arXiv:1301.6303v2 [gr-qc] 14 Feb 2013

Generalized Einstein-Maxwell field equations in the Palatini formalism

Ginés R.Pérez Teruel^1 1Departamento de Física Teórica, Universidad de Valencia, Burjassot-46100, Valencia, Spain (Dated: today)

We derive a new set of field equations within the framework of the Palatini formalism.These equations are a natural generalization of the Einstein-Maxwell equations which arise by adding a function F(Q), with Q ≡ F^{αβ} F_{αβ} to the Palatini Lagrangian f(R, Q).The result we obtain can be viewed as the coupling of gravity with a nonlinear extension of the electromagnetic field.In addition,a new method is introduced to solve the algebraic equation associated to the Ricci tensor.

PACS numbers:

I. INTRODUCTION.PALATINI f(R, Q)THEORIES REVISITED

In the last few years,different versions of modified theories of gravity have experimented wide interest in the literature. In particular, f(R) Palatini theories have been regarded among the most promising attemps to generalize Einstein’s theory of gravity [6],[12],[13],[14],[15].This is because of several reasons. First of all, this formalism provides a very elegant way to derive a cosmological constant and therefore a possibility to explain the observed cosmic speedup. On the other hand, it exists an intrinsic theoretical interest in the extensions of general relativity (GR),when it comes to incorporate quantum mechanics to a theory of gravity.

However,not only to fully capture the phenomenology of GR, but also for being able to describe a richer variety of physical effects, we should go beyond f(R) theories.We can obtain this within the Palatini approach by just enlarging the class of Lagrangians from f(R) to f(R, Q),where Q ≡ R_{μν} R^{μν} . The field equations for these class of Lagrangians are, for the metric and the connection respectively [1],[2],[3]

f_RR_{μν} − 1 2 fg_{μν} + 2f_QR_{μα}R^α_ν = k^2T_{μν} (1)

∇_α[ √ −g(f_Rg^{βγ} + 2f_QR^{βγ} )] = 0 (2)

with f_R ≡ ∂_Rf, and f_Q ≡ ∂_Qf.

The general algorithm to attack these equations was described in[1], and consists in several steps. First, we need to find a relation between R_{μν} and the matter sources. Rewritting (1), using P^ν_μ = R_{μα}g^{αν} we find,

2f_QP^α_μ P^ν_α + f_RP^ν_μ − 1 2 fδ^ν_μ = k^2T^ν_μ (3)

This can be seen as a matrix equation, which establishes an algebraic relation P^ν_μ = P^ν_μ (T^β_α ). Once the solution of (3) is known, (2) can be written is terms of g_{μν} and the matter, which allows to find a solution for the connection by means of algebraic manipulations.The connection can thus be expressed as the Levi-Civita connection of an auxiliary metric h_{μν} which is related with g_{μν} by a non-conformal relation [1]

The solution of (3) is only known in some particular cases, like the perfect fluid or the scalar field, but we point out here for theoretical purposes that a general solution exists and can be found explicitly. In order to prove this point, let us rewrite (3) in matrix notation

2f_QP̂^2 + f_RP̂ − 1 2 fÎ = k^2T̂ (4)

wich has the structure of a quadratic matrix equation, ÂX̂ 2 + B̂X̂ + Ĉ = 0.

We can make the following identification,

Â ≡ 2f_QÎ, B̂ ≡ f_RÎ, Ĉ ≡ −(^f_2 Î + k2T̂ )

It is straightforward to show that the quadratic matrix equation (4),satisfies all the conditions required [4].This allow us to complete the square in the usual way to find the following solution for f_Q ≠ 0

P̂ (T̂ ) = − f^R 4f_Q Î + 1 2f_Q √ αÎ + βT̂ (5)

where we have defined α = 1 4 (f^2_R + 4f · f_Q) (6)

β = 2k^2f_Q (7)

Therefore, if the matrix αÎ +βT̂ , has a square root, an explicit solution P̂ (T̂ ) will always exist, but the mathematical tools required to compute the square root of this matrix will depend on the particular problem chosen.

A. Solving for a diagonal matrix

When αÎ + βT̂ is diagonal the solution will be automatic. We are going to see now an example of this type, and in the next subsection we will present a general algorithm to proceed in other, more general, situations. The energy momentum tensor of a perfect fluid can be written as

T_{αβ} = (p + ρ)u_αu_β + pg_{αβ} (8)

where p is the pressure of the fluid and ρ its density.Writing the last equation in matrix notation, after a bit of algebra we find the following result

αÎ + βT̂ = ( α − βρ −→ 0 −→ 0 (α + βp)Î_{3x3} ) (9)

which is a diagonal matrix, and therefore computing its square root will be straightforward: √ αÎ + βT̂ = (√ α − βρ −→ 0 −→ 0 ( √ α + βp)Î_{3x3} ) (10)

In the last expression, it was selected the positive sign of the square roots of the coefficients in order to be consistent with the limit f_Q → 0. These results allow us to write (5) for a perfect fluid as

P̂ (T̂ ) = ( Ω −→ 0 −→ 0 ωÎ_{3x3} ) (11)

where Ω = 2 √ α − βρ − f_R 4f_Q (12)

ω = 2 √ α + βp − f_R 4f_Q (13)

We should point out that all these results are consistent with the formalism developed in [1],[17],[18]for the perfect fluid, but the method described here provides a powerful and direct computation of the matrix P̂ (T̂ ), a calculation that in some particular cases may be almost automatic.

B. A method based in the Schur descomposition for the general case

Here, we will attempt to provide an algorithm to compute the square root of (5) in the general case.Let us assume that the matrix Ŝ ≡ αÎ + βT̂ is nonsingular,which means that its determinant does not vanish.

If S ∈ R^{4x4}, then there exists a real orthogonal matrix Û, such that

Û^T ŜÛ = Ŵ (14)

where Ŵ is an upper diagonal matrix, known in linear algebra as the Schur form[11],of the matrix Ŝ.If we can find a matrix L̂ which is a square root of Ŵ (L̂^2 ≡ Ŵ ), then it can be proved that the matrix

Ĵ = ÛL̂Û^T (15)

satisfies the identity Ĵ^2 ≡ Ŝ, and therefore is a square root of αÎ + βT̂ . In order to describe the several steps needed to complete the algorithm, we have to make some clarifications.Schur’s theorem guarantees that given any square,real matrix Ŝ, the descomposition (14) exists. We first need to compute the eigenvalues and eigenstates of Ŝ, and then we can construct the matrix Û, builded by eigenvectors of Ŝ. The next step requires to compute a square root L̂ of the upper diagonal matrix Ŵ . To achieve this goal, we can make use of the relation L̂^2 = Ŵ , to write for j ≥ i,

j∑ k=1 L_{ik}L_{kj} = W_{ij} (16)

This equation can be descomposed into two other equations.First we have

L^2_{ii} = W_{ii} (17)

and for j > i, L_{ii}L_{ij} + L_{ij} L_{jj} = W_{ij} − j−1∑ k=i+1 L_{ik}L_{jk} (18)

Therefore, equation (18) provides an algorithm for computing the remaining blocks L_{ij} once known the diagonal blocks L_{ii}. The final step will be the computation of the square root of Ŝ by means of the transformation, Ĵ = ÛL̂Û T .

II. f(R, Q) LAGRANGIANS WITH A FUNCTION OF THE SCALAR F^{μν} Fμν

The Palatini action that leads to the field equations (1) and (2) for the metric and the connection is S[g, Γ, ψ_m] = 1 2k^2 ∫ d^4x √ −gf(R, Q) + S[g, ψ_m] (19) where g_{αβ} is the space-time metric, Γ^μ_{αβ} is the connection, which is indepentent of the metric, ψ_m represents the matter fields, and finally, the scalars R ≡ g_{μν} R^{μν} , Q ≡ R_{αβ} R^{αβ}. We want to consider here the possibility of replacing in the same action the term S[g, ψ_m] by a function of scalars of the field strength F^{μν} .Taking into account the identity g_{μν} F^{μν} = 0, due to the fact that F^{μν} is skewsymmetric, the most natural choice is consider a function F(Q), with Q ≡ F^{αβ} F_{αβ}

With this replacement,we find convenient to write the action as follows: S[g, Γ, A] = 1 2k^2 ∫ d^4x √ −g[f(R, Q) − k^′F(Q)] (20) where A_μ is a second independent connection, defined by means of F_{μν} = ∇_μA_ν − ∇_ν A_μ, and k^′ is a constant with the appropiate dimensions.In general, the field strength F_{μν} in terms of Γ and the potential vector A will be

∇_μA_ν − ∇_ν A_μ = ∂_μA_ν − ∂_ν A_μ − (Γ^ρ_{μν} − Γ^ρ_{νμ})A_ρ (21)

In the following we will assume Γ^ρ_{μν} = Γ^ρ_{νμ} which means that we set the torsion to zero.

In these conditions the last term of (21) vanishes and therefore, ∇_μA_ν − ∇_ν A_μ ≡ ∂_μA_ν − ∂_ν A_μ.

We must point out that (20) represents a particular case of Nonlinear Electrodynamics (NED) coupled to gravity.A family of f(R) Palatini Lagrangians coupled to NED have been studied recently in [16] The variation of the part of the action which contains the term f(R, Q) can be found elsewhere [1],and therefore our task will be restricted to compute the variation of the second part which we will denote as follows

S_Q = −k^′ 2k^2 ∫ d^4x √ −gF(Q) (22) This variation gives the following result δS_Q = − k^′ 2k^2 ∫ d^4x [ F(Q)δ √ −g + √ −g ∂F ∂Q δQ ] (23)

Since Q = g^{μα}g^{νβ}F_{μν} F_{αβ} , it is easy to see that

δQ = 2F_{μα}F^α_ν δg^{μν} + 2F^{μν} δF_{μν} (24)

Inserting this last result together with the variation of the determinant of the metric in (23) we get

δS_Q = − k^′ 2k^2 ∫ d^4x √ −g [ − F 2 g_{μν} δg^{μν} +F_Q ( 2F^{μν} δF_{μν} + 2F_{μα}F^α_ν δg^{μν} )] (25)

where F_Q ≡^{∂F}_{∂Q} .

The next step requires to express δF_{μν} in terms of δA_μ which can be done using the definition of F_{μν} ,

δF_{μν} = ∇_μ(δA_ν ) − ∇_ν (δA_μ) (26)

Using the last identity in (25), we obtain after grouping terms:

δS_Q = −C ∫ d^4x √ −g [( − F 2 g_{μν} + 2F_QF_{μα}F^α_ν ) δg^{μν} +2F_QF^{μν} (∇_μ(δA_ν ) − ∇_ν (δA_μ)) ] (27)

with C ≡ k^′ 2k^2

.It is convenient now to split the action into two parts in order to compute properly the last contribution

M = −2C ∫ d^4x √ −gFQF^{μν} [∇μ(δAν ) − ∇ν (δAμ)] (28) Using integration by parts and removing the total derivatives we find M = −2C ∫ d^4x [ − ∇_μ( √ −gF_QF^{μν} )δA_ν +∇_ν ( √ −gF_QF^{μν} )δA_μ ] (29)

We have succeeded in expressing the variation of the action S_Q in terms of variations of g_{μν} and A_μ. This is equivalent to the algorithm used in [1] to express the variation of the action (19) which contains the f(R, Q) Lagrangian, purely in terms of varations of g_{μν} and the independent connection Γ^α_{μν} .

It is possible to write (29) in a more compact form rearranging indices

M = −2C ∫ d^4x∇_ν [√ −gF_Q ( F^{μν} δ^λ_μ − δ^ν_μF^{μλ} ) ] δA_λ (30) With this result, the final expression for δS_Q in (27) will be:

δS_Q = −C ∫ d^4x √ −g [( − F 2 g_{μν} + 2F_QF_{μα}F^α_ν ) δg^{μν} +∇_ν [√ −gF_Q ( F^{μν} δ^λ_μ − δ^ν_μF^{μλ} ) ] δA_λ ] (31)

To obtain our field equations we need to compute the variation of the other contribution to the action in (20).But as we said before, this task has already been done elsewhere [1],[2],and the details will be omitted here.The variation gives:

δS[g, Γ] = 1 2k^2 ∫ d^4x [ δg^{μν} √ −g(f_RR_{μν} − f 2 g_{μν} +2f_QR_{μα}R^α_ν ) + ∇_β [ √ −gΛ^{λν} ]δΓ^β_{λν} ] (32)

where Λ^{μν} ≡ f_Rg^{μν} + 2f_QR^{μν} . Let us define now the following tensor T_{μν} ≡ F_QF_{μα}F^α_ν − F 4 g_{μν} (33)

Note that when F = Q ≡ F^{αβ} F_{αβ} it would imply that F_Q = 1, and in this case (33),reduces to the usual definition of the energy-momentum tensor of the electromagnetic field.It is also important to note that in general this tensor is not traceless:

g^{μν} T_{μν} = QF_Q − F (34)

In the context of f(R) theories[16],this fact is directly related with the existence of additional matter terms yielding modified dynamics. Finally,combining (32) with all our results, we get:

f_RR_{μν} − 1 2 fg_{μν} + 2f_QR_{μα}R^α_ν = k^2 4π T_{μν} (35)

∇_α[ √ −g(f_Rg^{βγ} + 2f_QR^{βγ} )] = 0 (36)

∇_β [ √ −gF_QF^{λβ} ] = 0 (37)

This is a system which reduces to the usual Einstein- Maxwell field equations of GR when f(R, Q) = R, and F(Q) = Q.

Acknowledgements

I would like to thank Gonzalo J.Olmo for useful comments and discussions about the Palatini approach.

[1] G. J. Olmo,H. S. Alepuz,S. Tripathi,“Dynamical aspects of generalized Palatini theories of gravity”, Phys.Review D.80, 024013(2009).

[2] G. J. Olmo,“Palatini Actions and Quantum Gravity Phenomenology”, JCAP 1110, 018 (2011) [[arXiv:1101.2841 [gr-qc]].

[3] G. J. Olmo,“Cosmology in Palatini theories of gravity”,AIP Conf. Proc. 1458, 222–237 (2011).

[4] N. H. Highman,Hyun-Min Kim,“Solving a quadratic matrix equation by Newtons method with exact line searches”,Siam.J Matrix Anal Appl.23(2),303–316 (2001).

[5] Y. CH. Bruhat,P. T. Crusciel,J. Loizelet,“Global solutions of the Einstein-Maxwell equations in higher dimensions”,Class.Quant.Grav. 23, 7383–7394, (2006).

[6] G. J. Olmo,“The Gravity Lagrangian According to Solar System Experiments”,Phys.Rev. 95, 261102,(2005).

[7] G. J. Olmo, Phys.Rev.D72,083505,(2005). [8] M. Ferraris and J. Kijowski,Gen. Relativ. Gravit.14, 37 (1982).

[9] R .M. Wald,“General Relativity”, published by The University of Chicago Press(1984).

[10] N. J. Poplawski,arXiv:1111.4595[gr–qc].

[11] N. J. Highman,“Computing real square roots of a real matrix”,Linear Algebra and Applications,88-89,405– 430,(1987).

[12] S. Capozziello and M. De Laurentis, “Extended Theories of Gravity”,Phys.Rept.509, 167(2011)[arXiv:1108.6266 [gr-qc]].

[13] G. J. Olmo,“Palatini Approach to modified Gravity.f(R)Theories and Beyond”, Int.J.Mod.Phys.D20,413– 462(2011).

[14] A. De Felice and S. Tsujikawa.“f(R) theories,”Living Rev.Rel. 13, 3 (2010).

[15] F. S. N. Lobo,“The Dark side of gravity:Modified theories of gravity”, arXiv:0807.1640 [gr-qc].

[16] G. J. Olmo,D. Rubiera-Garcia “Palatini f(R) Black Holes in Nonlinear Electrodynamics”,Phys.Rev.D D84 (2011).

[17] C. Barragan and G. J. Olmo, “Isotropic and Anisotropic Bouncing Cosmologies in Palatini Gravity”,Phys. Rev. D 82, 084015 (2010)[arXiv:1005.4136 [gr-qc]].

[18] G. J. Olmo, Open Questions in Cosmology, chapter 7, In- Tech Publishing, (Rijeka, Croatia,2012), ISBN 978-953- 51-0880-1.