arXiv:1301.7469v4 [hep-ph] 6 May 2013

Classification of Standard Model Particles in E_6 Orbifold Grand Unified Theories

Yoshiharu KAWAMURA^∗ Department of Physics, Shinshu University,

Matsumoto 390-8621, Japan and Takashi MIURA^† Department of Physics, Kobe University, Kobe 657-8501, Japan

January 31, 2013

Abstract

We classify the standard model fermions, which originate from bulk fields of the 27 or 27 representation after orbifold breaking, in E_6 grand unified theories on 5 or 6-dimensional space-time, under the condition that q, e^c and u^c survive as zero modes for each 27 or 27. We study features of supersymmetric SU(5) ×U(1)_1 ×U(1)_2 model.

Keywords: Grand unified theory; Orbifold breaking.

1 Introduction

Grand unification is attractive, because it offers a unification of force and a (partial-)unification of quarks and leptons in each family.[1, 2, 3] In the grand unification based on the E_6 gauge group, E_6 has the standard model (SM) gauge group G_{SM} = SU (3)_C × SU (2)_L ×U (1)_Y as a subgroup, the left-handed multiplet

∗E-mail: haru@azusa.shinshu-u.ac.jp †E-mail: takashi.miura@people.kobe-u.ac.jp

of the 27 representation includes the SM matters in each family, and the SM Higgs particle can be in a member of bosonic component in the multiplet of 27.[4]

However, lot of extra particles exist in multiplets of E_6, e.g., 66 extra ones in the gauge boson multiplet of 78 and 11 extra ones in each matter multiplet of 27. In most cases, the unwelcome particles are expected to be heavy after the breakdown of E_6 into G_{SM} and decouple in the low-energy physics, because they are not chiral under G_{SM}. It can be backed by the survival hypothesis.[5] In this case, it depends on models which particles survive in the SM.

In 4-dimensional models, a Weyl fermion of 27 contains two sets of the charge conjugated state (d^c ) of right-handed down type quark, the charged lepton doublet (l) and the neutrino singlet (ν) in the SM language, and one of them or a linear combination of them would be the SM one.

By the extension of models on a higher-dimensional space-time including orbifolds as an extra space,^{1,2} two additional features are provided. One is that right-handed Weyl fermions can also appear after compactification, because a fermion on the higher-dimensional space-time contains both left-handed and right-handed components in terms of 4-dimensional Weyl fermion. Hence a fermion of 27 can contain mirror particles for d^c and l. Some of them (which would be right-handed components) can be regarded as d^c and l (which would be left-handed ones) after the charge conjugation has been carried out. In a similar way, 27 can be also useful on the model-building, because SM fermions can originate from it. The other is that 4-dimensional fields are regarded as zero modes after imposing orbifold boundary condition. In this process, the survival hypothesis does not necessarily work, and it depends on boundary conditions which particles survive in the low energy theory.

Considering the above features, it is interesting to study under what type of boundary conditions SM matters survive after orbifolding. In this paper, we classify the SM particles, which originate from bulk fields of 27 or 27 after orbifold breaking, in E_6 grand unified theories on 5 or 6-dimensional space-time, under the condition that the quark doublet (q), the charge conjugated state (e^c ) of right-handed electron type lepton and the charge conjugated state (u^c )

1 Models based on orbifold were initially utilized on the construction of 4-dimensional string models.[6, 7, 8] Higher-dimensional grand unified theory on orbifold has been proposed with several attractive features.[9, 10, 11] Higher-dimensional E_6 grand unified theories on orbifold have been studied from several aspects.[12, 13, 14, 15, 16]

2 The constructions of low-energy theory have been make through dimensional reduction over coset space.[17, 18, 19]

of right-handed up type quark survive as zero modes for each 27 or 27. The analysis is carried out based on the subgroup SU (3) × SU (3) × SU (3) of E_6 and the diagonal embedding of Z_M orbifolding (M = 2,3,4,6).

The outline of our paper is as follows. In Sec. 2, we explain features of E_6 grand unification and Z_N orbifold breaking. We classify the SM matters, which originate from bulk fields of 27 or 27 by orbifolding in Sec. 3. In Sec. 4, we study features of effective supersymmetric SU (5) × U (1)_1 × U (1)_2 model after orbifolding. In the last section, conclusions and a discussion are presented.

2 E_6 grand unification and Z_N orbifold breaking

2.1 E_6 grand unification

E_6 has three types of maximal subgroup such as SO(10) ×U (1), SU (6) × SU (2) and SU (3)×SU (3)×SU (3).[20] We consider the subgroup G_{Tri} = SU (3)_C ×SU (3)_L× SU (3)_X . Here, the first SU (3) is identified with SU (3)_C , the second one contains SU (2)_L as a subgroup, and the third one is denoted by SU (3)_X . Under G_{Tri} and its subgroup G_{32111} = SU (3)_C ×SU (2)_L ×U (1)_{L8} ×U (1)_{X 3} ×U (1)_{X 8}, The 27 and 27 representations are decomposed into a sum of multiplets such that

27 = (3,3,1) + (1,3,3) + (3,1,3) , (1) (3,3,1) = (3,2)_{1/3,0,0} + (3,1)_{−2/3,0,0} , (1,3,3) = (1,2)_{−1/3,1,1/3} + (1,2)_{−1/3,−1,1/3} + (1,2)_{−1/3,0,−2/3} + (1,1)_{2/3,1,1/3} + (1,1)_{2/3,−1,1/3} + (1,1)_{2/3,0,−2/3} , (3,1,3) = (3,1)_{0,−1,−1/3} + (3,1)_{0,1,−1/3} + (3,1)_{0,0,2/3} (2) and 27 = (3,3,1) + (1,3,3) + (3,1,3) , (3) (3,3,1) = (3,2)_{−1/3,0,0} + (3,1)_{2/3,0,0} , (1,3,3) = (1,2)_{1/3,−1,−1/3} + (1,2)_{1/3,1,−1/3} + (1,2)_{1/3,0,2/3}

+ (1,1)_{−2/3,−1,−1/3} + (1,1)_{−2/3,1,−1/3} + (1,1)_{−2/3,0,2/3} , (3,1,3) = (3,1)_{0,1,1/3} + (3,1)_{0,−1,1/3} + (3,1)_{0,0,−2/3} , (4)

where representations of G_{Tri} and G_{32111} are denoted as (SU (3)_C ,SU (3)_L,SU (3)_X ) in (1) and (3) and as (SU (3)_C ,SU (2)_L)_{QL8,QX 3,QX 8} in (2) and (4), respectively. Here,

Q_{L8}, Q_{X 3}, and Q_{X 8} are U (1) charges relating U (1)_{L8}, U (1)_{X 3} and U (1)_{X 8}, respectively.

If we require that one family of SM matters should be included in a 27, there exist three types of definition for the hypercharge Y in the SM such that Y = 1 2 (Q_{L8} +Q_{X 3} +Q_{X 8}) ≡ Y_{(1)} , Y = 1 2 (Q_{L8} −Q_{X 3} +Q_{X 8}) ≡ Y_{(2)} , Y = Q_{L8} 2 −Q_{X 8} ≡ Y_{(3)} . (5)

The representations are given based on Y_{(1)} in Table 2. In Table 2, fermions denoted by q, u^c , d^c_a, l_a, e^c and ν^c_a (a = 1,2) have the SM gauge quantum numbers such as (3,2,1/6), (3,1,−2/3), (3,1,1/3), (1,2,−1/2), (1,1,1) and (1,1,0), and some of them are expected to become members in one family. Note that q, e^c and u^c belong to (3,3,1), (1,3,3) and (3,1,3), respectively. As mentioned in the introduction, 27 contains two kinds of d^c , l and ν^c , and the label a is attached to distinguish them. Their mirror particles are denoted by Q^c , U , D_a, L^c_a, E and N_a whose SM gauge quantum numbers are given by (3,2,−1/6), (3,1,2/3), (3,1,−1/3), (1,2,1/2), (1,1,−1) and (1,1,0), respectively. Note that both ν^c_a and N_a are candidates of singlet neutrinos.

For the definition Y_{(2)}, L^c , e^c and u^c should be exchanged into l_1, ν^c_1 and d^c_1 , respectively. For the definition Y_{(3)}, L^c , e^c and u^c should be exchanged into l_2, ν^c_2 and d^c_2 , respectively.^3

For the gauge bosons, the 78 repesentation is decomposed into a sum of multiplets such that

78 = (8,1,1) + (1,8,1) + (1,1,8) + (3,3,3) + (3,3,3) , (6) (8,1,1) = (8,1)_{0,0,0} , (1,8,1) = (1,3)_{0,0,0} + (1,2)_{1,0,0} + (1,2)_{−1,0,0} + (1,1)_{0,0,0} , (1,1,8) = (1,1)_{0,2,0} + (1,1)_{0,0,0} + (1,1)_{0,−2,0} + (1,1)_{0,1,1} + (1,1)_{0,−1,1} + (1,1)_{0,1,−1} + (1,1)_{0,−1,−1} + (1,1)_{0,0,0} , (3,3,3) = (3,2)_{−1/3,−1,−1/3} + (3,2)_{−1/3,1,−1/3} + (3,2)_{−1/3,0,2/3} + (3,1)_{2/3,−1,−1/3} + (3,1)_{2/3,1,−1/3} + (3,1)_{2/3,0,2/3} , (3,3,3) = (3,2)_{1/3,1,1/3} + (3,2)_{1/3,−1,1/3} + (3,2)_{1/3,0,−2/3} + (3,1)_{−2/3,1,1/3} + (3,1)_{−2/3,−1,1/3} + (3,1)_{−2/3,0,−2/3} , (7)

under G_{Tri} and G_{32111} , respectively.

3 These features are understood from the existence of E-symmetry group SU(2)_E defined in [21].

2.2 Z_N orbifold breaking

First let us consider 1-dimensional orbifold S^1/Z_2 as an example. The S^1/Z_2 is obtained by dividing the circle S^1 (with the identification y ∼ y + 2πR through the translation T : y → y + 2πR) by the Z_2 transformation Z_2 : y → −y so that the point y is identified with −y. Both end points y = 0 and πR are fixed points under the Z_2 transformation. The operations are also characterized by Z_2 and Z^′_2(= Z_2T ) : y → 2πR − y in place of Z_2 and T .

Accompanied by the identification of points on the extra space, the following boundary conditions for a field Φ(x, y) can be imposed on

Φ(x,−y) = T_Φ[P_0]Φ(x, y) , Φ(x,2πR − y) = T_Φ[P_1]Φ(x, y) , (8)

where T_Φ[P_0] and T_Φ[P_1] represent appropriate representation matrices with P_0 and P_1 standing for the representation matrices of the fundamental representation for the Z_2 and Z^′_2 transformation, respectively. The representation matrices satisfy the relations T_Φ[P_0]^2 = I and T_Φ[P_1]^2 = I because of the Z_2 symmetry property, where I is the unit matrix.

The eigenvalues of T_Φ[P_0] and T_Φ[P_1] are interpreted as the Z_2 parity for the extra space. The fields with even Z_2 parities have zero modes, but those including an odd Z_2 parity have no zero modes. Here, zero modes mean 4- dimensional massless fields surviving after compactification. Massive Kaluza- Klein modes do not appear in our low-energy world, because they have heavy masses of O(1/R), with the same magnitude as the unification scale. Unless all components of non-singlet field have a common Z_2 parity, a symmetry reduction occurs upon compactification because zero modes are absent in fields with an odd parity. This type of symmetry breaking mechanism is called “orbifold breaking mechanism".^4 The orbifold breaking on S^1/Z_2 is characterized by P_0 and P_1.

Next we consider 2-dimensional orbifold S^1/Z_2 × S^1/Z_2 and T^2/Z_N (N = 2,3,4,6) in order.

The orbifold breaking on S^1/Z_2 × S^1/Z_2 is characterized by two pairs of Z_2 transformation matrices denoted by (P_{10},P_{11}) and (P_{20},P_{21}).[30] Let z be the complex coordinate of T^2/Z_N . Here, T^2 is constructed using a 2-dimensional lattice. On T^2, the points z +e_1 and z +e_2 are identified with the

4 The Z_2 orbifolding was used in superstring theory[22] and heterotic M-theory.[23, 24] In field theoretical models, it was applied to the reduction of global SUSY,[25, 26] which is an orbifold version of Scherk-Schwarz mechanism,[27, 28] and then to the reduction of gauge symmetry.[29]

point z where e_1 and e_2 are basis vectors. The orbifold T^2/Z_N is obtained by dividing T^2 by the Z_N transformation Z_N : z → ρz (ρ^N = 1) so that the point z is identified with ρz.

For T^2/Z_2, basis vectors are given by e_1 = 1 and e_2 = i, and the orbifold breaking is featured by P_0, P_1 and P_2, which are related to the Z_2 transformations z → −z, z → e_1 − z and z → e_2 − z, respectively. Basis vectors, representation matrices and their transformation property of T^2/Z_N are summarized in Table 1.[30, 31]^5 Note that there is a choice of representation matrices and P_1 for the Z_2 transformation z → e_1 − z is also used in T^2/Z_4 and T^2/Z_6. Fields possess discrete charges relating eigenvalues of representation matrices for Z_M transformation. Here, M = N for N = 2,3 and M = N,2 for N = 4,6.

Table 1: The characters of T^2/Z_N .

N Basis vectors Rep. matrices Transformation property 2 1,i P_0, P_1, P_2 z → −z, z → e_1 − z, z → e_2 − z 3 1,e^{2πi/3} Θ_0, Θ_1 z → e^{2πi/3}z, z → e^{2πi/3}z + e_1 4 1,i Q_0, P_1 z → i z, z → e_1 − z 6 1,(−3 + i � 3)/2 Ξ_0, P_1 z → e^{πi/3}z, z → e_1 − z

2.3 Elements for Z_M transformation

We explain the assignment of discrete charge or element for Z_M transformation using the breakdown of SU (3) into its subgroups as an example.

In the case with the representation matrix

R_a = diag(ρ_1,ρ_1,ρ_2) , ρ_1 ≠ ρ_2 , (9)

SU (3) is broken down to SU (2)×U (1). Here, ρ_i s are elements of Z_M , i.e., ρ^M_i = 1 and we refer them to Z_M elements.^6 Then the fundamental representation 3 is

5 Though the number of independent representation matrices for T^2/Z_6 is stated to be three in [30], it should be two because other operations are generated using s_0 : z → e^{πi/3} z and r_1 : z → e_1 − z. For example, t_1 : z → z + e_1 and t_2 : z → z + e_2 are generated as t_1 = r_1(s_0)^3 and t_2 = (s_0)^2r_1(s_0)^4r_1, respectively.

6 The Z_M elements are given by e^{2πin/M} (n = 0,1,··· , M − 1), and the number n/M is the charge for Z_M transformation, which is usually called Z_M charge.

decomposed into a sum of multiplets such that

3 = 2_{1/3} ( ηρ_1 ) + 1_{−2/3} ( ηρ_2 ) , (10)

where numbers listed in bold font in the right hand side stand for representa-

tions of SU (2), numbers indicated by a subscript are U (1) charge and symbols

in the bracket are Z_M elements (η is the intrinsic Z_M element of 3). The con-

jugate representation 3 is equivalent to the antisymmetric part of the product

3 × 3, and hence 3 is decomposed into a sum of multiplets such that

3 = [(2_{1/3} + 1_{−2/3}) × (2_{1/3} + 1_{−2/3})]_A

= [(2_{1/3} × 1_{−2/3}) + (1_{−2/3} × 2_{1/3})]_A + [2_{1/3} × 2_{1/3}]_A

= 2_{−1/3} ( η̃ρ_1ρ_2 ) + 1_{2/3} ( η̃(ρ_1)^2 ) , (11)

where the subscript (A) represents antisymmetric part and η̃ is the intrinsic Z_M

element of 3. Using (ρ_1)^2ρ_2 = α, (11) is rewritten by

3 = 2_{−1/3} ( η̃^′ρ_1 ) + 1_{2/3} ( η̃^′ρ_2 ) , (12)

where ρ_i (i = 1,2) is the complex conjugation of ρ_i and η̃^′ = η̃α.

In a similar way, for the representation matrix

R_b = diag(ρ_1,ρ_2,ρ_3) , ρ_1 ≠ ρ_2 , ρ_1 ≠ ρ_3 , ρ_2 ≠ ρ_3 , (13)

SU (3) is broken down to U (1) ×U (1), and then the 3 is decomposed into a sum

of multiplets such that 3 = ( 1,1/3; ηρ_1 ) + ( −1,1/3; ηρ_2 ) + ( 0,−2/3; ηρ_3 ) , (14)

where numbers in the right hand side stand for representations of U (1) charges

and symbols are Z_M elements including the intrinsic Z_M element η. The 3 with

the intrinsic Z_M element η̃ is decomposed into a sum of multiplets such that 3 = ( 0,2/3; η̃ρ_1ρ_2 ) + ( −1,−1/3; η̃ρ_2ρ_3 ) + ( 1,−1/3; η̃ρ_1ρ_3 ) . (15)

Using ρ_1ρ_2ρ_3 = β, (15) is rewritten by 3 = ( 0,2/3; η̃^{′′}ρ_3 ) + ( −1,−1/3; η̃^{′′}ρ_1 ) + ( 1,−1/3; η̃^{′′}ρ_2 ) , (16)

where ρ_j (j = 1,2,3) is the complex conjugation of ρ_j and η̃^{′′} = η̃β.

Finally, we explain a fermion on 6-dimensional spacetime. We use the metric η_{MN} = diag(1,−1,−1,−1,−1,−1) (M, N = 0,1,2,3,5,6) and the following representation for 6-dimensional gamma matrices:

Γ^μ = γ^μ ⊗ σ_3 , Γ^5 = I_{4×4} ⊗ iσ_1 , Γ^6 = I_{4×4} ⊗ iσ_2 , (17)

where μ = 0,1,2,3 and I_{4×4} is the 4 × 4 unit matrix. The Γ^M s satisfy the Clifford algebra {Γ^M ,Γ^N } = 2η^{MN} where η^{MN} is the inverse of η_{MN} . The chirality operator Γ_7 for 6-dimensional fermion Ψ is defined as

Γ_7 ≡ Γ^0Γ^1Γ^2Γ^3Γ^5Γ^6 = −γ_5 ⊗ σ_3 , (18)

where γ_5 is the chirality operator for 4–dimensional fermion. The fermion (Ψ_+) with positive chirality and the fermion (Ψ_−) with negative chirality are given by

Ψ_+ =

1 + Γ_7 2 Ψ = (_{1−γ5} 2 0 0^{1+γ5}_2 )( Ψ^1 Ψ^2 ) = ( Ψ^1_L Ψ^2_R ) , (19)

Ψ_− =

1 − Γ_7 2 Ψ = (_{1+γ5} 2 0 0^{1−γ5}_2 )( Ψ^1 Ψ^2 ) = ( Ψ^1_R Ψ^2_L ) , (20)

respectively.

In terms of 4-dimensional Weyl fermions Ψ^1_L, Ψ^2_R , Ψ^1_R and Ψ^2_L, the kinetic terms for Ψ_+ and Ψ_− are rewritten as

iΨ_+Γ^M D_M Ψ_+ = iΨ_+Γ^μD_μΨ_+ + iΨ_+Γ^z D_z Ψ_+ + iΨ_+Γ^z D_z Ψ_+

= iΨ^1_Lγ^μD_μΨ^1_L + iΨ^2_R γ^μD_μΨ^2_R − Ψ^1_LD_z Ψ^2_R + Ψ^2_R D_z Ψ^1_L , (21) iΨ_−Γ^M D_M Ψ_− = iΨ_−Γ^μD_μΨ_− + iΨ_−Γ^z D_z Ψ_− + iΨ_−Γ^z D_z Ψ_−

= iΨ^1_R γ^μD_μΨ^1_R + iΨ^2_Lγ^μD_μΨ^2_L − Ψ^1_R D_z Ψ^2_L + Ψ^2_LD_z Ψ^1_R , (22)

where Ψ_+, Ψ_−, Γ^z and Γ^z are defined by

Ψ_+ ≡ Ψ^†_+Γ^0 = ( Ψ^{1†}_L γ^0,−Ψ^{2†}_R γ^0 ) = ( Ψ^1_L,−Ψ^2_R ) , Ψ_− ≡ Ψ^†_−Γ^0 = ( Ψ^{1†}_R γ^0,−Ψ^{2†}_L γ^0 ) = ( Ψ^1_R ,−Ψ^2_L ) , (23)

Γ^z ≡ 1 2 ( Γ^5 + iΓ^6 ) = i I_{4×4} ⊗ σ_+ , Γ^z ≡ 1 2 ( Γ^5 − iΓ^6 ) = i I_{4×4} ⊗ σ_− (24)

and z ≡ x^5 + i x^6 and z ≡ x^5 − i x^6. The Kaluza-Klein masses are generated from the terms including D_z and D_z upon compactification.

There are two choices of assignment for 4-dimensional SM fermions from 6-dimensional Weyl fermion, i.e., Ψ^1_L or Ψ^2_L. Let us take Ψ^1_L as the SM fermions. The Z_M element of (Ψ^2_R )^c (charge conjugation of Ψ^2_R ) is the complex conjugation of Ψ^2_R , and that of Ψ^2_R is determined by the Z_M invariance of the kinetic term (21) and the transformation property of the covariant derivative Z_M : D_z → ρD_z and D_z → ρD_z with ρ = e^{−2πi/M} and ρ = e^{2πi/M} . From these observations, the following relation holds between the Z_M element of Ψ^1_L and that of its mirror fermion ((Ψ^2_R )^c ),

P_{(Ψ}2_{R )}c = ρP_Ψ1_L , (25)

where P_Ψ1_L is the complex conjugation of P_Ψ1_L. If we take Ψ^2_L as the SM fermions, the following relation holds between the Z_M element of Ψ^2_L and that of its mirror fermion ((Ψ^1_R )^c ),

P_{(Ψ}1_{R )}c = ρP_Ψ2_L , (26)

where P_Ψ2_L is the complex conjugation of P_Ψ2_L .

The above choices of assignment for Ψ^1_L or Ψ^2_L lead to same results for species with zero modes and unbroken gauge group, because they are related each other by exchanging between ρ = e^{2πi/M} and ρ = e^{−2πi/M} . The construction of Z_N orbifold does not depend on the choice of ρ(≠ 1). Hence we take Ψ^2_L as the SM fermions, in the following.

3 Classification of SM particles

3.1 Assignment of Z_M elements

The orbifold breaking is characterized by a set of representation matrices. In most cases, orbifold breaking is analyzed using shift embeddings on roots of E_6.[14, 15, 16] The shift embeddings are useful to classify the breaking pattern of gauge symmetry. We use the diagonal embedding on the subgroup G_{Tri} = SU (3)_C × SU (3)_L × SU (3)_X of E_6, because it has a usability on examining zero modes of matter fields systematically.

Let us take the representation matrix

R_M = diag(ρ_1,ρ_1,ρ_1) × diag(ρ_2,ρ_2,ρ_3) × diag(ρ_4,ρ_5,ρ_6) (27) to keep SU (3)_C and SU (2)_L unbroken. Here, ρ_i s are elements of Z_M .

The species and Z_M element for matters derived from 27 are assigned in Table 2. In the 4-th and 6-th column, P_{fL} and P_{(fR )}c are the Z_M element of left-

Table 2: The species and Z_M element for matters derived from 27.

Representations Y_{(1)} f_L P_{fL} (f_R )^c P_{(fR )}c (3,2)_{1/3,0,0} 1/6 q ηρ_1ρ_2 Q^c ρη ρ_1ρ_2 (3,1)_{−2/3,0,0} −1/3 D ηρ_1ρ_3 d^c ρη ρ_1ρ_3 (1,2)_{−1/3,1,1/3} 1/2 L^c ηρ_2ρ_3ρ_4 l ρη ρ_2ρ_3ρ_4 (1,2)_{−1/3,−1,1/3} −1/2 l_1 ηρ_2ρ_3ρ_5 L^c_1 ρη ρ_2ρ_3ρ_5 (1,2)_{−1/3,0,−2/3} −1/2 l_2 ηρ_2ρ_3ρ_6 L^c_2 ρη ρ_2ρ_3ρ_6 (1,1)_{2/3,1,1/3} 1 e^c η(ρ_2)^2ρ_4 E ρη(ρ_2)^2ρ_4 (1,1)_{2/3,−1,1/3} 0 ν^c_1 η(ρ_2)^2ρ_5 N_1 ρη(ρ_2)^2ρ_5 (1,1)_{2/3,0,−2/3} 0 ν^c_2 η(ρ_2)^2ρ_6 N_2 ρη(ρ_2)^2ρ_6 (3,1)_{0,−1,−1/3} −2/3 u^c η(ρ_1)^2ρ_5ρ_6 U ρη(ρ_1)^2ρ_5ρ_6 (3,1)_{0,1,−1/3} 1/3 d^c_1 η(ρ_1)^2ρ_4ρ_6 D_1 ρη(ρ_1)^2ρ_4ρ_6 (3,1)_{0,0,2/3} 1/3 d^c_2 η(ρ_1)^2ρ_4ρ_5 D_2 ρη(ρ_1)^2ρ_4ρ_5

handed fermion and its charge conjugation of right-handed fermion, respectively. The P_{(fR )}c is determined by using (26). The η is the intrinsic Z_M element of 27, and ρ_i is the complex conjugation of ρ_i . This assignment is applicable to the case with the extra space S^1/Z_2.

In Table 3, the species and Z_M element P_{bα} and P_{bα} for multiplets from (3,3,3) and (3,3,3) of G_{Tri} are given. Here, their Z_M element is determined by use of results for SU (3) in Subsec. 2.3, without considering that they are originated from 78 of E_6.

From the Z_M invariance of gauge kinetic term, the following relations are derived

(ρ_1)^3(ρ_2)^2ρ_3ρ_4ρ_5ρ_6 = 1 , (ρ_2)^2ρ_3ρ_4ρ_5ρ_6 = 1 . (28)

The first relation comes from that the Z_M element for the gauge boson with complex-conjugate representation R is the complex conjugation for that with R. In fact, the relation ρ_1ρ_2ρ_3ρ_5ρ_6 = (ρ_1)^2ρ_2ρ_4 is required for the Z_M element of the pair (3,2)_{−1/3,−1,−1/3} and (3,2)_{1/3,1,1/3}, and the same relation is obtained

Table 3: The species and Z_M element for gauge bosons.

Representations b_α P_{bα} Representations b_α P_{bα} (3,2)_{−1/3,−1,−1/3} b_1 ρ_1ρ_2ρ_3ρ_5ρ_6 (3,2)_{1/3,1,1/3} b_1 (ρ_1)^2ρ_2ρ_4 (3,2)_{−1/3,1,−1/3} b_2 ρ_1ρ_2ρ_3ρ_4ρ_6 (3,2)_{1/3,−1,1/3} b_2 (ρ_1)^2ρ_2ρ_5 (3,2)_{−1/3,0,2/3} b_3 ρ_1ρ_2ρ_3ρ_4ρ_5 (3,2)_{1/3,0,−2/3} b_3 (ρ_1)^2ρ_2ρ_6 (3,1)_{2/3,−1,−1/3} b_4 ρ_1(ρ_2)^2ρ_5ρ_6 (3,1)_{−2/3,1,1/3} b_4 (ρ_1)^2ρ_3ρ_4 (3,1)_{2/3,1,−1/3} b_5 ρ_1(ρ_2)^2ρ_4ρ_6 (3,1)_{−2/3,−1,1/3} b_5 (ρ_1)^2ρ_3ρ_5 (3,1)_{2/3,0,2/3} b_6 ρ_1(ρ_2)^2ρ_4ρ_5 (3,1)_{−2/3,0,−2/3} b_6 (ρ_1)^2ρ_3ρ_6

for other pairs. The second one comes from that all terms in the field strength F^a_{MN} should possess a same Z_M charge. In fact, the product of Z_M elements (3,2)_{−1/3,−1,−1/3} and (3,2)_{−1/3,1,−1/3} should equal to that of (3,1)_{−2/3,0,−2/3}, and the same relation is obtained for others.

From the Z_M invariance of 27 × 27 × 27 up to an overall factor,^7 we obtain the relation

(ρ_1)^3 = (ρ_2)^2ρ_3 , ρ_4ρ_5ρ_6 = 1 . (29)

Combining (28) and (29), we obtain the relation

(ρ_1)^3 = (ρ_2)^2ρ_3 = ρ_4ρ_5ρ_6 = 1 , (30)

and (ρ_1)^3 = 1 leads to

ρ_1 = 1 (M = 2,4) , ρ_1 = 1,ω,ω^2 (M = 3,6) , (31)

where ω = e^{2πi/3}. It is shown that P_{bα} and P_{bα} agree with those obtained from 27 × 27 by use of (30).

Then we find that the Z_M element for (f_R )^c from 27 agrees with that for f_L from 27 and the Z_M element for f_L from 27 agrees with as that for (f_R )^c from 27, if the intrinsic Z_M element of 27 is assigned by η_{27} = ρη. Hence we study the classification based on 27.

7 We can construct Z_M invariant terms such as 27_a × 27_b × 27_c or 1 × ··· × 1 × 27 × 27 × 27 by introducing differnt multiples and/or gauge singlets 1 with a suitable intrinsic Z_M element.

Now let us impose the following conditions from a phenomenological point of view, in order to reduce the assignment of Z_M element.

1. The species q, e^c and u^c in each family of the SM survive as zero modes for each 27 or 27, after compactification.^8 2. Most zero modes of mirror fermions (except SM singlets) are projected out by orbifolding.

Using the assignment of Z_M element in Table 2 and the first condition, the relations ηρ_1ρ_2 = 1, η(ρ_2)^2ρ_4 = 1, and η(ρ_1)^2ρ_5ρ_6 = 1 are required.

Combining them with (28) and (29), we derive the relations

ρ_2 = η ρ_1 = η(ρ_1)^2 , ρ_3 = η^2ρ_1 = η^2(ρ_1)^2 , ρ_4 = η(ρ_1)^2 , ρ_6 = ηρ_1ρ_5 . (32)

Hence the representation matrix is given by

R_M = diag(ρ_1,ρ_1,ρ_1) × diag(η(ρ_1)^2,η(ρ_1)^2,η^2(ρ_1)^2)

× diag(η(ρ_1)^2,ρ_5,ηρ_1ρ_5) , (33)

where ρ_1 = 1 for M = 2,4 and ρ_1 = 1,ω,ω^2 for M = 3,6.

Using (33), the Z_M element for f_L is given by

P_q = P_ec = P_uc = 1 , P_D = P_Lc = η^3 , P_{l1} = η^2ρ_1ρ_5 , P_{l2} = η(ρ_1)^2ρ_5 , P_νc_1 = ηρ_1ρ_5 , P_νc_2 = η^2(ρ_1)^2ρ_5 , P_d c_1 = η(ρ_1)^2ρ_5 , P_d c_2 = η^2ρ_1ρ_5 . (34)

Then the following relations hold

P_{l1} = η^3P_νc_1 = η^3P_d c_1 , η^3P_{l2} = P_νc_2 = P_d c_2 . (35)

In the same way, the Z_M element for (f_R )^c is given by

P_Qc = P_E = P_U = ρ , P_d c = P_l = ρη^3 , P_Lc_1 = ρη^2(ρ_1)^2ρ_5 , P_Lc_2 = ρηρ_1ρ_5 , P_{N1} = ρη(ρ_1)^2ρ_5 , P_{N2} = ρη^2ρ_1ρ_5 , P_{D1} = ρηρ_1ρ_5 , P_{D2} = ρη^2(ρ_1)^2ρ_5 . (36)

8 There is a proposal that a large flavor mixing in lepton sector and a milder mass hierarchy of leptons and down-type quarks than up-type quarks can be explained from a difference of origin for species. That is, the species in 10s of SU(5) come from the corresponding 27s, and those in 5s come from the first two 27s.[32] This interesting possibility would be excluded if we impose a stronger condition that all members of one family survive as zero modes after compactification.

Then the following relations hold

P_Lc_1 = η^3P_{N1} = ρ^2η^3P_{D1} , ρ^2η^3P_Lc_2 = ρ^2P_{N2} = P_{D2} . (37)

For reference, the Z_M element for extra gauge bosons with non-vanishing gauge quantum numbers is given by

P_{b1} = 1 , P_{b2} = η(ρ_1)^2ρ_5 , P_{b3} = η^2ρ_1ρ_5 , P_{b4} = η^3 , P_{b5} = η^2(ρ_1)^2ρ_5 , P_{b6} = ηρ_1ρ_5 , P_{b7} = η^3 , P_{b8} = η(ρ_1)^2ρ_5 , P_{b9} = η(ρ_1)^2(ρ_5)^2 , P_{b10} = η^2(ρ_1)^2ρ_5 , (38)

where b_7 is (1,2)_{1,0,0}, and b_8, b_9 and b_{10} are (1,1)_{0,2,0}, (1,1)_{0,−1,1}, and (1,1)_{0,−1,−1}, respectively. The Z_M element for b_α is given by P_{bα} = P_{bα} .

Here, we point out generic features.

(a) The mirror fermions such as Q^c , E and U are always projected out, because they have the Z_M element ρ = e^{2πi/M} ≠ 1.

(b) The mirror fermions such as D and L^c have a same Z_M element and are projected out, if d^c and l have zero mode.

(c) The extra gauge bosons with (3,2)_{−1/3,−1,−1/3} and (3,2)_{1/3,1,1/3} always have zero modes, and E_6 does not break down to G_{Tri} and its subgroups in our setup.

Because the representation matrix based on Y_{(2)} (Y_{(3)}) is obtained by exchanging ρ_4 and ρ_5 (ρ_4 and ρ_6), we obtain same results irrespective of the definition of hypercharge. Hence we consider the case with Y_{(1)}, in the following.

3.2 M = 2

The representation matrix for M = 2 is given by

R_2 = diag(1,1,1) × diag(η,η,1) × diag(η,ρ_5,ηρ_5) , (39)

where we use η = η, ρ_1 = 1 and ρ_5 = ρ_5, .

The matrix (39) is characterized by η and ρ_5. The Z_2 element and species with even parity are given in Table 4. In Table 4, the species in square bracket originate from the charge conjugation of right-handed one. For reference, we list also a case that d^c and l are absent.

For reference, we give a correspondence between the shift embedding on roots of E_6 and ours. The second one in Table 4 is realized by the shift vector V = (0,1/2,1/2,0,0,1/2), and the third and fourth ones are realized by V =

Table 4: The Z_2 element and species with even parity from 27.

η ρ_5 Species with even parity Gauge group 1 1 q, e^c , u^c , D, L^c , l_1, l_2, d^c_1 , d^c_2 , ν^c_1, ν^c_2 E_6 1 −1 q, e^c , u^c , D, L^c , [L^c_1], [L^c_2], [D_1], [D_2], [N_1], [N_2] SU (6) × SU (2) −1 1 q, e^c , u^c , [d^c ], [l], l_1, [L^c_2], [D_1], d^c_2 , [N_1], ν^c_2 SO(10) ×U (1) −1 −1 q, e^c , u^c , [d^c ], [l], [L^c_1], l_2, d^c_1 , [D_2], ν^c_1, [N_2] SO(10) ×U (1)

(1/2,1/2,0,1/2,1/2,0). The difference of third and fourth ones stems from that of assignment of species. Here, we use the gauge shift V defined in [16].

Zero modes are reduced by the combination of representation matrices, and they are given by the intersection of them. Here, we give an example with all members of one SM family (except a neutrino singlet) in the smallest gauge group. For S^1/Z_2, the combination of representation matrices such that

P_0 = diag(1,1,1) × diag(−1,−1,1) × diag(−1,1,−1) (40) P_1 = diag(1,1,1) × diag(−1,−1,1) × diag(−1,−1,1) (41)

generates zero modes of (q,e^c ,u^c ,[d^c ],[l]). The gauge group is SU (5) ×U (1)^2. For T^2/Z_2, the same matters and gauge group are obtained with P_2 = P_0 or P_1, as well as the above P_0 and P_1.

3.3 M = 3

The representation matrix for M = 3 is given by

R_3 = diag(ρ_1,ρ_1,ρ_1) × diag(η^2(ρ_1)^2,η^2(ρ_1)^2,η^2(ρ_1)^2) × diag(η(ρ_1)^2,ρ_5,η^2ρ_1(ρ_5)^2) , (42)

where we use η = η^2, ρ_1 = (ρ_1)^2 and ρ_5 = (ρ_5)^2. The following relations hold

P_q = P_ec = P_uc = P_D = P_Lc = 1 , P_{l1} = P_νc_1 = P_d c_1 = P_{l2} = P_νc_2 = P_d c_2 = η^2ρ_1ρ_5 , (43) P_Qc = P_E = P_U = P_d c = P_l = ρ , P_Lc_1 = P_{N1} = ρ^2P_{D1} = ρ^2P_Lc_2 = ρ^2P_{N2} = P_{D2} = ρη(ρ_1)^2(ρ_5)^2 . (44)

In this way, zero modes of mirror particles such as D and L^c always appear. Zero modes of l_1, l_2, ν^c_1, ν^c_2, d^c_1 and d^c_2 can survive together in the case with ρ_1ρ_5 = η. Then the mirror particles such as L^c_a and D_a are projected out because of P_Lc_1 = P_{N1} = ρ^2P_{D1} = ρ^2P_Lc_2 = ρ^2P_{N2} = P_{D2} = ρ. Hence the fermions such as q, e^c , u^c , l_a, ν^c_a , d^c_a, D and L^c (a = 1,2) survive after compactification and E_6 is unbroken, in the case with ρ_1ρ_5 = η.

3.4 M = 4

The representation matrix for M = 4 is given by

R_4 = diag(1,1,1) × diag(η^3,η^3,η^2) × diag(η,ρ_5,η^3(ρ_5)^3) , (45)

where we use η = η^3, ρ_1 = 1 and ρ_5 = (ρ_5)^3. The following relations hold

P_q = P_ec = P_uc = 1 , P_D = P_Lc = η^3 , P_{l1} = η^3P_νc_1 = η^3P_d c_1 = η^2ρ_5 ,

η^3P_{l2} = P_νc_2 = P_d c_2 = η^2ρ_5 , (46) P_Qc = P_E = P_U = ρ , P_d c = P_l = ρη , P_Lc_1 = ηP_{N1} = ρ^2ηP_{D1} = ρη^2(ρ_5)^3 ,

ρ^2ηP_Lc_2 = ρ^2P_{N2} = P_{D2} = ρη^2(ρ_5)^3 . (47)

Here, we consider a possibility that all charged mirror fermions are projected out by Z_4 orbifolding, for simplicity. The value of intrinsic Z_4 element is determined as η = i,−1,−i to project out D and L^c . The value of ρ_5 is determined as ρ_5 = i,−1 for η = i, ρ_5 = 1,−1,−i for η = −1 and ρ_5 = 1,i for η = −i to project out D_2 and L^c_2.

The Z_4 element and species with zero modes are given in Table 5. The species in square bracket originate from the charge conjugation of right-handed one. For reference, we list also a case that d^c and l are absent.

Here, we give an example with all members of one SM family (except a neutrino singlet) in the smallest gauge group. The combination of representation matrix for Z_4 and Z_2 such as

Q_0 = diag(1,1,1) × diag(i,i,−1) × diag(−i,1,i) , (48) P_1 = diag(1,1,1) × diag(1,1,1) × diag(1,1,1) , (49)

we have a model with just SM family members and a gauge singlet, i.e., zero modes of q, e^c , u^c , [d^c ], [l] and [N_1], and the gauge group SU (5) ×U (1)^2.

Table 5: The Z_4 element and species with zero modes from 27.

η ρ_5 Species with zero modes Gauge group i i q, e^c , u^c , l_2, d^c_1 , ν^c_1, [N_2] SO(10) ×U (1) i −1 q, e^c , u^c , l_1, d^c_2 , ν^c_2, [N_1] SO(10) ×U (1) −1 −i q, e^c , u^c , [N_1], [N_2] SU (5) × SU (2) ×U (1) −1 1 q, e^c , u^c , l_1, d^c_2 , ν^c_2 SO(10) ×U (1) −1 −1 q, e^c , u^c , l_2, d^c_1 , ν^c_1 SO(10) ×U (1) −i 1 q, e^c , u^c , [d^c ], [l], [N_1] SU (5) ×U (1)^2 −i i q, e^c , u^c , [d^c ], [l], [N_2] SU (5) ×U (1)^2

3.5 M = 6

The representation matrix for M = 6 is given by

R_6 = diag(ρ_1,ρ_1,ρ_1) × diag(η^5(ρ_1)^2,η^5(ρ_1)^2,η^2(ρ_1)^2) × diag(η(ρ_1)^2,ρ_5,η^5ρ_1(ρ_5)^5) , (50)

where we use η = η^5, (ρ_1)^3 = 1 and ρ_5 = (ρ_5)^5. The following relations hold

P_q = P_ec = P_uc = 1 , P_D = P_Lc = η^3 , P_{l1} = η^3P_νc_1 = η^3P_d c_1 = η^3P_{l2} = P_νc_2 = P_d c_2 = η^2ρ_1ρ_5 , (51) P_Qc = P_E = P_U = ρ , P_d c = P_l = ρη^3 , P_Lc_1 = η^3P_{N1} = ρ^2η^3P_{D1} = ρ^2η^3P_Lc_2 = ρ^2P_{N2} = P_{D2} = ρη^4(ρ_1)^2(ρ_5)^5 . (52)

Note that d^c and l are always projected out.

The assignment of Z_6 element and gauge group are given in Table 6. Here,

Table 6: The assignment of Z_6 element for 27.

(η,ρ_1) Gauge group η^2ρ_1ρ_5 = 1 (ρ^m,ρ^n ) (m = 1,3,5,n = 0,2,4) SO(10) ×U (1) η^5ρ_1ρ_5 = 1 (ρ^m,ρ^n ) (m = 1,3,5,n = 0,2,4) SO(10) ×U (1)

we consider a possibility that all charged mirror fermions are projected out and kept all members of one family (q, e^c ,u^c , l_1, ν^c_2, d^c_2 ) or (q, e^c ,u^c , l_2, ν^c_1, d^c_1 ) by Z_6 orbifolding, for simplicity. The value of intrinsic Z_6 element is determined as η = ρ,ρ^3,ρ^5 (ρ ≡ e^{πi/3}) to project out D and L^c . If we choose η^2ρ_1ρ_5 = 1 to survive zero modes of l_1, ν^c_2 and d^c_2 , zero modes of other fermions except for q, e^c and u^c are projected out because of P_Lc_1 = η^3P_{N1} = ρ^2η^3P_{D1} = ρ^2η^3P_Lc_2 = ρ^2P_{N2} = P_{D2} = ρ. In the same way, if we choose η^5ρ_1ρ_5 = 1, zero modes of q, e^c ,u^c , l_2, ν^c_1 and d^c_1 survive and those of others are projected out.

By a suitable combination of representation matrix for Z_6 and Z_2, e.g.,

R_6 = diag(1,1,1) × diag(ρ^5,ρ^5,ρ^2) × diag(ρ,ρ,ρ^4) , (53) R_2 = diag(1,1,1) × diag(1,1,1) × diag(1,1,1) , (54)

we have a model with just SM family members and a gauge singlet, i.e., zero modes of q, e^c ,u^c , l_2, ν^c_1 and d^c_1 , and the unbroken gauge group SO(10) ×U (1).

4 Effective grand unified model

The string-inspired E_6 SUSY grand unified theories have been studied intensively since the construction of 4-dimensional models based on the Calabi-Yau compactification.[33]^9 E_6 grand unified theories with three generations have been derived from heterotic string theory.[35] Higher-dimensional E_6 grand unified theories on orbifold have been also studied from several aspects.[12, 13, 14, 15, 16]

Most low-energy theories derived from higher-dimensional E_6 grand unified theories contain exotic particles such as D, L^c and so on, in our notation. They influence the gauge coupling unification and can induce the problem of proton decay. Hence it is interesting to derive an effective grand unified model, which contains a minimal set of particle contents (if possible, exotic particles are absent in its low-energy theory) and to study features of the model. Two conditions in subsection 3.1 have been imposed on Z_M elements of matter fields from this point of view.

We take the grand unified model whose gauge group is SU (5) ×U (1)^2, derived from the Z_4 orbifolding on T^2, with the representation matrices such that

Q_0 = diag(1,1,1) × diag(i,i,−1) × diag(−i,1,i) , (55)

9 For the theoretical and phenomenological aspects of string-inspired E_6 models, see [34] and references therein.

P_1 = diag(1,1,1) × diag(1,1,1) × diag(1,1,1) . (56)

This model has zero modes of (q,e^c ,u^c ,[d^c ],[l],[N_1]), which belong to the fields of (10,−1,1), (5,−2,2) and (1,0,−4) under SU (5) ×U (1)_1 ×U (1)_2. Here, SU (5) × U (1)_1 is a maximal subgroup of SO(10), and the normalization of U (1)_1 charge (Q_1) and U (1)_2 charge (Q_2) are taken as

∑_{27} Q^2_1 = 120 and

∑_{27} Q^2 = 72, respectively. The left-handed fermions of (5,−2,2) and (1,0,−4) are obtained by the charge-conjugation for right-handed fermion of (5,2,−2) and (1,0,4), respectively. The [N_1]s are regarded as neutrino singlets, which are involved the seesaw mechanism.[36, 37] Note that there appear no exotic particles as zero modes from the bulk fields.

From the observation that the gauge couplings are unified in the minimal supersymmetric standard model (MSSM), we assume that our model possesses SUSY, which is broken by the Scherk-Schwarz mechanism in the bulk,[27, 28] and the gauge symmetry SU (5) ×U (1)_1 ×U (1)_2 is broken down to the SM one G_{SM} at the unification scale M_{GUT}(= 2.1 × 10^{16})GeV by the Higgs mechanism due to localized fields on a fixed point. Through the Scherk-Schwarz mechanism, bulk fields obtain a common soft SUSY breaking mass m_0. On the other hand, localized fields are, in general, supposed to acquire non-universal soft SUSY breaking masses by other SUSY breaking sources.

First we give a prediction to test our model. In 4-dimensional E_6 grand unified models, there are proposals that fermion masses can be useful probes[38], and sfermion masses can be also useful to know a pattern of gauge symmetry breaking in the SUSY extensions.[39, 40]^{10} Hence it is interesting to study sum rules among superparticle masses such as sfermion masses and gaugino masses based on the SUSY extension of our model.

After the breakdown of SU (5) ×U (1)_1 ×U (1)_2, we have the following mass formulae at M_{GUT},

m^2_{10} ≡ m^2_{q̃} = m^2_ũc = m^2_ẽc = m^2_0 − D_1 + D_2 , (57)

m^2_5 ≡ m^2_{d̃ c} = m^2_{l̃} = m^2_0 − 2D_1 + 2D_2 , (58) M_{24} ≡ M_3 = M_2 = M_1 = m_0 , M_{11} = M_{12} = m_0 , (59)

where m_{10} and m_5 are the soft SUSY breaking scalar masses for sfermions of (10,−1,1) and (5,−2,2), D_1 and D_2 are parameters which present D-term contributions relating U (1)_1 and U (1)_2, and M_{24} is the soft SUSY breaking gaugino

10 Sfermion mass relations have been also studied in orbifold family unification models.[41]

mass for the SU (5) gaugino. The M_3, M_2 and M_1 are gaugino masses of the SM group, and M_{11} and M_{12} are gaugino masses of U (1)_1 and U (1)_2, respectively.

The D-term contributions, in general, originate from D-terms related to broken gauge symmetries when soft SUSY breaking parameters possess a nonuniversal structure in the gauge symmetry breaking sector and the rank of gauge group decreases after the breakdown of gauge symmetry.[42, 43, 44, 45] In most cases, the magnitude of D-term condensation is, at most, of order original soft SUSY breaking mass squared, and hence D-term contributions can induce sizable effects on sfermion spectrum.

By eliminating unknown parameters D_1 and D_2, we obtain the specific relation

2(m^2_{10} − M^2_{24}) = m^2_5 − M^2_{24} . (60)

Because the formulae (57) and (58) are generation-independent, the following relations are also derived,

m^2_{101} = m^2_{102} = m^2_{103} , m^2_{51} = m^2_{52} = m^2_{53} , (61)

where m_{10i} and m_{5i} (i = 1,2,3) are soft SUSY breaking scalar masses for the i-th generation. The sum rules (60) and (61) can be useful probes for our model.

Next we discuss the structure of superpotential and problems relating it. We consider a model with a minimal particle content, for simplicity. Based on the extension of brane world scenario, our 4-dimensional world is assumed to be the space-time fixed on the origin of T^2/Z_4. On our space-time, SU (5)×U (1)_1× U (1)_2 gauge symmetry is respected on the compactification.

Let us introduce several chiral superfields on the fixed point of Z_4 transformation, i.e., a chiral multiplet Σ to break SU (5) down to the SM one, two pairs of chiral multiplets (S_1,S_1) and (S_2,S_2) to break U (1)_1 and U (1)_2, and a pair of chiral multiplet (H, H) to break the electroweak symmetry down to the electric one. The gauge quantum numbers of such localized fields are given in Table 7. Other charged fields are necessary to cancel anomalies relating U (1)_1 and U (1)_2.

The superpotential W is given by

W = f̃^{i j}_U

Λ^4

(S_1S_2)^210_i 10_j H + f̃^{i j}_D

Λ^6

(S_1S_2)^310_i 5_j H +

M^{i j} Λ^4

S_2^41_i 1_j

+ f_ΣHΣH + μ_H H H +W_S , (62)

Table 7: The gauge quantum numbers of localized fields.

Localized fields SU (5) U (1)_1 U (1)_2

Σ 24 0 0 S_1 1 1 0 S_1 1 −1 0 S_2 1 0 1 S_2 1 0 −1 H 5 0 0 H 5 0 0

where Λ is a cutoff scale and W_S is a superpotential which induces the breakdown of U (1)_1 ×U (1)_2, e.g., W_S = f_SS̃(S_1S_1 − M^2) + f_S′S̃^′(S_2S_2 − M^2) + ···, using SU (5) singlet chiral multiplets S̃ and S̃^′. We impose R-parity invariance on W . The vacuum expectation value (VEV) of scalar fields is determined from a minimum of scalar potential including soft SUSY breaking terms.

The scalar component of Σ acquire the VEV of 〈Σ〉 = diag(2,2,2,−3,−3)V , and SU (5) is broken down to G_{SM}. The scalar components of (S_1,S_1) and (S_2,S_2) acquire the VEVs of order M_{GUT}, and U (1)_1 ×U (1)_2 is broken down. Then the superpotential becomes the effective one,

W_{eff} = f^{i j}_U 10_i 10_j H + f^{i j}_D 10_i 5_j H + μH_W H_W + μ_C H_C H_C , (63)

where H_W and H_W are weak Higgs doublets, H_C and H_C are colored Higgs triplets, and f^{i j}_U , f^{i j}_D , μ and μ_C are given by

f^{i j}_U = f̃^{i j}_U

Λ^4

(〈S_1〉〈S_2〉)^2 , f^{i j}_D = f̃^{i j}_D

Λ^6

(〈S_1〉〈S_2〉)^3 , (64)

μ = −3f_ΣV + μ_H , μ_C = 2f_ΣV + μ_H . (65)

The W_{eff} has a same form derived from the ordinary SU (5) SUSY GUT,[46, 47] and it has the fermion mass relation m_τ = m_b at M_{GUT}, and induces problems relating the proton decay[48, 49] and the fine-tuning of Higgs masses. It is future work to solve the problems by extending the minimal one and to study other effective theories derived from E_6 orbifold grand unification.

5 Conclusions and discussion

We have classified the standard model particles, which originate from bulk fields with 27 or 27 after orbifold breaking, in E_6 grand unified theories on 5 or 6- dimensional space-time, and found that standard model family members survive under relatively big gauge groups such as SO(10) ×U (1) and SU (5) ×U (1)^2 after orbifolding, based on the condition that q,e^c and u^c survive as zero modes for each 27 or 27. We have studied features of SUSY SU (5)×U (1)_1 ×U (1)_2 grand unified model and found that sum rules among superparticle masses can be useful probes to test our model.

Our models can be a starting point to study a realistic grand unified theory. There are several problems in the minimal version, which are left future work. With the minimal particle contents, the SU (5)×U (1)^2 grand unified models after orbifolding leads to a same type of superpotential of ordinary 4-dimensional SUSY SU (5) GUT, and then it induces problems relating the proton decay and the fine-tuning of Higgs masses. It is interesting to solve the problems by extending the minimal one and to study other effective theories derived from E_6 orbifold grand unification.

As another path, there is a possibility that smaller gauge groups such as G_{Tri} and G_{32111} are obtained directly through orbifolding, if the condition on q, e^c and u^c is relaxed. On behalf of it, extra bulk and/or localized fields should be introduced.

The Hosotani mechanism[50, 51] has been applied to the breakdown of unified gauge symmetry.[52, 53] It is intriguing to construct models incorporating the Hosotani mechanism in the framework of E_6 grand unification.

Furthermore it is interesting to explore the origin of three families. Orbifold family unification models may give us a hint.[54, 55]

Acknowledgements

This work was supported in part by scientific grants from the Ministry of Education, Culture, Sports, Science and Technology under Grant Nos. 22540272 and 21244036 (Y.K.) and No. 23·9368 (T.M.).

References

[1] H. Georgi and S. L. Glashow, Phys. Rev. Lett. 32, 438 (1974).

[2] P. Langacker, Phys. Rep. 72, 185 (1981).

[3] G. G. Ross, Grand Unified Theories (Addison Wesley, Redwood City, 1984). [4] F. Gürsey, P. Ramond and P. Sikivie, Phys. Lett. 60B, 177 (1976). [5] H. Georgi, Nucl. Phys. 156, 126 (1979).

[6] L. Dixon, J. Harvey, C. Vafa and E. Witten, Nucl. Phys. B261, 651 (1985). [7] L. Dixon, J. Harvey, C. Vafa and E. Witten, Nucl. Phys. B274, 285 (1986). [8] For a textbook, K.-S. Choi and J. E. Kim, Quarks and Leptons From Orbifolded Superstring (Springer, Berlin Heidelberg, 2006).

[9] Y. Kawamura, Prog. Theor. Phys. 105, 999 (2001). [10] L. Hall and Y. Nomura, Phys. Rev. D64, 055003 (2001). [11] L. Hall and Y. Nomura, Ann. Phys. 306, 132 (2003). [12] C-S. Huang, J. Jiang, T. Li and W. Liao, Phys. Lett. B530, 218 (2002). [13] N. Haba and Y. Shimizu, Phys. Rev. D67, 095001 (2003). [14] A. Hebecker and M. Ratz, Nucl. Phys. B670, 3 (2003). [15] S. Färoste, H. P. Nilles and A. Wingerter, Phys. Rev. D72, 026001 (2005). [16] F. Braam, A. Knochel and J. Reuter, JHEP 1006, 013 (2010). [17] D. Kapetanakis and G. Zoupanos, Phys. Rep. 219, 1 (1992). [18] N. Irges and G. Zoupanos, Phys. Lett. 698, 146 (2011).

[19] N. Irges, G. Orfanidis and G. Zoupanos, PoS CORFU2011, 105 (2011), arXiv:1205.0753[hep-ph].

[20] R. Slansky, Phys. Rep. 79, 1 (1981).

[21] M. Bando and T. Kugo, Prog. Theor. Phys. 101, 1313 (1999). [22] L. Antoniadis, Phys. Lett. B246, 377 (1990). [23] P. Hořava and E. Witten, Nucl. Phys. B460, 506 (1996).

[24] P. Hořava and E. Witten, Nucl. Phys. B475, 94 (1996). [25] E. A. Mirabelli and M. Peskin, Phys. Rev. D58, 065002 (1998). [26] A. Pomarol and M. Quriós, Phys. Lett. B438, 255 (1998). [27] J. Scherk and J. H. Schwarz, Phys. Lett. B82, 60 (1979). [28] J. Scherk and J. H. Schwarz, Nucl. Phys. B153, 61 (1979). [29] Y. Kawamura, Prog. Theor. Phys. 103, 613 (2000). [30] Y. Kawamura and T. Miura, Prog. Theor. Phys. 122, 847 (2009). [31] Y. Kawamura and T. Miura, Prog. Theor. Phys. 120, 815 (2008). [32] M. Bando and N. Maekawa, Prog. Theor. Phys. 106, 1255 (2001). [33] P. Candelas, G. Horowitz, A. Strominger and E. Witten, Nucl. Phys. B258, 46 (1985).

[34] S. F. King, S. Moretti and R. Nevzorov, Phys. Rev. D73, 035009 (2006). [35] M. Ito, S. Kuwakino, M. Maekawa, S. Moriyama, K. Takahashi, K. Takei, S. Teraguchi and T. Yamashita, Phys. Rev. D83, 091703 (2009).

[36] T. Yanagida, “Horizontal Gauge Symmetry and Masses of Neutrinos", in Proceedings of Workshop on the Unified Theory and the Baryon Number in the Universe ed. by O. Sawada and A. Sugamoto, KEK report 79-18 (KEK, Tsukuba, 1979).

[37] M. Gell-Mann, P. Ramond and R. Slansky, “Complex Spinors and Unified Theories", in Supergravity ed. by P. van Nieuwenhuizen and D. Z. Freedman (North Holland, Amsterdam, 1979).

[38] M. Bando, T. Kugo and K. Yoshioka, Prog. Theor. Phys. 104, 211 (2000). [39] Y. Kawamura and M. Tanaka, Prog. Theor. Phys. 91, 949 (1994). [40] C. Kolda and S. P. Martin, Phys. Rev. D53, 3871 (1996). [41] Y. Kawamura and T. Kinami, Prog. Theor. Phys. 119, 285 (2008). [42] M. Drees, Phys. Lett. B181, 279 (1986).

[43] J. S. Hagelin and S. Kelley, Nucl. Phys. B342, 95 (1990).

[44] Y. Kawamura, H. Murayama and M. Yamaguchi, Phys. Lett. B324, 52 (1994).

[45] Y. Kawamura, H. Murayama and M. Yamaguchi, Phys. Rev. D51, 1337 (1995).

[46] S. Dimopoulos and H. Georgi, Nucl. Phys. B193, 150 (1981). [47] N. Sakai, Z. Phys. C11, 267 (1981).

[48] N. Sakai and T. Yanagida, Nucl. Phys. B197, 533 (1982). [49] S. Weinberg, Phys. Rev., D26, 287 (1982). [50] Y. Hosotani, Phys. Lett. B126, 309 (1983). [51] Y. Hosotani, Ann. Phys. 190, 233 (1989).

[52] K. Kojima, K. Takenaga and T. Yamashita, Phys. Rev. D84, 051701 (2011). [53] T. Yamashita, Phys. Rev. D84, 115016 (2011).

[54] Y. Kawamura, T. Kinami and K. Oda, Phys. Rev. D76, 035001 (2007). [55] Y. Kawamura and T. Miura, Phys. Rev. D81, 075011 (2010).