arXiv:1301.6653v1 [hep-th] 28 Jan 2013

YITP-SB-12-44 MIT-CTP/4396

Gravity duals of cyclic RG flows, with strings attached

Koushik Balasubramanian

C. N. Yang Institute for Theoretical Physics, Stony Brook University, Stony Brook, NY 11764, USA Center for Theoretical Physics, MIT, Cambridge, MA 02139, USA

ABSTRACT

In this note, we propose gravity duals for 3+1 dimensional Lorentz invariant theories exhibiting discrete scale invariance. We construct non-singular solutions of a six dimensional gravitational theory that are warped products of AdS_5 and a circle. The presence of nontrivial warp factor explicitly breaks the symmetries of AdS_5 to discrete scale invariance and also breaks translation symmetry along the circle. The matter content of the 6D gravitational theory does not violate the null energy condition. In addition, we show that the linearized fluctuations around these 6D backgrounds are stable i.e., the fluctuations do not violate the Breitenlohner-Freedman stability criterion. The dual theories display periodic RG trajectories, but these RG flows do not violate the a-theorem. In particular, the dual field theory is not a soft deformation (deformation by marginal or relevant operators) of a 3+1 dimensional conformal field theory and hence the a-theorem and similar monotonicity constraints on RG flows do not apply to these examples. The holographic c-theorem also does not apply to these solutions. Finally, we present solutions of type II supergravity that exhibit discrete scale invariance to demonstrate that such solutions can be embedded in string theory.

1 Introduction

Most applications of renormalization group equations involve a flow towards a fixed point. In general, the RG flows can end in more general attractors such as, limit cycles or even chaotic trajectories. In [1], Wilson pointed out that phenomena exhibiting log-periodic behavior in momentum scale are described by RG limit cycles. Such theories are invariant under a discrete scale transformation. Many examples of non-relativistic unitary theories exhibiting discrete scale invariance (DSI) have been found [2]. Such theories can be helpful in understanding interesting universal phenomena arising in condensed matter system (for instance, Efimov states). It would be interesting to know what kind of theories can exhibit this behavior.

The possibility of such exotic RG flows in a unitary Lorentz invariant theory is somewhat restricted due to certain monotonicity constraints. In the case of 1+1 dimensional unitary, renormalizable quantum field theories (QFT), Zamolodchikov [3] proved the existence of a function (of couplings) C that decreases monotonically along the RG flow. The function C becomes stationary at fixed points and its value at a fixed point is given by the central charge of the conformal field theory (CFT) describing the fixed point. By completing an argument of Zamolodchikov, Polchinski [4] showed that a 2D renormalizable QFT (unitary and Lorentz invariant) exhibiting continuous scale invariance is also conformally invariant. Since then there have been many developments in establishing such monotoncity results in other dimensions.

Recently, Komargadski and Schwimmer [5] proved the a-theorem which establishes the monotonicity of the a function along RG flows between fixed points in 3+1 dimensions. The a function interpolates between the Euler anomaly coefficients of the UV (a_{UV} ) and IR (a_{IR}) fixed points. Using the analysis of [5], Luty et al. [6] showed that perturbative scale invariant theories in 3+1 dimensions are also conformally invariant. They argued that RG flows in 3+1 dimensions can only asymptote to fixed points or limit cycles that are equivalent to fixed points.^1 Some counterexamples (which do not violate the assumptions in [6]) of this result were suggested in [7, 8]. However, it was pointed out in a later paper [6, 9, 10] that the counterexamples proposed in [8] are actually conformally invariant. In particular, they point out that the examples in [7, 8] are conformally invariant even though the β−functions do not vanish (based on earlier results by Jack and Osborn [11, 12]).

1We will refer to such limit cycles as conformal limit cycles. These limit cycles are associated with conformal invariance and hence different from limit cycles associated with discrete scale invariance.

These constraints on RG flows seem to rule out the possibility of periodic or chaotic RG flows in unitary Lorentz invariant theories.^2 However, these results apply to flows starting from a UV theory that can be described as marginal or relevant deformations (soft deformations) of a conformal field theory (CFT) in 3+1 dimensions. The monotonicity results of [5] and [6] in general, do not apply to flows where the UV description contains nonrenormalizable interactions. In fact, Anselmi et al. [14] showed that a_{IR} is not less than a_{UV} for certain RG flows triggered by non-renormalizable deformations. However, the interpretation of a_{UV} for such an RG flow is ambiguous as the flow does not interpolate between undeformed “UV” CFT and the IR CFT. These RG flows were studied earlier in [15, 16] where they argue that the non-renormalizable interactions are dangerously irrelevant.

There are examples of interacting non-renormalizable theories that are scale invariant (continuous) but not conformal [17] in 3+1 dimensions (also see [6] for a discussion). However, the dynamics of these theories is not well understood due to their unconventional kinetic terms [17]. It is also worth noting that in an effective field theory description of Efimov physics, it is essential to include irrelevant deformations to get rid of divergences in certain three body scattering amplitudes. It seems worthwhile to look for Lorentz invariant theories exhibiting DSI that cannot be described as soft deformations of a CFT.

A non-renormalizable UV theory can be interpreted as an effective description for energies E less than some UV scale Λ. However, to have a well-defined theory for all energies (including energies greater than Λ) the theory needs to be UV completed. In an effective field theory (EFT) framework, the deep IR behavior of a theory can be analyzed without worrying about the existence of a UV completion. The degrees of freedom with energies greater than the cut-off Λ are “integrated out” resulting in an effective theory with non-renormalizable interactions. It might appear that non-renormalizable interactions can be ignored in an effective theory as they become irrelevant in the deep IR. However, some non-renormalizable interactions could become relevant (or marginal) along the RG flow in the presence of other marginal or relevant deformations. It is dangerous to ignore such non-renormalizable interactions and they are known as dangerous irrelevant deformations (see appendix of [16] for a discussion of such operators). These operators are perturbatively irrelevant but their effect cannot be ignored in the infrared. In general, the presence of such deformations leads to breakdown of a perturbative expansion in the couplings and a non-perturbative framework

2Such flows might exist when the flow function is multivalued in the space of couplings [13].

might be necessary to understand these deformations. In principle, it is possible to avoid dangerous irrelevant operators by UV completing the theory. However, the existence of a UV completion may not always provide a convenient framework for studying the low energy physics. For instance, the UV completion may not have a Lagrangian or any conventional field theory description.

Gauge/gravity correspondence [18, 19, 20] offers a convenient framework to study nonperturbative effects in theories with holographic duals. In this note, we use the holographic principle to demonstrate the existence of 3+1 dimensional Lorentz invariant effective theories that exhibit discrete scale invariance. We argue that these holographic theories are not soft deformations of a conformal field theory. Monotonicity constraints on RG flows suggest that these theories cannot be UV completed by 3+1 dimensional CFTs. In other words, it appears that discrete scale invariance provides an IR-obstruction to UV completion by a 3+1 D Lorentz invariant field theory. However, UV completion by higher dimensional theories (on R^{3,1} × M_{compact}), non-Lorentz invariant field theories or lattice theories is not ruled out. We expect that the holographic DSI theories constructed in this paper can be UV completed by higher dimensional theories or by world volume theories on D-branes. We will provide some weak evidence for this claim.

We will now discuss a strategy to find a holographic description of theories exhibiting DSI, without violating the holographic c−theorem [21, 22, 23]. We will begin this discussion with a brief overview of the holographic c−theorem. This theorem is a monotonicity constraint on classical domain wall solutions (with d−dimensional Lorentz invariance) of a d+1 dimensional gravitational theory described by the following action S = 1 2κ^2_{d+1} ∫ d^{d+1}x √ g (R − 2Λ + L_{matter}) + S_{bdy} (1.1) where L_{matter} is the Lagrangian describing the matter content of the theory. We shall assume that the action does not involve higher spin fields and respects diffeomorphism invariance. The most general line element with d−dimensional Lorentz invariance, that extremizes this action has the following form:

ds^2 = e^{2A(w)} [ −dt^2 + d⃗x^2 ] + dw^2 (1.2)

This line element describes the metric on AdS_{d+1} when A(w) = w/L_{AdS}. Using Einstein’s equations of motion we find (d − 1)A^{′′}(w) = ( T^t_t − T^w_w ) (1.3) where T_{μν} is the stress tensor due to the matter fields. We further assume that the stress tensor satisfies the null energy condition (NEC) T_{μν} ξ^μξ^ν ≥ 0 for every future pointing null-vector ξ^μ. This condition is not derived from any fundamental principle, but physically reasonable matter is believed to satisfy this condition (classically). This condition is usually imposed to eliminate superluminal effects and other peculiar features in a classical gravitational theory. The null energy condition in conjunction with equation (1.3) leads to the following monotonicity condition on the warp factor: A^{′′}(w) ≤ 0. We did not have to use the fact that the metric is asymptotically AdS to obtain this monotonicity relation. We can define a quantity a(w) as follows a(w) = ( π^{d/2} Γ (d/2) κ^2_{d+1}A^′(w)^{d−1} ) (1.4) The monotonicity condition on the warp factor can be written as a^′(w) ≥ 0 i.e., a(w) is monotonic along the holographic direction. This condition known as the holographic c−theorem, can also be obtained from the Raychaudhuri equation applied to null congruences [21, 24]. For solutions that describe a flow between AdS^{UV}_5 and AdS^{IR}_5 , this condition leads to the holographic version of the a−theorem in 3+1 dimensions. For the class of 3+1-dimensional CFTs dual to classical Einstein gravity, a = c [25] i.e., the coefficient of Euler density is the same as the coefficient of the square of Weyl tensor in the trace anomaly. There is a generaliztion of the holographic monotonicity condition for gravity duals of theories with a ≠ c as well [26].

We will now prove a corollary of the holographic c−theorem. We will show that (assuming the NEC is satisfied) a regular metric of the form in (1.2) cannot display discrete dilatation invariance if it approaches AdS as w → ∞. An asymptotically AdS metric of the form (1.2) can exhibit DSI if and only if, A(w) can be written as A(w) = w L_{AdS} + f(w) where, f(w) is a bounded periodic function. The metric is not regular if f(w) is unbounded. Since f(w) is periodic, f^{′′}(w) must take both positive and negative values. This implies that A^{′′}(w) must take both positive and negative values for the metric to exhibit discrete scale invariance. This cannot happen unless NEC is violated. Hence, an asymptotically AdS metric of the form (1.2) exhibiting discrete scale invariance is either supported by matter that violates the null energy condition or it must be singular. We would also like to point out that solutions with singularities can be physically meaningful if the singularities can be resolved.

It is possible to find holographic examples of cyclic RG flows by violating the null energy condition. Using a toy model, Nakayama [27, 28] showed that violation of null-energy condition can lead to solutions of (1.1) with DSI. In this model, conformal invariance is broken by a complex vector field that condenses. At the critical point, the energy-momentum tensor vanishes and appears to saturate the null-energy condition. However, the stress tensor does not satisfy the null-energy condition for all configurations of the matter field. In fact, the null energy condition is violated by arbitrarily small fluctuations around the critical point. Violation of the NEC generically have been argued to lead to instabilities quite generically [29] suggesting that the dual field theory description of this toy model (if it exists) is unlikely to be unitary. But, there are consistent frameworks which allow for localized violations of the null-energy condition. In string theory, orientifold planes (which are negative tension objects) can allow for localized violation of null-energy condition. Quantum effects can allow for localized violations of null-energy condition, but the quantized matter fields should satisfy an average null energy condition. It would be interesting to find a generalization of the holographic c−theorem to include such effects.

We will now discuss an approach to finding gravity duals of cyclic RG flows without violating the null-energy condition. Consider domain wall solutions (of a d+D+1 dimensional gravitational theory) with d dimensional Lorentz invariance described by the following line element ds^2 = e^{2A(w,θk)} [ e^{2w/L} ( −dt^2 + d⃗x^2 ) + dw^2 ] + e^{2B(w,θk )}g_{ij} dθ^idθ^j + 2ζ_i(w, θ_k)dwdθ^i (1.5) where θ^i denotes an internal direction and i ∈ 1, ..., D. The above line element describes a warped product of AdS_{d+1} and D−dimensional compact internal manifold M_D, AdS_{d+1} ×_w M_D. The line element in (1.5) provides a geometric realization of discrete scale invariance when the functions A, B and ζ_i are non-trivial periodic functions of w. The geometry in (1.5) has a well defined conformal boundary when lim_{w→∞} A(w, θ_k), lim_{w→∞} B(w, θ_k) and lim_{w→∞} ζ_i(w, θ_k) are bounded and regular functions of θ_k. The dual field theory lives on the conformal boundary which is d + 1 dimensional Minkowski space. We can also infer from the behavior of warp factor that there is mixing between scale transformations and internal symmetries in the dual field theory.

The holographic c−theorem does not apply to such solutions due to the non-trivial dependence of warp factors on the coordinates of the internal manifold. There are few AdS_{d+1} ×_w M_D solutions of 10D and 11D supergravity, for which there is a consistent Kaluza-

Klein reduction on M_D to d + 1 dimensions (e.g., [30, 31] and references therein). However, not all solutions of the form (1.5) admit a consistent truncation. A non-singular solution in higher dimension could appear singular in lower dimensions, even if a consistent truncation exists. So this does not violate the corollary of lower dimensional holographic c−theorem discussed earlier.

In the next section, we will find a solution of a 6D gravitational theory that is a warped product of AdS_5 and a circle. We will show that the solution is free of curvature singularities and regular. In section 3, we study the linearized fluctuations around this background and show that all modes are stable. In other words, there is no violation of “Breitenlohner- Freedman type” stability criterion. We provide arguments to show that the dual theory is not a soft deformation of a conformal field theory and also discuss a plausible UV completion. In section 4, we present solutions of type II supergravity that exhibit discrete scale invariance. These solutions are obtained using a solution generating technique similar to the TsT transformations discussed in [32]. In section 5, we conclude with a discussion on the results of this paper.

2 A solution with discrete scale invariance

In this section, we present a solution of a 6D gravitational theory that has the right properties to be dual to a 3+1 dimensional discrete scale invariant theory. The 6D gravitational theory is described by the following action.

S_{6D} = 1 2κ^2_6 ∫ d^6x ( R − 1 2 (∂χ)^2 − V (χ) ) (2.1)

where V (χ) = Λ_1 + Λ_2 cos(χ/ √ 2), is the potential for the scalar field χ. For convenience, we express Λ_1 and Λ_2 in terms of a characteristic length L and a non-dimensional parameter α as follows:

Λ_1 = − 8 L^2 ( 2 − α^2 1 − α^2 ) , Λ_2 = 12 L^2 ( α^2 1 − α^2 ) with 0 ≤ α < √ 2/3. (2.2)

The reasons for choosing a specific range for α will become clear later. We will assume that χ is a compact scalar field (χ ≡ χ + 2π √ 2) but, in general, χ can have an unbounded field range. In string compactifications, the potential for angular moduli, such as axions, develops a periodic behavior from instanton corrections. The non-trivial periodic potential for the axion breaks the continuous axion shift symmetry to discrete shift symmetry.

We are interested in finding a solution of this theory whose metric is a warped product of AdS_5 and a circle. The line element describing the geometry of such a solution takes the following form: ds^2_{6D} = e^{2C(w,θ)} [ e^{2w/L} ( −dt^2 + d⃗x^2 ) + dw^2 ] + e^{2B(w,θ)} (dθ + A(w, θ)dw)^2 (2.3)

A non-trivial axion flux is required to prevent the circle from shrinking to zero size. The warp factor must be periodic along the compact direction for the metric to be single valued and free of discontinuities. Also, the warp factor must have a non-trivial dependence on the compact direction when Λ_2 is non-zero. We would like to emphasize that null energy condition is not violated in this holographic description of discrete scale invariant theories.

We will now present a discrete scale invariant solution of the gravitational theory in (2.1) with the above mentioned properties. The geometry of this solution is described by the line element in (2.3) with

e^{2C(w,θ)} = 1 − α^2 (sn(w/h, α)cn (N_aθ, α) + cn(w/h, α)sn(N_aθ, α))^2 , (2.4)

e^{2B(w,θ)} = N^2_a L^2 ( 1 − α^2 ) dn^2(N_aθ, α)e^{−2C(w,θ)}, A(w, θ) = 1 N_ah dn(w/h, α) dn(N_aθ, α) . (2.5) where sn, cn and dn are Jacobi elliptic functions (reparametrized to have periodicities 2π, 2π and π respectively). The definition and some properties of the Jacobi elliptic functions sn, cn and dn are listed in Appendix A. We will denote the metric described by (2.3), (2.4) and (2.5) by g. The axion equation of motion and Einstein’s equations are solved by the following axion profile: χ = 2 √ 2 (am(N_aθ, α) + am(w/h, α)) (2.6) where am is the Jacobi amplitude function (see Appendix A). Note that the partial derivatives of the axion field with respect to w and θ are periodic. Hence, the contribution of the axion to the stress tensor is periodic.

It can be easily verified that the metric g and the axion profile in equation (2.6) satisfy the equations of motion. This solution can be obtained by writing the equations of motion in first order form by choosing a suitable ansatz. In fact, there is a family of such solutions (with different potential for the scalar fields) that can be constructed by writing the equations of motion as first order equations. The precise details of these solutions and the first order formalism will appear in a future paper [33].

The parameter h specifies the asymptotic behavior of the axion and N_a determines the axion flux. When N_a is zero, the circle degenerates and the geometry is not well-defined. However, it is possible to find asymptotically AdS_6 solutions with N_a = 0.

Let us now analyze the behavior of the metric g. Using the properties of the elliptic functions, it can be shown that 1 ≥ e^{2C(w,θ)} ≥ 1 − α^2, (1 − α^2)^{−1} ≥ N_ahA(w, θ) ≥ (1 − α^2) and N^2_a L^2 ≥ e^{2B} ≥ N^2_a L^2 (1 − α^2)^2.^3 This implies that the metric g has a 3+1 dimensional conformal boundary when w → ∞:

ds^2_{bdy} = lim_{w→∞} Ω(w, θ)^2ds^2_{6D} = −dt^2 + d⃗x^2 (2.7)

where Ω(w, θ) = e^{−w/L}e^{−C} . The dual field theory lives on the conformal boundary and it is invariant under 3+1-dimensional Lorentz transformations. Note that the size of the circle remains finite throughout the geometry indicating that the dual theory is gapless. The theory does not have continuous scale invariance but it is invariant under discrete scale transformations. Invariance under scale (discrete or continuous) transformations implies that there are arbitrarily low energy excitations or the theory is gapless. Invariance of the metric in (2.3) under discrete scale transformation is realized as follows:^4 t → e^{2nπh/L}t, ⃗x → e^{2nπh/L}⃗x, w → w − 2nπh, for n ∈ Z. Note that the invariance of the metric under discrete scale transformation is not an artifact of the choice of coordinates. This discrete scale invariance of the geometry can also be seen in coordinate independent quantities such as the Ricci scalar, which is given by R = − 10(2 + α^2) L^2(1 − α^2) + 40α^2 L^2(1 − α^2)

[cn(N_aθ, α)sn(w/h, α) + sn(N_aθ, α)cn(w/h, α)]^2 (2.8)

Note that the Ricci scalar, R is negative for all values of w and θ when 0 ≤ α < √ 2/3.

Scale invariance is broken if any curvature invariant depends on the holographic direction, w. When h is finite, the Ricci scalar displays periodic behavior in w and hence scale invariance is broken to discrete scale invariance.

When h → ∞, the axion becomes independent of w and the solution can be written as

ds^2 = e^{2C̃(θ)} [ e^{2w/L} ( −dt^2 + d⃗x^2 ) + dw^2 ] + e^{2B̃(θ)}dθ^2, χ = 2 √ 2am(N_aθ, α) (2.9)

3See Appendix B for plots depicting the behavior of these functions.

4When χ is non-compact, these transformations must be accompanied by a shift in θ: θ → θ + 2nπ N_a .

In this limit, all the curvature invariants are independent of w, and the geometry exhibits conformal invariance. In other words, the solution with h → ∞ is dual to a conformal field theory. It is possible to find a choice of renormalization scheme in which this conformal field theory is described by a conformal RG limit cycle [6]. Gravity duals of such conformal limit cycles can be obtained by performing a coordinate transformation on (2.9) that just redefines the holographic direction w in (2.9): w^′ = w + W(θ, w) (where W is a periodic function of w and θ). This coordinate transformation results in a metric of the form (1.5), but it neither modifies the behavior of the curvature invariants or the asymptotic behavior. Asymptotically AdS solutions having the same boundary behavior (or same conformal boundary data) that are related by bulk diffeomorphisms are dual to the same theory (with different choices of the renormalization scheme).

Some diffeomorphisms in the bulk modify the conformal boundary data or the asymptotic behavior of certain fields in the gravity theory. Geometries related by such diffeomorphisms are dual to different theories. For instance, a coordinate transformations that modifies the periodicity of θ leads to a different solution with a different asymptotic behavior of the axion and the metric. This idea can be used as a solution generating trick for obtaining solutions satisfying different boundary conditions. In fact, it has been used in the past to generate black hole solutions from known black hole solutions (see for e.g., [34, 35]). Lunin and Maldacena [32] showed that this technique combined with a sequence of T-dualities can be used to generate gravity duals that describe certain marginal deformations (β-deformation) of N = 4 SYM theory. More recently, this transformation has been used to generate solutions of type II supergravity having non-relativistic symmetries [36]. In Section 5 we will use this trick to generate solutions of 10D supergravity with discrete scale invariance.

We will now show that g is regular (non-singular) for all non-zero values of N_a and h. First, we will show that all curvature invariants are finite. The curvature invariants can be written as a polynomial (with appropriate contraction of indices) in g^{μν} and derivatives of g_{μν} . It follows from the discrete scale invariance of the metric that the Ricci scalar and other curvature invariants, such as R_{ab}R^{ab}, R_{abcd}R^{abcd}, are all periodic functions in w and θ. These periodic functions can be expressed as a polynomial in e^{2C} , e^{−2C} , e^{2B} , e^{−2B} , A and their derivatives. All of these functions are regular and hence the curvature invariants must be regular periodic functions of w and θ.

We will now show that g is geodesically complete. The evolution of null and timelike geodesics is described by the following equation e^{2C} ( dw dλ )_2 + e^{−2C} e^{−2w/L} ( −E^2 + ⃗p^2 ) + e^{2B} ( dθ dλ + A ( dw dλ ))_2 = k (2.10)

where k = 0 for null geodesics and k = −1 for timelike geodesics. In the above equation, λ is the affine parameter and (E, ⃗p) are the constants associated with the Killing vectors (∂_t, ⃗∂). Using the fact that e^{2C} is a bounded function, we can obtain the following inequality e^{2Cmin +2Cmax} ( dw dλ )_2 + e^{−2w/L} ( −E^2 + ⃗p^2 ) ≤ −e^{2B+2Cmax} ( dθ dλ + A ( dw dλ ))_2 + ke^{2Cmax} ≤ k It is clear that neither null or timelike geodesics can reach the reach the conformal boundary w = ∞ in finite affine parameter. It appears that time-like and null geodesics can reach the Poincaré horizon at w = −∞ in finite affine parameter. However, this is just the innocuous coordinate singularity associated with the Poincaré patch. This coordinate singularity can be removed by introducing global coordinates that cover the entire spacetime. For instance, we can simply use the usual transformation from AdS Poncaré coordinates to global coordinates to obtain the following line element ds^2 = e^{2C(θ,w(ρ,T,Ω))} [( − cosh^2 ρdT^2 + sinh^2 ρdΩ^2_3 ) + dρ^2 ] +e^{2B(θ,w(ρ,T,Ω))}(dθ+A(θ, w(ρ, T, Ω)))^2 where w(ρ, T, Ω) relates the “radial” direction of the global coordinates to the radial direction in the Poincaré coordinates. We can again use the fact A, B, C are bounded functions to show that the metric obtained after the transformation is geodesically complete. Hence, the solution that we have found in this section is regular for all non-zero values of N_a and 1/h.

3 Linearized Fluctuations

In this section, we will analyze the linearized fluctuations around the background described by (2.3), (2.4), (2.5) and (2.6) and show that they are all stable. We will also use this analysis to argue that the dual field theory is not a soft deformation of a conformal field theory. In particular, we will show that the parameter h is dangerously irrelevant which leads to a moderate hyperscaling violation that breaks continuous scaling symmetry to discrete scaling symmetry.^5

5 We would like to thank John McGreevy for numerous discussions on the interpretation of h (boundary behavior of the axion) and about dangerous irrelevant operators. We would also like to thank Shamit Kachru for pointing out the connection with hyperscaling violation.

The linearized fluctuations of the metric can be decomposed into tensor, vector and scalar modes as follows: ds^2_g′ = ds^2_g + h_{ab}dx^adx^b + 2h_{θa}dx^a (dθ + A(w, θ)dw) + h_{θθ} (dθ + A(w, θ)dw)^2 (3.1) where the lower Latin indices denote the non-compact directions, γ_{ab} is the metric on AdS_5 in Poincaré coordinates and h_{ab} = ( h^{T T}_{ab} + ∇_{(a}V_{b)} + S_T γ_{ab} + ( ∇_a∇_b − 1 5 γ_{ab} ) S_L ) . (3.2)

In the above expression, ∇ denotes the covariant derivative in AdS_5. The fluctuations of the axion field (χ̃ = χ^′ − χ) couples to the scalar modes but not the vector or tensor modes. It is possible to eliminate the vector modes completely by choosing the longitudinal gauge where h_{θa} = 0, V_a = 0 and S_L = 0. In this gauge, only the traceless transverse tensor modes and the scalar modes needs to be considered. We will first analyze the traceless transverse tensor modes.

3.1. Stability of linearized fluctuations

The linearized Einstein equations for the traceless transverse modes decouple from the scalar modes and can be written as follows^6 ( e^{−5C−B} L^2 (1 − α^2) ∂_θ ( e^{5C−B} ∂_θ ) + £ + e^{−2C} e^{−2w/L}□ ) H_{ab} = 0, (3.3)

where H_{ab} = Ω^2h^{T T}_{ab} , □ denotes the d’Alembertian operator of 3+1 dimensional Minkowski space and £ is a linear operator given by £ = e^{−2C} e^{−4w/L} (∂_w − A∂_θ) [ e^{4w/L} (∂_w − A∂_θ) ] (3.4)

The operator appearing in equation (3.3) is the Laplacian operator associated with the metric g. In other words, H_{ab} satisfies the wave equation for a probe scalar in this background.

Translation invariance along (t, ⃗x) allows us to use Fourier decompoition along these directions: H̃_{ab} = ∫ d^{3+1}xe^{ip.x}H_{ab}. The linearized equation for H̃_{ab} can be written in Schrödinger form by defining H̃_{ab} = e^{−3C−2w/L}H_{ab}. Then, equation (3.3) can be written in terms of H_{ab} as follows ( e^{−B} Q^†_1Q_1 + e^{−4C−B} Q^†_2Q_2 + 4 L^2 e^{−3C} ) H_{ab} = e^{−3C} e^{−2w/L}p^2H_{ab}, (3.5)

6 In order to obtain the expression in (3.3) we have utilized the following fact: (∂_w − A∂_θ) (sn(N_aθ, α)cn(w/h, α) + sn(w/h, α)cn(N_aθ, α)) = 0

where p^2 = E^2 − ⃗p^2 and the operators Q_1 and Q_2 are given by,

Q_1 = e^{−(B+C)/2} (−∂_θ + 3∂_θC) , Q_2 = e^{(B+C)/2} (−∂_w + A∂_θ) (3.6)

In the above equations Q^† denotes the adjoint of Q in the space of square integrable functions. If we assume a flat space norm for H_{ab}, then the left hand side of (3.5) is semi-positive definite. In other words, there are no square integrable solutions of (3.5) with negative values of p^2. This implies that the traceless-transverse tensor fluctuations are linearly stable.

We will now show that square integrability of H_{ab} is equivalent to finiteness of the energy functional associated with the traceless-transverse modes. Finiteness of the energy functional associated with a field configuration defines a notion of normalizablility of the field configuration in curved spacetime. The normalizability condition for linearized fluctuations with stress tensor T^{lin}_{AB} is given by E = ∫ Σ d^3⃗xdwdθ √ σT^{lin}_{tA} ξ^A < ∞ (3.7) where Σ denotes a constant time slice with induced metric σ, ξ^A is a time-like Killing vector and A ∈ {t, ⃗x, w, θ}. Note that we have assumed that there is no energy-momentum flux leaking out of the boundary at w = ∞. In order to compute T^{lin}_{AB} , we can treat H_{ab} as a probe massless scalar. This is justified as H_{ab} is governed by a massless scale wave equation. Without loss of generality, we can assume ξ = ∂_t; in this case, it is sufficient to compute T^{lin}_{tt} component of the energy momentum tensor. Now, the finiteness condition on energy simplifies to ∫ Σ d^3⃗xdwdθe^{3C} e^{2w/L} (∂_tH_{ab}) (∂_tH_{cd}) η^{ac}η^{bd} < ∞ =⇒ ∫ d^3pdwdθH_{ab}H_{cd}η^{ac}η^{bd} < ∞ (3.8) This shows that the finiteness condition on energy of the linearized fluctuations is equivalent to square integrability condition on H_{ab}. This completes our discussion on linear stability of transverse traceless modes.

We will now show that the linearized fluctuations of the scalars are also stable. The axion fluctuation χ̃ and the radion fluctuation h^θ are determined through constraint equations if S_T is known. Using linearized Einstien’s equations and axion equation of motion we can show that S_T satisfies the following equation: ( e^{C−B} L^2 (1 − α^2) ∂_θ ( e^{C−B} ∂_θ ) + e^{2C} £ + e^{−2w/L}□ − U (w, θ) ) S_T = 0, (3.9) where, U (w, θ) = ( 12 L^2 (1 − α^2) − (2 − α^2) L^2 (1 − α^2) ( 8 − 6e^{2C(w,θ)} )) (3.10)

Note that U (w, θ) is positive for all α < 1. We can write (3.9) in the Schrödinger form by changing the independent variable to S_T = e^C e^{2w/L}S_T . The linearized equation for scalar fluctuations in the Schrd̈ingier form can be written as ( e^{3C−B} Q^†_3Q_3 + e^{−B−C} Q^†_2Q_2 + 4 L^2 + U (w, θ) ) S_T = e^{−2w/L}p^2S_T , (3.11)

We can repeat the earlier arguments to show that the left hand side of the above equation is positive definite. Hence, all finite energy configurations of S_T must have positive p^2. In other words, the scalar modes are also linearly stable. This implies that all linearized fluctuations around g are stable.

3.2. Dangerously irrelevant operators

We will now argue that the dual field theory is not a soft deformation of a 3+1 dimensional CFT. We know that when h → ∞ the dual field theory is a conformal field theory. For large, but finite values of h we can assume that the UV description of the dual theory is a deformation of a conformal field theory by ∑ Δ λ_Δ(h)O_Δ, where λ_Δ denote couplings and the operators O_Δ denote operators of the conformal field theory with dimension Δ. In the limit when h is large, these operators are dual to linearized fluctuations around the h → ∞ solution in (2.9). Let us analyze the nature of the operator dual to the scalar mode S_T . Using the h → ∞ limit of (3.9) or (3.11), we can show that the dimension of the scalar operator satisfies the following eigenvalue equation ( e^{3C−B} Q^†_3Q_3 + U (w, θ) ) S_T = Δ(Δ − 4)S_T (3.12)

We can use the positivity of the left hand side to conclude that Δ > 4. There is no relevant or marginal scalar deformation and hence the parameter h corresponds to an irrelevant deformation. Hence, the dual field theory is not a soft deformation of a conformal field theory. The parameter h leads to violation of continuous scaling laws and affects the IR physics even though it is irrelevant. In particular, the period of the limit cycle is determined by h. Hence, the parameter h should be related to a dangerously irrelevant coupling. It is well known that dangerously irrelevant operators lead to hyperscaling violation in condensed matter systems (for e.g. see [37]). The dual field theory can be considered as a special example of theories exhibiting hypercsaling violation where scale invariance is restored periodically resulting in discrete scale invariance.

The dual DSI field theory (for any h) cannot be UV completed by a 3+1 dimensional CFT that is dual to an asymptotically AdS_5 solution of (2.1). This can be explained as follows. To describe the UV completion in the gravity theory, we have to find a saddle point of (2.1) that interpolates between a metric of the form (2.9) as w → ∞ (UV of the dual theory) and the metric g as w approaches −∞ (IR of the dual theory). Note that the UV asymptotic (w = ∞) should satisfy the equations of motions as well. The operator dimensions of scalar deformations near w = ∞ is determined from (3.12). It is clear that the scalar deformations cannot be marginal or relevant at the UV. This suggests that the discrete scale invariant theory dual to g cannot be UV completed by a 3+1 dimensional CFT with a classical gravity dual. The 6D action in (2.1) admits two inequivalent AdS solutions when χ is a compact field. So, it might be possible to UV complete this theory by a theory on R^{3,1} ×_w S^1. To show this, we have to find a solution interpolating between AdS_6 solution of (2.1) and g.

We will not find such a solution in this paper, but it would be interesting to find one in the future. We will argue that discrete scale invariant theories can be UV completed by finding alternate examples. This is done in the next section where we will present solutions of type II supergravity that are dual to discrete scale invariant theories. These theories can be UV completed (in principle) by an open string theory describing the worldvolume theory of certain D-branes.

Before we proceed to discuss examples of discrete scale invariant solutions in type II supergravity, we will comment about the solutions of the wave equation in (3.3) and the behavior of correlation functions.

3.3. Comments on correlation functions and Bloch decomposition

The most general solution of (3.3) takes the following form^7 H_{ab} = ε^{T T}_{ab} ∑ Δ_B

Ψ_{ΔB} ( w, p^2 ) Y_{ΔB} ( e^{2C(θ,w)} ) (3.13)

where Ψ_{ΔB} (w, p^2) is the solution of a massive scalar wave equation in AdS_5 with m^2 = Δ_B (Δ_B − 4), ε^{T T}_{ab} denotes transverse traceless polarization tensor and Y_{ΔB} (x) satisfies a Sturm-Liouville equation. Technically, Δ_B is not a good quantum number in discrete scale

7To obtain the result in (3.13), we have utilized the result in footnote 5. We have also used some properties of Jacobi elliptic functions to express terms involving e^B and derivatives of C(w, θ) as a function of C(w, θ).

invariant theories. However, Δ_B can be associated with discrete scale transformations in the same sense Bloch momentum can be associated with discrete translation (spatial) invariance. That is, the decomposition in (3.13) can be considered as a Bloch decomposition associated with discrete scale invariance.

Note that most monotonicity theorems on RG flows based on field theoretic techniques assume that the UV theory can be expressed as a deformation of a CFT by operators (relevant) with “well-defined” conformal dimensions. This assumption may not apply to discrete scale invariant theories where Δ_B is not a good quantum number in the strict sense. This does not imply that operators cannot be classified as marginal, relevant or irrelevant. Wilson and Głazek [39] demonstrated using a simple quantum mechanics example that it is possible to classify operators of a discrete scale invariant theory as marginal, relevant or irrelevant based on Wegner’s eigenvalues [38]. At present, it is not clear how to extend the analysis in [38, 39] to the present context. However, it seems reasonable to assume that Δ_B (Bloch conformal dimension) can be used to classify operators (of the dual DSI theory) as marginal, relevant or irrelevant following the usual holographic dictionary.

We will now analyze the behavior of correlators of a massless scalar field which can be considered as a proxy for H_{xy}.^8 The two-point function of scalars can be computed if the bulk-bulk propagator is known. The bulk-bulk propagator for a scalars is determined through the following equation ( e^{−5C−B} L^2 (1 − α^2) ∂_θ ( e^{5C−B} ∂_θ ) + £ + e^{−2C} e^{2w/L} □ ) G(w, w^′; x, x^′) = 1 √ g δ(w − w^′)δ(x − x^′) (3.14)

In principle, we can solve equation (3.14) to obtain the two point function of scalars.^9 The bulk-boundary propagator can be determined from G(w, w^′; x, x^′) using Green’s second identity which gives the two-point functions.

We can verify that the bulk-bulk propagator cannot be expressed as a function of AdS geodesic distance; in particular, it is not invariant under continuous scale transformations. This implies that the bulk-boundary propagator, does not respect conformal symmetries or continuous scaling symmetry. However, G(w, w^′; x, x^′) is invariant under (w, w^′; x, x^′) → (w + 2nπh, w^′ + 2nπh; e^{2nπh/L}x, e^{2nπh/L}x^′). This implies that the bulk-boundary propagator

8We will defer the actual computation for future work. We would like to thank Nikolay Bobev, Chris Herzog, John McGreevy and Balt van Rees for numerous discussions on this calculation and for explaining the difficulties involved.

9This can be done using numerical techniques such as boundary element method if it cannot be solved analytically.

should exhibit log-periodic behavior in |x − x^′| or in momentum scale. We have also shown that the linearized fluctuations are stable and there is no violation of Breitlohner-Freedman (BF) stability criterion. Hence, there is no indication that the dual field theory is nonunitary. The log-periodic behavior exhibited by correlation functions is associated with the Bloch decomposition described earlier. Note that log-periodic behavior is not associated with complex values of Δ_B unlike the operators in non-unitary CFTs dual to BF violating mass in AdS. In such non-unitary CFTs, the log-periodic behavior respects conformal invariance and can be determined using the conformal algebra.

4 Solutions of type II supergravity

In this section, we will make use of a solution generating technique to find solutions of type II supergravity exhibiting discrete scale invariance. This provides some hope of finding conventional field theoretic descriptions of theories exhibiting discrete scale invariance. The solution generating technique used here is a simple generalization of Lunin-Maldacena TsT transformation [32]. This technique allows us to generate new solutions of type IIB supergravity from an already known solution of type IIB supergravity. In this paper, we will generate DSI solutions starting with AdS_5 × S^5 solution of type IIB supergravity. The metric on AdS_5 × S^5 can be written as follows: ds^2 = e^{2w/L} ( −dt^2 + d⃗x^2 ) + dw^2 + L^2ds^2_S5 (4.1)

We write S^5 as a Hopf vibration over CP^2 as follows (see Appendix C for details):

ds^2_S5 = dφ^2 + dμ^2 + sin^2 μ [ (dψ + cos θdϕ) dφ + 1 4 ( dθ^2 + dϕ^2 + dψ^2 + 2 cos θdψdϕ ) ] (4.2)

The solution generating trick involves the following three sequential steps: (1) T-duality along φ (Hopf circle), (2) coordinate transformation: ϕ → ϕ + βφ + αhf(w/h) and (3) T-duality along φ. Note that the second step modifies the conformal boundary data; in particular it modifies the periodicity of ϕ and resulting in a shift in the conserved charge associated with φ translation symmetry. In addition,this shift is scale dependent when α is non-trivial. Note that this set of operations produces a new solution of the equations of motion from an already known solution in the same way, but with different asymptotic boundary data. We will assume that f^′(x) is a bounded periodic function (with period 2π) and we will denote it by F_p(x). Under the action of the above set of transformations, the line element (string frame) is modified as follows:

ds^2_{string} = e^{2w/L} ( −dt^2 + d⃗x^2 ) +e^{2γ(θ,μ,w)}dw^2 +L^2ds^2_M5 +2ζ_φdwdφ+2ζ_ϕdwdϕ+2ζ_ψdwdψ (4.3) where, e^{2γ(θ,μ,z)} = 1 + α^2L^2 [F_p (w/h)]^2 sin^2 μ 4κ , κ = ( 1 + β^2L^4 sin^2 μ 4 ( sin^2 θ + cos^2 μ cos^2 θ ) )

ds^2_M5 = 1 κ dφ^2 + dμ^2 + sin^2 μ κ [ (dψ + cos θdϕ) dφ + 1 4 ( κdθ^2 + dϕ^2 + dψ^2 + 2 cos θdψdϕ ) ]

ζ_φ = αL^2 2κ [ (F_p (w/h)] sin^2 μ cos θ ) , ζ_ψ = αL^2 4κ ( [F_p (w/h)] sin^2 μ ) , ζ_ϕ = 1 2 ζ_φ Note that g_{ww}, ζ_φ, ζ_ϕ and ζ_ψ are invariant under only discrete shifts in w. In other words, the metric exhibits discrete scale invariance. We can aslo show that this is not a coordinate artifact by evalutaing curvature invariants. The dilaton (Φ) and the NS 2-form field (B) of type IIB supergravity have non-trivial profiles in this solution. The dilaton profile is given by e^{−2Φ} = e^{−2Φ0} κ. The non-trivial components of the NS 2-form field are: B_{φψ} = βL^4 sin^2 μ cos^2 μ cos θ 4κ , B_{φϕ} = βL^4[F_p (w/h)] sin^2 μ ( sin^2 θ + cos^2 μ cos^2 θ ) 4κ B_{ϕψ} = βL^4 sin^4 μ sin^2 θ 8κ , B_{φw} = αL^2[F_p (w/h)]B_{φϕ}, B_{wψ} = αL^2[F_p (w/h)]B_{ϕψ} Note that the Einstein frame metric can be obtained from the string frame metric by multiplying by e^{−Φ/2}.

When α = 0, the dual field theory is a deformation of N = 4 SYM theory arising from replacing products of fields in the Lagrangian by star products [40, 32]. However, the star product only introduces certain phases in the terms present in the Lagrangian. This phase is related to the deformation parameter β. When α ≠ 0, in addition to this phase becoming scale dependent, the conformal dimensions of the operators are also shifted by a function of the R-charges. At present, it seems difficult to translate these operations into field theoretic language and leave this for future. In this regard, it seems worthwhile to construct solutions that preserve supersymmetry by performing the generalized TsT transformation on a different set of U(1) directions.^{10} In addition, it might be possible to use non-renormalization theorems to address questions about 1/N corrections.

10We would like to thank Nikolay Bobev for this comment.

Note that the above solution generating trick can be used to generate a large class of solutions breaking various space-time or internal symmetries. In particular, it is straightforward to construct non-relativistic examples of discrete scale invariant theories by choosing a null direction instead of ϕ in the generalized TsT transformation [36]. This procedure might be helpful in finding black hole solutions that describe discrete scale invariant theories at finite temperature. It would be interesting to know how various transport properties behave in discrete scale invariant theories.

5 Comments and Discussions

In this note, we have used the holographic principle to argue for the existence of Lorentz invariant, discrete scale invariant theories that are described by limit cycle RG flows. However, this does not imply the absence of a function that is monotonic along the RG flow. In other words, there is a sense in which the number of degrees of freedom decreases as the theory flows towards the IR.^{11} This fact can be easily seen on the gravity side using Raychaudhuri equation. The Raychaudhuri equation translates null energy condition into a monotonicity condition on the expansion parameter for null congruences. In the case of RG flows between CFTs, it can be shown that the monotonicity of the expansion parameter implies the a−function is monotonic [21, 24]. Such an a−function is not defined for discrete scale invariant theories and it is not clear how to construct a monotonic function of couplings using the information about the monotonicity of the expansion parameter. However, this indicates that it might be possible to set an arrow on RG flows even if it exhibits cyclic behavior.

The existence of gravity duals for cyclic RG flows suggests that there is a landscape of discrete scale invariant solutions of type IIB supergravity that cannot be described using a conventional lower dimensional effective action of the form (1.1). It would be interesting to know if a lower dimensional framework exists for studying such solutions.

This also suggests the possible existence of tunneling transitions that are not described by conventional Coleman-de Luccia instantons. In particular, the lower dimensional effective theory framework used to describe Coleman deLuccia instantons cannot describe tunneling transitions that involve mixing of an arbitrarily large number of Kaluza-Klein modes [33].^{12} The existence of gravity duals for cyclic RG flows also raises the following question: Is

11We would like to thank Suresh Govindarajan, Sean Hartnoll and Diego Hofman for discussions on this. 12 In fact, the present work on cyclic RG flows started with questions related to false vacuum decay into Anti-de Sitter space.

it possible to find classically stable and geodesically complete, bouncing cosmological solutions of general relativity without relaxing the conditions on energy-momentum tensor?^{13} In particular, can we find a solution of the following form, exhibiting periodic behavior in time without relaxing the energy conditions [42] ds^2 = e^{2A(t,θk )} [( −dt^2 + dΣ^2 )] + e^{2B(t,θk )}g_{ij}dθ^idθ^j + 2ζ_i(t, θ_k)dtdθ^i (5.1) This possibility seems to be ruled out by Hawking-Penrose singularity theorems [43]. However, the assumptions of Hawking-Penrose theorems need not apply to solutions of the above form. In particular, it is not clear if the above solution contains a closed trapped surface, which is assumed to exist for proving Hawking-Penrose singularity theorems. Another concern that needs to be addressed is the following: How can such solutions be consistent with second law of thermodynamics?^{14} At present, the answer to this question is not clear, but this question is tied to the microscopic details of entropy production and how entropy is actually defined.^{15} Also, there is no evidence that observers in such a universe would experience the second law as correct; in particular, it’s not clear why there should be any low-entropy initial state.^{16} However, it seems that if the strong energy condition is satisfied, there exists a notion of time’s arrow that can be defined using Raychaudhuri equation. It is not clear if the thermodynamic arrow of time is actually related to this. It is also not clear, how quantum effects modify the singularity theorems. So a classical bouncing solution that is geodesically complete and stable could be unstable quantum mechanically [41].

Acknowledgements

It is a great pleasure to thank A. Adams, D. Anninos, N. Bobev, S. Dabholkar, E. Dyer, X. Dong, P. Gao, S. Govindarajan, P. Graham, D. Harlow, S. Hartnoll, C. Herzog, D. Hofman, S. Kachru, J. H. Lee, H. Liu, R. Loganayagam, R. Mahajan, J. McGreevy, M. Mezei, D. S. Park, J. Polchinski, S. Pufu, S. Rajendran, L. Rastelli, M. Roberts, M. Rocek, E. Shaghoulian, S. Shenker, E. Silverstein L. Susskind, J. Thaler and B. van Rees for valuable comments and discussions. We would like to thank N. Bobev, C. Herzog, R. Loganayagam, J. McGreevy

13 Graham et. al.[41] showed that such solutions exist if the conditions on the energy-momentum tensor is relaxed.

14We would like to thank Leonard Susskind for raising this question.

15We would like to thank Peter Graham, Shamit Kachru and Surjeet Rajendran for detailed discussions on this topic.

16 We would like to thank John McGreevy for suggesting this.

and J. Polchinski for their valuable comments on the draft. We are grateful to Shamit Kachru for helpful discussions on bouncing cosmological solutions and also for his comments on the present work. We would especially like to thank Chris Herzog and John McGreevy for their comments on earlier ideas that were not well-formualted and for their support and encouragement. This work was partially supported by the funds provided by National Science Foundation under NSF Grant No. PHY-0969739 and NSF Grant No. PHY-0844827. Any opinions, findings, and conclusions or recommendations expressed in this material are those of the authors and do not necessarily reflect the views of the National Science Foundation.

A Jacobi Elliptic functions

In this appendix, we list the properties of the reparametrized functions am, dn, cn and sn. The reparametrized Jacobi elliptic functions are defined as follows: am(x, α) = am(2Kx/π, α), dn(x, α) = dn(2Kx/π, α), (A.1) sn(x, α) = sn(2Kx/π, α), cn(x, α) = cn(2Kx/π, α) (A.2) where, K is the complete elliptic integral of the first kind:

K = K(α) = ∫_{π/2} 0 dx^′ 1 − α^2 sin^2(x^′)

. (A.3)

The function am(z, α) satisfies the following differential equation: ( dy dz )_2 = 1 − α^2 sin^2 y (A.4)

The remaining elliptic functions are defined as follows:

dn(z, α) = d dz am(z, α) (A.5)

dn^2(z, α) = 1 − α^2sn^2(z, α) (A.6) cn^2(z, α) + sn^2(z, α) = 1 (A.7) The elliptic functions can be written as a Fourier series as follows

dn(z, α) = π 2K + 2π Kα ∞∑ n=1 q^n 1 + q^{2n} cos ( 2nπz 2K ) (A.8)

cn(z, α) = 2π Kα ∞∑ n=0 q^{n+1/2} 1 + q^{2n+1} cos ( (2n + 1)πz 2K ) (A.9) sn(z, α) = 2π Kα ∞∑ n=0 q^{n+1/2} 1 − q^{2n+1} sin ( (2n + 1)πz 2K ) (A.10)

where q = exp(−πK(1 − α)/K) is the nome. Note that the functions dn, sn and cn have periods π, 2π and 2π. Further, it can be shown that the function dn is bounded from below by (1 − α^2)^{1/2} and bounded above by 1. While cn and sn are bounded above and below by 1 and −1.

B Plots showing the behavior of e^{2C}, e^{2B}, A & χ

This appendix shows the behavior of the functions e^{2C} , e^{2B} , A & χ when α^2 = 0.3. The plot on the left hand side shows the behavior of these functions for fixed values of θ and the plot on the righthand side shows the behavior for fixed values of z = w/h.

Figure 1: e^{2C}

Figure 2: e^{2B}

Figure 3: A

Figure 4: χ

C S^5 as a Hopf fibration over P^2

In this appendix we provide some details for realizing S^5 as a Hopf fibration over P^2, It is convenient to express the line element in terms of the following 1-forms first,

σ_1 = 1 2 (dθ cos(ψ) + dϕ sin(θ) sin(ψ))

σ_2 = 1 2 (dθ sin(ψ) − dϕ cos(ψ) sin(θ))

σ_3 = 1 2 (dψ + dϕ cos(θ))

In terms of these 1-forms, the metrics on CP^2 and S^5 may be written,

ds^2_{CP}2 = dμ^2 + sin^2(μ) ( σ^2_1 + σ^2 + cos^2(μ)σ^2_3 )

ds^2_S5 = ds^2_{CP}2 + ( dφ + sin^2(μ)σ_3

)_2

where φ is the local coordinate on the Hopf fibre and A = sin^2(μ)σ_3 =^{sin2(μ)}_2 (dψ + dϕ cos(θ)) is the 1-form potential for the Kähler form on CP^2. Now, the metric on S^5 can be written as, ds^2_S5 = dφ^2 + dμ^2 + sin^2 μ [ (dψ + cos θdϕ) dφ + 1 4 ( dθ^2 + dϕ^2 + dψ^2 + 2 cos θdψdϕ ) ] (C.1)

References

[1] K. G. Wilson, “The Renormalization Group and Strong Interactions,” Phys. Rev. D 3, 1818 (1971).

[2] S. D. Głazek and K. G. Wilson, “Limit cycles in quantum theories,” Phys. Rev. Lett.

89, 230401 (2002) [Erratum-ibid. 92, 139901 (2004)] [hep-th/0203088]. E. Braaten and H. W. Hammer, “An Infrared renormalization group limit cycle in QCD,” Phys. Rev. Lett. 91, 102002 (2003) [nucl-th/0303038]. H. -W. Hammer and B. G. Swingle, “On the limit cycle for the 1/r^2 potential in momentum space,” Annals Phys. 321, 306 (2006) [quant-ph/0503074]. A. LeClair, J. M. Roman and G. Sierra, “Russian doll renormalization group and superconductivity,” Phys. Rev. B 69, 20505 (2004) [cond-mat/0211338]. A. LeClair, J. M. Roman and G. Sierra, “Log periodic behavior of finite size effects in field theories with RG limit cycles,” Nucl. Phys. B 700, 407 (2004) [hep-th/0312141]. E. Braaten and H. -W. Hammer, “Universality in few-body systems with large scattering length,” Phys. Rept. 428, 259 (2006) [cond-mat/0410417].

[3] A. B. Zamolodchikov, “Irreversibility of the Flux of the Renormalization Group in a 2D Field Theory,” JETP Lett. 43 (1986) 730 [Pisma Zh. Eksp. Teor. Fiz. 43 (1986) 565].

[4] J. Polchinski, “Scale and Conformal Invariance in Quantum Field Theory,” Nucl. Phys.

B 303, 226 (1988).

[5] Z. Komargodski and A. Schwimmer, “On Renormalization Group Flows in Four Dimensions,” JHEP 1112, 099 (2011) [arXiv:1107.3987 [hep-th]].

[6] M. A. Luty, J. Polchinski and R. Rattazzi, “The a-theorem and the Asymptotics of 4D Quantum Field Theory,” arXiv:1204.5221v2 [hep-th].

[7] J. -F. Fortin, B. Grinstein and A. Stergiou, “Scale without Conformal Invariance: An Example,” Phys. Lett. B 704, 74 (2011) [arXiv:1106.2540 [hep-th]]; J. -F. Fortin, B. Grinstein and A. Stergiou, “Scale without Conformal Invariance: Theoretical Foundations,” JHEP 1207, 025 (2012) [arXiv:1107.3840 [hep-th]].

[8] J. -F. Fortin, B. Grinstein and A. Stergiou, “Scale without Conformal Invariance in Four Dimensions,” arXiv:1206.2921 [hep-th].

[9] J. -F. Fortin, B. Grinstein, C. W. Murphy and A. Stergiou, “On Limit Cycles in Supersymmetric Theories,” arXiv:1210.2718 [hep-th].

[10] J. -F. Fortin, B. Grinstein and A. Stergiou, “Limit Cycles and Conformal Invariance” arXiv:1208.3674v2[hep-th].

[11] I. Jack and H. Osborn, “Analogs For The C Theorem For Four-dimensional Renormalizable Field Theories,” Nucl. Phys. B 343, 647 (1990).

[12] H. Osborn, “Weyl consistency conditions and a local renormalization group equation for general renormalizable field theories,” Nucl. Phys. B 363, 486 (1991).

[13] T. L. Curtright, X. Jin and C. K. Zachos, “RG flows, cycles, and c-theorem folklore,” Phys. Rev. Lett. 108, 131601 (2012) [arXiv:1111.2649 [hep-th]].

[14] D. Anselmi, J. Erlich, D. Z. Freedman and A. A. Johansen, “Positivity constraints on anomalies in supersymmetric gauge theories,” Phys. Rev. D 57, 7570 (1998) [hepth/9711035].

[15] D. Kutasov and A. Schwimmer, “On duality in supersymmetric Yang-Mills theory,” Phys. Lett. B 354, 315 (1995) [hep-th/9505004].

[16] D. Kutasov, A. Schwimmer and N. Seiberg, “Chiral rings, singularity theory and electric - magnetic duality,” Nucl. Phys. B 459, 455 (1996) [hep-th/9510222].

[17] C. G. Callan, Jr., S. R. Coleman and R. Jackiw, “A New improved energy - momentum tensor,” Annals Phys. 59, 42 (1970). R. Jackiw and S. -Y. Pi, “Tutorial on Scale and Conformal Symmetries in Diverse Dimensions,” J. Phys. A 44, 223001 (2011) [arXiv:1101.4886 [math-ph]].

[18] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [hep-th/9711200].

[19] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428, 105 (1998) [hepth/9802109].

[20] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998) [hep-th/9802150].

[21] E. Alvarez and C. Gomez, “Geometric holography, the renormalization group and the c theorem,” Nucl. Phys. B 541, 441 (1999) [hep-th/9807226].

[22] D. Z. Freedman, S. S. Gubser, K. Pilch and N. P. Warner, “Renormalization group flows from holography supersymmetry and a c-theorem,” Adv. Theor. Math. Phys. 3, 363 (1999) [arXiv:hep-th/9904017].

[23] R. C. Myers and A. Sinha, “Holographic c-theorems in arbitrary dimensions,” JHEP 1101, 125 (2011) [arXiv:1011.5819 [hep-th]].

[24] V. Sahakian, “Holography, a covariant c function, and the geometry of the renormalization group,” Phys. Rev. D 62, 126011 (2000) [hep-th/9910099].

[25] M. Henningson and K. Skenderis, “The Holographic Weyl anomaly,” JHEP 9807, 023 (1998) [hep-th/9806087].

[26] R. C. Myers and A. Sinha, “Seeing a c-theorem with holography,” Phys. Rev. D 82, 046006 (2010) [arXiv:1006.1263 [hep-th]].

[27] Y. Nakayama, “Gravity Dual for Cyclic Renormalization Group Flow without Conformal Invariance,” Mod. Phys. Lett. A 26, 2469 (2011) [arXiv:1107.2928 [hep-th]].

[28] Y. Nakayama, “Forbidden Landscape from Holography,” arXiv:0907.0227 [hep-th].

[29] R. V. Buniy, S. D. H. Hsu and B. M. Murray, “The Null energy condition and instability,” Phys. Rev. D 74, 063518 (2006) [hep-th/0606091]. S. Dubovsky, T. Gregoire, A. Nicolis and R. Rattazzi, “Null energy condition and superluminal propagation,” JHEP 0603, 025 (2006) [hep-th/0512260].

[30] J. P. Gauntlett and O. Varela, “Consistent Kaluza-Klein reductions for general supersymmetric AdS solutions,” Phys. Rev. D 76, 126007 (2007) [arXiv:0707.2315 [hep-th]].

[31] M. Cvetic, H. Lu and C. N. Pope, “Consistent warped space Kaluza-Klein reductions, half maximal gauged supergravities and CP^n constructions,” Nucl. Phys. B 597, 172 (2001) [hep-th/0007109].

[32] O. Lunin and J. M. Maldacena, “Deforming field theories with U(1) x U(1) global symmetry and their gravity duals,” JHEP 0505, 033 (2005) [hep-th/0502086].

[33] Work in Progress.

[34] A. W. Peet, “TASI lectures on black holes in string theory,” hep-th/0008241.

[35] J. Hansen and P. Kraus, “Generating charge from diffeomorphisms,” JHEP 0612, 009 (2006) [hep-th/0606230].

[36] D. T. Son, “Toward an AdS/cold atoms correspondence: a geometric realization of the Schroedinger symmetry,” Phys. Rev. D 78, 046003 (2008) [arXiv:0804.3972 [hep-th]]. K. Balasubramanian and J. McGreevy, “Gravity duals for non-relativistic CFTs,” Phys. Rev. Lett. 101, 061601 (2008) [arXiv:0804.4053 [hep-th]]. J. Maldacena, D. Martelli and Y. Tachikawa, “Comments on string theory backgrounds with non-relativistic conformal symmetry,” JHEP 0810 (2008) 072 [arXiv:0807.1100 [hep-th]]. C. P. Herzog, M. Rangamani and S. F. Ross, “Heating up Galilean holography,” JHEP 0811 (2008) 080 [arXiv:0807.1099 [hep-th]]. A. Adams, K. Balasubramanian and J. McGreevy, “Hot Spacetimes for Cold Atoms,” JHEP 0811 (2008) 059 [arXiv:0807.1111 [hep-th]]. W. D. Goldberger, “AdS/CFT duality for non-relativistic field theory,” arXiv:0806.2867 [hep-th]. J. L. B. Barbon and C. A. Fuertes, “On the spectrum of nonrelativistic AdS/CFT,” arXiv:0806.3244 [hep-th].

[37] S. Sachdev, N. Read, R. Oppermann “Quantum field theory of metallic spin glasses,” Phys. Rev. B 52, 10286 (1995) [cond-mat/9504036]. S. Sachdev, A. V. Chubukov, A. Sokol “Crossover and scaling in a nearly antiferromagnetic Fermi liquid in two dimensions,” Phys. Rev. B 51, 14874 (1995) [cond-mat/9411066].

[38] F. J. Wegner, “Corrections to scaling laws,” Phys. Rev. B 5, 4529 (1972)

[39] S. D. Głazek and K. G. Wilson, “Universality, marginal operators, and limit cycles,” Phys. Rev. B 69, 094304 (2004) [cond-mat/0303297].

[40] A. Bergman, K. Dasgupta, O. J. Ganor, J. L. Karczmarek and G. Rajesh, “Nonlocal field theories and their gravity duals,” Phys. Rev. D 65, 066005 (2002) [hepth/0103090]. A. Bergman and O. J. Ganor, “Dipoles, twists and noncommutative gauge theory,” JHEP 0010, 018 (2000) [hep-th/0008030]. K. Dasgupta, O. J. Ganor and G. Rajesh, “Vector deformations of N=4 superYang-Mills theory, pinned branes, and arched strings,” JHEP 0104, 034 (2001) [hep-th/0010072].

[41] P. W. Graham, B. Horn, S. Kachru, S. Rajendran and G. Torroba, “A Simple Harmonic Universe,” arXiv:1109.0282 [hep-th].

[42] Work in Progress with Sujan Dabholkar.

[43] S. W. Hawking and G. F. R. Ellis, “The Large Scale Structure of Space-Time,” Cambridge University Press, Cambridge(1973).