arXiv:1301.6622v4 [hep-th] 8 Jul 2013

MIFPA-13-01

Supersymmetric Completion of Gauss-Bonnet Combination in Five Dimensions

Mehmet Ozkan and Yi Pang

George P. & Cynthia Woods Mitchell Institute for Fundamental Physics and Astronomy, Texas A&M University, College Station, TX 77843, USA

ABSTRACT

Based on superconformal tensor calculus in five dimensions, we construct the supersymmetric completion of Gauss-Bonnet combination. We study the vacuum solutions with AdS_2 × S^3 and AdS_3 × S^2 structures. We also analyze the spectrum around a maximally supersymmetric Minkowski_5.

e-mails: mozkan@tamu.edu, pangyi1@physics.tamu.edu

Contents

1 Introduction 3

2 Superconformal Multiplets 5 2.1 Dilaton Weyl Multiplet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Yang-Mills Multiplet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.3 Linear Multiplet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3 Superconformal Actions 10 3.1 Linear Multiplet Action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.2 Yang-Mills Multiplet Action . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

4 Gauge Fixing and Off-Shell Actions 13 4.1 Gauge Fixing and Decomposition Rules . . . . . . . . . . . . . . . . . . . . 13 4.2 Off-Shell Poincaré Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 4.3 Riemann Squared Action . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

5 Supersymmetric Gauss-Bonnet Combination 17 5.1 Supersymmetrization of ^C_{μνρσ} ^C^{μνρσ} . . . . . . . . . . . . . . . . . . . . . . 18 5.2 Supersymmetric Completion of Gauss-Bonnet Combination . . . . . . . . . 21

6 On-Shell Theory 21 6.1 On-Shell Poincaré Supergravity . . . . . . . . . . . . . . . . . . . . . . . . . 22 6.2 On-Shell Gauss-Bonnet Extended Einstein-Maxwell Model . . . . . . . . . . 23

7 Vacuum Solutions and Spectrum Analysis 24 7.1 Vacuum Solutions with 2-form and 3-form Fluxes . . . . . . . . . . . . . . . 25 7.2 Vacuum Solutions Without Fluxes . . . . . . . . . . . . . . . . . . . . . . . 26

8 Conclusion and Discussions 27

A Notations and Conventions 28

B Multiplets of Five Dimensional Superconformal Gravity 29

1 Introduction

Higher-curvature corrections to the Einstein-Hilbert action naturally arise in the low-energy limit of string theories and play an important role in their compactification [1, 2] where curvature squared terms can appear in the lower dimensional effective action. In this context, higher-curvature corrections take the form of an infinite series required by on-shell supersymmetry which only works order by order. Many attempts have been carried out in the explicit construction of supersymmetric higher-derivative terms. For instance, supersymmetric R^2 terms were studied in [3]-[11] motivated by supersymmetrizing the Lorentz Chern-Simons term that is indispensable to the anomaly cancelation [12]. However, if the higher-curvature terms are treated as perturbative interactions leaving the degrees of freedom and propagator unchanged, only the coefficient in front of R^{μνρσ}R_{μνρσ} has a definite meaning, since a field redefinition of the form

g^′_{μν} = g_{μν} + aR_{μν} + bg_{μν} R (1.1)

can shift the coefficients in front of the R^{μν} R_{μν} and R^2 terms to arbitrary values [13]. On the other hand, there are also situations where it is interesting to consider a finite number of higher-curvature terms on the same footing as Einstein-Hilbert term, since higher-derivative terms can improve the ultraviolet behavior of gravitational theories [21]. Among all the quadratic curvature theories of gravity, the Gauss-Bonnet combination is singled out since it is ghost-free, sharing the similar property with Einstein gravity. Its form is given by

e^{−1}L_{GB} = R_{μνρσ} R^{μνρσ} − 4R_{μν} R^{μν} + R^2. (1.2)

In dimensions D ≤ 6, certain types of off-shell formulation of supergravity are known in which the higher-derivative bosonic terms can be extended to complete and independent super-invariants with only a finite number of terms being required. Progresses on supersymmetrizing the Gauss-Bonnet combination have been made. In four-dimensional N = 1 supergravity, supersymmetric Gauss-Bonnet term with matter coupling was constructed in [14, 15, 16, 17, 18]; in six-dimensional chiral N = 2 supergravity, partial results on the Gauss-Bonnet super-invariant were given in [19, 20].

In this work, we study the supersymmetric completion of Gauss-Bonnet combination in five dimensions. We use the five-dimensional superconformal tensor calculus [22, 23] which facilitates the construction tremendously. Since superconformal tensor calculus is an off-shell formalism, the analysis of the higher derivative terms can be done without modifying the supersymmetry transformation rules. The off-shell nature of the supersymmetric invariants allow us to combine different invariants to obtain more general theories.

The crucial observation in our construction of supersymmetric Gauss-Bonnet combination is that although three independent curvature squared terms enter the expression of Gauss-Bonnet combination, such an off-shell construction might be possible with only two independent curvature squared super-invariants. This observation is based on the fact that the Riemann squared invariant obtained in [28] using the Dilaton Weyl multiplet contains an ordinary kinetic term for the auxiliary vector field V^{ij}_μ . Thus the Riemann square extended Poincaré supergravity contains a dynamical massive auxiliary vector in its spectrum which forms the same multiplet with the massive graviton generated by the Riemann squared term. By counting degrees of freedom, we notice that it might always be the case (except for the pure Ricci scalar squared invariant) that when formulated in terms of Dilaton Weyl multiplet, the curvature squared super-invariant includes an ordinary kinetic term for the auxiliary vector field V^{ij}_μ . Therefore, if there exist two independent curvature squared superinvariants, a particular combination of them can be formed in which the kinetic term for the auxiliary vector vanishes. This implies that there is no massive graviton since the massive vector and massive graviton fall into the same multiplet, suggesting that the curvature squared terms comprise Gauss-Bonnet combination.

Based on the above observation, we start looking for another curvature squared invariant constructed in terms of the Dilaton Weyl multiplet besides the known Riemann tensor squared invariant. An obvious candidate is ^C^{μνρσ} ^C_{μνρσ} , which is the superconformal extension of the Weyl tensor squared term whose supersymmetric completion was obtained previously in [24]^1 using the Standard Weyl multiplet coupled to the vector multiplet. Utilizing superconformal tensor calculus, we supersymmetrize the square of super-covariant Weyl tensor. We find that in addition to the Weyl tensor squared term, the bosonic action acquires a Ricci scalar squared term arising from the square of D, which is a fundamental scalar field in the Standard Weyl multiplet but a composite field in the Dilaton Weyl multiplet. Equivalently, the curvature squared terms in the action take the form of C^{μνρσ}C_{μνρσ} +^1_6 R^2. Since C^{μνρσ}C_{μνρσ} +^1_6 R^2 = R^{μνρσ}R_{μνρσ} −^4_3 R^{μν} R_{μν} +^1_3 R^2 (1.3) the ratio of coefficients in front of the R^{μν} R_{μν} and R^2 terms is -4, which is the required value to obtain the supersymmetric completion of Gauss-Bonnet invariant by combining a Riemann squared invariant with an appropriate coefficient.

This paper is organized as follows. In section 2, we briefly review the superconformal

1The on-shell theory of this model is derived in [25].

multiplets of five-dimensional supergravity constructed in [23, 26, 29]. In section 3, we review the construction of the superconformal linear multiplet action [27] and obtain a superconformal action for the Yang-Mills multiplet coupled to the Dilaton Weyl multiplet. In section 4, we fix the superconformal symmetries to obtain an off-shell Poincaré supergravity and an off-shell Yang-Mills theory coupled to the Dilaton Weyl multiplet. Using a map between the Yang-Mills multiplet and the Dilaton Weyl multiplet [28], we reconstruct the off-shell supersymmetric Riemann squared action. In section 5, we present the supersymmetric completion of C^{μνρσ}C_{μνρσ} +^1_6 R^2 and combine it with a supersymmetric Riemann squared invariant to obtain the supersymmetric Gauss-Bonnet combination. In section 6, we derive the D = 5 on-shell minimal Einstein Hilbert supergravity and on-shell Gauss-Bonnet extended Einstein-Maxwell supergravity. In section 7, we discuss the vacuum solutions with AdS_3 × S^2 and AdS_2 × S^3 structures. The bosonic spectrum around a maximally supersymmetric Minkowski_5 vacuum is also analyzed. In section 8 we give conclusion and discussions.

2 Superconformal Multiplets

In this section, we introduce the basic elements of five dimensional superconformal tensor calculus with eight supercharges [23, 26]. In section 2.1, we present the Dilaton Weyl multiplet adopted in our construction. In the subsequent two subsections, we briefly review two superconformal matter multiplets of D = 5, N = 2 theory: the Yang-Mills multiplet and the linear multiplet, which are used as compensator multiplets in the construction of superconformal actions.

2.1 Dilaton Weyl Multiplet In [26], it was established that there exist two different Weyl multiplets for N = 2 conformal supergravity in five dimensions: the Standard Weyl multiplet and the Dilaton Weyl multiplet. These two multiplets have the same contents of gauge fields but different matter fields. However, the matter fields of the Standard multiplet can be built from the fundamental fields in the Dilation Weyl multiplet as composite fields. The gauge sector of the Dilaton Weyl multiplet consists of a fünfbein e_μ^a, a gravitino, ψ_μ^i, the dilatation gauge field b_μ, and the SU(2) gauge field V^{ij}_μ . Since these gauge fields account for 21(bosonic) +24 (fermionic) degrees of freedom, they cannot form a super-multiplet. Therefore, matter fields are needed to comprise a superconformal Weyl multiplet. For the Dilaton Weyl multiplet, the matter sector consists of a physical vector C_μ, an antisymmetric two-form gauge field B_{μν} , a dilaton field σ and a dilatino ψ^i. The Q, S and K transformation rules for the Dilaton Weyl Multipet are given by [26] δe_μ^a =^1_2ϵ̄γ^aψ_μ , δψ^i_μ = (∂_μ +^1_2 b_μ +^1_4 ω_μ^{ab}γ_{ab})ϵ^i − V^{ij}_μ ϵ_j + iγ · T γ_μϵ^i − iγ_μη^i , δV_μ^{ij} = −^3_2 iϵ̄^{(i}ϕ^{j)}_μ + 4ϵ̄^{(i}γ_μχ^{j)} + iϵ̄^{(i}γ · T ψ^{j)}_μ +^3_2 iη̄^{(i}ψ^{j)}_μ , δC_μ = −^1_2 iσϵ̄ψ_μ +^1_2ϵ̄γ_μψ, δB_{μν} =^1_2 σ^2ϵ̄γ_{[μ}ψ_{ν]} +^1_2 iσϵ̄γ_{μν} ψ + C_{[μ}δ(ϵ)C_{ν]}, δψ^i = −^1_4 γ · ^Gϵ^i −^1_2 i /Dσϵ^i + σγ · T ϵ^i −^1_4 iσ^{−1}ϵ_jψ̄^iψ^j + ση^i , δσ =^1_2 iϵ̄ψ , δb_μ =^1_2 iϵ̄ϕ_μ − 2ϵ̄γ_μχ +^1_2 iη̄ψ_μ + 2Λ_{Kμ} , (2.1) where D_μ σ = (∂_μ − b_μ)σ −^1_2 iψ̄_μψ , D_μψ^i = (∂_μ −^3_2 b_μ +^1_4 ω_μ^{ab}γ_{ab})ψ^i − V^{ij}_μ ψ_j +^1_4 γ · ^Gψ^i_μ +^1_2 i /Dσψ^i_μ +^1_4 iσ^{−1}ψ_{μj}ψ̄^iψ^j − σγ · T ψ^i_μ − σϕ^i_μ , (2.2) and the supercovariant curvatures are defined according to ^G_{μν} = G_{μν} − ψ̄_{[μ}γ_{ν]}ψ +^1_2 iσψ̄_{[μ}ψ_{ν]}, ^H_{μνρ} = H_{μνρ} −^3_4 σ^2ψ̄_{[μ}γ_ν ψ_{ρ]} −^3_2 iσψ̄_{[μ}γ_{νρ]}ψ, (2.3) In above expressions, G_{μν} = 2∂_{[μ}C_{ν]} and H_{μνρ} = 3∂_{[μ}B_{νρ]} +^3_2 C_{[μ}G_{νρ]}. Note that ^G_{μν} and ^H_{μνρ} are invariant under following gauge transformations δC_μ = ∂_μΛ , δB_{μν} = 2∂_{[μ}Λ_{ν]} −^1_2 ΛG_{μν} . (2.4) The definitions of spin connection ω_μ^{ab} and the S-supersymmetry gauge field ϕ^i_μ are given in [26]

ω_μ^{ab} = 2e^{ν[a}∂_{[μ}e_{ν]}^{b]} − e^{ν[a}e^{b]σ}e_{μc}∂_ν e_σ^c + 2e_μ^{[a}b^{b]} +^1_2ψ̄^{[a}γ^{b]}ψ_μ +^1_4ψ̄^aγ_μψ^b, ϕ^i_μ =^1_3 iγ^a ^R^′_{μa}^i(Q) −^1_{24} iγ_μγ^{ab} ^R^′_{ab}^i(Q), (2.5) where ^R^i_{μν} (Q), the supercovariant curvature of gravitino is defines as [26] ^R^i_{μν} (Q) = ^R^′_{μν}^i(Q) − 2iγ_{[μ}ϕ^i_{ν]} , ^R^′_{μν}^i(Q) = 2∂_{[μ}ψ^i_{ν]} + 1 2 ω_{[μ}^{ab}γ_{ab}ψ^i_{ν]} + b_{[μ}ψ^i_{ν]} − 2V^{ij}_{[μ} ψ_{ν]j} + 2iγ · T γ_{[μ}ψ^i_{ν]}. (2.6)

For future reference, we also give the supercovariant curvature of ω_μ^{ab} and V^{ij}_μ [26] ^R_{μν}^{ab}(M) = 2∂_{[μ}ω_{ν]}^{ab} + 2ω_{[μ}^{ac}ω_{ν]c}^b + 8f_{[μ}^{[a}e_{ν]}^{b]} + iψ̄_{[μ}γ^{ab}ψ_{ν]} + iψ̄_{[μ}γ^{[a}γ · T γ^{b]}ψ_{ν]} +ψ̄_{[μ}γ^{[a} ^R_{ν]}^{b]}(Q) +^1_2ψ̄_{[μ}γ_{ν]} ^R^{ab}(Q) − 8ψ̄_{[μ}e_{ν]}^{[a}γ^{b]}χ + iϕ̄_{[μ}γ^{ab}ψ_{ν]}, ^R_{μν}^{ij}(V ) = 2∂_{[μ}V_{ν]}^{ij} − 2V_{[μ}^{k(i}V_{ν] k}^{j)}−3iϕ̄^{(i}_{[μ}ψ^{j)}_{ν]} − 8ψ̄^{(i}_{[μ}γ_{ν]}χ^{j)} − iψ̄^{(i}_{[μ}γ · T ψ^{j)}_{ν]} . (2.7)

The Q- and S- transformations of the field strengths ^G_{μν} and ^H_{abc} are presented in [26] δ ^G_{μν} = −^1_2 iσϵ̄ ^R_{μν} (Q) − ϵ̄γ_{[μ}D_{ν]}ψ + iϵ̄γ_{[μ}γ · T γ_{ν]}ψ + iη̄γ_{μν} ψ , δ ^H_{abc} = −^3_4 σ^2ϵ̄γ_{[a} ^R_{bc]}(Q) +^3_2 iϵ̄γ_{[ab}D_{c]}ψ +^3_2 iϵ̄γ_{[ab}ψD_{c]}σ −^3_2 σϵ̄γ_{[a}γ · T γ_{bc]}ψ −^3_2ϵ̄γ_{[a} ^G_{bc]}ψ −^3_2 ση̄γ_{abc}ψ . (2.8)

The expressions for the composite fields T_{ab}, χ^i and D are given as follows [26]

T_{ab} =^1_8 σ^{−2} ( σ ^G_{ab} +^1_6 ϵ_{abcde} ^H^{cde} +^1_4 iψ̄γ_{ab}ψ ) , χ^i =^1_8 iσ^{−1} /Dψ^i +^1_{16} iσ^{−2} /Dσψ^i −^1_{32} σ^{−2}γ · ^Gψ^i +^1_4 σ^{−1}γ · T ψ^i +^1_{32} iσ^{−3}ψ_jψ̄^iψ^j , D =^1_4 σ^{−1}□^cσ +^1_8 σ^{−2}(D_aσ)(D^aσ) −^1_{16} σ^{−2} ^G_{μν} ^G^{μν}

−^1_8 σ^{−2}ψ̄ /Dψ −^1_{64} σ^{−4}ψ̄^iψ^jψ̄_iψ_j − 4iσ^{−1}ψχ + ( −^{26}_3 T_{ab} + 2σ^{−1} ^G_{ab} +^1_4 iσ^{−2}ψ̄γ_{ab}ψ ) T^{ab} , (2.9)

where the superconformal d’Alambertian for σ is given by

□^cσ = (∂^a − 2b^a + ω_b^{ba})D_aσ −^1_2 iψ̄_aD^aψ − 2σψ̄_aγ^aχ

+^1_2ψ̄_aγ^aγ · T ψ +^1_2ϕ̄_aγ^aψ + 2f_a^aσ, f^a_μ = −^1_6 R_μ^a +^1_{48} e_μ^aR, R_{μν} ≡ ^R^{′ ab}_{μρ} (M)e_b^ρe_{νa}, R ≡ R_μ^μ. (2.10)

The notation ^R^′(M) indicates that we have omitted the f_μ^a term in ^R(M). It was established in [26] that one can also construct another Weyl multiplet, the Standard Weyl multiplet if considering T_{ab}, D and χ^i as fundamental fields instead as a matter sector in addition to the gauge sector of the Weyl multiplet. Therefore, the composite expressions of these fields establish a map from the Dilaton Weyl multiplet to the Standard Weyl multiplet. We refer to [26, 27] for readers interested in the derivation of this map and the five-dimensional Weyl multiplets in superconformal theory. For later convenience, we also present the Q- and S- transformations of the composite fields [26]

δT_{ab} =^1_2 iϵ̄γ_{ab}χ −^3_{32} iϵ̄ ^R_{ab}(Q) , δχ^i =^1_4 ϵ^iD −^1_{64} γ · ^R^{ij}(V )ϵ_j +^1_8 iγ^{ab} /DT_{ab}ϵ^i −^1_8 iγ^aD^bT_{ab}ϵ^i −^1_4 γ^{abcd}T_{ab}T_{cd}ϵ^i +^1_6 T^2ϵ^i +^1_4 γ · T η^i , δD = ϵ̄ /Dχ −^5_3 iϵ̄γ · T χ − iη̄χ , (2.11) where the supercovariant derivatives of the composite fields are

D_μχ^i = (∂_μ −^7_2 b_μ +^1_4 ω_μ^{ab}γ_{ab})χ^i − V^{ij}_μ χ_j −^1_4 ψ^i_μD +^1_{64} γ · ^R^{ij} (V )ψ_{μj} −^1_8 iγ^{ab} /DT_{ab}ψ^i_μ +^1_8 iγ^aD^bT_{ab}ψ^i_μ +^1_4 γ^{abcd}T_{ab}T_{cd}ψ^i_μ −^1_6 T^2ψ^i_μ −^1_4 γ · T ϕ^i_μ , D_μT_{ab} = ∂_μT_{ab} − b_μT_{ab} − 2ω_μ^c_{[a}T_{b]c} −^1_2 iψ̄_μγ_{ab}χ +^3_{32} iψ̄_μ ^R_{ab}(Q) . (2.12)

2.2 Yang-Mills Multiplet The off-shell non-abelian D = 5, N = 2 vector multiplet consists of 8n (bosonic) + 8n ( fermionic) degrees of freedom (where n is the dimension of the gauge group). Denoting the Yang-Mills index by I (I = 1, · · · , n), the bosonic sector consists of vector fields A^I_μ, scalar fields ρ^I and SU(2)-triplet auxiliary fields Y^{ij I} = Y^{(ij) I} . SU(2)-doublet fields λ^{iI} constitute the fermionic sector.

In the background of the Dilaton Weyl multiplet, the Q- and S-transformations of the fields in the vector multiplet are given by [29]

δA^I_μ = −^1_2 iρ^Iϵ̄ψ_μ +^1_2ϵ̄γ_μλ^I , δY^{ij I} = −^1_2ϵ̄^{(i} /Dλ^{j)I} +^1_2 iϵ̄^{(i}γ · T λ^{j)I} − 4iρ^Iϵ̄^{(i}χ^{j)} +^1_2 iη̄^{(i}λ^{j)I} −^1_2 igϵ̄^{(i}f_{JK}^I ρ^J λ^{j)K} , δλ^{iI} = −^1_4 γ · ^F^I ϵ^i −^1_2 i /Dρ^I ϵ^i + ρ^I γ · T ϵ^i − Y^{ij I} ϵ_j + ρ^I η^i , δρ^I =^1_2 iϵ̄λ^I . (2.13)

The superconformally covariant derivatives used here are

D_μ ρ^I = (∂_μ − b_μ)ρ^I + gf_{JK}^I A^J_μρ^K − 1 2 iψ̄_μλ^I , (2.14) D_μλ^{iI} = (∂_μ −^3_2 b_μ +^1_4 ω_μ^{ab}γ_{ab})λ^{iI} − V^{ij}_μ λ^I_j + gf_{JK}^I A^J_μλ^{iK} + 1 4 γ · ^F^I ψ^i_μ +^1_2 i ^/Dρ^I ψ^i_μ + Y^{ijI} ψ_{μ j} − ρ^I γ · T ψ^i_μ − ρ^I ϕ^i_μ , (2.15)

where the supercovariant Yang-Mills curvature is given as ^F^I_{μν} = 2∂_{[μ}A^I_{ν]} + gf_{JK}^I A^J_μA^K_ν − ψ̄_{[μ}γ_{ν]}λ^I + 1 2 iρ^Iψ̄_{[μ}ψ_{ν]} . (2.16)

2.3 Linear Multiplet The off-shell D = 5, N = 2 linear multiplet contains 8 (bosonic)+8 (fermionic) degrees of freedom carried by the following fields (L^{ij} , E^a, N, φ^i). (2.17) The bosonic fields are an SU(2) triplet L^{ij} = L^{(ij)}, a constrained vector E_a and a scalar N. The fermionic fields are given by an SU(2) doublet φ^i. In the background of the Standard Weyl multiplet, the Q- and S- transformations of the fields in the linear multiplet are given by [27] δL^{ij} = iϵ̄^{(i}φ^{j)} , δφ^i = −^1_2 i /DL^{ij}ϵ_j −^1_2 iγ^aE_aϵ^i +^1_2 Nϵ^i − γ · T L^{ij}ϵ_j + 3L^{ij} η_j , δE_a = −^1_2 iϵ̄γ_{ab}D^bφ − 2ϵ̄γ^bφT_{ba} − 2η̄γ_aφ , δN =^1_2ϵ̄ /Dφ +^3_2 iϵ̄γ · T φ + 4iϵ̄^iχ^jL_{ij} +^3_2 iη̄φ , (2.18) where the super-covariant derivatives are defined as

D_μL^{ij} = (∂_μ − 3b_μ)L^{ij} + 2V_μ^{(i}_kL^{j)k} − iψ̄^{(i}_μ φ^{j)} , D_μφ^i = (∂_μ −^7_2 b_μ +^1_4 ω_μ^{ab}γ_{ab})φ^i − V^{ij}_μ φ_j +^1_2 i /DL^{ij} ψ_{μ j} +^1_2 iγ^aE_aψ^i_μ −^1_2 Nψ^i_μ + γ · T L^{ij}ψ_{μ j} − 3L^{ij} ϕ_{μ j} , D_μE_a = (∂_μ − 4b_μ)E_a + ω_{μab}E^b +^1_2 iψ̄_μγ_{ab}D^bφ + 2ψ̄_μγ^bφT_{ba} + 2ϕ̄_μγ_aφ . (2.19) The closure of the superconformal algebra requires that the following constraint must be satisfied D^aE_a = 0 . (2.20) Thus E_a can be solved in terms of a 3-form E_{μνρ} as E^μ = −^1_{12} ϵ^{μνρσλ}D_ν E_{ρσλ}, (2.21) where E_{μνρ} is invariant under the following gauge transformation δ_ΛE_{μνρ} = 3∂_{[μ}Λ_{νρ]} . (2.22) We can also express E^μ and E_{μνρ} in terms of a 2-form potential according to [27] E^μ = D_ν E^{μν} , E_{μνρ} = ϵ_{μνρσλ}E^{σλ} . (2.23)

The supersymmetry transformations of the 2-form gauge field E_{μν} and 3-form gauge field E_{μνρ} are given in [27]

δE^{μν} = −^1_2 iϵ̄γ^{μν} φ −^1_2ψ̄^i_ργ^{μνρ}ϵ^jL_{ij} − ∂_ρΛ̃^{μνρ} , δE_{μνρ} = −ϵ̄γ_{μνρ}φ + iψ̄^i_{[μ}γ_{νρ]}ϵ^j L_{ij} . (2.24) 3 Superconformal Actions

In this section, we review the derivation of the superconformal action for the linear multiplet [27], and construct a superconformal action for the Yang-Mills multiplet. We begin with the following super-invariant density formula [23]

e^{−1}L_{V L} = Y^{ij} L_{ij} + iλ̄φ −^1_2ψ̄^i_aγ^aλ^jL_{ij} −^1_{12} ϵ^{μνρσλ}A_μ∂_ν E_{ρσλ} +ρ(N +^1_2ψ̄_aγ^aφ +^1_4 iψ̄^i_aγ^{ab}ψ^j_b L_{ij}) . (3.1)

By integration by parts, L_{V L} can be reexpressed as

e^{−1}L_{V L} = Y^{ij} L_{ij} + iλ̄φ −^1_2ψ̄^i_aγ^aψ^j L_{ij} +^1_2 F_{μν} E^{μν} +ρ(N +^1_2ψ̄_aγ^aφ +^1_4 iψ̄^i_aγ^{ab}ψ^j_b L_{ij}) . (3.2)

3.1 Linear Multiplet Action In this section, we construct the vector multiplet in terms of fundamental fields of the linear multiplet and the Dilation Weyl multiplet, and obtain an action for the linear multiplet by using vetor-linear Lagrangian (3.2). Firstly, the scalar ρ in the vector multiplet can be constructed from the elements of linear multiplet as follows [27]

ρ = 2L^{−1}N + iφ̄_iφ_j L^{ij}L^{−3}, L^2 = L^{ij} L_{ij}. (3.3)

Using this expression and applying a sequence of supersymmetry transformations, we obtain the full expressions for the components of vector multiplets in terms of elements in the linear multiplet [27]

ρ = 2L^{−1}N + iL^{−3}φ̄^iφ^j L_{ij} , λ_i = −2i /Dφ_iL^{−1} + (16L_{ij} χ^j + 4γ · T φ_i)L^{−1} − 2NL_{ij}φ^j L^{−3} +2i( /DL_{ij} L^{jk}φ_k − /EL_{ij} φ^j )L^{−3} + 2iφ^jφ̄_iφ_j L^{−3} −6iφ^jφ̄_kφ_lL^{kl}L_{ij} L^{−5},

Y_{ij} = L^{−1}□^C L_{ij} − D_aL_{k(i}D^aL_{j)m}L^{km}L^{−3} − N^2L_{ij}L^{−3} − E_μE^μL_{ij} L^{−3} +^8_3 L^{−1}T^2L_{ij} + 4L^{−1}DL_{ij} + 2E_μL_{k(i}D^μL_{j)}^kL^{−3} −^1_2 iNL^{−3}φ̄_{(i}φ_{j)} −^4_3 L^{−5}NL_{k(i}L_{j)m}φ̄^kφ^m −^2_3 L^{−3}φ̄_{(i} /Eφ_{j)} −^1_3 L^{−5}L_{k(i}L_{j)m}φ̄^k /Eφ^m −8iL^{−1}χ̄_{(i}φ_{j)} + 16iL^{−3}L_{k(i}L_{j)m}χ̄^kφ^m + 2L^{−3}L_{k(i}φ̄^k /Dφ_{j)} +2iL^{−3}L_{ij}φ̄γ · T φ −^2_3 L^{−3}φ̄_{(i} /DL_{j)k}φ^k − L^{−5}L_{mn}L^k_{(i}φ̄^m /DL_{j)k}φ^n −^1_6 L^{−5}L_{km}φ̄_iγ^aφ_jφ̄^kγ_aφ^m +^1_{12} L^{−7}L_{ij} L_{km}L^{pq}φ̄^kγ_aφ^mφ̄_pγ^aφ_q, ^F_{μν} = 4D_{[μ}(L^{−1}E_{ν]}) + 2L^{−1} ^R_{μν}^{ij} (V )L_{ij} − 2L^{−3}L^l_kD_{[μ}L^{kp}D_{ν]}L_{lp} −2D_{[μ}(L^{−3}φ̄^iγ_{ν]}φ^j L_{ij}) − iL^{−1}φ̄ ^R_{μν} (Q) . (3.4) Substituting above composite expressions into the vector-linear Lagrangian (3.2), one obtains the superconformal action for the linear multiplet [27] e^{−1}L_L = L^{−1}L_{ij}□^cL^{ij} − L^{ij} D_μL_{k(i}D^μL_{j)m}L^{km}L^{−3} + N^2L^{−1} −E_μE^μL^{−1} +^8_3 LT^2 + 4DL −^1_2 L^{−3}E^{μν} L^l_k∂_μL^{kp}∂_ν L_{pl} +2E^{μν} ∂_μ(L^{−1}E_ν + V^{ij}_ν L_{ij} L^{−1}) + fermions, (3.5) where the complete expression for the superconformal d’Alembertian is defined as L_{ij}□^cL^{ij} = L_{ij} (∂^a − 4b^a + ω_b^{ba})D_aL^{ij} + 2L_{ij} V_a^i_kD^aL^{jk} + 6L^2f_a^a −iL_{ij}ψ̄^{ai}D_aφ^j − 6L^2ψ̄^aγ_aχ − L_{ij}φ̄^iγ · T γ^aψ^j_a + L_{ij}φ̄^iγ^aϕ^j_a . (3.6) Fermionic contribution to above action can be straightforwardly read from the formulae given in (3.4).

3.2 Yang-Mills Multiplet Action This subsection is devoted to construct a superconformal action describing a vector multiplet coupled to a Dilaton Weyl multiplet. Such an action was previously obtained in [23] using the Standard Weyl multiplet and applied in [24] to derive an off-shell Poincaré theory. Another use of the vector multiplet action was established in [26, 27], where the vector multiplet action in the Standard Weyl multiplet background was used to derive the map between the Standard Weyl multiplet and the Dilaton Weyl multiplet.

Similar to the construction of a linear multiplet action, we can use the density formula (3.1) to obtain an action for an abelian vector multiplet coupled to a Dilaton Weyl multiplet. Based on the action for an abelian vector multiplet, we derive the action for a Yang-Mills multiplet coupled to the Dilaton Weyl Multiplet.

We start from the following identification

L_{ij} = Y_{ij}. (3.7)

This identification, however, has the wrong Weyl weight and fails to satisfy the S-invariance of L_{ij} (See Appendix B for the Weyl weights of the fields). The one with the right Weyl weight and invariant under the S-transformation is given by

L_{ij} = σY_{ij} +^1_4 iρσ^{−1}ψ̄_{(i}ψ_{j)} −^1_2 iλ̄_{(i}ψ_{j)}. (3.8)

After employing a sequence of Q-and S-transformations to (3.8), we obtain the full expressions for the components of linear multiplet in terms of the fields in the vector multiplet and Dilaton Weyl multiplet

L_{ij} = σY_{ij} +^1_4 iρσ^{−1}ψ̄_{(i}ψ_{j)} −^1_2 iλ̄_{(i}ψ_{j)}, φ_i =^1_2 iσ /Dλ_i +^1_2 iρ /Dψ_i + ργ · T ψ_i + σγ · T λ_i − 8σρχ_i −^1_8 γ · ^Gλ_i −^1_8 γ · ^F ψ_i +^1_4 /Dσλ_i +^1_4 /Dρψ_i −^1_2 Y_{ij}ψ^j −^1_8 iσ^{−1}λ^jψ̄_iψ_j , E^a = D_b(−^1_2 σ ^F^{ab} −^1_2 ρ ^G^{ab} + 8σρT^{ab} −^1_8 iλ̄γ_{ab}ψ) −^1_8 ϵ^{abcde}G_{bc}F_{de}, N =^1_2 ρ□^C σ +^1_2 σ□^C ρ +^1_2 D_aρD^aσ −^1_4 ^G_{ab} ^F^{ab} − 4ρσ ( D +^{26}_3 T^2 ) +4σ ^F^{ab}T_{ab} + 4ρ ^G^{ab}T_{ab} + 8iσχ̄λ + 8iρχ̄ψ −^1_4λ̄ /Dψ −^1_4ψ̄ /Dλ +iψ̄γ · T λ. (3.9) Inserting above expressions into density formula (3.1), we derive an action for an abelian vector multiplet coupled to a Dilaton Weyl multiplet. Generalization of the action for abelian vector multiplet to that for Yang-Mills multiplet is straightforward. The result is given by

e^{−1}L_{YM} = a_{IJ} ( σY^I_{ij}Y^{ij J} −^1_4 σF^I_{μν} F^{μν J} −^1_2 ρ^I F^J_{μν} G^{μν} + 8σρ^I F^J_{μν} T^{μν} +^1_2 ρ^I ρ^J □^C σ +^1_2 σρ^I □^C ρ^J +^1_2 ρ^I D_aρ^J D^aσ − 4σρ^I ρ^J (D +^{26}_3 T^2) + 4ρ^I ρ^J G_{μν} T^{μν} −^1_8 ϵ^{μνρσλ}F^I_{μν} F^J_{ρσ} C_λ ) + fermions, (3.10)

where I = 1, . . . n and the complete expression of the superconformal d’Alembertian for ρ^I is [29]

□^cρ^I = (∂^a − 2b^a + ω_b^{ba})D_aρ^I −^1_2 iψ̄_aD^aλ^I − 2ρ^Iψ̄_aγ^aχ +^1_2ψ̄_aγ^aγ · T λ^I +^1_2ϕ̄_aγ^aλ^I + 2f_a^aρ^I . (3.11)

4 Gauge Fixing and Off-Shell Actions

In the previous section, we have obtained superconformal actions for a linear multiplet and Yang-Mills multiplet. In this section, we fix the redundant superconformal symmetries to obtain off-shell supersymmetric theories including a Poincaré supergravity and Yang-Mills coupled to the Dilaton Weyl multiplet.

As discussed in [30] for the four-dimensional case and in [24] for the five-dimensional case, the construction of a consistent Poincaré supergravity requires more than one compensator multiplet if the Standard Weyl multiplet is adopted. However, if the Dilaton Weyl multiplet is utilized, a single compensator multiplet is sufficient to construct a consistent Poincaré supergravity. As we will present shortly, a consistent Poincaré supergravity is obtained via gauge fixing the superconformal linear multiplet action [27] instead of the vector multiplet action. The latter cannot give rise to a supergravity theory due to the lacking of Einstein- Hilbert term in the action.

In section 4.1 we present our gauge choices and the corresponding decomposition rules. Imposing these gauge choices in the superconformal action, we obtain an off-shell Poincaré supergravity in section 4.2. In section 4.3, we first present an off-shell action describing Yang-Mills coupled to a Dilaton Weyl multiplet. Then, using a map between Yang-Mills multiplet and Dilaton Weyl multiplet [28], we obtain an off-shell Riemann tensor squared invariant. Different from [28] where the five-dimensional Riemann squared invariant is obtained via circle reduction of the six-dimensional Riemann squared invariant, our construction of the Yang-Mills action is purely based on the superconformal tensor calculus.

4.1 Gauge Fixing and Decomposition Rules In this section, we introduce our gauge choices to fix the redundant superconformal symmetries in order to obtain off-shell supersymmetric theories. If we do not insist on the canonical Einstein-Hilbert term in the action, there exists a set of gauge choices facilitating the derivation of curvature squared invariant. These gauge choices are^2 L_{ij} = 1 √ 2 δ_{ij} L, σ = 1, ψ^i = 0, b_μ = 0. (4.1) The first gauge choice breaks the SU(2)_R down to U(1)_R whereas the second one fixes dilatations, the third one fixes special supersymmetry transformations and the last one fixes conformal boosts. After fixing the gauge, the remaining fields are

e_μ^a(10), ψ^i_μ(32), C_μ(4), B_{μν} (6), φ^i(8), L(1), E_{μνρ}(4), N(1), V_μ(4), V^{′ij}_μ (10). (4.2)

2The canonical Einstein-Hilbert term can be obtained by using another set of gauge choices [27].

To maintain the gauge (4.1), the compensating transformations are required including a compensating SU(2), a compensating special supersymmetry and a compensating conformal boost with parameters (up to cubic fermion terms) λ^{ij} = − 1 √ 2L ( S^{k(i}δ^{j)l}ϵ_{kl} ) , S^{ij} = ϵ̄^{(i}φ^{j)} − 1 2 δ^{ij}ϵ̄^kφ^lδ_{kl}, η^i = ( − γ · T +^1_4 γ · ^G ) ϵ^i, Λ_{Kμ} = −^1_4 iϵ̄ϕ_μ −^1_4 iη̄ψ_μ + ϵ̄γ_μχ. (4.3)

4.2 Off-Shell Poincaré Theory Imposing the gauge fixing conditions (4.1) in the linear multiplet action (3.5), one can obtain a consistent Poincaré supergravity whose action is given by^3

e^{−1}L_{LR} =^1_2 LR +^1_2 L^{−1}∂_μL∂^μL −^1_4 LG_{μν} G^{μν} −^1_6 LH_{μνρ}H^{μνρ} − L^{−1}N^2 +^1_6 L^{−1}∂_{[μ}E_{νρσ]}∂^μE^{νρσ} +^1_6^√_2 ϵ^{μνρσλ}V_μ∂_ν E_{ρσλ} + LV^{′ij}_μ V^{′μ}_{ij} +fermions. (4.4) Notice that we have decomposed the field V^{ij}_μ into its trace and traceless part as V^{ij}_μ = V^{′ij}_μ +^1_2 δ^{ij} V_μ, V^{′ij}_μ δ_{ij} = 0. (4.5) The Poincaré supergravity presented above is invariant under the following supersymmetry transformation rules (up to cubic fermion terms)

δe_μ^a =^1_2ϵ̄γ^aψ_μ , δψ^i_μ = D_μ(ω_−)ϵ^i −^1_2 i ^G_{μν} γ^ν ϵ^i , δV_μ^{ij} =^1_2ϵ̄^{(i}γ^ν ^ψ^{j)}_{μν} −^1_6ϵ̄^{(i}γ · ^Hψ^{j)}_μ −^1_4 iϵ̄^{(i}γ · ^Gψ^{j)}_μ + ∂_μλ^{ij} + λ^{(i}_kV^{j)k}_μ , δC_μ = −^1_2 iϵ̄ψ_μ , δB_{μν} =^1_2ϵ̄γ_{[μ}ψ_{ν]} + C_{[μ}δ(ϵ)C_{ν]} ,

δL =^{1√}_2 iϵ̄^iφ^j δ_{ij} , δφ^i = −^1_2^√_2 i/∂Lδ^{ij} ϵ_j −^{1√}_2 iV^′_μ^{(i}_kδ^{j)k}Lϵ_j −^1_2 i /Eϵ^i +^1_2 Nϵ^i +^1_4^√_2 Lγ · ^Gδ^{ij} ϵ_j −^1_6^√_2 iLγ · ^Hδ^{ij} ϵ_j , δE_{μνρ} = −ϵ̄γ_{μνρ}φ +^{1√}_2 iLψ̄^i_{[μ}γ_{νρ]}ϵ^jδ_{ij} , δN =^1_2ϵ̄γ^μ ( ∂_μ +^1_4 ω_μ^{bc}γ_{bc} ) φ +^1_2ϵ̄^iγ^aV_{a ij}φ^j −^1_4^√_2 iϵ̄^iγ^a /∂Lψ^j_aδ_{ij} +^1_4^√_2 iϵ̄^iγ^aγ^bV^′_{b(i}^kδ_{j)k}ψ^j_a +^1_4 iϵ̄γ^a /Eψ_a −^1_4 Nϵ̄γ^aψ_a +^1_8^√_2 Lϵ̄^iγ^aγ · ^Gψ^j_aδ_{ij} − √ 2Lϵ̄^iγ^aϕ^j_aδ_{ij} +^1_8 iϵ̄γ · ^Hφ, (4.6)

3The action directly coming from (3.5) by imposing (4.1) is equal to−e^{−1}LLR.

where we have used the torsionful spin connection [28] ω_μ^{ab}_± = ω_μ^{ab} ± ^H_μ^{ab} , (4.7) and the supercovariant curvatures under the gauge (4.1) are [28] ^ψ_{μν} = 2D_{[μ}(ω_−)ψ_{ν]} + iγ^λ ^G_{λ[μ}ψ_{ν]} , (4.8) ^G_{μν} = 2∂_{[μ}C_{ν]} +^1_2 iψ̄_{[μ}ψ_{ν]} , (4.9) ^H_{μνρ} = 3∂_{[μ}B_{νρ]} −^3_4ψ̄_{[μ}γ_ν ψ_{ρ]} +^3_2 C_{[μ}G_{νρ]} . (4.10)

4.3 Riemann Squared Action In this section, we construct the supersymmetric Riemann squared action. To begin with, we shall review a map between the Yang-Mills super-multiplet and a set of fields in the Poincaré multiplet (4.2).

In establishing the map between Yang-Mills and Poincaré multiplets, it is important to consider the full supersymmetry transformations, including the cubic fermion terms which have been omitted so far. In the following, we shall need the full supersymmetry transformation rules for the fields (e_μ^a, ψ^i_μ, V^{ij}_μ , C_μ, B_{μν} ). Up to cubic fermions, the transformation rules of (e_μ^a, ψ^i_μ, V^{ij}_μ , C_μ, B_{μν} ) are already given in (4.6). In this section, we will, however, keep the complete SU(2) symmetry, i.e. we do not impose L^{ij} =^{1√}_2 Lδ^{ij} . In this way we do not need to accommodate for the compensating SU(2) transformations proportional to λ^{ij 4}. The full version of the supersymmetry transformations are given by [28] δe_μ^a =^1_2 ϵ̄γ^aψ_μ , δψ^i_μ = D_μ(ω_−)ϵ^i −^1_2 i ^G_{μν} γ^ν ϵ^i , δV_μ^{ij} =^1_2 ϵ̄^{(i}γ^ν ψ^{j)}_{μν} −^1_6 ϵ̄^{(i}γ · ^Hψ^{j)}_μ −^1_4 iϵ̄^{(i}γ · ^Gψ^{j)}_μ , δC_μ = −^1_2 iϵ̄ψ_μ , δB_{μν} =^1_2 ϵ̄γ_{[μ}ψ_{ν]} + C_{[μ}δ(ϵ)C_{ν]} . (4.11) Next, we consider the following supersymmetry transformations [28] δω_μ^{ab}_+ = − 1 2 i ^G^{ab}ϵ̄ψ_μ −^1_2ϵ̄γ_μ ^ψ^{ab}, δ ^ψ^i_{ab} =^1_4 γ^{cd} ^R_{cdab}(ω_+)ϵ^i − ^V_{ab}^{ij} ϵ_j +^1_2 iγ^μD_μ(ω_+) ^G_{ab}ϵ^i −^1_4 ^G_{ab}γ · ^Gϵ^i, δ ^G_{ab} = − 1 2 iϵ̄ ^ψ_{ab}, δ ^V_{ab}^{ij} = −^1_2ϵ̄^{(i} /D(ω, ω_−) ^ψ^{j)}_{ab} −^1_{24} ϵ̄^{(i}γ · ^Hψ^{j)}_{ab} − iϵ̄^{(i} ^G^d_{[a} ^ψ^{j)}_{b]d} , (4.12)

4After we construct the action, we can still impose the gauge L^{ij} =^{1√}_2 Lδ^{ij} . This will not affect the Riemann squared invariant.

where ^R_{abcd}(ω_+) denotes the super-covariant curvature of the torsionful connection ω_+. In D_μ(ω_+) ^G_{ab}, the connection ω_+ rotates both the indices a and b, and in D_μ(ω, ω_−) ^ψ^j_{ab} the connection ω rotates the spinor index, while the connection ω_− rotates the Lorentz vector indices. ^V_{μν}^{ij} is the supercovariant curvature of V^{ij}_μ under the gauge choices (4.1) ^V_{μν}^{ij} = V_{μν}^{ij} − ψ̄^{(i}_{[μ}γ^ρ ^ψ^{j)}_{ν]ρ} +^1_6ψ̄^{(i}_μ γ · ^Hψ^{j)}_ν +^1_4 iψ̄^{(i}_μ γ · ^Gψ^{j)}_ν . (4.13) We now compare the above transformation rules with those of the D = 5, N = 2 Yang-Mills multiplet [28] δA^I_μ = −^1_2 iρ^Iϵ̄ψ_μ +^1_2ϵ̄γ_μλ^I , δY^{ij I} = −^1_2ϵ̄^{(i} /Dλ^{j)I} −^1_{24} ϵ̄^{(i}γ · ^Hλ^{j)I} −^1_2 igϵ̄^{(i}f_{JK}^I ρ^J λ^{j)K} , δλ^{iI} = −^1_4 ( γ · ^F^I − ρ^I γ · ^G ) ϵ^i −^1_2 i /Dρ^I ϵ^i − Y^{ij I} ϵ_j , δρ^I =^1_2 iϵ̄λ^I , (4.14) where ^F^I_{μν} and D_μ ρ^I can be found in (2.16) and (2.14) by imposing the gauge choices (4.1) D_μλ^{iI} = (∂_μ +^1_4 ω_μ^{ab}γ_{ab})λ^{iI} − V^{ij}_μ λ^I_j + gf_{JK}^I A^J_μλ^{iK} +^1_4 ( γ · ^F^I − ρ^I γ · ^G ) ψ^i_μ +^1_2 i /Dρ^I ψ^i_μ + Y^{ij I} ψ_{μ j} . (4.15) We observe that the transformations (4.12) and (4.14) become identical by making the following identifications [28] (A^I_μ, Y^{ij}_I , λ^i_I , ρ_I ) ←→ (ω^{ab}_{μ+}, − ^V_{ab}^{ij} , − ^ψ^i_{ab}, ^G_{ab}). (4.16) Setting a_{IJ} = δ_{IJ} and imposing the gauge fixing conditions (4.1) in action (3.10), we obtain e^{−1}L_{YM}|_{σ=1} = Y^I_{ij}Y^{ijI} −^1_2 D_μρ^I D^μρ^I −^1_4 (F^I_{ab} − ρ^I G_{ab})(F^{abI} − ρ^I G^{ab}) −^1_8 ϵ^{abcde}(F^I_{ab} − ρ^I G_{ab})(F^I_{cd} − ρ^I G_{cd})C_e −^1_2 ϵ^{abcde}(F^I_{ab} − ρ^I G_{ab})B_{cd}D_eρ^I + fermions. (4.17) Finally, using the map (4.16) in above action (4.17), we obtain the supersymmetric Riemann squared action. Its purely bosonic part is given as

e^{−1}L_{Riem}2 = −^1_4 ( R_{μνab}(ω_+) − G_{μν} G_{ab} ) ( R^{μνab}(ω_+) − G^{μν} G^{ab} ) −^1_2 ∇_μ(ω_+)G^{ab}∇^μ(ω_+)G_{ab} + V_{μν}^{ij} V^{μν}_{ij} −^1_8 ϵ^{μνρσλ} ( R_{μνab}(ω_+) − G_{μν} G_{ab} ) ( R_{ρσ}^{ab}(ω_+) − G_{ρσ}G^{ab} ) C_λ −^1_2 ϵ^{μνρσλ}B_{ρσ} ( R_{μνab}(ω_+) − G_{μν} G_{ab}) ∇_λ(ω_+)G^{ab} + fermions . (4.18) We notice that the actions (4.17) and (4.18) obtained via superconformal tensor calculus match with those derived through the circle reduction of six-dimensional actions [28].

5 Supersymmetric Gauss-Bonnet Combination

In this section, we shall construct the supersymmetric completion of the Gauss-Bonnet combination

e^{−1}L_{GB} = R_{μνρσ} R^{μνρσ} − 4R_{μν} R^{μν} + R^2. (5.1)

According to the usual routine, one may think of constructing three independent curvature squared super-invariants first, then combining them with proper coefficients to form a supersymmetric Gauss-Bonnet combination. However, as we mentioned before, two independent curvature squared invariants may be enough to obtain the supersymmetric completion of Gauss-Bonnet combination based on counting the degrees of freedom and the cancelation of the kinetic term for the auxiliary vector V^{ij}_μ . This section is devoted to construct another curvature squared invariant.

We start from the conventional constraint imposed on the supercovariant curvature of ω_μ^{ab} [23, 26] e^ν_b ^R_{μν}^{ab}(M) = 0, (5.2) where ^R_{μν}^{ab}(M) is defined in (2.7). The conventional constraint (5.2) implies that the supercovariant curvature of ω_μ^{ab} gives the Weyl Tensor, which is defined as C_{μνρσ} = R_{μνρσ} −^1_3 (g_{μρ}R_{νσ} − g_{νρ}R_{μσ} − g_{μσ} R_{νρ} + g_{νσ}R_{μρ}) +^1_{12} (g_{μρ}g_{νσ} − g_{μσ} g_{νρ})R. (5.3)

Its square is

C_{μνρσ}C^{μνρσ} = R_{μνρσ} R^{μνρσ} −^4_3 R_{μν} R^{μν} +^1_6 R^2. (5.4)

In the rest of this paper, we use ^C_{μνρσ} to denote the superconformally covariant Weyl tensor instead of ^R_{μν}^{ab}(M). Because the off-shell supersymmetric Riemann squared invariant is known, the Gauss-Bonnet super-invariant can be obtained by combining the Riemann squared invariant with another curvature squared invariant in which the curvature squared terms take the form C_{μνρσ} C^{μνρσ} +^1_6 R^2. (5.5) Although, none of the terms in (5.5) is a supercovariant quantity, we can replace (5.5) by the following supercovariant expression

^C_{μνρσ} ^C^{μνρσ} +^{512}_3 D^2, (5.6) since the composite field D (2.9) under the gauge choices (4.1) reads

D = −^1_{32} R −^1_{16} G^{ab}G_{ab} −^{26}_3 T^{ab}T_{ab} + 2T^{ab}G_{ab} + fermions. (5.7)

Therefore, if (5.6) can be supersymmetrized, we will get the desired the curvature squared terms in (5.5). When carrying out the supersymmetrization of (5.6), we find that in fact, the D^2 term is indispensable to the supersymmetrization of the Weyl tensor squared term, moreover, the relative coefficient between the Weyl squared term and the D^2 exactly matches with the one in (5.6), the magical^{512}_3 . In the next section, we give the details of the construction.

5.1 Supersymmetrization of ^C_{μνρσ} ^C^{μνρσ} In this section, we first supersymmetrize the square of Weyl tensor by using (3.2) in which the fields of linear multiplet are expressed as composites in terms of fields in Dilaton Weyl multiplet. We notice that to obtain the Weyl tensor squared term, N should begin with ^C_{μνρσ} ^Cμνρσ. The complete expression for N include a term^{512}_3 D2. After expanding D in terms of independent fields, we find that the curvature squared terms take the form of C^{μνρσ}C_{μνρσ} +^1_6 R^2, which is different from those in the supersymmetric completion of ^C_{μνρσ} ^Cμνρσ considered in [24] by using Standard Weyl multiplet where D is merely an auxiliary field. We obtain full composite expressions for the fields of linear multiplet in terms of fields in the Dilation Weyl multiplet as

L^{ij} =^1_4 i ^̄R^{(i}_{ab}(Q)R̂^{j)ab}(Q) +^{256}_3 iχ̄^{(i}χ^{j)} +^{16}_3 ^R_{ab}^{ij} (V )T^{ab}, φ^i = −^1_8 γ_{cd} ^R^i_{ab}(Q) ^C^{abcd} − 4iγ_c ^R^i_{ab}(Q)D^aT^{bc} +^{128}_3 χ^iD +8iγ_cD^c ^R^i_{ab}(Q)T^{ab} + 8iγ_aD^c ^R^i_{bc}(Q)T^{ab} −^{64}_3 iγ^{ab}γ^cD^aT_{bc} χ^i +^{1024}_9 T^2 χ^i +^{128}_3 iγ_aD_bχ^iT^{ab} +^{16}_3 γ_{ab} ^R^i_{cd}(Q)T^{ab}T^{cd} +^1_2 ^R^{ab i}_j(V ) ^R^j_{ab}(Q) −^8_3 ^R^{ab i}_j(V )γ_{ab}χ^j, E_a =^1_{16} ϵ_{abcde}C^{bcfg}C^{de}_{fg} −^1_{12} ϵ_{abcde}V^{bc}_{ij}V^{de ij} +D^b ( 4C_{abcd}T^{cd} −^{64}_3 D T_{ab} −^{128}_9 T_{ab}T^2 −^{512}_3 T_{ac}T^{cd}T_{bd} )

−32ϵ_{abcde}D^b (_2 3 T^{cf} D_f T^{de} + T^c_f D^dT^{ef} ) + fermions, N =^1_8 C^{abcd}C_{abcd} +^{64}_3 D^2 +^{1024}_9 T^2D −^{16}_3 C_{abcd}T^{ab} T^{cd} −^1_3 V_{ab}^{ij} V^{ab}_{ij} −^{64}_3 D_aT_{bc}D^aT^{bc} +^{64}_3 D_bT_{ac}D^aT^{bc} −^{128}_3 T_{ab}D^bD_cT^{ac} −^{128}_3 ϵ_{abcde}T^{ab}T^{cd}D_f T^{ef} + 1024 T^4 −^{2816}_{27} (T^2)^2 + fermions. (5.8) where the following notations are introduced for simplicity

T^4 ≡ T_{ab}T^{bc}T_{cd}T^{da}, (T^2)^2 ≡ (T_{ab}T^{ab})^2. (5.9)

Under the gauge choices (4.1) T_{ab}D^bD_cT^{ac} is given by

T_{ab}D^bD_cT^{ac} = T_{ab}∇^b∇_cT^{ac} +^2_3 R^{bc}T_{ab}T^a_c −^1_{12} T^2R + fermions, (5.10)

where ∇_μ only contains the usual spin connection

∇_μT_{ab} = ∂_μT_{ab} − 2ω_μ^c_{[a}T_{b]c}. (5.11)

To obtain (5.8) we have used the Q- and S- transformations of supercovariant curvatures which can be found in [26]. Substituting the composite expressions (5.8) into the density formula (3.2), we obtain the following action

e^{−1}L_{ρR}2 =^1_8 ρC^{abcd}C_{abcd} +^{64}_3 ρD^2 +^{1024}_9 ρT^2D −^{32}_3 D T_{ab}F^{ab} −^{16}_3 ρC_{abcd}T^{ab} T^{cd} + 2C_{abcd}T^{cd}F^{ab} +^1_{16} ϵ_{abcde}A^aC^{bcfg}C^{de}_{fg} −^1_{12} ϵ_{abcde}A^aV^{bc}_{ij} V^{de ij} +^{16}_3 Y_{ij}V_{ab}^{ij}T^{ab} −^1_3 ρV_{ab}^{ij} V^{ab}_{ij} +^{64}_3 ρD_bT_{ac}D^aT^{bc} −^{128}_3 ρT_{ab}D^bD_cT^{ac} −^{64}_3 ρD_aT_{bc}D^aT^{bc} + 1024ρ T^4 −^{2816}_{27} ρ(T^2)^2 −^{64}_9 T_{ab}F^{ab}T^2 −^{256}_3 T_{ac}T^{cd}T_{bd}F^{ab} −^{32}_3 ϵ_{abcde}T^{cf} D_f T^{de}F^{ab} −16ϵ_{abcde}T^c_f D^dT^{ef} F^{ab} −^{128}_3 ρϵ_{abcde}T^{ab}T^{cd}D_f T^{ef} + fermions, (5.12)

where V_{μν}^{ij} ≡ 2∂_{[μ}V_{ν]}^{ij} − 2V_{[μ}^{k(i}V_{ν]k}^{j)}. (5.13) This action (5.12) describes the coupling between an external vector multiplet and Dilaton Weyl multiplet. If we simply combine above action with the Riemann tensor squared invariant, we are not able to obtain the supersymmetric Gauss-Bonnet combination since the curvature squared terms in (5.12) is multiplied by ρ which stays the same after imposing the gauge choices (4.1). By comparing the superconformal transformation rules of vector multiplet

δρ =^1_2 iϵ̄λ, δA_μ = −^1_2 σϵ̄ψ_μ +^1_2ϵ̄γ_μλ, δλ^i = −^1_4 γ · ^F ϵ^i −^1_2 i /Dρϵ^i + ργ · T ϵ^i − Y^{ij} ϵ_j + ρη^i, δY^{ij} = −^1_2ϵ̄^{(i} /Dλ^{j)} +^1_2 iϵ̄^{(i}γ · T λ^{j)} − 4iρϵ̄^{(i}χ^{j)} +^1_2 iη̄^{(i}λ^{j)}, (5.14) with those of (σ, C_μ, ψ^i) in the Dilaton Weyl multiplet δσ =^1_2 iϵ̄ψ, δC_μ = −^1_2 σϵ̄ψ_μ +^1_2 ϵ̄γ_μψ, δψ^i = −^1_4 γ · ^Gϵ^i −^1_2 i /Dσϵ^i + σγ · T ϵ^i −^1_4 iσ^{−1}ϵ_jψ̄^iψ^j + ση^i, (5.15) we notice that there exists a map from vector multiplet to (σ, C_μ, ψ^i) ρ → σ, A_a → C_a, λ^i → ψ^i, Y^{ij} →^1_4 iσ^{−1}ψ̄^{(i}ψ^{j)}, (5.16) since δ(^1_4 iσ^{−1}ψ̄^{(i}ψ^{j)}) = −^1_2ϵ̄^{(i} /Dψ^{j)} +^1_2 iϵ̄^{(i}γ · T ψ^{j)} − 4iσϵ̄^{(i}χ^{j)} +^1_2 iη̄^{(i}ψ^{j)}. (5.17) Using (5.16), we obtain the supersymmetrization of C_{μνρσ} C^{μνρσ} purely based on the fields of Dilaton Weyl multiplet

e^{−1}L_{σC}2 =^1_8 σC^{abcd}C_{abcd} +^{64}_3 σD^2 +^{1024}_9 σT^2D −^{32}_3 D T_{ab}G^{ab} −^{16}_3 σC_{abcd}T^{ab} T^{cd} + 2C_{abcd}T^{cd}G^{ab} +^1_{16} ϵ_{abcde}C^aC^{bcfg}C^{de}_{fg} −^1_{12} ϵ_{abcde}C^aV^{bc}_{ij} V^{de ij} +^{16}_3 Y_{ij}V_{ab}^{ij} T^{ab} −^1_3 σV_{ab}^{ij}V^{ab}_{ij} +^{64}_3 σD_bT_{ac}D^aT^{bc} −^{128}_3 σT_{ab}D^bD_cT^{ac} −^{64}_3 σD_aT_{bc}D^aT^{bc} + 1024σ T^4 −^{2816}_{27} σ(T^2)^2 −^{64}_9 T_{ab}G^{ab}T^2 −^{256}_3 T_{ac}T^{cd}T_{bd}G^{ab} −^{32}_3 ϵ_{abcde}T^{cf} D_f T^{de}G^{ab} −16ϵ_{abcde}T^c_f D^dT^{ef} G^{ab} −^{128}_3 σϵ_{abcde}T^{ab}T^{cd}D_f T^{ef} + fermions. (5.18) Imposing the gauge fixing conditions (4.1), we obtain

e^{−1}L_{σC}2 |_{σ=1} =^1_8 R_{abcd}R^{abcd} −^1_6 R_{ab}R^{ab} +^1_{48} R^2 +^{64}_3 D^2 +^{1024}_9 T^2D −^{16}_3 R_{abcd}T^{ab} T^{cd} + 2R_{abcd}T^{cd}G^{ab} +^1_3 RT_{ab}G^{ab} −^8_3 R_{bd}G_c^bT^{cd} −^{64}_3 R^{bc}T_{ab}T^a_c +^8_3 RT^2 −^{32}_3 D T_{ab}G^{ab} +^1_{16} ϵ_{abcde}C^aR^{bcfg}R^{de}_{fg} −^1_{12} ϵ_{abcde}C^aV^{bc}_{ij} V^{de ij} −^1_3 V_{ab}^{ij}V^{ab}_{ij} −^{64}_3 ∇_aT_{bc}∇^aT^{bc} +^{64}_3 ∇_bT_{ac}∇^aT^{bc} −^{128}_3 T_{ab}∇^b∇_cT^{ac} −^{128}_3 ϵ_{abcde}T^{ab}T^{cd}∇_f T^{ef} +1024 T^4 −^{2816}_{27} (T^2)^2 −^{64}_9 T_{ab}G^{ab}T^2 −^{256}_3 T_{ac}T^{cd}T_{bd}G^{ab} (5.19) −^{32}_3 ϵ_{abcde}T^{cf} ∇_f T^{de}G^{ab} − 16ϵ_{abcde}T^c_f ∇^dT^{ef} G^{ab} + fermions, where D ≡ −^1_{32} R −^1_{16} G^{ab}G_{ab} −^{26}_3 T^{ab}T_{ab} + 2T^{ab}G_{ab} + fermions, T_{ab} ≡^1_8 G_{ab} +^1_{48} ϵ_{abcde}H^{cde} + fermions. (5.20)

5.2 Supersymmetric Completion of Gauss-Bonnet Combination In previous sections, we obtained the supersymmetric completion of Einstein-Hilbert, Riemann tensor squared and Weyl tensor squared actions. Because of the off-shell nature of these invariants, we can combine them to form a more general theory with two free parameters L = L_{LR} + αL_{Riem}2 + βL_{σC}2 |_{σ=1} . (5.21) The Gauss-Bonnet combination corresponds to case with β = 3α in which the kinetic term of auxiliary vector V^{ij}_μ vanishes. Using β = 3α, the purely bosonic part of Lagrangian (5.21) takes the form e^{−1} ( L_{LR} + αL_{GB} ) =^1_2 LR +^1_2 L^{−1}∂_μL∂^μL −^1_4 LG_{μν} G^{μν} −^1_6 LH_{μνρ}H^{μνρ} − L^{−1}N^2 +^1_6 L^{−1}∂_{[μ}E_{νρσ]}∂^μE^{νρσ} +^1_6^√_2 ϵ^{μνρσλ}V_μ∂_ν E_{ρσλ} + LV^{′ij}_μ V^{′μ}_{ij} +α [ −^1_4 ( R_{μνab}(ω_+) − G_{μν} G_{ab} )( R^{μνab}(ω_+) − G^{μν} G^{ab} ) +^3_8 R_{μνρσ} R^{μνρσ} −^1_2 R_{μν} R^{μν} +^1_{16} R^2 + 64D^2 −^1_8 ϵ^{μνρσλ} ( R_{μνab}(ω_+) − G_{μν} G_{ab} )( R_{ρσ}^{ab}(ω_+) − G_{ρσ}G^{ab} ) C_λ −^1_2 ϵ^{μνρσλ}B_{ρσ} ( R_{μνab}(ω_+) − G_{μν} G_{ab} ) ∇_λ(ω_+)G^{ab} +^3_{16} ϵ_{μνρσλ}C^μR^{νρτ δ}R^{σλ}_{τ δ} −^1_4 ϵ_{μνρσλ}C^μV^{νρ}_{ij} V^{σλ ij} −16R_{μνρσ} T^{μν} T^{ρσ} + 6R_{μνρσ} G^{μν} T^{ρσ} + RT_{μν} G^{μν} − 8R_{μν} G_σ^μT^{σν} −64R^{μν} T_{σμ}T^σ_ν + 8RT^2 − 32D T_{μν} G^{μν} +^{1024}_3 T^2D − 64∇_μT_{νρ}∇^μT^{νρ} +64∇^μT^{νρ}∇_νT_{μρ} − 128T_{μν} ∇^ν ∇_σT^{μσ} −^1_2 ∇_μ(ω_+)G^{ab}∇^μ(ω_+)G_{ab} +3072 T^4 −^{2816}_9 (T^2)^2 −^{64}_3 T_{μν} G^{μν} T^2 − 256T_{μσ}T^{σρ}T_{ρν} G^{νμ} −128ϵ_{μνρσλ}T^{μν} T^{ρσ}∇_τ T^{λτ} − 32ϵ_{μνρσλ}G^{μν} T^{ρτ} ∇_τ T^{σλ} −48ϵ_{μνρσλ}G^{μν} T^ρ_τ ∇^σT^{λτ} ] . (5.22)

We notice that the ratio of the coefficients in front of the Gauss-Bonnet combination and the Chern-Simons coupling ϵ_{μνρσλ}C^μR^{νρδτ} R^{σλ}_{δτ} is^1_2 which is consistent with the value resulting from the circle reduction of the partial results given in [19, 20] on the six-dimensional supersymmetric Gauss-Bonnet combination.

6 On-Shell Theory

In this section, we study the on-shell theory of the Gauss-Bonnet extended supergravity to first order in α upon eliminating the auxiliary fields. In section 6.1, we present the minimal on-shell Poincaré supergravity by eliminating the the auxiliary fields (E_{μνρ}, V_μ, N, V_μ^{′ij} ) and truncating the matter multiplet (B_{μν} , L, φ^i). In section 6.2, we obtain the on-shell Gauss- Bonnet extended Einstein-Maxwell supergravity to first order in α by using the equations derived from the 2-derivative Lagrangian that is zeroth order in α.

6.1 On-Shell Poincaré Supergravity To eliminate the auxiliary fields (N, P_a, V_μ, V_μ^{′ij}), we use their equations of motion 0 = N, 0 = ϵ^{μνρσλ}∂_ν E_{ρσλ}, 0 = V^{′ij}_μ , (6.1) 0 = ∂^μ(L^{−1}∂_{[μ}E_{νρσ]} + 1 2 √ 2 ϵ_{μνρσλ}V^λ) . (6.2) Equation (6.2) implies that locally − 1 12 L^{−1}ϵ^{μνρσλ}∂_ν E_{ρσλ} + 1 √ 2 V_μ = ∂_μϕ , (6.3)

where ϕ is a Stueckelberg scalar. Eliminating this scalar by using the shift symmetry transformation and using the second equation in (6.1), we obtain^5

V_μ = 0 . (6.4)

It follows that the corresponding on-shell theory is given by

e^{−1}L^′_{EM} = 1 2 LR + 1 2 L^{−1}∂_μL∂^μL − 1 4 LG_{μν} G^{μν} − 1 6 LH_{μνρ}H^{μνρ} . (6.5) To truncate out the matter multiplet (B_{μν} , L, φ^i), we first dualize B_{μν} to a vector field C̃_μ by adding the following Lagrange multiplier to (6.5) ΔL = − 1 12 ϵ^{μνρσλ}B_{μνρ} ~G_{σλ}, ~G_{μν} ≡ 2∂_{[μ}C̃_{ν]}, (6.6) and replacing H_{μνρ} by B_{μνρ} +^3_2 C_{[μ}G_{νρ]}. The field equations of C̃_μ and B_{μνρ} imply that B_{μνρ} = 3∂_{[μ}B_{νρ]}, H^{μνρ} = − 1 4 L^{−1}ϵ^{μνρσλ} ~G_{σλ} . (6.7) Substituting (6.7) to (6.5), we obtain the on-shell ungauged Einstein-Maxwell supergravity

e^{−1}L_{EM} = 1 2 LR + 1 2 L^{−1}∂_μL∂^μL − 1 4 LG_{μν} G^{μν} − 1 8 L^{−1} ~G_{μν} ~G^{μν} + 1 8 ϵ^{μνρσλ}C_μG_{νρ} ~G_{σλ} , (6.8) 5In the original Poincaré theory (4.4) U(1)R symmetry is gauged by the auxiliary vector Vμ. However, in the on-shell theory, the U(1)R symmetry becomes global due to the elimination of Vμ.

where (e_μ^a, ψ^i_μ, C_μ) constitute the supergravity multiplet while (C̃_μ, φ^i, L) comprise the Maxwell multiplet.

Truncation of the Einstein-Maxwell theory to the minimal on-shell theory can be implemented by imposing L = 1, ~C_μ = C_μ, φ^i = 0, (6.9) which is consistent with the equations of motion R = 2L^{−1}□L − L^{−2}∂_μL∂^μL +^1_2 G_{μν} G^{μν} −^1_4 L^{−2} ~G_{μν} ~G^{μν} , LR_{μν} = ∇_μ∇_ν L − L^{−1}∂_μL∂_ν L + LG_μ^σG_{νσ} +^1_2 L^{−1} ~G_μ^σ ~G_{νσ} −^1_4 g_{μν} L^{−1} ~G_{ρσ} ~G^{ρσ} , 0 = ∇^ν (LG_{νμ}) + 1 4 ϵ_{μνρσλ}G^{νρ} ~G^{σλ}, 0 = ∇^ν (L^{−1} ~G_{νμ}) + 1 4 ϵ_{μνρσλ}G^{νρ}G^{σλ}, (6.10) and leads to the following transformation δe_μ^a =^1_2ϵ̄γ^aψ_μ , δψ^i_μ = (∂_μ +^1_4 ω_μ^{ab}γ_{ab})ϵ^i +^1_8 i(γ_μ^{νρ} − 4δ^ν_μγ^ρ)G_{νρ}, δC_μ = −^1_2 iϵ̄ψ_μ. (6.11) The resulting action coincides with the minimal on-shell supergravity in five dimensions [35] e^{−1}L^{min}_{EH} = 1 2 R − 3 8 G_{μν} G^{μν} + 1 8 ϵ^{μνρσλ}C_μG_{νρ}G_{σλ} . (6.12) The canonical kinetic term of C_μ can be recovered by a scaling C_μ →^{2√}_6 C_μ.

6.2 On-Shell Gauss-Bonnet Extended Einstein-Maxwell Model With the Gauss-Bonnet combination added, the duality relation (6.7) and truncation condition must receive corrections proportional to the powers of α, if we consider a pertubative expansion valid when the energy scale Λ satisfies Λ^2 ≪ 1/|α|. We follow the procedure of [31]. Schematically, the off-shell action (5.22) takes the form S_{off-shell}[ϕ] = S_0[ϕ] + αS_1[ϕ] . (6.13) It follows that the auxiliary field equations (6.1) - (6.2), the field equation for B_{μνρ} (6.7) as well as the truncation equation (6.9) must receive corrections proportional to α. The solution to those equations can be expressed in terms of a series expansion in α ϕ = ϕ_0 + αϕ_1 + α^2ϕ_2 + · · · , (6.14) where ϕ_0 is the solution to the zeroth order equation given in previous section. As a consequence, the on-shell action possesses the form

S_{on-shell}[ϕ] = S_0[ϕ_0] + α(S_1[ϕ_0] + ϕ_1S^′_0[ϕ_0]) + · · · . (6.15)

In the above equation, S^′_0[ϕ_0] = 0 when ϕ_0 is an auxiliary field or a Lagrangian multiplier. We eliminate the auxiliary fields and Lagrangian multiplier B_{μνρ} by plugging their zeroth order solutions to the action (5.22). Ultimately we derive the on-shell Gauss-Bonnet extended Einstein-Maxwell theory^6 e^{−1} ( L_{EM} + αL_{GB} ) = 1 2 LR + 1 2 L^{−1}∂_μL∂^μL − 1 4 LG_{μν} G^{μν} − 1 8 L^{−1} ~G_{μν} ~G^{μν} + 1 8 ϵ^{μνρσλ}C_μG_{νρ} ~G_{σλ} + α [_3 8 R_{μνρσ}R^{μνρσ} −^1_2 R_{μν} R^{μν} +^1_{16} R^2 +64D^2 −^1_4 ( R_{μνab}(ω_+) − G_{μν} G_{ab} )( R^{μνab}(ω_+) − G^{μν} G^{ab} )

−^1_8 ϵ^{μνρσλ} ( R_{μνab}(ω_+) − G_{μν} G_{ab} )( R_{ρσ}^{ab}(ω_+) − G_{ρσ} G^{ab} ) C_λ −^1_2 ϵ^{μνρσλ}B_{ρσ} ( R_{μνab}(ω_+) − G_{μν} G_{ab} ) ∇_λ(ω_+)G^{ab} +^3_{16} ϵ_{μνρσλ}C^μR^{νρτ δ}R^{σλ}_{τ δ} −16R_{μνρσ}T^{μν} T^{ρσ} + 6R_{μνρσ} G^{μν} T^{ρσ} + RT_{μν} G^{μν} − 8R_{μν} G_σ^μT^{σν} −64R^{μν} T_{σμ}T^σ_ν + 8RT^2 − 32D T_{μν} G^{μν} +^{1024}_3 T^2D − 64∇_μT_{νρ}∇^μT^{νρ} +64∇^μT^{νρ}∇_ν T_{μρ} − 128T_{μν} ∇^ν ∇_σT^{μσ} −^1_2 ∇_μ(ω_+)G^{ab}∇^μ(ω_+)G_{ab} +3072 T^4 −^{2816}_9 (T^2)^2 −^{64}_3 T_{μν} G^{μν} T^2 − 256T_{μσ}T^{σρ}T_{ρν} G^{νμ} −128ϵ_{μνρσλ}T^{μν} T^{ρσ}∇_τ T^{λτ} − 32ϵ_{μνρσλ}G^{μν} T^{ρτ} ∇_τ T^{σλ} −48ϵ_{μνρσλ}G^{μν} T^ρ_τ ∇^σT^{λτ} ] + O(α^2), (6.16)

where T_{μν} and ω_{+μ}^{ab} are now given by

T_{μν} =^1_{16} (2G_{μν} + L^{−1} ~G_{μν} ), ω_{+μ}^{ab} = ω_μ^{ab} −^1_4 L^{−1}e_{μf} ϵ^{fabcd} ~G_{cd}. (6.17)

7 Vacuum Solutions and Spectrum Analysis

In this section, we investigate the vacuum solutions and spectrum to the general theory (5.21). The results for Poincaré supergravity extended by Gauss-Bonnet combination can be obtained as special case when β = 3α.

6Generalization of the Gibbons-Hawking boundary term in theories with generic curvature-squared corrections in the presence of a chemical potential is studied in [32].

7.1 Vacuum Solutions with 2-form and 3-form Fluxes We first consider solutions with AdS_3 × S^2 structure. To solve the equation of motion, we make the following ansatz where Greek indices denote the coordinates on Lorentzian AdS_3, while latin indices stand for the coordinates on S^2 R_{μνρσ} = −a(g_{μρ}g_{νσ} − g_{μσ} g_{νρ}), R_{pqrs} = b(g_{pr}g_{qs} − g_{ps}g_{qr}), L = L_0, G_{pq} = cϵ_{pq}, H_{μνρ} = dϵ_{μνρ}. (7.1) In above equation, ε_{μνρ} and ε_{rs} are the Levi-Civita tensors on AdS_3 and S^2 respectively. The full set of equations of motion are solved provided that the following equations are satisfied

6a − 2b + c^2 − 2d^2 = 0, 1 2 L_0(−a + d^2) + α 2 (−a^2 + b^2 − 2bc^2 + c^4 − 4acd + 10ad^2 + 4cd^3 − 9d^4) + β 6 (a^2 + ab − b^2 + 2bc^2 − c^4 + 2acd − 10ad^2 − bd^2 − 2cd^3 + 9d^4) = 0, 1 4 L_0(b − c^2) + α 2 (3a^2 − b^2 + 4bc^2 − 3c^4 − 4bcd + 4c^3d − 6ad^2 + 3d^4) + β 6 (−3a^2 + b^2 − 4bc^2 + 3c^4 + 4bcd − 4c^3d + 6ad^2 − 3d^4) = 0. (7.2)

The integrability conditions for the Killing spinor equations δ_ϵψ^i_μ = 0 and δ_ϵφ^i = 0 are ( R_{μ̂ν̂âb̂}(ω_−) − 2G_{μ̂â}G_{ν̂â} ) γ^{âb̂}ϵ = 0, (_3 2 G_{μ̂ν̂} − iH_{μ̂ν̂λ̂}γ^{λ̂} ) γ^{μ̂ν̂} ϵ = 0, (7.3)

where μ̂, â = 0, 1, . . . 4. Substituting the ansatz (7.1) into the integrability conditions (7.3), we find that when a = d^2, b = c^2, c = −2d, (7.4) the integrability conditions are satisfied automatically without imposing any projection condition on the Q transformation parameter ϵ. Therefore, this solution possesses maximum supersymmetry. Remarkably, this solution exists for arbitrary values of L_0, α, β. Thus it seems that the higher derivative correction will not affect the supersymmetric solutions. A similar phenomenon happens in 6D chiral gauged supergravity extended by Riemann squared invariant [33]. Next we investigate solutions with AdS_2 × S^3 structure. We make similar ansatz as previous case except that Greek indices denote the coordinates on Lorentzian AdS_2, while latin indices are used for the coordinates on S^3 R_{μνρσ} = −b(g_{μρ}g_{νσ} − g_{μσ} g_{νρ}), R_{pqrs} = a(g_{pr}g_{qs} − g_{ps}g_{qr}), L = L_0, G_{μν} = cϵ_{μν} , H_{pqr} = dϵ_{pqr}. (7.5)

In this case, the solutions of equation of motion are determined by

6a − 2b + c^2 − 2d^2 = 0, 1 2 L_0(a − d^2) + α 2 (−a^2 + b^2 − 2bc^2 + c^4 − 4acd + 10ad^2 + 4cd^3 − 9d^4) + β 6 (a^2 + ab − b^2 + 2bc^2 − c^4 − 2acd − 10ad^2 − bd^2 + 2cd^3 + 9d^4) = 0, 1 4 L_0(−b + c^2) + α 2 (3a^2 − b^2 + 4bc^2 − 3c^4 − 4bcd + 4c^3d − 6ad^2 + 3d^4) + β 6 (−3a^2 + b^2 − 4bc^2 + 3c^4 − 4bcd + 4c^3d + 6ad^2 − 3d^4) = 0. (7.6)

By examining the integrability conditions (7.3), we find that solution with maximum supersymmetry is given by a = d^2, b = c^2, c = 2d, (7.7) for arbitrary values of L_0, α, β.

7.2 Vacuum Solutions Without Fluxes If we set c = d = 0, the solutions are simply

1) AdS_3 × S^2 : b = 3a, β = 6α, a = −

L_0 2α , 2) AdS_2 × S^3 : b = 3a, β = 6α, a =

L_0 2α , 3) Minkowski_5 (7.8)

In this case, the maximally supersymmetric vacuum solution is just Minkowski_5. Following the procedure carried out in the spectrum analysis of six-dimensional higher derivative chiral supergravity [33, 34], we study the bosonic spectrum of the perturbations around the maximally supersymmetric Minkowski_5 vacuum. We define the linearized fluctuations,

g_{μν} = η_{μν} + h_{μν} , L = L_0 + ϕ, C_μ = c_μ, V^{ij}_μ = v^{ij}_μ , B_{μν} = b_{μν} . (7.9)

The linearized Einstein equation and L field equation take the following form ( L_0 +^2_3 (β − 3α)□ ) R^{(L)}_{μν} =^1_3 (β − 3α)∂_μ∂_ν R^{(L)} +^{L0}_2 η_{μν} R^{(L)} − η_{μν} □ϕ + ∂_μ∂_ν ϕ,(7.10) L_0R^{(L)} = 2□ϕ, (7.11)

where R^{(L)}_{μν} and R^{(L)} are the linearized Ricci tensor and Ricci scalar. Inserting (7.11) into the trace of linearized Einstein equation, we get ( L_0 +^2_3 (β − 3α)□ ) □ϕ = 0. (7.12)

This equation describes a massless scalar and a massive scalar with mass squared

m^2 =

3L_0 2(3α − β) . (7.13)

To simplify the linearized Einstein equation, we choose the usual De Donder gauge in which,

R^{(L)}_{μν} = −^1_2 □h_{μν} . (7.14)

Then using the (7.11) and (7.12), we find

(□ − m^2)□h_{μν} = −2L^{−1}_0 (□ − m^2)∂_μ∂_ν ϕ. (7.15)

Since ϕ can be solved from (7.12), the right hand side of above equation is known function. The homogeneous solutions of above equation describe a massless graviton and a massive graviton with a mass squared the same as that of the massive scalar.

Equations of motion for the remaining fields can be straightforwardly obtained by choosing the Lorentz gauge for the gauge fields ( L_0 +^2_3 (β − 3α)□ ) □ c^μ b_{μν} = 0, (L_0 +^2_3 (β − 3α)□ ) v^{ij}_μ = 0. (7.16)

In summary, for generic α, β, the full spectrum consists of the (reducible) massless 12+12 supergravity multiplet with fields (h_{μν} , b_{μν} , c_μ, ϕ, ψ^i_μ, φ^i) and a massive 32+32 supergravity multiplet with ghost fields (h_{μν} , b_{μν} , c_μ, ϕ, v^{ij}_μ , ψ^i_μ, φ^i). At the special point where β = 3α, the curvature squared terms in the action furnish the Gauss-Bonnet combination, massive particles become infinitely heavy and decouple from the spectrum leaving only the massless excitations as expected from the ghost-free feature of Gauss-Bonnet combination.

8 Conclusion and Discussions

Using the superconformal tensor calculus in five dimensions, we have constructed an off-shell theory with four parameters

e^{−1}L = L_{LR} + ξL_{YM}|_{σ=1} + αL_{Riem}2 + βL_{σC}2 |_{σ=1} + ζL_{ρR}2 |_{σ=1}. (8.1)

The supersymmetric Gauss-Bonnet extended Poincaré theory corresponds to the case where ξ = ζ = 0 and β = 3α. Although the auxiliary fields do not propagate in this model, they can be eliminated order by order in α. We obtain the on-shell theory of this model to first order in α. The maximally supersymmetric solutions to the ordinary 2-derivative Einstein- Maxwell supergravity are known including Minkowski_5, AdS_3 ×S^2 and AdS_3 ×S^2. We found that these solutions are not modified by the inclusion of the higher-derivative interactions proportional to α and β for arbitrary values. The spectrum of this theory around the maximally supersymmetric Minkowski_5 is determined. We show that the spectrum has a ghostly massive spin two multiplet in addition to a massless supergravity and a Maxwell vector multiplet. However, when β = 3α corresponding to the Gauss-Bonnet combination, the massive spin-2 multiplet decouples.

Our off-shell model is ungauged and therefore does not admit AdS_5 as a supersymmetric vacuum solution. The gauging of our model should be interesting. A further question is the matter couplings of this theory. Since neither “very special geometry” [35, 36], nor “quaternionic Kähler geometry” [29] arise naturally in our model via the gauge fixing condition (4.1), it would be interesting to investigate how the scalars in the vector multiplet and hypermultipet are constrained and what kind of geometries arise. Finally, we hope to generalize our construction to D = 6, N = (1, 0) off-shell supergravity to derive the supersymmetric completion of the Gauss-Bonnet combination in six dimensions.

Acknowledgements

We thank Frederik Coomans, Chris Pope for useful discussions and Ergin Sezgin for his careful reading and useful remarks which help us improve this paper. Y.P. is supported in part by DOE grant DE-FG03-95ER40917.

A Notations and Conventions

In this paper, we use the conventions of [26]. The signature of the metric is diag(−, +, +, +, +). The SU(2) indices are lowered or raised according to NW-SE convention

A^i = ε^{ij} A_j , A_i = A^j ε_{ji}, (A.1)

where ε_{12} = −ε_{21} = ε^{12} = 1. When SU(2) indices on spinors are suppressed, NW-SE contraction is understood. ψ̄γ^a1^{... a}n χ = ψ̄^iγ^a1^{... a}n χ_i, (A.2) where γ^{a1...an} is defined as γ^{a1·an} = γ^{[a1} γ^{a2 ...}γ^{an]}. (A.3) Changing the order of spinors in a bilinear leads to the following signs ψ̄^iγ_{(n)}χ^j = t_nχ̄^j γ_{(n)}ψ^i, (A.4) where t_0 = t_1 = −t_2 = −t_3 = 1. We also used the following Fierz identity

ψ_jχ̄^i = −^1_4χ̄^iψ_j −^1_4 χ̄^iγ^aψ_j γ_a +^1_8χ̄^iγ^{ab}ψ_j γ_{ab}. (A.5)

The Levi-Civitá tensor is real and satisfies ϵ_{p1...pnq1...qm} ϵ^{p1...pnr1...rm} = −n!m!δ^{[r1...}_{[q1...}δ^{rm]}_{qm]} . (A.6) Finally, the product of all gamma matrices is proportional to the unit matrix, and we use γ^{abcde} = iϵ^{abcde}. (A.7) B Multiplets of Five Dimensional Superconformal Gravity

In this appdendix, we give the SU(2) representations and Weyl weights of the fields appearing in this paper.

Multiplet Field SU(2) reps. Weyl weight Dilaton Weyl Multiplet e_μ^a 1 -1 ψ^i_μ 2 −^1_2 b_μ 1 0 V^{ij}_μ 3 0 C_μ 1 0 B_{μν} 1 0 σ 1 1 ψ^i 2^3_2 Vector Multiplet A_μ 1 0 λ^i 2^3_2 ρ 1 1 Y^{ij} 3 2 Linear Multiplet L^{ij} 3 3 φ^i 2^7_2 E_a 1 4 N 1 4

References

[1] P. Candelas, G. T. Horowitz, A. Strominger and E. Witten, Vacuum Configurations for Superstrings, Nucl. Phys. B 258, 46 (1985).

[2] B. Zwiebach, Curvature Squared Terms and String Theories, Phys. Lett. B 156, 315 (1985).

[3] L. J. Romans and N. P. Warner, Some Supersymmetric Counterparts Of The Lorentz Chern-simons Term, Nucl. Phys. B 273, 320 (1986).

[4] S. K. Han, J. K. Kim, I. G. Koh and Y. Tanii, Supersymmetrization Of Modified Greenschwarz Action With Lorentz Chern-simons Term, Phys. Rev. D 34, 553 (1986).

[5] L. Bonora, P. Pasti and M. Tonin, Superspace Formulation Of 10-d Sugra+sym Theory A La Green-schwarz, Phys. Lett. B 188, 335 (1987).

[6] K. Sakai, Comment On Supersymmetrization Of N=1 D = 10 Supergravity With Lorentz Chern-simons Term, Phys. Lett. B 186, 80 (1987).

[7] R. D’Auria and P. Fre, Minimal 10-d Anomaly Free Supergravity And The Effective Superstring Theory, Phys. Lett. B 200, 63 (1988).

[8] S. Bellucci and S. J. Gates, Jr., D = 10, N=1 Superspace Supergravity And The Lorentz Chern-simons Form, Phys. Lett. B 208, 456 (1988).

[9] E. Bergshoeff and M. de Roo, Supersymmetric Chern-simons Terms In Tendimensions, Phys. Lett. B 218, 210 (1989).

[10] S. Bellucci, D. A. Depireux and S. J. Gates, Jr., Consistent And Universal Inclusion Of The Lorentz Chern-simons Form In D = 10, N=1 Supergravity Theories, Phys. Lett. B 238, 315 (1990).

[11] P. Fre and I. Pesando, Supersymmetrization of the Lorentz Chern-Simons term in D = 10, SISSA-65-91-EP.

[12] M. B. Green and J. H. Schwarz, Anomaly Cancellation in Supersymmetric D=10 Gauge Theory and Superstring Theory, Phys. Lett. B 149, 117 (1984).

[13] S. Deser and A. N. Redlich, String Induced Gravity And Ghost Freedom, Phys. Lett. B 176, 350 (1986) [Erratum-ibid. 186B, 461 (1987)].

[14] S. Cecotti, S. Ferrara, L. Girardello, A. Pasquinucci and M. Porrati, Matter Coupled Supergravity With Gauss-bonnet Invariants: Component Lagrangian And Supersymmetry Breaking, Int. J. Mod. Phys. A 3, 1675 (1988).

[15] S. Ferrara, S. Sabharwal and M. Villasante, Curvatures And Gauss-bonnet Theorem In New Minimal Supergravity, Phys. Lett. B 205, 302 (1988).

[16] I. L. Buchbinder and S. M. Kuzenko, Quantization Of The Classically Equivalent Theories In The Superspace Of Simple Supergravity And Quantum Equivalence, Nucl. Phys. B 308, 162 (1988).

[17] S. Ferrara and M. Villasante, Curvatures, Gauss-bonnet And Chern-simons Multiplets In Old Minimal N=1 Supergravity, J. Math. Phys. 30, 104 (1989).

[18] R. Le Du, Higher derivative supergravity in U(1) superspace, Eur. Phys. J. C 5, 181 (1998), hep-th/9706058.

[19] E. Bergshoeff, A. Salam and E. Sezgin, A Supersymmetric R**2 Action In Sixdimensions And Torsion, Phys. Lett. B 173, 73 (1986).

[20] E. Bergshoeff, A. Salam and E. Sezgin, Supersymmetric R^2 Actions, Conformal Invariance And Lorentz Chern-simons Term In Six-dimensions And Ten-dimensions, Nucl. Phys. B 279, 659 (1987).

[21] K. S. Stelle, Renormalization of Higher Derivative Quantum Gravity, Phys. Rev. D 16, 953 (1977).

[22] T. Kugo and K. Ohashi, Supergravity tensor calculus in 5-D from 6-D, Prog. Theor.

Phys. 104, 835 (2000), hep-ph/0006231.

[23] T. Fujita and K. Ohashi, Superconformal tensor calculus in five-dimensions, Prog.

Theor. Phys. 106, 221 (2001), hep-th/0104130.

[24] K. Hanaki, K. Ohashi and Y. Tachikawa, Supersymmetric Completion of an R^2 term in Five-dimensional Supergravity, Prog. Theor. Phys. 117, 533 (2007) , hep-th/0611329.

[25] S. Cremonini, K. Hanaki, J. T. Liu and P. Szepietowski, Black holes in five-dimensional gauged supergravity with higher derivatives, JHEP 0912, 045 (2009) , arXiv:0812.3572 [hep-th].

[26] E. Bergshoeff, S. Cucu, M. Derix, T. de Wit, R. Halbersma and A. Van Proeyen, Weyl multiplets of N=2 conformal supergravity in five-dimensions, JHEP 0106, 051 (2001), hep-th/0104113.

[27] F. Coomans and M. Ozkan, An off-shell formulation for internally gauged D=5, N=2 supergravity from superconformal methods, arXiv:1210.4704 [hep-th].

[28] E. A. Bergshoeff, J. Rosseel and E. Sezgin, Off-shell D=5, N=2 Riemann Squared Supergravity, Class. Quant. Grav. 28, 225016 (2011), arXiv:1107.2825 [hep-th].

[29] E. Bergshoeff, S. Cucu, T. De Wit, J. Gheerardyn, R. Halbersma, S. Vandoren and A. Van Proeyen, Superconformal N=2, D = 5 matter with and without actions, JHEP 0210, 045 (2002), hep-th/0205230.

[30] B. de Wit, R. Philippe and A. Van Proeyen, The Improved Tensor Multiplet In N=2 Supergravity, Nucl. Phys. B 219, 143 (1983).

[31] P. C. Argyres, A. M. Awad, G. A. Braun and F. P. Esposito, Higher derivative terms in N=2 supersymmetric effective actions, JHEP 0307, 060 (2003), hep-th/0306118.

[32] S. Cremonini, J. T. Liu and P. Szepietowski, Higher Derivative Corrections to Rcharged Black Holes: Boundary Counterterms and the Mass-Charge Relation, JHEP 1003, 042 (2010), arXiv:0910.5159 [hep-th].

[33] E. Bergshoeff, F. Coomans, E. Sezgin and A. Van Proeyen, Higher Derivative Extension of 6D Chiral Gauged Supergravity, JHEP 1207, 011 (2012), arXiv:1203.2975 [hep-th].

[34] Y. Pang, C. N. Pope and E. Sezgin, Spectrum of Higher Derivative 6D Chiral Supergravity on Minkowski x S^2, JHEP 1210, 154 (2012), arXiv:1204.1060 [hep-th].

[35] M. Gunaydin, G. Sierra and P. K. Townsend, The Geometry of N=2 Maxwell-Einstein Supergravity and Jordan Algebras, Nucl. Phys. B 242, 244 (1984).

[36] B. de Wit and A. Van Proeyen, Broken sigma model isometries in very special geometry, Phys. Lett. B 293, 94 (1992), hep-th/9207091.