arXiv:1301.7543v1 [hep-th] 31 Jan 2013

KEK-TH-1600 OIQP-13-01 HUPD-1211

On the Cancellation Mechanism of Radiation from the Unruh detector

S. Iso^{1,2∗}, K. Yamamoto^{3†}, S. Zhang^{4‡}

1 Theory Center, High Energy Accelerator Research Organization(KEK) 2Department of Particles and Nuclear Physics, The Graduate University for Advanced Studies (SOKENDAI), Oho 1-1, Tsukuba, Ibaraki 305-0801, Japan

3 Department of Physics, Hiroshima University, Higashi-Hiroshima 739-8526, Japan

4 Okayama Institute for Quantum Physics, Kyoyama 1-9-1, Kita-ku, Okayama 700-0015, Japan

Abstract A uniformly accelerated detector (Unruh detector) in the Minkowski vacuum is excited as if it is exposed to the thermal bath with temperature proportional to its acceleration. In the inertial frame, since both of an excitation and a deexcitation of the detector are accompanied by emission of radiation into the Minkowski vacuum, one may suspect that the Unruh detector emits radiation like the Larmor radiation from an accelerated charged particle. However, it is known that the radiation is miraculously cancelled by a quantum interference effect. In this paper, we investigate under what condition the radiation cancels out. We first show that the cancellation occurs if the Green function satisfies a relation similar to the Kubo-Martin-Schwinger (KMS) condition. We then study two examples, Unruh detectors in the 3+1 dimensional Minkowski spacetime and in the de Sitter spacetime. In both cases, the relation holds only in a restricted region of the spacetime, but the radiation is cancelled in the whole spacetime. Hence the KMS-like relation is necessary but not sufficient for the cancellation to occur.

∗satoshi.iso@kek.jp †kazuhiro@hiroshima-u.ac.jp ‡lightondust@gmail.com

1 Introduction

A uniformly accelerated observer sees the Minkowski vacuum as thermally excited, which is known as the Unruh effect [1]. The Unruh effect is fundamental and important because it is related by the equivalence principle to the thermal behavior of gravity in spacetime with horizons [2]. The Unruh temperature T_U = ℏa/2πck_B is proportional to its acceleration a and very small for ordinary experimental settings. But the recent developments of ultrahigh intense lasers make the Unruh effect experimentally accessible [3]. For example, Chen and Tajima [4] proposed an indirect detection of the Unruh effect by measuring an excess of radiation from an accelerated electron in the electromagnetic field of ultra-high intense lasers. Since the trajectory of a charged particle in acceleration fluctuates around the classical trajectory due to the Unruh effect, it may emit an extra radiation (Unruh radiation) besides the classical Larmor radiation. The idea was further investigated in Ref. [5], in which it is shown that the motion of an electron in uniform acceleration is thermalized and fluctuates around the classical trajectory. An interference effect plays an important role to cancel the Unruh radiation at least partially, though it is not yet established whether the radiation is totally canceled.

A similar analysis was investigated for a uniformly accelerated Unruh detector, i.e. a system of a harmonic oscillator coupled with the quantum field. The backreaction of emission of particles to the detector’s trajectory is neglected, so the trajectory of the detector is not a dynamical variable. In [6, 7, 8, 9, 10], it was shown that cancellation of radiation occurs due to an interference effect. Here we briefly explain the mechanism of cancellation. The system is described by quantum scalar field ϕ and the Unruh detector in uniform acceleration. The equation of motion of the scalar field is given by

∂^μ∂_μϕ(x) = j(x) (1.1)

where the scalar current j(x) is induced by the Unruh detector. Its solution ϕ(x) is written as a sum of an inhomogeneous and a homogeneous solutions

ϕ(x) = ϕ_{inh}(x) + ϕ_h(x). (1.2)

The inhomogeneous solution ϕ_{inh}(x) describes the field induced by the coupling to the Unruh detector while the homogeneous part ϕ_h(x) corresponds to the vacuum fluctuation. The normal-ordered two-point function is given by the sum ⟨ϕ(x)ϕ(y)⟩ − ⟨ϕ_h(x)ϕ_h(y)⟩ = ⟨ϕ_{inh}(x)ϕ_{inh}(y)⟩ + ⟨ϕ_{inh}(x)ϕ_h(y)⟩ + ⟨ϕ_h(x)ϕ_{inh}(y)⟩. (1.3) The first term ⟨ϕ_{inh}(x)ϕ_{inh}(y)⟩ is a classical contribution in the presence of the Unruh detector. In addition to it, we also have the interference terms ⟨ϕ_{inh}(x)ϕ_h(y)⟩ +

⟨ϕ_h(x)ϕ_{inh}(y)⟩. It is purely quantum mechanical and appears as a result of the interference between the induced field ϕ_{inh} and the vacuum fluctuation ϕ_h. Since the inhomogeneous solution has its origin in the vacuum fluctuation, the interference terms do not vanish. It is indeed shown that these two contributions are miraculously cancelled each other (apart from the polarization cloud near the detector) in some specific examples.

Although the cancellation is straightforwardly shown, it is not clear under what condition the cancellation generally occurs. An intuitive interpretation of the cancellation is based on an observation that the Unruh detector eventually reaches equilibrium in the thermal bath with the Unruh temperature. This may explain why the total energy flux vanishes. It sounds plausible, but it cannot answer to the following two questions. First, the uniformly accelerated observer can only see a part of the spacetime, the right Rindler wedge (see also section 3). So it is not certain whether the cancellation occurs also in the future wedge to which the accelerated observer is inaccessible. Second, such classical interpretation of the cancellation cannot explain why the cancellation occurs for an inertial observer. In the thermal equilibrium, the energy balance is reached by processes of absorption and emission. But, for an inertial observer, only emission can occur since there are no particles to be absorbed in the vacuum. Both absorption and emission processes for the uniformly accelerated observer correspond to emission of a quanta for the inertial observer. Hence, the cancellation of the energy flux appears mysterious.

In this paper, we first investigate the mechanism of the cancellation and find a condition for the cancellation. The condition is similar to the Kubo-Martin-Schwinger (KMS) relation in a thermal system. This makes clear and explicit the relation between the thermal properties of the uniformly accelerated observer and the cancellation of radiation. We then consider two examples, the Unruh detector in 3+1 dimensional Minkowski spacetime and a detector moving along a geodesic in de Sitter spacetime. In both cases we show that a two-point function has different behaviors in different wedges across the Rindler horizon of the detector. The above condition for the cancellation is only satisfied in a restricted region of the spacetime (the right Rindler wedge). This may reflect the fact that the uniformly accelerated observer can only access to the restricted part of the spacetime. In the future wedge, we show that, although the above thermal condition is not satisfied, radiation also cancels out and only a polarization cloud remains.

The paper is organized as follows. In Section 2, we give a general condition for the cancellation of radiation to occur. In Section 3, we explicitly demonstrate how the condition works to cancel the radiation from an Unruh detector moving at a constant acceleration in the Minkowski spacetime. We also consider a detector at rest in the de Sitter spacetime.

Section 4 is devoted to conclusions and discussions.

2 KMS-like condition

We consider a coupled system of a scalar field ϕ(x) and a harmonic oscillator whose action is given by S[Q, ϕ; z] = m 2 ∫ dτ ( (Q̇(τ))^2 − Ω^2_0Q^2 ) + 1 2 ∫ d^nx √ |g| ( ∂^μϕ(x)∂_μϕ(x) + F (R)ϕ^2 )

+λ ∫ d^nxdτ P [Q(τ)]ϕ(x)δ^n(x − z(τ)). (2.1) Q(τ) is a harmonic oscillator with a mass m and an angular frequency Ω_0, and denotes the dynamical degree of freedom of the Unruh detector. Its world line trajectory is given by x^μ = z^μ(τ). Note that z^μ(τ) is not a dynamical variable. ϕ(x) is coupled to the Unruh detector though the last term. F (R) is a function of the Riemann scalar curvature. P [Q] is defined by

P [Q(τ)] = ∑ j p_j ( d dτ )_j Q(τ), (2.2)

where p_i is a constant.

The Heisenberg equations of motion are given by m ( Q̈(τ) + Ω^2_0Q(τ) ) = λP̄ [ϕ(z(τ))], (2.3) (∇^μ∇_μϕ(x) − F (R)) ϕ(x) = λ √ |g| ∫ dτ^′P [Q(τ^′)]δ^n(x − z(τ^′)), (2.4)

where P̄ [Q(τ)] = ∑ j p_j ( −^d_{dτ} )_j Q(τ) is a conjugate of P . An inhomogeneous solution of (2.4) is given by ϕ_{inh}(x) = λ ∫ dτ^′P [Q(τ^′)]G_R(x, z(τ^′)), (2.5)

where the retarded Green function G_R(x, y) satisfies

(∇^μ∇_μ − F (R)) G_R(x, y) = δ^n(x − y) √ |g| (2.6)

with an appropriate boundary condition. A general solution is then written as a sum of an inhomogeneous and a homogeneous solutions

ϕ(x) = ϕ_{inh}(x) + ϕ_h(x). (2.7)

Since we are considering an open system^§, the homogeneous solution ϕ_h(x) describes the vacuum fluctuation and satisfies

(∇^μ∇_μ − F (R)) ϕ_h(x) = 0. (2.8)

Substituting the solution (2.7) into the equation of motion for Q(τ), Eq. (2.3), we obtain the following equation, m ( d^2 dτ^2 + Ω^2_0 ) Q(τ) − λ^2P̄ [∫ dτ^′P [Q(τ^′)]G_R(z(τ), z(τ^′)) ] = λP̄ [ϕ_h(z(τ))]. (2.9)

It describes a stochastic behavior of the Unruh detector, and the detector eventually reaches the thermal equilibrium at the Unruh temperature. The second term in the l.h.s. gives a dissipation due to the emission of radiation while the r.h.s. gives a stochastic noise of the quantum vacuum fluctuation. In the following, we will consider a trajectory of the detector so that G_R(z(τ), z(τ^′)) is a function of τ − τ^′,

G_R(z(τ), z(τ^′)) = G_R(τ − τ^′).

This condition holds in two examples studied in section 3. After the Unruh detector reaches the thermal equilibrium, the coupled system becomes stationary (but not necessarily static). We then Fourier-transform Q(τ) as Q(τ) = ∫_∞ −∞ dω 2π e^{−iωτ} Q̃(ω). (2.10) Similarly the vacuum fluctuation ϕ_h(z(τ)) along the trajectory of the detector can be Fourier transformed as ϕ̃(ω) = ∫ dτ e^{iωτ} ϕ_h(z(τ)). (2.11) Then the equation (2.9) can be solved in terms of ϕ̃(ω) as Q̃(ω) = λh(ω)ϕ̃(ω). (2.12)

Here h(ω) is given by h(ω) = f(−ω) −mω^2 + mΩ^2_0 − λ^2f(ω)f(−ω)G̃_R(ω)

, (2.13)

where we defined f(ω) = ∑ j p_j(−iω)^j , and

G̃_R(ω) = ∫ d(τ − τ^′)G_R(τ − τ^′)e^{iω(τ −τ ′)} = G̃^∗_R(−ω). (2.14) §If we consider a closed system (such as a system confined in a small box), we need to take into account a nonequilibrium evolution of the ϕ field by using the in-in formalism. Then the homogeneous solution deviates from the vacuum fluctuation.

Note that the relation h(−ω) = h^∗(ω) holds.

Now we consider the renormalized two-point function Eq. (1.3). The energy-momentum flux can be obtained from the two-point function by differentiating it with respect to x and y. Hence we focus our investigation on the two-point function.

Using (2.12), the inhomogeneous solution ϕ_{inh} (2.5) can be written in terms of the homogeneous one (vacuum fluctuation) ϕ̃(ω) as ϕ_{inh}(x) = λ^2 ∫ dτ_x ∫ dω_x 2π f(ω_x)h(ω_x)ϕ̃(ω_x) G_R(x, z(τ_x))e^{−iωxτx} . (2.15) Then the two-point correlation of the inhomogeneous solution is given by ⟨ϕ_{inh}(x)ϕ_{inh}(y)⟩ = λ^4 ∫ dτ_xdω_xdτ_ydω_y (2π)^2 G_R(x, z(τ_x))G_R(y, z(τ_y))e^{−i(ωxτx+ωy τy )} × h(ω_x)f(ω_x)h(ω_y)f(ω_y)⟨ϕ̃(ω_x)ϕ̃(ω_y)⟩. (2.16)

Since the inhomogeneous solution ϕ_{inh} is written in terms of the homogeneous one ϕ_h, the interference between them gives a nonvanishing contribution to the two-point function. It is given by ⟨ϕ_{inh}(x)ϕ_h(y)⟩ + ⟨ϕ_h(x)ϕ_{inh}(y)⟩ = λ ∫ dτ_xG_R(x, z(τ_x))⟨P [Q(τ_x)]ϕ_h(y)⟩ + λ ∫ dτ_yG_R(y, z(τ_y))⟨ϕ_h(x)P [Q(τ_y)]⟩ = λ^2 ∫ dτ_xdω_x 2π G_R(x, z(τ_x))e^{−iωxτx} h(ω_x)f(ω_x)⟨ϕ̃(ω_x)ϕ_h(y)⟩ +λ^2 ∫ dτ_ydω_y 2π G_R(y, z(τ_y))e^{−iωy τy} h(ω_y)f(ω_y)⟨ϕ_h(x)ϕ̃(ω_y)⟩. (2.17) Comparing (2.16) and (2.17), one can see that (2.16) is written in terms of the correlation of vacuum fluctuations on the trajectory ⟨ϕ_h(z(τ))ϕ_h(z(τ^′))⟩ while (2.17) depends on ⟨ϕ_h(x)ϕ_h(z(τ))⟩, and a nontrivial relation is necessary to make them related.

In the remaining of this section, we show that the following relation plays an important role to cancel out the radiation. The key relation we will use is ⟨ϕ̃(ω)ϕ_h(y)⟩ = ρ(ω)⟨[ϕ̃(ω), ϕ_h(y)]⟩, (2.18) where ρ(ω) is a real function of ω. Or equivalently, ⟨ϕ̃(ω)ϕ_h(y)⟩ = α(ω)⟨ϕ_h(y)ϕ̃(ω)⟩, α(ω) = ρ(ω) ρ(ω) − 1 . (2.19)

These relations show that ⟨ϕ̃(ω)ϕ_h(y)⟩ and ⟨[ϕ̃(ω), ϕ_h(y)]⟩ have the same y-dependence up to a real function of ω. Both of them satisfy the homogeneous equation (∇^μ∇_μ − F (R)) G(y) = 0, but it does not mean that the relation (2.18) is always satisfied.

We now prove that the radiation in the inhomogeneous term (2.16) and the interference term (2.17) cancels out when the key relation Eq. (2.18) holds. Introducing a function G(x, y) by G(x, y) = −i⟨[ϕ_h(x), ϕ_h(y)]⟩ = −G_R(x, y) + G_A(x, y), (2.20) (see e.g., [11]), we find that ⟨ϕ̃(ω_x)ϕ̃(ω_y)⟩ = ∫ dτ_y ⟨ϕ̃(ω_x)ϕ_h(z(τ_y ))⟩e^{iωy τy} = i ∫ dτ_xdτ_y ρ(ω_x)G(τ_x − τ_y)e^{i(ωxτx+ωyτy )} = 4πδ(ω_x + ω_y)ρ(ω_x) ImG̃_R(ω_x). (2.21) In the last equality we used the relation G_A(x, y) = G_R(y, x) and G̃(ω) = −G̃_R(ω) + G̃_A(ω) = −2i ImG̃_R(ω), where G̃(ω) and G̃_A(ω) are the Fourier transforms of G(z(τ), z(τ ′ )) = G(τ − τ^′) and G_A(τ(z), τ(z^′)) = G_A(τ − τ^′), respectively. Substituting this relation into Eq. (2.16), we have ⟨ϕ_{inh}(x)ϕ_{inh}(y)⟩ = λ^4 ∫ dτ_xdτ_ydω 2π G_R(x, z(τ_x))G_R(y, z(τ_y))|h(ω)f(ω)|^2ρ(ω)e^{−iω(τx −τy)}2 ImG̃_R(ω). (2.22) On the other hand, by using the key relation (2.18) the interference term (2.17) becomes ⟨ϕ_{inh}(x)ϕ_h(y)⟩ + ⟨ϕ_h(x)ϕ_{inh}(y)⟩ = −iλ^2 ∫ dτ_xdτ_ydω 2π e^{−iω(τx−τy )}ρ(ω) × (G_R(x, z(τ_x))G(y, z(τ_y ))f(ω)h(ω) − G(x, z(τ_x))G_R(y, z(τ_y))f(−ω)h(−ω)) , (2.23) where we used ⟨ϕ_h(x)ϕ̃(ω)⟩ = (⟨ϕ_h(x)ϕ̃(ω)⟩^∗)^∗ = (⟨ϕ̃(−ω)ϕ_h(x)⟩)^∗ = ρ(−ω) ∫ dτ(−i)G(z(τ), x)e^{iωτ} . (2.24) Since the commutator G(x, y) is written as G(x, y) = G_A(x, y) − G_R(x, y), (2.23) can be decomposed into a term containing a product of two G_R and the other with a product of G_R and G_A. It can be easily shown by using the identity h(ω)f(ω) − h(−ω)f(−ω) = λ^2|h(ω)|^2 ( |f(ω)|^2G̃_R(ω) − |f(ω)|^2G̃_R(−ω) ) = |h(ω)f(ω)|^22iλ^2 ImG̃_R(ω) (2.25) that the term containing a product of two G_R in (2.23) totally cancels the two-point function ⟨ϕ_{inh}(x)ϕ_{inh}(y)⟩ in (2.22), which would generate the classical radia1tion by the fluctuating motion of the accelerated detector.

As a result of the above cancellation, the renormalized two-point function becomes ⟨ϕ(x)ϕ(y) − ϕ_h(x)ϕ_h(y)⟩ = −iλ^2 ∫ dτ_xdτ_ydω 2π e^{−iω(τx−τy)}ρ(ω) (2.26) × {G_R(x, z(τ_x))G_A(y, z(τ_y))f(ω)h(ω) − G_A(x, z(τ_x))G_R(y, z(τ_y ))f(−ω)h(−ω)} . It contains a product of G_R and G_A, and because of this we can show that the energymomentum tensor derived from this two-point function damps faster than the behavior of radiation. Hence it does not give an energy flux at infinity. We will see this explicitly in the next section.

3 Two Examples

In this section we consider two examples to investigate the mechanism of cancellation of radiation. We will see that the key relation (2.18) holds only in a restricted region of the spacetime. The first example is the Unruh detector that is uniformly accelerated in the 3+1 dimensional Minkowski spacetime. The second one is a detector fixed at the origin of the spatial coordinates in the 3+1 de Sitter spacetime.

3.1 Unruh detector in Minkowski spacetime

We consider a massless scalar field (2.1) in the Minkowski spacetime . For simplicity, we take P [Q(τ)] = Q(τ) so that f(ω) = 1. The vacuum two-point function ⟨ϕ(x)ϕ(y)⟩ is a function of the invariant distance σ = (x − y)^2. The trajectory of a uniformly accelerated detector is given by

z^μ(τ) = ( sinh aτ a , cosh aτ a , 0, 0 ) , (3.1)

and the invariant distance between two points, z^μ(τ) and z^μ(τ^′), on the trajectory is given by σ = (z(τ) − z(τ^′))^2 = 4 a^2 ( sinh a(τ − τ^′) 2 )_2 . (3.2)

It is a function of the difference of the detector’s proper time, τ −τ^′. Therefore, the Green function is a function of (τ − τ^′); G_R(z(τ), z(τ^′)) = G_R(τ − τ^′).

In 3+1 dimensional Minkowski spacetime, the Wightman function is given by ⟨ϕ_h(x)ϕ_h(y)⟩ = − 1 4π^2 1 (x − y)^2 − iϵ(x^0 − y^0)

(3.3)

where ϵ is an infinitesimally small positive constant. To explore when the key relation (2.18) holds, we calculate the following quantity, ⟨ϕ_h(x)ϕ̃(ω)⟩ = ∫ dτe^{iωτ} ⟨ϕ_h(x)ϕ_h(z(τ))⟩ = − 1 4π^2 ∫ dτ e^{iωτ} (x^0 − z^0(τ) − iϵ)^2 − (x^1 − z^1(τ))^2 − (x^2)^2 − (x^3)^2

.(3.4)

The integrand has poles on the complex τ plane, whose positions are obtained by solving the equation ( x^0 − sinh(aτ) a )_2 − ( x^1 − cosh(aτ) a )_2

− (x^2)^2 − (x^3)^2 = 0. (3.5)

In terms of the lightcone coordinates u = x^0 − x^1 and v = x^0 + x^1, it becomes − u e^{aτ} a + v e^{−aτ} a + x^μx_μ − 1 a^2

= 0. (3.6)

The solutions of (3.6) are obtained in a different form depending on a given spacetime point. We consider two types of observers, one in the future wedge where u > 0 and v > 0 and the other in the right Rindler wedge where u < 0 and v > 0.

If x is in the right Rindler wedge with u < 0 and v > 0, there are two types of solutions and each of them satisfies the following equation, e^{aτ R−} = a 2|u| ( L^2 − √ L^4 −^4_{a2} |uv| ) > 0 (3.7) e^{aτ R+} = a 2|u| ( L^2 + √ L^4 −^4_{a2} |uv| ) > 0, (3.8)

where L^2 = −x^μx_μ + 1/a^2. Due to the thermal property of the accelerated observer, the solutions are periodically located at τ^R_± = ζ^R_± + 2πni/a, where ζ^R_± are real-valued and defined by

ζ^R_± (x) = 1 a ln [ a 2|u| ( L^2 ± √ L^4 −^4_{a2} |uv| )] , (3.9)

respectively. On the other hand, if x^μ is in the future wedge with u > 0 and v > 0, the solutions satisfy e^{aτ F−} = a 2u ( −L^2 + √ L^4 +^4_{a2} uv ) > 0 (3.10) e^{aτ F+} = a 2u ( −L^2 − √ L^4 +^4_{a2} uv ) < 0. (3.11)

The solutions are located periodically on the complex τ plane as τ^F_− = ζ^F_− + 2πni/a and τ^F_+ = ζ^F_+ + π(2n + 1)i/a, where real-valued ζ^F_± are defined by

ζ^F_± (x) = 1 a ln [ a 2|u| ( ±L^2 + √ L^4 −^4_{a2} |uv| )] , (3.12)

respectively. Note that the imaginary parts of τ^F_+ are different by π/a from the other poles. Since the imaginary parts of τ^F_+ are half integers divided by a, it is not a proper time of the detector’s trajectory. Rather one can interpret it as the proper time of a virtual trajectory in the left Rindler wedge. (For further details, see Figure 2 in [5] .)

Summing these contributions to the integration, we obtain ⟨ϕ_h(x)ϕ̃(ω)⟩ = i 4πl(x) 1 e^{2πω/a} − 1 ( e^{iωζ−(x)} − e^{iωζ+(x)}Z(ω, x) ) , (3.13)

where Z_x = e^{πω/a}θ(u) + θ(−u), (3.14) l(x) = ż(ζ_−) · (x − z(ζ_−)) = √_{a2} 4 L^4 + uv, (3.15)

Since the two-point function has different behaviors in the right Rindler wedge (u < 0) and in the future wedge (u < 0), we treat the them separately in the following.

3.1.1 Right Rindler wedge In the right Rindler wedge with u < 0 and v > 0, it is easy to verify that (2.18) does hold ⟨ϕ̃(ω)ϕ_h(x)⟩ = (⟨ϕ_h(x)ϕ̃(−ω)⟩)^∗ = e^{2πω/a}⟨ϕ_h(x)ϕ̃(ω)⟩. (3.16) Hence ρ(ω) = 1/(1 − e^{−2πω/a}). The right Rindler wedge is a region accessible by the accelerated observer. For the accelerated observer, the Minkowski vacuum is seen as a thermal bath which makes the Unruh detector in thermal equilibrium. Therefore the key relation and accordingly the cancellation of radiation is physically understandable in terms of the thermal behavior of the Unruh detector.

Let us now show that the remaining term in the two-point function (2.26) damps faster than the behavior expected for radiation so that it describes a polarization cloud around the detector. The integral over τ_x and τ_y in (2.26) can be performed by using the following identities, ∫ dτG_R(x − z(τ))q(τ) = 1 4πl(x) q(τ_−), ∫ dτG_A(x − z(τ))q(τ) = 1 4πl(x) q(τ_+), (3.17) where q(τ) is an arbitrary function and l(x) defined in (3.15) is the distance measured by the comoving observer between x and z(τ_−). Then, (2.26) becomes ⟨ϕ(x)ϕ(y) − ϕ_h(x)ϕ_h(y)⟩ = −iλ^2 ∫ dω 2π ρ(ω) (4π)^2l(x)l(y) { e^{−iω(ζR− (x)−ζR+ (y))}h(ω) − e^{−iω(ζR+ (x)−ζR− (y))}h(−ω) } . (3.18)

The integral over ω can be evaluated by summing the residues of the poles of the functions h(ω) and ρ(ω). The function h(ω) is given in (2.13), setting f(ω) = 1. Since the retarded Green function in 3+1 dimensions is given by

G_R(x) = θ(x^0)δ(x^μx_μ) 2π , G̃_R(ω) becomes

G̃_R(ω) = ∫ dτe^{iωτ} δ((z(τ) − z(τ^′))^2) 2π = ∫ dτe^{iωτ} δ(τ − τ^′) 4π|τ − τ^′| . (3.19)

The divergence in the real part of G̃_R(ω) gives a renormalization of Ω_0. We write the renormalized frequency as Ω. The imaginary part is given by ω/4π, and we have h(ω) = 1 −mω^2 + mΩ^2 − i^{ωλ2}_{4π}

. (3.20)

The positions of the poles of h(ω) are hence given by

ω_± = − iλ^2 8πm ± √ Ω^2 − λ^4 64m^2π^2

. (3.21)

Since both of the poles ω_± are located on the lower complex plane of ω, their contributions to the integral (2.26) become proportional to θ(ζ_−(x) − ζ_+(y)) or θ(ζ_−(y) − ζ_+(x)), which vanish when two points x, y coincide. Hence they do not give any contributions to the energy momentum tensor. The poles of ρ(ω) = 1/(1−e^{−2πω/a} ) are located at ω_{±n} = ±nai with a positive integer n. The pole at ω = 0 doesn’t give any contribution because the residue vanishes. The pole at ω_{±n} (ω ≠ 0) gives a term proportional to e^{−an|ζ−(x)−ζ+(y)|} or e^{−an|ζ−(y)−ζ+(x)|} and it damps quickly at infinity. Indeed, we have e^{−a|ζR− −ζR+ |} = − a^2 4uv ( L^2 − √ L^4 + 4 a^2 uv )_2

= − a^2 4uv ( 2 a l(x) − 2 a √ l(x)^2 − uv )_2 −→ − uv l(x)^2

, (3.22)

which damps faster than l(x)^{−1} at the infinity l(x) → ∞. Together with l(x)l(y) in the denominator of (3.18), the two-point function damps faster than radiation which should behave as ∼ l(x)^{−2}. Hence there is no radiation in the right Rindler wedge.

3.1.2 Future wedge In the future wedge with u < 0 and v > 0, we have ⟨ϕ̃(ω)ϕ_h(x)⟩ = (⟨ϕ_h(x)ϕ̃(−ω)⟩)^∗ = i 4πl(x) e^{2πω/a} e^{2πω/a} − 1 ( e^{iωζF−} − e^{iωζF+ −2πω/a} )

= e^{2πω/a}⟨ϕ_h(x)ϕ̃(ω)⟩ + i 4πl(x) e^{iωζF+ +πω/a} (3.23) and ⟨ϕ̃(ω)ϕ_h(x)⟩ = 1 1 − e^{−2πω/a} ⟨[ϕ̃(ω), ϕ_h(x)]⟩ − i 4πl(x) e^{πω/a} e^{2πω/a} − 1 e^{iωζF+ (x)}. (3.24)

The key relation (2.18) does not hold exactly because of an additional term involving ζ^F_+ . Nevertheless we will show that there is no radiation in the future wedge. The first term in the r.h.s of Eq. (3.24) gives the same contribution to the two-point function (2.26) as discussed in the right Rindler wedge, but since G_A(x − z(τ)) = 0 for x in the future wedge, the contribution vanishes in this case. So only the additional term in (3.24) gives a nonvanishing contribution to the two-point function and we have ⟨ϕ(x)ϕ(y) − ϕ_h(x)ϕ_h(y)⟩ = iλ^2 (4π)^2l(x)l(y) ∫ dω e^{πω/a} e^{2πω/a} − 1 { h(ω)e^{−iω(ζF− (x)−ζF+ (y))} − h(−ω)e^{−iω(ζF+ (x)−ζF− (y))} } . (3.25)

Although the key relation (2.18) does not hold, the final result (3.25) has a similar form to (3.18). In the future wedge, we have the relation

e^{−a|ζF− −ζF+ |} = a^2 4uv ( L^2 − √ L^4 + 4 a^2 uv )_2

= a^2 4uv ( 2 a l(x) − 2 a √ l(x)^2 − uv )_2 −→ uv l(x)^2

. (3.26)

Hence the two-point function damps as l(x)^{−3} at the infinity l(x) → ∞, and there is no radiation in the future wedge either.

In the future wedge, the key relation which reflects the thermal behavior of the Unruh detector does not hold, but the cancellation of the radiation still holds. It is interesting that the additional term in (3.24) gives a contribution to the two-point function which is similar to the thermal contribution in the right Rindler wedge. The remaining term describes a polarization cloud induced by the presence of the accelerated Unruh detector.

3.2 Detector at rest in de Sitter spacetime

De Sitter spacetime is the maximally symmetric curved spacetime and the quantum field theory in de Sitter spacetime is the key to understand the early evolution of the universe. It is known that the quantum field theory in the de Sitter spacetime exhibits a similar feature as the Rindler noise. Namely, a detector at rest in de Sitter spacetime sees the Bunch- Davies vacuum as a thermally excited state with the Gibbons-Hawking temperature. In this subsection, we explicitly show that the radiation from the detector cancels out due to the interference effect and that the same theoretical structure reappears as in the Unruh detector in the Minkowski spacetime.

The de Sitter spacetime with a flat spatial chart is given by the line element, ds^2 = dt^2 − a^2(t)dx^2, (3.27) where a(t) = e^{Ht} is the scale factor and H is a constant. We consider a detector defined in Eq. (2.1), where it is fixed at the origin of the spatial coordinate, and its trajectory is defined by z^μ(τ) = (τ, 0, 0, 0). (3.28) Hence the proper-time of the detector is the same as the coordinate time t. We consider a real scalar field with the conformal coupling to the curvature and set F (R) = −R/6 in Eq. (2.1).

Similar to the case of the Unruh detector in the Minkowski spacetime, we start from evaluating the correlator ⟨ϕ_h(x)ϕ̃(ω)⟩. To this end, it is useful to introduce the conformal time η by η = −e^{−Ht}/H = −1/Ha(η), defined in the range −∞ < η < 0. The line element is rewritten in a conformally flat form ds^2 = a^2(η)(dη^2 − dx^2). (3.29) This spatially flat coordinates cover only half the whole de Sitter spacetime (The upper left region in Figure 1).

By defining the variable scaled by the scale factor χ(x) = ϕ(x)a(x), we find that the action for ϕ(x) is rephrased to the similar form to that in the Minkowski spacetime S[ϕ] = 1 2 ∫ d^4x∂^μχ(x)∂_μχ(x) (3.30)

with the use of the conformal coordinate and d^4x = dηd^3x. Then, the two-point function of ϕ_h(x) is given by ⟨ϕ_h(x)ϕ_h(y)⟩ = ⟨χ_h(x)χ_h(y)⟩ a(η_x)a(η_y) = − 1 4π^2a(η_x)a(η_y) 1 (η_x − η_y)^2 − |x − y|^2 − iϵ(η_x − η_y) , (3.31)

Figure 1: A sketch of the conformal diagram of the de Sitter spacetime. The upper left region is covered by the coordinates of (3.29) with −∞ < η < 0, while the lower right region is covered by similar coordinates with 0 < η < ∞ (e.g., [12]). In this diagram, the trajectory of the detector is located at the (red) left vertical axis. The null surface U = 0 divides the upper left region into the region with U < 0 and V > 0 (corresponding to the right Rindler wedge) and the region with U > 0 and V > 0 (corresponding to the future wedge). The points denoted by τ^R_− and τ^R_+ correspond to the positions of the solutions (3.35). Similarly, τ^F_− and τ^F_+ show the position of the solution of (3.36), but because of the minus sign of the r.h.s. of (3.34) in the region U > 0 and V > 0, the position of τ^F_+ lies on a virtual trajectory lying in the extended spacetime region with a positive conformal time η > 0.

and ⟨ϕ_h(x)ϕ̃(ω)⟩ becomes ⟨ϕ_h(x)ϕ̃(ω)⟩ = ∫ dτe^{iωτ} ⟨ϕ_h(x)ϕ_h(z(τ))⟩ = η_xH 4π^2 ∫ dτ e^{iωτ −Hτ} (η_x + e^{−Hτ} /H − iϵ)^2 − r^2_x , (3.32)

with r^2_x = |x|^2. The poles of the integrand is obtained by solving the equation

(η_x + e^{−Hτ} /H − iϵ)^2 − r^2_x = 0, (3.33)

which yields

e^{−Hτ} = H(−η_x ± r_x). (3.34)

The structure of the poles on the complex plane of τ depends on a given spacetime point. The solutions are τ^R_± = ξ^R_±(x) + 2πni/H − iϵ with n = 0, ±1, ±2, · · · , for the region U < 0 and V > 0, which corresponds to the right Rindler wedge, where we defined r_x + η_x = U, r_x − η_x = V , and

ξ^R_±(x) = − 1 H ln [H(−η_x ∓ r_x)] . (3.35)

On the other hand, the solution are τ^F_− = ξ^F_− (x) + 2πni/H − iϵ and τ^F_+ = ξ^F_+ (x) + 2π(n + 1/2)i/H with n = 0, ±1, ±2, · · · , for the region U > 0 and V > 0, corresponding to the future wedge, where we defined

ξ^F_±(x) = − 1 H ln [H(±η_x + r_x)] . (3.36)

Summing the contributions to the integral, straightforward computations lead to ⟨ϕ_h(x)ϕ̃(ω)⟩ = i 4πa(η_x)r_x 1 e^{2πω/H} − 1 { e^{iωξ−(x)} − e^{iωξF+ (x)}e^{πω/H} θ(U) − e^{iωξR+ (x)}θ(−U) } , (3.37)

which completely agrees with the expression Eq.(3.13) by replacing a(η_x)r_x with l(x), and an acceleration constant a with H. Similarly, we also have ⟨ϕ̃(ω)ϕ_h(x)⟩ = i 4πa(η_x)r_x e^{2πω/H} e^{2πω/H} − 1 { e^{iωξ−(x)} − e^{iωξF+ (x)}e^{−πω/H} θ(U) − e^{iωξR+ (x)}θ(−U) } . (3.38)

Thus, the two-point function has a similar structure to the Minkowski case. Namely, the key relation Eq (2.18) is satisfied in the region U < 0 and V > 0, but an extra term appears in the region U > 0 and V > 0. Radiation is cancelled in both regions, and the remaining terms damp rapidly at large distance, a(η_x)r_x → ∞, as will be demonstrated below. Therefore, the remaining terms in the energy-momentum tensor are regarded as a polarization cloud.

3.2.1 U < 0 and V > 0 The region corresponds to the right Rindler wedge in the Minkowski spacetime. In the region U < 0 and V > 0, the key relation Eq. (2.18) is satisfied with ρ(ω) = 1/(1 − e^{−2πω/H} ). In our model in the de Sitter spacetime, we have G_R(x, y) = 1 a(η_x)a(η_y) δ(η_x − η_y − |x − y|) 4π|x − y| (3.39) and ⟨ϕ_h(x)ϕ_{inh}(y) + ϕ_{inh}(x)ϕ_h(y)⟩ = λ^2 ∫ dτ ∫ dω 2π e^{−iωτ} h(ω) ( G_R(y, z(τ))⟨ϕ_h(x)ϕ̃(ω)⟩ + G_R(x, z(τ))⟨ϕ̃(ω)ϕ_h(y)⟩ ) (3.40)

from Eq. (2.17). Substituting Eqs. (3.38) and (3.39) into (3.40), and using i 4πa(η_x)r_x e^{iωτ−(x)} = i ∫ dτ^′G_R(x, z(τ^′))e^{iωτ ′} , we find that the inhomogeneous term cancels and that the remaining terms in the renormalized two-point function are given by ⟨ϕ(x)ϕ(y) − ϕ_h(x)ϕ_h(y)⟩ = − iλ^2 (4π)^2a(η_x)r_xa(η_y)r_y × ∫ dω 2π e^{2πω/H} e^{2πω/H} − 1 { h(ω)e^{−iω(ξR− (x)−ξR+ (y))} − h(−ω)e^{−iω(ξR+ (x)−ξR−(y))} } . (3.41)

From (3.39), the retarded Green function with the two points on the detector-trajectory is written as

G_R(z(τ), z(τ^′)) = δ(τ − τ^′) 4π|τ − τ^′| , and we have (see also [13]),

ImG̃_R(ω) = ω 4π . (3.42)

Then, the expression of h(ω) and its pole are the same as those in the Minkowski spacetime with the Unruh detector. Then the poles of h(ω) in Eq. (3.41) give terms proportional to θ(ξ^R_−(x) − ξ^R_+(y)) or θ(ξ^R_−(y) − ξ^R_+(x)), which vanish in the coincidence limit. The poles from e^{2πω/H} − 1 = 0, ω = inH with an integer n give a term decreasing rapidly at large distance, and hence do not produce radiation.

3.2.2 U > 0 and V > 0 The region corresponds to the future wedge in the Minkowski spacetime. In this case, the remaining terms in the renormalized two-point function are given by ⟨ϕ(x)ϕ(y) − ϕ_h(x)ϕ_h(y)⟩ = − iλ^2 (4π)^2a(η_x)r_xa(η_y)r_y × ∫ dω 2π e^{πω/H} e^{2πω/H} − 1 { h(ω)e^{−iω(ξF− (y)−ξF+ (x))} − h(−ω)e^{−iω(ξF+ (y)−ξF− (x))} } . (3.43)

Similar to the above case with U < 0, the poles of h(ω) yield terms proportional to θ(ξ^F_−(y) − ξ^F_+(x)) or θ(ξ^F_−(x) − ξ^F_+ (y)), which become zero in the coincidence limit. The poles from e^{2πω/H} − 1 = 0 give terms decreasing rapidly at large distance. Therefore there is no radiation in this region, too.

The surface U = 0, which divides the spatially flat de Sitter spacetime into the two regions with U < 0 and U > 0, corresponds to the cosmological horizon of the detector. Namely, U = 0 is equivalent to the relation r_xa(t_x) = 1/H, and the detector can never be influenced by the events outside the cosmological horizon classically. In the case of an accelerated detector in the Minkowski spacetime, the detector cannot be influenced by the events in the future wedge beyond the Rindler horizon. This is an analogy between the models in the de Sitter model and in the Minkowski spacetime. In the model of the de Sitter spacetime, however, the radiation emitted from the detector always propagates from the region U < 0 to the region U > 0 across the surface U = 0. Namely any radiation exits the cosmological horizon of the de Sitter spacetime as the universe expands. This may naturally explain the fact that the radiation in the region U > 0 vanishes when the radiation in the region U < 0 does.

4 Conclusions and Discussions

In this paper, we investigated the mechanism of cancellation of radiation from an Unruh detector coupled with a scalar field. We found that Eq. (2.18) plays a key roll in the cancellation of radiation. The correlation of the inhomogeneous solution is indeed cancelled by an interference effect between the inhomogeneous solution and the vacuum fluctuation when Eq. (2.18) holds. Since the same relation can be derived from the KMS relation in a thermal field theory (see Appendix), the cancellation mechanism of the radiation has its origin in the thermal nature of the uniformly accelerated observer. However, the mechanism of the cancellation of radiation in the future wedge is a bit different. This may be related to the fact that the uniformly accelerated detector can observe only events in the right Rindler wedge. The key relation Eq. (2.18) does not hold there, and there is an additional contribution to the two-point function. In spite of such differences, the radiation cancels out also in the future wedge. We confirmed these behaviors explicitly in two examples, the Unruh detector in Minkowski spacetime and a detector at rest in de Sitter spacetime.

The cancellation of radiation can be generalized to interacting massive theories at least perturbatively. In presence of interactions, we can calculate the two-point function perturbatively by using Wick contractions. Since we showed rapid damping of the twopoint function in a free massless theory, each contribution to the two-point function in perturbative expansions damps more rapidly than the free case so that they cannot give radiation at infinity.

The cancellation of radiation in the right Rindler wedge can be naturally interpreted as a thermal behavior of the detector, in accordance with the fact that the key relation Eq. (2.18) holds there. Indeed it is related to the fact that the Green function is periodic in the imaginary direction of the detector’s proper time. (In the Appendix, we see a connection of the key relation to the KMS relation in an ordinary thermal system.) However, the cancellation of radiation in the future wedge is not straightforward. It reminds us of the classical example of the radiation from a uniformly accelerated charged particle. We know that if a particle is uniformly accelerated, it emits Larmor radiation. But, in the accelerated observer’s frame, the particle sits at rest but in a constant gravitational field. In this frame, there is no radiation but for the polarization cloud around the charged particle. These two pictures seem to be contradictory to the equivalence principle. The resolution to this paradox is given in [14]. It was shown that the radiation exists only in the future wedge and there is no radiation at all in the right Rindler wedge that the comoving observer can access. This classical example indicates that the cancellation of radiation in the future wedge does not always follow the thermal behavior of the accelerated detector. In the present case, since we are considering a quantum system, the interference effect plays an important role. It will be interesting to further investigate how the detector and the ground state of the quantum field is entangled across the horizon [8].

Acknowledgments

We would like to thank W.G. Unruh, H. Kodama, M. Sasaki, T. Tanaka, J. Garriga and S. Ichinose for useful conversation. The research by S.I. is supported in part by Grantin-Aid for Scientific Research (19540316) from MEXT, Japan. We are also supported in part by ”the Center for the Promotion of Integrated Sciences (CPIS) ” of Sokendai. K.Y. acknowledges useful discussions during the YITP Long-term workshop YITP-T-12- 03 on ”Gravity and Cosmology 2012”, and the support by Grant-in-Aid for Scientific researcher of Japanese Ministry of Education, Culture, Sports, Science and Technology (No. 21540270 and No. 21244033).

A On Equation (2.18) and The KMS Relation

In this appendix, we show that the same relation as Eq. (2.18) is derived from the KMS relation in the thermal field theory. The KMS relation in the thermal field theory is written as G^±_β (t, −→x ) = G^∓_β (t ± iβ, −→x ), (1.1) where we denote G^+_β (x, y) = ⟨ϕ(x)ϕ(y)⟩_β and G^−_β (x, y) = ⟨ϕ(y)ϕ(x)⟩_β , and ⟨·⟩_β denotes the thermal average in the thermal state with the temperature T = 1/β. One can derive the KMS relation as follows, ⟨ϕ(t, −→x )ϕ(t^′, −→x^′)⟩_β = tr[e^{−βH} ϕ(t, −→x )ϕ(t^′, −→x^′)]/tr[e^{−βH} ] = tr[e^{−βH} ϕ(t, −→x )e^{βH} e^{−βH} ϕ(t^′, −→x^′)]/tr[e^{−βH} ] = tr[e^{−βH} ϕ(t^′, −→x^′)ϕ(t + iβ, −→x )]/tr[e^{−βH} ] = ⟨ϕ(t^′, −→x^′)ϕ(t + iβ, −→x )⟩_β . (1.2) From this relation, it is easy to show that ⟨ϕ̃(ω)ϕ(x)⟩_β = e^{βω}⟨ϕ(x)ϕ̃(ω)⟩_β , (1.3) which is equivalent to ⟨ϕ̃(ω)ϕ(x)⟩_β = 1 1 − e^{−βω} ⟨[ϕ̃(ω), ϕ(x)]⟩_β . (1.4)

In this derivation, the periodicity in the direction of the imaginary time is important.

In both examples in section 3 of the present paper, the Green function is periodic in the imaginary direction of the detector’s proper time, since, in the Unruh detector in Minkowski spacetime, the trajectory is written in term of e^{±aτ} , and in the de Sitter space, the conformal time is written as η = −e^{−Ht}/H. These periodic behaviors are similar to the above thermal property, but contrary to the KMS relation, the ordering of the fields are not interchanged. So the periodicity itself does not lead to the KMS-like relation (2.18).

References

[1] W. G. Unruh, Phys. Rev. D 46 (1992) 3271.

[2] S. W. Hawking, “Particle Creation By Black Holes,” Commun. Math. Phys. 43 (1975) 199 [Erratum-ibid. 46 (1976) 206].

[3] P.G. Thirolf, D. Habs, A. Henig, D. Jung, D. Kiefer, C. Lang, J. Schreiber1, C. Maia, G. Schaller, R. Schutzhold, and T. Tajima “Signatures of the Unruh effect via highpower, short-pulse lasers,” Eur. Phys. J. D 55, 379-389 (2009).

[4] P. Chen and T. Tajima, “Testing Unruh radiation with ultra-intense lasers,” Phys.

Rev. Lett. 83 (1999) 256.

[5] S. Iso, Y. Yamamoto and S. Zhang, “Stochastic Analysis of an Accelerated Charged Particle -Transverse Fluctuations-,” Phys. Rev. D 84, 025005 (2011) [arXiv:1011.4191 [hep-th]].

[6] P. G. Grove, “On An Inertial Observer’s Interpretation Of The Detection Of Radiation By Linearly Accelerated Particle Detectors,” Class. Quant. Grav. 3, 801-809 (1986).

[7] S. Massar, R. Parentani and R. Brout, “On the Problem of the uniformly accelerated oscillator: d Jul 1992,” Class. Quant. Grav. 10, 385-395 (1993).

[8] R. Brout, S. Massar, R. Parentani and P. .Spindel, “A Primer for black hole quantum physics,” Phys. Rept. 260, 329-454 (1995). [arXiv:0710.4345 [gr-qc]]. R. Parentani, Nucl. Phys. B454, 227-249 (1995). [gr-qc/9502030]. R. Parentani, Nucl. Phys. B465, 175-214 (1996). [hep-th/9509104].

[9] D. J. Raine, D. W. Sciama and P. G. Grove, “Does a uniformly accelerated quantum oscillator radiate?,” Proc. R. Soc. Lond. A (1991) 435, 205-215 [10] S. -Y. Lin and B. L. Hu, “Accelerated detector - quantum field correlations: From vacuum fluctuations to radiation flux,” Phys. Rev. D 73, 124018 (2006) [gr-qc/0507054].

[11] N. D. Birrell and P. C. W. Davies, “Quantum fields in curved spacetime” (Cambridge University Press, Cambridge, 1982) [12] S. W. Hawking and G. F. R. Ellis, “The large scale structure of space-time” (Cambridge University Press, Cambridge, 1973) [13] T. Murata, K. Tsunoda and K. Yamamoto, “Explicit Derivation of the Fluctuation- Dissipation Relation of the Vacuum Noise in the N-dimensional de Sitter Space-time,” Int. J. Mod. Phys. 16, 2841 (2001).

[14] D. G. Boulware, “Radiation From A Uniformly Accelerated Charge,” Annals Phys.

124, 169 (1980).