J. G. Kirk, JCAP 0710, 013 (2007) [arXiv:0707.2673 [astro-ph]]. [14] A. F. Ali, S. Das and E. C. Vagenas, Phys. Rev. D 84, 044013 (2011) [arXiv:1107.3164 [hep-th]]. [15] I. Pikovski, M. R. Vanner, M. Aspelmeyer, M. Kim and C. Brukner, Nature Physics 8 (2012) 393-397 [arXiv:1111.1979 [quant-ph]].

[16] S. Das, E. C. Vagenas, Phys. Rev. Lett. 101 (2008) 221301 [arXiv:0810.5333 [hep-th]]. [17] S. Das, E. C. Vagenas, Can. J. Phys. 87 (2009) 233 [arXiv:0901.1768 [hep-th]]. [18] I. Elmashad, A. F. Ali, L. I. Abou-Salem, J. -U. Nabi and A. Tawfik, arXiv:1208.4028 [hep-ph]. [19] A. Tawfik, H. Magdy and A. F. Ali, arXiv:1208.5655 [gr-qc].

[20] W. Chemissany, S. Das, A. F. Ali and E. C. Vagenas, JCAP 1112, 017 (2011) [arXiv:1111.7288 [hep-th]]. [21] A. F. Ali, JHEP 1209, 067 (2012) [arXiv:1208.6584 [hep-th]]; A. F. Ali, H. Nafie and M. Shalaby, Europhys. Lett.

100, 20004 (2012).

[22] S. Chandrasekhar, Astrophys. J. 74, 81 (1931). [23] N. Itoh, Prog. Theor. Phys. 44, 291 (1970).

[24] A. F. Ali, Class. Quant. Grav. 28, 065013 (2011) [arXiv:1101.4181 [hep-th]]. [25] R. K. Pathria, Statistical Mechanics, Butterworth-Heinemann, Oxford, 1996. [26] P. Wang, H. Yang and X. Zhang, JHEP 1008, 043 (2010) [arXiv:1006.5362 [hep-th]].

[27] G. J. Mathews, I. -S. Suh, B. O’Gorman, N. Q. Lan, W. Zech, K. Otsuki and F. Weber, J. Phys. G 32, 747 (2006) [astro-ph/0604366].

[28] A. Camacho, Class. Quant. Grav. 23, 7355 (2006) [gr-qc/0610073].

[29] M. Gregg and S. A. Major, Int. J. Mod. Phys. D 18, 971 (2009) [arXiv:0806.3496 [astro-ph]]. [30] G. Amelino-Camelia, N. Loret, G. Mandanici and F. Mercati, Int. J. Mod. Phys. D 21, 1250052 (2012) [arXiv:0906.2016 [gr-qc]].